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A B S T R A C T

Capturing the dynamic behavior of active sites on complex, amorphous supports is a significant challenge in 
modeling single-site catalysts, particularly in surface organometallic catalysts. These systems are characterized 
by a well-defined chemical bonding pattern that coexists with the fluxionality of ancillary ligands and the 
inherent complexity of the support. Here, we present a conceptual workflow that integrates reactive molecular 
dynamics with advanced graph theory-based analysis to systematically explore the configurational space of 
supported catalysts. First, we used enhanced molecular dynamics to overcome local energy barriers and generate 
a diverse ensemble of structures. Then, we applied graph-based algorithms to distinguish truly distinct isomers 
from mere conformers and rotamers. Applying this approach to the model system of 1,1′-bis(n-butyl-cyclo
pentadienyl) zirconium dihydride on a dehydrated amorphous silica model, our method reveals the significant 
role of local silica strain in shaping the ensemble of active site configurations: catalysts grafted on silanol groups 
with strained confinement exhibit a diverse array of reaction pathways and significant energy stabilization, 
whereas less-strained environments yield a more restricted set of accessible configurations. This work demon
strates that combining molecular dynamics with graph theory provides an intuitive framework for unraveling the 
complex, fluxional behavior of supported catalysts.

1. Introduction

The development of advanced predictive models in catalysis requires 
a comprehensive understanding of the molecular structure of active 
sites, their reactivity, and their evolution under operating conditions. 
[1,2] Traditionally, it has been assumed that a catalyst’s behavior under 
non-equilibrium conditions can be adequately described by the intrinsic 
properties of a dominant equilibrium configuration of a single active 
site. Despite being practical, such a reductionist approach fails to cap
ture the complex and diverse behaviors observed in real-world catalytic 
systems. [3–7] To establish a more complete mechanistic description of 
catalytic processes, a shift towards the dynamic representation of the 
catalytic ensembles is necessary. In other words, the catalyst models 
should account for the fluctuations in structure and stoichiometry 
within the catalytic ensembles under the operating conditions, giving 

rise to the coexistence of multiple states, which together determine the 
activity, stability and selectivity of the catalyst. [8].

Structural dynamics, commonly referred to as fluxionality, is a well- 
established phenomenon in supported metal clusters, [8,9] where non- 
directional bonds enable significant configurational freedom under 
catalytic conditions. Molecular organometallic complexes can also 
exhibit fluxional behavior through such mechanisms as ligand hemil
ability or conformational dynamics. [10–17] Similarly, variations in the 
coordination environment of surface sites contribute to the fluxionality 
observed in supported catalysts. For example, amorphous silica, which is 
frequently used as a support in surface organometallic catalysts (SOMC) 
and single-atom catalysis, provides a range of coordination microenvi
ronments that stabilize active sites. [18,19] Consequently, catalytic 
performance may be influenced by an array of species with diverse 
reactivity rather than by a single, uniform active site [18,20].

☆ This article is part of a special issue entitled: ‘Molecular Dynamics in Catalysis’ published in Journal of Catalysis.
* Corresponding author.

E-mail address: E.A.Pidko@tudelft.nl (E.A. Pidko). 

Contents lists available at ScienceDirect

Journal of Catalysis

journal homepage: www.elsevier.com/locate/jcat

https://doi.org/10.1016/j.jcat.2025.116521
Received 12 August 2025; Received in revised form 19 October 2025; Accepted 24 October 2025  

Journal of Catalysis 453 (2026) 116521 

Available online 30 October 2025 
0021-9517/© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ). 

https://orcid.org/0000-0002-0642-5275
https://orcid.org/0000-0002-0642-5275
https://orcid.org/0000-0001-9242-9901
https://orcid.org/0000-0001-9242-9901
mailto:E.A.Pidko@tudelft.nl
www.sciencedirect.com/science/journal/00219517
https://www.elsevier.com/locate/jcat
https://doi.org/10.1016/j.jcat.2025.116521
https://doi.org/10.1016/j.jcat.2025.116521
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcat.2025.116521&domain=pdf
http://creativecommons.org/licenses/by/4.0/


Understanding fluxional active sites requires extensive exploration 
of both the chemical and configurational spaces to locate the minima on 
the potential energy surface (PES). Characterizing and exploring the PES 
is a complex and tedious task. Traditionally, computational studies in 
catalysis have addressed this challenge by manually investigating 
various active site configurations, relying heavily on expert knowledge 
and chemical intuition. [21,22] This approach often limits the analysis 
to the reactivity domains anticipated by experts. However, recent ad
vancements in computational chemistry offer automated methodologies 
to reduce this inherent bias, thereby broadening the scope of mecha
nistic analyses. [8,23,24].

