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Abstract: 

A hydraulic jump is a region of rapidly-varied flow that is extremely turbulent. While the one-dimensional 

continuity and momentum principles have been successfully applied to express the relationships between 

upstream and downstream conditions, the three-dimensional equations cannot be resolved without some 

complicated turbulence closure, often involving two phases, i.e. air and water. Based upon a new dataset, the 

current investigation has the double objective of presenting a novel experimental investigation of the air-

water flow characteristics in hydraulic jumps with a small Froude number (Fr1 = 2.1) and discussing the 

potential scale effects involving several Reynolds numbers (0.078×105 < Re < 3.05×105). Four unique 

features are the low inflow Froude number Fr1 = 2.1, the wide range of Reynolds numbers tested 

systematically, the broad amount of air-water flow properties investigated, and the relatively high Reynolds 

number (Re = 3.05×105) achieved in the largest experiment. More than two dozen of parameters were tested 

systematically under Froude similar conditions. All the data demonstrated that the selection of relevant (air-

water) flow property(ies) used to assess similarity and scale effects is most essential. Further the concept of 

similarity and scale effects must be linked to specific flow conditions. At low Froude number (Fr1 = 2.1), the 

present results showed that many hydraulic jump properties could not be extrapolated from laboratory study 

to full scale hydraulic structures without substantial scale effects. These findings have profound implications 

for engineering design applications, often operating with Reynolds numbers in excess of 105. 

© 2021 Manuscript version made available under CC-BY-NC-ND 4.0 license 
https://creativecommons.org/licenses/by-nc-nd/4.0/
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1. INTRODUCTION 

A hydraulic jump is a stationary turbulent discontinuity from an upstream supercritical flow to a downstream 

sub-critical motion (BAKHMETEFF and MATZKE 1936, ROUSE 1938). The transition is sudden and most 

jumps involve a vigorously tumbling flow region, called roller, where much kinetic energy is being lost (Fig. 

1). A hydraulic jump is a region of rapidly-varied flow that is extremely turbulent and is associated with the 

development of large-scale turbulence, surface waves and spray, energy dissipation and air entrainment 

(ROUSE et al. 1959, HOYT ad SELLIN 1989). While the one-dimensional equations of conservation of 

mass and momentum have been successfully applied to express the relationships between upstream and 

downstream flow conditions (LIGHTHILL 1978, LIGGETT 1994), the three-dimensional equations cannot 

be resolved without some complicated turbulence closure, often involving two phases, i.e. air and water (Fig. 

1B). 

The first successful air-water flow measurements in hydraulic jumps were reported by RAJARATNAM 

(1962) and SCHRÖDER (1963). RESCH and LEUTHEUSSER (1972) showed the differences between 

partially-developed and fully-developed inflow conditions on the air-water flow properties and turbulent 

mixing. In the last twenty-five years, significant progresses were achieved experimentally, mostly in 

laboratory (e.g. MOSSA and TOLVE 1998, CHANSON and BRATTBERG 2000, MURZYN et al. 2005, 

WANG and CHANSON 2015a, 2019, MONTANO and FELDER 2020), with the seminal field study of 

VALLE and PASTERNACK (2006), and more recently numerically (MORTAZAVI et al. 2016). These 

studies documented the vertical distributions of void fractions and interfacial velocities in hydraulic jumps, 

typically with relatively large inflow Froude numbers. The results showed that the void fraction distributions 

were functions of the inflow Froude number, with increasing rate of air entrainment with increasing Froude 

numbers. The velocity profiles commonly presented a lower high-velocity jet, a shear zone with a high-

velocity gradient ∂V/∂y, and a recirculation region above, as sketched in Figure 1A (RAJARATNAM 1965, 

CHANSON and BRATTBERG 2000). 

Most research to date was conducted with relatively large inflow Froude numbers (Fr1 > 3), leaving the air-

water flow properties of hydraulic jumps at low inflow Froude numbers mostly under-studied, with a few 

exceptions (MURZYN et al. 2005, WÜTHRICH et al. 2020a). The present study is based upon a completely 

new experimental investigation developed with two key objectives: (a) to examine accurately the two-phase 

flow properties in a breaking jump with a small Froude number: Fr1 = 2.1, and (b) to discuss potential scales 

effects in terms of several air-water flow parameters for Reynolds numbers across nearly two orders of 

magnitude, i.e. 7.7103 < Re < 3.1105. In absence of prototype data, a set of related queries is: what 

minimal model size, e.g. in terms of Reynolds number values, is required in the physical model to observe 
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scale-independent air-water flow properties? Is there an asymptotic behaviour, or do these parameters 

continue to increase with increased model size and Reynolds number? The current work intends to provide 

answer to these issues, expanding the earlier studies performed with larger Froude numbers (3.8 < Fr1 < 8.5), 

typically covering a smaller range of Reynolds numbers, with a new broader data set undertaken with Fr1 = 

2.1, and will show the needs for field observations. 

 

(A) Definition sketch of a hydraulic jump with a breaking roller in a smooth horizontal rectangular channel 

 

(B) Hydraulic jump for Fr1 = 2.1, Re = 1.97105 m, d1 = 0.097 m, x1 = 1.5 m, B = 0.5 m, shutter speed: 1/500 

s - Flow direction from right to left, with the dual-tip phase-detection probe facing downstream 

Fig. 1 - Hydraulic jump at low Froude number 

 



ESTRELLA, J., WÜTHRICH, D., and CHANSON, H. (2022). " Two-Phase Air-Water Flows in Hydraulic 
Jumps at Low Froude Number: Similarity, Scale Effects and the Need for Field." Experimental Thermal and 
Fluid Science, Vol. 130, Paper 110486, 21 pages (DOI: 10.1016/j.expthermflusci.2021.110486) (ISSN 0894-
1777). 
 

4 

2. SIMILARITY, PHYSICAL MODELS AND METHODOLOGY 

2.1 Presentation 

A physical modelling investigation is expected to deliver a reliable prediction of the performances of a 

prototype flow motion (NOVAK and CABELKA 1981, CHANSON 1999). The modelling approach must 

rely upon the fundamental principles of similitude (RAYLEIGH 1912). Dimensional analysis is the basic 

procedure to generate the relevant dimensionless variables (BERTRAND 1878, LIGGETT 1994). The 

outputs of any physical experiment may be described quantitatively by some mathematical function, with at 

least one dependent variable, while the remaining variables are independent variables (FOSS et al. 2007). 

Considering the case of a steady turbulent hydraulic jump flow in a rectangular channel (Fig. 1A), a 

dimensional analysis yields a series of dimensionless relationships in terms of the two-phase air-water flow 

properties at a location (x,y,z) in the breaking roller, as function of the fluid and physical properties, the 

channel geometry, and the inflow conditions.: 
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 (1) 

where C is the local void fraction, Vx the interfacial longitudinal velocity, vx a turbulent velocity fluctuation, 

P the local pressure, Lt a local turbulent length scale, Tt a turbulent time scale, Dab a characteristic bubble 

size, Nc the number of bubble clusters per second, x, y and z are respectively the longitudinal, transverse and 

vertical coordinates,  and  the water density and dynamic viscosity respectively,  the surface tension 

between air and water, g is the gravity acceleration, B the channel width, ks the equivalent sand roughness 

height of the channel boundary,  the angle between the invert and the horizontal, x1 the longitudinal 

coordinate of the roller toe, d1 the inflow depth, 1 the inflow boundary layer thickness, V1 the inflow 

velocity, v1' a characteristic turbulent velocity at the inflow (Fig. A).  

Equation (1) expresses the dimensionless two-phase turbulent flow properties at a position (x,y,z) within the 

roller as functions of the non-dimensional inflow properties, fluid properties and channel geometry using the 

critical flow depth and velocity, i.e. dc and Vc, as the characteristic length and velocity scales respectively. 

