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 a b s t r a c t

This paper presents a dynamic phasor-based state-space modelling framework for modular multilevel converters 
(MMCs) using multiple 𝑑𝑞 reference frames (𝐷𝑄𝑠𝑦𝑚). The main contribution is the development of a numeri-
cally stable state-space solver tailored to multi-𝑑𝑞 dynamic phasor models. The solver employs integration and a 
systematic matrix update mechanism to consistently incorporate switching events within the unified state-space 
formulation, allowing harmonic interactions and topology changes to be captured without manual reconfigu-
ration. The proposed framework is implemented as a standalone MATLAB/Simulink library to facilitate time-
domain simulation and to provide a structured basis for future eigenvalue-based small-signal stability studies. 
The approach is validated on a point-to-point HVDC system and benchmarked against an EMT model. Results 
demonstrate that the 𝐷𝑄𝑠𝑦𝑚-based implementation achieves EMT-level fidelity while maintaining state-space 
structure suitable for scalable, system-level analysis of converter-dominated grids.

1.  Introduction

The modular multilevel converter (MMC) is widely used in high-
voltage direct current (HVDC) transmission and grid-support applica-
tions because it is scalable and built from repeatable submodules. How-
ever, its internal behaviour is complex. The capacitor voltages, circu-
lating currents, and harmonic components inside the converter intro-
duce time-varying effects that make accurate system-level modelling 
difficult [1–3]. These challenges become more significant in converter-
dominated grids, where several MMC stations interact with each 
other and with network resonances. In such cases, both fundamental-
frequency and harmonic dynamics must be captured.

Electromagnetic transient (EMT) simulations can represent these ef-
fects with high accuracy, but they are computationally demanding for 
large networks and often time-consuming for stability studies. In con-
trast, average-value and 𝑑𝑞-frame models are computationally efficient, 
but they usually neglect important harmonic interactions, which can 
reduce accuracy when harmonics strongly influence system behaviour 
[4,5].

Dynamic phasor (DP) theory represents time-varying signals using 
selected Fourier coefficients, leading to time-invariant state-space mod-
els that retain both fundamental and key harmonic components [5–7]. 
This provides a practical balance between detailed switching models 
and simplified average models. Although DP-based methods have been 
reported in the literature [8–10], their use in system-level studies re-
mains limited. Many existing implementations are script-based or not 
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structured for modular interconnection, which makes it difficult to build 
larger and reproducible models, particularly in widely used environ-
ments such as MATLAB/Simulink.

Open-source tools such as DPsim [11] offer EMT and dynamic pha-
sor simulation capabilities, mainly for real-time and co-simulation ap-
plications. However, these tools are primarily code-oriented and do not 
provide block-based libraries that can be directly integrated into MAT-
LAB/Simulink for system-level model development.

The recently proposed 𝐷𝑄𝑠𝑦𝑚 framework in [12] extends DP the-
ory by systematically accounting for harmonic interactions across multi-
ple 𝑑𝑞 reference frames. Initial validation of a MATLAB/Simulink-based 
𝐷𝑄𝑠𝑦𝑚 library on a single MMC station showed accuracy comparable 
to EMT simulations, highlighting its potential as a practical modelling 
approach.

To enable broader application, 𝐷𝑄𝑠𝑦𝑚 must be integrated into a 
solver capable of handling switching events and more complex network 
configurations. Applications such as point-to-point and multi-terminal 
HVDC systems require accurate harmonic representation for reliable 
time-domain and future stability studies [13,14]. Embedding the 𝐷𝑄𝑠𝑦𝑚
formulation into a discrete state-space solver provides an efficient and 
accurate framework for analysing converter-dominated grids.

This paper advances the 𝐷𝑄𝑠𝑦𝑚 approach in two key aspects. First, 
the formulation is embedded within a unified state-space solver that 
systematically handles switching events through matrix updates while 
preserving harmonic state continuity and numerical stability. Second, 
although validation is performed on a two-terminal HVDC link, the
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proposed framework is modular and converter-oriented, without relying 
on point-to-point topology assumptions. The formulation can therefore 
be extended directly to multi-terminal HVDC systems. Future work will 
focus on validation in large-scale DC grids to further assess scalability.

The main contributions of this paper are summarized as follows:

• Formulation of a unified state-space solver for multi-𝑑𝑞 dynamic pha-
sor models of MMCs, enabling consistent simulation.

• Development of an integrated matrix update mechanism that incor-
porates switching actions directly into the state-space framework.

• Implementation and validation of the proposed approach on a point-
to-point HVDC system, benchmarked against an EMT model to assess 
accuracy.

The remainder of this paper is organized as follows. Section 2 intro-
duces the fundamentals of dynamic phasor theory and details the pro-
posed 𝐷𝑄𝑠𝑦𝑚 formulation. Section 3 introduce the state-space solver 
algorithm. Section 4 presents the operating principles of the MMC and 
develops a nonlinear averaged model in 𝐷𝑄𝑠𝑦𝑚. Section 5 reports sim-
ulation results of a point-to-point HVDC system benchmarked against 
EMT. Finally, Section 6 concludes the paper and outlines future research 
directions.