Various global optimization techniques have been developed to 
identify the global minima of complex structures and to explore dynamic 
ensembles. [25–34] These methods are particularly effective for pre
dicting ensembles in supported metallic clusters, where chemical 
bonding is either non-directional or highly delocalized. The resulting 
structural flexibility essentially permits the “juggling” of atoms to un
cover different active site configurations. However, applying these 
techniques to more chemically complex systems, such as molecular 
(surface) organometallic catalysts supported on amorphous materials, 
presents additional challenges due to the directional nature of covalent 
bonds in ancillary ligands. Conventional approaches may inadvertently 
break covalent bonds, yielding structures that are not chemically 
accessible from the initial guess. In such cases, the exploration may need 
to follow the PES in a more chemically relevant manner, either through 
the artificial force-induced reaction method [35–37] or via reactive 
molecular dynamics. [38–42].

Extracting detailed information about the unique structures sampled 
in reactive molecular dynamics trajectories is a challenging task. 
Tracking the evolution of the three-dimensional structure of catalysts 
over time and identifying distinct features and connectivity changes is 
often difficult when relying solely on conventional analyses of co
ordinates within trajectories. Algorithmic graph theory offers a robust 
alternative by using topological graphs to monitor structural changes 
and generate comprehensive global statistics. [43] In this framework, a 
graph encodes the molecular-level properties of matter through vertices 
and edges that represent specific chemical interactions. Typically, 
vertices correspond to individual atoms, while edges represent chemical 
bonds, including both inter- and intramolecular interactions.

Molecular graphs defined in two dimensions (2D-MolGraphs) pro
vide powerful tools to differentiate between unique isomers, effectively 
filtering out all conformers and rotamers in trajectories of 3D structures. 
The use of 2D-MolGraphs to model intra- and intermolecular in
teractions is now well-established. [43–48] A key element in the 
mathematical analysis of molecular graphs is the concept of isomor
phism, which enables the identification of constitutional isomeric forms 
within a given molecular system. [49].

Herein we present an approach for the structural exploration of 
supported catalytic ensembles by combining ab initio molecular dy
namics (MD) methods with advanced graph theory-based post-process
ing tools for comprehensive trajectory analysis. To illustrate this 
approach, a silica-supported 1,1′-bis(n-butyl-cyclopentadienyl)zirco
nium dihydride single-site catalyst was selected as a representative 
model system for this study. Catalysts of this type are traditionally 
employed in olefin polymerization [50] and show promise in chemical 
plastic upcycling applications. [51–53].

2. Computational details

Models. All simulations were carried out using a fully periodic 
amorphous silica surface 2.1 nm × 2.1 nm model with a surface 
coverage of 1.1 silanol per nm2 proposed by Comas-Vives. [54] This 
surface represents amorphous silica dehydrated at 973 K under vacuum. 
The unit cell formula of this model can be described as Si70O194(
SiOHbottom)31(SiOHsurface)5. A 30 Å vacuum layer above the silica surface 
was added to prevent spurious interactions between neighboring 

periodic images.
Electronic structure calculations were performed in the CP2K 

2022.1 software [55] using the Gaussian-Plane Waves method. [56] The 
PBE(D3BJ) functional [57,58] was used to describe the exchan
ge–correlation energy term. Plane wave energy cutoff of 450 Ry was set 
for the plane wave part of basis set. DZVP-MOLOPT-SR-GTH basis set 
was employed to describe valence electrons of Si, O, and H atoms, while 
the TZVP-MOLOPT-SR-GTH basis set was used to describe the valence 
electrons of Zr. [59] This method was applied for both MD runs and 
geometry optimizations. The latter were carried out using Broyden–
Fletcher–Goldfarb–Shanno (BFGS) algorithm naturally seeks points 
where the gradient is close to zero and all eigenvalues of the Hessian are 
positive, which defines a local minimum.