For a rectangular channel, the critical flow depth is related to the water discharge: dc = (Q2/(gB2))1/3, with Q 

the water discharge, and the critical flow velocity is: Vc = (gdc)1/2 = (gQ/B)1/3. In the right hand side of 

Equation (1), the 9th, 11th and 12th terms are some Froude number Fr, Reynolds number Re and Weber 

number We. The Vaschy-Buckingham theorem implies further that any non-dimensional parameter number 
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could be replaced by a combination of other non-dimensional parameters and itself. Simply, the Froude, 

Reynolds or Weber number may be replaced by the Morton number Mo defined as: 

 
3 4

4 2 3

W e
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R e F r


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   
 (2) 

When the same fluids, i.e air and water herein, are used in laboratory and prototype, the Morton number is an 

invariant and the situation introduces a further constraint upon the dimensional analysis (PFISTER and 

CHANSON 2014). Thus, for a hydraulic jump study, Equation (1) is best expressed as: 
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 (3) 

Implicitly, this approach assumes that the viscous effects are of higher significance compared to the surface 

tension in full-scale prototype conditions (WOOD 1991, CHANSON and CHACHEREAU 2013). In 

Equation (3), the Froude and Reynolds numbers, Fr1 and Re respectively, are defined more conventionally 

using the inflow depth d1 and the inflow velocity V1 as characteristic length and velocity scales: 

 1
1

1

V
F r

g d



 (4) 

 1 1V d
R e


  


 (5) 

In a hydraulic jump, the momentum considerations demonstrate the significance of the inflow Froude 

number (BAKHMETEFF 1932, ROUSE 1938) and the selection of the Froude similitude derives implicitly 

from fundamental theory (HENDERSON 1966, CHANSON 2012). Between a laboratory model and a field 

application, the Froude and Reynolds number cannot be kept constant, when the same fluids are used. In 

practice, a Froude and Morton similitude is undertaken and the experiments must be conducted in a near-full-

scale facility operating at relatively large Reynolds numbers to minimise viscous scale effects. 

Herein, new experiments were repeated with an identical Froude and Morton number at different geometric 

scales, to test specifically the scale effects in terms of the Reynolds number impacting the multiphase gas-

liquid flow properties in a hydraulic jump with a marked roller and Fr1 - 2.1, within nearly two orders of 

magnitude: 0.078×105 < Re < 3.05×105. The largest experimental configuration corresponded to a Reynolds 
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number comparable to, or larger than, that of the prototype hydraulic jumps commonly seen in man-made 

storm waterways and water treatment plants. 

 

2.2 Physical models and instrumentation 

The present investigation was conducted in three horizontal rectangular flumes at the Hydraulics Laboratory 

of the University of Queensland (Australia). Figure 1B presents a photograph of an experimental flume in 

operation. The flumes were identical: the channel width was B = 0.50 m, the test section length was 3.2 m, 

the sidewalls were 0.40 m high and made of glass, the channel bed was horizontal ( = 0) and made of 

HDPE. The inflow conditions to the test section were controlled by a vertical gate with a semi-circular shape 

( = 0.3 m). The upstream gate opening h was fixed during each experiment, and openings between h = 

0.012 m and 0.130 m were used. The tailwater conditions were controlled by a vertical overshoot gate 

located at the downstream end of the test section. 

In each flume, the water discharge was measured with a Venturi meter located in the supply line, designed 

according to British standards. The discharge measurement was accurate within ±2%, and checked against 

independent observations of water depths upstream and downstream of the upstream gate. The clear-water 

flow depths were measured using rail-mounted point gages within 0.5 mm accuracy. The two-phase air-

water flow properties were measured with some dual-tip phase detection conductivity probe (Fig. 2). Each 

dual-tip probe was equipped with two identical needle sensors with an inner diameter of 0.25 mm. The 

longitudinal distance between probe tips was Δxtip = 7.0 mm, while the transverse distance between probe 

tips was z = 2.2. mm. The probes were manufactured at the University of Queensland and were excited by 

an electronic system (Ref. UQ82.518) designed with a response time of less than 10 μs. During the 

experiments, each probe sensor was sampled at 20 kHz for 45 s. The movement and location of the probe in 

the vertical direction were controlled by a fine adjustment system connected to a HAFCO™ digimatic scale 

unit with a vertical accuracy of less than 0.1 mm. 

 

2.3 Signal processing 

The processing of the phase-detection probe voltage output was based upon a single threshold technique, 

with the threshold being set at 50% of the air-water voltage range (TOOMBES 2002). A number of air-water 

flow properties may be derived from the probe signal analysis (CHANSON 2002). These encompassed the 

void fraction C defined as the volume of air per unit volume, the bubble count rate F which is the number of 

bubbles impacting the probe tip per second, and the air chord time distribution where the chord time is 

defined as the time spent by the bubble on the probe tip. The air-water interfacial velocity V may be 

calculated as: 

 
tipx

V
T


  (6) 
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where T is the average air-water interfacial time between the two probe sensors, deduced from a cross-

correlation analysis (CROWE et al. 1998). The turbulence level Tu, characterising the fluctuations of the 

interfacial velocity between probe sensors, was estimated from the shapes of the cross-correlation Rxy and 

auto-correlation Rxx functions (CHANSON and TOOMBES 2002). The analysis of signal auto-correlation 

function provided further information on the longitudinal bubbly flow structures (CHANSON and CAROSI 

2007). The auto-correlation integral time scale Txx represented a characteristic integral time scale of the large 

eddies advecting the air-water interfaces in the longitudinal direction. Herein, all the correlation calculations 

were undertaken on the raw probe signal output. Indeed, an analysis based upon thresholded signals would 

ignore the contributions of the smallest air-water particles (CHANSON and CAROSI 2007). In the present 

study, the smallest detectable bubbles were about the sensor size (i.e. 0.25 mm). All original files of 900,000 

samples (sampling frequency of 20 kHz for 45 s) were segmented into 15 non-overlapping sub-segments of 

60,000 samples each. At a given position, the results in terms of turbulence intensities and integral time 

scales were averaged values over the 15 non-overlapping sub-segments. 

The identification of bubble cluster was undertaken based upon the analysis of the water chord between two 

successive air bubbles by the probe leading tip (Fig. 2). Based upon a near wake concept, the water chord 

time between two adjacent air particles was compared to the air chord of the leading bubble, recorded in the 

point of measurement: 

 ch w ch at t     (7) 

where tch-w is the water chord time and tch-a is the chord time of the leading bubble. The coefficient  was 

taken as unity following previous studies (CHANSON et al. 2006, GUALTIERI and CHANSON 2010). The 

near wake clustering method is considered to be robust and effective because it relies on a comparison 

between the local characteristic air-water flow time scales. It is important to stress that the present data 

analysis was focused on the longitudinal air-water structure and did not consider any bubble travelling side-

by-side (SUN and CHANSON 2013, WANG et al. 2015a). Figure 2 illustrates an example of four-bubbles 

cluster, of which only two are detected as part of a cluster. 
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Fig. 2 - Definition sketch of bubble cluster detection by a dual-tip phase-detection probe in air-water flow - 

Top: front view (left) sideview (right); Bottom: view in elevation 

 

Discussion 

The influence of the dual-tip probe direction on air-water flow properties was carefully checked under 

controlled flow conditions for 0° and 180° (ESTRELLA et al. 2021). A series of experiments were 

conducted by reversing the probe direction, i.e. repeating identical experiments with the probe sensors facing 

upstream and downstream. In terms of void fraction, the results were very close in the upper air-water flow 

region. In the lower air-water shear region, the experimental data with the probe sensor facing towards the 

roller toe tended to underestimate the local maximum in void fraction. The data showed no major difference 

in terms of the interfacial longitudinal velocity distributions. However, there were a significant difference on 

the bubble count rate F, because the probe facing downstream received lesser impact of the aerated flow. In 

summary, the present data, combined with the earlier study of WANG and CHANSON (2019), suggested 

that the probe orientation had a marked effect on the bubble count rate data, some impact on the void fraction 

data in the (lower) air-water shear region, and no effect on the interfacial velocity distributions. In the 

following paper, the results are presented based upon data obtained with the probe sensors facing upstream. 

Note that the dual-tip phase-detection probe recorded the velocity component along the direction of the probe 

sensor alignment, herein 0° and 180° with reference to longitudinal flow direction, although the hydraulic 

jump roller motion was three-dimensional and the instantaneous velocity direction could differ from the 

longitudinal direction. In hydraulic jumps with higher Froude numbers (3.8 < Fr1 < 8.5), WANG and 

CHANSON (2015b,2019) analysed the probe signals manually, based upon the detection of individual 
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bubbles, yielding instantaneous interfacial velocity data, with transverse velocity amplitudes |Vz| up to 1-1.5 

m/s, and ratios vz′/vx′ of transverse to longitudinal velocity fluctuations between 0.5 and 1 typically (WANG 

and CHANSON 2019). The findings implied that the instantaneous "longitudinal" velocity component 

measurements (Eq. (6)) underestimated the instantaneous velocity magnitude. 