2.  Dynamic phasor theory and DQsym

2.1.  Dynamic phasors

Dynamic phasors (DPs) express signals as time-varying Fourier coef-
ficients, capturing both fundamental and harmonic dynamics in a com-
pact framework [15]. For a nearly periodic signal 𝑥(𝜏), the 𝑘th dynamic 
phasor is defined as ⟨𝑥⟩𝑘(𝑡), with 𝜔𝑐 = 2𝜋∕𝑇 . The original signal 𝑥(𝑡) can 
be reconstructed by remodulation and taking the real part:

•
⟨𝑥⟩𝑘(𝑡) =

1
𝑇 ∫

𝑡
𝑡−𝑇 𝑥(𝜏)𝑒

−𝑗𝑘𝜔𝑐𝜏 𝑑𝜏,

• 𝑥(𝑡) = ℜ
{

∑𝐾
𝑘=−𝐾 ⟨𝑥⟩𝑘(𝑡)𝑒

𝑗𝑘𝜔𝑐 𝑡
}

DPs inherit several useful properties from the Fourier series, making 
them well-suited for modeling systems with harmonic coupling. The 
number of retained harmonics 𝑘 determines the trade-off between model 
fidelity and computational cost. Their key properties include:

• Time derivative: 𝑑⟨𝑥⟩𝑘𝑑𝑡 =
⟨

𝑑𝑥
𝑑𝑡

⟩

𝑘
− 𝑗𝑘𝜔𝑐⟨𝑥⟩𝑘,

• Multiplication: ⟨𝑥𝑦⟩𝑘 =
∑

𝑖⟨𝑥⟩𝑘−𝑖⟨𝑦⟩𝑖,
• Conjugate symmetry: ⟨𝑥⟩−𝑘 = ⟨𝑥⟩∗𝑘.

2.2. 𝐷𝑄𝑠𝑦𝑚 approach

𝐷𝑄𝑠𝑦𝑚 framework extends dynamic phasor (DP) representations to 
the 𝑑𝑞 domain with multiple 𝑑𝑞0 frames, facilitating the modelling of 
signals with harmonics within a well-established state-space structure.

Following [16], the procedure for the transformation of DP quanti-
ties from the 𝑎𝑏𝑐 frame into the 𝑑𝑞0 frame, consists of: (i) employing 
the symmetrical component transformation 𝑇𝑝𝑛𝑧 to decompose three-
phase signals into positive-, negative-, and zero-sequence components, 
and which is equal to DPs in 𝛼𝛽 frame (ii) rotating the positive and neg-
ative sequences into the 𝑑𝑞0 frame via the Park transformation. This 
results in the compact relation

⎡

⎢

⎢

⎣

⟨𝑥𝑑𝑞,𝑝⟩𝑘
⟨𝑥𝑑𝑞,𝑛⟩𝑘
⟨𝑥𝑑𝑞,𝑧⟩𝑘

⎤

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

𝐱𝑝𝑑 (𝑘) + 𝑗𝐱𝑝𝑞 (𝑘)
𝐱𝑛𝑑 (𝑘) + 𝑗𝐱𝑛𝑞 (𝑘)
𝐱𝑧𝑑 (𝑘) + 𝑗𝐱𝑧𝑞 (𝑘)

⎤

⎥

⎥

⎥

⎦

. (1)

This formulation maps dynamic phasors in the 𝑎𝑏𝑐 frame to the 𝑑𝑞0
frame, providing the foundation for the proposed 𝐷𝑄𝑠𝑦𝑚 framework. 
Full derivations and proofs are provided in [16]. Eq. (2) summarises 

this transformation: DPs are first constructed in the 𝑎𝑏𝑐 frame using in-
phase and quadrature coefficients (𝐶𝑐 and 𝐶𝑠), then transformed into 
symmetrical components, and finally rotated into the 𝑑𝑞0 frame.
⎡

⎢

⎢

⎣

𝐂𝑐
𝑘 + 𝑗𝐂𝑠

𝑘
𝐂𝑐
𝑘 + 𝑗𝐂𝑠

𝑘
𝐂𝑐
𝑘 + 𝑗𝐂𝑠

𝑘

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

⟨𝑥𝑎⟩𝑘
⟨𝑥𝑏⟩𝑘
⟨𝑥𝑐⟩𝑘

⎤

⎥

⎥

⎦

𝑇𝑝𝑛𝑧
⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇒

⎡

⎢

⎢

⎣

⟨𝑥𝛼𝛽,𝑝⟩𝑘
⟨𝑥𝛼𝛽,𝑛⟩∗𝑘
⟨𝑥0,𝑧⟩𝑘

⎤

⎥

⎥

⎦

,

⎡

⎢

⎢

⎣

𝑒−𝑗𝜃 0 0
0 𝑒−𝑗𝜃 0
0 0 1

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

⟨𝑥𝛼𝛽,𝑝⟩𝑘
⟨𝑥𝛼𝛽,𝑛⟩∗𝑘
⟨𝑥0,𝑧⟩𝑘

⎤

⎥

⎥

⎦

⇒
⎡

⎢

⎢

⎣

⟨𝑥𝑑𝑞,𝑝⟩𝑘
⟨𝑥𝑑𝑞,𝑛⟩𝑘
⟨𝑥𝑑𝑞,𝑧⟩𝑘

⎤

⎥

⎥

⎦

.

(2)

2.3.  Mathematical operations

The following set of mathematical operations—summation, multi-
plication, and integration—form the basis of the DQsym approach and 
enable its application to full system simulations. In [12], a full deriva-
tion and detailed proofs are provided.

Summation: For DP vectors 𝐱𝑝,𝑛,𝑧𝑑𝑞 (𝑘) = 𝐱𝑝,𝑛,𝑧𝑑 (𝑘) + 𝑗 𝐱𝑝,𝑛,𝑧𝑞 (𝑘) and 
𝐲𝑝,𝑛,𝑧𝑑𝑞 (𝑘), addition is elementwise in the complex domain:
𝐳𝑝,𝑛,𝑧𝑑𝑞 (𝑘) = 𝐱𝑝,𝑛,𝑧𝑑𝑞 (𝑘) + 𝐲𝑝,𝑛,𝑧𝑑𝑞 (𝑘), 𝑘 ∈ {0, 1,… , 𝑛}. (3)

Multiplication: Any 𝑇 -periodic, nearly periodic, or band-limited signal 
admits a (truncated) Fourier expansion. Using complex coefficients is 
most compact to represent such signals:

𝑥(𝑡) =
𝑁
∑

𝑘=−𝑁
𝑎𝑘𝑒

𝑗𝑘𝜔0𝑡, 𝑦(𝑡) =
𝑁
∑

𝑘=−𝑁
𝑏𝑘𝑒

𝑗𝑘𝜔0𝑡, 𝜔0 =
2𝜋
𝑇

The product 𝑧(𝑡) = 𝑥(𝑡)𝑦(𝑡) has coefficients given by the circular convolu-
tion which shows that multiplication expands the spectrum to harmonics 
up to order 2𝑁 . The equivalent real (trigonometric) form,

𝑧(𝑡) = 𝐶0 +
2𝑁
∑

𝑘=1

(

𝐶𝑐
𝑘 cos 𝑘𝜔0𝑡 + 𝐶𝑠

𝑘 sin 𝑘𝜔0𝑡
)

, (4)

followed by collecting in-phase and quadrature components. Closed-
form expressions for 𝐶0, 𝐶𝑐

𝑘 , and 𝐶𝑠
𝑘 and their correctness by induction 

are provided in (5). Hence, the multiplication process in 𝐷𝑄𝑠𝑦𝑚 is de-
picted in Fig. 1 with the following steps:

1) Map 𝑥𝑝,𝑛,𝑧𝑑𝑞  and 𝑦𝑝,𝑛,𝑧𝑑𝑞  to phase domain 𝑥𝑎,𝑏,𝑐𝑑𝑞 , 𝑦𝑎,𝑏,𝑐𝑑𝑞 .
2) Extract per-phase Fourier coefficients (sine/cosine or complex).
3) Compute products to obtain 𝐶0, 𝐶𝑐

𝑘 , 𝐶𝑠
𝑘 (or 𝑐𝑘) up to 2𝑛 using formulas 

in (5).
4) Reconstruct 𝑧𝑎,𝑏,𝑐𝑑𝑞  and transform back to 𝑧𝑝,𝑛,𝑧𝑑𝑞 .

This realizes DP multiplication while preserving the 𝑑𝑞0 structure and 
explicitly capturing harmonic growth to order 2𝑛.

𝐶0 = 𝑎0𝑏0 +
𝑁
∑

𝑖=1

(

1
2𝑎

𝑠
𝑖 𝑏

𝑠
𝑖 +

1
2𝑎

𝑐
𝑖 𝑏

𝑐
𝑖

)

,

𝐶𝑠
𝑘 =

∑

𝑖+𝑗=𝑘
1≤𝑖,𝑗≤𝑁

1
2

(

𝑎𝑠𝑖 𝑏
𝑐
𝑗 + 𝑎𝑐𝑖 𝑏

𝑠
𝑗

)

+

∑

|𝑖−𝑗|=𝑘
1≤𝑖,𝑗≤𝑁

[

1
2

(

sgn(𝑖 − 𝑗)𝑎𝑠𝑖 𝑏
𝑐
𝑗 − sign(𝑖 − 𝑗)𝑎𝑐𝑖 𝑏

𝑠
𝑗
)

+ 𝑎0𝑏
𝑠
𝑘 + 𝑏0𝑎

𝑠
𝑘

]

𝐶𝑐
𝑘 =

∑

𝑖+𝑗=𝑘
1≤𝑖,𝑗≤𝑁

1
2

(

𝑎𝑐𝑖 𝑏
𝑐
𝑗 − 𝑎𝑠𝑖 𝑏

𝑠
𝑗

)

+

∑

|𝑖−𝑗|=𝑘
1≤𝑖,𝑗≤𝑁

[

1
2

(

𝑎𝑐𝑖 𝑏
𝑐
𝑗 + 𝑎𝑠𝑖 𝑏

𝑠
𝑗
)

+ 𝑎0𝑏
𝑐
𝑘 + 𝑏0𝑎

𝑐
𝑘

]

(5)

Integration: Time-varying signals up to the 𝑛th harmonic can be ex-
pressed by a Fourier series

𝑓 (𝑡) = 𝑎0 +
∞
∑

𝑛=1

(

𝑎𝑛 cos 𝑛𝜔0𝑡 + 𝑏𝑛 sin 𝑛𝜔0𝑡
)

. (6)
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Fig. 1. Flowchart of the multiplication algorithm for harmonic-rich signals 
𝑥𝑝,𝑛,𝑧dqn (𝑖) and 𝑦𝑝,𝑛,𝑧dqn (𝑖) [12].

Its antiderivative follows directly from term-by-term integration:

𝐹 (𝑡) = 𝑎0𝑡 +
∞
∑

𝑛=1

𝑎𝑛
𝑛𝜔0

sin 𝑛𝜔0𝑡 −
∞
∑

𝑛=1

𝑏𝑛
𝑛𝜔0

cos 𝑛𝜔0𝑡. (7)

For a complex signal 𝑓𝑑𝑞 = 𝑓𝑑 (𝑛) + 𝑗𝑓𝑞(𝑛), integration yields

∫ 𝑓𝑑𝑞(𝑛)𝑒𝑗𝑛𝜔0𝑡𝑑𝑡 = (𝑓𝑑 + 𝑗𝑓𝑞)
−𝑗
𝑛𝜔0

𝑒𝑗𝑛𝜔0𝑡 + 𝐶, (8)

while in the DP representation, where 𝑒𝑗𝑛𝜔0𝑡 is removed,

⟨𝐹𝑑𝑞⟩ = (𝑓𝑑 + 𝑗𝑓𝑞)
−𝑗
𝑛𝜔0

+ 𝐶, (9)

highlighting that integration in 𝑑𝑞 form introduces 𝑑-𝑞 cross-coupling. 
This approach extends directly to ⟨𝑓 𝑝,𝑛,𝑧

𝑑𝑞 ⟩ and ⟨𝐹 𝑝,𝑛,𝑧
𝑑𝑞 ⟩, preserving vector 

dimensionality up to the 𝑛th harmonic.

