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Abstract

This thesis investigates the conserved currents of spinor fields. These can be computed
through Noether’s theorem, which links symmetries to conserved quantities. This requires the
transformation behaviour of spinors, which is given using the Clifford algebra. Furthermore,
other relevant concepts for describing spinors, such as vector bundles and connections, are
introduced. Finally, the concept of a universal spinor bundle is introduced, which can be
used to describe spin—% particles under the effect of and as a cause of gravity.
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Introduction

The main purpose of this thesis is to show how to derive the stress-energy tensor and other
currents for spinor fields using Noether’s theorem. This is done in a way that should be com-
prehensible to bachelor’s students of physics and mathematics. The main prerequisite is basic
differential geometry. This is covered by the reader Introduction to differential geometry by B.
Janssens|[I], from which most notation is also taken. The same information can be found in the
books [2] and [3]. Some topology is also used, which can be found in [4].

Noether’s theorem was first published by Emmy Noether in 1918 and provides a way to link sym-
metries to conservation laws. In particular given a Lagrangian and a symmetry of the Lagrangian
it gives a way to compute conservation laws. This can be used to compute the stress-energy ten-
sor, which corresponds to translational symmetries. This tensor serves as a source term in
Einstein’s field equations, which govern the curvature of the universe as a consequence of mat-
ter. In general relativity, this curvature of spacetime is the cause of gravity. Hereby, Noether’s
theorem provides a way to link types of matter to gravity.

The type of matter we want to describe in this thesis is an electron, or more generally a spin—%
particle. These are mathematically modelled by objects called spinors. Spinor fields are spinors
defined on all of spacetime, which are used in quantum field theory. This theory describes the
interactions of particles through the electromagnetic, weak nuclear, and strong nuclear forces.

We start in section 1 with Noether’s theorem, which gives a way to calculate the stress-energy
tensor from the Lagrangian of a theory. This process does have complications, as the stress-
energy tensor obtained through this process is usually not symmetric, though general relativity
uses symmetric stress-energy tensors. These symmetric stress-energy tensors are usually derived
by varying the matter Lagrangian with respect to the metric tensor. This yields the formula

26£m

T — _
O

(1)

in which the tensor T#” is clearly symmetric, as the metric tensor g, is symmetric. This means
the stress-energy tensor obtained through Noether’s theorem should also be symmetric. We also
immediately show how to apply the theorem by considering an electromagnetic field, which will
be familiar to physics students.

Section 2 then gives a description of spinors as elements of a vector space C*, which transform
under Lorentz transformation through the so-called spin group.

Section 3 introduces vector bundles, which are ways to put a copy of a vector space at each
point of spacetime, and connections, which generalize directional derivatives of a function along
a vector field. These are used to define spinor fields, along with their Lagrangian, which is shown
to be Lorentz invariant, meaning they look the same in any inertial system. This then allows us
to calculate the stress-energy tensor for spinor fields.

Finally, section 4 considers a description of spinors coupled to gravity. Using variational
principles, like Noether’s theorem, on the bundles used in this description requires some care, as
a variation on spacetime can change the metric g, which describes gravity. This change in the
metric then changes the bundle on which the spinor fields exist. To counteract this issue, the
universal spinor bundle is introduced, the fields on this bundle are a combination of a gravita-
tional field and a spinor field, which allows for variational techniques.

I would like to thank my supervisors Bas Janssens and Yaroslav Blanter for their guidance
and feedback on this thesis.



1 Noether’s Theorem

Noether’s theorem links symmetries to conserved quantities. This theorem gives a way to cal-
culate so-called Noether currents and in particular the stress-energy momentum tensor. We will
introduce the theorem through Lagrangian formalism in subsection 1 and prove the theorem in
subsection 2.

In subsection 3 we use Noether’s theorem to derive some well-known results from classical
mechanics.

Subsection 4 discusses the stress-energy tensor, which is important in general relativity. Using
Noether’s theorem to derive this tensor does have some complications, one of which can be solved
using a method outlined in subsection 5, which discusses the moment tensor.

Finally, we compute these two tensors for the theory of electromagnetism in subsection 6.

1.1 Noether’s Theorem

To formulate Noether’s theorem we look at the description given by Forger and Romer [5], for
which we recall Lagrangian formalism and introduce some conventions.

1.1.1 Lagrangian Formalism

A field is a function on spacetime taking values in some vector space V denoted as ¢ : R* — V.

For a given coordinate system x# = (20, 2!, 2% 23) we can take the partial derivatives of the
field with respect to the coordinates, we will denote these as J, = % The p labels the

different coordinates of spacetime, where we often give the time coordinate label 0. In standard
coordinates for spacetime we have z# = (ct,z,y, z), with ¢ the speed of light, used to give all
coordinates the same units.

A Lagrangian is a real-valued function of the field values and the values of the partial derivates
up to some finite order at some point in spacetime, and may furthermore depend explicitly on
spacetime. The Lagrangian can be written as L(¢(x),0p(z),z). If we leave the spacetime
dependence of all the functions implicit, we instead have L(p, d¢). This Lagrangian can be used
to define the action functional

Sle] = /Q &z L(p, ), 2)

of which a physical field is a stationary point by the principle of least action. Such a stationary
point is a field that satisfies the Euler-Lagrange equations

o (0 \_oc
g a(a/ﬂ’i) _&Pi,

where the i labels the coordinates for the vector space V', when given a basis.

(3)

1.1.2 Conventions

Before introducing Noether’s theorem, we introduce Einstein summation convention and the
Minkovski inner product. Hereafter spacetime coordinates will always be labelled by Greek
letters such as u, v or k and the vector space will often be labelled by Latin letters like ¢, j or
k, unless they are directly related to the spacetime coordinates. Furthermore, any time these
labels are repeated they are implicitly summed over. This means we can write a vector v € V'



as v'b; = D v'b;, where the b; are vectors in a basis of V with the v* the components of v with
respect to this basis.

The Minkovski inner product is a bilinear form on R*. When spacetime is given the standard
coordinates x#=(ct,x,y,z), the inner product is given by n(v,w) = nuv*w”, were the v*, w” are
the coordinates of v, w with respect to the standard basis and

1 0 0 0
0 -1 0 0

p

K 0 0 -1 0
00 0 -1

Then, to introduce Noether’s theorem, we introduce the meaning of a symmetry. This is
done using Lie groups, which are smooth manifolds G with a smooth group multiplication o :
G X G — G that makes the manifold a group. Suppose we have some group action of a Lie group
G on the fields, which we denote go ¢ for g € G and fields . If S[p] = S[go ] for all g € G and
fields ¢, then the action functional S is invariant under a group action of the Lie group G and
G is called a symmetry group of S. To calculate the conserved current we take a one-parameter
subgroup of G. A one-parameter subgroup is given by a parametrisation

v:R—=G
that is also a group homomorphism. That is

p(s)op(t) = p(s+1).

We denote the parameter as e, and subsequently denote the elements of the subgroup by A.
with Ag the identity element of G. The action of this subgroup gives a change in the spacetime
coordinates of z — 2’ = A.(z). To determine the new field ¢'(z’), we consider the value at
AZY(2'), as this gets moved to z’ by the change in coordinates. This field then gets another
change by the action of A. that makes the transformation a symmetry. The precise nature of
this transformation is determined by the transformation A, and the vector space V', though for
the proof we assume that this action is known. For instance for scalar fields this action is trivial,
ie. Aoy = . We will also see in subsection 6 that 1-forms, such as the electromagnetic
potential, rotate the direction opposite to the rotation of the base space. The action of this

subgroup gives a transformation
r— A(z) =1 Az, p(x) = Acop(Alz) = p (A ). (4)

G is assumed to be a symmetry group of the action functional S, so the action of any element
g € G leave S invariant. In particular the action of elements A, € G leave S invariant. Thus,
Slgl = Slge], and in particular £S[p.] = 0. We can use this identity to derive a so-called
Noether current J* from this symmetry. This will be a conserved quantity as its divergence
vanishes

B,J" = 0.

Before performing any of the computational steps of the proof we clarify some notation. The
derivative 0, is the total derivative with respect to a coordinate, where we assume the coordinates
to be independent. The partial derivative of ¢(z) with respect to a coordinate is denoted %—ﬂ.
For functions that only depend explicitly on the coordinates, these two are the same. However,



the Lagrangian depends implicitly on these coordinates through the field variables ¢(x) and
derivatives Op. This means that the total derivative is

YV Y

Moreover, we define the direction of the infinitesimal variation in the base space by X% :=
4 (Ac(x))#|e=0. Then, by the product rule

d d , _ d , _ d
0= d—sx = digAE 1Aa(x) - ISAE 1($) + ISAE(x) ’
e= e=0 e=0 e=0
so d%(Agl(x))“L:O = —X£. Similarly, we define X} = d%wé‘g:o for the field space. Here, ¢!

are the components of the transformed field with respect to the basis of V. Lastly, we note that
the total derivative 9, is 0, (p:(AZ1x)) = 0, () (A7 2)0,(AZ x)” by the chain rule.

