Data-Driven Optimal Control
An Inverse Optimization Model and Algorithm

LONG, YOUYUAN

Delft
I D e I ft Uﬁiversity of
Technology Delft Center for Systems and Control







Data-Driven Optimal Control

An Inverse Optimization Model and Algorithm

MASTER OF SCIENCE THESIS

For the degree of Master of Science in Systems and Control at Delft
University of Technology

LONG, YOUYUAN

April 8, 2024

Faculty of Mechanical, Maritime and Materials Engineering (3mE) - Delft University of
Technology



Delft
e t University of
Technology

Copyright © Delft Center for Systems and Control (DCSC)
All rights reserved.




Abstract

In Inverse Optimization (I0), it is hypothesized that experts, when making decisions, im-
plicitly engage in solving an optimization problem. If we can reconstruct this optimization
problem using the decision data of the expert, then the behavior of the expert can be em-
ulated. In this thesis, a novel inverse optimization model, Kernel Inverse Optimization Ma-
chine (KIOM), is proposed, utilizing kernel methods. Because its parameter space can be
potentially infinite-dimensional, the model exhibits strong representation and generalization
capabilities. Furthermore, empirical evidence is presented demonstrating the model’s ability
to learn complex MuJoCo continuous control tasks. Subsequently, an algorithm for training
KIOM, Sequential Selection Optimization (SSO), is proposed to address memory issues. SSO
is a coordinate descent-based algorithm, and its memory requirements are nearly equal to the
memory needed for solving one of its subproblems. Experimental results demonstrate that
SSO converges to the optimal solution within a small number of iterations, highlighting its
efficiency.

Keywords: Imitation Learning, Inverse Optimization (IO), Kernel Method, Coordinate
Descent (CD)
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Chapter 1

Introduction

1-1 Inverse Optimization

1-1-1 Background and research status

Inverse Optimization (I0) is distinct from traditional optimization problems where we typ-
ically seek the optimal decision variables by providing an objective function and a set of
constraints. In contrast, inverse optimization works "in reverse" by determining what the
optimization problem is when the optimal solution is given. This approach is based on an
intriguing assumption: when individuals address a problem, we assume that there exists an
underlying optimization problem which is also called Forward Optimization Problem (FOP)
parametric in the exogenous signal s in their minds, and their decision u represents the opti-
mal solution to this problem. Therefore inverse optimization involves deducing such an FOP
from a dataset of exogenous signal and decision pairs {(3;, ;) }¥.;. Consequently, we can suc-
cessfully accomplish tasks even in the absence of experts by solving the constructed FOP and
executing the corresponding optimal action. However inverse optimization problems belong
to the category of traditional optimization problems. That is, when we reversely infer the
optimization problem, we are essentially solving a traditional optimization problem.

The field of inverse optimization has garnered widespread attention, giving rise to numerous
studies encompassing both theoretical and applied research. A new survey on inverse opti-
mization has been written by Chan et al. [18], which comprehensively introduces the theory
and application part of this area. Inverse optimization is widely employed across various
domains, including vehicle routing [20, 49], transportation system modeling [46, 14], Portfolio
Optimization [40, 64, 37|, power systems [16, 24, 50], electric vehicle charging problems [25],
network design [23], healthcare problems [8] as well as controller design [2]. In the previously
mentioned survey, there is a more extensive introduction to the application section. Moving
forward, we will delve into a detailed discussion of the theoretical contributions within the
field of inverse optimization.
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2 Introduction

Inverse optimization can be categorized into classic IO and data-driven IO. In classic 10,
when an exogenous signal is provided from the training set, the corresponding decision data
is required to be the optimal solution of the FOP obtained by solving the inverse optimization
problem. In this branch, many researchers have engaged in theoretical studies, for instance,
some scholars have conducted different research on the model of FOP including the linear
forward model and conic forward model [1, 54, 34]. However, due to the presence of noise in
real-world data, it may be unreasonable to force data with noise as the optimal solution of the
constructed FOP in certain situations. Additionally, for complex tasks, a relatively simple
convex forward model may only approximate the task and cannot precisely describe it. In
such cases, the requirement that the decision data in the training set are all optimal solutions
to the forward optimization problem parametric in the corresponding exogenous signals may
be unattainable. Therefore, this introduces another branch: data-driven inverse optimization.
In such scenarios, as decision data is not mandated to be optimal, it becomes necessary to
introduce an additional loss function to penalize the discrepancy between decision data and
the actual optimal solution. Many scholars have researched such loss functions, including
2-norm distance loss [7], absolute sub-optimality loss [9], relative sub-optimality loss [32],
variational inequality loss [14], KK T loss [35]. In addition to research on loss functions, there
are also numerous promising research avenues. For example, Bertsimas et al. [14] consider
non-parametric kernel functions to model a forward optimization objective and Mohajerin
Esfahani & Kuhn [40] propose a distributionally robust inverse optimization problem where
the ambiguity set controls a worst-case data distribution from the empirical distribution
corresponding to the data set [18]. In this section, our main focus is on the research in the
field of data-driven approaches.

1-1-2 Process of data-driven inverse optimization

This subsection will outline the core process of data-driven inverse optimization which en-
compasses the design of three crucial components: the forward model, loss function, and
optimization algorithm. It is essential to emphasize that not all inverse optimization prob-
lems follow this process, and different considerations may apply to various problems.

Forward optimization model

As previously mentioned, when an expert agent makes decisions, we posit that the agent
solves an optimization problem based on exogenous signals s, and the corresponding optimal
solution, u*, represents the decision the agent will take. Therefore, our first step is to de-
termine the structure of this optimization problem, which is also called forward optimization
model/problem. Mathematically, the forward optimization model can be described as

FOP(s | 0) := m&n{f(s,u,ﬁ)\u € X(s)} (1-1)
and the hypothesis space F is

F=A{f(s,u,0) |0 € O}. (1-2)

The model is parameterized by a parameter 6 from a parameter class © that controls the
objective function f(s,u,6), where s C R™ and v C R™. It is also parametric in s which
represents the environment’s state or observation. The objective of the inverse optimization
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1-1 Inverse Optimization 3

is to identify the optimal 6 such that given an exogenous signal s, the corresponding opti-
mal action u*, calculated by solving the forward optimization problem, aligns closely, if not
identically, with the actual expert’s action. There are some common choices for modeling the
objective function [18]:

o Linear: f(s,u,0) = 6Tu, where © C R".

e Quadratic: f(s,u,0 := (Ouu, 0su, q)) = v’ Oyyu + sT0gu + ¢  u,
where © C {(Huu,ﬁsu,q) | Bu € ST, 6, € RMX™ g € R"}.

« Convex-separable bases: f(s,u,0) = .2, 0, (s,u), where fV (s, u), P (s,u),...,
fP)(s,u) are B convex basis functions and © C RP,

The choice of the model is important. On the one hand, the hypothesis space F should be rich
enough to get closer to or even contain the agent’s unknown true objective function f. On
the other hand, F should be small enough to ensure tractability of the inverse optimization
problem and to prevent degeneracy of its optimal solutions [41].

Loss function

The objective of inverse optimization is to find a suitable  value such that when given a
specific exogenous signal s, the optimal decision u* obtained by solving the forward optimiza-
tion problem (1-1) aligns with the corresponding expert’s decision u, thereby imitating the
behavior of the expert. Therefore, we need to use a loss function to penalize the discrepancy
between u and u*. We first define the optimal solution set

XPY(B, 5) := arg muin{f(s,u, 0)|lue X(0,s)}. (1-3)

The common loss functions include:

¢ Minimum distance loss : /p(s,u, X°P*(,s)) = min ||u* — u|l2. This is an
u*eXPt(,s)

intuitive measure that directly penalizes the Euclidean distance between the optimal
decision and the expert’s decision, but in some cases, using this loss function may result
in a non-convex inverse optimization problem.

o Absolute sub-optimality loss: x50 (s, u, X°PY(0,5)) := | f(s,u,0) — Hglfi(% )f(SaU’79)‘-
u'€ ,S

This loss function penalizes the disparity between the objective function values associ-
ated with the observed decisions and the estimated optimal values.

f(57u79) _ 1
minu’eX(G,s) f(svulve) 1 ’ ThlS

loss function assesses the competitive ratio between the objective function values of the
observed decisions and the estimated optimal values.

« Relative sub-optimality loss: ¢rso(s,u, X°P' (0, s)) := ’

e Variational inequality loss: fyi(s,u, X°P*(0,s)) := n}(a(%( )Vu/f(s,u’,H)T(u — ).
u'e ,S

The first-order Variational Inequality (VI) is an optimality criterion for any general
convex optimization problem with a differentiable objective function [18]. [14] proposed
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4 Introduction

this Variational Inequality as a loss function for data-driven estimation in equilibrium
with inverse optimization.

o KKT loss: Keshavarz et al. [35] consider convex forward model and propose KKT loss
functions that describe the degree to which each observed decision violates the KKT
conditions [18].

Inverse optimization problem and algorithm

Once the forward model and the loss function are selected, the inverse optimization problem
can be formulated. Let {(3;,;)}; be the data set, then the data-driven inverse optimization
problem can be

. L e - optyp
min {mh(ﬁ) ty Z@(si,ui,)( PE(, 8;)) ‘ RS @} : (1-4)

=1

The h(0) is an application-specific objective. For example, h(f) can be a regularization term,
i.e., the sum of the squares of each element of #, which can prevent overfitting. & is a non-
negative coefficient that describes a trade-off between the application-specific objective h(f)
and the loss.