3.  Dynamic phasor state-space solver

The proposed solver is formulated in the phasor domain using a state-
space representation of a switched linear system. The continuous-time 
model is given by
𝑥̇(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡), 𝑦(𝑡) = 𝐶𝑥(𝑡) +𝐷𝑢(𝑡), (10)

where 𝑥 ∈ ℂ𝑛 denotes the state vector, 𝑢 ∈ ℂ𝑚 the input, and 𝑦 ∈ ℂ𝑝

the output. For numerical implementation, the discrete-time matrices 
(𝐴𝑑 , 𝐵𝑑 , 𝐶𝑑 , 𝐷𝑑 ) are obtained from (𝐴,𝐵, 𝐶,𝐷) using a standard integra-
tion method such as trapezoidal (Tustin) discretisation.

By applying the derivative property of dynamic phasors, the system 
equations in the 𝐷𝑄𝑛 domain become
𝑥̇𝑘(𝑡) =

(

𝐴𝑑𝑞𝑛 − 𝑗𝑘𝜔𝑠𝐼
)

𝑥𝑘(𝑡) + 𝐵𝑑𝑞𝑛𝑢𝑘(𝑡),

𝑦𝑘(𝑡) = 𝐶𝑑𝑞𝑛𝑥𝑘(𝑡) +𝐷𝑑𝑞𝑛𝑢𝑘(𝑡),
(11)

where 𝑥𝑘(𝑡) and 𝑢𝑘(𝑡) represent the dynamic phasor states and inputs at 
harmonic order 𝑘, and 𝑦𝑘(𝑡) is the corresponding output.

In power electronic systems, switching devices cause discrete 
changes in the circuit configuration. These changes must be reflected 
directly in the state-space matrices. Passive elements remain unchanged 
over time, but each switch modifies the system equations depending on 
whether it is on or off. A closed switch is modeled as a low-resistance 
path with conductance 𝐺on = 1∕𝑅on, while an open switch is modeled 
as a high-resistance path with 𝐺off = 1∕𝑅off. These conductances affect 
the effective matrices (𝐴,𝐵, 𝐶,𝐷) and therefore alter the system repre-
sentation whenever a switching event occurs.

Dynamic phasors describe the system using Fourier components of 
the states. When switching takes place, the harmonic content changes. 
Updating the matrices ensures that the harmonic coupling terms (off-
diagonal entries in the DP system matrix) are properly adjusted. If 
switching is not reflected in the matrices, noticeable errors can appear 
in both transient and steady-state responses.

The state-space framework allows multiple switches to be handled 
in a consistent manner. Instead of manually redefining system equations 
for each configuration, the matrices are updated automatically accord-
ing to the switch vector describing the network state. This approach 
reduces implementation errors and ensures that switching effects are 
captured directly through 𝑅on and 𝑅off. In addition, maintaining the 
state-space form allows standard eigenvalue-based stability analysis af-
ter linearization around an operating point.

To ensure numerical stability when a switching event occurs within 
a sampling interval, a predictor-corrector scheme is applied [17,18]. 
Let (𝐴𝑑 , 𝐵𝑑 )𝑜𝑙𝑑 denote the matrices before switching, (𝐴𝑑 , 𝐵𝑑 )𝑛𝑒𝑤 the up-
dated matrices after switching, and 𝑇𝑠 the discretisation time-step. The 
half-step states are computed as
𝑥
𝑇𝑠−

1
2
= 𝑥𝑇𝑠−1 +

𝑇𝑠
2

((

𝐴𝑑𝑞𝑛
old − 𝑗𝑘𝜔𝑠𝐼

)

𝑥𝑇𝑠−1 + 𝐵𝑑𝑞𝑛
old 𝑢𝑇𝑠

)

,

𝑥
𝑇𝑠+

1
2
= 𝑥𝑇𝑠−1 +

𝑇𝑠
2

((

𝐴𝑑𝑞𝑛
new − 𝑗𝑘𝜔𝑠𝐼

)

𝑥𝑇𝑠−1 + 𝐵𝑑𝑞𝑛
new𝑢𝑇𝑠

)

, (12)

and the corrected state is obtained as

𝑥𝑇𝑠 =
1
2

(

𝑥
𝑇𝑠−

1
2
+ 𝑥

𝑇𝑠+
1
2

)

. (13)

The final state and output updates are then
𝑥𝑇𝑠+1 =

(

𝐴𝑑𝑞𝑛
new − 𝑗𝑘𝜔𝑠𝐼

)

𝑥𝑇𝑠 + 𝐵𝑑𝑞𝑛
new𝑢𝑘,

𝑦𝑇𝑠 = 𝐶𝑑𝑞𝑛
new𝑥𝑇𝑠 +𝐷𝑑𝑞𝑛

new𝑢𝑇𝑠 . (14)

The algorithm shown in Fig. 2 provides an efficient and stable way 
to simulate switched three-phase systems in the time domain while cap-
turing both transient and steady-state phasor behaviour.

Since the predictor–corrector step is equivalent to applying the trape-
zoidal rule to a piecewise-constant system matrix during switching, sta-
bility follows from the A-stability of the trapezoidal method. For eigen-
values satisfying Re(𝜆) ≤ 0, the amplification factor

|

|

|

|

|

|

1 + 1
2𝑇𝑠𝜆

1 − 1
2𝑇𝑠𝜆

|

|

|

|

|

|

≤ 1,

which guarantees bounded discrete-time solutions. Therefore, the pro-
posed update preserves both accuracy and stability, provided that 
switching events are properly resolved within the sampling interval.
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Fig. 2. Flowchart of the state space solver algorithm for harmonic-rich states.

Fig. 3. Circuit diagram of the MMC converter showing the grid current, positive 
and negative arm current directions.