To explore the configurational space of the systems under consid
eration, ab initio molecular dynamics (aiMD) simulations were con
ducted in the NVT ensemble using the Nosé-Hoover chain thermostat 
with a time constant of 15 fs. Each aiMD trajectory was integrated over 
5 ps with a time step of 0.5 fs. Initial velocities were randomly generated 
from and scaled to match the target temperature. The mass of hydrogen 
atoms was set to 2.014 u (deuterium mass) to enable a larger integration 
time step. One aiMD simulation was conducted at 353 K, and three 
additional simulations were performed at 773 K to accelerate the escape 
from the initial local minimum. Furthermore, we employed molecular 
dynamics with velocity softening for the first 100 MD steps, as imple
mented in CP2K. This method initializes velocities along low-curvature 
directions, enabling the MD trajectories to quickly overcome small en
ergy barriers and access neighboring basins. [60] For each MD simula
tion, a different initial seed for the global pseudorandom number 
generator was assigned to ensure unique initial velocities in each run. In 
total, 10 MD simulations were performed for each structure: one at 353 
K, three at 773 K, and six additional velocity softening runs. All frames 
from these simulations (100,000 total frames) were used for the subse
quent graph-theory analysis without discarding any equilibration 
period.

Molecular dynamics trajectories analysis was carried out with the 
graph-theory-based software GaTewAY, which transforms 3D Cartesian 
coordinates into 2D-MolGraphs. In this section, we will briefly outline 
the functionality of GaTewAY. For a more detailed overview see refs. 
[43,45,47].

The core idea behind GaTewAY is to convert a molecule from a 3D 
Cartesian coordinate set into a 2D graph without retaining any spatial 
orientation information, to effectively distinguish isomers from con
formers and rotamers. In this workflow, each MD frame is converted into 
a graph, [45] G = (V, EC, EO) where:

V: is the set of all atoms present in the frame, where each atom 
corresponds to a node in the graph G.

EC: is the set of covalent bonds, where each bond is represented as an 
undirected edge. A covalent bond is formed between a pair of atoms [a, 
b] with respective Cartesian coordinates (xa, ya, za) and (xb, yb, zb), if the 
Euclidean distance 

D =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(xa − xb)
2
+ (ya − yb)

2
+ (za − zb)

2
√

is less than cutoff distance Dr. For covalent bonds, the algorithm defines 
the Dr distance by the sum of covalent radii of atoms a and b with an 
additional margin of 15 % of this sum.

EO: is the set of coordination interactions (defined as “organometallic 
interaction” in GaTewAY) between Zr and other elements (C, O, H) 
where each interaction is represented as an undirected edge in the graph 
G. Note that for some pairs of atoms, either covalent or coordination 
bond can be defined, depending on the interatomic distance.

The analysis excluded any hydrogen bonding. The lower part of the 
surface is saturated with silanol groups, forming an extensive and 
rapidly changing network of hydrogen bonds during the MD runs, and 
the variations in these hydrogen bonds are irrelevant for the purposes of 
the current analysis.
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The Cartesian atomic positions obtained from the MD trajectory are 
used to construct these mixed graphs at each time step of the dynamics. 
Once these graphs are generated, changes along the MD trajectories are 
analyzed by performing isomorphism checks to compare the graphs 
from one snapshot to another. The combined results from the ensemble 
exploration are then compiled into a network (graph of transitions), 
where the nodes represent unique isomers, and the edges denote tran
sitions observed between structures in the MD trajectories. The unique 
structures detected within MD trajectories by GaTewAY are not neces
sarily minima on the potential energy surface (PES); they may instead be 
located on the slopes leading to the same stationary points. Conse
quently, all detected unique structures within the trajectory were opti
mized, and the resulting ensemble network was simplified. The 
simplification algorithm as well as constants and assumptions that were 
used in this work for graph-theory analysis are described in the section 
S1of the SI.

