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ABSTRACT   

This paper is concerned with the development of a calibrated 3D shearography strain measurement instrument, calibrated 
iteratively, using a combined mechanical-optical model and specially designed test objects. The test objects are a 
cylinder loaded by internal pressure and a flat plate under axial load. Finite element models of the samples, combined 
with optical models of the shearography system, allow phase maps to be simulated for subsequent comparison with 
experimental phase maps from the shearography instrument. The algorithm to extract the strain maps from the phase 
maps includes an error compensation for in-plane strains on curved surfaces, measurement channel redundancy, 
variations in the shear magnitude due to object shape and the optical characteristics of the imaging system. The 
improvement introduced by the error compensation techniques is verified by the opto-mechanical simulation and its 
effect is demonstrated experimentally on maps of displacement gradient. 

Keywords: 3D Shearography, strain measurement, error analysis.  

1. INTRODUCTION  
Advanced optical measurement techniques are in common use for measurement applications in high technology 
industries. Shearography1, a technique closely related to holography, uses a speckle shearing interferometer to give a 
direct sensitivity to the surface displacement gradient, from which strain information can be extracted. The direction of 
the gradient is defined by the shearing direction and in the general case shearography displays sensitivity to gradient of 
displacement in all three Cartesian directions. By careful selection of the relative positions of the interferometer head and 
the laser source, it is possible to minimize sensitivity to certain components. For example illumination and viewing 
directions nearly normal to the object surface maximize sensitivity to the out-of-plane displacement gradient. A multiple 
channel shearography system is required to isolate in-plane displacement gradients. The most common configuration is 
the symmetric dual beam setup1 which sequentially measures the object with each of the two illumination directions. The 
two phase maps obtained are subtracted to determine the in-plane displacement gradient. As an alternative, shearography 
instruments with three, or more, measurement channels (3D shearography systems) do not require accurate symmetry as 
they are able to isolate gradients of displacement along all three Cartesian directions. For this last case, strain 
measurement using both the multiple laser2,3,4 and the multiple camera configuration5 is possible. 

A number of studies of errors in quantitative strain measurement using shearography have been published together with 
techniques for error compensation. One source of error is associated with the assumption that shearography measures 
displacement gradient, while in fact it is the difference of displacements of two neighbouring points that is being 
measured6. Errors are also introduced by the assumption of a constant shear distance, as variable shear is inherent to the 
Michelson interferometer7 which is the most used shearing device. Some studies propose methods for shear magnitude 
measurement, including digital image correlation8. By adopting a constant sensitivity vector, some geometry parameters 
are being neglected, such as the finite size of object and camera sensor9. The use of an expanded illumination beam10,11, 
which is suitable for large objects, introduces an even larger variation of the sensitivity vector.  In the case of 3D 
shearography systems, a matrix transformation is required and the level of uncertainty of this matrix operation may be 
measured by the conditioning number12. This error depends on the relative positions of the measurement channels. An 
object with a curved surface introduces a variable shear magnitude due to the variable misalignment of the sensor plane 
with the object surface. A correction may be adopted for this if the object shape is known, or as an alternative 
shearography may be used to measure the object shape and slope13.  
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This paper addresses the measurement of strain on a curved surface using a 3D shearography system with four cameras 
and one laser source. Error sources are investigated by the development of an opto-mechanical model of a 3D 
shearography instrument, described in more detail previously14, and by comparison with experimental results. The 
following error sources are addressed in this paper. One is that the object surface cannot be assumed to be always parallel 
to the sensor plane, because the displacement gradients are calculated along the shear direction, which is determined by 
the camera sensor plane. If the object surface is parallel to the camera sensor plane, the displacement gradients may be 
assumed to be the in-plane gradients. Both the object curvature and the viewing geometry can contribute to this 
misalignment. The variation in shear magnitude due to object shape and optical distortion is addressed. Image processing 
software with compensations for these errors is described and experimental and simulated phase maps are compared. 