 

2.4 Experimental flow conditions 

The experiments were performed in three identical smooth horizontal channels, for a wide range of water 

discharges (Table 1). Measurements were conducted in a hydraulic jump with an inflow Froude number Fr1 

= 2.1, with inflow depths within 0.012 m < d1 < 0.130 m, for flow rates within 0.0039 m3/s < Q < 0.1535 

m3/s, and Reynolds numbers between 0.775104 and 3.05105. In Table 1, the present experimental flow 

conditions are compared to previous detailed air-water flow measurement experiments in hydraulic jumps on 

smooth horizontal channel, undertaken at different geometric scales, based upon an un-distorted Froude 

similitude. Note that previous works were conducted with larger inflow Froude numbers 3.8 < Fr1 < 8.5 and 

covered a smaller range of Reynolds numbers. 

For most current experiments, the jump toe was located at a longitudinal position x1/dc  10 (i.e. x1/d1  15), 

although the jump toe location was x1/dc  6 (i.e. x1/d1  9) for the largest upstream gate opening h = 0.130 

m. Previous velocity measurements in the same flume showed that the inflow was characterised by a 

partially-developed boundary layer for these conditions. 

Since the inflow was smooth and horizontal, Equation (3) may be simplified: i.e.,  = 0 and ks  0. Further 

the present experiments were performed with constant Froude and Morton numbers, i.e. Fr1 = 2.1 & Mo = 

2.510-11. Thus Equation (3) may be drastically reduced into: 
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 for Fr1 = 2.1  (8) 
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Table 1 - Detailed air-water flow measurement experiments in hydraulic jumps at different geometric scales, based upon un-distorted Froude similitude 

 

Reference B h Q dc x1 d1 x1/dc Fr1 Re Instrumentation 
 (m) (m) (m3/s) (m) (m) (m)     

Present study 0.50 0.012 0.0039 0.0184 0.19 0.012 10.3 1.9 7.75103 Dual-tip phase-detection probes 
  0.024 0.0146 0.0443 0.38 0.027 8.6 2.1 2.9104 (Ø = 0.25 mm) 
  0.045 0.0316 0.0741 0.71 0.045 9.6 2.1 6.3104  
  0.070 0.0620 0.1162 1.11 0.071 9.6 2.1 1.2105  
  0.095 0.0991 0.159 1.50 0.097 9.5 2.1 2.0105  
  0.130 0.1535 0.213 1.20 0.130 5.6 2.1 3.05105  
CHANSON and 0.25 -- 0.0067 0.0418 0.50 0.0120 12.0 6.5 2.7104 Single-tip phase-detection probes 
GUATIERI (2008) 0.50 -- 0.0360 0.0809 1.00 0.0232 12.4 6.5 7.2104 (Ø = 0.35 mm) 

 0.25 -- 0.0062 0.0396 0.50 0.0132 12.6 5.1 2.5104  
 0.50 -- 0.0344 0.0785 1.00 0.0265 12.7 5.1 6.9104  

 0.25 -- 0.0096 0.0532 0.50 0.0129 9.4 8.4 3.8104  
 0.50 -- 0.0494 0.0999 1.00 0.02385 10.0 8.6 9.9104  
MURZYN and 0.50 -- 0.0310 0.0737 0.75 0.018 10.3 8.3 6.2104 Dual-tip phase-detection probe 

CHANSON (2008) 0.50 -- 0.019 0.0528 0.75 0.018 14.2 5.1 3.8104 (Ø = 0.25 mm) 
CHANSON and 
CHACHEREAU (2013) 

0.50 -- 0.0627 0.117 1.5 0.0385 12.8 5.1 1.25105 Dual-tip phase-detection probe 
(Ø = 0.25 mm) 

WANG and CHANSON 0.50 0.012 0.0172 0.0494 0.50 0.013 10.1 7.5 3.4104 Dual-tip phase-detection probe 
(2016)  0.020 0.033 0.0763 0.83 0.020 10.9 7.5 6.6104 (Ø = 0.25 mm) 
  0.020 0.0347 0.0789 0.83 0.021 10.5 7.5 6.8104  
  0.025 0.053 0.1047 1.04 0.027 9.9 7.5 1.1105  
  0.030 0.0706 0.1267 1.25 0.033 9.9 7.5 1.4105  
  0.030 0.0705 0.1266 1.25 0.033 9.9 7.5 1.4105  

  0.020 0.0244 0.0624 0.83 0.021 13.3 5.1 4.7104  
  0.020 0.0239 0.0615 0.83 0.021 13.5 5.1 4.8104  
  0.030 0.046 0.0952 1.25 0.032 13.1 5.1 9.1104  
  0.030 0.0463 0.0956 1.25 0.032 13.1 5.1 9.2104  
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  0.040 0.0701 0.1261 1.25 0.043 9.9 5.1 1.5105  

  0.020 0.0179 0.0508 0.83 0.021 16.4 3.8 3.5104  
  0.030 0.0342 0.0782 1.25 0.032 16.0 3.8 6.8104  
  0.054 0.0812 0.1391 1.25 0.057 9.0 3.8 1.6105  
 

Notes: B: rectangular channel width; dc: critical flow depth; d1: upstream water depth; Fr1: upstream Froude number defined in terms of upstream flow depth; h: 

upstream gate opening; Q: discharge; Re: Reynolds number defined in terms of upstream flow depth; So = 0 (horizontal channels); x1: longitudinal distance from 

upstream gate; (--): information not available. For all experiments, phase-detection probe signal outputs sampled at 20 kHz per sensor for 45 s. 
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3. BASIC FLOW OBSERVATIONS 

The observations showed some hydraulic jump with a marked roller region for all investigated flow 

conditions. The jump features differed between Reynolds numbers, with the visual appearance of the roller 

becoming more turbulent with increasing Reynolds number while the inflow Froude number remained 

constant: Fr1 = 2.1. Typical sideview photographs are presented in Figure 3. For the smallest experiment, i.e. 

Re = 7.75103, no bubble entrainment was observed. For Re = 2.9104, very slight bubble entrainment was 

seen and no air bubble was detectable by the phase-detection probe sensors. For Re > 2.9104, the roller 

surface deformations became significant, indicating that neither gravity nor surface tension could prevent 

surface breakup. The entrained air in the "white water" region included a mix of bubbles, drops, foams, 

packets, with very energetic transient interfacial processes, e.g. breakup, coalescence, rebounds, collapses. 

Characteristic air-water surface features were evidenced at the roller free-surface. In the upper part of the 

roller, the instantaneous surface separating the water and atmosphere presented a complicated structure, with 

two interpenetrating and interacting phases (Fig. 1A). For relatively small void/liquid fractions (i.e. C < 0.3 

or (1-C) < 0.3), one phase was connected and the other phase was dispersed, with C a volume-averaged void 

fraction. But the distinction, i.e. between connected and dispersed phases, became unclear in the intermediate 

region, i.e. 0.3 < C < 0.7, where the two-phases are inter-connected (BROCCHINI and PEREGRINE 2001, 

CHANSON and TOOMBES 2003). Physically there were no rigid boundaries between the dispersed phase 

and intermediate regions. The intermediate region contained a mix of air and water entities constantly re-

arranging as the result of collisions, deformations, coalescence and formation of "bubbles" and "droplets". 

To date, this region was rarely investigated experimentally, numerically or theoretically (BROCCHINI 2002, 

FELDER and CHANSON 2016). For design engineers, a mean upper interface between white waters and 

atmosphere is often defined in terms of the characteristic elevation Y90 where the void fraction equals 0.90. 

This selection derives from both theoretical and experimental considerations (CAIN and WOOD 1981, 

WOOD 1985, CHANSON 1993), with the characteristic air-water elevation Y90 corresponding to the upper 

surface of the air-water flow region where the void fraction equals C = 0.90. 

