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Abstract

Recent years have seen the exponential growth of the amount of artificial objects orbiting the Earth.
From satellites to small pieces of space debris, this poses a threat to current and future missions due to
an increase in the possibility of collisions between these objects. Since space debris has the potential to
cause substantial damage, different measures are investigated to make space operations more sustain-
able. Amongst these measures, there is an interest in the development of methods to detect possible
collisions between objects in space to deploy avoidance manoeuvres and hence mitigate the creation of
more space debris. These methods, however, require highly accurate propagations, with thousands of
screenings needed to model the uncertainties for each tracked object, leading to large computational
times. Consequently, there is a lot of effort put into researching new methods that are highly accurate
and, at the same time, require a lower time to compute. The goal of this research is therefore to deploy
a model that can enhance the computation of the probability of collision between satellites for faster
and more accurate collision risk assessment.

Traditional methods require complex numerical models with a large computational load to simulate
the space environment. To avoid these long propagation times, machine learning algorithms could be
used on simpler simulation environments and achieve a similar accuracy to these traditional methods.
The use of Artificial Intelligence (Al) in the field of orbit prediction and collision detection has shown
potential, mainly because these complex simulation environments do not need to be explicitly modelled
with an Al-based approach. Assuch, the methodology developed in this work relies on the deployment
of neural networks to predict the orbits of objects in space with the ultimate goal of calculating the
probability of collision between different objects. The literature on this topic has increased in recent
years, yet there is a research gap in the calculation of collision probabilities using neural networks
and proper testing with real-life scenarios. There is a newly developed hybrid Differential Algebra
and Gaussian Mixture Model method which can provide accurate state and uncertainty propagations
for satellites at any geometry. This model only requires one iteration to work, thus allowing for faster
collision assessments than traditional methods. This has been selected as the algorithm against which to
validate the model built for this thesis. However, since it was only recently developed, some extensions
to provide more accurate and robust answers are required. This model lacks the modelling of the Solar
Radjiation Pressure acceleration, which affects mostly satellites at high altitudes, thus it is included as
part of amodel extension. This extension is tested and verified using a sensitivity analysis, which shows
an improvement in the accuracy of the results for a range of altitudes with respect to the original model.
A real-life scenario reveals that this extension shows very little improvement for satellites in Low Earth
Orbit (LEO) but a significant one at higher altitudes.

With the extension to the DA-GMM algorithm verified, the Al-based approach is developed. The
methodology includes the selection of Physics-Informed Neural Networks (PINNs) as the type of neu-
ral network with which to work. These algorithms introduce a physics loss, a measure of how much the
predicted outcomes of the model deviate from the actual physical laws that govern the studied system,
and thus ensure that these laws are conserved. The main architecture of PINNs can change based on
the task considered. As such, Long Short-Term Memory (LSTM) algorithms have been selected as the
main architecture of the algorithm due to their suitability for time-series forecasting. With the satellite
orbit predicted by the neural network, the uncertainties need to be studied to calculate the collision
probability. A pseudo-Monte Carlo analysis can be performed with the neural network to estimate
the state uncertainty, with the residuals from the algorithm being modelled as uncertainties for more
accurate predictions. The probability of collision between two objects can then be calculated using the
state prediction and uncertainty estimation for each of them. The method selected for this computation
is the time integration of the collision probability rate.

Initially, the machine learning algorithm is trained with data from a single satellite to assess the
capacities and limitations of the model. Once the best architecture is selected, the orbit prediction of
this algorithm is tested and it is found that the model is able to predict the state of the satellite with a
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maximum error of 1% over a 16-hour propagation, which is lower than the DA-GMM. The actual ap-
plication of the model is tested on a real-life scenario, for which the Cosmos-2251/Iridium-33 collision
is chosen. This algorithm can predict the collision probability within the same order of magnitude as
the DA-GMM at a fraction of the computational time. This algorithm is shown to be around 500 times
faster than the DA-GMM for orbit propagation and over 10,000 times faster for the risk probability cal-
culation. On top of that, it is shown that simplified perturbations models can be used in this approach
with an accuracy loss of around 2%. Next, a synthetic crash scenario reveals that the orbit predictions
remain stable over a period of at least 72 hours, indicating that this method is suitable for longer lead
times. Finally, it is demonstrated that techniques such as transfer learning can be used to build a tool
which can generalise to satellites at different orbital regions and with different geometries.
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Introduction

From the earliest civilizations, who looked at the sky and wondered, humankind has been interested
in the understanding of the cosmos and our planet. Scientists throughout the centuries have tried to
gain a deeper knowledge of how the universe works, and advances made by great minds have pushed
humans forward in their quest for knowledge. The launch of the first artificial satellite, Sputnik 1, back
in 1957, marked the beginning of the era of space exploration, and a new perspective brought through
the observation of the cosmos from outside the Earth. Since then, artificial satellites have been used
for a myriad of purposes, with so many different functionalities that nowadays they are ingrained in
almost every aspect of human activity. The rapid growth of man-made objects orbiting the Earth has
led to a pressing issue in modern society: space debris. This term, by definition, refers to “all non-
functional, artificial objects, including fragments and elements thereof, in Earth orbiting or re-entering
into Earth’s atmosphere” (UN, 2010).

The exponential increase of small pieces of debris is a growing concern for scientists and engineers,
as it poses a hazard for other objects in space and current missions. Even small pieces of debris can
cause severe damage to the infrastructure of a satellite or a rocket body, hindering the success of current
or future missions. In 1978, National Aeronautics Space Administration (NASA) scientist Donald J.
Kessler proposed a scenario known as the Kessler syndrome or Kessler effect (Kessler and Cour-Palais,
1978). In this scenario, the density of space debris in the Low Earth Orbit (LEO) region is large enough
that collisions between objects lead to a cascade effect, generating multiple fragments of debris in each
event that increase the possibility of further collisions. Such a situation could easily and quickly escalate
to a point where the number of debris fragments is large enough that the viability of long-term satellite
missions could be severely reduced.

The Kessler syndrome poses a catastrophic situation that is to be avoided and raises concerns in
the scientific community regarding the sustainability of activities carried out in the Earth’s orbit. With
a lack of international regulations, it is in the hands of companies and space agencies to take drastic
actions to reduce the threat that space debris poses to the future of space operations. There are several
ways this can be done, such as the development of active space debris removal missions, the application
of methods of safe disposal of satellites at the end of their operational life, or the creation of debris
mitigation guidelines. Furthermore, Space Surveillance and Tracking (SST) plays a critical role in space
debris mitigation. Through the tracking and monitoring of orbiting objects, agencies and operators can
calculate collision risks and plan to prevent manoeuvres to avoid potential collisions and ensure safe
in-orbit operations. This project aims to provide a fast and accurate way of calculating the probability
of collision between two objects orbiting the Earth, as a means to help mitigate the creation of space
debris.
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Figure 1.1: Number of objects in Earth orbit catalogued by the US Space Surveillance Network (NASA, 2023c)

1.1. Motivation

The field of space safety has been an increasing concern in the last few decades. The decrease in man-
ufacturing and operating costs of satellites and the commercialisation of the space sector have sparked
an interest in large constellations of satellites. SpaceX alone, one of the most well-known companies
dedicated to satellite communications, has deployed as many as 5,289 satellites as of January 2024, and
is planning to deploy at least 12,000 more (McDowell, 2024). This growth in the interest for mega-
constellations (i.e., constellations composed of hundreds or thousands of individual satellites) raises
alarms in the scientific community, since they would greatly increase the risk of the Kessler Syndrome.

The space environment nowadays already poses a threat to current missions as it is. The Euro-
pean Space Agency (ESA) estimates that, as of December 2023, there are around 36,500 objects in orbit
around the Earth that are larger than 10cm in diameter (ESA, 2023). These objects include both active
and inactive satellites, alongside fragments of space debris and others. On top of that, estimations indi-
cate that for diameters between 1 and 10 cm, that number rises to 1 million and even further for objects
with diameters comprising from 1 mm to 1 cm, with an estimate of 130 million. Any fragment of space
debris is a hazard to current missions in orbit around the Earth. If an object of 10 cm were to crash
against a typical satellite, this collision would lead to the fragmentation of said spacecraft. Collisions
with 1 cm objects could disable operational satellites, and even 1 mm fragments could be hazardous
since they could destroy subsystems onboard active missions (Rossi and Valsecchi, 2006).

The number of catalogued Resident Space Objects (RSOs) orbiting the Earth is observed in Fig-
ure 1.1. The objects in space that are catalogued and tracked have doubled in the last 10 years, and
only a minority of those are still operational. This rise is due to the increasing interest in satellite con-
stellations. On top of that, in the last 20 years collisions such as the Cosmos-2251/Iridium-33 and frag-
mentations such as the one resulting from the anti-satellite test on Fengyun-1C have generated a large
amount of debris that also needs to be tracked. From the start of the Space Age, approximately 10,000
satellites have been successfully placed into orbit through over 6000 launch missions. However, de-
spite the substantial number of satellites deployed, only about 6000 have not decayed or re-entered the
Earth’s atmosphere, and thus remain in orbit. Additionally, only a fraction of these maintains opera-
tions to this day, with estimations indicating around 3900 active satellites as of September 2023 (ESA,
2023).
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Figure 1.2: Papers shortlisted on Space Surveillance and Tracking (SST) per year (Choumos et al., 2024)

To avoid the partial or complete destruction of active satellites, the tracking of objects in space is cru-
cial, and the estimation of collision risks and application of Collision Avoidance Manoeuvres (CAMs)
is, consequently, needed. Currently, it is estimated that each satellite in LEO needs to perform two
CAMs per year (NASA, 2023b). This changes depending on the altitude at which the spacecraft is
located, since some regions are more densely populated than others. For some of these regimes, ma-
noeuvres can be as frequent as once every three months on average per satellite and might increase due
to the deployment of mega-constellations, together with the predicted increase of debris in the future.

Recent work of Choumos et al. (2024) reviews the current state of the art on the topic of orbit predic-
tion and collision avoidance. When reviewing the literature on the field of SST, it was found that there
has been an increase in the number of papers published on the topic over the years, with a sharp in-
crease in recent years (Figure 1.2), showcasing the increasing concern of space safety and sustainability.
As much as all the subfields of SST are important for a sustainable and safe space environment, there
is a particular focus on accurate orbit propagation and prediction. It establishes the basis for collision
assessment and manoeuvre planning, both of which are needed for collision avoidance and prevention
of space debris generation. Accurate orbit prediction is key to ensuring safe space operations via the
mitigation of space debris. More traditional methods require a large level of complexity to obtain a
desirable accuracy, which is difficult to achieve. The inherent non-linearities and uncertainties in the
space environment make it extremely complicated to capture them via numerical, traditional methods.
The use of artificial intelligence (AI) can help overcome these challenges, as predictions can be made
without explicit modelling of the simulation environment or space objects.

1.2. Current Conjunction Assessment Practices

Agencies are defining guidelines and best practices for the creation of a safer space environment and
operations. Since the active satellites, capable of manoeuvring, are owned by private companies, their
maintenance and operations are in the hands of the owners/operators (O/Os). To establish interna-
tional regulations, agencies like NASA give recommendations on the actions that these O/Os need to
take for collision avoidance and manoeuvre planning in their Spacecraft Conjunction Assessment and
Collision Avoidance Best Practices Handbook (NASA, 2023b). In said handbook, the current conjunc-
tion assessment process as followed by the U.S. Space Defence Command (USSPACECOM, 2024) is
detailed. This is a body from the military of the United States that focuses on the defence of national
interests via the integration of military spacepower. The 18th Space Defence Squadron (185DS) and
19th Space Defence Squadron (19SDS) are tactical squadrons under USSPACECOM and are key in the
conjunction assessment process performed by this body. It is to be mentioned that the USSPACECOM
space catalogue is the one that is used by nearly all conjunction assessment practitioners (185DS and
19SDS, 2023) and therefore sets the basis of current standard practices.
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1 Conjunction assessment screenings

The conjunction assessment screening is the first step in the process of conjunction assessment.
At USSPACECOQOM, the 185DS implements a highly accurate propagator on tracked objects by
the Space Surveillance Network (SSN) to predict the orbits of the objects in the Highly Accurate
Catalog (HAC). Then, the 19SDS uses this catalogue to screen the orbital trajectories of all tracked
objects and identify close approaches. The “close approach” flag is triggered when two objects
are predicted to be closer than a set of distances, often much larger than the distances that would
pose an actual threat of collision. The time of closest approach (TCA) is also estimated from this
data. The results from the screenings are posted on www.space-track.org (Space-Track, 2009),
the USSPACECOM space catalogue, in the form of Conjunction Data Messages (CDMs), which
are publicly available and can therefore be accessed by the O/Os.

2 Conjunction risk assessment

Once the close approaches are identified, each conjunction is analysed for the risk of collision.
This is typically done via the calculation of the probability of collision (F.), but other methods
exist in the literature. The value obtained for P, is the driving factor for the decision-making pro-
cess of risk mitigation. Any conjunction with P.> 10~ is considered a high-risk event (185DS and
19SDS, 2023) and the application of a Collision Avoidance Manoeuvre is recommended. Other
risk assessment methods have been developed (Alfano, 2005; Balch et al., 2019; Carpenter and
Markey, 2014), but the one described here is common and the threshold defined is deemed safe
enough for conjunction assessment (NASA, 2023b). There are, however, several factors affecting
the value obtained for P, such as the uncertainties in the propagation model, which increase the
further in the future the object is propagated. Commonly, the risk of collision reduces as the time
of closest approach gets closer because the state of the object is subject to less uncertainty. Many
O/0s might choose to not take any immediate actions and wait until P, is known more accurately.
On the other hand, the closer the manoeuvre is postponed to the time of closest approach, the
larger the manoeuvre will need to be if the event keeps being considered of high risk.