2. SHEAROGRAPHY INSTRUMENT AND CALIBRATION SAMPLE 
The shearography instrument modelled and used for the experimental measurements has four cameras arranged at the 
tips of a cross according to Figure 1-A. Interferometers 1 and 3 are 400 mm laterally from the centre of the cross while 
the interferometers 2 and 4 are 400 mm vertically from the centre of the cross. The laser source is placed 120mm below 
the centre of the cross. These camera positions minimize the errors in the matrix transformation required to isolate the 
displacement gradients2. The distance between the object and the cross structure is 1 m. Although three cameras are 
enough to characterize all components of in plane strain, one extra camera allows multiple measurement channel 
combinations and a better confidence level is then obtained12. 

A thin wall aluminium cylinder is used as calibration sample. The cylinder is 400 mm in length, with an external 
diameter of 190 mm and a wall thickness of 5mm. It was manufactured by rolling an aluminium plate and welding the 
seam. To complete the construction aluminium end caps were welded to the ends of the cylinder. Oil is pumped into the 
cylinder by a mechanical pump and the loading magnitude is controlled by a pressure gauge.  

 (a) 

 

 

 

  
(b) 

Figure 1. (a) 3D Shearography instrument, showing the locations of the laser and the interferometers. (b) Cylinder sample. 

The sample was designed to provide a nearly constant strain field across a large area on the sample surface and in the 
measurement range of shearography. An analytical model provided strain values which are summarized in the Table 1. 
Uncertainties in the sample material properties, manufacturing tolerances and loading inaccuracy were included in the 
model and allowed an estimate of the error in the calculated strain. The calculated strain was measured by electrical 
strain gauges attached at four different points of the object and good agreement was achieved. Also, the strain gauges 
demonstrated that the strain field is nearly constant along the sample. 

Table 1. Expected strain according to the analytical model. 

 

Cylinder sample in-plane strain     
 Analytical model Strain gauges (mean) 
Longitudinal (4.31±1.58)·10-5 4.50·10-5 
Tangential (2.12±0.70)·10-4 2.82·10-4 

Proc. of SPIE Vol. 7387  73871J-2

Downloaded from SPIE Digital Library on 09 Aug 2011 to 131.180.130.109. Terms of Use:  http://spiedl.org/terms



 

 

3. PHASE MAPS 
3.1 Simulated phase maps 

From an optical point of view it follows that a phase map obtained with shearography is related to the optical pathlengh 
difference between the laser source (S) and the camera (C) during loading of the object. 

 
Figure 2. Schematic of the optical and engineering mechanics interpretation of the phase change. S is the source position, P1 

and P2 are reference points on the object surface and C is the camera position. P1* and P2* are points on the object 
surface after applying a deformation. 

A global coordinate system is defined with its origin on the object surface and with the z direction normal to the surface. 
P1 and P2 are reference points on the object surface and C is the camera position. P1* and P2* are points on the object 
surface after applying a deformation. Position coordinates are denoted by (x,y,z) and displacements are denoted by 
(u,v,w), with the subscript indicating the point referred to. The shear is expressed by (dx,dy,dz). 

 ( ) ( )* *
1 1 2 2

2 SP C SP C SP C SP Cπφ
λ

⎡ ⎤Δ = − − −⎢ ⎥⎣ ⎦
 (1) 

φΔ is the phase change and λ is the optical wavelength. Optical pathlengths are indicated by *
1SP C , 1SP C , *

2SP C  and 

2SP C . Equation (1) is the main equation of the optical model used to simulate the shearography system. The source 
position is the same for all measurement channels, but each channel has its own camera position. Object surface position 
before and after loading are required and these are obtained from the finite element model of the samples. Finite element 
analyses were performed using Abaqus (version 6.8) on a Pentium D 3,40GHz with 2GB of RAM. A 2D model 
consisting of one quarter of the cylinder was prepared with adequate symmetry boundary conditions. Pressure loading 
was directly applied to the internal surface of the Finite element model. 