In general, if the inverse optimization problem (1-4) is a tractable convex optimization prob-
lem or can be reformulated into a tractable convex problem, then this problem is essentially
considered solvable as convex optimization problems have been extensively studied, and there
are numerous algorithms available for their solution. On the other hand, if this inverse opti-
mization problem cannot be reformulated into a convex problem, it is generally challenging to
guarantee the identification of the optimal solution 8*. Therefore, a crucial issue in the field of
inverse optimization is how to formulate the problem as a convex one. This requires thought-
ful consideration when selecting the forward model and loss function, also ensuring that these
choices are suitable for the given task. In many instances, it becomes necessary to design
new forward models and loss functions tailored to the specific requirements. Additionally, the
challenge often involves contemplating how to reformulate non-convex inverse optimization
problems into convex ones. These issues represent valuable research directions in the field of
inverse optimization, and numerous related studies have been previously introduced.

Certainly, even when inverse optimization problems are formulated as convex, considering the
time complexity of optimization algorithms becomes essential, especially with large datasets.
Generally, large-scale optimization problems often exhibit specific structures. Therefore, se-
lecting suitable algorithms can significantly save computational time. Additionally, in some
cases, it is necessary to design new algorithms based on these structures to maximize the
speed of the solution process. This is a highly active research direction in the entire field of
optimization. Commonly used optimization algorithms include Alternating Direction Method
of Multipliers (ADMM) [30], Frank—Wolfe algorithm [26], Mirror descent [43] which is effi-
cient for the 10 problems with high cardinality discrete feasible sets and its variant Stochastic
Approximate Mirror Descent (SAMD) [65], etc.
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1-2 Kernel Method 5

1-2 Kernel Method

The kernel method is a powerful technique used in machine learning and statistics for handling
non-linear relationships between variables. It has been widely applied in support vector
machines (SVMs) and other kernelized algorithms. The fundamental idea behind the kernel
method is to implicitly map input data into a higher-dimensional space without explicitly
computing the transformation, thus enabling the algorithms to capture complex patterns and
non-linear relationships without heavy computational burden.

Specifically, in the field of machine learning, variables in many algorithms appear in the form
of inner products, (s;,s;). Simultaneously, due to certain reasons (such as the necessity to
capture non-linear information or dealing with non-linearly separable data in SVM, etc.),
there arises a need to map these input variables into a higher-dimensional space. In this
scenario, one can define a feature map function ¢(-) to accomplish this task. Therefore, in
such situations, we need to compute the value of (¢(s;), ¢(s;)). However, the function ¢(-),
which maps features to a high-dimensional space — potentially infinite-dimensional — makes
computing ¢(s;) and subsequently performing the inner product practically infeasible. In
response to this issue, kernel methods ingeniously circumvent this computationally expensive
process, obtaining the calculation of the aforementioned inner product through an alternative,
simple, and efficient pathway. Thus, it becomes essential to define a kernel function (s;, s;) =
(6(s:), @(s5)) to achieve the stated objective. Next, we introduce some fundamental concepts
and theorems related to the kernel methods.

Definition 1 (Gram matrix). Let X' be a nonempty set. Given a kernel k: X x X — R and
arbitrary inputs x1,...x, € X, then the n X n matriz K, where

Kij := k(xi, x;), (1-5)

is called the Gram matriz (or kernel matriz) of k with respect to x1, ..., Tp.

Definition 2 (Positive definite kernel). Let X' be a nonempty set. A function k : X x X — R
which for alln € N z; € X,i € [n] gives rise to a positive definite Gram matriz is called a
positive definite kernel. A function k : X x X — R, which for alln € N and distinct x; € X
gives rise to a strictly positive definite Gram matriz, is called a strictly positive definite kernel.

Besides the two definitions, there exists a significant theorem known as Mercer’s Theorem [39]
in the context of kernel methods. In simple terms, this theorem states that x(-,-) is a proper
kernel (having a corresponding feature map function ¢(-)) if and only if its Gram matrix
is positive semi-definite. The theorem provides a criterion to determine the effectiveness of
a kernel function, and when designing a new kernel, Mercer’s theorem can be employed to
assess the validity of the kernel function.

Definition 3 (RKHS [6, 12]). A Reproducing Kernel Hilbert Space (RKHS) is a Hilbert space
H of functions f : X — R with a reproducing kernel k : X x X — R where k(z,-) € H and

fx) = (w(2, ), f)-

Note that given a kernel, the corresponding RKHS is unique (up to isometric isomorphisms).
Given an RKHS, the corresponding kernel is unique. In other words, each kernel generates a
new RKHS [31].
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6 Introduction

Different kernel functions often have varying impacts on the performance of algorithms.
Therefore, designing a suitable kernel function is crucial. However, creating a kernel function
is not a straightforward task. Fortunately, there are many existing kernel functions to choose
from. Some widely used kernel functions include:

e Linear Kernel: x(z;,z;) = lexJ The linear kernel is the simplest, representing the
inner product of two original vectors.

« Polynomial Kernel: x(z;,z;) = (z7'x; + c)¢. The polynomial kernel introduces ad-
ditional parameters d, representing the polynomial’s degree and c. It can capture non-
linear relationships in the data. if ¢ = 0,d = 1, the polynomial kernel degenerates into
a linear kernel.

« Gaussian Kernel: x(z;,x;) = exp (—%) The Gaussian kernel, or RBF kernel,
is widely used for non-linear problems, which maps the input variable into infinite
dimension space. It introduces a parameter o to control the width of the Gaussian
distribution.

« Laplacian Kernel: x(z;,z;) = exp (—M) The Gaussian kernel, or RBF kernel,
is widely used for non-linear problems. It introduces a parameter ¢ to control the width
of the Gaussian distribution.

The kernel method has found numerous classical applications in the field of machine learning,
with one of the most prominent being Support Vector Machines [21], where the kernel tech-
niques are employed to enable the construction of rich classes of nonlinear decision surfaces.
Other notable applications include Kernel Principal Component Analysis [52], Kernel Linear
Discriminant Analysis [10], and Gaussian Process Kernels [61], where kernel functions are uti-
lized to represent the covariance matrix of the process in the form of a Gram matrix, Kernel
Ridge Regression [51], and Kernelized Decision Tree [58]. In recent years, kernel methods have
also seen many successful applications in the field of deep neural networks. There have been
numerous attempts to introduce the approach of kernelization in deep neural networks for
bringing efficient feature engineering or feature enrichment [44]. Some typical results include
kernel-based deep belief networks [33], kernel-based deep recurrent neural networks [56, 3]
and kernel-based deep convolutional neural networks [38, 42, 19, 4].

1-3 Coordinate Descent Algorithm

In the current era of big data, numerous problems are accompanied by vast amounts of data.
As a result, the size of optimization problems is increasingly growing. Many traditional op-
timization algorithms can efficiently handle medium or small-scale optimization problems.
However, when the scale of the problem becomes too large, these algorithms are no longer
viable in terms of time and memory constraints [48]. In this context, the coordinate descent
(CD) method has garnered increasing attention and application. These methods are gener-
ally applicable to a variety of problems involving large or high-dimensional datasets as they
naturally break down complicated optimization problems into simpler subproblems, which
can be efficiently parallelized or distributed [55].

Coordinate descent methods are iterative algorithms where each iteration involves fixing the
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1-3 Coordinate Descent Algorithm 7
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Figure 1-1: An illustration of coordinate descent [60].

majority of components in the variable vector x at their current values and approximately
minimizing the objective with respect to the remaining components. Each subproblem is a
lower-dimensional, even scalar, minimization problem, making it typically more manageable
than the full problem [62]. Figure 1-1 shows an illustration of this method.

In this thesis, we consider the block coordinate descent approach which is a variant of coor-
dinate descent. We focus on the problem

min  f(x)
st. xeX,

where f : R" — R is a differentiable convex function and X is a Cartesian product of closed
convex sets
X=X xXox-+x X,

where X; is a subset of R™. The vector x is partitioned as

where each 2* is a "block component" of z that is constrained to be in X;. The block coordinate
descent method is defined as follow (same with naive coordinate descent in Subsection 3-1-

1): given the current iterate xp = (x,lc,a:%, -+, xp"), we generate the next iterate xj,q =
1 2 .
(Th 1 Thpqs 5 TRy ), according to
i . 1 i—1 it+1 _ )
Ty € arggg?_f (xk+1,...,xk+1,§,mk ,...,:1:2”) , 1=1,...,m; (1-6)

where we assume that the preceding minimization has at least one optimal solution [13].

Generally, the coordinate descent method updates decision variables on each coordinate se-
quentially in a cyclic manner. However, besides block coordinate descent, this method has
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8 Introduction

various other variants, including Randomized Variants, which randomly select a coordinate
for updating, and Greedy Variants, which choose the index that minimizes the objective func-
tion the most or selects the direction where the gradient or subgradient has the largest size
[55]. Coordinate descent methods find applications in various fields. For instance, in the
context of the Lasso problem, Wu et al. [63] demonstrated that the CD algorithm exhibits
faster convergence. In the case of solving Support Vector Machine (SVM) problems, Platt et
al. [47] proposed an efficient algorithm based on the CD method called Sequential Minimal
Optimization (SMO), which boasts reduced solving time and memory usage compared to
previously introduced methods.

1-4 Organization of Chapters

The rest of the thesis is organized as follows: Chapter 2 introduces an inverse optimization
model and proposes an enhanced model, Kernel Inverse Optimization Machine (KIOM), along
with its two variants. Experimental results are presented to demonstrate the model’s efficacy
in effectively learning complex continuous control tasks. Chapter 3 introduces the Sequen-
tial Selection Optimization (SSO) algorithm to address the memory challenges encountered
during the training of the KIOM model and provides pertinent experiments to evaluate its
performance. Finally, Chapter 4 presents the conclusion and future study.