3. Results and discussion

In this study, we apply our methodology to a system featuring 1,1′-bis 
(n-butyl-cyclopentadienyl)zirconium dihydride (BuCp2ZrH2) supported 
on amorphous silica. Previously Culver et al. demonstrated the forma
tion of BuCp2ZrH+…[HAl≡]– sites on a passivated alumina surface 
uniquely active in ethylene polymerization. [50] In the current model, 
the formation of a similar active site can be envisaged via the recom
bination of the [BuCp2ZrH2]2 dimer hydride with a proton from a silanol 
group (Fig. 1a).

Two distinct silanol sites served as anchoring points for the organ
ometallic pre-catalyst: a silanol group (denoted as SiOH-1) bonded to a 
silicon atom in a distorted tetrahedral geometry and surrounded by 
strained SiO4 moieties, and a silanol group (SiOH-2) with a nearly per
fect tetrahedral geometry (Fig. 1b). The starting point for the aiMD 
configurational exploration was the resulting surface complex 
BuCp2ZrH@SiO2 as depicted in Fig. 1c.

The overall workflow for the structural search of the active site 
ensemble is schematically illustrated in Fig. 2. This approach is inspired 
by our previous work, in which k-medoid clustering based on Cartesian 
coordinates was used to search configurations in ab initio velocity- 
softening MD trajectories for Cu3O3/MOR. [61] However, in the pre
sent study, such clustering is not applicable because the extended sys
tems under investigation exhibit various bonding types and the active 

site has a larger number of atoms, leading to an poor separation of the 
trajectories into distinct structures via clustering machine learning al
gorithms. Therefore, we employed a graph-based analysis within the 
GaTewAY framework, which accurately distinguishes one structure 
from another. The unique structures identified from the MD trajectory 
analysis were subsequently optimized and re-examined using graph 
theory. Finally, duplicate structures were removed from the graph net
works following the procedure described in Section S2. [62].

The structural search procedure outlined in Fig. 2 begins with the 
exploration of the configurational and reaction space for the zircono
cene complex on silica surface using ab initio molecular dynamics sim
ulations at the PBE-D3(BJ) level of theory. [57,58,63] It is important to 
note that standard MD procedures typically provide information only on 
structures within a single basin of the potential energy surface. [64] To 
broaden the search, escape techniques must be employed. In this work, 
we enhance our search with velocity-softening MD simulations. [65] 
Given that low-energy saddle points often lie at the end of low-curvature 
modes, [66] this approach allows for rapid escape from the local mini
mum, even with low-energy trajectories. Within the velocity-softening 
MD method, the direction of low curvature is determined using an 
improved dimer method, which relies solely on gradients, thereby 
eliminating the need for calculating second derivatives. [67] An alter
native strategy to facilitate escape from local minima is the application 
of elevated temperatures, which was also attempted in this work.

Using this enhanced sampling strategy, we started structural search 
with the organometallic complex positioned atop the SiOH-1 silanol 
group. The initial graph network, extracted from 10 MD simulations, 
each comprising 10,000 frames, revealed an ensemble of 295 distinct 
structures (Fig. S2). Following geometry optimization of each structure, 
the number of distinct isomers decreased to 33. Subsequent filtering, 
which excluded species with relative energies exceeding 100 kJ/mol, 
yielded 25 structures for detailed analysis. Notably, structures were 
identified that are significantly more stable than the initial guess, with 
energy reductions of up to 600 kJ/mol.

This reaction network (Fig. 3) can be divided into three parts. The 
central pathway involves significant surface reconstruction and leads to 
the formation of a structure that is significantly lower in energy 
compared to the initial configuration (vide infra). The pathways on the 
left and right involve electrophilic substitution on the Cp rings by silica 
via a neighboring Si atom in a strained configuration. The structures 
corresponding to these distinct pathway types are illustrated in 

Fig. 1. (a) Formation of the BuCp2ZrH@SiO2 active site. (b) The model representing the amorphous silica surface and the silanol groups considered. (c) The active site 
model used as a starting point for MD simulations.
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Figs. S2–S4. The transformations of other identified paths are summa
rized in Fig. S3-S5 of the Supplementary Information (SI).

To demonstrate the chemistry behind these graphs, here, we will 
describe the structural changes along the representative pathway 1 → 

12 → 13 → 17 → 18 (numbers correspond to vertices on the graphs, 
Figs. 3 and 4). The pathway begins with the partial transfer of a 
hydrogen atom from zirconium to a neighboring silicon atom, resulting 
in the formation of a Zr…H…Si bridge (transition 1 → 12). This 

Fig. 2. Schematic representation of the implemented computational workflow.