1.2 Proof Noether’s Theorem

Using conventions introduced in the previous subsection, we can now prove Noether’s theorem.
The main idea of this proof will be to rewrite the symmetry condition

d

%S[SOE] =0

to an integral that, when evaluated at zero, has the form

JRET R
Q

This then gives an expression of the current J#, which is conserved as the integral is zero for any
Q). Then, to start the proof, we suppose that the transformation leaves the action functional
S invariant. Then

0 dnﬂ?/ﬁ(@é(Aglm/)v 8¢5(A;1x'),a}/)

_d{‘: Q/

- d% /g A" L(pe(w), 0p(0)9A; " (x), Acw) det (

)

= [ 2 201, 060100 ), M) et (252,

Here, due to the change in the base space the region 2 changes to Q' = {A.(x)|z € Q}. We first

use the substitution 2/ = A.x to make the boundary independent of €, so that we can take d%

inside of the integral. Then by the product rule the integrand splits into two parts

(2. 000(2)0A; ), ) det <8(A€x)y> F L(pe(a), Dpa()0A ), Act) et (8(1\6@”)

Ozt OxH

Then by Jacobi’s identity second part is

O(Acx)” ; 9z d O(A:x)”
ozt ) " \o(Acx) de O )

L. det (
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At £ = 0 this becomes

- (aadamm

v d8 851/"“ = ‘C’aqu($)a (6)

e=0

_Liﬁ(Agm)“
3 - Tde Oxt

where X (z) := d%(Asx)HE:O By use of the chain and product rules, the first part is

+ 81/@2 (37)

L dpi(z) = OL (d(ang(x))a(Aglx)”

i@(/\glm)” oL d(A:.x)”
oot de 0(Oup?) de OxH '

de  Oxt oxv  de
Again evaluating at € = 0 and using the Euler-Lagrange equation this becomes

oL ; oL ; s OL
Ou <W) Xe(0) + 5,0 (OuXir(#) = 00 0uX5) + 5 DX (7)

Where we used the definition X% (z) := d%(pé\ c—0. We now put the two terms together and use
to get the expression

oL ) oL )
i XZ _ i ., le/ 5 XV .
3“(8@@ F) Ou (8@@89@ B)*‘W 5)

Here the first term comes from the first two terms in . The last two terms come from @ and
the last two terms of @ after correctly applying . Then as 0 = d% fQ Ld™x for any region €,
the integrand is identically 0. Thus we obtain the conserved current

ouJ" =0,
where we implicitly sum over the p and the current is given by

oL . oL )
Ji= % Xt~ (25,6 —sir) X4, 8
307y 1 F ) (a@w) ° ) B ®)

Here we use the Kronecker delta 6., which is 1 precisely when p = v, so that the last two terms can
be grouped together, as we rewrote the last term to 8M51‘,‘X 5. Though the current was derived
from invariance under a group action, the same current is obtained from the corresponding
infinitesimal variation

Dot b eXh(@) @) o ¢ @)+ e(X(p(a) — Xi(2)dup (). (9)

Here, the group actions are only considered up to first order with X/(z) := %(Aax)‘ﬂa:g and
X% = d%(pé[ c—0 giving changes in the base space and field space respectively. Such infinitesimal
variations can also be used without deriving them from a group action. In this case the functional
S must be constant up to first order in ¢, i.e. S[p] = S[p:] + O(?). The proof that this also
yields a current is similar to the proof already given.

1.3 Using Noether’s Theorem

Now that we have proven Noether’s theorem we can use it to derive some well known results
from classical mechanics, which will help with some intuition on the theorem. For this we do
some simplifications. Instead of four dimensional spacetime we consider only time, this turns the



base space into R and the fields become generalised coordinates ¢’(t). Furthermore the conserved
current becomes J
o
If the Lagrangian does not explicitly depend on the generalised coordinate ¢/, then we have an
infinitesimal symmetry given by the transformation

d
= H— O:—
0=0,J 1= 20Q.

t—t qi—>qi—|—56§-5q.

Then X% = 6§5q and X% = 0, which gives a conserved current %%6& = 0. This means
oL

the generalised momentum p; := 9 is constant. Similarly if the Lagrangian does not depend
explicitly on the time we have the symmetry transformation

t—>t+edt , qg—q.

This time X% = §t and X% = 0. Then Noether’s theorem yields a conserved current % (%qi — E) ot =
%qi — L is constant and as the Hamiltonian gives the
energy of the system the energy is constant.

For a more concrete example consider the Lagrangian

0. This means the Hamiltonian H =

1
L= -mi®
9 X

of a free particle. Then the generalised momentum is p = mz and the hamiltonian is H =
pqg— L = %m:’cQ. Thus the linear momentum and the kinetic energy of the free particle are

constant.

1.4 Stress-Energy Tensor

We now derive some common currents for fields. First is the canonical stress-energy tensor of
the field. This is given by the quantity in
oL ;
O = ——9%p" — "L (10)
A(Oue’)

This tensor is obtained from the currents associated to the translational invariance of a La-
grangian, under the assumption that there is no change in the field values associated to a trans-
lation. We will see that holds for both electromagnetism and spinor fields in flat spacetime. This
translational symmetry gives the conservation law

8,0 = 0. (11)

This tensor is not generally symmetric, nor are its components gauge invariant.

The concept of gauge invariance requires the introduction of a gauge first. When a math-
ematical system has more degrees of freedom than the physical system it describes, the extra
degrees of freedom are part of the gauge freedom. A gauge invariant quantity is then a quantity
that is the same regardless of the values of these additional degrees of freedom. An example of
a gauge freedom is the choice of reference point for the potential energy of a force in classical
mechanics. Physically all reference points give the same information, so this degree of freedom



exists only in the mathematical description. gauge independent quantities here are the force and
the difference in potential energy between two points.

Physically measurable quantities must therefore be gauge invariant, as they are the same
regardless of the mathematical description. This means that the different components of the
stress-energy tensor must be gauge invariant as they correspond to energy density, energy flux,
and stress, which are measurable quantities, which must be gauge invariant[5].

It is harder to see why the stress energy tensor should be symmetric, therefore consider the
Einstein Hilbert action, the Lagrangian of this is of the form £ = L4 4+ Lyaiter, With the first
term depending on the symmetric metric tensor g,, and its first and second order derivatives,
and the second being the matter term. The Euler-Lagrange equations for this action are the
Einstein field equations, where the stress-energy tensor is

T/u/ _ 5£matter
0G0

I

which is symmetric as the metric tensor is symmetric. The derivation should yield the same
stress-energy tensor regardless of whether it is through the Einstein field equations or Noether’s
theorem. This means that any stress-energy tensor obtained using Noether’s theorem should be
symmetric.

1.5 Moment Tensor

There is a way to make the stress-energy tensor symmetric if the Lagrangian is invariant under
Lorentz transformations. Physically this means that the Lagrangian must have the same form
in any inertial system with the same origin, as a Lorentz transformation is the coordinate trans-
formation done between two frames S and S’, where S’ moves with a fixed velocity v compared
to S and with their origins O coinciding at t=0. Mathematically a Lorentz transformation is
an element A € GL4(R) that leaves the Minkovski inner product invariant, which means that
n(Av, Aw) = n(v,w) for all vectors v,w € R%. These matrices form a group called the Lorentz
group, which we will denote O(1,3). This group is often further restricted by only considering
the transformations that maintain orientation, det(A) > 0, and time orientation, which means
that if a vector v has >0 then the transformed vector w = Av also has w® > 0. This group
is called the proper orthochronous Lorentz group and denoted SO*(1,3). Mathematically the
Lagrangian must then be invariant under an action of the Lorentz group. This action is ma-
trix multiplication for the spacetime R*, though the appropriate action on V depends on the
Lagrangian. This action on V corresponding to a Lorentz transform of spacetime is often called
the transformation behaviour of elements of V.

The symmetric tensor is obtained by the following procedure: first calculate the current
belonging to an infinitesimal action of the Lorentz group. To this end we first show that the
Lie algebra of the Lorentz group consists of matrices w”, such that w,, +w,, = 0. For a path
through the Lorentz group A(t) with A(0) = I we have that

N o' w” = n(v,w) = n(At)v, At)w) = UMVA(t)HaUaA(t)Vﬁwﬁ'



In particular using the definition w#, = %A“Vh:o for the elements of the Lie algebra

0= % (UWA(t)HaUaA(t)Vﬁwﬁ) ‘tzO

- <(ZA(t)“aA(t)”5 + CZA(t)”@A(t)“a>

= (W'a0"s + w”gé“a)nlwvawﬁ

nm,vo‘wﬁ

t=0

(0% 14 14
= W w’ + w 577Wv“w6
= Wy W’ + wugv“wﬂ

= (wyp + wu) (VFw").