3.2 Experimental phase maps 

To perform a measurement with shearography, reference interferograms are recorded and a phase shift algorithm15 is 
applied to determine the difference of phase at each pixel. This forms the reference map of difference of phase. The 
object is then loaded to a second state, further interferograms are recorded and the phase shift algorithm is again used to 
determine the map of difference of phase at this second loading state. This is the signal map of difference of phase. 
Reference and signal maps are then correlated by subtraction to yield a phase map. In this paper, temporal phase shifting 
with three phase steps is used to calculate the map of phase difference (φ ) using equation (2): 

 3 1

2 1 3

arctan 3
2

I I
I I I

φ
⎡ ⎤−

= ⎢ ⎥− −⎣ ⎦
 (2) 

Where I1, I2 and I3 are the recorded interferograms with a 2π/3 phase step between each pair. An extended arctan function 
is used to obtain phase values in the range from -π to +π. To minimise phase unwrapping errors, the sample is loaded in 
small steps and a sequence of phase maps, iφΔ , are calculated by subtracting consecutive maps of phase difference. 

 1i i iφ φ φ −Δ = −  (3) 

C=(xc, yc, zc) 

S=(xs, ys, zs) 

P2 =P1+(dx, dy, dz) 

P1 =(x, y, z)

P1* =P1+(u1,v1,w1) 

P2*=P2+(u2, v2, w2)        x 
  
y             z 

Object before load Object after load 

Light path 

Shear distance dx 
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This phase map is in the range [-2π, 2π]. A correction16 defined by equation (4) is applied to correct the range to [-π, π]. 

 2
2

if
if
if

φ π φ π
φ φ π φ π

φ π φ π

Δ − ≤ Δ ≤
Δ = Δ − Δ >

Δ + Δ < −
 (4) 

The corrected phase map is smoothed by a sine-cosine filter1. If the phase does not experience a variation outside the 
range [-π, π] in each individual phase map iφΔ , than the phase map that represents the displacement gradient of the full 
loading range may be obtained by adding all partial phase maps. In this case, phase unwrapping is avoided17.  

In order to process the final phase maps to obtain strain maps, images from multiple measurement channels must be 
correlated. In the case of a multiple camera shearography system, each camera sees the object from a different viewing 
angle, which introduces perspective distortion. Also, when the object is not flat, co-registration becomes difficult due to 
the perspective distortion. Ideally, the images from each camera should be mapped on a cylindrical surface for a perfect 
co-registration. 

In this paper, perspective distortion correction is performed using a tool for image calibration available in Labview. A 
calibration pattern composed of a grid of black round dots with a known distance between consecutive dots is placed in 
front of the object and imaged with each camera of the shearography sensor without any applied shear. The algorithm 
recognizes the dot pattern and builds a correction function.  The correction function obtained for each camera is then 
applied to the final phase maps to eliminate the perspective distortion. 

A simple cylinder mapping algorithm that translates rows of pixels was used to reduce the effect of the flat shape 
acquired by the object. The correction was performed for cameras 1 and 3 (see Figure 1-a) as the distortion is larger for 
this cameras.  

(a) (b) (c) 

Figure 3. (a) is the original image from camera 1 with perspective distortion, (b) the image after the correction for 
perspective distortion and (c) the image after translation of rows of pixels. 

4. FROM PHASE MAPS TO STRAIN MAPS 
4.1 3D strain calculation 

By considering Figure 2, the engineering mechanics interpretation of the phase map is: 

 
2 1

2 1

2 1

/
2 2 /

/

u u u x
k v v k v x dx

w w w x

π πφ
λ λ

− ∂ ∂⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥Δ = ⋅ − ≅ ⋅ ∂ ∂ ⋅⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− ∂ ∂⎣ ⎦ ⎣ ⎦

r r
 (5) 

Where dx is the shear distance and /u x∂ ∂ , /v x∂ ∂ and /w x∂ ∂  are the displacement gradients. Equation (5) may also be 
formed with the shear in y direction and in this case the displacement gradients are along y direction. The vector k

r
 is 

known as sensitivity vector and is approximated by: 

 1 1

1 1

PS PCk
PS PC

= +

uuur uuur
r

uuur uuur  (6) 

A 3D shearography system with three cameras is capable of generating three maps of phase difference for each shearing 
direction, which allows isolation of each displacement gradient by solving the coordinate transformation18: 
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M is 3x3 matrix defined by concatenating the components of the sensitivity vector for each camera. Subscripts indicate 
the camera and shear direction. By applying a shear in the y direction, the gradients /u y∂ ∂ , /v y∂ ∂ , /w y∂ ∂  may be 
obtained. In-plane strain maps are then calculated by: 

 /x u xε = ∂ ∂  (8) 

 /y v yε = ∂ ∂  (9) 

 1
2xy

u v
y x

ε
⎛ ⎞∂ ∂

= +⎜ ⎟∂ ∂⎝ ⎠
 (10) 

Where εx and εy are axial strains in the x and y directions respectively and εxy is the shear strain.   