Fig. 3. Active site graph network for the BuCp2ZrH@SiOH-1. All relative energies and energy changes are in kJ/mol. All presented energies are for the opti
mized structures.
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hydrogen sharing between the coordination spheres of Zr and Si initiates 
a series of subsequent rearrangements. Next, the opening of a six- 
membered ring occurs (transition 12 → 13), which leads to the forma
tion of a silanone group (Si=O) and a dangling SiO− fragment. Hirshfeld 
spin density analysis confirmed the absence of radical character for 
these oxygen atoms. Despite the unfavorable nature of the Si=O bond, 
this step results in a stabilization of 200 kJ/mol. The significant stabi
lization is attributed to the fact that the silicon atom involved is initially 
in a highly strained seesaw geometry, making it reactive towards 
external perturbations; the presence of the zirconocene complex thus 

may initiate this complex restructuring. The activation barrier for this 
transformation was calculated to be 13 kJ/mol (see Supporting Infor
mation, Section S3), confirming its kinetic accessibility.

Next, the [BuCp2ZrH]+ core rotates around Zr-O bond, thus leaving 
the hydride outside the coordination sphere of zirconium (13 → 17). In 
the final transformation (transition 17 → 18), the previously formed 
defect recombines: the Si=O group interacts with a neighboring SiO4 
tetrahedron yielding a negatively charged, five-coordinated silicon 
center in a tetragonal bipyramidal geometry. Simultaneously, an oxygen 
atom (highlighted in green) migrates to an adjacent silicon, resulting in 

Fig. 4. One of the explored active site transformations of the BuCp2ZrH@SiOH-1. The charges shown are assigned based on the chemical intuition to simplify the 
structure reading.

Fig. 5. Discovered active site transformations of the BuCp2ZrH@SiOH-2.
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the closure of a newly formed three-membered ring. Additionally, the 
dangling oxygen recombines with another neighboring silicon to form a 
new siloxane ring. Collectively, these transformations yield a configu
ration that is significantly stabilized relative to the original structure.

Next, we applied our configurational exploration technique to the 
BuCp2ZrH@SiOH-2 system, which features a silanol group with less 
strained local confinement. The graph network after molecular dy
namics contains 253 structures, and after applying graph simplification 
(Section S2) leaves only 12, and of these, only 6 are under the energy 
cutoff of 100 kJ/mol (Fig. S8). This network is considerably smaller than 
that obtained for the SiOH-1 system, highlighting how the local 
confinement of amorphous silica significantly influences the configu
rational space of the active site. [68] Indeed, because the SiOH-2 group 
resides in a less strained environment, fewer reaction pathways become 
accessible.

The chemistry transformation 1 → 10 is summarized in Fig. 5. The 
initial step in the identified pathway involves surface reorganization to 
release surface strain. This reorganization transforms the initially 
strained combination of 2- and 3-membered rings on silica (Si-O-Si-O…) 
into a configuration featuring a 6-membered ring, which subsequently 
stabilizes into a combination of two 4-membered rings and one 3- 
membered ring. This transformation reduces the energy of the system 
by 245 kJ/mol. Notably, this reorganization also appears to facilitate the 
formation of an ensemble in which a reversible hydride transfer from Zr 
to Si can occur.

Thus, by combining reactive molecular dynamics with algorithmic 
graph theory, we can effectively analyze complex chemical trans
formations that encompass both modifications of the coordinatively 
fluxional organometallic core ([Cp2ZrH]) and reorganization of the 
amorphous surface. The selected surface model is notably strained, 
which facilitates the initiation of multiple reaction pathways and en
hances the diversity of accessible structures.

An interesting question arises regarding the origin of the observed 
stabilization: while some of the enhanced stability can be attributed to 
surface relaxation, it is important to quantify the extent of this contri
bution relative to changes occurring at the organometallic active site. 
This separation was achieved in the following way: 

ΔEsurf = Esurface− after− relaxation − Einitial− surface 

ΔEactive = ΔE − ΔEsurf 

where:
ΔE is the energy difference between the considered structure and the 

initial guess structure.
ΔEsurf and ΔEactive represents the contribution from the surface and 

the active site, respectfully.
Esurface− after− relaxation is the absolute DFT energy of the surface of the 

considered structure after relaxation, with the [BuCp2ZrH]+ moiety 
replaced by a proton followed by optimization.