Then, as v and w are arbitrary, w,, + w,, = 0, which means the Lie algebra consists of all such
matrices as claimed.

To derive the infinitesimal action we first consider the action of the Lorentz group. This
changes the spacetime coordinates to ' = Az and the field variables to ¢’ = f(A)p, where f
is the representation of the Lorentz group on the space of field variables, i.e. a homomorphism
f:S80%(1,3) - GL(V). We again take a path A(t) in the Lorentz group with A(0) = I. Then
the infinitesimal change in the variables of the base space is X (2) = 4 (A(t)",2")|i=o = wh 2.
The infinitesimal change in the field variables is

of

- Owh
=0 v

4
dt

4
dt
A=I

Xi(p) = — F(A(1)5’ (A®)| = (Fwh)i? = wpu (Pl

J
t=0

This means we can write the infinitesimal action in the form
. . 1 o .
=t +ewha” , l(x) > '+ <2wW(E“”)3~<p3 - w“l,x”(?“gpl(a;)) : (12)

Here we can obtain the representation Y by calculating the pushforward of f. This yields a
conservation law

9,01 =0 (13)
for the canonical moment tensor where
OHA = PO — QM 4 A, (14)
where the last term is called the internal or spin part, and can be calculated by
oL
(0"

To derive these expressions we note that the infinitesimal action in corresponds to a change
X&(z) = wh,z¥ of the base space with a change X} (p(z)) = %wuy(E“”)z-goj of the field space.
plugging this into gives the conserved current

oL 1
(B, 2

Z,unA — (EHA)éng.

JH = (E”)‘);gpj — OH W,

now ) .
O w2t = OFF 2t = i(wm — w)\,i)x/\G“” = 5cu,.g\(a:/\@“” — x”@“)‘),

10



as w Is antisymmetric, so %(w,{,\ — Wik) = %(w,{,\ + wk)) = wgy and the last step is done by
relabelling A <+ k in the second sum. This means the current is given by
oL 1 |
Jh = 2 (SN — Zw (2O — 2ReMN).
8(8MQDZ)2 R>\( )jgo 2 R>\( )
w was arbitrary, so we get the canonical moment tensor as in , after multiplying by 2.
Using these expressions we can obtain a symmetric stress-energy tensor is given by

1
T — @MW 1 ian(zmw 4L YHE 21/1{“) (15)

1.6 Electromagnetic Field

For a concrete example of using Noether’s theorem to derive the stress-energy tensor consider an
electromagnetic field. This is defined by the electromagnetic four potential, which is described

-,

by a 1-form valued field written as A, = (%, —A), which are an electric and magnetic potential
10

cop T " A,

as I, = 0,A, — 0,A,. Then using the fact that £ = —V¢ — %% and B =V x A we get that

respectively. Using the partial derivatives 0,, = ( 6) The electromagnetic tensor is defined

104, _ 106 _10Ay _ 106 _10A. _ 19
0 ) c ot c Oz cagt c Oy c Ot c 0z 0 % % %
10A; 109 _ 94y 0Az __0A. 0Az Ey
F.o=|¢ ot + c Oz 0 o + Oy Oz + Oz I e 0 _Bz By
HY 1%4_1@ _0A; 0Ay 0 _8Az+8Ay | By B 0 _B
c Ot c gg dy oz oA dy 0z 5 z T
l 0A, li _8Ax 0A. o Y 0A, Tz _B B 0
c Ot + c 0z 0z + Or 0z + dy 0 ¢ Y *
(16)
: . . 2 :
The Lagrangian density of free electrodynamics is £ = —%F W EF = —%(B2 — %), which has the

well known Maxwell equations as its Euler-Lagrange equations. To calculate % we rewrite
i
the Lagrangian to

L= —i(@“A” — Y AP (D, A, — D, A,) = —%(QLA,,@“A” — 9, A, 0" AY)

Then as
L(a A,0rAY) = L(a N AV P 9,0 AV) = ,W’L(a AV 9 AY) =
(DAY H D(D AY) Y a 9B A TR T

UVVUH#IaM’AV + nwfn““aufl”/ =20"A,

and similarly

0
HAVY — K
78(8%;147)(8“14”6 AY) =20,A".
This yields the generalized momentum density
oL
e —— = (OFA; — 0;A") = F. "
T a(aﬂAz) (8 0 ) )

Plugging this into for the infinitesimal translation

Xh(z)=a", Xp=0

11



we obtain currents

oL ;
w— (9% 5 At i) a”
J (a(au i)ﬁyA 5V,C>a.

Bundling these for separate v and raising v, which is done by multiplying on both sides by n” v,
summing over v and then relabelling v/ — v, gives the canonical stress-energy tensor

O = F, MoV A" — L,

which is certainly not symmetric, and its energy density component

1 E? 0A
00 _ — 2 _ =\ _ R
© _2<B cg> E ot

is different from the known electromagnetic energy density ugy = (%32 + €0E2>.

The canonical moment tensor can be made symmetric through the procedure outlined in the
previous section. To show that this can be done we first have to show the Lorentz invariance of
the Lagrangian. Then the action of A € SO*(1,3) on x € R* sends z# to A*,a¥ = y* with the
inverse transformation written as A~ = A,Y so that ¥ = A,"y". The electromagnetic potential
is a 1-form, so it transforms as

ot = A" =yt Au(a¥) — Au(y) = AuaAa(Aﬁyyﬁ)'

Then as éu =0 — 9 0 _ A" 0, we get that

L= = FMF, ="y Fuy Auz/ = 77/“/UVV/Au’a/AV’B,Fa’B’AHQAVBFIX/D"
Then A € SOT(1,3) means that n““/AMO‘AN/O" = 1 Thus the Lagrangian becomes
000 Forg Fag = L,

which means the Lagrangian is Lorentz invariant. Now we want to calculate the quantity >+
in for Electromagnetism. First we raise the index of A4, to get A’. Then the infinitesimal
Lorentz transformation is

ot =t e whyp A Al 4e (wijAj — w“,,xl’aﬂAi) ,

which means (3#)% = 77’”6? — 77”5?, as then X = —3H and

1 | . . 1 . . .
(S = S S — 1 8) = S (8 + w5 = .

Thus the spin part of the moment tensor is

oL

TR =
0(0, A7)

(SF)5AT = Fil' (™67 — niof) Al = FrrAN — P AP,

12



The extra correction term for the stress-energy tensor is then

1
5@[{(25#1/ Ny Zunu) _

1
GOn(FMEAY — FYRAM 4 FYHA — FRAY — P AF 4 PPV AY) =

Ou(FIFAY) = —0(F*HAY) = —F™A”,

where the last line is due to the antisymmetry of F#¥ and the fact that 0,F"" = 0 are the
Euler-Lagrange equations. Thus the symmetric stress-energy tensor is

TH = @M — O, (F™AY) = FFOV A" =g/ L — FFO'A” = —FMFY — L.

There is another way to obtain this tensor. This is done by using another symmetry of
electrodynamics, the gauge symmetry of the 4-potential. Gauge symmetry means that the La-
grangian is invariant under the addition of a gradient 0, f for some function f of the spacetime
coordinates. Indeed then

Fu = 0,(Ay+0uf) = 0u(Au+0uf) = Fu

as partial derivatives commute, so 9,0, f — 0,0, f = 0, which means that the Lagrangian £ =
—iF“”F uv is gauge invariant. Therefore we instead try the following symmetry

Xp(2) = o, Xp = 0'(Aual),

which can be found in [6]. This is a symmetry as X}; = a* corresponds to the translational
symmetry and X% = 0'(A,a") is a gauge symmetry with f = A,a" and the combination of two
symmetries is still a symmetry. We then obtain the currents

oL : oL )
(- _ 9 (A.a”) — 9, A" — §- v
7= g A~ (A o) o

Then the conserved current relations become
0=—0yJ" =0, (F"0'A, — F}'9,A" + 6L) a”.
Again combining these relations for different v and raising v we obtain the stress-energy tensor
TH = —F#FY — "L = FFFY — g L.

This one is symmetric and has the correct energy term. This tensor is also identical to the one
obtained by adding the correction term obtained from the spin tensor.
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2 Spinors

To model electrons and to calculate the stress-energy tensor of an electron we will need to
introduce spinors. Spinors are used to describe particles with any spin, though we focus on
spin—% particles, such as the well-known electrons, protons and neutrons but also quarks and
neutrinos. Spinors are elements of a vector space C* and electrons can be described as functions
from spacetime to the space of spinors. These spinor fields transform somewhat peculiarly when
spacetime is rotated. If one rotates spacetime by 360° around a given axis then the points of
space will be back where they started, but the spinor field will have obtained a minus sign. This
happens because these fields do not transform by the Lorentz group, but instead by the spin
group. This group contains two elements for every rotation and a rotation of 360° takes one of
the elements to the other, thereby gaining a minus sign. This transformation behaviour allows
us to show the relativistic invariance of the Dirac equation, and the Lagrangian belonging to it
in the next section.