3 Conjunction Risk Mitigation
If one of the objects involved in a high-risk event is manoeuvrable, the O/Os are responsible for
planning a mitigation action for collision avoidance. Typical actions include a change in the satel-
lite’s trajectory or a change in its attitude, amongst others. It is recommended that the manoeuvre
reduces the probability of collision by at least 1.5 orders of magnitude (Hall, 2019), so some post-
manoeuvre analysis should be performed to assess the consequences of taking such an action,
even before it is taken.

Currently, the practices performed on collision risk assessment, as explained above, rely on physics-
based models (Braun et al., 2016). To achieve high accuracy, the computational load required is very
large and screenings take a significant amount of time both for the propagation and the analysis of
results (NASA, 2023b; Sgobba and Allahdadi, 2013). For the operators to maintain safe space opera-
tions, these screenings and collision risk assessments need to be as accurate as possible. This task can
prove complicated since these agencies do not have access to relevant data, owned by private compa-
nies. Typically this data is not released to the public, hindering the performance of accurate simulations
even with the most complex tools. The method developed in this project aims to provide alternative
solutions based on the application of artificial intelligence on algorithms that deal with orbit prediction
and collision risk assessment.

1.3. Differential Algebra and Gaussian Mixture Model Approach

Another challenge in highly accurate orbit prediction for collision assessment is the incorporation of
uncertainties, inherent in the initial state and the environment variables. These need to be taken into ac-
count when using traditional, numerical methods to calculate the collision probability between objects.
Typically, this is addressed by performing Monte Carlo analyses with an exceedingly large number of
iterations on the nominal orbit, which is very time-consuming and computationally expensive. With
a complex problem that requires very reliable models, one can easily see how it might sometimes be
infeasible to take this approach. Alternative methods have been studied, but there always seems to be
a trade-off between accuracy and computational load.
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There is, however, a newly developed method that combines Differential Algebra with a Gaussian
Mixture Model (DA-GMM) that allows for the accurate propagation of the nominal orbit and uncertain-
ties of the model (Leon Dasi, 2021). It only needs one iteration to achieve a level of accuracy equivalent
to 10? Monte Carlo runs, showing an incredible improvement with respect to other methods in terms
of both accuracy and run time.

This method is very valuable since it can easily be used for validation of the Al-based model that
is to be developed in this project with a cut in the run time that is needed. This model is, however,
incomplete. It is lacking two elements that can be argued are relevant for the environment simulation:
the Solar Radiation Pressure (SRP) and the rotational motion. In her work, Leon Dasi explained that it
was not essential to add these elements in the simulation and proof of that is in the 0.04% error that she
achieves in her collision probability calculations when compared to a 10°-sample Monte Carlo analysis.
Further details about the work developed by Leon Dasi are detailed in Section 2.2.

The inclusion of the solar radiation pressure and rotational motion, however, would benefit the DA-
GMM and make it valid for a larger case of scenarios. It has been shown that solar radiation pressure
is an important force acting on satellites (Horstmann and Stoll, 2017; Wang et al., 2018), and therefore
there is an interest in analysing how its addition to the model changes the accuracy. This is, however,
challenging due to further uncertainties being introduced in the model and the fact that this accelera-
tion is usually modelled as a discrete function, which is not compatible with Differential Algebra. The
rotational motion is also considered a key addition to the model, as it affects the interaction of satellites
with external forces (Akulenko et al., 2008). The modelling of the rotational motion is, however, more
challenging than that for the SRP acceleration. It requires further information about the satellite’s ori-
entation and the mass distribution to build the moments of inertia, critical for the rotational equations
of motion. Since this information is not publicly accessible, and the addition of the rotational motion
induces significant challenges to the DA algorithm (i.e., representing the spacecraft’s attitude or inte-
grating with translational orbital dynamics, amongst others), it will not be included due to constraints
in the time and workload required for this project. It will nonetheless be added as a recommendation
for future work.

1.4. Research Question

Simulating the space environment presents significant challenges due to its complexity. The accurate
prediction of the movement of RSOs implies the use of complex numerical models that have a large
computational load. In situations where there is an urgency to model the orbit of certain objects to
calculate collision risk probabilities, a large computational load is undesired. On the other hand, high
accuracy is key for this calculation and so with numerical methods, a trade-off between the complexity
of the model (and therefore computational load and time) and the accuracy of the prediction needs to
be made. The main goal of this project lies in a faster and more accurate computation of the probability
of collision between objects orbiting the Earth to aid in space debris mitigation.

There is a clear potential for the use of Al for conjunction assessment. The hypothesis made here is
that machine learning (ML) could be implemented on simpler, less accurate simulation environments
that can achieve a similar level of accuracy as more complex numerical methods. It is theorised that
the implementation of machine learning will allow the algorithm to learn the underlying patterns of
the perturbation forces without the need to explicitly model them in the simulation. This, in turn,
reduces the need to develop computationally expensive methods, such as Monte Carlo analyses, for
the predictions and uncertainty distribution.

To validate the algorithm implemented, a highly accurate solution for the orbit propagation is
needed. The best method to do this is the aforementioned DA-GMM since it provides highly accu-
rate results with a fraction of the computational time needed for similarly accurate methods. Being
extensively verified, it is chosen as the best tool to test the results of the approach taken in this project.
For a more complete simulation, there is an element that still needs to be included in the DA-GMM
algorithm, as explained in Section 1.3, which is the Solar Radiation Pressure acceleration model.

The research gap that is found in the literature is for the development of faster and more accurate
models for collision risk assessment, which establishes the main research question that will guide this
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work. Possible approaches for this are investigated and discussed. Firstly, the DA-GMM has already
achieved to significantly reduce the computational load while keeping a good accuracy in the calcula-
tion of P.. However, there is, as mentioned, a research gap in this method resulting from the incomplete
modelling of the forces of the environment. More concretely, the absence of implementation of Solar
Radjiation Pressure in the DA-GMM framework and research on how that affects the accuracy of the
model is the cause of this research gap that will be tackled in this project. Secondly, several studies
have already been done on the use of Al-based algorithms for conjunction assessment with positive
results. There is, however, a research gap in more thorough studies on how these algorithms compare
to traditional methods through more extensive validation tests and the use of real-life data. Following
these premises, as well as the main focus of the project on improved collision risk assessment, a series
of research questions and sub-questions have been posed to direct the project:

Q1 How can the computation of the probability of collision be enhanced for faster and more accu-
rate collision risk assessments?
As expressed eatrlier, the main focus of this project is on the increase of accuracy and reduction in
the computational load required for conjunction risk assessments with respect to more traditional
methods.

Q1.1 How can the DA-GMM be extended for more accurate predictions?
There is a desire in this project to obtain the most accurate answers with a traditional method
for comparison purposes with respect to the results of the ML algorithm. The way to do so is
by extending the DA-GMM with some models that were not initially included but could be
relevant.

0Q1.1.1 How does adding the effect of the Solar Radiation Pressure affect the results ob-
tained from the DA-GMM as developed by Leon Dasi?
To obtain more accurate answers, the Solar Radiation Pressure should be added to the
model due to its relevance in Earth-orbiting objects” dynamics. It is important to ver-
ify that the original code still performs accurately even after some modifications and
assess the new level of accuracy that is obtained through the addition of this model.

Q1.2 To what extent can simplified models be used to accurately predict the orbit of Resident
Space Objects (RSOs) and compute collision probability with the use of artificial intelli-
gence?

This question is posed concerning one of the core sections of this study, namely the implemen-
tation of machine learning models and how they can be used in combination with simplified
propagation models to achieve accurate results.

Q1.2.1 How does the accuracy of the ML-based algorithm compare to that of current con-
junction assessment algorithms?
Firstly, it is essential to check whether the accuracy that is obtained with the simpli-

fied, more inaccurate, models is comparable to that of traditional methods.
0Q1.2.2 How does the computational load required for accurate predictions using the ML-

based model translate to automatic real-time systems?

Machine learning algorithms can be quite computationally heavy. The work devel-
oped here will be aided by supercomputers for analysis and therefore computational
load is not an issue, but it is relevant to understand whether it is feasible to use these

models for the on-board computers to automatically compute collision probabilities.
Q1.2.3 Which environment and perturbation models need to be used in the simulations

to meet the accuracy requirements?

Understanding the models that are needed to simulate the environment, both in the

accurate method and in the simplified one, is essential for the development of the
roject.

Q1.2.4 Ipiloiv far in the future can this method predict the orbit of an RSO accurately?
Provided that the use of Al-based models can provide accurate answers, it would be
interesting to study how much further in the future the model can propagate the orbit
of an object while maintaining a reasonable level of accuracy.
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Q1.2.5 To what extent can the algorithm predict the collision and time of closest approach
of the Cosmos-2251/Iridium-33 crash in 2009?
A real-life scenario should be used to assess the performance and application of the
method developed in this thesis. The Cosmos-2251/Iridium-33 collision is the most
famous, and one that has been extensively studied in the field of collision detection.

The questions posed here will be used as guidelines for the project. It is expected that the work
performed in this thesis shall find the answers to these research questions, which will be revisited at
the end.

1.5. Outline of the Report

The thesis work to be developed for this research is structured into several parts and chapters, each
providing a different focus on the research of Al-based algorithms for collision detection. The first part
of the report aims to provide the background information that is required as a baseline to understand
the rest of the project. Chapter 2 reports the main findings from the literature study phase of the
thesis, with an explanation of the existing research done in the same field. On top of that, it provides
information on the missions that are used as part of this thesis to validate the model, as well as the
system and mission requirements that are placed for the model to be developed. The research could
be separated into two main fields: astrodynamics and machine learning. The background information
for the former is introduced in Chapter 3, whereas the core concepts and algorithms of the latter are
described in Chapter 4. These two chapters include only the information that is thought needed to
understand the models built to provide answers to the research questions.

The next part of the thesis focuses on software development. The first area of study within this
part is that of external software integration, discussed in Chapter 5. This chapter provides a view of
the software architecture of the models to be developed to discern the external software required for
the models. Moreover, their setup and integration are verified once the external software and libraries
are identified. Chapter 6 presents the work done on the extension of the Differential Algebra-Gaussian
Mixture Model, including the mathematical models used for the formulation of the SRP acceleration
and its uncertainty modelling, as well as the verification and validation tests done to analyse the level
of improvement of the additions. The core of this thesis work is the development of a Physics-Informed
Neural Network (PINN) for collision detection. The software development for this task is reviewed in
Chapter 7.

The last part of the report introduces the results obtained from the PINN in Chapter 8, with a thor-
ough analysis focused on the identification of the strengths and limitations of the approach selected for
the research. With these identified, Chapter 9 reiterates the conclusions drawn from the research done
and provides recommendations for future researchers who might want to work in this same field.
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Mission Heritage

This chapter introduces the mission heritage for the topic of collision probability calculation and ma-
chine learning for orbital dynamics. Firstly, an overview on collision detection and avoidance, with
current practices and methods, is given in Section 2.1. Then, the DA-GMM method as developed by
Leon Dasi (2021) is reviewed and discussed more in detail in Section 2.2. Since the first part of the
work developed in the project is going to be an extension of this method, a detailed explanation of it is
thought to be appropriate. Concerning this, the methods for modelling the uncertainties in the Solar
Radjiation Pressure acceleration are reviewed in Section 2.3. The main block of this project, however,
is the application of machine learning algorithms, so the main trends used in the literature are sum-
marised in Section 2.4. The possible data sources that can be used to train the model are discussed in
Section 2.5 and a choice is made. For the validation tests, a set of reference missions and cases will be
needed, which are explained in Section 2.6. Finally, with all this information, a set of requirements is
developed in Section 2.7 and an overview of the methodology is given in Section 2.8.

2.1. Collision Detection and Avoidance

The safety of space operations relies heavily on collision detection and avoidance, processes which aim
to prevent collisions between objects in space and thus prevent the creation of debris. The rapidly in-
creasing crowdedness of certain regions in space due to the deployment of mega-constellations creates
an increasing need to predict close encounters and perform corresponding manoeuvres.

The initial step to conjunction assessment is the tracking and cataloguing of objects in space. RSO
detection (or tracking) refers to the process of using ground-based or space-based sensors to identify
diverse objects in space (Tsaprailis et al., 2024). This is the process by which the positions and velocities
of different space objects are obtained, which are then uploaded to catalogues maintained by different
Space Surveillance Networks such as the USSSN.

With the tracked data obtained, the conjunction assessment screening process begins. This involves
the use of highly accurate models to predict the state of different orbital objects and identify potential
conjunctions or close approaches. To obtain the collision probability between two objects, their states
and covariances need to be propagated using complex numerical models. This is done for the entire
catalogue, where the conjunction of all objects with respect to every other object tracked is considered
and assessed. This takes an infeasible computational effort, thus filtering techniques are typically used
to reduce the possible conjunctions assessed. Leloux (2012) presents and reviews different approaches,
from analytical and efficient pre-screenings (Hoots et al., 1984; Khutorovsky et al., 1993) to more accu-
rate analyses (Alarcon-Rodriguez et al., 2002; Klinkrad, 1993). The method selected will depend on the
aims and requirements of the mission. The focus of this thesis is on the orbit propagation and collision
probability calculation, hence this step is assumed to be completed. Proper screenings between two
satellites can be done upon filtering to reduce the number of potential conjunctions.

9
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2.1.1. Orbit and Uncertainty Propagation

Before the calculation of the collision probability can be done, the state and uncertainties of the satellite
need to be propagated. This is the most fundamental part of any collision detection algorithm since
the adequate estimation of the collision risk depends heavily on the accuracy of the propagations. Af-
ter a thorough literature study, several approaches have been identified and will be reviewed in the
upcoming paragraphs.