Einitial− surface is the absolute DFT energy of the initial surface.
Fig. 6 represents a visual representation of ΔE (red line) and ΔEactive 

(blue line). When the red line lies above the blue line (ΔEactive< ΔE), it 
indicates that surface relaxation contributes to the overall stabilization. 
This behavior is observed for most of the structures in our study. In many 
cases, for structures that are lower in energy than the initial guess, the 
value of ΔEactive suggests that their enhanced stability is primarily due to 
surface reconstruction. However, in some instances, such as for struc
tures 18 and 19, ΔEactive is around − 200 kJ/mol, implying that both 
surface strain and active site transformations contribute to the overall 
stabilization.

4. Conclusions

In this study, we examined the configurational space of organome
tallic catalysts supported on amorphous materials, using 1,1′-bis(n- 
butyl-cyclopentadienyl)zirconium hydride on amorphous silica as a case 
system. To achieve this, we designed a computational workflow for 
exploring active site configurations. The exploration algorithm consists 
of several steps. First, (reactive) MD simulations are run to ensure that 
the trajectories escape the basin of the initial local minima, thereby 
enabling a broader sampling of the potential energy surface. Next, a 
graph theory–based MD post-processing tool GaTewAY is used to iden
tify unique isomers, constructing an ensemble that reveals how different 
structures interconvert. Finally, the structures extracted from the MD 
trajectories are optimized, and a subsequent graph theory analysis is 
performed to refine the results.

By applying this combined approach to the BuCp2ZrH2@SiO2 system, 
we have shown that differences in the local environment of the silica 
model, such as the degree of strain around different silanol sites, can 
significantly influence the configurational space and reaction pathways 
available to the active site. For instance, systems anchored on silanol 
groups with strained confinement yield a diverse ensemble of structures 
and transformation pathways, with surface reconstruction contributing 
to the stabilization by up to several hundred kJ/mol. In contrast, cata
lysts supported on SiOH-2, which is characterized by less strained 
confinement, exhibit a more restricted set of accessible configurations.

Fig. 6. Line plot depicting the relative energies (ΔE, kJ/mol) and active site contribution energies (ΔEactive, kJ/mol) for structures discovered with our algorithm 
starting from BuCp2ZrH@SiOH-1 (left) and BuCp2ZrH@SiOH-2 (right).
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Most importantly, our study demonstrates that integrating (reactive) 
molecular dynamics with graph theory-based analysis offers an intuitive 
and chemically meaningful approach to unravel the complex, fluxional 
behavior of surface organometallic catalysts on amorphous supports.

5. Associated Content

Supporting Information
Additional data regarding the MD postprocessing (pdf). The Carte

sian coordinates of the optimized structures extracted from the molec
ular dynamics (.zip). The complete dataset (trajectories, structures in 
the.xyz format, numerical data, output files) will be available at the 
moment of the publication at 4TU.nl data repository under DOI 
https://doi.org/10.4121/dabeda0b-fd48-4ebd-ad0f-3c9fa769c731. The 
python code for graphs postprocessing and visualizing is available at 
GitHub: https://github.com/aakolganov/GatGraphProc.
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[65] S.E. Schönborn, S. Goedecker, S. Roy, A.R. Oganov, The performance of minima 
hopping and evolutionary algorithms for cluster structure prediction, J. Chem. 
Phys. 130 (14) (2009) 144108, https://doi.org/10.1063/1.3097197.

[66] S. Roy, S. Goedecker, V. Hellmann, Bell-Evans-Polanyi principle for molecular 
dynamics trajectories and its implications for global optimization, Phys. Rev. E 77 
(5) (2008) 056707, https://doi.org/10.1103/PhysRevE.77.056707.

[67] G. Henkelman, H. Jónsson, A dimer method for finding saddle points on high 
dimensional potential surfaces using only first derivatives, J. Chem. Phys. 111 (15) 
(1999) 7010–7022, https://doi.org/10.1063/1.480097.
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