4.  MMC topology and average arm model

The MMC consists of 𝑁 series-connected submodules (SMs), each 
with a capacitor 𝐶, forming a converter arm. Each arm, comprising an 
inductor 𝐿𝑎𝑟𝑚 and resistance 𝑅𝑎𝑟𝑚, is connected between the dc bus and 
the ac terminal. Two such arms, linked to the upper and lower dc poles, 
constitute one phase leg 𝑗 ∈ {𝑎, 𝑏, 𝑐}. The ac-side is interfaced through 
an equivalent filter impedance 𝑅𝑓 + 𝑠𝐿𝑓 .

Assuming small deviations among SM capacitor voltages, the aggre-
gate behavior of each arm can be captured using the arm average model. 
In this form, each arm is represented as a controlled voltage source on 

Fig. 4. Point-to-point HVDC transmission system based on two modular multi-
level converters (MMC1 and MMC2). Each MMC is equipped with control loops 
for regulating active/reactive power, DC voltage, and circulating current sup-
pression, while transformer reactances interface the converters with the AC grids 
[20].

Fig. 5. DC link voltage response of the HVDC MMC system under transient and 
steady-state conditions, comparing EMT and DQsym simulations.

the ac side, with its dynamic capacitor current ensuring energy balance 
on the dc side. The resulting equivalent resembles a conventional VSC 
arm with averaged dynamics. The model adopted here follows the for-
mulation in [19].

The outputs of the controlled sources are referred to as the modu-
lated voltages 𝑣u𝑚𝑗 and 𝑣𝓁𝑚𝑗 and modulated currents 𝑖u𝑚𝑗 and 𝑖𝓁𝑚𝑗 for the 
upper (u) and lower (𝓁) arms of a generic phase 𝑗. They are described 
by the following equations:
𝑣u𝑚𝑗 = 𝑚u

𝑗 𝑣
u
𝐶𝑗 , 𝑣𝓁𝑚𝑗 = 𝑚𝓁

𝑗 𝑣
𝓁
𝐶𝑗 ,

𝑖u𝑚𝑗 = 𝑚u
𝑗 𝑖

u
𝑗 , 𝑖𝓁𝑚𝑗 = 𝑚𝓁

𝑗 𝑖
𝓁
𝑗 .

(15)

where 𝑣u𝐶𝑗 and 𝑣𝓁𝐶𝑗 are the voltages across the upper and lower arm 
equivalent capacitors. The modulation indices for the upper and lower 
arms are denoted as 𝑚u

𝑗  and 𝑚𝓁
𝑗 , while 𝑖u𝑗  and 𝑖𝓁𝑗  are the currents in the 

upper and lower arms, respectively.
To further support the derivation in the following section and to ease 

the derivation of an MMC representation using the proposed approach, 
the sum-difference will be used throughout this paper. It is straightfor-
ward to redefine the voltages and currents that are defined in Fig. 3 
using sum-difference nomenclature as:

𝑖Δ𝑗 ≜𝑖u𝑗 − 𝑖𝓁𝑗 , 𝑖Σ𝑗 ≜ 1
2

(

𝑖u𝑗 + 𝑖𝓁𝑗
)

,

𝑣Δ𝐶𝑗 ≜𝑣
u
𝐶𝑗 − 𝑣𝓁𝐶𝑗 , 𝑣Σ𝐶𝑗 ≜

1
2

(

𝑣u𝐶𝑗 + 𝑣𝓁𝐶𝑗

)

.
(16)

In this equation, 𝑖Δ𝑗  is the current flowing through the ac-side grid, 
whereas 𝑖Σ𝑗  is the well-known circulating current of the MMC. Moreover, 
𝑣Δ𝐶𝑗 and 𝑣Σ𝐶𝑗 represent the difference and the sum of voltages across the 
upper and lower equivalent capacitors, respectively. It is useful to define 
the modulation indices in the Σ–Δ representation as
𝑚Δ
𝑗 ≜ 𝑚u

𝑗 − 𝑚𝓁
𝑗 , 𝑚Σ

𝑗 ≜ 𝑚u
𝑗 + 𝑚𝓁

𝑗 , (17)
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Fig. 6. Comparison of EMT and 𝐷𝑄𝑠𝑦𝑚 simulations of inverter-side MMC 
phase-a and phase-c voltages and currents. A close overlap of waveforms shows 
that the 𝐷𝑄𝑠𝑦𝑚 model accurately reproduces EMT dynamics.

Fig. 7. EMT and 𝐷𝑄𝑠𝑦𝑚 simulations of rectifier-side MMC output phase-a and 
phase-c currents show alignment during transient and steady-state operation.

and the modulated voltages from (15) as
𝑣Δ𝑚𝑗 ≜ − 1

2 𝑚
Δ
𝑗 𝑣Σ𝐶𝑗 − 𝑚Σ

𝑗 𝑣
Δ
𝐶𝑗 ,

𝑣Σ𝑚𝑗 ≜
1
2 𝑚

Σ
𝑗 𝑣

Σ
𝐶𝑗 + 𝑚Δ

𝑗 𝑣Δ𝐶𝑗 .
(18)

The three-phase ac-grid currents ⃗𝑖Δ𝑗  are expressed using vector notation 
in the stationary frame as 

𝐿𝑎𝑐
𝑒𝑞

𝑑𝑖⃗Δ𝑗
𝑑𝑡

= 𝑣𝑔𝑗 − 𝑅𝑎𝑐
𝑒𝑞 𝑖⃗

Δ
𝑗 − 𝑣Δ𝑚𝑗 , (19)

where 𝑣𝑔𝑗  is the grid voltage vector defined as 𝑣
𝑔
𝑗 ≜ [𝑣𝑔𝑎 𝑣𝑔𝑏 𝑣𝑔𝑐 ]𝑇 , and 𝑣Δ𝑚𝑗

is the modulated voltage vector driving the ac-grid current is defined as 
𝑣Δ𝑚𝑗 ≜ [𝑣Δ𝑚𝑎 𝑣