Classic Approaches

Classical approaches to orbit prediction refer to those techniques that propagate the state of objects in
space following the laws of orbital motion. They can be divided into numerical, analytical, and semi-
analytical approaches.

o Numerical approaches use integrators to propagate the orbit of an object through a complex, per-
turbed environmental model. Different numerical approaches to increase the accuracy of the
integrators and the long-term stability of their solutions have been extensively researched in the
past (Hofsteenge, 2013; Vittaldev, 2010).

e Analytical approaches use a simplification of the perturbations affecting the object to use analyti-
cal models to solve the equations of motion. These cannot capture the complexity of the actual
environment but require a significantly lower computational effort.

o Semi-analytical approaches provide a larger accuracy than purely analytical methods while reduc-
ing the computational load of numerical models. They involve the simplification of the perturba-
tions affecting a spacecraft and the resolution of the consequent equations of motion using math-
ematical approximations. One example of this is the Simplified General Perturbations (SGP4),
explained more in detail in Appendix D.

These are all methods used for orbit propagation, in which an initial state (obtained from the diverse
tracking methods) is used to calculate the state of an object for a period of time in the future. This,
however, does not provide any information on the uncertainties of the model.

The most common approach used in current collision assessment practices is the Monte Carlo anal-
ysis (Braun et al., 2016). In this, a set of initial states is created following a certain distribution, each
of which is then propagated using the desired approach. The set of future states is used to assess the
uncertainties of the model at the desired time steps. This method is extremely time-consuming and so
alternative approaches for orbit and uncertainty propagation have been investigated.

Non-AI Approaches

Methods that diverge from the classical approaches for uncertainty propagation and rely on innova-
tive mathematical formulations also need to be reviewed. They are typically built on top of classical
orbit propagation methods but are aimed to reduce the computational load required for Monte Carlo
simulations.

The first approach investigated is the Interval Method, developed by Moore (1968) and reviewed by
Romgens (2011) for application in the field of collision detection. In this method, the relative motion
of two objects is computed at a series of discrete time intervals using a numerical propagator. Then,
bounding volumes are used to simulate all the possible positions a certain satellite might take within an
interval. When the bounding volumes of two objects intersect, a more thorough analysis is performed
to assess the collision probability using the relative motion of the objects and their uncertainties through
covariance propagation.

The following approach is the Differential Algebra-Gaussian Mixture Model, developed by Leon
Dasi (2021). This method combines the DA framework for uncertainty propagation and the GMM to
approximate the uncertainty PDFs. The uncertainty propagation is therefore embedded in the state
propagation, hence the model requires a single run to propagate both. This will be discussed in more
detail in Section 2.2 since it will be used and extended in this thesis.

Both of these methods have been used for collision detection and have demonstrated that they can
effectively reduce the computational load of the classic approaches while obtaining accurate predic-
tions.
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Al-based Approaches

The use of Al for collision detection and avoidance has largely increased in the last decade (Choumos
et al., 2024), demonstrating a potential for faster and more accurate collision assessments. Machine
Learning algorithms allow for the propagation of the state of an object in space without modelling
the complex dynamics of its environment, effectively reducing the computational load of classical ap-
proaches.

Different algorithms have been used for orbit propagation, including Support Vector Machines (Peng
and Bai, 2018b), Artificial Neural Networks (Peng and Bai, 2018a), Convolutional Neural Networks (Dave
etal., 2020), and Recurrent Neural Networks (Curzi et al., 2022; Jadala et al., 2022; Shin et al., 2022). All of
these algorithms will be reviewed in detail in Section 2.4, with brief descriptions on the characteristics
of each and how they can be useful for orbit prediction. None of the methods reviewed in Choumos
etal. (2024) provides an overview of how the non-linear uncertainties of the satellite can be propagated,
thus estimation techniques would be required to obtain them using these methods.

Other ML-based models can be used for uncertainty estimation. Peng and Bai (2019) use Gaussian
Processes (GP) for uncertainty prediction. A GP can be defined as an ML algorithm which can be used
to model the uncertainties around a core value assuming a Gaussian distribution. These, however,
present a large performance sensibility to the kernel choice and they perform poorly for large datasets,
which are expected and required for machine learning in the field of orbit prediction. Other Bayesian
inference processes have been used for non-linear dynamics (Lan et al., 2022), demonstrating their use
for uncertainty quantification.

2.1.2. Collision Probability Calculation

With the orbital state of the satellite, as well as its uncertainties, the next step of the conjunction risk
assessment can be performed: the computation of the probability of collision between different objects
in space. There are many methods used in the literature for this, including some suited for short-term
encounters and others for long-term.

The calculation of P, for short-term encounters involves a series of assumptions (Foster and Estes,
1992):

1. The orbit of all objects involved can be represented as a linear trajectory.
2. The uncertainty in the velocity vector of either satellite can be neglected.

3. The uncertainty in the position vector of either satellite can be assumed constant throughout the
encounter.

4. The uncertainties in the position and velocity vectors can be assumed to follow a Gaussian distri-
bution and are uncorrelated.

5. Both objects can be modelled as hard-body spheres.

For these types of situations, the encounter geometry can be assumed planar and the P, calcula-
tion can be reduced to a 2-dimensional problem in the conjunction plane. Different methods include
the original collision probability formulation by Foster and Estes (1992). Patera (2001) and Alfano
(2005) proposed different formulations based on the reduction of the P, calculation to a 1-dimensional
problem, reducing the computational load required for it. Finally, Chan (1997) proposed an analytical
2-dimensional method for this calculation, faster than all the other methods discussed.

These assumptions no longer hold for long-term encounters, where the conjunction cannot be as-
sumed to be 2-dimensional anymore. The encounter geometry is changed to a set of volumes, which
simulate the uncertainties surrounding the objects. Chan (2004) extended his method for long-term
encounters by adding an integration along the volume of the encounter geometry. Patera (2003) also
extended his algorithm, this time using contour integration. Alfano (2006) (method of adjoining cylin-
ders), Alfano (2007) (method of bundled parallelepipeds) and McKinley (2006) (method of voxels)
all use models to discretise the geometrical encounter and reduce the computational time required
to calculate P.. Finally, Coppola (2012) uses an instantaneous P, calculation based on the collision
probability rate at each instant in time of the encounter.
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Overall, the formulations for long-term encounters are preferred since they are more robust to any
type of geometry. All of them present different assumptions on the encounter geometry and shape of
the bodies, out of which the time integration method by Coppola (2012) can be used for a wider range
of geometries and scenarios. This agrees with the assessment made by Leon Dasi (2021), and so its
formulation will be presented in Subsection 2.2.3.

After the collision probability of an encounter has been computed, the event can be classified. If an
event is considered of high risk, the O/Os of the satellites are informed and advised to make Collision
Avoidance Manoeuvres (CAMs) to mitigate the generation of space debris.

2.2. Differential Algebra - Gaussian Mixture Model (DA-GMM)

An introduction to this method was already given in Section 1.3. This section aims to expand on it
by giving an overview of the model in Subsection 2.2.1, how the uncertainties are modelled in Subsec-
tion 2.2.2 and the collision probability method chosen in Subsection 2.2.3.

2.2.1. Overview of the model

The DA-GMM is a hybrid method which combines Differential Algebra with Gaussian Mixture Model
for uncertainty propagation. Each of these on their own has shown to have suitability to orbital dynam-
ics, but using a hybrid of the two allows to counter their drawbacks and create a more accurate and
faster model to predict P..

Many uncertainties affect the accuracy of the calculation of the collision probability. It is therefore
desired to model the satellite via a Probability Density Function (PDF) and propagate the uncertainties.
This can be extremely challenging since there is no analytical approach to solve the time evolution of the
PDF of the state vector of the spacecraft when perturbations are also considered. Since the dynamics
of the environment becomes highly non-linear, methods to propagate the uncertainties under such
conditions are derived.

One of the main issues of these methods is that they tend to be limited to the propagation of
Gaussian PDFs. When propagating through non-linear dynamics, Gaussian distributions become non-
Gaussian and therefore these methods become unsuitable for this task. To tackle this, the Gaussian
Mixture Model is introduced. This method approximates the non-Gaussian distribution via a weighted
sum of several individual Gaussian PDFs. GMM, when used in combination with traditional integra-
tion methods, still requires a large computational load to achieve a similar accuracy to Monte Carlo
analyses. However, it can be combined with other uncertainty propagation techniques that can reduce
the computational load by approximating the dynamics of the environment.

The method chosen to address this problem is Differential Algebra (DA). This method relies on
the approximation of the non-linear dynamics via a series of Taylor-series expansions, where the first-
order terms of the expansion correspond to the linearised dynamics, while high-order terms capture
the effects of non-linearities. These can capture the evolution of the mean and standard deviation values
of the variables of the system, and therefore propagate the uncertainties in a simplified environment.

The hybrid method presented here allows for the approximation of the initial state via the GMM
and propagates the state to the final time via DA. A DA algorithm is first used to propagate the state
of the satellite via simplified dynamics. The mean and covariance of each Gaussian Mixture Element
(GME), therefore, do not need to be propagated, but instead, they can be obtained from the Taylor-
series expansion of the final state, and hence the PDF of the final state can be obtained. This method
allows for a reduction in the computational load while obtaining highly accurate results.

2.2.2. Uncertainty Propagation

There are two main sources of uncertainty in the field of orbit prediction: the initial state and the
environment models. These need to be treated in the algorithm and as such need to be modelled by
means of different probability distributions.

The uncertainty in the initial state is considered to follow a Gaussian distribution. In this type
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Table 2.1: Standard deviation of initial state in RSW components (Leon Dasi, 2021)

Mission OR,R OR,W [m] OR,S [m] OV,R [m/s] ov,S, OV,W [m/s]
General LEO satellite 0.2 0.8 0.004 0.001
TLE 100 400 1 0.25
Space debris 250 1000 1 0.25

Table 2.2: Summary of the probability distribution chosen for the modelled uncertain variables (Leon Dasi, 2021)

Variable Probability Distribution | Range of Values
Initial State Gaussian Table 2.1
Observed to model density ratio Log-normal [-0.08, 0.25]
L . Generic spacecraft Uniform [K-0.015, K+0.015]
Ballistic Coefficient Space debris Log-uniform [1077,5]

of distribution, the mean corresponds to the expected value for a certain variable (e.g., the expected
position of the satellite), while the standard deviation or variance are measure of the uncertainty of
this value. When it comes to the environment models chosen, there are uncertainties introduced in the
problem due to imperfect knowledge of variables or due to simplifications. To reduce the computational
load, the number of variables that are included as uncertainties needs to be limited. Therefore, only
those that have a larger effect on the problem are considered by Leon Dasi: the atmospheric density
and the ballistic coefficient.

The uncertainties that need to be propagated are modelled via PDFs. The mathematical formula-
tion of these is provided in Appendix A. Typically, uncertainties in the field of orbit determination are
assumed to follow a Gaussian PDEF, but for the sake of accuracy, other models are considered for the
environment variables. The atmospheric density uncertainty is modelled to have a log-normal distribu-
tion (Picone et al., 2002), while the ballistic coefficient depends on the characteristics of the spacecraft
and is modelled differently for different cases. For a generic spacecraft, a uniform distribution is con-
sidered, while the uncertainty for an unknown piece of debris or other spacecraft with unknown mass
or size is assumed to follow a log-uniform distribution (Bhusal and Subbarao, 2020). The uncertain-
ties for the initial state are defined in the Radial, Along-track, Cross-track (RSW) frame, introduced in
Section 3.1, and are summarised in Table 2.1 following the research by Rongzhi and Kaizhong (2020)
and Flohrer et al. (2008). The uncertainty models chosen for the environment variables and the corre-
sponding range of values are provided in Table 2.2.

2.2.3. Collision Probability Calculation

The approach chosen by Leon Dasi in her work to obtain the collision probability follows that devel-
oped by Coppola (2012). This is a three-dimensional calculation of P, and includes the uncertainty
of the state of the satellite (i.e., both for the position and velocity) and can be used for any geometry.
This method is based on the idea that the total collision probability P. can be obtained via the inte-
gration over time of the collision probability rate P. over the length of the encounter. This is shown
in Equation (2.1), where P.(t) is the probability that a collision occurs by time ¢, and is based on the
assumption that the probability of collision is 0 at ¢ = 0.

Pt) = /0 pe(r)dr (21)

The collision probability rate is given by Equation (2.2), under the assumption of hard-body spheres
with radius R. The derivation shown here follows the work by DeMars et al. (2014).

Na Nb i X 27 z . .
pe(t) = R3S wlwl) / / g (R pd), 57 ) () cos 0dodo (2.2)
i=1 j=1 0 J-3



14 Chapter 2. Mission Heritage

N, and N, represent the number of GMEs of Objects A and B respectively. The variable w( ) is the

weight of the i GME of Satellite A at time ¢, whereas w(] ) is the weight of the j** GME of Satelhte B
at the same time. The angles 6 and ¢ are the elevation and a21muth angles, respectively. The Gaussian
PDF is described by:

1
by (@im. P) = 22P| P exp { =@~ m) TP @ )|

and can be used to describe the combined PDF of two independent objects via p, (Rﬂk; ug,li ), E(” )),
where:
WD <l w3 P )

s

which can be decomposed into position and velocity components:

i) = u%ii $00) _ E(”z 25@5};
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m((f)t, l(fz, P(Zt and Pl(ft are the mean and covariance matrices of the i GME of Objects A and B at

time ¢. The last element of Equation (2.2) that needs to be explained is v(71), which has an expression
as follows:

- ) (B0 e

where:

(2.4)

With all the expressions described here, the next step is to perform the integration of Equation (2.2).
This cannot be done analytically, and a numerical approximation is needed to solve this. The method
chosen is called Lebedev’s quadrature (Lebedev, 1976), and the resulting expression to evaluate the
collision probability rate is:

Na Nb . . N;C
=R*) waf)twl(,jt) > wipg (Rﬁk; puld, E(”)) v(fy,) (2.5)
i=1 j=1 k=1

A set of N, quadrature points on the surface of the sphere is selected to perform the integral. Each of
these points has a weight w;, and the integral is approximated via a weighted summation. The unit
vectors of the unit sphere are represented by 7.