1-5 Notation

For a non-negative integer n,R™ and R’} denote the spaces of n-dimensional reals and non-
negative reals, respectively. The identity square matrix with dimension n is denoted by
I,. For a symmetric matrix @, the inequality @ > 0 (respectively, @ = 0 ) means that
@ is positive semi-definite (respectively, positive definite). For a vector v, the inequality
v > 0 (respectively, v > 0 ) means that every single entry of v is nonnegative (respectively,
positive). The trace of a matrix @ is denoted as Tr(Q). Given a vector x € R", we use
the shorthand notation HxHQQ = 2" Qz. A symmetric matrix is often described by the upper
diagonal elements while the lower diagonal elements are replaced by "*". The Frobenius norm
of matrix @ is denoted as ||Q||r and the Kronecker product is denoted as ®. The notation
Qi; represents the element in the i-th row and j-th column of the matrix Q. (-, -) denotes
the inner product. Throughout this study, we also reserve the hat notation (e.g., § ) for the
objects dependent on data.
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Chapter 2

Kernel Inverse Optimization Machine

In this chapter, we introduce an imitation learning model based on inverse optimization
and analyze its shortcomings. Subsequently, we propose an improved version called Kernel
Inverse Optimization Machine (KIOM) and present two related variants: a simplified version
and an extended version. Finally, we conduct a numerical evaluation of the KIOM model and
compare its performance with other behavior cloning algorithms.

2-1 Learning for Control: An Inverse Optimization Model

Akhtar et al. [2] propose a learning approach based on inverse optimization to learn the map-
ping from the input space to the action space. They employ a simple quadratic forward model
along with the suboptimality loss to formulate an inverse optimization problem and present
a tractable convex reformulation. Finally, the effectiveness of the method is demonstrated
through an experiment that mimicked the behavior of a Model Predictive Control (MPC)
controller. The proposed method follows the process introduced in Chapter 1.

2-1-1 A quadratic forward model

Akhtar et al. [2] utilize a quadratic objective function for the FOP and assume that its
constraints are linear and only parameterized by s:

T
f(s,u,8):= [8] 0 lsl (2-1)

u u

FOP(s | 0) := min f(s,u,0)

s.b. M(s)u < W(s), (2-2)

where s € R™, u € R?, M(s) € R¥™™ and W (s) € R Therefore, it is easy to infer that
0 € Rm+n)x(m+n)  However, to ensure the convexity of the forward optimization model, it is
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10 Kernel Inverse Optimization Machine

necessary to impose constraints on the range of values for 6:

0eoO,

where © = {0 = [ 2 Zsu ] ‘ Ouu > In}. (2-3)

2-1-2 Suboptimality loss function

Let {(8;,7;)}Y, be the dataset and N represents the size of the dataset. When given an
exogenous signal §;, the optimal solution of the forward optimization problem is

u;k = arg mulnf(gla u, 0)

\ . (2-4)
s.b. M(5)u < W(s;).

The loss function employed in the model is referred to as the suboptimality loss [2], which is

defined as
Coun (84, ;) == f(54,04,0) — f(54,u;,0)
— £(8,04,0) — min f(%,u,6), (2-5)
u€U(8;)
where
U(8) ={ueR" | M(8)u <W(5)}. (2-6)

The suboptimality loss penalizes the mismatch between the expert and learning agent’s actions
“nonuniformly” [2]. If 4; € U(8;), Vi € {1,..., N}, then the suboptimality loss is the same as
the absolute sub-optimality loss.

2-1-3 Inverse optimization problem and its tractable reformulation

Then the inverse optimization problem is formulated as

N
mein % Z {f(giaaiag) — min f(§i>u:9>} (2-7)

=1 UGU(§Z)
s.t. 6€Oin (2-3).

In fact, the inverse optimization problem (2-7) is trying to find an optimal #* in the set © that
minimizes the sum of the loss functions. The inverse optimization problem (2-7) is convex
as the objective function is a pointwise maximum of infinitely many linear functions and the
constraint is a Linear Matrix Inequality (LMI). To make (2-7) can be solved efficiently, Akhtar
et al. [2] reformulate it into a tractable LMI optimization problem.

Theorem 1 (LMI Reformulation [2]). For the feasible set (2-6) and hypothesis function (2-1),
the inverse optimization problem (2-7) is equivalent to

N
min & 3 (£(8i,1,0) + T+ W (3) T \)

97)\1‘7%' =1
st. 0€0in (2-3), N eRL, v eR, Vi<N (2-8)
* ’}/Z — ) - bl

where \; is the Lagrange multiplier and ~y; is the slack variable.
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2-1 Learning for Control: An Inverse Optimization Model 11

For more details of this model and its derivation, we refer the reader to the original paper [2]
and references therein.

2-1-4 Analysis of the model’s limitations

The inverse optimization problem (2-8) poses as a tractable convex optimization problem,
for which we can conveniently employ tailored, efficient, off-the-shelf solvers such as MOSEK
[5] and SCS [45] for resolution. In the realm of machine learning, when a task is relatively
intricate, there is a desire to enhance the model’s capacity for better task learning, as oth-
erwise, the risk of underfitting arises. A common approach to achieve it involves employing
a mapping function, ¢(-) : R™ — R!, to map the state s into a higher-dimensional feature
space, thereby augmenting the model’s capacity. Note that as a result, the dimension of 6,
becomes R™*™, while the dimension of 6,,, remains unchanged. In numerical experiments, we
employed this approach; however, two primary issues were identified.

Increasing computational burden An increased output dimension of the mapping function
¢(+) can enhance the model’s capacity. However, this comes at the price of a heavier compu-
tational burden, as the model parameters also increase accordingly. Figure 2-1 illustrates the
relationship between computation time and the dimensionality of the augmented state ¢(s).
In this instance, we selected the first 100 data points from the MuJoCo hopper-expert task [57]
within the D4RL dataset [27] as training data (details about the D4RL dataset and MuJoCo
environment are elaborated in Section 2-3). The original dimensionality of the state s in the
training data is 11. We progressively augmented it to 1000 dimensions, and it is noticeable
that as the dimensionality of the mapped state ¢(s) increases, the computational time ex-
periences almost linear growth. Therefore, when employing this inverse optimization model,
it is often necessary to make a trade-off between the model capacity and the computational
time.

0 200 400 600 800 1000
Dimension of feature

Figure 2-1: The relationship between the solution time of the inverse optimization problem (2-8)
and the number of feature dimensions (data size N = 100).
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12 Kernel Inverse Optimization Machine

Challenges of feature engineering Devising an efficient mapping function ¢(-) and estab-
lishing its output dimensionality, referred to as feature engineering, can also be challenging.
This process can be time-consuming and labor-intensive. It often requires domain expertise
and extensive trial and error to identify and create meaningful features for a given task.

In the next section, we introduce an enhanced model using the kernel method to address these
issues.

2-2 An Enhanced Model: Kernel Inverse Optimization Machine

In this section, we propose an enhanced model: Kernel Inverse Optimization Machine (KIOM).
Firstly, we present the derivation process of KIOM, which essentially involves modifying the
original model and simplifying its Lagrangian dual problem, and compare the KIOM model
with the original model. Subsequently, based on prior knowledge of 6., we propose a simpli-
fied version of the KIOM model. Lastly, we introduce an extended version based on augmented
suboptimality loss which offers better geometric and robust interpretations in comparison to
suboptimality loss.

2-2-1 Theoretical derivation

To introduce the improved model, certain modifications need to be applied to the original
model. Initially, all states §; are replaced by ¢(8;), since during training, augmented features
are utilized, except for U(8;), as the constraints are only associated with the original states
3;. Secondly, in the inverse optimization problem (2-7), an additional regularization term has
been incorporated

N
rnein kHeuuH% + k”&m”% + % igl {f(¢(§z)’ i, 0) = ué%i(rs}i) Fli), 0)} (2-9)
s.t. # € © in (2-3).

The hyperparameter k should be positive, so the regularization term here penalizes the magni-
tude of the parameters 6, which can effectively prevent overfitting when the model’s capacity
is excessively large (Indeed, a more crucial rationale is to ensure the emergence of inner prod-
ucts of the augmented states in the dual problem, and we will elaborate on this later). Then
the equivalent tractable LMI reformulation of the modified inverse optimization problem (2-9)
becomes

N
err)\ur; || Ouul% + E[|0su]|% + + 21 (f(¢(§l),a27 0) + 1y, + W (3)7 )\i)

s.t. 96{[0 gsu] euuiln}a
* Oy

)\iGRi,%‘ER, Vi < N
[ Ouu M (3)" N +20] 6

(2-10)

(5:) ] =0, Vi<N.
* Vi

The derivation of the LMI reformulation (2-10) follows the same procedure as that of (2-8)
and omitted here. Next, we present a more efficient reformulation of (2-10), which remains
tractable even when the augmented state is of infinite dimension.
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2-2 An Enhanced Model: Kernel Inverse Optimization Machine 13

Theorem 2 (Tractable reformulation with kernel method ). For the quadratic hypothesis
function (2-1), the modified inverse optimization problem (2-10) can be reformulated as

2
. 1 N a0l
PIRZHD k <z§1 N _Ai>_P o
T
+% [ml T?:LQ mN} (K ® 1) [ml my ... mN} — Tr(P) (2-11)
st Pr0, WS _ops)r; >0, Vi< N
[Ai bil=o0, vi<n,
* IN

where m; := % — QFZT forie{l,..,N}. K is the Gram matriz with respect to 81, ...,8n, so
K € RVN and K;j = k(8i,85) = ¢(3;)T¢(35) which is the inner product of the augmented
states, and decision variables P,A; € R™*" T, € R" for i € {1,...,N}. The expressions of
matriz O, and Oy, are

N @l a )
(Zi:l N Az) P (2-12)
euu:*
2k
N ~
0, = — i:li(si}mi’ (2-13)

where the weight 05, is a linear combination of the augmented states.