4.2 Sensitivity vector correction for curved object 

Equation (5) describes the approximation of the displacement gradient by the difference of displacement between two 
points on the object separated by the shear distance. The gradients are along the Cartesian directions of a pre-defined 
global coordinate system (see Figure 2). The global coordinate system is defined to have the xy plane aligned with the 
camera sensor plane and with the object surface. In this way, the shear distance along the camera sensor plane (in pixels), 
applied by means of the Michelson interferometer, may be directly associated with the distance (in mm) that separates 
the two points on the object surface. As the object surface is supposed to be aligned with the xy plane, then the 
approximation described by equation (5) may be used to describe in-plane displacement gradients and thus in-plane 
strain. However, in case the object surface is not aligned with the xy plane, then the approximation of equation (5) may 
not be used, as the displacement gradient will be associated with the difference of displacements of points with a z offset. 

 

1 2P Pu udu
dx dx

−
  1 2P Pu udu

dx dx
−

≠  

Figure 4 – (a) The shearography approximation is suitable when the object surface is parallel to camera sensor plane (C). (b) 
A correction is required when the object surface is not parallel to the camera sensor plane. 

According to equation (1), for fixed relative positions of the camera, the object and the laser source, as well as for a fixed 
laser wavelength, the phase map is only dependent on the object deformation. This same object deformation may be 
described in any coordinate system, in other words, equation (5) describes this phase map independently of the adopted 
coordinate system. Thus, equation (7) may be used to obtain the displacement difference along any direction. The 
directions are chosen by selecting the adequate orientation of the coordinate system. By selecting at each point on the 
object surface, a local coordinate system in which the z coordinate is normal to the object surface; it is possible to 
calculate in-plane difference of displacements, which can then be associated with in-plane displacement gradient and in-
plane strain.  From the practical point of view, the positions of all cameras and the laser are determined using the global 
coordinate system, sensitivity vectors are calculated in this coordinate system and then rotated to the local coordinate 
system. The coordinate rotation for the cylinder sample is defined by: 

Camera plane uP1  

    x 
  
y          z 

Shear distance dx 

Camera plane 

Shear distance dx 
      x 
  
y           z 

uP2  

uP1  

uP2  

(a)  (b)  
Object surface Object surface 

z offset 
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Where el is the elevation angle measured from the positive z direction to the positive y direction of the global coordinate 
system. 

4.3 Shear magnitude measurement and correction for curved object 

The shear distance is the distance in mm along the object surface between the points that are being correlated on the 
camera sensor plane. The shear is applied on the camera sensor plane and is measured in pixels. Usually, a known 
distance along the object is used and a ratio pixel/mm is defined in order to calculate the shear distance in mm along a 
virtual plane placed at the same position of the object. However, the use of non ideal optical components introduces 
some variation of the shear distance measured in pixels. In order to eliminate this distortion, a random greyscale pattern 
was placed in front of the object and imaged with the shearography sensor twice, with each image recorded with one of 
the mirrors inside the Michelson interferometer blocked. As a result, two images were obtained where the greyscale 
pattern appears to be at different positions. 2D digital image correlation software, developed in-house by R.-J. 
Lemmen19, was used to generate a map of shear distances (in pixels). A known distance along the recorded images was 
used to calibrate a global ratio pixel/mm and to generate the correspondent map of shear distances (in mm). This process 
was performed for all measurement channels. 

 (a)  (b)  (c)  (d)  

3.6 
mm 

1.6 
mm 

Figure 5 – Maps of shear distance along the horizontal direction. (a) Camera 1, (b) camera 2, (c) camera 3 and (d) camera 4. 