2.3. Uncertainty Modelling for Solar Radiation Pressure

There are several sources of uncertainty resulting from the addition of the solar radiation pressure
perturbation. The expression for this acceleration is given by:

CRSre .
CLSRP—_( £ f) "o (2.6)

c m |
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Figure 2.1: Relationship between mean debris mass and mean effective area (Badhwar and Anz-Meador, 1989)

where W is the solar flux, c represents the speed of light, C is defined as the radiation pressure coeffi-
cient of body A, S, is the effective or reference area of the body, m is its mass, and r¢, is the distance
from the body to the Sun.

This will all be discussed more in detail in Section 3.4. The focus of the current section is on un-
derstanding the main uncertainties of the SRP and corresponding modelling of them. The parameters
and variables that could lead to numerical errors are the solar flux, which has fluctuations in time, and
satellite-specific properties such as the radiation pressure coefficient, the reference area, and the mass
of the vehicle.

The solar flux has fluctuations in its value due to the translational movement of the Earth around the
Sun. Hence, it varies throughout the year, with a value of 1317 W/m? at the apohelion and 1408 W/m?
at the perihelion. There is a desire not to model too many uncertainties for simplicity purposes, and
thus this variation due to the Sun-Earth distance can be calculated in the algorithm for the DA-GMM.
More uncertainties come from this variable, such as the solar activity cycles (which occur in a 11-year
period). Since these variations in the solar flux are only of a 0.1% (Schmutz, 2021; Wilson and Hudson,
1991), these are thought insignificant enough that they are gathered to be negligible.

When it comes to satellite-specific variables, the values are not usually publicly available. As such,
some of these need to be modelled as uncertainties: the radiation pressure coefficient Cp, the effective
area, Sycr, and the mass of the satellite, m. To simplify the modelling, these variables are grouped
into one, which will be called solar radiation coefficient: CSRP = 5L The case proposed here
is similar to that for the ballistic coefficient described previously. The radiation pressure coefficient
might change due to surface or material degradation, or with a change in attitude. The former will
not be considered under the assumption that the orbit prediction and P, calculation will happen in a
short period. Assuming that the change in attitude of the RSO is constant, the uncertainty of C'r can
be modelled as uniform. If the satellite has a known reference area and mass, the PDF of the solar
radiation coefficient can be assumed uniform. Typically, the radiation pressure coefficient has values
in the range 1.2-1.5 (Doornbos, 2011; Wakker, 2015). Following the logic in the work of Leon Dasi to
establish the range of values for the ballistic coefficient of generic spacecraft, the range obtained for
Cris [CSRP -0.01, CSRP + 0.01]. It is defined with respect to the nominal C RSP value since the
characteristics of the area and mass are assumed to be known accurately.

However, for pieces of debris and spacecraft with unknown geometrical properties, the PDF dis-
tribution can no longer be assumed uniform. In such a case, the size and weight of the object are not
known and therefore must be assumed. Badhwar and Anz-Meador (1989) follow a study on the area
and mass of different pieces of space debris and the resulting relationship is shown in Figure 2.1. The
range of S,.s/m is therefore [1073,1] m?/ kg following a logarithmic relationship, and, taking into ac-
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Table 2.3: Summary of the probability distribution chosen for the solar radiation coefficient

Mission Probability Distribution Range of Values
Generic spacecraft Uniform [CSRP-0.01, CSRP + 0.01]
Space debris Log-uniform [1073, 2]

count a constant C'r in the range mentioned above, the resulting PDF can be modelled as log-uniform
in the range [1073, 2]. Some buffer was taken to account for further uncertainties and errors in the
assumptions made. The PDF model chosen and range of values for the CSRP are summarised in
Table 2.3.

2.4. Machine Learning for Orbital Dynamics

The use of machine learning algorithms in the literature for topics related to Space Situational Aware-
ness (SSA) and Space Surveillance and Tracking (SST) is becoming more and more popular. As ex-
plained in Chapter 1, the focus of this project is going to be on accurate collision risk assessment, and
the approach proposed is through the application of artificial intelligence.

A thorough literature study has been conducted on the current state of the art of the use of Al for
orbit prediction. The main trends and ideas found are briefly discussed in this section, alongside other
algorithms that might be relevant to the context of orbital dynamics. The advantages and disadvantages
of each of these, alongside their suitability to the problem considered and use in the literature, will be
reviewed as well.

An aspect to take into consideration when choosing an ML algorithm for a certain problem is the
depth of the model. In the literature, both shallow and deep machine learning methods have been
used. Deep learning has the potential to capture better more complex patterns and scenarios through
the use of multiple layers and large amounts of data. While shallow machine learning methods do
not have such a large computational load, they lack the structure to capture more accurately the space
environment. Therefore, neural networks are preferred for such a problem, which is also the trend that
has been observed in the literature. Nonetheless, for the sake of comparison, shallow machine learning
methods reviewed in the literature will also be summarised.

Support Vector Machine

The Support Vector Machine (SVM) is an algorithm that can be used for classification problems. These
algorithms aim to find the optimal boundaries that separate different classes while maximising the
margin between them. The model classifies the different data points, and penalties are applied if the
prediction is incorrect. This can be extended to non-linear problems through the incorporation of kernel
methods, and to regression problems through the modification of the problem to predict continuous,
quantitative values instead of classes.

This method showcases robustness and can handle non-linear problems (Peng and Bai, 2018b). It
is suitable for pattern recognition and prediction; however, it is also known to be sensitive to the hy-
perparameters of the model and for its computational complexity. The latter can become a problem
for complex simulations with a large number of samples or features, as it scales in the order of O(n?)
or O(n?) for non-linear problems (Bishop, 2006).

The applications reviewed in the literature involved training the model on the prediction errors,
which allows for the reduction of the dimensions of the problem. The model is fed with a ‘true’ solution
coming from a highly accurate simulation and an estimation from a simpler model, as developed by
Peng and Bai (2018b). Then, the algorithm predicts the error that is induced by using the simpler
model and applies that to the estimation to correct for this. An overview of the methodology is found
in Figure 2.2. The algorithm is divided into two main blocks: firstly one finds the conventional orbit
prediction (depicted in grey in the figure), which provides the data that will be fed into the SVM, and
secondly, the machine learning enhancement block (the yellow block in the figure), which produces
the orbit prediction from the data collected from the "true” and assumed dynamics models.
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Figure 2.2: Framework of the method developed by Peng and Bai (2018b)

The conclusion from the work developed by Peng and Bai (2018b) is that the SVM developed can
improve the prediction of the orbital state of different RSOs with respect to the estimation models that
form part of the conventional orbit prediction methods. The training of the model is performed using a
single RSO, and so the prediction of the orbit of similar RSOs did more poorly. Overall, the ML model
improved the orbit prediction in most of the points of the dataset, but more testing needs to be done to
draw further conclusions. The training of the algorithm on a single, simulated RSO resulted in worse
predictions for other objects, and thus it is desired to use more satellites for the training phase of the
model developed in this project.

Artificial Neural Network

Deep learning is rooted in the use of neural networks, from which Artificial Neural Networks (ANN5s)
are the most basic and generic form. An ANN is a supervised learning algorithm, meaning that it
learns from labelled data to understand the input-output relationship. Its structure is inspired by that
of biological networks between neurons in the brain, which allows it to learn from the past. Neural
networks, in essence, are composed of layers of artificial neurons, including an input layer (which
receives the learning variables, or raw data) and an output layer (which generates the prediction of the
target variable), which are interconnected via one or several hidden layers. Each connection between
neurons has a different weight, and the algorithm learns to adjust these weights via the relationship
between the inputs and outputs of the training data and predict the outcomes as accurately as possible.
More information on the architecture of neural networks is provided in Section 4.2.

ANNSs can handle more complex problems than those by shallow machine learning methods and
are good at working with non-linearities (Zhang et al., 2023). They are highly flexible and are good at
generalisation (provided that they are ‘well trained”). On the other hand, they are prone to overfitting
the data, so prevention measures such as the application of early stopping criteria are typically used.
On top of that, their complex structure leads to a larger database (insufficient or biased training data
might lead to poor prediction ability) and a large computational load (depending on the number of
layers and neurons). Hyperparameter tuning is generally needed to achieve better results.

A typical approach in the literature is to train one ANN for each component of the target variable
(Peng and Bai, 2018a; Sanchez et al., 2019). For example, if the error in position and velocity is to be
predicted, one will need six ANNSs, one for each of the three components of the position and three
components of the velocity in the three-dimensional space. Results indicate that the use of ANNs for
conjunction assessment can bring higher accuracy and good computational load than current physics-
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based methods (Sanchez and Vasile, 2021), but the errors made with this model are still too large to be
properly considered for accurate collision risk calculation. Further studies and testing should be done
to increase the accuracy of ANNSs for orbit prediction.

Convolutional Neural Network

This type of neural network is designed to process grid-like data, such as images. As with ANNSs, they
consist of a series of layers. In these algorithms, firstly one can find the convolutional layer, which ex-
tracts the local patterns and features, followed by the pooling layer, which obtains the most dominant
features. The subsequent fully connected layers learn from the output of the sequence of convolutional
and pooling layers and can classify and predict the outputs of the network. They are particularly effec-
tive for image classification and feature extraction.

As such, they are effective in the extraction of complex relationships and patterns in the data. Con-
volutional Neural Networks (CNNs) are typically used for image processing and spatial data and are
not commonly known for predictions based on time series. However, by treating the latter as spatial
data, CNNs can be used for time series forecasting. Nonetheless, Recurrent Neural Networks (RNNs)
are typically used instead for sequential data and are more suitable for that type of problem (this will
be explained more in detail in the subsequent paragraph). Since the papers reviewed for orbit predic-
tion using deep learning also showed a preference for Recurrent Neural Networks over CNNs (Dave
et al., 2020), the latter will not be further considered for this project.

Recurrent Neural Network

Such as CNNs, Recurrent Neural Networks can effectively process structured data. While CNNs are
most commonly used for spatial data, RNNs are more effective for the processing of sequential or
time series data. In traditional deep learning methods, all inputs and outputs are independent and
the information flows in one direction. RNNs are different since they have a ‘memory’, meaning that
the output from the previous node is fed as input to the current node. One further difference of RNNs
when compared to ANNS is that, while the latter have different weights for each node, the former share
a common weight on each layer. This weight is adjusted as the model learns by calculating the errors
of the output layer and using that on the input layer.

When compared to Feed-Forward Neural Networks (FFNN) such as ANNs and CNNs explained
above, which are unable to retain previous inputs, RNNs are considered more effective for the analysis
and prediction of time series data. As a consequence, they are preferred for this project over feed-
forward neural networks.

One of the drawbacks of using RNNs is that they are prone to the vanishing gradients problem,
where gradients become smaller over time which causes the weights to become insignificant and, as a
consequence, the model stops learning. Long Short Term Memory algorithms were created as a solution
to this problem and to address long-term dependencies. In traditional RNNs, the current state might
not be predicted accurately if the previous state is not in the recent past. LSTMs, as a result, contain
special units called ‘memory cells’, and the flow of information in and out of these is controlled by
gates. Each cell has three gates: an input gate, an output gate and a forget gate. These gates control the
information that is needed to predict the output of the network.

As a result, LSTMs are more suitable for capturing long-term dependencies and handling sequen-
tial data than traditional RNNs. As such, they are capable of capturing more complex patterns and
dependencies. In the literature reviewed by Choumos et al. (2024), the majority of papers used for or-
bit prediction used LSTM algorithms. Results have shown that the prediction error of the RNN model
is lower than traditional mathematical models (Jadala et al., 2022; Yang et al., 2020). When compared
to other models reviewed here, results showed improvement over the same datasets (Shin et al., 2022).

Physics-Informed Neural Network

The governing physics laws of a system can typically be described by a set of partial differential equa-
tions (PDEs). Physics-Informed Neural Networks (PINNs) form a type of machine learning model
that integrates the physical properties of a system into a classic neural network architecture. It is there-
fore suitable to solve sets of PDEs and model the dynamics of a system, where the availability of data to
train the model is limited. By embedding the physical knowledge into the architecture, the information
that is contained in the dataset can be increased.
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PINNS’s incorporate physics-informed layers, which contain the knowledge of the physical laws de-
scribing the dynamics of the system, into the classical ANN architecture. By integrating this knowledge
into the learning process, the PINN can be trained with limited data while ensuring that the solution
does not violate the governing physics of the system. It is still a data-driven solution since the model
learns from the observations that are input into it, but at the same time, it makes sure that the solution
is physically feasible via integrated prior knowledge of the environment.

Although this model is a FFNN, which was regarded earlier as less suitable for the problem than an
RNN, the use of a PINN still offers a few advantages over other ML algorithms. Firstly, it is befitting in
situations where there is limited available data, which tends to be the case for orbit prediction. This will
be explained more in detail in Section 2.5. On top of that, the results obtained from it are more accurate
and consistent with the physics that govern the system. Because of this, the predictions provided by
this model are easier to interpret. On the other hand, PINNs are more computationally expensive
since they also need to solve optimisation problems involving physical constraints and bounds. Since
the dynamics considered for orbital dynamics is also quite complex due to non-linearities, the model
design and tuning might also prove to be more difficult when compared to other algorithms.