Proof. First, let P, \; and lAi :
* (67
M +260],0(5)
Vi
R™ " T, € R", 5\z € R% and v; € R. Note that for ease of notation, we omit writing the
dependency of the matrices M and W on §;. Then define the Lagrangian function

F(9(3:),04,0)

N
< 1 - N N N 1
=1

] be the Lagrange multiplier associated with the constraints

Ouuw = Im, \i € Ri and [ 0:“ = 0 respectively in (2-10), where P, A; €

_‘_WTM) THP(Bus— L) +§:/\~iT(_)\i)+§:_Tr ([A n-] [euu M+ 20, (&-)D |
=1

Pt * o) | Vi
(2-14)
and the Lagrange dual problem
_max inf L(euu7951L7)‘i77i7P7 XiaAi7Fi7ai)
P i Ai Do OuubsuAivi
lAi Li =0, Vi<N.
* o Qy

When the Lagrangian function (2-14) is at the point of the infimum with respect to 0y, Osu, \i, Vi,
one obtains (we omit writing the dependency of the function L for ease of notation)

/\./\T
( 'f\il u# —-A) - P
2k ’

OL oo +i§:a»aT—P+§—A-—o:»9 =—
aeuu_ uu N271 (At (2 uu T

V= i=1

(2-16)
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14 Kernel Inverse Optimization Machine

v
oL al al Y ¢(3) (5 — 2T7)
= 2kbg, + 2 §)(=t —or?) = O = — ==L VAN U 2-17
oL W - w
=57 N — i = i= A T i 2-1
NN Ai = 2MT; =0 = A = = — 2MT (2-18)
oL 1 1

By substituting the expressions for 0y, 05y, 5\2- and «; into the Lagrange dual problem (2-15)
and simplifying it, we obtain

2
. . N a7 LN -
Jnin g Z; v —Ni| —P| + Ei;g:l K(8i, 85)mim; — Tr(P)
P B Rl 2 = ) F = =
st. Pr0, W& _ops)ry >0, Vi< N (2-20)
lA" Fll =0, Vi<N.
* AN

Finally, by proving

N N
Z Z H(gi, §])mlmf =

=1 7j=1 7

N
1j=1

s

T
my ma ... mN} (K®1I,) [ml ma ... mN}

—

we obtain (2-11). O

From the proof of Theorem 2, it can be observed that problem (2-11) is essentially the
dual problem of (2-10). The augmented states ¢(8;) in (2-11) appear in the form of inner
products, allowing for a reduction in computational complexity through the use of kernel
methods. Additionally, the complexity of this dual problem (2-11) is no longer influenced by
the dimensionality of augmented states. Consequently, even a Gaussian kernel that maps the
original state into an infinite-dimensional feature space can be employed now, while this is
impracticable in the primal problem (2-10).

Up to this point, we can conveniently utilize CVXPY [22] to model the problem (2-11) and
employ off-the-shelf solvers to obtain the optimal decision variables A}, I'; and P*, and then
use these optimal variables to recover 6;, and 67,. Subsequently, when confronted with a
previously unseen state Spey, solving such a forward optimization problem (2-21) allows the
agent to mimic the behavior of the expert:

u* = argminu® 03,1 + 207 (Snew)65, u

st. M (Spew)u < W(Snew)- (2-21)

It is worth noting that, since 0%, can be an infinite-dimensional matrix, we may cannot
explicitly compute its result. However, in practice, explicit computation of 6%, is unnecessary.
We only need to compute the result of ¢ (s,e)0%,, and this is feasible:

d’T(Snew)ezu = _% Zf\il K(Snew, §z)(% - 2F2<)T' (2-22)
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2-2 An Enhanced Model: Kernel Inverse Optimization Machine 15

Does the KIOM model address the two deficiencies mentioned in Section 2-1? The first
issue arises when increasing the dimensionality of the augmented state, resulting in higher
model complexity and, consequently, longer solution times. However, as indicated in Figure
2-2, the improved model (2-11) has effectively addressed the first problem, with solution
times showing little variation with changes in the dimensionality of the feature space. Earlier
analysis has already highlighted the reason behind this improvement. In the improved model
(2-11), augmented states appear in the form of inner products. We can efficiently compute
these inner products using the kernel trick, and the number of parameters in the model is no
longer dependent on the dimensionality of the feature space. Consequently, the solution time
does not increase with an increase in the dimensionality of the feature space.

0.14 4 —— Original model
Enhanced model

0.12 A

Time (min)
o© o o©
o o o
s > ©
L 1 )

0.02 1

0.00 A

0 200 400 600 800 1000
Dimension of feature

Figure 2-2: The relationship between the solution time of two optimization problems (2-8),
(2-11) and the number of feature dimensions (data size N = 100).

The second issue is that designing the mapping function ¢(+) often requires domain knowledge
relevant to the task, along with a considerable amount of tuning. In the original model, re-
gardless of how efficient the mapping function is, the output space is always finite-dimensional.
However, in the improved model, we can directly employ a Gaussian kernel mapping function
to map states into an infinite-dimensional space. Generally speaking, the infinite-dimensional
features are more representative than the finite-dimensional ones. Although there is no guar-
antee that the Gaussian kernel function is the most suitable, the Gaussian kernel is an ad-
equate general-purpose kernel function. Additionally, subsequent experiments have demon-
strated the effectiveness of the Gaussian kernel.

2-2-2 Extra assumption: a simpler version

In Model (2-11), 6y, is an n x n decision variable. However, in many experimental tests, we
observed that the ultimately solved 6,,, is an identity matrix. This is because many experts,
when executing their control policy, apply the same penalty coefficient to each dimension of
the action or do not penalize the action effort at all. For example, in the Gymnasium MuJoCo
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16 Kernel Inverse Optimization Machine

environments, the reward settings for all tasks impose the same penalty on each dimension
of the action: ctrl_cost__weight X sum(actionz), where ctrl__cost__weight is a parameter set
for the control and has a default value of le-4 [59]. Consequently, experts trained based on
such reward settings tend to uniformly reduce the control effort for each dimension, rather
than deliberately decreasing the control effort for a specific dimension. Therefore, assuming
0w = I, as prior knowledge can reduce the model complexity and hypothetically expedite
the solution speed.

Corollary 1 (A simpler model). With the assumption 0y, = I,, problem (2-10) can be
simplified to

min k|0l + & SN (207 0Z,6(5) + 3+ W (3) T A

suy Vi A
st.  MNeERL, v eR, Vi<N (2-23)
[ I, M (3)" N +20],0(5) 1 =0, Vi<N
* Yi - B ’

then, its corresponding Lagrangian dual problem can be simplified to

T
/1\1111;1 [ml my ... mN}%{ml ma ... mN} —I—ZfilTr(Ai)
st WED _on(s)T; >0, Vi< N (2-24)
[Ai Ylzo, vi<h,
* IN

AT
where m; = qu — QF;TF forie{l,...,N}, and K is the Gram matriz with respect to 81, ..., 8N,

so K € RV*N gnd Kij = k(3i,5;). The value of O, can still be represented by (2-13).
Proof. See Appendix A-1. O

It can be observed that model (2-24) is considerably simpler than model (2-11). In the
experimental phase of the next section, we utilize the simplified Model (2-24) based on the
assumption 0, = I,.

Remark 1 (Potential numerical issues and their solutions). During the experimental phase,
we discovered potential numerical issues when directly solving problem (2-24) (or problem
(2-11)). This is because, in the Gymnasium MuJoCo environments, the range of each action
dimension is limited to between —1 and 1. However, in problem (2-24), there is a term 4l /N,
where N is the dataset size, typically ranging from a few thousand to tens of thousands. This
can cause a? /N to become a very small quantity, posing potential numerical issues when it is
added to or subtracted from other values. Conversely, K/k is often large because the coefficient
k is generally set around 1075, further impacting numerical stability (the same analysis applies
to problem (2-11)). To address this issue, we can multiply the objective function of the primal
problem of problem (2-24) (or problem (2-11)) by an extra large hyperparameter, scalar,
before deriving the dual problem, which we refer to as the scalar trick. Based on experience,
this scalar is typically chosen in the range of 50N to 100N. It is imperative to underscore
the significance of the scalar trick, as it not only profoundly accelerates the solving speed
but also enhances the precision of the results.
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2-2 An Enhanced Model: Kernel Inverse Optimization Machine 17

2-2-3 An extension with augmented suboptimality loss

Inspired by the geometry of the consistent cost vectors’ inverse optimization set, Zattoni
Scroccaro et al. [65] introduce the concept of “incenter”, a novel notion similar to the re-
cently proposed circumcenter [15]. Exploring the geometric and robust interpretation of the
incenter cost vector, Zattoni Scroccaro et al. [65] formulate corresponding tractable convex
representations and, furthermore, suggest a new loss function named Augmented Subopti-
mality Loss (ASL) as a relaxation of the incenter concept, specifically designed for problems
involving inconsistent data. For more details, we refer the reader to the paper [65].

Considering the quadratic objective function (2-1), the Augmented Suboptimality Loss is
defined as

Casn(9(3:), 4s) = f((3i), s, 0) — min {f(P(5:), u,0) — [|& — ull}, (2-25)

uelU(8;)

where U(3;) is defined in (2-6). Note that in Augmented Suboptimality Loss, an additional
penalty term, ||4; — ul|co, for action divergence has been introduced. Using the new loss
function, the regularized inverse optimization problem is

N
min lfuall7 + Blfsullf + 5 2 LasL(6(3), i)

- (2-26)
s.t. 96{[0 Osu ] Hwto}.
x Oy

In the problem (2-26), 6, is constrained to be positive semidefinite, unlike in equation (2-3),
where it is required to be greater or equal to the identity matrix. This modification is made
because the infinity norm term in the augmented suboptimality loss (2-25) prevents 6 from
being trained as a completely zero matrix.

Corollary 2 (LMI Reformulation). For the feasible set (2-6), hypothesis function (2-1), and
loss function (2-25), the inverse optimization problem (2-26) is equivalent to

min kl|0uull B+ Ell0sulld + % S5t
Oun,0su,ti gij,aij

s.t. gi; ERL, t, eRy Y(i,j) € [N] x [2n]
[(8(8i), 45, 0) + aij + (gij, W (3 )> ( i) <t; V(i j) € [N] x [2n]

AT
azu 203u¢ (51) +4ycj +M(3;) g =0 V(4, ) € [N] x [2n],

ij
(2—27)

where, if j < m, §; is a vector of zeros except for the j-th element, which is equal to 1. If
J >mn, §; is a vector of zeros except for the (j — n)-th element, which is equal to -1. n is the
dimensionality of the action space.