Δ
𝑚𝑏 𝑣

Δ
𝑚𝑐 ]

𝑇 . These modulated voltages can be expressed as

𝑣Δ𝑚𝑗 ≜
1
2

(

𝑚⃗Δ
𝑗 ⊙ 𝑣Σ𝐶,𝑗 + 𝑚⃗Σ

𝑗 ⊙ 𝑣Δ𝐶,𝑗

)

, (20)

where ⊙ denotes element-wise multiplication of vectors, and 𝑚⃗Δ
𝑗 ≜

[𝑚Δ
𝑎 𝑚Δ

𝑏 𝑚Δ
𝑐 ]

𝑇 , 𝑚⃗Σ
𝑗 ≜ [𝑚Σ

𝑎 𝑚Σ
𝑏 𝑚Σ

𝑐 ]
𝑇 . Furthermore, 𝑅𝑎𝑐

𝑒𝑞 and 𝐿𝑎𝑐
𝑒𝑞 are the 

equivalent ac resistance and inductance, respectively, are defined as 
𝑅𝑠𝑢𝑚 + 𝑅𝑎𝑟𝑚

2  and 𝐿𝑠𝑢𝑚 + 𝐿𝑎𝑟𝑚
2 . 𝑅𝑠𝑢𝑚 and 𝐿𝑠𝑢𝑚 are equal to 𝑅𝑠+𝑅𝑡

𝑘2𝑡
+ 𝑅𝑓  , 

𝐿𝑠+𝐿𝑡
𝑘2𝑡

+ 𝐿𝑓 , 𝑅𝑠 and 𝐿𝑠 are the equivalent internal resistance and induc-
tance of the AC system. 𝑅𝑡 and 𝐿𝑡 , 𝑘𝑡 are the equivalent resistance,

Fig. 8. Direct-axis voltage (𝑉𝑑) and current (𝐼𝑑) responses of the inverter-side 
MMC, comparing EMT and 𝐷𝑄𝑠𝑦𝑚 simulations under step changes in reference 
values.

Fig. 9. Comparison of frequency responses of MMC1 (top) and MMC2 (bottom) 
obtained from EMT and 𝐷𝑄𝑠𝑦𝑚 models during transient events.

Fig. 10. 𝐷𝑄𝑠𝑦𝑚 versus EMT current error comparison:𝐼Δ
𝑑 , 𝐼Δ

𝑐 (MMC1), and 
𝐼Δ
𝑎 (MMC2).
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inductance and turn ratio of the connecting transformer, while 𝑅𝑓  and 
𝐿𝑓  are the equivalent resistance and inductance of the filter. Further-
more, the three-phase circulating current dynamics in the stationary 
frame can be written as

𝐿𝑎𝑟𝑚

𝑑𝑖⃗Σ𝑗
𝑑𝑡

=
𝑣𝑑𝑐
2

1⃗ − 𝑅𝑎𝑟𝑚 𝑖⃗Σ𝑗 − 𝑣Σ𝑚𝑗 , (21)

where 𝑣𝑑𝑐 is the dc-link voltage, ⃗1 ≜ [1 1 1]𝑇 , and 𝑣Σ𝑚𝑗 is the modulated 
voltage driving the circulating current defined as 𝑣Σ𝑚𝑗 ≜ [𝑣Σ𝑚𝑎 𝑣

Σ
𝑚𝑏 𝑣

Σ
𝑚𝑐 ]

𝑇 . 
These signals can be expressed as

𝑣Σ𝑚𝑗 ≜
1
2

(

𝑚⃗Δ
𝑗 ⊙ 𝑣Δ𝐶,𝑗 + 𝑚⃗Σ

𝑗 ⊙ 𝑣Σ𝐶,𝑗

)

. (22)

Similarly, the dynamics of the voltage sum and difference between the 
equivalent capacitors of the average model can be expressed, respec-
tively, as

2𝐶𝑎𝑟𝑚

𝑑 𝑣Σ𝐶,𝑗

𝑑𝑡
= 𝑚⃗Δ

𝑗 ⊙ 1
2 𝑖⃗

Δ
𝑗 + 𝑚⃗Σ

𝑗 ⊙ 𝑖⃗Σ𝑗 ,

2𝐶𝑎𝑟𝑚

𝑑 𝑣Δ𝐶,𝑗

𝑑𝑡
= 𝑚⃗Σ

𝑗 ⊙ 1
2 𝑖⃗

Δ
𝑗 + 𝑚⃗Δ

𝑗 ⊙ 𝑖⃗Σ𝑗 .

(23)

4.1.  MMC model using DP

Eqs. (16)–(23) define a nonlinear averaged model of the MMC. The 
MMC differential equation can be rewritten in terms of dynamic phasors, 
adhering to their properties by replacing the state variables, inputs, and 
time derivatives with their corresponding DPs as in (24). The state and 
input vector, ⃗𝑥, ⃗𝑢, are given as in (25), each state and input variable will 
be in complex form. 