To properly describe the transformation behaviour of spinors we introduce the spin group.
This spin group can be described in two ways. One is as a double cover of the proper or-
thochronous Lorentz group SO (1,3) € O(1,3). This gives the exact sequence

1 — Zg — Spin(1,3) — SO (1,3) — 1. (17)

The other way is to consider the Clifford algebra, C1(1,3), generated by (R*,7), where 7 is the
Minkowski inner product defined last section. This means Cl(1,3) is the associative algebra
generated by R* with relations

eie; +eje; = 277ij (18)

and then identify the spin group with a subgroup generated by products of pairs of unit vectors,
SO
Spin(1,3) = {ei, - - - €;,]e, € CI(1,3) unit vectors, n even}. (19)

Subsection 1 briefly discusses the topological construction of the spin group using the universal
cover.

The Clifford algebra is constructed in subsection 2, which also shows that the algebra gives
a splitting of C* into two subspaces.

This last fact is used in subsection 3 to show that the spin group and SL(2,C) are isomorphic,
which together with the the double cover of SO*(1,3) by SL(2,C) given in subsection 4 gives the
double cover of SOT(1,3) by the spin group.

2.1 Topological Spin Group

For the characterisation as a double cover we define the universal cover, which is a way to
"cover" a topological space with a simply connected space that for small neighbourhoods looks
like multiple copies of those neighbourhoods.

Definition. Let F be a simply connected topological space, B a topological space, and 7w : E — B
continuous and surjective. If for every point p € B there is a neighbourhood U for which the
pre-image ©~*(U) can be written as a union of disjoint open sets Vo, C E such the restriction
mlv, : Vo = U is a homeomorphism of V,, to U, then 7 is called a universal covering map and
E is the universal covering space of B

14



Sufficiently nice topological spaces have a universal cover, and any universal cover is unique
up to homeomorphism[4]. SO™(1,3) is sufficiently nice, so it has a universal cover, which we
will call Spin(1,3). Spin(1,3) becomes a group by equipping it with a multiplication that is
the "lift" of the multiplication on SO (1,3). Thus for any two elements AN € Spin(1,3) we
have that (A - A') = 7(A) - 7(A’). Spin(1,3) is called a double cover because for every point
A € SO*(1,3) the pre-image 7~ !(A) consists of two points. This will be shown through the
explicit construction of Spin(1,3) using the Clifford algebra, but also follows from the fact that
the fundamental group of SO (1,3) has only two elements|[7], as any path through SO™(1,3)
can be continuously deformed to one of two paths.

2.2 Clifford Algebra

The second way to characterise the spin group was by considering the Clifford algebra, CI(1,3),
generated by (R%, 7). This algebra is generated by defining a formal multiplication for the vectors
in R* that satisfies the relations

{ei,ej} = eiej + eje; = 2m;5, (20)

where the e; are the canonical basis vectors. The spin group is then obtained as the subgroup
generated by products of pairs of unit vectors, so

Spin(1,3) = {ei, - - - €;,]e;, € CI(1,3) unit vectors, n even}. (21)

This means we can restrict a representation of Cl(1,3) to obtain one of Spin(1,3). We construct
this representation as shown by Baez and Huerta [8] and then show that it is indeed a double
cover as required. To this end we consider the action of Cl(4) on the exterior algebra of A C2.
The exterior algebra of a vector space V is obtained by defining a product, usually denoted by a
wedge A, such that v Aw = —w A for all v,w € V. In C? this becomes a 4 dimensional vector
space, which can be given the basis {Z,9,1,% A g}. We choose this specific order of the basis,
as then we first have 2 elements that are the product of an odd number of vectors, and then 2
which are the product of an even number of vectors. Using this basis we can consider the linear
map obtained by left multiplication with a basis vector

a; :/\(C2 — /\(C2 (22)

v e NV
Then we can obtain matrices
0010 0 0 0O
00 00 0 010
“=1g 0 0 o/™®2=1g ¢ o 0 (23)
0100 -1 0 0 0
in this basis along with their Hermitian adjoints
00 00 0 00 —1
+ 10 0 01 + 10 0 0 0
“=11 90 0™ 219 1 ¢ o (24)
0000 00 0 O
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These matrices have the following anticommutation relations

{ai7aj} =0
{al,al} =0 (25)

)

{af,a;} = ;1

Thus we can take

'y1za2—a£
o T
=1(as +a
72 (2 12) (26)
Y3 = a1 — aq
’y4zi(a1+a];)
such that {v;,v;} = —20;;
0O 0 01 0 0 0 —z2 0O 01 0 0 0 ¢ O
0 0 10f |0 0i 0| _f0 001 . 000
M=o =100/ o a0 0ol |=1 00 o0 =0 0 0 0
-1 0 0 0 —2 0 0 O 0O 1 0 O 0 2 0 O
(27)

Here we have chosen to order the matrices in this specific way to simplify calculations later on.
Then to obtain a representation for Cliff(1,3) we define 79 = 4y4 such that {;,v;} = 27;;. This
satisfies the relations [20], so we identify ~; with e;, then the unit vectors are simply given by the
vectors v € R* with n(v,v) = £1.

2.2.1 Splitting of the Vector Space

Before showing that the spin group is a double cover of SO'(1,3), we will show that CI(1,3)
naturally provides a way to split C* into two linear subspaces. This splitting will help construct
a homomorphism ¢ : Spin(1,3) —SO™(1,3). This homomorphism proves that Spin(1,3) is a
double cover of SOT(1,3) and gives the transformation behaviour spinors that we require in the
next section. This splitting occurs regardless of the basis chosen for A C2. To see this note that
a change of basis changes all the gamma matrices to v¥ — B~ !4#B, where B is the change of
basis matrix from the old basis to the new one. Then for the new matrices

{B~'v*B,B"'y*B} = B"'v*BB'v*B + B"'v"BB~'4"B
= B7'(y"y" ++"+")B
= B 'y"IB
=",

which means they still satisfy . To define the splitting we first define the complex volume

form w = i7%y'42~3. This has two useful properties namely

w? =TI and Yw = —wy* (28)
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for the first note that

w? = (170 y%*)?

— _7071’727370717273

= — (=D 2P

=—(-1 )3I =1,
where we first swap the matrices 6 times to get 6 minus signs and then get 3 minus as 7°4% = I
and y#~# = —1I otherwise, all by the commutation relations. Similarly the commutation relations
give

Pw =4 (iy°7°) = = (i 71 ) = —wrt,
by swapping places 3 times, as one of the matrices is to v*. Using the complex volume form we
can define the left and right projections P, = 5% and P = L *‘” Then

I—w? T—2w+w? 21 — 2w
P? = ;= . == = P;.

Similarly P2 = Ppg, so both are indeed projections. Moreover

I—wl4+w T—uw?
PP = 5 5 = 1 =0

and similarly PrPr, = 0. These projections define two subspaces
Vp={Pp(z)lz e ANC?} , Vg:={Pr(x)lzec \C},

which collectively span the space. Indeed if z € A C2, then Pp(z) + Pr(z) = I—ngv + ”Tww =
To see that the two spaces are linearly independent take two arbitrary vectors Pr(z) € Vi, and
Pgr(y) € Vg and assume Pp(z) + Pr(y) = 0. Applying Pr, to both sides gives

0= Pr(PL(x) + Pr(y)) = Pi(x) + PLPr(y) = Pr(x)

and by applying Pg to both sides we get that Pg(y)=0 as well. This means the subspaces have
no vectors linearly dependent on the other subspace, so the subspaces are linearly independent.
Consequently, we have a decomposition

N\C* =V & Vg

Furthermore, if y € V, then y = 2 @z for some z € /\ C2. This implies that vy = 7“12 T =
L +“’ Yz € Vg. Similarly, multiplication with v* takes elements of Vi to V7. Thus, multiplication
Wlth any vector a = a,y" switches elements between Vg and Vi, and since these mappings are
invertible and linear V;, and Vi must have the same dimension. Then Vi and Vi must have
dimension two as their dimensions must add up to dim(/A C?)=4. Multiplying with an even
number of vectors then defines linear mappings Vg — Vi and Vi — V. In particular, this
means that elements of the spin group can be identified with 2 by 2 complex matrices through
their action on V7, or Vpg.
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2.3 Spin Group

We will use this to find a spin homomorphism in the following manner: First we find an isomor-
phism f : Spin—SL(2,C), and then use the well known double cover of SL(2,C) on SOT(1,3).
We will find the isomorphism f by considering the action of Spin on V7. The projection on the
left subspace, given our gamma matrices, is

1 000 10 0 O 1 0 00

P :1 0100 + 01 0 O _ 0100
2 0010 00 -1 0 0000

0 0 01 00 0 -1 0000

Thus V7, = span({z,y}). Then the action on V7, is simply given by the upper left block. This
leads us to try a homomorphism that takes out the upper left block. Thus

ajl ai2 a3 ai4

P L TE [an au]
azy a32 a3z a4 a1  a22
a4q1 Q42 Q43 Q44

becomes our homomorphism. The spin group acts separately on Vi, and Vg, so any matrix can

be written as
A 0
0 Bl
The product of two such matrices is then
A 0||C 0| [AC O
0 B||0 D| |0 BD|’
which means f is a homomorphism.