For the proof, we refer to the paper [65], Theorem 4.5, for a more general case. Similarly,
by solving the dual problem of (2-27), the augmented states appear in the form of inner
products.

Corollary 3 (Tractable reformulation with kernel method). For the quadratic hypothesis
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18 Kernel Inverse Optimization Machine

function (2-1), the extended inverse optimization problem (2) can be reformulated as

) 1 N 2n AT N 2n
Jming g Tre{ 2 2 (yedy = Aig) 22 3 (gt = Agy)
AZ]1A’LJ7FZ] =1 1= 1 =1 ]:1

N 2n

+iTr (Z > Z Z k(8i, Sk)o\ijaz‘ — 2Fij)(>\k:lak; — QFkl)T>

i=1j=1k= 1l

- Z Z )‘ij] U; + E Z QFZ]y]

i=1j= 1=1j=
2n
s.t. )\Z]W(gz) — 2M(§i)1“ij >0, % — Z Aii > 0, >\ij € R+ V(Z,j) S [N] X [271]
j=1
Aij Pij .o
—
[* >\’Lj/4 —0 V(z,j)G[N]XBn],

(2-28)
where k(8i,8;) = &(3;)T ¢(3;), which is the inner product of the augmented states, and A;j €
R™™, Ty € R", and X\j; € R are the decision variables. The matrices 0y, and O, can be
written as

P A W
L anME ) (2:2)
uu = ok
N 2n . T T
Z; = ¢(SZ)(AZJUZ - 2Fij) (2_30)
HSU - — :IC ’

where the weight O, is a linear combination of the augmented states.
Proof. See Appendix A-2. O

It can be observed that, although Augmented Suboptimality Loss provides a better inter-
pretation of robustness, problem (2-28) becomes more complex. Its parameters are not only
related to the size of the dataset N but also to the dimensionality of the action space n.
Therefore, we did not use this model in the experimental phase, but it is still meaningful to
mention this potential direction.

2-3 Numerical Experiments

In this section, we numerically evaluate the simplified version of the KIOM model (2-24). We
begin by introducing the experimental task, dataset, and solver. Subsequently, we compare
the simulation results with those from related behavior cloning algorithms. Finally, the model
parameters are provided in Appendix B-1.

2-3-1 Experimental environment, dataset, and solver

Experimental environment

& Gymnasium
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2-3 Numerical Experiments 19

Gymnasium [59] is a toolkit developed by OpenAl for developing and comparing reinforcement
learning algorithms. It provides a variety of environments, from simple toy examples to
complex simulations, making it a valuable resource for researchers and developers working
on reinforcement learning tasks. To evaluate our model, we measure its performance on the
suite of MuJoCo [57] continuous control tasks, interfaced through Gymnasium [59]. In this
experiment, we specifically utilize the Hopper-v2, Walker2d-v2, and HalfCheetah-v2 tasks
within the Mujoco environments (Figure 2-3).

(a) Hopper (b)Walker2d (c)HalfCheetah

Figure 2-3: Example MuJoCo environments [29]

« Hopper-v2: The hopper is a two-dimensional, one-legged figure consisting of four main
body parts: the torso at the top, the thigh in the middle, the leg in the bottom, and a
single foot on which the entire body rests. The goal is to make hops that move in the
forward (right) direction by applying torques on the three hinges connecting the four
body parts [59].

o Walker2d-v2: This environment builds on the hopper environment by adding another
set of legs making it possible for the robot to walk forward instead of hop. The walker
is a two-dimensional, two-legged figure that consists of seven main body parts: a single
torso at the top (with the two legs splitting after the torso), two thighs in the middle
below the torso, two legs in the bottom below the thighs, and two feet attached to the
legs on which the entire body rests. The goal is to walk in the forward (right) direction
by applying torques on the six hinges connecting the seven body parts [59].

o HalfCheeta-v2: The HalfCheetah is a 2-dimensional robot consisting of 9 body parts
and 8 joints connecting them (including two paws). The goal is to apply torque on the
joints to make the cheetah run forward (right) as fast as possible. The torso and head
of the cheetah are fixed, and the torque can only be applied on the other 6 joints over
the front and back thighs (connecting to the torso), shins (connecting to the thighs),
and feet (connecting to the shins) [59].

P D4RL

D4RL [27], or Datasets for Deep Data-Driven Reinforcement Learning, is a collection of
datasets designed to facilitate research and development in the field of deep reinforcement
learning. D4RL aims to provide standardized and diverse datasets that researchers can use to

Dataset
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20 Kernel Inverse Optimization Machine

benchmark and evaluate their algorithms. We tested the algorithm on each task using both
Medium and Expert datasets, resulting in a total of six datasets.

e Medium: Medium has 1M samples derived from a policy that is trained to achieve
approximately 1/3 the performance of the expert [27].

« Expert: Expert has 1M samples from a policy trained to completion with Soft Actor-
Critic [27].

Solver

JSCS MOGSEK

Splitting Conic Solver (SCS) [45] is an efficient open-source optimization solver developed
by the Optimization and Systems Theory group at UCLA. Designed to tackle large-scale
convex cone problems, particularly those involving linear, quadratic, and second-order cone
programming, SCS is known for its speed and scalability. With support for parallel processing,
it efficiently handles problems with a high number of variables and constraints. Its open-source
nature allows users to modify the source code, making it a flexible choice for researchers
and practitioners working on convex optimization problems in diverse fields such as machine
learning, control systems, and scientific applications.

While MOSEK [5] is a versatile optimization software package renowned for its efficiency
and reliability. Developed by MOSEK ApS, it addresses a broad spectrum of mathematical
optimization problems, including linear programming, quadratic programming, conic pro-
gramming, and semidefinite programming. Widely used in engineering, finance, and data
analysis, MOSEK excels in handling large-scale and complex optimization challenges. Its
advanced algorithms and interface support for multiple programming languages make it a
preferred choice for researchers, engineers, and professionals seeking effective solutions to
diverse optimization problems.

In our experiments, we predominantly utilized the SCS solver, as we observed a significantly
faster solving speed compared to Mosek. Additionally, we employed CVXPY as the modeling
language interface, and the compilation time with the SCS solver was considerably shorter
than that with Mosek. Despite SCS’s efficiency, Mosek, being a reputable commercial solver,
offers higher precision. Therefore, for a small number of small-scale datasets, we also employed
Mosek as an alternative solver.

2-3-2 Results

In this evaluation, KIOM is utilized in the simplified version (2-24), incorporating a Gaussian
kernel. In each task, the model’s performance is assessed through 100 episodes of testing,
and the score! for KIOM is the average obtained over these 100 episodes. The parentheses
following KIOM scores represent the amount of data used.

'Regarding the definition of the score for one episode, we recommend readers to consult the official docu-
mentation of Gymnasium [59] and the DARL paper [27].
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2-3 Numerical Experiments 21

For comparison, three additional agents are selected in this experiment. The scores of agents
BC(TD3+BC)[28] and BC(CQL)[36] are obtained from two offline reinforcement learning
papers. These papers have implemented their respective behavior cloning agents using the
corresponding datasets in D4RL, serving as baselines to compare against their proposed offline
reinforcement learning algorithms. From the original paper, BC(TD3+BC) and BC(CQL)
are evaluated over 10 seeds and 3 seeds respectively. The Teacher agent is the agent
responsible for generating the dataset and serves as the target for our imitation learning.

Task KIOM BC(TD3+BC)[28] BC(CQL)[36] Teacher agent
Hopper-expert  109.9(5k) 111.5 109.0 108.5
Hopper-medium 50.2(5k) 30.0 29.0 44.3
Walker2d-expert 108.5(10k) 56.0 125.7 107.1
Walker2d-medium 74.6(5k) 11.4 6.6 62.1
Halfcheetah-expert — 84.4(10k) 105.2 107.0 88.1
Halfcheetah-medium  39.0(5k) 36.6 36.1 40.7

Table 2-1: Performance of KIOM, others Behaviour Cloning (BC) implementations and teacher
agent on gym domains from D4RL, on the normalized return metric. The numbers inside the
parentheses represent the amount of data used, and the score for KIOM in every task is the
average score over 100 episodes.

Table 2-1 displays the final experimental results, where KIOM achieves competitive results in
four out of the six tasks. In these six tasks, except for a slightly lower score in the Halfcheetah-
expert task compared to the teacher agent, KIOM’s scores are either close to or higher than
those of the teacher agent. This indicates that the enhanced model exhibits strong learning

capabilities in complex control tasks. All hyperparameters used in this experiment for KIOM
are listed in Appendix B-1.
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Chapter 3

Sequential Selection Optimization

This chapter proposes a new algorithm for training kernel inverse optimization machine: Se-
quential Selection Optimization, or SSO. Training a kernel inverse optimization machine in-
volves solving a significantly large-scale Semidefinite Programming (SDP) optimization prob-
lem. We observed that as the dataset size increases, the memory requirements for solving this
problem grow significantly. Table 3-1 below illustrates the relationship between data volume
and required memory. When the data volume exceeds ten thousand, most personal computers
will encounter insufficient memory issues. Moreover, when the data volume reaches twenty
thousand, a staggering 256GB of memory is required. This represents a formidable challenge.

Data size Memory (RAM)

5K 16GB
10K 64GB
15K 128GB
20K 256GB

Table 3-1: The relationship between the dataset size and the required memory on the
Halfcheetah-expert task.