𝐿𝑎𝑐
𝑒𝑞

𝑑
𝑑𝑡

⟨𝑖Δ𝑗 ⟩𝑘 = ⟨𝑣𝑑𝑚𝑗⟩𝑘 − ⟨𝑣𝑔𝑗 ⟩𝑘 −
(

𝑅𝑎𝑐
𝑒𝑞 + 𝑗𝑘𝜔0𝐿

𝑎𝑐
𝑒𝑞
)

⟨𝑖Δ𝑗 ⟩𝑘

𝐿𝑎𝑟𝑚
𝑑
𝑑𝑡

⟨𝑖Σ𝑗 ⟩𝑘 = 𝑣𝑑𝑐
2 − ⟨𝑣Σ𝑚𝑗⟩𝑘 −

(

𝑅𝑎𝑟𝑚 + 𝑗𝑘𝜔0𝐿𝑎𝑟𝑚
)

⟨𝑖Σ𝑗 ⟩𝑘

2𝐶𝑎𝑟𝑚
𝑑
𝑑𝑡

⟨𝑣Σ𝐶,𝑗⟩𝑘 = 1
2

∞
∑

𝑙=−∞
⟨𝑚Δ

𝑗 ⟩𝑘−𝑙⟨𝑖
Δ
𝑗 ⟩𝑙

+
∞
∑

𝑙=−∞
⟨𝑚Σ

𝑗 ⟩𝑘−𝑙⟨𝑖
Σ
𝑗 ⟩𝑙 − 2𝐶𝑎𝑟𝑚 𝑗𝑘𝜔𝑔⟨𝑣

Σ
𝐶,𝑗⟩𝑘

2𝐶𝑎𝑟𝑚
𝑑
𝑑𝑡

⟨𝑣Δ𝐶,𝑗⟩𝑘 = 1
2

∞
∑

𝑙=−∞
⟨𝑚Σ

𝑗 ⟩𝑘−𝑙⟨𝑖
Δ
𝑗 ⟩𝑙

+
∞
∑

𝑙=−∞
⟨𝑚Δ

𝑗 ⟩𝑘−𝑙⟨𝑖
Σ
𝑗 ⟩𝑙 − 2𝐶𝑎𝑟𝑚 𝑗𝑘𝜔𝑔⟨𝑣

Δ
𝐶,𝑗⟩𝑘

⟨𝑣Σ𝑚𝑗⟩𝑘 = 1
2

( ∞
∑

𝑙=−∞
⟨𝑚Σ

𝑗 ⟩𝑘−𝑙⟨𝑣
Σ
𝐶,𝑗⟩𝑙 +

∞
∑

𝑙=−∞
⟨𝑚Δ

𝑗 ⟩𝑘−𝑙⟨𝑣
Δ
𝐶,𝑗⟩𝑙

)

⟨𝑣Δ𝑚𝑗⟩𝑘 = 1
2

( ∞
∑

𝑙=−∞
⟨𝑚Δ

𝑗 ⟩𝑘−𝑙⟨𝑣
Σ
𝐶,𝑗⟩𝑙 +

∞
∑

𝑙=−∞
⟨𝑚Σ

𝑗 ⟩𝑘−𝑙⟨𝑣
Δ
𝐶,𝑗⟩𝑙

)

(24)

⟨𝑥⃗𝑀𝑀𝑐⟩𝑘 = [⟨𝑖⃗Δ𝑗 ⟩𝑘 ⟨𝑖⃗Σ𝑗 ⟩𝑘 ⟨𝑣Δ𝐶,𝑗⟩𝑘 ⟨𝑣Σ𝐶,𝑗⟩𝑘]
𝑇

⟨𝑢𝑀𝑀𝑐⟩𝑘 = [⟨𝑣𝑔𝑗 ⟩𝑘 ⟨𝑣Δ𝑚,𝑗⟩𝑘 ⟨𝑣Σ𝑚,𝑗⟩𝑘 ⟨𝑣𝑑𝑐,𝑗⟩𝑘]
𝑇

(25)

4.2.  MMC DP model in DQsym

A series of transformations must be applied to represent the MMC DP 
model in 𝐷𝑄𝑠𝑦𝑚. As described earlier in (2), a symmetrical transforma-
tion, 𝑇𝑝𝑛𝑧, followed by a rotation for the Positive and negative sequence 
components, 𝑇𝑅𝑜𝑡, will result in each sequence component represented 
using 𝐷𝑄𝑠𝑦𝑚 components. The state and input vector are given as in

Table 1 
Test case data.
 Parameter & Description  Value
𝑅s: AC system resistance  892mΩ
𝐿s: AC system inductance  16.8 mH
𝑆𝑏: MMC Base power  1000 MVA
𝑅arm: MMC Arm resistance  166mΩ
𝑅t : Equivalent transformer resistance  400mΩ
𝑅L: Equivalent load resistance  240 Ω
𝐿arm: MMC Arm inductance  52.94 mH
𝐿t : Equivalent transformer inductance  52 mH
𝐶: Submodule capacitance  1.758 mF
𝑁 : Number of submodules  216
𝜔𝑔 : Fundamental grid frequency 2𝜋 ⋅ 50 rad/s
𝑉DC: Rated pole-to-pole DC voltage  640 kV
𝑉PCC: Rated line-to-line PCC voltage  400 kV
𝑉sec: Rated transformer secondary voltage, line-to-line  333 kV
𝐾 𝑖,out

𝑝 : Output current controller proportional gain  0.6 A/V
𝐾 𝑖,out

𝑖 : Output current controller integral gain  6 A/(V⋅s)
𝐾𝑄

𝑝 : Reactive power controller proportional gain  0.167 A/V
𝐾𝑄

𝑖 : Reactive power controller integral gain  1 A/(V⋅s)
𝐾 𝑖,𝑧

𝑝 : Zero-sequence circulating current controller proportional gain  1 A/V
𝐾 𝑖,𝑧

𝑖 : Zero-sequence circulating current controller integral gain  5 A/(V⋅s)

(26) where 𝑗2 ∈ {𝑝, 𝑛, 𝑧}. Each state and input variable will be in com-
plex form, where ℜ equals the 𝑑 component and ℑ equals the 𝑞 compo-
nent.