2.3.1 Lie Algebra

To show f is also an isomorphism, we will use Lie’s second theorem. By this theorem f is an
isomorphism if both groups are simply connected and its pushforward at the identity f, is an
isomorphism of Lie algebras. Therefore, we want to determine the Lie algebra of the spin group,
which is the tangent space to the identity element. To this end we consider paths x(t), with
x(0) = 1, where 2/(0) are then elements of the Lie algebra. First we consider a path parametrised
by z(t) = (cos(t)y1 + sin(t)y2)(—y1) then x(0) = —? = 1 and 2/(0) = 7172, 50 Y172 is in the
Lie algebra of Spin(1,3). Through similar parametrisations, noting that cosh(¢)vyy + sinh(¢)~; is
also a unit vector, it can be shown that the other products of 2 different matrices are also in the
Lie algebra. These are independent, and the Lie algebra is 6 dimensional, so we have a basis of
{7172, 72735 Y173, Y03, YoV1, Yoz} for the Lie algebra. We then note that we have the following
commutation relations for elements in the basis

(V97,7591 = 0 if i,j.k,] all different
V27*,7*97] = —29% (29)

[10*, 7097] = —29F47
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Furthermore we can calculate the pushforward, f,, of this mapping at the identity matrix.
Note that f is linear, so its total derivative is equal to itself. Therefore, we find that f, sends
our basis elements {y'y?, 77?9293, 79917992, 709} to

o T B e B B P M Y 0

respectively. Then as pushforwards are linear maps and f, sends a basis to a basis it is a
linear isomorphism. Furthermore, it trivially respects the Lie bracket [A,B]=AB-BA by again
considering that the spin matrices act separately on the two parts of the exterior algebra. Thus
this is a Lie algebra isomorphism. Then finally as Spin is simply connected and SL(2,C) is
the simply connected Lie group whose Lie algebra has the basis given in 30, f is a Lie group
isomorphism by Lie’s second theorem.

2.4 Spin map

Now that we have an isomorphism f : Spin—SL(2,C), we find the double cover ¢ : SL(2,C) —
SO™(1,3). We can define a homomorphism ¢ : SL(2,C) —+SO™(1, 3) as follows. First, we identify
R'3 with the Hermitian matrices by

t
x H[H—; x—zy]7 (31)
Y rH+y t—z
z
then
0: X = (M~ XMXT). (32)

To show that the image of ¢ is indeed *(1,3) we first note that (M +— XMXT) € O(1,3) as
det(X M XT) = det(X) det(M) det(XT) = det(M) = t? — 22 — y? — 22, so the mapping preserves
the Minkowski metric. Furthermore, since ¢ is continuous and SL(2,C) is connected, the image
of ¢ is connected. Thus as ¢ is a homomorphism its image contains the identity, and thus must
be at most SO*(1,3) C O(1,3), the connected component of the identity. X € Ker(¢) must
satisfy XM X't = M VM, which holds precisely when X = 4I. Then if ¢ is surjective it is a
double covering map, which makes SL(2,C) the double cover of SO*(1,3). To show that ¢ is
surjective we note that SO(1,3) is generated by boosts and rotations around the axes. To obtain
a rotation we take the element

on(§)+m()) = 5 . 5

then this maps to
t+2 x—1y e %
. — o
r+iy t—=z 0 €2

and we obtain the matrix

1 0 0 0

0 cos(p) —sin(p) 0 n

0 sin(p) cos(p) 0 €507(1,3)
0 0 0 1
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Similarly

(7 (comn () s (3)

(1 (cosh () +simt (3)

o (1 (cosh (3) +simn ()

vy

o (7 (eos (5) o (3)

b
2

b
2

vy

o (1 e (£) v ()

Thus, we can obtain any boost or rotation around an axis by an element of Spin(1,3).

70

2)-+|

7ﬁ)=@<

-+

0=+

) -e ([

cosh(r) 0 0 sinh(r)
ez 01\ _| 0O 10 0
0 e2/) | 0 01 0 |
sinh(r) 0 0 cosh(r)
cosh(r) sinh(r) 0 0
[cosh (%) sinh ( % smh (r) cosh(r) 0 O
sinh (5) cosh ( % 0 1 0|’
0 0 1
cosh(r) 0 sinh(r) 0
cosh (§) —isinh (5)]) _ 0 1 0 0
isinh (5)  cosh (%) ~ |sinh(r) 0 cosh(r) 0
0 0 0 1
10 0 0
cos(£) —isin(%)]) [0 1 0 0
—isin (%) cos (%) 10 0 cos(p) —sin(yp)
0 0 sin(p) cos(p)
1 0 0 0
cos (%) sin(¥£)]\ |0 cos(p) 0 —sin(p)
—sin (%) cos(%)|) |0 0 1 0
0 sin(p) 0 cos(p)
Then.

as any boost or rotation can be written as the product of such boosts and rotations, ¢ is a
surjective homomorphism. Thus SL(2,C) = Spin(1,3) is a double cover of SOT(1,3), with
the homomorphism given by f and ¢ o f respectively. The previous calculations hold without
proof that f is an isomorphism, therefore we could instead have used these calculations to
conclude that Spin(1,3) is simply connected as it is a double cover of SOT(1,3), making it
the universal cover, and therefore homeomorphic to SL(2,C) by something called the universal
covering property. This also lets us conclude that Spin(1,3) and SL(2,C) have isomorphic Lie
algebras, as the isomorphism f can be differentiated to gain the pushforward f,, which is a Lie
algebra isomorphism. In particular their dimensions must be the same, so Spin(1,3) has a 6

dimensional Lie algebra.
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3 Spinor Fields

A spinor field is the assignment of a spinor to every point in spacetime. For flat Minkowski
spacetime, by which we mean R* with the Minkowski metric, this assignment is simply a function
¢ : R* — C*. However, if the chosen spacetime has curvature, as is the case when gravitational
effects are included, the vector spaces in which the spinors live are different at each point in
spacetime. In this case, we need the concept of a vector bundle, which we will introduce here.
However, we will consider the Dirac equation and Lagrangian for spinor fields in flat spacetime
as the inclusion of gravity in derivation of Noether currents has some more intricacies that we
will touch on in the next section.

Subsection 1 gives some required tools for describing spinors in a more general framework
and also includes an aside into the different ways a connection may be chosen to transform.

In subsection 2 we provide the description of Spinor fields in flat spacetime. This description
is given by the Dirac equation and a Lagrangian, both of which are shown to be Lorentz invariant.

This allows us in subsection 3 to calculate some important Noether currents like the canonical
stress-energy and moment tensors.

3.1 Connections on Vector Bundles

In order to formulate spinor fields on general manifolds, or even R* with a metric other than
the Minkovski metric, we will need to define vector bundles. Essentially, a vector bundle on a
manifold M is a copy of a given vector space V at each element x € M, called a fibre, such that
the fibres vary smoothly with the change of x € M or more formally[2]:

Definition. Let M be a smooth manifold. A smooth vector bundle over M is a smooth manifold
E, with a smooth mapping © : E — M. Such that for all x € M, the fibre E, = 7~ '({z})
is a vector space, and that there exists an open set U containing x with a diffeomorphism ¢ :
U x R* = 7= 1(U), satisfying

1. mop(z,v) =xVYueUwveR"

2. v ¢(x,v) is a linear isomorphism between R™ and =1 ({z})

Here E is the vector bundle, 7 is the bundle projection, and the open set U with diffeomorphism ¢
is a requirement that the bundle locally looks like U xR™, which is also called a local trivialisation.
A section of a vector bundle is then a smooth function s : M — FE, such that w o s = id, or,
in other words, a function that chooses one element of the fibre E), for each p € M. A vector
bundle is called trivial if it admits a global trivialisation, that is there is a diffeomorphism ¢ for
U = M. Since such a bundle is diffeomorphic to M x R™, it is often denoted as such.

We will also define connections, which gives a way to differentiate sections of vector bundles
along vector fields of a manifold. Connections are used in quantum field theory to model the
different fields [7] and in general relativity to model gravity[2], which makes them very important
for the study of spinors affected by gravity or Electromagnetism.