Although a PINN algorithm has not been used in the field of orbit prediction and collision risk
assessment, it has been used for other areas in orbital dynamics. A popular one is the modelling of
gravity fields over irregular bodies (Cheval, 2023; Martin and Schaub, 2022). Results confirm the ability
of this type of neural network to predict the gravity field acceleration around such a body:.

Summary

All the algorithms considered have been introduced, and their advantages and disadvantages explained.
With this in mind, a decision must be made on the machine learning model to choose for the orbit pre-
diction and collision probability calculation. As mentioned, a deep learning algorithm based on neural
networks is preferred, since it can capture the underlying complexities of the dynamics better. From
the models reviewed, LSTM and PINN are thought to be the best options for this project due to the abil-
ity to deal with sequential data of the former and the integration of the physic laws in the model of the
latter. Both of them are considered to be computationally expensive, although the computational load
of the model once it is trained is significantly reduced. It is thought that PINNs are more suitable for
this problem since the physics of the environment are integrated into the model and, as a consequence,
the predictions obtained will adhere to the laws of motion. PINNs can also solve the issue of the lack
of public data to train the model since the integration of physics allows for the training data to be more
scarce as the model itself will contain some information about the environment already. On the other
hand, PINNs are not meant to handle sequential data, thus a hybrid of LSTM and PINN will be used
to approach the problem posed regarding using Al for orbit prediction.

2.5. Training Data Sources

One of the main challenges in the use of Al-based approaches in the field of SST is the scarcity of
publicly available data. The main trend observed in the literature was the use of synthetic data to train
Al models. Access to ground-based or space-based sensors is very limited, and the majority of the
assets are owned by private companies, or their data is classified and therefore not publicly published.
There are, however, some types of data that can be accessed by the general public, although they come
with limitations.

Choumos et al. (2024) provide a list of the types of data that are typically used in the papers re-
viewed and studied. This is summarised in Figure 2.3. This list, however, is presented for all the pa-
pers reviewed, not only the ones in which Al-based methods are used and not only for orbit prediction
and conjunction assessment. Appendix B provides an extensive list of the data sources and methods
used for orbit prediction, collision avoidance and manoeuvre detection from all the papers reviewed by
Choumos et al. (2024), shown in Table B.1. In this table, one can observe that the most common data
sources for orbit prediction and collision avoidance are Two-Line Elements (TLEs) and orbital state
data (typically synthetic data). These two data sources, alongside laser ranging (which is also used,
albeit more scarcely) will be summarised and compared in the following paragraphs.
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Figure 2.3: Data types and sources used in shortlisted papers (Choumos et al., 2024)

Two-Line Elements

Two-Line Elements (TLEs) are one of the most common data types that are used in the field of orbit
prediction and collision avoidance. TLE data for the objects that are tracked by the US Space Surveil-
lance Network (USSSN) is publicly available in Space Track, and includes information on the mean
orbital elements at a specific epoch for a particular catalogued object. There are several challenges and
limitations to using this type of data, however. Firstly, the TLEs are derived from observations over a
short period, meaning that, while accurate at the moment of the observation, they get more inaccurate
the further into the future the objects are propagated. Secondly, the models that are used to generate
the TLEs are simplified due to a lack of information about the satellite. Since satellite-specific parame-
ters (such as the drag coefficient, the solar radiation pressure coefficient, size and surface area...) are
probably not published, the propagation models of different agencies also need to account for this and
assume a simplification of the model. TLEs are discussed more in detail in Appendix D, with an ex-
planation of how to interpret them and how they are generated. Since conjunction analyses are based
on the calculation of the probability of collision P, the covariance information on the different objects
is needed, which cannot be obtained via the TLEs. For Conjunction Analysis, the O/Os send their
predicted ephemeris (generated with higher accuracy since they have the full information about the
satellite) to USSPACECOM, but once again this is not information that is commonly shared.

Laser Ranging

The database of USSPACECOM is the largest public database for the tracking of objects in space. There
are, however, other types of data that can be used for orbit prediction. The International Laser Ranging
Service (NASA, 2023a), for example, has more accurate ephemeris publicly published, obtained via
laser ranging techniques. Measurements are collected from different sources and have been collected
for decades now, increasing the robustness of the predictions through an extensive database for specific
objects and a reduction of biases. Although the measurements taken by the ILRS are more accurate, it
is to be taken into account that the database is more limited and that there is also a limited amount of
examples in the literature using this type of data.

Synthetic Data

Other sources can be found with published TLEs or orbital state data for different RSOs, although most
of these only have a limited range of objects tracked which mostly include active satellites. This is the
reason why many practitioners use the database from USSPACECOM since it is the largest that can
be found, even if the orbital information comes in the form of TLEs. Due to the scarcity of publicly
available data, another solution is the use of synthetic or generated datasets. Now, this allows for the
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creation of a myriad of geometries and orbits that can be fed into the desired ML algorithm and make
it more robust. By providing the model with a wider range of scenarios, a more thorough study can
be made to test the algorithm. On the other hand, synthetic data (in comparison to real-life, historical
data) fails to capture the intrinsic complexities of the space environment and the accuracy of the dataset
is limited to the accuracy of the propagator and environment simulation. Another issue with the use
of synthetic data in the literature is that the way in which it is generated is not typically mentioned,
although it is assumed that the data is generated in such a way that the AI model can make robust
predictions and investigate a wide variety of orbits and conjunction scenarios. This, however, remains
to be proved.

Summary

The data types considered in the literature were mostly in the form of TLEs, data from the ILRS, and
orbital data derived from generated datasets, all of which were discussed above. There are other types
of data used in the papers reviewed, none of which are used extensively. It is desired in this work to
deal with data from real satellites and pieces of debris for the sake of comparison and validation of
the software developed. However, if deep learning techniques are to be used, a large number of data
points are going to be needed. Not many studies in the literature specified the size of the database used,
but those who did mentioned numbers in the order of 10? (Peng and Bai, 2018c) up to 10° (Yang et al.,
2020). The latter could be achieved if TLEs for several RSOs were to be used to train the model for orbit
prediction.

Ideally, one would generate a dataset solely based on real-life measurements to train the model, but
that is highly unlikely in the field of orbit prediction. TLEs are one of the few public sources of data
for satellite information, and unfortunately these are sparsely spaced in time. At an average of 2 to 3
TLEs per day (18SDS and 19SDS, 2023), this is not considered enough to create a pattern that a neural
network can learn. Instead, the approach taken is a hybrid of real and synthetic data: the initial state
of the satellite can be taken from a TLE and then will be propagated to create a synthetic dataset. This
way, the dataset is ensured to have enough data points to show the fundamental patterns of the state
elements over several orbits, while belonging to real satellites which also improves the applicability of
the algorithm to be built.

2.6. Reference Missions

This section details the missions and scenarios that are to be selected for this project and aid in the
development of the machine learning algorithm for collision avoidance. The desire to use real-life data
for both the training and the validation and verification of the algorithm generates a need to look for
case missions for these purposes.

A final goal in the field of deep learning for orbit prediction and collision detection would be to
have a generic model that can be used to predict the state and uncertainty of all RSOs. However, that is
an extremely complicated task, since it would require a vast number of satellites for the training over a
myriad of orbit geometries. Due to time constraints in this thesis, and workload limitations, the focus
will be put on training a machine learning algorithm with a single satellite and testing it with different
objects to test its generalisation capabilities. This will bring some insight on which steps to take to build
this more generic tool for orbit prediction.

Since the majority of the satellites and debris tracked are in the LEO region, as was observed in
Figure 1.1, only these cases will be considered for now to train the model, even though several RSOs
will be used to test its generalisation abilities. When it comes to the altitude chosen for the reference
satellite, the lower limit shall be selected so that the satellites considered shall not have drag as their
dominant force. The main reasoning behind this is that orbital decay is not to be considered in this
work for simplification and that the drag force is mostly dominant in lower altitudes, resulting in higher
uncertainties being introduced in the model. To deal with lower uncertainties, the altitude of the objects
considered will be higher than 400km. These limits are also selected based on the regions of interest due
to higher orbital density shown in Figure 2.4 since they have the highest risk of collision and therefore
higher accuracy is needed. In this figure, the first region of high density is around 500 - 600 km altitude,
which is where the Starlink satellites, the largest satellite constellation, are located. Another region of
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Figure 2.4: Density of RSO tracked by USSPACECOM in the LEO region at four different epochs (NASA, 2023c)

Table 2.4: Summary of parameters for the reference satellites chosen, parameters obtained from Kelso (2009)

Mission Mass | Reference Area | Altitude | Inclination
Iridium-33 | 689 kg 22m? 780 km 86°
Cosmos-2251 | 900 kg 4m? 800 km 74°

high interest is around the 800 km altitude, where there is a large concentration of debris due to the
collision of Iridium-33 and Cosmos-2251, explained in more detail later. When possible, satellites with
known characteristics will be used to train and test the model.

Aside from these, it is desired to test the model in a real-life scenario. To do so, well-documented
collision events from the past will be studied. A famous event is that of the collision between the
Cosmos-2251 and Iridium-33 back in 2009, which produced around 1800 pieces of debris larger than
10 cm in diameter (Anz-Meador and Liou, 2010). The Iridium-33 was a communications satellite in
the U.S. Iridium constellation, active until the fatal collision on February 10, 2009. This constellation
consisted of 66 satellites, located in six different orbital planes. Cosmos-2251 was a Russian satellite
launched in 1993 which remained operational for two years. It was used for military communications
and had an estimated weight of 900 kg. Details from both satellites are summarised in Table 2.4. While
Cosmos-2251 was inactive, Iridium-33 was manoeuvrable until the moment of collision. As such, it
had full capacity to perform a collision avoidance manoeuvre but the risk of collision calculated at the
moment was not severe enough to grant the manoeuvre. This event highlighted the need to provide
more accurate collision assessments, a field that continues to develop day by day.

Considering this desire to test on a real-life scenario, it has been decided that the satellite to train the
model with will be Iridium-33. since it was active at the moment of the collision, it is more suitable for
this task than Cosmos-2251, since a prevision of the impact would have led to an avoidance manoeuvre.

To test the model’s generalisation abilities several RSOs will be used. These will be selected to be
at different altitudes, eccentricities and inclinations (amongst others) to assess how well the algorithm
fares with different inputs, and what recommendations can be given for a more generic neural network.
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2.7. System and Mission Requirements

The work required for this project can be separated into two different blocks: firstly, an extension of
the DA-GMM algorithm will be performed, followed by the development of the Al-based algorithm
for orbit prediction and collision risk assessment. As such, there will be different requirements for the
two parts of the project.

Requirements for the DA-GMM

Since the algorithm developed by Leon Dasi (2021) has already been extensively verified and validated,
the requirements specified below will focus on the performance of the model with the addition of the
Solar Radiation Pressure.

DAGMMMR-01 The modified model shall calculate the Solar Radiation Pressure acceleration.

DAGMMMR-02 The Solar Radiation Pressure acceleration shall be modelled with a relative error
lower than 5% with respect to a verified astrodynamics software tool.

DAGMMMR-03 The error in the P, calculation with respect to the 10°-sample Monte Carlo analysis
shall remain lower than for the unmodified DA-GMM.

DAGMMMR-04 The inclusion of rotational motion in the model shall not be considered.

Requirements for the Machine Learning Algorithm

The following block of the thesis work focuses on the development of a neural network for orbit pre-
diction. Upon taking a look at the decisions taken in this chapter, the following mission requirements
are identified:

MLMR-01 The neural network shall predict the orbit of the reference RSO with an accuracy higher
than that obtained through the propagation of simplified numerical models.

MLMR-02 The system, once trained, shall have a lower computational load than traditional collision
risk assessment methods.

MLMR-03 The simplifications in the acceleration modelling shall have an error with respect to a highly
accurate model of < 1077 m.

MLMR-04 The system shall be able to propagate the orbit of the objects at least two days into the future.

MLMR-05 The system shall accurately predict the collision probability of past documented events.

On top of that, the following system requirements have been identified:

MLSR-01 The algorithm shall be tested with orbital data from different RSOs with different orbital
characteristics.

MLSR-02 The system shall be robust to variations in the initial state and uncertainties.

MLSR-03 The neural network shall produce as a result the state of an object at intervals of time.

MLSR-04 The model shall estimate the uncertainty of the state of an object and due to the prediction
error of the neural network.

MLSR-05 The model shall calculate the probability of collision between two objects.

MLSR-06 The system shall neglect long-term variations in the environmental forces and variables.

MLSR-07 The algorithm shall be suitable for integration with current conjunction assessment tech-
niques.

2.8. Methodology

Two different methods are taken to answer the main research question: the DA-GMM and the PINN.
The former belongs to a model that has already been developed and thus only needs to be extended.
The core of this method is fundamentally and mathematically complicated to explain, thus only the
overall concepts are discussed. For a more exhaustive understanding of this method, the reader shall
be referred to the original thesis detailing it (Leon Dasi, 2021). The architecture of the algorithm is
divided into four parts:
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1. Gaussian Mixture Model Split

2. Taylor Series Integration in Differential Algebra
3. Uncertainty Propagation

4. Collision Probability Calculation

Details on the architecture are provided in Chapter 5. The only aspect that needs to be reviewed
now is that the core of the propagation happens in Step 2, and thus this shall be the algorithm to be
modified. The extension is simple, as only the SRP acceleration needs to be added to the propagation
block. This is discussed in Chapter 6, with Cr and the uncertainty in the C'SRP being added as inputs
to the model.

The PINN, on the other hand, needs to be developed from scratch. An overview of the methodology
selected for this development is provided in this section as a guide for the reader. Machine learning
algorithms, and neural networks especially, can be divided into three blocks: data pre-processing, the
core architecture of the algorithm, and the data post-processing:

1 Data Pre-processing
The first step of this method is the data collection. TLEs are selected as the source of initial state
information, with a highly accurate propagator used to create a synthetic dataset due to a lack of
public tracking data. Most machine learning models require some pre-processing of the input data
to ensure their correct functioning. This includes handling missing data points, as they should be
equally spaced in time to improve the effectiveness of the training process, and data normalisation
to ensure that all input features are in the same range.