𝑇 𝑑𝑞
𝑝𝑛𝑧 = 𝑇𝑅𝑜𝑡.𝑇𝑝𝑛𝑧 ⟨𝑥⃗⟩𝑑𝑞𝑘 = 𝑇 𝑑𝑞

𝑝𝑛𝑧⟨𝑥⃗⟩𝑘 ⟨𝑢⟩𝑑𝑞𝑘 = 𝑇 𝑑𝑞
𝑝𝑛𝑧⟨𝑢⟩𝑘

⟨𝑥⃗𝑀𝑀𝑐⟩
𝑑𝑞
𝑘 = [⟨𝑖⃗Δ𝑗2⟩

𝑑𝑞

𝑘
⟨𝑖⃗Σ𝑗2⟩

𝑑𝑞

𝑘
⟨𝑣Δ𝐶,𝑗2⟩

𝑑𝑞
𝑘

⟨𝑣Σ𝐶,𝑗2⟩
𝑑𝑞
𝑘
]𝑇

⟨𝑢𝑀𝑀𝑐⟩
𝑑𝑞
𝑘 = [⟨𝑣𝑔𝑗2⟩

𝑑𝑞
𝑘

⟨𝑣Δ𝑚,𝑗2⟩
𝑑𝑞
𝑘

⟨𝑣Σ𝑚,𝑗2⟩
𝑑𝑞
𝑘

⟨𝑣𝑑𝑐,𝑗2⟩
𝑑𝑞
𝑘 ]𝑇

(26)

The same procedure is applied to the second MMC to derive its state-
space representation. The overall system matrices are then obtained by 
interconnecting the two MMC subsystems. The resulting overall system 
state and input vectors are defined as given in (27).

⟨𝑥⃗⟩𝑑𝑞𝑘 =

[

⟨𝑥⃗MMC1⟩
𝑑𝑞
𝑘

⟨𝑥⃗MMC2⟩
𝑑𝑞
𝑘

]

⟨𝑢⟩𝑑𝑞𝑘 =

[

⟨𝑢MMC1⟩
𝑑𝑞
𝑘

⟨𝑢MMC2⟩
𝑑𝑞
𝑘

]

(27)

5.  Validation

The simulated point-to-point HVDC power system is depicted in Fig. 4 
with MMC parameters of both converters and AC system parameters, 
both given in Table 1.

The test case begins with the pre-charging session of MMC1 through 
a pre-insertion resistor, which limits the inrush charging current of the 
submodule capacitors. During this stage, the capacitor voltages grad-
ually increase until they reach their nominal level. At 𝑡 = 0.05 s, the 
pre-charging stage is completed, and the start-up resistor is bypassed 
by closing a Breaker, thereby transitioning the converter into normal 
operation.

Fig. 5 compares the DC-link voltage responses obtained from EMT 
and 𝐷𝑄𝑠𝑦𝑚. The two models show very similar behaviour during en-
ergisation and load disturbances. Before the power change at 𝑡 = 4 s, 
the voltage error is small. During the step, the deviation reaches a max-
imum of about 2 kV and then quickly decreases, returning to a small 
value (around a few volts) by 𝑡 ≈ 5 s. This confirms that 𝐷𝑄𝑠𝑦𝑚 cap-
tures both the overall DC voltage dynamics and the short transient
variations.

Figs. 6 and 7 compare the output voltages and currents of the 
inverter- and rectifier-side MMCs. The waveforms from 𝐷𝑄𝑠𝑦𝑚 closely 
match the EMT results. The maximum phase voltage is approximately 
3.693 × 105 V. Before the step change, the voltage error is about 200 V 
(approximately 0.054%). During the step, it increases to about 2 kV 
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(approximately 0.54%), and then settles around 500 V (approximately 
0.14%).

For the currents, using 𝐼base ≈ 1.44 kA (1000 MVA, 400 kV), the pre-
step error is about 2 A (0.14%). During the transient, the deviation 
reaches approximately 200 A (13.9%) and then decreases to around 10 A 
(0.69%) once the system settles. Similar behaviour is observed on both 
inverter and rectifier sides, and across phases.

Figs. 8 and 9 further validate the control performance under step 
changes in the reference signals. The 𝑑𝑞-frame variables (𝑉𝑑 and 𝐼𝑑) 
from EMT and 𝐷𝑄𝑠𝑦𝑚 show nearly identical responses, with errors on 
the order of 10−3.

Finally, Fig. 10 summarises the current errors during transient 
events. The results confirm that 𝐷𝑄𝑠𝑦𝑚 reproduces both steady-state 
and dynamic behaviour with good accuracy, while remaining compat-
ible with the existing control structure. This makes the model suitable 
for stability studies and time-domain simulations.

6.  Conclusion

This paper presented an equivalent modular multilevel converter 
(MMC) model formulated within the generalized 𝐷𝑄𝑠𝑦𝑚 dynamic pha-
sor framework and implemented in a numerically stable state-space 
solver. By systematically incorporating harmonic couplings and switch-
ing events, the proposed approach achieves electromagnetic transient 
(EMT)-level fidelity while operating within a phasor-domain formula-
tion. Validation on a point-to-point HVDC system confirmed the model’s 
accuracy in capturing both slow energy dynamics and fast transient re-
sponses, with close agreement to EMT simulations. The solver’s compat-
ibility with standard control structures further enables eigenvalue-based 
small-signal studies and positions the method as a scalable tool for an-
alyzing converter-dominated grids. Future work will extend the frame-
work to multi-terminal HVDC networks and explore its integration into 
stability analysis.
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alization; Aleksandra Lekić: Writing – review & editing, Validation, 
Supervision, Project administration, Funding acquisition, Conceptual-
ization.

Declaration of competing interest

The authors declare that they have no known competing financial 
interests or personal relationships that could have appeared to influence 
the work reported in this paper. 

Acknowledgment

This work was funded by the CRESYM project Harmony (https://
cresym.eu/harmony/)

Data availability

No data was used for the research described in the article.

References

[1] O.C. Sakinci, J. Beerten, Modeling of the modular multilevel converter using dy-
namic phasors: reduced-order models for small-signal stability analysis, (2022), 
2022-01-27.
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