Physically, the breaking roller presented a number of key features which included the roller free-surface 

deformation, the presence and amount of air bubble entrainment, and a number of recurrent air-water surface 

features. Visual evidences highlighted the rapid deformation of the roller surface. Herein the deformation of 

the roller free-surface was mostly documented through sidewall photographs (Fig. 3). Figures 3A to 3E 

illustrate the changes in roller shape, including strong surface deformation and air bubble entrainment, with 

increasing Reynolds numbers. Figures 3D and 3E show the breaking of the roller surface, with more intense 

air entrainment at the roller toe and through the upper surface of the roller, highlighted by 'white waters'. A 

further evidence of the effect of the Reynolds number was the length of the air-water region. No air 

entrainment was observed for Re = 7.75103 (i.e. d1 = 0.012 m & V1 = 0.65 m/s). The finding was consistent 

with early studies suggesting an inception velocity for air entrainment about 1 m/s (KALINSKE and 
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ROBERTSON 1943, ERVINE and AHMED 1982). In the current study, individual air entrainment was seen 

for Re > 2.9104. 

Some evidence of very strong turbulence was the amount of air-water surface features (Fig. 4). Such two-

phase gas-liquid surface structures were discussed by BROCCHINI and PEREGRINE (2001), 

CHACHEREAU and CHANSON (2011), and LUBIN et al. (2019), and catalogued by WÜTHRICH et al. 

(2020b). Characteristic air-water features included fingers, water droplets, slugs, mushrooms, crowns, boils 

and foam (Fig. 4). Despite their pseudo-random behaviour and short-lived existence, these instantaneous air-

water structures showed some coherence and re-occurring patterns. These surface structures were subjected 

to strong transient deformations, leading to enhanced roller surface roughness (Fig. 4). 

 

(A)  

(B)  

(C)  
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(D)  

(E)  

Fig. 3 - Side views of hydraulic jumps at low Froude number Fr1 = 2.1 with different Reynold numbers - (A) 

Re = 2.9104, d1 = 0.027 m; (B) Re = 6.3104, d1 = 0.045 m; (C) Re = 1.2105, d1 = 0.071 m; (D) Re = 

2.0105, d1 = 0.97 m; (E) Re = 3.05105, d1 = 0.130 m - Flow direction from left to right 
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(C)  

(D)  
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(E)  

Fig. 4 - Air-water surface features in hydraulic jump at low Froude number Fr1 = 2.1 and Re = 2.0105 (d1 = 

0.097 m) - Flow direction from right to left (unless stated) with dual-tip phase detection probe facing 

downstream - (A) Air-water projections and elongated air-water fingers above the roller free-surface (shutter 

speed: 1/500 s); (B) Thick air-water thumbs above the roller free-surface (shutter speed: 1/500 s); (C) Water 

droplets ejected above and upstream of the roller toe (shutter speed: 1/500 s); (D) Air-water features (hole, 

slug, mushroom) next to the impingement point (shutter speed: 1/2,000 s); (E) Foam structure (left) and air-

water mix with flow direction from top right to bottom left (shutter speed: 1/2,000 s) 

 

4. TWO-PHASE AIR-WATER FLOW MEASUREMENTS 

Systematic air-water flow measurements were performed in hydraulic jumps with a constant inflow Froude 

number of 2.1 corresponding to Reynolds numbers between 6.3×104 and 3.05×105 (Table 1). In the roller 

region of the hydraulic jump with Fr1 = 2.1, some distinct air-water flow patterns were observed (Fig. 5), 

with similar trends to those observed at higher Froude numbers. This analysis will cover: void fraction 

(Section4.1), bubble count data (Section 4.2), interfacial velocities (Section 4.3) and bubble flow structures 

(Section 4.4). Results are discussed in terms of Scale effects in Section 5. 

 

4.1 Void fraction: theoretical considerations and experimental observations 

At the upstream end of the roller, in the near-vicinity of the roller toe (x-x1)/dc < 1 (i.e (x-x1)/Lr < 0.2 with Lr 

the roller length), the void fraction data showed some vertical profiles with a convex shape for d1 < y < Y90, 

somehow similar to void fraction observations in dam break wave on dry bed (CHANSON 2004,2005) and 

in breaking bores (LENG and CHANSON 2019, SHI et al. 2021). Herein, the roller length Lr is defined as 

the distance from the roller toe over which the mean free-surface level increased monotically. Simply, the 
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vertical distribution of void fraction was convex next to the roller's leading edge, as sketched in Figure 5, 

with a very large roller-depth-averaged void fraction. In that leading edge region, i.e. (x-x1)/Lr < 0.2, the void 

fraction profile followed an analytical solution of the advective diffusion equation for air (SHI et al. 2021): 

 

N

1

90 1

y d
C 0.9

Y d

 
   

 for d1 < y < Y90  (9) 

where N is positive, typically less than unity, and related to the depth-averaged void fraction Cm in the roller: 

 

90

1

Y

m
90 1 y d

1 0.9
C C dy

Y d N 1

   
   within d1 < y < Y90  (10) 

while the dimensionless diffusivity follows: 

 

1/ N
1 C

D ' 1 C
N 0.9

      
 

 for d1 < y < Y90  (11) 

Implicitly, Equation (9) suggests that self-aeration is predominantly an interfacial process with uncontrolled 

exchanges of air through the roller surface in the near-vicinity of the roller toe and that the turbulent 

diffusion of air is predominantly a vertical exchange, i.e. the turbulent diffusion of air in the vertical 

direction counterbalances exactly the buoyancy effect. 

The depth-averaged diffusivity (D'mean) may be integrated from Equations (9) and (10), leading to a 

correlation in terms of the depth-averaged void fraction Cm in the roller (i.e. d1 < y < Y90): 

 

90

m

1

Y
C 0.861

mean m
90 1 t d

1
(D ') D ' dz 0.592 0.119 C

Y d 

     
   for 0 < Cm < 0.82 (12) 

with a normalised correlation coefficient R2 = 0.99893. For 0 < Cm < 0.8, the depth-averaged diffusivity is in 

average: mean(D')   0.0711. 

Further downstream of the roller toe: 1 < (x-x1)/dc < 1.8 (i.e. 0.2 < (x-x1)/Lr < 0.4), in the roller region of the 

hydraulic jump, two distinct air-water regions were observed: one on the upper part of the roller and another 

in the developing shear region. A marked air-water region was observed in the upper flow region, 

corresponding to the free surface region characterised by a monotonically increasing void fraction with 

increasing vertical elevation. Physically, this upper region was characterised by large void fraction, splashes, 

recirculation, and interactions with the atmospheric boundary layer. Another distinct air-water flow region 

was the lower region corresponding closely to the developing turbulent shear layer, with a local maximum in 

void fraction and a distribution following an advective diffusion trend. For the current experiments (Table 1), 

the lower air-water region was clearly observed at the largest Reynolds numbers, but tended to disappear at 

the lower Reynolds numbers. In the air-water shear layer, at the larger Reynolds numbers, the void fraction 

distributions were compared successfully with some analytical solution of the advective diffusion equation 

for air bubble (CHANSON 1997,2010): 
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 0 < y < Y*  (13) 

where Qair is the entrapped air flux, Q is the water discharge, D# is a dimensionless air bubble diffusivity in 

the shear layer (typically derived from the best data fit), X' = (x - x1 + ur/V1y)/d1, ur the bubble rise velocity, 

Y* is the characteristic elevation corresponding a local minimum in void fraction above which the void 

fraction increased monotonically to unity (Fig. 4). Equation (13) characterises the convective diffusion of air 

bubbles entrapped at the roller toe (CUMMINGS and CHANSON 1997, CHANSON 2010). 

In the upper region, the void fraction distributions followed closely another solution of the advective 

diffusion equation for air bubbles (BRATTBERG et al. 1998, MURZYN et al. 2005): 
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  Y* < y < Y90  (14) 

where Y50 and Y90 are the characteristic elevations where C = 0.50 and 0.90 respectively, D* is a 

dimensionless air bubble diffusivity for the interfacial aeration through the roller free-surface and erf is the 

Gaussian error function: 

 
u

2

0

2
erf (u) exp( t ) dt   

   Y* < y < Y90  (15) 

Equation (14) was developed for interfacial aeration/de-aeration through the free-surface. 
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Fig. 5 - Definition sketch of air-water flow properties in a hydraulic jump with a marked roller - Inset (Right): typical distributions of void fraction, interfacial 

velocity and bubble count rate in the advection zone 
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At the downstream end of the roller: (x-x1)/dc > 1.8 (i.e. 0.4 < (x-x1)/Lr < 1)), the air bubble motion in the 

roller was mostly driven by buoyancy. The void fraction distributions were compared successfully to a 

solution of the advective diffusion equation for interfacial aeration/de-aeration (Eq. (14)) for Y10 < y < Y90. 