2 Physics-Informed Neural Network
Once the data is collected and pre-processed, it is used as the input to the neural network architecture.
Other inputs include the model hyperparameters (i.e., the model parameters not optimised in the
training process and thus describe its architecture). To start with, this neural network needs to be
trained, for which a thorough study of the best possible architecture and its limitations is required.
Once a trained model is obtained, the algorithm can be used for orbit propagation.

3 Data Post-processing
The output of the PINN is a set of future normalised satellite states. As such, it is fundamental to do
some post-processing to transform this raw data into interpretable material. The first step to achieve
this is to de-normalise the data. With the full-scale model, the uncertainties can be estimated and the
probability of collision can be calculated, which is the ultimate goal of the algorithm.

The software architecture is presented in Chapter 5. All the steps required to calculate the risk
probability of any test case have been briefly discussed. A detailed explanation of each of these steps
is provided in Chapter 7.
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The aim of this chapter is to provide a background on all the elements that need to be taken into account
when selecting the simulation environment for orbit propagation. The different reference frames that
are needed for the model are summarised in Section 3.1, with the required rotation matrices detailed in
Subsection 3.1.2. A comparison of the different representations of the state of an object in space is given
in Section 3.2. In Section 3.3, the equations of motion describing the movement of RSOs are mathemat-
ically formulated. The perturbation forces modelled in the DA-GMM are explained and formulated in
Section 3.4 and the environment models used, in Section 3.5. Finally, a summary of the models selected
for the simulation environment will be presented in Section 3.6 for easier visualisation.

3.1. Reference Frames

This section includes a review of the different coordinate systems and frames that are used to describe
the state of an object which are relevant for conjunction analysis. All frames and frame transformations,
unless specified otherwise, are taken from Mooij (2019).

3.1.1. Definitions

The different definitions of the reference frames needed for this project are defined below. These include
their origin and axes directions, alongside their use in the context of orbital dynamics and collision risk
assessment.

Earth-Centred Inertial Frame (ECI)

Inertial reference systems are required for orbital mechanics, since the equations of motion of a space-
craft are often described with respect to an inertial frame, without taking into account the rotation of
the Earth. The ECI is not truly inertial, since the Earth has movement around the Sun. The effect of
this is negligible for satellites orbiting this planet, and therefore it is considered a pseudo-inertial coor-
dinate system in which the equations of motion can be described. The origin of this reference frame
is the centre of mass of the Earth, with the direction of the axes being defined with respect to a refer-
ence direction, called the vernal equinox (T). This direction will depend on the epoch that is chosen
to represent this coordinate system. A common practice is to use the J2000 frame for this, where the
X-axis aligns with the Vernal Equinox on January 1, 2000 at 12:00 (UTC). The Z-axis is aligned with the
rotation axis of the Earth, and the Y-axis completes the right-handed system.

Earth-Centred Earth-Fixed Frame (ECEF)

This reference system also has its origin in the centre of mass of the Earth. However, unlike the ECI, it
is not inertial as it rotates alongside the planet and is therefore fixed to its surface. The X-axis points
towards the Greenwich meridian and is located on the equatorial plane (i.e., points towards the point
of 0° latitude and 0° longitude). The Z-axis is, such as with the ECI, aligned with the rotation axis of
the Earth and the Y-axis completes the right-handed system. The location of the ground-based sensors

25
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Zgcr = Zgcer

ORBITAL PLANE

Figure 3.1: Representation of the ECI, ECEF and RSW frames

that track RSOs is described with respect to this reference system and is therefore also needed for
conjunction analysis. A representation of this coordinate system is shown in Figure 3.1, alongside the
ECI frame for comparison.

Radial Along-Track Cross-Track Frame (RSW)

This reference frame is centred on the centre of mass of the RSO taken into consideration and is consid-
ered to be a local frame. The direction of the axes is based on the location of said object with respect to
a central object, which in this case will be the Earth. The X-axis (or Radial, R-axis) follows the position
vector between the centre of mass of the central object and the RSO, pointing away from the central
object. The Y-axis (or Transverse, Along-track axis) follows the direction of the RSO, and thus it forms
the orbital plane alongside the X-axis. The Z- axis (or Normal, Cross-track axis) is perpendicular to the
orbital plane. This coordinate system is typically used to represent the uncertainties of the state of the
object in consideration. Figure 3.1 shows how this frame is related to the ECI and ECEF frames.

3.1.2. Frame Transformations

A number of reference frames have been defined, all of which are relevant in the context of conjunction
assessment and collision probability calculation. As measurements and other inputs will be obtained
in different frames, it is relevant to introduce the frame transformations required. This can be done via
rotation matrices, with unit axis rotations about Euler angles being the most common approach.

Assume a transformation from an arbitrary frame A to a frame B. The rotation matrix between
these two frames is denoted by Cp, 4. This matrix can be formed via a combination of unit rotation
matrices, depending on the axes and angles of rotation that are needed for the transformation between
frames. For reference, the rotation matrices around a single axis for an arbitrary angle « are described
in Equation (3.1), Equation (3.2) and Equation (3.3).

1 0 0
Cy(a)= |0 cos(a) sin(a) (3.1)
0 —sin(a) cos(a)]

[cos(a) 0 —sin(a)]
Cya)=| 0 1 o0 (3.2)
[sin(a) 0 cos(a) |
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cos(a) sin(a) O
C.(a) = |—sin(a) cos(a) 0 (3.3)
0 0 1

These represent the unit axis rotations about the X, Y, and Z-axes, respectively. These can also be
represented by the subscripts 1, 2, and 3.

A useful property of these matrices is that each of the unit axis rotation matrices is orthonormal (i.e.,
the inverse of the matrix is equal to its transpose), and therefore their product will also be orthonormal.
This is represented as follows:

Cp,a=Cap '=Cap” (34)

It is to be noted that the transformation matrix from frame A to frame B can be represented as the
transpose of the transformation from B to A.

Using the appropriate angles and axes, transformations between the reference frames mentioned
in Section 3.1 can be developed. It is noted that not all possible transformations are provided, only the
most relevant ones. Other rotation matrices can be constructed through the ones presented below.

ECEF to ECI

From this point in the report, the ECEF reference frame will be indicated with the subscript R and the
ECI, with the subscript L. This is for the sake of simplicity in the representation of the formulae and
equations. The transformation from the ECEF to the ECI reference frames will be represented by the
transformation matrix C I,R-

It is assumed that both frames coincide in origin and axes directions at a desired epoch, which
as mentioned earlier is chosen to be on January 1, 2000. The origin and Z-axis for both will still be
coincidental for consequent epochs. The rotation of the Earth about the Z-axis now needs to be taken
into account for this transformation. Only the rotation matrix about this axis is therefore needed, and
the rotated angle between the frames is equal to w.t at an arbitrary time ¢. The rotational rate of the
Earth is represented by w,, with a value of approximately 7.2921159 -10~° rad/s, and ¢ represents the
time since the epoch J2000. This angle represents how much both X and Y are shifted with respect
to X7 and Y7 in the orbital plane. The transformation matrix is therefore described in Equation (3.5).

cos (wet) —sin(wet) 0
Cr,r = C3(—wct) = |sin(wet) cos(wet) 0 (3.5)
0 0 1

RSW to ECI

The RSW frame has its origin in the centre of mass of the object into consideration and is defined with
respect to the orbital plane. As such, to build the transformation matrix between the RSW and the ECI
frames, orbital parameters need to be used. Following Figure 3.2, firstly the rotation of the RSW frame
about the Z-axis over the angle —(w + 6) (or rather, —u), is performed. Then, a rotation over —i about
the line of nodes is applied, and the final rotation is about the Z-axis (i.e., on the equatorial plane)
about the angle —2. All these angles will be introduced in Subsection 3.2.2. This frame transformation
is represented in Equation (3.6), which is obtained from Wakker (2015).

Cr,rsw = C3(—Q)C1(—i)Cs(~u)
cos) —sinQ) Of |1 0 0 cosu —sinu 0 (3.6)

= |sin? cosQ2 0| [0 cosi —sini| |[sinu cosu O

0 0 1] |0 sini cost 0 0 1



28 Chapter 3. Astrodynamics

3.2. State Vector

There are many different ways of representing the state of an object in the field of astrodynamics. The
choice of representation also affects the accuracy achieved in the simulation, as some state models will
introduce errors due to singularities and/or a large variation of the elements defining the state. The
most common state representation is the use of the Cartesian coordinate system, which indicates the
position and velocity of an object in the three-dimensional space. Also common in astrodynamics is the
representation of the state of an object via Kepler elements, which define the shape of its orbit. There
are alternative methods to describe the state of an RSO to tackle singularities and achieve a higher com-
putational accuracy. These, however, are more difficult to interpret and visualise and add complexity
to the modelling of the software. In the literature reviewed, the Cartesian coordinate system (Yang et
al.,, 2020), Kepler elements (Peng and Bai, 2018c) and Modified Equinoctial Elements (MEE) (Sanchez
and Vasile, 2021) have been used for collision risk assessment. Therefore, these are the state models
that are going to be reviewed in Subsection 3.2.1, Subsection 3.2.2 and Subsection 3.2.3, respectively.
The Unified State Model state representation is also considered useful for propagation purposes and
for machine learning implementation, and is introduced in Subsection 3.2.4,

3.2.1. Cartesian Coordinates

The state in Cartesian coordinates is represented by the position and velocity vectors in the three-
dimensional space with respect to a reference frame:

:c:(r v)T:(x Y 2 Vg Uy ’UZ)T (3.7)

This is the most common type of state representation, due to its simplicity and easy interpretation.
As these represent the state of an object at a specific moment in time, it is intuitive to understand the
trajectory of said object as it is propagated forward in time. Additionally, the equations of motion are
easier represented in this system and therefore the numerical integration is quite straightforward. As
a downside, the position and velocity components tend to suffer from large variations in their values,
resulting in the induction of errors in the propagation of the state due to large state derivatives. These
will therefore be avoided for propagation purposes.

3.2.2. Keplerian Elements

Instead of a description of the instantaneous position and velocity of an item, one could find the ele-
ments that describe the orbit in which it is found. This is the purpose of the Keplerian elements, for
which five components are used to define the shape, size, and orientation of the orbit of an object,
whereas a sixth component is used to describe its position inside said orbit:

z=( ¢ i Q w 6) (3.8)

where the semi-major axis (a) defines the size of the orbit, whereas the eccentricity (e) can be used to
define its shape. The inclination (i) defines the angle between the orbital plane and a reference plane,
which is usually that of the central body. To describe the actual orientation of the orbital plane with
respect to this reference plane, the Right Ascension of the Ascending Node (RAAN, or typically sym-
bolised by (2) can be used. The argument of periapsis (w), on the other hand, describes the orientation
of the orbit itself regarding the orbital plane. All elements defined in this subsection are shown in Fig-
ure 3.2, for an easier and more intuitive understanding. In a Keplerian orbit, which assumes that the
only forces acting on a two-body system are due to the point-like gravitational accelerations of these,
the five aforementioned elements are constant. The state derivatives would therefore have a null value
and would not induce numerical integration errors. Due to the incorporation of perturbing accelera-
tions in the system, the assumption of Keplerian movement is invalidated and thus these elements are
not constant anymore. The variation induced is nonetheless still small, and the state derivatives are still
noticeably smaller than those resulting from the use of Cartesian coordinates as state representation.
The sixth element, which is constantly changing as it specifies the actual position of the object along its
orbit, can be represented in different ways. Commonly, one finds it expressed as the true anomaly (6).
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X (V)

Figure 3.2: Visual representation of the Keplerian elements (Wakker, 2015)

This is defined as the angle between the object and the periapsis of the orbit, with respect to the central
body, which sits at one of the focus of the ellipse that defines the orbit. Following from Figure 3.2, the

argument of periapsis and true anomaly are both defined in the orbital plane and can be combined to
give the argument of latitude: u = w + 0.

These elements can be easily linked to Cartesian coordinates. Unless stated otherwise, all equations
are adapted from Wakker (2015). Start by defining the local position and velocity:

r=|lrll V=l

With these, the semi-major axis and eccentricity can be obtained as follows:

r
m
vXxXh
e= -  e=|le]|

(3.10)

To define the rest of the elements, some auxiliary variables need to be defined, namely the angular
momentum h and the vector normal to the orbital plane IV:

h=rxv — h=|h| (3.11)

N=2xh — N=|N| (3.12)

The inclination (z), RAAN (), argument of perigee (w) and true anomaly (#) can be obtained as
follows:

h.
== 1
cosi = - (3.13)
Ng
cos) = N (3.14)
cosw=¢é-N (3.15)

(3.16)
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where the values of the inclination are in the range 0° < ¢ < 180°; the right ascension of the ascending
node has a value 0° < Q < 180° if Ny > 0 and 180° < © < 360° otherwise; the argument of periapsis
ranges between 0° < w < 180° if e, > 0 and 180° < w < 360° if that is not the case; and finally the true
anomaly has a value in the range 0° < 6 < 180° if the radial component of the velocity, v,, is greater or
equal than 0 and 180° < § < 360° if v, (i.e., the radial component of the velocity) has a negative value.