In the case of the measurement of a flat plate, the generated map of shear distance (in mm) corresponds to the in-plane 
shear distances. However in the case of curved objects, additional corrections are required. For the cylinder sample, there 
is shear variation only for the shear along the vertical direction on the recorded images, as this direction coincides with 
the tangential direction of the cylinder. Due to the simple form of the cylinder, a correction based on trigonometry was 
possible.  

 cos( )surf ldy dy e= ⋅  (12) 

Where dysurf is the in-plane shear distance, dy is the shear distance measured by digital image correlation and el is the 
elevation angle.The shear in the horizontal direction does not require correction as this direction is aligned with the 
cylinder axis. The variation in the pixel/mm ratio due to the variation of the distance between the camera and the cylinder 
surface was not considered. 

After performing all corrections, equation (7) becomes 

  ( )
, 1 1

1
, 2 2

, 3 3

'/ ' /
'/ ' ' /
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−
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⎢ ⎥⎢ ⎥∂ ∂ = Δ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥∂ ∂ Δ⎣ ⎦ ⎣ ⎦

 (13) 

Where '/ 'u x∂ ∂ , '/ 'v x∂ ∂  and '/ 'w x∂ ∂ are the in-plane displacement gradients, M’ is the sensitivity matrix obtained after 
rotation of the sensitivity vectors to the local coordinate system and dxcam1, dxcam2 and  dxcam3 are the maps of in-plane 
shear distance. Equations (8), (9) and (10) are used to calculate the in-plane strain. 
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5. RESULTS AND DISCUSSION 
5.1 Phase maps 

The opto-mechanical simulation was used to calculate the expected phase maps for each measurement channel. This 
approach was used so that a comparison can be made without considering errors in the 3D strain calculation. The 
simulated and experimental phase maps obtained have similar characteristics, but the experimental fringes show some 
distortions. This is expected to be due to manufacturing tolerances. The edges of the sample were welded to the end-
caps. Materials properties and dimensional tolerances are greatly affected by the welding process, thus the simulated 
phase maps are not accurate enough to allow quantitative comparison for these areas of the sample. For this reason, 
regions of interest (ROI) marked by the black rectangles in Figure 6 and Figure 7 are areas suitable for quantitative 
analysis. The regions indicated by the arrows are areas where the recorded intensity was too bright and phase extraction 
was not successful. The “x” marks the fringe that has the zero phase. 

 
(a) (b) (c) (d) 

 
(e) (f) (g) (h) 

Figure 6. Simulated phase maps of the cylinder sample with 2.3 mm x shear: (a) camera 1, (b) camera 2, (c) camera 3 and 
(d) camera 4. 1.8mm y shear: (e) camera 1, (f) camera 2, (g) camera 3 and (h) camera 4.  

 
(a) (b) (c) (d) 

 
(e) (f) (g) (h) 

Figure 7. Measured phase maps of the cylinder sample with 2.3 mm of nominal x shear: (a) camera 1, (b) camera 2, (c) 
camera 3 and (d) camera 4. 1.8 mm nominal y shear: (e) camera 1, (f) camera 2, (g) camera 3 and (h) camera 4. 

The unwrapped phase maps are more suitable than the wrapped phase maps for a numerical comparison due to the 
absence of fringes. The section of the image within the defined ROI of the experimental phase maps were co-registered 
and subtracted from the corresponding area of the simulated phase maps. Considering the phase maps with shear in the 
horizontal direction, the simulated phase maps are much more uniform than the experimental maps, the difference is 
within the range [-2π, 0] for most of the phase map. Considering the maps with shear in the vertical direction, the 
difference is within [2π, 4π], in other words, the position of the zero order fringe in the experimental phase maps does 
not match with the positions of the zero order fringe in the simulated phase maps. This difference might be associated 
with a low correlation between the fixtures used for the real sample and the boundary conditions used to describe the 
fixtures in the finite element simulation. This issue is under further investigation. 
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-2π 

-4π 

-6π (e) (f) (g) (h) 

Figure 8 - Difference between simulation and experimental phase maps (only for the region of interest defined in Figure 7): 
for x shear (a) camera 1, (b) camera 2, (c) camera 3 and (d) camera 4. For y shear: (e) camera 1, (f) camera 2, (g) 
camera 3 and (h) camera 4. The arrows indicate areas where the phase extraction failed due to saturation of the 
recorded interferograms. 