Definition. A connection on a vector bundle m : E — M is a is a bilinear map
V: Vee(M) xT'(E) = I'(E)
denoted (v, s) — Vs, such that
Vips = fVys
Vu(fs) = fVys+ov(f)s.
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To see what this looks like in coordinates, we equip an open neighbourhood U, around a point
p € M with local coordinates and obtain a basis 0, for the vector fields on M ,Vec(M) , and
basis e; for I'(E). Then we can determine the connection in terms of this basis, so

Vs = Vvuau(siei)

= 0"V, (s'€;)

= v“(siVa#(ei) + 8u(si)ei)
V(5" Al 5+ Du(s")ei)
= v“(sjALj + (%(si))ei,

where we first use linearity and the two product rules, then write Vg, e; € I'(E) in the basis e; and
call the coefficients Afu-, and lastly in the first term rename the dummy variables ¢, j. We now note
that the first term seems C°° (M) linear in both v and s, and the second term appears independent
of the connection. Therefore, we consider the difference between two different connections V and
V', A=V — V' For a vector field v € Vec(M), A(v) =V, — V. :T(E) = I'(E). This means
that

A(v)(fs) = Vu(fs) = Vi (fs) = [Vus +0(f)s = [Vys —v(f)s = fVus = fV,s = fA(v)(s)

for all sections s € I'(E) and functions f € C*(M), so A is linear over both v and s. In
particular, evaluating at a point p € M, A(v), is a linear map from E, to itself, thus A, :
T,M — End(E,). This means that given a choice of base connection V° any connection can be
written as V, = VO + A(v) for some 1-form A(v). In case of a manifold with globally defined
coordinates and global basis e; for E, V¥ can be taken to be the Lie derivative £,, which is

evaluated by ' '
Lys = Lyng, (s"e;) = v"0,(s")e;.

For trivial bundles over R* there are the obvious global identity coordinates, turning the deriva-
tives into the standard euclidean derivatives, and global basis e; for E given by sections e;(x) =
(z,b;), where the b; are some basis for the vector space.

3.1.1 Transforming a Connection

The rest of this subsection is of most interest when considering more complicated spacetime
manifolds or including gravitational fields. Since this thesis mostly considers flat Minkowski
spacetime the following may be treated as an aside and can be skipped without issue.

In general relativity any diffeomorphism a : M — M is supposed to be a symmetry of
space and connections are used to formulate Lagrangians. Therefore, it is useful to consider
how connections can transform under a. Generally, there is no one way an object on a manifold
should transform, unless further structure is specified. For instance for a vector field v : M — T'M
its transformation is dictated by the structure of the tangent bundle T'M, here we obtain the
transformed v* at a point p € M by first considering the value Va-1(p) € Ta-1()M, to then
transport this value to T,M, the tangent space at p, we simply use the pushforward of a,
s TyM — Ty qyM. Then v* = a,ovo a~!, which is again a vector field v® : M — T'M.

For the transformation of a section of a more general vector bundle, in this case a section
s : R* =5 R* x C = F of the trivial line bundle over flat spacetime, we try to adopt a similar
procedure to obtain s?. First we consider the value s,-1(,) € {a"(p)} x C = E,-1(p), but now
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we have no natural way to transport a value in the fibre over ¢ to a value in the fibre over a(q).
Luckily, as the bundle is trivial we can simply copy its value to the other fibre, for lack of a
better name we also name this a. : E; — E,g), which is given by a.((q,2)) = (a(g), z). Then a
section transforms as s* = id, osoa!.

Now we can try to define the transformation of the connection V, To do this we transform
the inputs v — v* and s — s%, the section we get out of the connection we transform in the
opposite way, so V,(s) =t — a7 We put these together to obtain that V¢ is given by

Ve(s) = idy-1 0 Vya(idg o s0a" 1) oa.

We then claim that if we consider the connection locally, so that it splits as V,(s) = L,(s)+Ay(s),
then the transformed connection becomes Vé(s) = L,(s) + (a*A)(s), so the connection changes
as the 1-form A is pulled back through a. The connection is simply a sum, so its components
can be considered separately, so we first see how A, transforms. To make the process clearer we
rewrite A,(¢) at a point p € M to A,(v)(¢). Then

(@ )s(Apa(as 0 poat) oa)(p)
= (e Du(Alaxovoa™) - (as o poa")(a(p))
= (a7 ")u(Aa(p) (a:0(p)) (axd(p))) = ((a*A)p(v)(9))-
To determine the transformation of £, we consider local coordinates d,,. Then
Ly(¢) = v"0yuo.

Then we consider its transformation

dat . O(a"HF
GJ:VU 09 ozt

(Los(doa™)) oa=((v")du(poa ") oa= = 550" = v D6,

as
55— 9z  O(atoa)*  O(a')" dat
Yo dxv ox” - Oxr Oxv

Thus (Lya(¢poa=t)) oa = L,(4), combining these results the connection transforms as

Vi(@) = (Loo + Aue)(@0a™))0a
= Lo(¢) + (a*4)(¢)

3.1.2 Determinant Transformation

Alternatively, we can use a more complex transformation rule for the section ¢, to do this we
consider the determinant line bundle instead of the standard line bundle, at each point the fibre
consists of the volume forms on C", where n—=4 is the dimension of M = R%. As a vector space
this is isomorphic to C, so we still have the same trivial bundle E = R* x C. However now to
transport an element of £, to E, (), it instead makes more sense to multiply it with the Jacobian
determinant of a. Thus we replace our trivial identification, a., by a. : E; — E,) given by
ax : (p,z) = (a(p),det(Da)z). Now

(™) Ava(az 0 o a™) 0 a)(p)
— (@ )u(Alaxovoa) - (arodoa)(alp))
— det(Da™")(Ay(p)(axv(p))(det(Da)é(p))) = ((a*A)y(v)(d 0 a™))
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as Ap(v) is linear in ¢, so we may simply take out det(Da). The Lie derivative transforms
differently now though, as

det(Da™")L,(det(Da)g) =
det(Da1)(det(Da)Ly(¢) + Ly (det(Da))¢) =
Ly(¢) 4 det(Da) "' L, (det(Da))¢

Thus the 1-form A, gains an extra term det(Da)~!L,(det(Da)), which is 0 if a is a Poincaré
transformation as then

det(Da) = 1.

The only other allowed transformations are of the form a, : (p, z) — (a(p), det(Da)*z) for \ € Z,
where we by similar calculations obtain that A, gains an extra term

det(Da) L, (det(Da)*) = det(Da) X det(Da)* L, (det(Da)) = Adet(Da) 'L, (det(Da)),

which is again zero for Poincaré transforms. Due to the chain rule this additional term is the
same as

Lo(\In(det(Da))),

which means A, changes by the gradient of a function 9, f, which is similar to the gauge for
electromagnetic fields. To again conclude that such a transformation is a symmetry we will need
a Lagrangian.

We choose the Yang-Mills Lagrangian, which is a function of curvature form of the connection|[5].
The curvature form is defined by

F(v,w)s = VyVys — Vi, Vs — Vi, 48,

where v and w are vector fields and s is a section of the vector bundle. This can be calculated
using local coordinates and a local trivialisation of the vector bundle. Since the fibres are 1
dimensional, the basis is given by e;. Then as V,eq =: A,eq and [0,,0,] =0

Fu(e1) = Vg, Vy,e1 —Vp, Vg, e
= VauA,,el — Vs, Aner
=0 Ave1 + A Aver — 0, A er — Ay Aen
= (0,4, — 0, A )er.

Thus F,, = 0,4, — 0,A,, as was the case for the electromagnetic tensor, so by the same
arguments the Lagrangian L oc F*”F},, is unchanged.

For more general bundles we note that for any p € M with open neighbourhood U, that gives
a local trivialization ¢ : U x V.= 7~ }(U), and that if a(p) ¢ Uy, L, and A, are not well
defined, nor can fibres F), and E,,) be trivially identified with each other, so this construction
requires more care to do globally, and in some cases may not even be possible globally. In
these cases the construction could be done locally instead, using something called infinitesimally
natural bundles[9].
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3.2 Spinor Fields

Now all the required components for describing spinor fields have been introduced. This will allow
us to formulate a Lagrangian for the spinors and show that it has Poincaré invariance, which
will finally allow us to use Noether’s theorem to derive the canonical stress-energy and moment
tensors. Thus we will now describe them based on section 2.4 Spin One-Half Electrodynamics of
[7]. An electron is a spin half particle and thus can be described using a wavefunction ¢ taking
values in C*. We then use the concept of a vector bundle introduced in the previous subsection
to describe a spinor field as a vector bundle over spacetime with fibre isomorphic to C*.