Consequently, when dealing with excessively large datasets, the problem can be intractable in
terms of memory. To address this issue, SSO breaks this large SDP problem into a series of
smaller SDP problems. These smaller SDP problems can be rapidly solved without consuming
excessive memory. The memory space needed for SSO is nearly equivalent to the memory
required to solve one of these smaller SDP problems. This feature empowers SSO to efficiently
address larger-scale optimization problems. The final experiments demonstrate that SSO can
quickly converge to the optimum with lower memory overhead.
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24 Sequential Selection Optimization

3-1 A Distributed Algorithm: Sequential Selection Optimization

This section presents the proposed algorithm, SSO. We initially introduce the naive coordinate
descent, which is essentially a block coordinate descent method. Subsequently, we prove the
convergence of the algorithm. Building upon the naive coordinate descent, we then introduce
two heuristic techniques, forming the basis of SSO. In the following section, we experimentally
demonstrate how these two techniques can significantly accelerate the convergence speed of
the algorithm.

3-1-1 Naive coordinate descent

Model (2-24) exhibits a proportional relationship between the number of parameters and the
volume of data. With the addition of each data point (§;,4;), a corresponding parameter
set {A;,I';} is introduced. For convenience in expression, we collectively refer to a pair of
parameters, A; and I';, as coordinate_i := {A;,T';}.

In this subsection, we introduce a straightforward distributed algorithm, Coordinate Descent
(CD), and in the next subsection, we establish its convergence. The CD algorithm is selected
here because, in model (2-24), the objective function is quadratic, and each coordinate is
coupled with others. However, in the constraints, each coordinate is decoupled. Coordinate
descent (CD) can effectively leverage this structure. To facilitate the convergence proof, we
first make some modifications to model (2-24):

' LN o o N N -
min 53 3 k(R — 209 ) (7 —20) + 3 Tr(Ag) + ¢ 32 [|A — Al
A Ti A, i=14=1 i=1 i=1
st W) _op(s)Ty >0, Vi< N (3-1)
[A" 1;] =0, Vi<N,
4N

where a new decision variable A} is introduced, along with an extra proximal term ¢ >N | ||A;—
A;||% (¢ > 0) in the objective function. It is noteworthy that, for ease of observation, we have
decomposed the quadratic form matrix term into a summation form and omitted the use of
m; notation. It is straightforward to demonstrate the equivalence between problem (3-1) and
problem (2-24), i.e., the optimal solutions for the two problems are identical. In (3-1), the
optimal value of A; should always be equal to that of A;, resulting in the proximal term of
zero. Consequently, problem (3-1) degenerates into problem (2-24).

Due to the introduction of the new decision variable A}, we need to redefine the coordinates
in (3-1)

{A;, Ty}, i=1,.,N

{A, N}, i=N+1,...2N.
Here, we employ the block coordinate descent method as introduced in Chapter 1, Section 1-3
to optimize the problem (3-1). Specifically, we sequentially group every p coordinates into a
block coordinate (assuming NN is divisible by p for simplifying analysis), and then iteratively
update each block coordinate in a cyclic manner.

coordinate i := { (3-2)

Update of the first half block coordinates When updating the first half of the block co-
ordinates, each subproblem shares a similar structure with problem (2-24) but with fewer
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3-1 A Distributed Algorithm: Sequential Selection Optimization 25

parameters. For simplicity, we provide the subproblem corresponding to the first block coor-
dinate (subproblems for other first half block coordinates have a similar form):

p -T o P N oT o
min 3 Y k([ —20T)(F 20+ 2 Y Y wi(F —207)(F - 20)
Aq T i=1j=1 i=1j=p+1
+ 300 Tr(Ag) + e X0 1A — Al

st WD _op(s)T; >0, Vi<p (3-3)
Ao Til o, vi<o,
AN

where, to better distinguish decision variables from constants, we highlight the decision vari-
ables.

Update of the second half block coordinates The second half of the block coordinates
only include parameters A;. When updating these A;, as they are unconstrained, it can be
straightforwardly proven that their optimal solution is A;, i.e., A;* = A;. Therefore, when
updating these block coordinates, there is no need to solve any optimization problems; we
simply assign the values of A; to A; for all 7.

Note that this updating approach is essentially a standard block coordinate descent method.
In this thesis, we also refer to it as naive coordinate descent.

3-1-2 Convergence analysis

Before proving the convergence of naive coordinate descent, it is necessary to introduce two
crucial lemmas and one proposition.

Proposition 1 (Convergence of block coordinate descent [13] ). Let f : R™ +— R be convex
and differentiable, and let X = X1 x Xo X - -+ X X, where X; are closed and convex. Assume
further that for each x = (561, 2™ e X and i,

f (wl, R L S AT ,xm)

viewed as a function of &, attains a unique minimum over X;. Let {xy} be the sequence
generated by the block coordinate descent method (1-6). Then, every limit point of {xy}
minimizes f over X.

Proposition 1 serves as the cornerstone for proving the convergence of naive coordinate de-
scent. We will verify that problem (3-1) satisfies all its assumptions to demonstrate that the
naive coordinate descent method introduced in Subsection 3-1-1 can find its optimal solution.

Lemma 1 (Strict convexity and uniqueness of optimal solutions [11] ). Consider an opti-
mization problem

min f(x)
s.t. x €,

where f : R®™ — R is strictly convex on ) and € is a convex set. Then the optimal solution
(assuming it exists) must be unique.
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Proposition 1 imposes the crucial requirement that all subproblems have a unique solution.
This constitutes the most important and challenging aspect of the entire proof. Note that
when updating the second half of the block coordinates, we have already established the
uniqueness of the optimal solution. Therefore, the only thing we need to prove is the unique-
ness of the optimal solution for subproblem (3-3). With Lemma 1, we only need to prove the
strict convexity of the objective function of the subproblems to demonstrate the uniqueness
of the optimal solution.

Lemma 2 (Property of Kronecker product [17] ). Let A € R™™" and B € R™™. If X is an
etgenvalue of A with corresponding eigenvector x € F" and if u is an eigenvalue of B with
corresponding eigenvector y € F™, then Ap is an eigenvalue of A ® B with corresponding
eigenvector x @ y € F™". The set of eigenvalues of A ® B is {\jpj:i=1,2,---,n and
j=1,2,--- 'm} where the set of eigenvalues of A is {\;:i=1,2,--- ,n} and the set of
eigenvalues of B is {p; : j = 1,2,--- ,m} (including algebraic multiplicities in all three cases).
In particular, the set of eigenvalues of A ® B is the same as the set of eigenvalues of B® A.

Lemma 1 requires the objective function to be strictly convex, whereas the objective function
in subproblem (3-3) is quadratic. Therefore, we utilize Lemma 2 to prove that the quadratic
form matrix associated with the objective function is positive definite to prove the strict
convexity of the objective function.

We show below that the sequence of iterates generated by the naive coordinate descent intro-
duced in the previous Subsection 3-1-1 is in some sense convergent.

Theorem 3 (Convergence for problem (3-1)). Let x represent all decision variables of problem
(3-1), i.e., x := {Ai,Fi,A;}Z-:L,_,N, and let {x} be a sequence of iterates generated by the
Naive Coordinate Descent algorithm. Then, if the Gram matriz of the chosen kernel function
is positive definite, every limit point of {xy} is an optimal solution of (3-1).

Proof. We first prove that the objective function of each subproblem, when updated using the
naive coordinate descent method, is strictly convex. In fact, as discussed earlier, it suffices
to prove that the objective function in problem (3-3) is strictly convex. First, we reformulate
problem (3-3) into

T p
min Fr) =4 [T 17 . Tl (Kye L) [T 17 . T +§a?ri
VRE 1=

P P ‘g
+ 30 Tr(Ag) + ¢ X || A — A%
=1 i=1

= (3-4)
st Y _opn(s)T >0, Vi<p
lAi Lilvo, vi<op
% 1 ) ’
AN

where a; is a constant vector, and its expression does not matter, so not provided here. K,
is the Gram matrix with respect to 51,...,5,. It can be observed that the decision variables
{A;}i=1,.~v and {I';};=1, .~ are decoupled from each other. Therefore, to prove the strict
convexity of f(A;,T';), it suffices to prove that

T p
A =4[ 18 . T (KoL) 0T T .. 1T + 3 il (3-5)
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and
So(Nq) =220 Te(Aq) + e X0 |A — Al (3-6)

are both strictly convex.

For fi(I';), as assumed, K, is positive definite. Then based on lemma 2, K, ® I, is also
positive definite. Therefore, we can easily prove V2 f1(T;) = % = 0, so f1(I';) is strictly
convex. As to fa(A;), each element in matrices A; is mutually decoupled, appearing in the
form of a quadratic function (with quadratic coefficients all equal to ¢). Consequently, it can
be easily proved that fa(A;) exhibits strict convexity.

Therefore, the objective function f(A;,I';) is strictly convex, and the constraints of the sub-
problems consist of linear inequalities and Linear Matrix Inequalities (LMI). Thereby, their
feasible set is convex, and, according to Lemma 1, we can prove that the optimal solution of
each subproblem is unique.

The objective function of problem (3-1) is quadratic, and its Gram matrix K is positive semi-
definite. Therefore, it is straightforward to prove that the objective function is convex and
differentiable. Additionally, each block coordinate is decoupled in the constraints, and its
constraints are solely comprised of linear inequalities and Linear Matrix Inequalities (LMISs).
Consequently, it is also straightforward to prove that the constraint set corresponding to
each block coordinate is convex and closed. Therefore, according to Proposition 1, we have
established the convergence. O

In the selection of the kernel function, we can opt for the Gaussian kernel, as Lemma 3 below
elucidates its positive definiteness of the Gram matrix.

Lemma 3 (Positive definiteness of Gram matrix for Gaussian kernel [53] ). Given N arbitrary
distinct instances {x; | x; € X}i]\;p and an arbitrary non-zero real value o # 0, where X is a
nonempty set. The kernel matriz K = (ki ;) v,y given by

2
o i = x4l
Kij = exp 552

has full rank.

A little discussion

In proving the convergence, we introduced an additional term ¢ [|A; — A}||% to ensure
the strict convexity of the subproblems’ objective function. However, this approach can be
applied to any differentiable objective function. Even if the objective function is non-convex
or concave, we can ensure the modified objective function is strictly convex by increasing the
value of ¢, thereby proving the convergence of the problem.