It is also common to define in this context the mean anomaly, M, to define the position of a satellite
with respect to its orbit. This angle does not represent any physical quantity, since it is based on the
assumption of a constant rate of angular change n (typically called mean motion), and therefore, a
circular orbit. It is useful to use in orbital mechanics since it is directly related to time. The third and
final angular representation of the position of a body in an orbit is introduced: the eccentric anomaly,
E. This angle is also used in elliptical orbits, but unlike the true anomaly, it is measured from the centre
of the ellipse. The relationship between these is formulated as:

27 I .
71:?:11673 = M =n(t —tperigee) = E —esinE (3.17)

The six classical orbital elements are those shown in Equation (3.8), but it is relevant to know that
the mean and eccentric anomalies can still be used as orbital elements. Depending on the context, the
classical orbital elements might be switched with other variables defined in this section to describe the
orbit of an object.

The representation shown in this subsection makes for an easier visualization of the geometry of
the orbit and thus the motion of the spacecraft inside this orbit is also quite intuitive. The equations of
motion defined using this system are still quite simple for the case of a Keplerian orbit, but the addition
of perturbations in the model can complicate the differential equations that need to be solved. On top
of that, there are a few singularities that are induced as a result of this system representation: as e — 0,
since the argument of periapsis becomes indeterminate, and sini — 0 (or ¢ — 0, ¢ — 180°), due to the
right ascension of the ascending node becoming indeterminate. Keplerian elements will therefore be
used in this project for visualization purposes, as it is easier to define the orbit with this set of elements.
On top of that, TLEs include the mean Keplerian elements of a satellite at a specific epoch, further
supporting their use for orbit definition and analysis.

3.2.3. Modified Equinoctial Elements

To account for the singularities that are induced in the equations of motion for the Keplerian elements,
another set of elements was defined to represent the state of an object in space, which were called the
Modified Equinoctial Elements (Walker et al., 1985). Similarly to the Keplerian elements, there is one
fast-changing element defining the position of the object inside the orbit, named true longitude (L).
Through a re-formulation of the other elements, one can still obtain a state representation that applies
to all orbits while removing the singularities of the system, leading to a more stable representation of the
state. By keeping the state representation closer to that of Keplerian elements, the physical significance
can be kept, albeit it is less intuitive than the others reviewed here. Additional geometry knowledge and
effort must be put into understanding the geometrical representation of these elements. The elements
that are used for this representation are summarised as:

x=0p f g h k L)T (3.18)

The equations of motion become more complex for this representation, although it is more stable
than for the two others. The application of these in the simulation environment is more challenging,
and there are more limited resources and software packages available. The use of Cartesian coordi-
nates or Keplerian elements is typically more convenient, but simple transformations can be applied
to visualise the orbit. MEEs also provide higher numerical stability and are preferred for propagation
and integration purposes.
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Figure 3.3: Velocity hodograph parameters used in the Unified State Model representation (Vittaldev, 2010)

3.2.4. Unified State Model

Another state representation that is free of singularities and, at the same time, is even more stable
numerically than the MEE is the Unified State Model representation (USM7), proposed by Vittaldev
(2010). Unlike the state representations introduced up until now, this model is composed of seven
elements. Out of these, three elements are related to the velocity hodograph (i.e., a representation of
the orbit in the velocity space) and are constant, and the other four are used to represent the orientation
of the orbital frame with respect to an inertial frame of reference. This is summarised as follows:

r = [C Rf1 Rf2 o €01 €02 603} r (319)
where the velocity parameters are C and R, which can be visualised in Figure 3.3, where the former is
the radius of the orbit’s velocity hodograph and the latter represents the displacement of the centre of
the body with respect to the origin of the reference frame. The orientation of the orbit is described with
quaternions, which is a set of four elements (one scalar, 79, and a vector, €) that provides the rotation
of an object in the 3D-space without singularities.

USM7 elements have been proven to be more stable than other state representations (Vittaldev,
2010) and are easier to visualise than MEE. It has also been verified that numerical integration and
propagation with USM7 are performed more accurately and faster than with Cartesian coordinates.
The only cases in which this set of elements does not outperform the classic representation with Carte-
sian coordinates are those with highly elliptical and those with highly perturbed orbits. As with MEE,
this system representation is free of singularities, but it has a higher numerical stability and is easier to
visualise.

3.3. Equations of Motion

The dynamics of different objects in space will be studied in this project in the context of orbit propaga-
tion and orbit prediction. To model the movement of these objects, the governing equations of motion
are needed and thus will be presented in this section. It is to be noted that, for this project, the rotational
motion will not be studied and therefore it will not be included. Only the translational motion of RSOs
will be analysed and modelled, and the set of equations needed for that will be introduced.

The equations of motion are derived from Newton’s laws of motion. In general, it can be established
that:

d*r > F
_dr .2 F 5
a=—g=F - 7 - (3.20)

This holds under the assumption that the mass of the body does not change throughout the propa-
gation of the orbit. This is a valid assumption for the purposes of the project.
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In the case of a Keplerian orbit, where only the gravitational acceleration from the central body is
considered, this formulation becomes:

Frep = —7%1' (3.21)

In this equation, i represents the gravitational parameter of the central body. Since the dynamics
of the objects orbiting the Earth are noticeably more complex, the perturbation forces need to be added
to the model. A generic formulation of this is:

7= "";kep +

F) T ..
% = TkEP + fpert (322)

The term ) | F').,; refers to the sum of all perturbation forces that are acting on the body, and f ..,
represents the total perturbing acceleration. All the individual perturbing forces considered to be rele-
vant in this project will be described in Section 3.4.

The equations of motion of a certain object, represented in Cartesian coordinates and in an inertial
reference frame, are therefore:

Vg

Uy

r . (7 dr v,
T = (7;), T = (r) — i BTt frorta (3.23)

")

_ﬁy + fpert,y
o

_TTZ + fpert,z

3.4. Perturbations

In Section 3.3, the equations of motion were introduced. In a scenario with no perturbations, the only
elements that are considered are the RSO considered and the central body gravitational acceleration, as
reflected in Equation (3.21). This is not enough to model the simulation environment, which is incredi-
bly complex, and perturbations need to be added to the problem to simulate the dynamics of the objects
more accurately. A generic form of the problem with perturbations was shown in Equation (3.22), and
the individual perturbing accelerations that are considered to affect a spacecraft orbiting the Earth will
be introduced in this section.

It has been mentioned repeatedly that the highly accurate model to compare the software devel-
oped in this work is that of Leon Dasi (2021). As a consequence, the most accurate models that will
be incorporated for study are those established in her work. These are the spherical harmonics gravity,
discussed in Subsection 3.4.1, the perturbations from the gravity from third bodies, in Subsection 3.4.2,
and the aerodynamic acceleration, shown in Subsection 3.4.3. The only exception to this is the incor-
poration of the Solar Radiation Pressure acceleration, which was discussed in her work but not imple-
mented. Figure 3.4 shows that this is actually a relevant perturbation to take into account for satellites
in all orbital altitudes, and thus it will be presented in Subsection 3.4.4. In general, it is common prac-
tice to include all accelerations with a magnitude larger than 107" m / 52 (Leon Dasi, 2021; Pefia, 2023)
for accurate modelling. Figure 3.4 shows a graph with a list of perturbing accelerations and typical
magnitudes over a range of altitudes. The different perturbations that will be considered with their
respective magnitudes are shown in Table 3.1. Different papers reviewed in the literature also showed
similar models used in their methods (Peng and Bai, 2018c; Sanchez and Vasile, 2021) and thus these
are considered enough to obtain an accurate prediction using Al-based models.

Decisions will need to be made on which models will be included in the simplified models fed into
the machine learning algorithm. These will be discussed in detail in Section 3.6, as this section is only
meant to introduce and formulate the perturbation forces that are needed for the project itself.
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Figure 3.4: Perturbation acceleration magnitude, normalised with respect to the acceleration caused by the point-like central
body gravity, plotted against orbital altitude of an arbitrary spacecraft (Montenbruck and Gill, 2000)

Table 3.1: Typical magnitudes of different perturbing accelerations

Perturbing acceleration Magnitude [m/s?]
Earth’s Gravity Field 10"

Earth’s Spherical Harmonics (6, 6) 1076-107°

Third Body Perturbation Sun, Moon | 107°-107°

Drag 1072-107°

Solar Radiation Pressure 1077

3.4.1. Spherical Harmonics

The point-like gravity of celestial bodies was formulated in Section 3.3. This assumes that the central
body acts as a point mass, however, this is not an accurate representation of the gravity field of real
objects. In reality, irregularities in the surface and density distribution of these bodies will induce
anomalies in their gravity field which, in turn, will affect the motion of the satellites.

A more accurate and simplified formulation of the gravitational acceleration of a central body B,
acting on a body A, in an inertial frame, can be represented as follows:
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apa =VUgp(rpa) (3.24)

In this formulation, Up refers to the gravitational potential. The term ap4 represents the accelera-
tion that body B exerts on body A. For a point mass acceleration, this takes the form:

Up(rpa) = —— = apa=——"—rpa
[Irpall IrBall®
This results in the same formula as shown in Equation (3.21), only with a different notation. When
the irregularities in the gravity field of an object are taken into account, the formulation for the gravita-
tional potential changes. The most common representation is via spherical harmonics, as the celestial
bodies that will be considered here have a shape close to a spheroid.

For an extended body, the gravitational potential then takes the form:

M oo oo R l_ B B
Up(rpa) = ;Z (T) Py (sin ) [Cip cos (mf) + Sy, sin (m#)] (3.25)

where r is the module of 7 g 4, R is the radius of the central body, [ and m represent the degree and order
of the model, ¢ and 6 represent the latitude and longitude, respectively, of body A as seen from B, P,
are the Legendre polynomials, and Cim, Sim are the spherical harmonics coefficients. The maximum
degree and order of the spherical harmonics will reflect the accuracy of the model.

Equation (3.25) includes the point-mass gravity in the formulation (it is the case in which both
degree and order are 0). Since the interest of this section is to model the perturbations, this is to be
excluded. Therefore, the formulation of the gravity potential only for the spherical harmonics pertur-
bation becomes:

1
(?) Py (sin ¢)[Cly, cos (mB) + Sy, sin (mB)] (3.26)

Ugp(rpa) = % i i

This model of perturbation is necessary for the context of collision risk assessment since satellites
and other RSOs orbiting the Earth are affected by the anomalies in the gravity field of the Earth. Equa-
tion (3.26) will therefore be considered in the simulation model with a maximum degree and order of
6 for the Earth, as that is the highest that was used in the algorithm developed by Leon Dasi (2021).
It is to be noted, however, that highly accurate models of the Earth’s atmosphere exist, with spherical
harmonics of degree and order of 280. For this project, and due to the limitations of the implementation
of this model in differential algebra, this will be kept to Iz, Mmaes = 6 for the DA-GMM algorithm.
When building a more accurate model for verification purposes, this will need to be increased. For
accurate modelling, the gravity model of the Earth should be considered with at least degree and order
18, following Figure 3.4. Using the same threshold as established here for the acceleration magnitude,
(Pena, 2023) selects lyaz; Mmaez = 24 and so this shall be included in more accurate models required.
It is to be mentioned that the formulation included here is developed under the assumption that the
mass of body A is negligible in comparison to that of body B. This holds for the current case since body
A will refer in this context to a satellite or another Earth-orbiting orbit.

3.4.2. Third Body Perturbations

The gravitational acceleration of bodies other than the Earth also needs to be considered for accurate
orbit propagation. These ‘third bodies” have a gravity field that also affects the movement both of the
spacecraft and the Earth, and therefore exert an acceleration that affects both. The general formulation
of the gravitational acceleration provided by these is the same as established in Equation (3.24). Earlier,
it was assumed that the centre of mass of the Earth could be assumed inertial due to the proximity of
the satellites, which allows the expression to be applied in this context. However, this assumption no
longer holds for bodies that are much further away, and thus the aforementioned expression needs to
be changed to account for that.



3.4. Perturbations 35

Table 3.2: Variables in the Solar Radiation Pressure and typical values

W C Cr
€ [1317 1408] W/m? | 299,796,458 m/s | € [I 2]

Consider a third body (B) exerting an acceleration on an arbitrary body A, which in turn is orbiting
a central body (C). This body B is also affecting the movement of body C, and hence the third body
terms can be expressed as:

(apa)c =apa —apc = VUp(rpa) — VUg(TBC) (3.27)

The notation (ap4)c indicates the acceleration that body B exerts on body A, with respect to the
central body C (i.e., the origin of the propagation).

For the work developed here, body A is considered to be an arbitrary RSO and body C is the Earth.
For a problem of this kind, the only third body perturbations considered are that of the Sun and the
Moon (King-Hele, 1987). Considering the perturbing accelerations shown in Figure 3.4, and since only
those with magnitudes larger than 107 m/s? are considered, the Sun and the Moon are indeed the
only third-body perturbations that should be included in the model.

3.4.3. Aerodynamic Acceleration

The interaction between a body orbiting the Earth and the atmosphere will also generate a perturbing
acceleration. This has a higher effect at the lower regions of LEO, as observed in Figure 3.4, due to the
higher atmospheric density. There are several aerodynamics accelerations (due to drag, lift...), but in
this project only the perturbation caused by atmospheric drag will be considered. The expression for
that is:

2
pvairODSTef -~
aero — air 3.28
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where p represents the atmospheric density at the current body location, v, is the object’s velocity
with respect to the atmosphere, S,.¢ refers to the reference area, Cp is the drag coefficient, and m
corresponds to the mass of the vehicle.

The calculation of the effect of this perturbation depends on the value of the density at the location of
the satellite, which requires an atmosphere model. The choice of this model is relevant to the work and,
as such, will be discussed in Subsection 3.5.2. Some terms can also be grouped in the ballistic coefficient,

K, such that K = %, which then only depends on the physical properties of the spacecraft.