No air-water shear layer was distinguishable. 

Equations (9), (13) and (14) are compared to experimental data in Figure 6 for a selected flow condition (Fr1 

= 2.1 and Re = 3.05105). Typical void fraction distributions are presented in Figures 6. Figure 6 (Top) 

presents some data in the near-vicinity of the roller toe, i.e. at the upstream end of the roller, in which the 

flow aeration was predominantly an interfacial process with uncontrolled exchanges of air through the roller 

surface. Figure 6 (Middle & Bottom) shows void fraction data in the first half of the roller, where the void 

fraction distribution was driven by a combination of convective diffusion of entrapped air in the air-water 

shear layer and interfacial aeration through the upper free-surface. In the second half of the roller, the de-

aeration taking place at the free-surface is driven by buoyancy.  

Overall, large amounts of entrained air were recorded in the breaking roller. In the air-water shear layer, the 

local maximum in void fraction Cmax was observed to decrease with increasing distance from the roller toe 

(x-x1) (Fig. 7). Figure 7 shows the longitudinal evolution of maximum void fraction Cmax with the 

dimensionless co-ordinate. The data showed some effect of the Reynolds number, in particular for Re < 

1.2105. That is, the maximum void fraction increased with the Reynolds number at a given cross-section (x-

x1)/dc. The present data exhibited a longitudinal trend that was best correlated by: 

 1
max

c

x x
C exp

d

        
 Fr1 = 2.1  (16) 

with the dimensionless coefficients  and  being functions of the Reynolds numbe. For 1.2105 < Re < 

3.0105, the current data yielded 1.0 <  < 1.5 and -0.9 <  < 1.6. Equation (16) is shown in Figure 7 for Re = 

3.0105. 
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Fig. 6 - Dimensionless distributions of void fraction in the hydraulic jump roller for Fr1 = 2.1, Re = 3.05105, 

d1 = 0.130 m - Comparison between experimental data and Equations (9) (Dam break), (13) (Shear layer) 

and (14) (Free-surface) 

 

 

Fig. 7 - Dimensionless longitudinal distributions of local maximum void fraction Cmax in the air-water shear 

layer - Comparison with Equation (16) with  =1.06 and  = 1.34 for Re = 3.05105 

 

The dimensionless turbulent diffusivities (D')mean close to the roller front (Eq. (9)), D# in the shear layer (Eq. 

(13)) and D* in the upper free surface region (Eq. (14)) were deduced from the best data fit for all flow 

conditions. The results are presented in Figure 8A as functions of the dimensionless distance to the jump toe 

(x-x1)/dc. While the data for both (D')mean (Eq. (9)) and D# (Eq. (13)) showed little change along the roller 

length, the data for D* showed a decreasing trend with increasing distance from the roller toe. This trend was 

likely to correspond physically to a marked change in the interfacial exchanges through the roller's free-

surface. In the upstream section of the roller, the interfacial exchange was dominated by air entrainment into 

the roller (WANG and CHANSON 2015a), while further downstream, the interfacial exchange was 

associated with a de-aeration process. 

In the air-water shear layer, the values of dimensionless diffusivity D# ranged between 0.01 and 0.03 (Fig. 

8B). In Figure 8B, the current data are plotted against previous experimental studies (CHANSON and 

BRATTBERG 2000, CHANSON 2010, CHACHEREAU and CHANSON 2011). Despite some scatter, the 

dimensionless diffusivity data were within the same order of magnitude, and almost independent of the 
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longitudinal distance from the roller toe in the current study (Fig. 8B). The present trend however differed 

from experimental data obtained with large Froude numbers. 

 

 

(A) Dimensionless air bubble turbulent diffusivities (D')mean (Eq. (4-1)), D# (Eq. (4-5)), and D* (Eq. (4-6)) 
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(B) Dimensionless air bubble turbulent diffusivity D# in the air-water shear layer - Comparison with previous 

studies (CHANSON and BRATTBERG 2000 [CB2000], CHACHEREAU and CHANSON 2011 [CC2011], 

CHANSON 2010 [C2010]) 

Fig. 8 - Dimensionless air bubble turbulent diffusivities as a function of the dimensionless distance to the 

jump toe (x-x1)/dc 

 

4.2 Bubble count data 

Another key air-water parameter is the bubble count rate F. For a given void fraction, a high bubble count 

rate corresponds to a high fragmentation of the flow and large interfacial area. The bubble count rate data 

were recorded for a range of experimental flow conditions (Table 1). Figure 9 presents typical vertical 

profiles of dimensionless bubble count rates Fdc/Vc. The data exhibited some vertical distributions that were 

comparable to earlier observations in breaking jumps (CHANSON and BRATTBERG 2000, MURZYN et 

al. 2005, CHANSON 2007). The data highlighted a maximum bubble count rate Fmax in the air-water shear 

layer, and a secondary peak F2 in the upper free-surface region (Fig. 5). The peak in bubble count rate in the 

shear layer was linked to high levels of turbulent shear stresses breaking the entrained bubbles into finer 

particles, which were advected by the high velocities, yielding an important number of bubbles detected by 

the probe sensor. 

Figure 10 presents the characteristic bubble count rates Fmax and F2 as functions of the dimensionless distance 

to the roller toe for all Reynolds numbers, as well as their characteristic elevations, YFmax and YF2 

respectively. The experimental data in terms of the maximum count rate Fmax suggested an initial increase in 

Fmax with increasing distance from the roller toe, followed by an pseudo-exponential decay with distance 

further downstream (Fig. 10, Top left). Such a trend was first reported in plunging jet flows (BRATTBERG 

and CHANSON 1998), and also in hydraulic jumps with higher Froude numbers (WANG 2014). 

Importantly, the dimensionless maxima Fmaxdc/Vc and F2dc/Vc were seen also to increase with increasing 

Reynolds number at a given location for Fr1 = 2.1. 

For all flow conditions, the location of maximum bubble count rate Fmax in the air-water shear layer was 

systematically below the elevation of the secondary peak F2 in the upper free-surface (Fig. 10). 
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Fig. 9 - Dimensionless distributions of bubble count rate in the hydraulic jump roller for Fr1 = 2.1, Re = 

3.05105, d1 = 0.130 m 
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Fig. 10 - Longitudinal distributions of maximum bubble count rate Fmaxdc/Vc and F2dc/Vc, and their 

characteristic elevations YFmax/dc and YF2/dc respectively 

 

4.3 Interfacial velocity data 

The air-water interfacial velocity data were deduced from a cross-correlation analysis of the dual-tip 

conductivity probe signals (Eq. (6)). An implicit limitation of the technique was the lack of reliable cross-

correlation outputs in the regions where the sign of the interfacial velocity changed rapidly during the 

sampling duration, herein 45 s. Such a situation was typical of the transition between the air-water shear 

layer and upper free-surface regions, where large-scale vortices induced velocity shifts between positive and 

negative values. Figure 11 presents typical dimensionless distributions of interfacial velocities V/Vc in the 

air-water region of the breaking roller, where V is the time-averaged interfacial velocity.  

The experimental results highlighted some key features for all flow conditions. Along the roller region, the 

velocity profiles resembled that of a wall jet (RAJARATNAM 1965, OHTSU et al. 1990, CHANSON and 

BRATTBERG 2000). That is, a high-velocity jet next to the invert caused by the high-velocity impinging 

flow, an air-water shear zone with some high velocity gradient ∂V/∂y, and an upper region above with lesser 

velocities. With increasing longitudinal co-ordinate, the velocity profiles deformed, towards a pseudo-

uniform velocity distribution, asymptotically approaching the profile in an open channel far downstream 

(WU and RAJARATNAM 1996). This is illustrated in Figure 11. 

The velocity profiles are further compared for different Reynolds numbers in Figure 11. Overall, the velocity 

data were qualitatively in agreement and quantitatively close for all Reynolds numbers. Some small 

difference was seen in the downstream part of the roller, where the velocity profiles tended to become more 

uniform for the lowest Reynolds numbers. That is, the transition from wall-jet to pseudo-uniform profiles 

shifted further downstream at the highest Reynolds number (Fig. 11, Bottom right). This could possibly be 

linked to the roller length, which was more affected by the Reynolds number. 
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For completeness, any time-averaged recirculation in the roller upper region was hardly detectable, in the 

present study, even with a reversed probe orientation. While, instantaneous reverse motion was visually 

observed, as well as recorded in normal speed and high-speed video movies (ESTRELLA et al. 2021), the 

time-averaged results did not show negative velocities. This differed from interfacial velocity distributions in 

hydraulic jumps at higher Froude numbers (CHACHEREAU and CHANSON 2011, WANG and 

CHANSON 2019, MONTANO and FELDER 2020). And this might imply relatively small velocity 

fluctuations, possibly associated with lesser turbulent dissipation in weak hydraulic jumps. 