The conclusion that there is convergence guarantee for any differentiable objective function
may seem counterintuitive at first glance, however, this is a specific characteristic of coordinate
descent. Other algorithms, such as interior-point methods, require the objective function to
be convex and satisfy additional conditions to guarantee a decrease in the objective function
value at each iteration, or the value may increase. However, for coordinate descent, regardless
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of the form of the objective function, updating a block coordinate never results in a worse
solution, meaning the objective function never increases after an update. This property
makes the convergence assumptions for coordinate descent more "lenient" compared to other
algorithms.

Since there is no strong requirement imposed on the objective function, even a "bad" objective
function exhibits convergence. However, compared to a "good" objective function, what is the
price for being "bad"? In this thesis, our analysis has only delved into convergence but not
convergence rate, and indeed, the price lies within the convergence speed. For these "bad"
objective functions, there is often a need for a larger ¢ for correction. This ¢ will also emerge
in the convergence rate formula, where a larger ¢ results in a slower convergence speed.

3-1-3 Heuristics for choosing which coordinates to optimize

In the previous algorithm, we updated the parameters of each block coordinate, which con-
tains p coordinates, in a cyclical fashion. However, this approach may not be optimal. In
this subsection, we propose a heuristic method: we assess the Karush-Kuhn-Tucker (KKT)
conditions for each coordinate and select the p coordinates with the most significant violations
to form a new block coordinate to update. Now, let’s reconsider problem (2-24). Note that
problem (2-24) is the dual problem of problem (2-23), and the Karush-Kuhn-Tucker (KKT)
conditions are sufficient and necessary conditions for the optimal solutions of both problems.
Here, we enumerate the five KKT conditions that will be employed (For ease of notation, we
omit writing the dependency of the matrices M and W on §;.):

N, 655 —2r7)

Osu = . (stationarity), (3-7)

~ w ) ) .
A = N 2MT;, Vi < N (stationarity), (3-8)
):iT)\Z- =0, Vi < N (complementary slackness), (3-9)

) ) Ty, T 4(8.
Tr A Il‘z I MUA+205,0(5) | ) _ 0, Vi < N (complementary slackness), (3-10)
* In| | Vi

N\ € RL, Vi < N (primal feasibility). (3-11)

First, we choose coordinate ¢ such that

w
— — 2MT}; . 3-12
N >0 (3-12)

Based on KKT condition (3-8), we have
A > 0. (3-13)
Then, based on conditions (3-9) and (3-11), one can obtain
Ai = 0. (3-14)
Substituting the result (3-14) into condition (3-10) yields
Tr Qﬁ EV ] l{f 29;;?(%)]) = 0. (3-15)
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3-1 A Distributed Algorithm: Sequential Selection Optimization 29

~i is the decision variable of problem (2-23). Next, let’s solve for its expression. By utilizing
the Schur complement, we can prove the following two constraints are equivalent

I, MTX +20] 6(3)

; ] =0y > |MTN +20),6(3)3
1

Therefore, problem (2-23) can be equivalently expressed as

min K03+ & S (20760,6(8) + 3o + W (8)7 )
st.  MERL, v R, Vi<N (3-16)
vi > |IM TN +20),5]3, Vi<N,
Here, the variable ~; is highlighted. It can be easily proven that when ~; attain its optimal
values, the equality in the last constraint should hold: v; = || M T ); +26/,6(3;)||%. Note that

Ai = 0 (3-14), then the expression of ~; is

i = 11205,6(30)I5- (3-17)
Substituting (3-17) into (3-15):
Ay T | [, 20],6(5)
Tr Ut =0. 3-18
( . }V] l 1264,6(3)13 (3-18)

Note that the expression for g, is given by (3-7), and it is evident that 6],¢(3;) can be
computed. Therefore, if the decision variables A;,I'; of problem (2-24) attain their optimal
values, then for those coordinates satisfying condition (3-12), they should also satisfy condition

(3-18). Furthermore, we define
A, Tl |, 20),005)
Tr sy . 3-19
([ WH 126,005 49

Finally, a heuristic method for selecting which coordinates to update has been established:
Given the current values of A;,T'; (not necessarily optimal), we choose p coordinates that
satisfy condition (3-12) with the maximum KKT violators determined by the function (3-19).
We can optimize problem (2-24) directly without introducing the proximal term ¢ YN, ||A; —
A;||%, as using this heuristic has violated the previously established convergence conditions.
Of course, we can still optimize problem (3-1) with this heuristic method because it shares
the same solution as (2-24). The only additional step is to assign the values of A; to A; after
each update.

kkt_ violator(i) =

Certainly, this approach introduces a new issue: coordinates that initially do not satisfy con-
dition (3-12) will never be updated. Therefore, in practical implementation, we additionally
randomly select a subset of coordinates for updating to ensure that each coordinate has the
opportunity to be updated.

3-1-4 Warm-up trick for improved initial guess

In addressing problem (2-24) (or (3-1)), we typically assume the initial values of its decision
variables A;,T'; (or Ay, I‘i,A;) to be 0. However, a poor initial guess can lead to slow solver
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convergence for the subproblems or even result in numerical instability. Indeed, in our ex-
periments, we observed that setting all decision variables initially to 0 resulted in the solver
issuing warnings about inaccurate optimal solutions and significantly prolonged solving times
for several subproblems at the beginning (almost ten times longer than usual). Therefore, in
this subsection, we propose a method for setting appropriate initial values.

Currently, we possess IV data points with the assumption that they can be evenly divided
into n subsets, each comprising p data points. Directly solving the large-scale problem (2-24)
involving N data points is unfeasible. However, we can rapidly solve a moderate-scale sub-
problem (3-20), restricted to only p data points. By solving n instances of such problems
(I =1,...,n), we systematically traverse all N data points. Ultimately, we concatenate the
optimal solutions of these n subproblems to form an initial estimate for problem (2-24).

ol

. l l U, U
subproblem(/) := min %Zip:(lfl)erl ijz(l—l)pﬂ kij (3 — 2I7) (5 — 2Ty)

ATy .
+ Zz’i(l—l)p-i-l Tr(Aq)

s.t. W — 2M(§Z‘)Fi >0 (3'20)
§ 4}\[] =0, Vie{(l-1p+1,..,1p},

It is crucial to emphasize that in subproblem (3-20), we only utilize p data points. However,
we do not substitute N with p in (3-20). This is to ensure that the ultimately obtained initial
guess is feasible for the original problem (2-24). If we attempt to solve problem (3-1), we can
use the same method to get the initial value of A;,I'; and assign the obtained values of A; to

/

A,

(3

SSO Algorithm

Finally, SSO is summarized in Algorithm 1, where the function "WarmUp()’ returns the initial
guess of the decision variables as described in Subsection 3-1-4 and the function 'HeuristicS-
election()’ returns the p coordinates that violate the KKT condition the most as derived in
Subsection 3-1-3.

Algorithm 1 SSO

1: Initialize variable: {A;,T'i}iz1,. N < WarmUp({5;,a;}i=1,..n)

2: for iteration = 1 to T do

3: {Aai, Fai}izl’m’p < HeuristicSelection({&;, &i}izl,mN, {Ai, Fi}izl’m,]\/)

4: Update({Aq;, Ta, }izt,...p) > Update selected coordinates
5: end for

3-2 Numerical Experiments

We present the Sequential Selection Optimization (SSO) algorithm, which builds on the block
coordinate descent by incorporating two crucial techniques, Heuristic selection and Warm-up
tricks, described in Subsections 3-1-3 and 3-1-4 to increase convergence speed and identify
more optimal parameter initializations. In the experiments of this section, we exclusively
focus on problem (2-24), that is, without introducing the proximal term.
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3-2 Numerical Experiments 31

3-2-1 Performance evaluation

To assess the effectiveness of the SSO algorithm, we conduct a reevaluation of the previous six
experiments using the SSO algorithm. All experimental parameters are held constant. In the
SSO algorithm, % coordinates are updated at each iteration, meaning that each subproblem
encompasses half of the dataset.

Hopper-expert

101 4 \ Hopper-medium
Walker2d-expert

Walker2d-medium

Halfcheetah-expert

Halfcheetah-medium

100 .

Obj_value - obj_value*
= = = =
o o o o
O
Il Il Il Il

[

o
&
1

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Iterations

Figure 3-1: Convergence curves on the OpenAl gymnasium continuous control tasks. The
horizontal axis represents the number of iterations, while the vertical axis denotes the difference
between the current objective function value and the optimal objective function value. By the
20th iteration, these problems have converged closely to their optimal values.

Task SCS SSO

Obj Value Score Obj Value Score

Hopper-expert 185.219 109.9 185.220 110.2
Hopper-medium 218.761 50.2 218.761 51.8
Walker2d-expert 140.121 108.5 140.121 109.2
Walker2d-medium 151.117 74.6 151.117 74.9
Halfcheetah-expert 165.041 84.4 165.041 83.8
Halfcheetah-medium 188.184 39.0 188.184 39.7

Table 3-2: Final Objective Function Value and Score (Average Return over 100 evaluations)
for Splitting Conic Solver (SCS) and Sequential Selection Optimization (SSO). The ultimate
Objective Function Values of the two algorithms are nearly identical, yet across the majority of
tasks, the SSO exhibits a slightly higher Score compared to the SCS.