3.2.1 Lorentz invariance of Dirac Equation

In the case of a trivial bundle over standard flat spacetime we have the bundle R* x C*. Such a
spinor field must then satisfy the Dirac equation

iy 0 — me = 0. (35)

The Dirac equation is Lorentz invariant by construction. We use this to show that our chosen
transformation behaviour is the correct transformation behaviour for spinors. If A € Spin(1,3)
covers A € SO(1,3) a spinor transforms as

r—=>Ar=y , or)— é(y) = ]\¢>(A_1Z/)-

This transformation is a symmetry of the Dirac equation if the transformed fields are a solution
to the Dirac equation whenever the untransformed fields are. To verify this we first note that
Oy = O = %agy = A”,0,. Thus we can rewrite |35( to

 OzH

ihy" A ,,0 d,(A1¢) —mA™1¢p = 0.
We then multiply both sides by A to obtain
ihAYHAY LA, — mé = 0,

which shows that quS is a solution if

AyHAY A1 = 4
Then as A”, is just a number we can rewrite this to

A"yt = ATIVA,
which can be shown to be true if A = cos(t) + sin(t)y'y? , as then the right hand side is

(cos(t) — sin(t)y'v?) v (cos(t) + sin(t)y'4?)

so if v = 0 or v = 3 the right hand side is

v

(cos(t) — sin(t)y'v?) (cos(t) + sin(t)y'v?) v =7~

For v =1 we get

(t) — sin(t 172) (cos(t) + sin(t )7172) =
(t) — sin(t 72) (Cos — sin(t)~y 72) Al =

(cos(t)? — sm( t)? — 2 cos(t) sin(t)y )yt =
(cos(2t) — sin(2t)y1y?)yt = cos(2t)y! — sin(2t)~?

(COS

(COS
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and for ¥ = 2 we obtain

(cos(t) — sin(t)y'v?) v* (cos(t) + sin(t)y'y?) = sin(2t)y" + cos(2t)?

Then as
1 0 0 0
0 cos(2t) —sin(2t) 0
A= .
0 sin(2t) cos(2t) 0
0 0 0 1

we indeed have

AN A= A7TyYA.
Furthermore using similar calculations we can show that this holds for any elements of such a
form, then as Spin(1,3) is generated by such elements, the equation must hold for any arbitrary
A € Spin(1,3). Therefore the transformation

r—Ar , ¢x) = Ap(A ) (36)

is a symmetry of the Dirac equation and the Dirac equation is Lorentz invariant if the spinor
transformation behaviour is chosen correctly. Note that if we had chosen our gamma matrices in
a different order, the chosen cover would not have worked, though this can be fixed by changing
the basis on R*, which gives an equivalent representation of the Lorentz group on R*. Thus once
we have chosen our gamma matrices we need to select one of the equivalent spin covers so that
we obtain the physically correct transformation behaviour for spinor fields.

3.2.2 Lorentz Invariant Lagrangian

To use Noether’s theorem we will need a Lagrangian for spinor fields. This Lagrangian should
have the Dirac equation as its Euler-Lagrange equation and also be Lorentz invariant using the
same transformation behaviour for spinors. The Dirac Lagrangian is

L = §(in" 9 — m)¢, (37)
where ¢ = ¢110 is the conjugate field[5]. The Euler-Lagrange equations of this are indeed the
Dirac equation and we will now show its Lorentz invariance. The second term is Lorentz invariant
if

b6 = $T(A1) 1A 10 = §11° = 64,
which is easily seen for matrices of the form A = cos(t) + sin(t)y'42, as then
ATAOA = (cos(t) + sin(t)y14?) 170 (cos(t) + sin(t)y1?)
= (cos(t) + sin(t)y*'y' ) (cos(t) + sin(t)y'7*)°
= (cos(t) + sin(t)y*y")(cos(t) + sin(t)y'7*)7"
= (cos(t) — sin(t)y'7?)(cos(t) + sin(t)y'7*)7" = ~°,

as v1,72,7° are skew Hermltlan and ~° is Hermitian. and similarly for matrices of the form

A = cosh(t) + sinh(t)7°
ATy OA (cosh(t) + sinh ()7 )Jr O(cosh(t) + sinh(t)y%y1)

= (cosh(t) + smh(t)ﬂy1 )(cosh(t) — sinh(t)y%y1)4"

— (cosh(t) — sinh(t)y'4%)(cosh(t) — sinh(t)y%y1)4°

= (cosh(t) 4 sinh(t)y%y!) (cosh(t) — sinh(t)y%y)7° = 4°.
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Thus AT4%A = 70, and also 4% = (A=1)T4y9A~1, which holds regardless of the choice of gamma
matrices, so long as 7% is chosen to be Hermitian and ', 72,73 skew-Hermitian. Then all we
still need to show is that

Gir" O = (A1) 10 A", 8,471,
which is true if o )
(A7) O AY AT =20,
As 4% = (A1)T42A~T we also have that (A=1)T4% = 4%A, so we may rewrite to
,VOAAVM,Y;LA—I — ’YO’YV'
Multiplying both sides by A=1~° on the left and A on the right we then get
A A = /~\_17”/~X,

which holds as we have already shown. Thus the transformation given by is a symmetry of
the Dirac Lagrangian. Finally, we notice that a translation of the underlying space, given by

z—z+a , o) = olx—a) (38)
for a € R?* is also a symmetry as then Oy = giﬁ éu = 8;“ so trivially the Lagrangian keeps the
same form, which is then Poincaré invariant.

3.3 Noether Currents for Spinor Fields

Now we can finally use Noether’s theorem to calculate the stress-energy and moment tensors.

3.3.1 Stress-Energy Tensor

To calculate the stress-energy tensor we use the translational symmetry of the Lagrangian. Thus
we plug the infinitesimal version of , a=ato,

at =t +ead | d(x) = d(x) —e at0,p(x)
into Noether’s theorem. For which we extract the changes in base and field variables
Xg. =gt y X F = 0

respectively. Then by equation we get a current

oL ,
M= (Ww - 5“) “

= — (60" 0vd — 85 H(i70a — m)) @

giving a canonical stress-energy tensor of

OM = Giy" 0" ¢ — M iy *0ad — "' M.
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3.3.2 Moment Tensor

The other symmetry shown last section was Lorentz symmetry, which will yield the moment
tensor. To compute the Noether current associated with Lorentz symmetry we turn it into
an infinitesimal symmetry, which can be plugged into (14). To do this first consider A(t) =
oS (%) + sin (%) ~v'~42, which covers

0 0
cos(t) —sin(t)
sin(t)  cos(t)

0 0

A(t) =

o O O
— o o o

Linearizing this by dropping terms of order > and higher gives that infinitesimally A~T +tyly?
and

10 0 0
01 —t 0
AD=1g + 1 0
00 0 1

Thus the vector %7172 is pushed forward to the antisymmetric matrix w = E?; — E'y, where
Eij is the matrix with a 1 in the ith row of the jth column. This means that if the base space
changes by w*,x", the spinor space changes with

1 1

1 / 1
T= q@w™" = Pl 7" = 1(7711w127172+7722w21’¥271) = 1(——’7172—7271) =

L 12
57 v
Similarly %7071 is pushed forward to the symmetric matrix w = E° 4+ E'(. Then for this boost
too a change of the base space by w#,z¥ gives a change in the spinor space of
1 BV 1 TN T 1 0 .0.1 1 ,.1.0 1 0.1 1.0 1 0.1

T = Jwow™” = it oy™y" = (noow 177y + w0y ") = (7 =) = 57
The fact that this formula also holds for changes corresponding to the other rotations and boost
holds by nearly identical calculations again, where only a few indices are replaced. Therefore, this
holds for any general infinitesimal Lorentz transformation w,,, = —w,,,. Thus the transformation
in is a symmetry by defining X*¥ = %y“y” . By the computations in section 1 this yields
the conserved current

(9;&)“”/\ =0,
where
@;m)\ _ xn@/,n)\ o l,)\@;m + Z;m)\

is the canonical moment tensor for spinor fields and

oL i-
E,U,KA: Eﬁ)\ D Ak A )
78(8@)( )9 = 507" ¢

3.3.3 Gauge Symmetry

Since the gauge symmetry of electromagnetism was used in section 1, we also compute the
current associated to the U(1) gauge symmetry of spinors. This is invariance under a U(1) gauge
transformation

ot — 2t p(x) = e(x),

28



with a € R a constant. This changes the Lagrangian as
L= e—%(mﬂau —m)eep
= ¢(ir" 9 — m),
so this is a symmetry of the Lagrangian. The corresponding infinitesimal phase change is
X% =0,Xp =iad,
which has a corresponding Noether current

oL o
JH = WXF = ¢ivtiagp = —agytg.