 

 

  

Fig. 11 - Dimensionless distributions of interfacial velocities for Fr1 = 2.1 at (x-x1)/dc = 0.63, 0.9 and 1.45 - 

Same legend for all graphs 
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The turbulence intensity Tu, characterising the fluctuations in interfacial velocity, was estimated from the 

cross-correlation analysis between the two probe tip signals. The method was based on the relative width of 

the auto- and cross-correlation functions (KIPPHAN and MESCH 1978, CHANSON and TOOMBES 2002). 

Some typical data are presented in Figure 12A, as dimensionless distributions of turbulence intensity in the 

breaking roller. At a given location, the vertical profiles exhibited a characteristic trend with increasing 

vertical elevation. Namely Tu increased with elevation for y/dc > 0.4 to 0.5. Below (i.e. y/dc < 0.4), the flow 

aeration was limited and the data quality implicitly reduced. Along the roller length, the turbulence intensity 

tended to decrease with increasing distance from the roller toe. 

Some additional processing of the dual-tip phase-detection probe signals yielded the time scales of 

turbulence of the air-water flow region (CHANSON 2007, CHANSON and CAROSI 2007). The integral 

time scale Txx represented some time scale estimate of largest coherent structures advecting the air-water 

structures, thus characterising the longitudinal flow structure. Figure 12B shows typical vertical distributions 

of the auto-correlation integral time scale Txx in the breaking roller. Next to the channel bed, the invert 

prevented the development of large-sized turbulent structures, and the smallest integral time scales were seen 

(Fig. 12B). At a fixed longitudinal distance from the roller toe, the integral time scales increased with 

increasing vertical elevation, for y/dc > 0.4 to 0.5. Further Txx tended to decrease with increasing longitudinal 

distance from the roller toe. Quantitatively, the turbulent time scales were smaller than 50 ms. 

 

 

(A, Left) Turbulence intensity Tu 

(B, Right) Auto-correlation turbulent time scale TxxVc/dc 

Fig. 12 - Dimensionless distributions of turbulence intensity Tu and turbulent time scale TxxVc/dc for Fr1 = 

2.1, Re = 3.05105 (d1 = 0.130 m) - Same legend for both graphs 
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4.4 Bubbly flow structure 

4.4.1 Bubble chord lengths 

Visual observations showed a lot of entrained air bubbles for Re > 6.3104 (Figs. 1B, 3 & 4). The bubble 

count rate data indicated a strong fragmentation of the roller's air-water flow, with maximum bubble count 

rate in excess of 50 bubbles per unit time. While visual observations, photographs and video movies showed 

a range of millimetric bubbles, this section presents measurements of bubble chord lengths, calculated as 

Vtch. 

The probability distribution functions of bubble chord lengths were calculated in the air-water shear layer. 

Typical bubble chord length distributions are presented in Figure 13, at the location where F was maximum, 

i.e. y = YFmax. In Figure 13, each data symbol represents the probability of bubble chord length in 1 mm 

chord time interval, e.g. the probability of bubble chord length between 1 mm and 1.5 mm is the symbol 

labelled 1 mm. Bubble chord times larger than 20 mm are regrouped in the last symbol (20 mm). Overall, the 

experimental data showed a broad spectrum of chord lengths at all investigated locations for all flow 

conditions. The results were qualitatively comparable to earlier data sets obtained in hydraulic jumps with 

larger Froude numbers (CHANSON 2007, CHACHEREAU and CHANSON 2011, MONTANO and 

FELDER 2020). Altogether, the bubble chord length distributions were skewed with a preponderance of 

smaller bubble sizes relative to the mean (Fig. 13). Although the probability of air bubble chord lengths was 

the largest for chord sizes between 0 and 2 mm, it should be noted the amount of bubbles larger than 20 mm 

in the air-water shear layer (Fig. 13, last data point). Such "large bubbles" were air entities, encompassing 

large enclosed air bubbles, non-enclosed "bubbles" as well as air gaps between water features. 

The probability distribution functions of bubble chord length tended to follow in average a shape close to 

log–normal distribution or a gamma distribution. At two cross-sections, i.e. (x-x1)/dc = 0.63 and 1.45, the 

bubble size distributions were compared for four Reynolds number (Fig. 13). Although all the bubble chord 

sizes were mostly millimetric for all Reynolds numbers, the data indicated skewer distributions towards 

smaller bubble chords for the largest Reynolds numbers, possibly linked to the larger turbulent stresses. 

Altogether, the results showed that the bubble sizes were not scaled based upon the geometric scaling ratio 

for a Froude similitude. The finding was consistent with some seminal literature on air-water flows (RAO 

and KOBUS 1974, WOOD 1991, CHANSON 1997). 
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(A) (x-x1)/dc = 0.63 (i.e. (x-x1)/Lr = 0.2) 

 

(B) (x-x1)/dc = 1.45 (i.e. (x-x1)/Lr = 0.4) 

Fig. 13 - Comparison of bubble chord length distributions at elevation YFmax of maximum bubble count rate 

(F = Fmax) in the air-water shear layer for Fr1 = 2.1 

 

4.4.2 Bubble clustering 

Both the bubble count rate and bubble chord data showed a large number of entrained bubbles, with bubble 

sizes spanning over more than two orders of magnitude. The entrained air bubbles interacted with the 

turbulent structures, yielding some turbulent dissipation and the formation of bubble clusters (CHANSON 

2007). Visual observations further highlighted some strong preferential bubble accumulation, i.e. clustering, 

in the air-water shear layer of the breaking roller. The study of preferential concentration of bubble is 

important in engineering applications to infer whether the formation frequency responds to some particular 

frequency of the flow (CALZAVARINI et al. 2008, CHANSON 2013). The level and intensity of clustering 

may give a measure of the magnitude of bubble-turbulence interactions and associated turbulent dissipation. 

In a hydraulic jump, the clustering characteristics may deliver some measure of the level of bubble-

turbulence interactions, of the vorticity production rate, and of the associated energy dissipation. The 
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experimental data showed large bubble cluster rates in the air-water shear layer. The dimensionless cluster 

rate Ncdc/Vc tended to decrease with increasing longitudinal distance from the roller toe (Fig. 14A). Figures 

14 and 15 present some typical properties of bubble clusters in the developing shear layer at the 

characteristic location y = yFmax where the bubble count rate was maximum F = Fmax. The average number of 

bubbles per cluster ranged from 2.2 to 3, although this value underestimated the total number of bubbles in a 

cluster, since it only considered longitudinal clustering (Fig. 2). The cluster size showed a decrease with 

increasing distance from the roller toe, for a given Reynolds number. A large proportion of bubbles were 

clustered, with a percentage of bubbles in cluster decreasing with increasing streamwise distance. The 

distributions were strongly skewed towards two bubbles per cluster. While the average number of bubbles 

per cluster was less than three, larger clusters in excess of 10 bubbles were observed, although rarely. Figure 

15 presents typical histograms of the number of bubbles per cluster. In average, the chord times of clustered 

bubbles were larger than the average bubble chord times for all investigated flow conditions. In a cluster, the 

ratio of the lead bubble chord to average cluster bubble chord was equal to 1.37 in average: that is, the lead 

particle chord was larger than the typical cluster bubble chord (Data not shown). 

The intensity of bubble clustering may deliver some measure of bubble-turbulence interrelations and 

turbulent dissipation. The present data highlighted that the bubble clustering affected a large proportion of 

particles, especially at higher Reynolds numbers. The outcomes implied that the interactions between 

entrained bubbles and turbulent structures were not scaled adequately with the Froude similarity, in line with 

two earlier studies conducted at higher Froude numbers (CHANSON and CHACHEREAU 2013, WANG 

and CHANSON 2016). This is illustrated in Figure 14B at a given cross-section, for two Froude numbers. 