Figure 3-1 illustrates the convergence performance of the SSO algorithm across six distinct
tasks, with the vertical axis representing the error between the current objective function value
and the optimal objective function value in optimization problem (2-24). The SSO algorithm
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32 Sequential Selection Optimization

demonstrates fast convergence speed. By the 10th iteration, the errors for all tasks are below
0.1, and by the 20th iteration, the errors have further diminished to approximately 1le-4 for all
tasks. Table 3-2 presents the optimal objective function values and task scores obtained by the
centralized algorithm, Splitting Conic Solver (SCS), and the distributed algorithm, Sequential
Selection Optimization (SSO), for solving the problem (2-24). In this experiment, SCS is
employed to directly address the large-scale problem (2-24). The corresponding solution is
evaluated 100 times, and the average is taken as the final score. Meanwhile, SSO addresses
problem (2-24) by solving a series of subproblems. After each iteration, we also assess the
current solution 100 times, taking the average as the current score. After 20 iterations, there
are 20 corresponding scores, and we select the highest score along with the objective function
value from the last iteration as the output. It is evident that SSO and SCS yield nearly
identical optimal objective function values. However, except for the Halfcheetah-medium
task, SSO achieved higher scores across all other tasks.

3-2-2 Ablation studies

We perform ablation studies to understand the contribution of each individual component:
Heuristic Coordinates Selection, abbreviated as Heuristic (Subsection 3-1-3), and Warm-Up
Trick (Subsection 3-1-4). We present our results in Figure 3-2 in which we compare the
performance of removing each component from SSO.

107 —
—— Heuristic+WarmUp
— WarmUp
5 Heuristic
10° 1 —— Naive CD
(¢} Activate Heuristic
3
2 107 -
e
Q
o
(]I) 101 .
3
g S
—8 10—1 -
10—3 4

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Iterations

Figure 3-2: Convergence curves on the MuJoCo Hopper task with the first 5k data points from
the D4RL Hopper-expert dataset. The vertical axis represents the difference between the current
objective function value and the optimal value. Sequential Selection Optimization (blue) exhibits
the fastest convergence rate.

We use the Hopper task as the testing task and employ the first 5000 data points from the
D4RL Hopper-expert dataset as the training data. The block coordinate for each iteration
consists of 2500 coordinates (p = 2500). When employing the Warm-Up Trick, we partition
the data into two equal parts, solving two subproblems (3-20) each with a dataset size of
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2500. Therefore, the computational time required for the Warm-Up Trick is approximately
equivalent to the time needed for two iterations of the SSO algorithm. In Figure 3-2, we
present the results of 20 iterations, with the vertical axis representing the difference between
the current objective function value and the optimal value.

It is evident that both Heuristic Coordinates Selection and the Warm-Up Trick have signif-
icantly accelerated the algorithm. When using the warm-up trick, the initial value of the
objective function is markedly reduced. Note that without employing the Warm-Up Trick,
the Heuristic (orange) curve decreases to the initial values of the SSO (blue) curve after
approximately 10 iterations, whereas using this trick consumes only about the time for two
iterations. With Heuristic Coordinates Selection, the error curves descend rapidly. It’s worth
noting the warm-up curve (purple), which becomes nearly flat after a few iterations. However,
at the 17th iteration, when we activate the Heuristic Coordinates Selection method, the curve
starts to decrease rapidly.
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Chapter 4

Conclusion and Future Study

4-1 Conclusion

The objective of inverse optimization is to infer expert behavior given an observed state. In
this thesis, we introduce Kernel Inverse Optimization Machine (KIOM), an inverse optimiza-
tion model utilizing kernel methods. Additionally, we propose two variants: a simplified ver-
sion and an extended version, and also provide theoretical derivations for them. In subsequent
experiments, we demonstrate that the model performs well in learning complex continuous
control tasks. KIOM, in contrast to traditional regression models, incorporates input-action
constraints during the training process. Furthermore, KIOM is a convex optimization model,
hence it is a white-box model. This characteristic allows for a mature theoretical understand-
ing of its operational mechanisms, distinguishing it from behavior cloning algorithms based
on deep learning, which lack such interpretability.

Subsequently, we introduce the Sequential Selection Optimization (SSO) algorithm for train-
ing the KIOM model. While using off-the-shelf solvers to directly train KIOM is an alternative
choice, the associated memory requirements escalate rapidly with increasing dataset size. SSO
addresses this challenge by decomposing the original problem into a series of subproblems,
thereby mitigating memory demands. The memory required for the SSO algorithm is nearly
the same as the memory needed for solving a single subproblem. Experimental results demon-
strate that the SSO algorithm achieves rapid convergence to the optimal solution within a
small number of iterations. Notably, SSO is an anytime algorithm, capable of providing a
suboptimal solution even during the training process.

4-2 Future Study

In the exposition of the SSO algorithm, we elucidated the naive coordinate descent algorithm
in Subsection 3-1-1. To establish its convergence, an additional proximal term was introduced.
However, this approach appeared somewhat “cumbersome”, and empirical observations re-
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vealed a notably slow convergence rate. Subsequently, we introduced two heuristic techniques
to expedite the convergence speed. However, the heuristic selection technique among them
rendered the previous convergence-proof methodology inapplicable. This is because the new
algorithm, SSO, no longer updates block coordinates in a cyclical manner; indeed, in each
iteration, we choose p coordinates to form a new block coordinate to update. Under this
circumstance, the convergence analysis becomes exceedingly challenging, as it necessitates
considerations of the employed Karush-Kuhn-Tucker (KKT) conditions. Consequently, we
resorted to a demonstration of the effectiveness of the SSO algorithm through experimental
means. Nevertheless, theoretically establishing the convergence, and even the convergence
rate, of the SSO algorithm is not unattainable. Hence, this constitutes a promising avenue
for future research.
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Appendix A

Proofs

A-1 Corollary 1

Proof. When 6,,, = I,,, the quadratic objective function (2-1) becomes

fa(s,u,0s,) == 20707 s

S’U,’

(A-1)

T

where the term u* u is omitted as it is a constant term. The inverse optimization problem

(2-7) becomes

nélin% g: {fg ((8i), Ui, 0sy) — min  fo (0(8;),u Gsu)}, (A-2)

su 1= ueU(Sl)

which is an unconstrained problem, and its equivalent tractable LMI reformulation becomes
(2-23). The derivation of the LMI reformulation (2-23) follows the same procedure as that
of (2-8) and omitted here. For more details about the derivation, we refer the reader to the

paper [2].

Similarly, let \; and [A Li ] be the Lagrange multiplier. Then the Lagrangian function is

1

< 1 & 1
L(Bsus Miy vis iy Aiy Ty ) :k\|esu\|%+NZ(2ﬁT9T 8)+ 7+ W(E)! Az)

+¥ +Z T(

A Tl 5 M) N+ 200 6(3:)
(0%} * Yi

(A-3)
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and the Lagrange dual problem is

_ Inax inf L(05u7)‘i7ryi)5\iaAqui7ai)
XisAiDisaq Osushisyi
st.  MERM, Vi<N (A-4)
[A" Fi} >0, Vi<N.
* (673

When the Lagrangian function (A-3) is at the point of the infimum with respect to sy, A, Vi,
one obtains (we omit writing the dependency of the function L for ease of notation):

AT
oL a al S 6(8) (% —2r7)
_ 3) (=L _orTy — = == ¢ A-5
0. 2k0, + 2;¢(s,)( A~ 20 ) =0 =0 p (A-5)
oL W - I
— N\ - P . A-
oL 1 1

Finally, by substituting the expressions for 6s,, A; and «; into the Lagrange dual problem
(A-4) and simplifying, we can attain (2-24). O

A-2 Corollary 3

r

Proof. Let §ij, ti, \ij and lA*” of]: ] be the Lagrange multiplier. Then the Lagrangian func-
i
tion is
~ 1 N N 2n
L(Ouus Osus iy i @ij Gij bis Nijs Nij, Tigy i) = K|l + |0l + i Sti+> > b (—ai)
i=1 i=1j=1
N N 2n
D () + YDA (afeuuﬁz + 207 0%, 6(3:) + aij + (gi5, W(3:)) + (95, W) — tz’)
i=1 i=1j=1
N 2 . N o
'y Z”: Ty qf\ij Piﬂ [ Ouu 202,00 (3:) + 95 + M(3:) g D
— = * aij * 4(1@-]-
1=1j5=1
(A-8)
and the Lagrange dual problem is
_— Agl/%;{,nj,am - stfg’gjﬁaij L(Ouwu, Osus tis Gij» aigy i Lo Nij, Mig, Tigy i)
s.t. Gij 20, t; >0, V(i,j) € [N] x [2n] (A-9)
Aoi T
Ay 20, | P00 w5 € (V) x 20,

Q5

When the Lagrangian function (A-8) is at the point of the infimum with respect to 0y, Oy, ti, gij, aij,
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one obtains (we omit writing the dependency of the function L for ease of notation):

I, N 2n N 2n f\i 22 )\zﬁzﬁ'T — Ay
OL ok + SN NGaal +3° ) Ay =0= 04y = _Zim ity — Ay)
9Br i=1j=1 i=1j=1 2k
(A-10)
. = 2k05, + Z Z 2Xi;p(8:)al + Z Z —4¢(3;)TL =0
i=17=1 1=17=1 (A—ll)
g _ ZL T 6G) Ot — 2T
su L
oL 1 _ 2n _ 1 2n
%:N_ti_z)\ij:():ti:ﬁ_z)\ij (A—12)
% j=1 j=1
oL . . . - A A
89” - —gij + )\Z'jW(SZ‘) — QM(Si)Fij =0= gij = )\ijW(Si) — 2M(Si)rij (A—13)
ij
oL Aij

= >\z'j — 40éij =0= Q5 = T (A—14)

8(12‘3'

Finally, by substituting the expressions for 0y, 0su,ti, gi;j and «;; into the Lagrange dual
problem (A-9) and simplifying, we can attain (2-28). O
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Appendix B

Hyperparameters
B-1 Hyperparameters of KIOM

Environment Dataset k  scalar

Hopper-expert 0:5k le-6 200N

Hopper-medium 0:5k le-6 200N

walker2d-expert 0:5k+10k:15k le-5 50N
walker2d-medium 15k:20k le-5 50N
Halfcheetah-expert — 325k:330k+345k:350k 5e-6 50N
Halfcheetah-medium 10k:15k 5e-6 50N

Table B-1: KIOM Environment Specific Parameters (N: the size of the dataset)
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