This means that 8u45'y“¢ =0.
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4 Spinor Bundles

In order to use Noether’s theorem to obtain a stress moment tensor of spinor fields interacting
with gravity, we need a Lagrangian for the system. The Lagrangian for spinor fields in flat
spacetime as mentioned before is

£ = 3(iv"0, — m)o (39)

and the Lagrangian for gravity, when described using general relativity is the Einstein-Hilbert
Lagrangian

1
Ly = _i(R + 2/\),

where R is the scalar curvature associated to a metric g on spacetime and A is the cosmological
constant [5]. This Lagrangian concerns empty space; to describe space with matter, one adds a
matter term to the Lagrangian, which depends on the type of matter being considered. subsection
1 introduces principal bundles and associated bundles, which are used to describe gravity and
spinors respectively. These are used to construct a spinor bundle, which describes a spinor field
with negligible gravitational efffect. subsection 2 introduces the universal spinor bundle which
is used to describe spinors whose gravitational effect is not neglected.

4.1 Principal Bundles

We now consider spinor fields in a gravitational background, i.e. the spinor has negligible grav-
itational effect and instead all gravity comes from some mass external to the system. This
comes into effect as a fixed metric ¢ on the spacetime M. For each tangent space T, M
at some point x € M the metric gives a way to call a basis orthonormal. That is, a ba-
sis b; is orthonormal if g,(b;,b;) = 7;;. Call the set of all such bases at x OF(M),, then
OF(M) = Uxe 1y OF (M), is the orthonormal frame bundle of M. A basis is equivalently defined
by a frame f: R* — T, M, f : e; — b;, for which g,(v,w) = n(f v, f~'w). An element of the
orthogonal group A € O(1,3) acts on these frames by f-A = f o A, taking an orthogonal frame
to another orthogonal frame, as for f' = fo A

g(v,w) = n(f o, f=Tw) = g(Af" o, Af T w) = n(f e, £ ).

By introducing an orientation and time orientation on the bundle and restricting the frames to
those that agree with the orientations, we obtain the oriented, time oriented frame bundle [7],
which we will call OF*(M). The action of the proper orthochronous Lorentz group SO™ (1, 3)
on the fibres of this bundle is transitive and free. This is an example of a principal bundle, which
similar to a vector bundle is a bundle for which each fibre is group isomorphic to a given group.
Principal bundles have the following formal definition.

Definition. Let M be a smooth manifold and G a Lie group. Then a smooth principal bundle
over M with structure group G (or a G-bundle over M) is a smooth manifold P, with a smooth
mapping ™ : P — M and a smooth right action o : P x G — P, o(p,g) =p-g of G on P such
that the following hold:

1. o preserves the fibres of 7, i.e. w(p-g) =7(p) Vp € P,Vg € G

2. for each x € M there exists an open set U containing x with a diffeomorphism ¢ : 7= 1(U) —

U x G of the form ¢(p)(m(p), ¢ (p)), where ¢ must satisfy ¢(p - g) = ¢(p)g for all p € 71 (U)
and g € G
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If we want to put vectors on this bundle, we will require the notion of an associated vector
bundle. To define this, let V be a vector space, p : G — GL(V) a smooth representation on V,
which gives a smooth left action of G on V, namely g-v = (p(g))(v). Then o : ((p,v),g) —
(p- 9,971 - v) is a smooth right action of G on P x V . The orbit space of this action P x, V
is then the set of equivalence classes [(p,v)] = {(p-g,97!-v)lg € G}. Then we define the
projection mapping 7, : P x,V — M, by [(p,v)] = 7(p), which is well defined as 7(p-g) = 7(p).
Then the vector bundle associated with G < P s M by this action is denoted is the fibre
bundle 7, : P x,V — M. To describe spinors, the action on which is determined by the double
cover Spin(1,3) of SO*(1,3), we thus need a principal bundle for which the fibres are isomorphic
to Spin(1,3).A spin bundle @7 is a Spin(1,3)-bundle that must double cover OF*(M). QY is
equipped with an action of Spin(1,3) such that for any element p € Q9 | and A e Spin(1,3)
covering p € F, A € SOT(1,3) respectively ¢(p-A) = p- A. This is summarized by the following

commutative diagram:
Q7 DSpin(1,3)

|
FT(M) :) SO*(1,3)

Spin bundles do not always exist and need not be unique. The existence of spin bundles depends
on the topology of the spacetime M [7]. Then with the representation of Spin(1,3) already given
before we obtain the spinor bundle mgpin : Q9 X gpin C* — M. A problem with this construction is
that a transformation of spacetime can change the metric. Then this change in the metric changes
the principal Spin-bundle, which automatically changes the spinor field. In order to determine
each of these changes we will consider a construction called the universal spinor bundle.

4.2 Universal Spinor Bundle

In order to construct the universal spinor bundle we follow an article by Miiller and Nowaczyk[10].
We consider the oriented frame bundle of manifold M, in our case this will be R* and we will
denote this bundle as F*(M). The fiber at each point consists of all bases whose orientation is
consistent with the orientation of the manifold. This can also be written as the set of orientation
preserving linear maps from R? to the tangent space T, M.

Ef = {f:R* = T, M|f linear and preserves orientation}

given an element A € GLJ, the 4 by 4 matrices with positive determinant, and an element
f € F;f the multiplication f o A, acts freely and transitively on the fibres. This makes F*(M) a
principal GLI bundle over M. GLI is connected, so it has an universal cover, denoted EEI To
make the associated spinor bundle we first take a spin structure over M, which is a double cover
Q of F* (M) with an action of EEI on the fibres of Q, compatible with the action of GL; on

F*(M). This means that for any frame F € F+(M) covering E € F+(M) and element A € /G\ZI

covering A € GL] u(E - A) = E - A, which can be summarized by the following commutative
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diagram:

Q . GL]
| |
F+(M) :> GL}

We can restrict the actions to the proper orthochronous Lorentz group SO*(1,3) C GL} and
its cover Spin C EEI This allows us to define the orbit spaces Q/spin = F*(M)/SO™(1,3),
which can be identified with the space of Lorentzian metrics on M, denoted S 3M, by identifying
each section of the orbit space with the metric that makes the bases orthogonal. To do this,
consider a section of the orbit space s € T'(F(M)/SO%*(1,3)). At each point x € M this is an
equivalence class of oriented bases. Take one such oriented basis, f € s,, and define the metric
as

g(v,w) = n(f v, f w)Vo,w € T, M.
with 1 the Minkovski inner product with respect to the canonical basis of R*. This does not
depend on the choice of f as for any f’ € s,, we can write f' = foA~! for some A € SO*(1,3).
Then
g(v,w) =n(f o, f7 w) = n(Af o, Af T Rw) = 0(f o, [ ).

This construction gives mappings
KM FT(M) — Sy 3M
fen(f~t )

and similarly &M : Q(M) — S13M.
Given a choice of representation p : Spin — GL(C*) we can associate a C* bundle to Q. This
bundle is

W?M M = Q(M) Xgpm (C4 — 51,3M
(B,0] - 7Y (B).

This projection is well defined as all B in the equivalence class differ by an action of Spin, which
does not change the metric. This can also be considered a bundle over M using the projection

ma ot S13M — M, which gives the projection Wﬁ =Ty 0 7T§M, which makes the diagram

ﬂ.E
YM 2% S s M
h iﬂM
M

commute. Since there are now multiple bundles over M, different bundle projections are denoted
by using superscripts and subscripts associated with domain and codomain respectively, and
bundles are referred to by their projections. The sections of ﬂﬁ store the information of both
the metric g and the spinor field. To see this we take a universal spinor field ® € I'(r},). To
obtain a metric we note that g = 7T§M o ® is a metric on M by the construction of the bundle.
Writing & = [§ ,v] now that we have g, we can obtain the spinor field by considering the section
¢ € F(ngm) given by [B ,v], which is well defined, as B is a section of the spinor bundle Q9, by
construction of g.
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5 Conclusion

The transformation behaviour of spinors can be defined using the spin group, whose action on
the spinors comes from the action of the Clifford algebra on A C? = C%. This transformation
behaviour is a symmetry of the Dirac equation and the Lagrangian whose Euler-Lagrange equa-
tion is the Dirac equation. Using Noether’s theorem this yields the canonical energy-momentum
tensor

OM = Giy 0§ — " iy ad — "Moo

and canonical moment tensor
9/.“‘6)\ — $n@u>\ _ l,)\@;m 4+ E,U,K)\‘

For further study it may be interesting to construct the Lagrangian for the universal spinor
field. This can be used to describe an electron, or other spin—% particle, coupled to gravity,
and as such its conserved currents may be of physical interest. This will likely also require the
consideration of infinitesimally natural bundles to describe the infinitesimal variations used in
Noether’s theorem.

Similarly, a further study can show how to couple a spinor field to electromagnetism, or even
the weak and strong nuclear forces and derive the conserved currents of such fields.
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