Finally, the present data were recorded for a Froude number of 2.1. A number of trends differed compared to 

earlier studies (CHANSON 2007,2010, WANG and CHANSON 2016). It is believed that a key difference 

was the lower Froude number, i.e. Fr1 = 2.1, as well as the broader Reynolds number range investigated 

herein (6.3×104 < Re < 3.0×105). 
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(A, Left) Dimensionless bubble cluster flux (i.e. number of cluster per second) Nc×d1/V1 as a function of the 

dimensionless distance from the jump toe (x-x1)/dc 

(B, Right) Dimensionless bubble cluster flux (i.e. number of cluster per second) Nc×d1/V1 as a function of the 

Reynolds number at (x-x1)/dc = 1.4 - Comparison with the data of CHANSON and CHACHEREAU (2013) 

for Fr1 = 5.1 

Fig. 14 - Bubble clustering properties in the air-water shear layer of hydraulic jump Fr1 = 2.1 at the location 

y = YFmax where F = Fmax 

 

     

(A, Left) (x-x1)/dc = 0.63 

(B, Right) (x-x1)/dc = 1.45 
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Fig. 15 - Histogram of number of bubbles per cluster in the air-water shear layer of hydraulic jump Fr1 = 2.1 

at the location y = YFmax where F = Fmax 

 

5. DISCUSSION: SIMILARITY AND SCALE EFFECTS 

The Vaschy-Buckingham theorem implied that only a small number of independent dimensionless 

parameters are relevant to investigate the air entrainment in a hydraulic jump using the same fluids in 

laboratory and in full-scale prototype (Eq. (3)). Traditionally, the selection of the Froude similitude is based 

upon some basic theoretical considerations (ROUSE 1938, HENDERSON 1966, LIGGETT 1994). When 

both Froude and Morton similarities are selected, as in the current study, the Reynolds number differs 

between the various experiments, herein performed with an identical Froude number Fr1 = 2.1. The current 

comparative analyses revealed that, for a hydraulic jump with Fr1 = 2.1, a number of basic air-water flow 

characteristics could not be tested in small-size laboratory experiments, and many properties could not be 

extrapolated to large-size prototype structures without significant scale effects. This is illustrated in Figures 

16 to 19, presenting the dimensionless maximum bubble count rate in the air-water shear layer, turbulent 

time scales and some key bubble clustering characteristics as functions of the Reynolds number. As an 

illustration, Figures 16 and 19 show that several parameters increased monotonically with the Reynolds 

number at a given dimensionless location (x-x1)/dc for a given Froude number Fr1 = 2.1, without asymptotic 

trend. The present findings are summarised in Table 2 and discussed in the following paragraphs. In Table 5-

1, the absence of similarity, implying the presence of major scale effects, are highlighted in Red. 

For 7.75103 < Re < 3.05105, the flow patterns and free-surface measurements showed both similarity and 

scale effects, depending upon the relevant dependant dimensionless parameter. The ratio of downstream to 

upstream depths d2/d1 was not affected by the Reynolds number. The experimental observations showed 

some longitudinal profile of the roller surface which were very similar for all Reynolds numbers. But the 

dimensionless lengths of the roller and of the bubbly flow region increased with increasing Reynolds 

numbers.  

For 6.3104 < Re < 3.05105, the comparative air-water flow measurements provided some clear trend. The 

void fraction data presented the same distribution shapes for Re > 6.3104 (i.e. Eq. (8), (13) & (14)). While 

the shape of the void fraction distribution was similar for Re > 6.3104 herein, some characteristic void 

fraction feature presented differences. The maximum void fraction in the air-water shear layer Cmax was 

underestimated at the smallest scale, i.e. Re = 6.3104, and similarity was achieved for Re > 1.2104 (Fig. 7). 

The bubble count rate distribution presented some similar profiles for Re > 6.3104, the same similarity 

being previously reported with Fr = 5.1 to 8.5 for Re > 2.5104 (CHANSON and GUALTIERI 2008). 

However, the dimensionless maximum bubble count rate data Fmaxdc/Vc showed an increasing trend with 

increasing Reynolds number at a given dimensionless location (x-x1)/dc without any upper limit (Fig. 16A). 

The finding was on par with previous observations in hydraulic jumps at higher Froude numbers 
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(CHANSON and GUALTIERI 2008, MURZYN and CHANSON 2008, CHANSON and CHACHEREAU 

2013) (Fig. 16B). (Interestingly, all these studies were performed with similar phase-detection conductivity 

probe systems, equipped with comparable probe tip sizes, i.e. between 0.25 mm and 0.35 mm, and sampled 

at a minimum sampling rate of 20 kHz per sensor.) The data indicated an increase in maximum bubble count 

rate as a power law function of the Reynolds number. For 2.1 < Fr1 < 5.1 and (x-x1)/dc = 1.4, and the data 

shown in Figure 16, the trend was best correlated by: 

 1(0.555 0.0434 Fr )max c

c

F d
0.00145 Re

V
 

   for 2.1 < Fr1 < 5.1 at (x-x1)/dc = 1.4  (17) 

with a normalised correlation coefficient R = 0.952. 

 

 

Fig. 16 - Effects of the Reynolds number on the maximum void bubble count rate Fmaxdc/Vc in the air-water 

shear layer - (A, Left) Fr1 = 2.1 (Present study); (B, Right) Past studies (CHANSON and GUALTIERI 2008, 

MURZYN and CHANSON 2008, CHANSON and CHACHEREAU 2013) 
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Fig. 17 - Longitudinal decay in maximum interfacial velocity in the air-water shear layer as a function of the 

relative position along the roller (x-x1)/Lr in a hydraulic jump with Fr1 = 2.1 

 

The vertical distributions of interfacial velocity presented a profile following that of a wall jet, close to 

earlier findings (RAJARATNAM 1965, CHANSON and BRATTBERG 2000). The maximum velocity in 

the air-water shear region Vmax/Vc decreased quasi-exponentially with increasing longitudinal distance along 

the roller (ZHANG et al. 2013, WANG and CHANSON 2016) (Fig. 17). No obvious scale effect was noted 

(Fig. 11). 

The turbulence intensity Tu distributions presented some qualitative similarity for all experiments, with 

increasing turbulence intensity with increasing distance from the bed. However, the turbulence levels were 

systematically underestimated at the lowest Reynolds numbers, and the vertical profiles did not reach 

asymptotic values at the highest Reynolds numbers. The turbulent time scale data TxxVc/dc showed some 

over-estimation at the lowest Reynolds numbers, as illustrated in Figure 18. Some similarity was observed 

both qualitatively and quantitatively for Re > 2105. 
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Fig. 18 - Dimensionless distributions of turbulent time scale TxxVc/dc for Fr1 = 2.1 at (x-x1)/dc = 0.63 (Left) 

and 1.45 (Right) - Comparison between experiments at different Reynolds numbers 

 

The distributions of bubble chord lengths exhibited close quantitative dimensional data for all Reynolds 

numbers (Fig. 13). Although of millimetric sizes, the bubbles were comparatively smaller at the largest 

Reynolds numbers. That is, the bubble chord times and chord lengths did not scale as (XR)1/2 and XR 

respectively, as a Froude similarity would require, with XR the geometric length scale ratio. The effects of 

the Reynolds number on the bubble clustering characteristics were systematically checked. Typical results 

are presented in Figure 19, in the form of the dimensionless number of cluster per second Ncdc/Vc, average 

number of bubbles per cluster and percentage of bubbles in clusters. All three dimensionless bubble cluster 

properties in the air-water shear layer presented major scale effects, according to a Froude similitude. 

Basically, the dimensionless number of clusters per second, number of bubbles per cluster, and percentage of 

bubbles in cluster tended to increase monotonically with the Reynolds number at a given dimensionless 

location (x-x1)/dc for a given Froude number (Fig. 19). Such a result was previously reported at higher 

Froude numbers (CHANSON and CHACHEREAU 2013, WANG and CHANSON 2016). Bubble clustering 

affected a comparatively larger proportion of particles at high Reynolds numbers, suggesting that the 

interactions between entrained bubbles and turbulent structures were not scaled accurately based upon a 

Froude similitude. 