5.2 Strain maps from simulated phase maps 

The shearography algorithm to calculate strain maps from the phase maps was applied to the simulated phase maps. The 
coordinate rotation of the sensitivity vectors introduces a large difference for the bottom and top edges of the image, 
which are areas where the misalignment of the sample surface with the camera is larger. The improvement obtained with 
the shape correction is visible in the maps of normalized difference (Δ) as defined by the equation below, where 
εshearography is the strain calculated by the shearography algorithm and εFEM is the strain from the finite element simulation. 

 shearography FEM

FEM

ε ε
ε

−
Δ =  (14) 

Without the sensitivity vector correction, the strain maps display an error of 5% for a misalignment of 27o between the 
global xy plane and the object surface. The error increases with a higher misalignment. 

 
(a) 

 
(b)  

≥ 100% 

50% 

5% 

Figure 9. Comparison of the strain maps obtained from simulated phase maps and the finite element simulated strain. 
Without the sensitivity vector correction. (a) Longitudinal and (b) tangential strain. 

 
(a) 

 
(b)  

≥ 100% 

50% 

5% 

Figure 10. Comparison of the strain maps obtained from simulated phase maps and the finite element simulated strain. With 
the sensitivity vector correction. (a) Longitudinal and (b) tangential strain. 

5.3 Experimental maps of displacement gradient 

Considering Figure 11, as the cylinder is loaded by internal pressure, the surface displacement is mostly along the radial 
direction. Its component along the global z direction assumes a circular distribution. Thus, the displacement gradient map 
is expected to display some variation. 
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Figure 11. Schematic of the radial displacement and its component along the global z direction. 

By applying the coordinate rotation to the sensitivity vectors, the displacement gradient calculated using equation (13) 
may be considered as the gradient of the radial displacement. Thus the displacement gradient map is expected to display 
low variation. Figure 12-a demonstrates the map of out-of-plane displacement gradient, adopting constant shear 
magnitude and without the rotation of the sensitivity vectors, while Figure 12-b was obtained with rotation of the 
sensitivity vectors. The rotation of the sensitivity vectors generates nearly zero displacement gradient even for the bottom 
and top areas of the image, where the misalignment of the sample surface with the global xy plane is larger. 

(a) (b)  

3•10-4 

0 

-3•10-4 

Figure 12. Map of out-of-plane displacement gradient (dw/dy): (a) without rotation and (b) with rotation of the sensitivity 
vectors. 

6. CONCLUSIONS 
A combined optical mechanical simulation was used to generate phase maps which were then compared with 
experimental phase maps. Both simulation and experimental phase maps presented a similar shape, although there was a 
difference on the position of the zeroth fringe on the phase maps with vertical shear direction. This difference might be 
associated with a low correlation between the fixtures used to hold the sample and the boundary conditions used to 
describe the fixtures in the finite element simulation. 

An algorithm to transform phase maps into strain maps that consider the influence of the sample curvature on the 
sensitivity vectors was described. The correction consists of a coordinate rotation. The sensitivity vectors are measured 
in a global coordinate system (with the z direction pointing to the shearography instrument) and then rotated to a local 
coordinate system where the z direction is always normal to the object surface. The correction allows measurement of in-
plane strain and its effect is noticeable for a large misalignment of the sample surface with the xy plane of the global 
coordinate system. The proposed correction was tested with simulated phase maps and we concluded that 5% of error is 
introduced in the strain field yielded by the shearography algorithm for a misalignment larger than 27o. The algorithm 
was also tested with experimental phase maps. The effectiveness of the algorithm was demonstrated on maps of 
displacement gradient.  

Concerning experimental strain maps, a number of corrections already described in the literature were used (for the shear 
magnitude variation along the image, for the in-plane shear distance and for image dewarping and co-registration due to 
the camera positions), however the agreement between the measured strain map and the finite element simulated strain 
maps still needs to be improved. Accurate co-registration of images from different viewing angles has proven to be 
difficult when measuring non-planar objects especially due to the flat shape that the object acquires on the recorded 
interferograms. The improvement obtained with the sensitivity vector rotation was obscured by the cumulative effect of 
all other errors sources. Treatment of all found errors sources in this shearography system, including a better co-
registration algorithm is the subject of current research. 
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