Altogether, the present results (Table 2) have some major implication on engineering designs, because many 

water engineering structures, including culverts, storm waterways, weirs, and water treatment plants, operate 

with Reynolds numbers in excess of 105, with larger structures operating with Re over 108. While seminal, 

the hydraulic jump remains today a hydrodynamic challenge to researchers and engineers. The correct design 
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of hydraulic jump stilling structures is a matter of critical importance, that relies upon sound modelling. The 

present results extended earlier limited studies and demonstrated that the kinematic and dynamic similarity 

of air-water flows in hydraulic jumps cannot be obtained with a Froude similarity. Instead, there is an urgent 

need for new field observations performed in situ in prototype structures, because "no prototype data means 

no definite validation of any kind of modelling!" (CHANSON 2013, p.237). In other words, full-scale air-

water flow measurements are required in hydraulics jumps operating at Reynolds numbers well over 106, to 

complement current studies, including the present one (Table 1).  

 

(A) (B) 

(C)  

Fig. 19 - Effects of the Reynolds number on bubble clustering properties in the air-water shear layer of 

hydraulic jump at the location y = YFmax where F = Fmax for Fr = 2.1 - Same legend for all graphs - (A) 

Dimensionless number of cluster per second Ncdc/Vc; (B) Average number of bubbles per cluster; (C) 

Percentage of bubbles in clusters 
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Table 2 - Physical scaling of hydraulic jumps based on a Froude similarity - Studies in smooth horizontal rectangular channels 

 

Air-water flow properties Notation Fr1 Re Criterion to minimise 
scale effects (1) 

Recommendation / 
Equation 

Reference 

 Ratio of conjugate depth d2/d1 2.1 to 8.5 7.75103 to 3.0105 No scale effect Bélanger equation  [Present], [WC16], 
[CG08] 

 Roller length Lr/dc 2 to 5.1 7.75103 to 3.0105 N/A Full scale testing XR=1 [Present], [MU07], 
[WC15] 

 Bubbly flow length La/dc 2.1 7.75103 to 3.0105 N/A Full scale testing XR=1 [Present], [C09] 
 Fluctuation frequency of 
longitudinal jump toe 
position 

Ftoedc/Vc 2.1 7.75103 to 3.0105 N/A Full scale testing XR=1 [Present] 

 Roller surface profile d/dc 2.1 7.75103 to 3.0105 No scale effect Power law Eq. (5-2) [Present] 
 Void fraction distribution C=f1(y/dc) 2.1 

5.1 to 8.5 
6.3104 to 3.0105 
2.5104 to 1105 

Re > 6.3104 
Re > 2.7104 

Advective diffusion 
Eqs. (4-1), (4-5) & (4-6) 

[Present] 
[CG08] 

 Maximum void fraction in 
shear layer 

Cmax 2.1 6.3104 to 3.0105 Re > 1.2105 Eq. (4-9) [Present] 

 Depth-averaged void 
fraction 

Cmean 2.1 6.3104 to 3.0105 Re > 1.2105  [Present] 

 Bubble count rate 
distribution 

Fdc/Vc=f2(y/dc) 2.1 
5.1 to 8.5 

6.3104 to 3.0105 
2.5104 to 1105 

Re > 6.3104 
Re > 2.7104 

 [Present] 
[CG08] 

 Maximum bubble count 
rate in shear layer 

Fmaxdc/Vc 2.1 to 8.5 2.5104 to 3.0105 
 

N/A Full scale testing XR=1 [Present], [CG08], 
[MC08], [CC13] 

 Interfacial velocity 
distribution 

V/Vc =f3(y/dc) 2.1 to 8.5 3.4104 to 3.0105 No scale effect Wall jet  [Present], [MC08], 
[CC13], [WC16] 

 Maximum velocity in 
shear layer 

Vmax/Vc 2.1 to 8.5 3.4104 to 3.0105 No scale effect Exponential decay [Present], [WC16] 

 Turbulent intensity 
distribution 

Tu =f4(y/dc) 2.1 6.3104 to 3.0105 N/A Full scale testing XR=1 [Present] 

 Turbulent time scale 
distribution 

TxxVc/dc=f5(y/dc) 2.1 3.4104 to 3.0105 Re > 2105  [Present] 

 Bubble chord times tch-aVc/dc 2.1 to 8.5 3.4104 to 3.0105 N/A Full scale testing XR=1 [Present], [MC08], 
[CC13], [WC16] 
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 Bubble chord lengths  2.1 to 8.5 3.4104 to 3.0105 N/A Full scale testing XR=1 [Present], [MC08], 
[CC13], [WC16] 

 Clustering rate Ndc/Vc 2.1 7.75103 to 3.0105 N/A Full scale testing XR=1 [Present], [CC13], 
[WC16] 

 Average number of 
bubbles per cluster 

 2.1 7.75103 to 3.0105 N/A Full scale testing XR=1 [Present], [CC13], 
[WC16] 

 Percentage of clustered 
bubbles 

 2.1 7.75103 to 3.0105 N/A Full scale testing XR=1 [Present], [CC13], 
[WC16] 

 

Notes: (1): for application to full-scale prototype hydraulic structures. 

References: [Present] Present study, [CG08] CHANSON and GUALTIERI (2008); [MU07] MURZYN et al. (2007); [MC09] MURZYN and CHANSON (2008); 

[C09] CHANSON (2009b); [CC13] CHANSON and CHACHEREAU (2013); [WC15] WANG and CHANSON (2015a); [WC16] WANG and CHANSON (2016). 
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6. CONCLUSION 

A hydraulic jump is a complicated turbulent physical process. The breaking region, called the roller, includes 

typically a developing air-water shear layer and a recirculation region above. The present physical study is 

based upon a new experimental data set performed with the double objective of: (1) characteristing 

experimentally the air-water flow characteristics in hydraulic jumps with a small Froude number (Fr1 = 2.1) 

and (2) discussing the potential scale effects involving several Reynolds numbers (7.8×103 < Re < 3.05×105) 

for Fr1 = 2.1. Four unique and novel traits of the current investigation were the low Froude number Fr1 = 2.1, 

the very wide range of Reynolds numbers tested systematically, the broad amount of air-water flow 

properties investigated, and the relatively high Reynolds number (Re = 3.05×105) achieved in the largest 

experiment. 

In the roller region, some distinct air-water flow patterns were observed with Fr1 = 2.1, generally similar to 

those observed in hydraulic jumps at higher Froude numbers. At the upstream end of the roller, i.e. (x-x1)/Lr 

< 0.2, the void fraction data showed some vertical profiles from a convex shape. Further downstream of the 

roller toe, i.e. 0.2 < (x-x1)/Lr, two distinct air-water regions were observed in the roller region: one on the 

upper part of the roller and another in the developing shear region. The air entrainment within the roller was 

a combination air entrapment and convective diffusion of bubbles in the air-water shear layer, and interfacial 

aeration through the upper free-surface. In the downstream end of the roller, i.e. 0.4 < (x-x1)/Lr, the air 

bubble motion was mostly driven by buoyancy and interfacial de-aeration. The bubble count rate, size and 

clustering data showed a highly fragmented two-phase gas-liquid flow in the roller. The intensity of bubble 

clustering delivered a measure of bubble-turbulence inter-relations and the present data highlighted a large 

proportion of clustered particles, especially at higher Reynolds numbers. 

Overall, this current study presents the most extensive study of similarity and scale effects in a hydraulic 

jump. Similarity and scale effects were tested in terms of a broad range of hydraulic and air-water flow 

properties in the hydraulic jump with constant Froude and Morton numbers, i.e. Fr1 = 2.1 & Mo = 2.510-11, 

but different Reynolds numbers, i.e. 0.078×105 < Re < 3.05×105 (Table 1). More than two dozen of 

parameters were tested systematically under Froude similar conditions (Table 2). All the data demonstrated 

that the selection of relevant air-water flow property(ies) used to assess similarity and scale effects is most 

essential (CHANSON 2009,2013). Further the concept of similarity and scale effects must be linked to 

specific flow conditions. In a hydraulic jump at low Froude number Fr1 = 2.1 in a smooth channel, the 

present results (Table 2) showed that many hydraulic jump properties could not be extrapolated from 

laboratory study to full scale hydraulic structures without substantial scale effects. The findings have 

profound implications for engineering design applications, often operating with Reynolds numbers in excess 

of 105, and associated with intense dissipation processes, e.g. hydraulic jump stilling basins. Basically, there 

is an urgent need for "field measurements of high quality" because "there remain some critical issues with 

the validity of extrapolation of physical model results to prototype flow conditions, as well as with the 
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validity of numerical results calibrated with and tested against small-scale laboratory data" (CHANSON 

2013, p. 223 & p. 237). 
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