3.4.4. Solar Radiation Pressure

It has been mentioned before that the Solar Radiation Pressure had yet to be added to the DA-GMM
algorithm and therefore the formulation of it will be studied here. The photons emitted by the Sun have
momentum, and which is transferred upon an encounter with another object, namely a satellite, and
causing an acceleration. There are different models for this perturbation, amongst which the cannonball
radiation pressure acceleration, which assumes a spherical satellite, is the most common:

w

ASRP, full = ———
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(3.29)

where the variables have the same meaning as introduced earlier in the report (Section 2.3). Itis thought
important to mention that Cr is not the same as the reflectivity coefficient of a body (¢), but rather it
is defined as 1 + €. Table 3.2 shows typical values of the variables present in the above equation.

As previously mentioned, this perturbation model has not been implemented in the DA-GMM. This
is because it can only deal with continuous functions, which is not the case for the SRP. This acceleration
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is also dependent on the position of both the Earth and the Sun, since the value of this force is 0 when
the Earth acts as an ‘occulting’ body and the photons of the Sun do not reach the satellite. This effect is
known as “eclipse’ or ‘'umbra’. The SRP can be added to the DA-GMM if it is modelled as a continuous
function, which can be done if the effect of the penumbra is added. A parameter is introduced to aid in
the modelling of the influence of eclipses in the acceleration due to SRP: the shadow function, represented
by v. This function is designed to be equal to one when there are no objects blocking the light from the
Sun, and zero when the satellite is in the umbra region. The new formulation of the SRP acceleration
is therefore:

asrp = Y (CRSWC) "o (3.30)

c m lIro.

where the shadow function has a value such that:

Full sunlight v =1
Partial eclipse 0<v <1 (3.31)
Eclipse v=20

Part of the work developed in this project will therefore be the modelling of this perturbation force.

The cannonball model presents a spherical representation of an arbitrary satellite, a simplifying as-
sumption, and thus uses a three-degree-of-freedom implementation. More accurate models present a
six-degree-of-freedom implementation which takes into account a satellite’s attitude and rotational mo-
tion. These are not considered since rotational motion is not to be included in the DA-GMM and because
this would require a deeper knowledge of the satellite’s shape and attitude. Studies have shown that
the effect of the spherical simplification for orbit prediction is an error of about 40 m for a non-spherical,
near-GEO satellite (where the SRP is more significant) in the across-track direction (where the error is
shown to be more prominent) after two days of propagation (Lachut and Bennett, 2016). This would
be critical for Precise Orbit Determination (POD) but is considered adequate for the purposes of this
thesis.

3.5. Environmental Model

In the previous section, different acceleration models were discussed to be added to the simulation. The
next step is therefore to define the models that will be chosen to simulate the environment of the RSOs.
Some of the perturbation accelerations will depend on the physical models chosen for the simulation,
therefore it is relevant to motivate this choice. With the perturbations considered in Section 3.4, the
environment models that will be investigated are the Earth’s gravity field in Subsection 3.5.1 and the
atmospheric model in Subsection 3.5.2. Once again, this has already been motivated by Leon Dasi
(2021), and these are only provided in this report for the motivation of the choice of simplified, less
accurate simulation models that will be fed into the ML algorithm. It is to be mentioned that the choice
of rotation and shape model was not considered to be relevant and so the simplest model for that was
selected. On top of that, the ephemeris of the different bodies is obtained from an information system
established by NASA called SPICE (Spacecraft, Planet, Instrument, C-matrix, Events).

3.5.1. Earth's Gravity Field

The most simple model to represent the gravitational effect of the Earth on a satellite orbiting it is the
point-mass acceleration, represented in Equation (3.8). More complex models have been developed to
represent more accurately the anomalies in the gravity field of the Earth. The one that will be used in
this project is that of the spherical harmonics, introduced in Equation (3.26). As explained earlier, a
model up to degree and order six will be used for the full dynamics model for the differential algebra
algorithm. For more accurate models, it will be studied whether the degree and order need to be
increased and up to which value.
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From Equation (3.25), the normalised Legendre polynomials and cosine and sine coefficients are
obtained through the following expressions:

5 _ (1 —m)*
Hon = {(2 Omo) @+ VG| Fom (3.32)
Cvl,m, _ 1 (l + m)l % Cl,m,
where 4,9 is the Kronecker delta and follows:
RS (3.34)
1 if m=#0

All these expressions are obtained from NASA (n.d.), and an extensive list of values for the coeffi-
cients and Legendre polynomials for different degrees and orders is provided in the same paper.

3.5.2. Atmosphere Model

Atmospheric properties play an important role in the calculation of the different perturbation accel-
erations, and are particularly relevant for the drag acceleration. Several models have been developed
throughout the decades, and the level of accuracy is different for each. However, more complex atmo-
spheric models are also more computationally expensive, and so a trade-off must be made depending
on the requirements of each mission or project.

Simpler models include the exponential atmosphere model and the United States Standard Atmo-
sphere. The former is based on the assumption that the gas which comprises the atmosphere behaves as
an ideal gas, and further assumptions include constant molecular weight and temperature with respect
to altitude. The US Standard Atmosphere model from 1976 differs from the exponential atmosphere in
the modelling of the temperature for different layers of the atmosphere, i.e., based on altitude. Since
the atmospheric density is an important parameter in the calculation of the aerodynamic acceleration,
and this is obtained from these models, the assumptions made introduce errors in the model.

More complex methods have been developed to model the atmosphere more accurately, such as the
US Naval Research Laboratory Mass Spectrometer and Incoherent Scatter Radar to Exosphere, released
in the year 2000 (NRLMSISE-00). This model takes into account the variations in atmospheric parame-
ters due to the time of day, location and solar activity, amongst others. In adding these variations, the
model turns more accurate, yet more complex since it requires more parameters to predict an output.
Nonetheless, it is the one chosen for the full dynamics model, since the uncertainty in the atmospheric
density and ballistic coefficient are the ones that have a larger effect on the problem.

3.6. Summary of Simulation Model

Throughout this chapter, the different perturbation and environment models have been introduced and
the choices for the full dynamics model have also been presented. The question now is what models
will be introduced in the simplified models for comparison, and the motivation behind this.

When choosing the simplified model, there are several factors to take into account:

The knowledge of the object that is required to model the force
The availability of this knowledge

The effect of the force model on the object’s orbit

The uncertainties that need to be added due to the force model

Since the availability of the properties of different satellites is one of the main issues in the field of
collision assessment as many companies do not release data, one of the most important simplifications
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Table 3.3: Summary of the perturbation and environment models chosen for the full and simplified models

Full model

Perturbations

Environment

- Spherical harmonics: Earth (degree and order 6)
- Third Body Perturbations: Sun, Moon

- Aerodynamic Acceleration

- Solar Radiation Pressure

- Spherical harmonics: Earth (degree and
order 6)

- Point mass acceleration: Sun, Moon

- Simple rotation and shape model

- NRLMSISE-00 atmosphere model

Simplified model

Perturbations

Environment

- Spherical harmonics: Earth (degree and order 5)
- Third Body Perturbations: Sun, Moon

- Spherical harmonics: Earth (degree and
order 5)

- Point mass acceleration: Sun, Moon

- Simple rotation and shape model

that could be done in the force model is the reduction of object knowledge needed for the simulation. If
one also takes into account the uncertainties that are added to the model due to imperfect knowledge of
these properties, the forces that could be simplified or assumed by the algorithm are the aerodynamic
acceleration and the solar radiation pressure acceleration. On top of that, Figure 3.4 shows that these
two do not have such a large effect on most of the altitude range considered, and so the algorithm will
be tested without explicit modelling of these perturbations. Also following the figure mentioned, the
spherical harmonics will be modelled with order and degree 5, instead of 6, to assess how that affects
the results obtained. The third body perturbations and other spherical harmonics can be modelled
accurately enough due to accurate ephemeris and coefficient calculation, and they are the most impor-
tant perturbations acting on the objects so they will remain in the simplified model. A summary of the
models selected is shown in Table 3.3.



Machine Learning

Before moving to the implementation of the algorithm for the task at hand, a general view of machine
learning will be given in this chapter. The methods reviewed in the literature have been introduced in
previous chapters, but this one aims to provide a deeper understanding of relevant topics in the field
of machine learning and deep learning that will aid in the implementation later. With this in mind,
a generic background on machine learning is given in Section 4.1. Neural networks, alongside their
typical architectures and basic concepts, will be introduced in Section 4.2. Following this, a physics-
informes approach for the algorithm development is further explained in Section 4.3, and finally Sec-
tion 4.4 will review some important machine learning concepts that will be useful later in this work.

4.1. Machine Learning Background

The field of machine learning is very extensive, and, throughout the years, many different models
and architectures have been developed. In Chapter 2, a neural network model has been selected as
the most suitable to tackle the problem at hand. However, there are still different ways of classifying
machine learning algorithms, even in the field of deep learning. The most popular type of classification
is based on the learning style, by which one can find supervised learning, unsupervised learning, and

reinforcement learning. The definitions presented are obtained from Prince (2024) and Zhang et al.
(2023).

Supervised learning encompasses the development of algorithms that are trained with labelled data
to understand the relationship between the input variables and the output. These methods are best
suited to complex problems with tasks involving the prediction of outcomes or pattern recognition.
In turn, there are two main trends of supervised learning: classification algorithms and regression
algorithms. The former is self-explanatory: it is used to group data into different categories or classes
depending on the input data and the trends observed. The latter, on the other hand, is used to predict
values (i.e., when the output is quantitative).

Unsupervised learning is a type of machine learning that is provided with unlabelled data and is al-
lowed to discover patterns without any prior training or explicit instructions (i.e., without a ‘teacher”).
These algorithms learn from raw input data to identify patterns, similarities, and differences. Unsu-
pervised learning algorithms can be classified into clustering algorithms and dimensionality reduction
algorithms. Clustering models explore the data and separate it in groups or trends based on similar-
ities between data points. Dimensionality reduction refers to the methods that are used to learn the
important features of the dataset, and therefore extract the ones that are identified as non-relevant.

In a different category, reinforcement learning learns from neither labelled nor unlabelled data.
Rather, it focuses on trial-and-error learning, with feedback from its actions, to learn the optimal be-
haviour or path in a specific environment or situation. Unlike supervised learning, reinforcement learn-
ing has no training dataset and no ‘true’ outcome, so instead it has to learn from experience.

39
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While unsupervised learning could be a useful feature for the topic of orbit determination and
prediction due to its ability to reduce the features of the model and to identify outliers and anomalies,
it will not be considered. It is also trivial to say that reinforcement learning techniques have large
computational loads, and in a topic such as the one presented in this project with an increased level of
complexity, it is considered impractical. The aim of using a machine learning algorithm for this project
is to “teach’ it to recognise an unmodelled relationship between a set of labelled input and output data
quantitatively, only regression-supervised learning algorithms will be studied for this. On top of that,
literature studies have only considered models that fall into that category, further supporting the claim
made.

4.2. Neural Networks

It has been shown in previous sections that the implementation of machine learning in the field of SST
has been increasing over the years. More concretely, the use of deep learning techniques and neural
networks has spread over a variety of fields due to their heightened performance over shallower al-
gorithms. Appendix B presents an extensive list of methods that have been used in the literature for
orbit prediction and collision avoidance as reviewed by Choumos et al. (2024) in Table B.1, where it
is clear that deep learning algorithms have become popular in the last years. Within this list, several
sources (Jadala et al., 2022; Peng and Bai, 2018a; Sanchez and Vasile, 2021) have demonstrated that
neural networks can predict the state of a satellite with a greater accuracy than classic machine learn-
ing algorithms. Typically, deep learning algorithms in the context of collision assessment are used to
predict the state of a satellite at future epochs and avoid the use of highly accurate propagators, thus
reducing the time required to acquire the predicted position of an object in space. Ultimately, what
needs to be obtained is the probability of collision between two satellites, but that is extremely difficult
to assess directly via ML since the data for that is quite scarce. It is therefore a more common approach
to use ML and DL for orbit prediction.

Different deep learning algorithms have been introduced previously, based on their use in the liter-
ature. This section aims to expand on the basics of neural networks and basic elements of their archi-
tecture for further understanding of the model to be developed in this project.

Neural networks have shown great results in large-scale problems with complex dynamics due to
their flexibility and adaptability. The most simple algorithm is the artificial neural network, also called
multilayer perceptron or feed-forward neural network. In its most basic form, a neural network is used
to approximate the behaviour of a non-linear function, f, with a general equation:

y = flz, ¢ (4.1)

This equation maps a multi-variable input x € R™ to a multi-dimensional output matrix y € R"
using h € R? hidden units. When approximating the function via neural networks, the parameters of
the model, ¢, also play an important role in the outcome.

The main goal of neural networks, and what makes them different from numerical algorithms, is to
have a model that is dependent on parameters, which need to be adjusted. To do so, firstly the training
and test datasets need to be separated. The former is used to "teach’ the model the relationship between
the inputs and outputs, and choose the appropriate parameters to fit the data. Once the model has been
trained, and the parameters that map the underlying patterns of the problem have been adjusted, the
performance of the model needs to be assessed with the test data.

For now, the focus of the explanations will be on training the algorithm and how it works. The
process followed for this adjustment comes in two parts: the feed-forward propagation and the network
training described in Subsection 4.2.1 and Subsection 4.2.2 respectively. To get a better grasp on how a
basic neural network can be built, Subsection 4.2.3 provides examples of how the algorithms work.

4.2.1. Feed-forward Network Functions

Before moving forward to the explanation of the process, some concepts need to be introduced. The
elementary units of deep learning algorithms are called artificial neurons, which are arranged into dif-
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Output layer
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Figure 4.1: Example of a simple neural network, with three inputs and two outputs

ferent layers, as shown in Figure 4.1. The neural network therefore consists of the input layer, consisting
of m inputs, an output layer with n neurons, and at least one hidden layer, formed by an arbitrary number
of neurons. These layers are interconnected, meaning that all neurons are connected between layers,
and each of these connections is assigned a weight.

In each of these hidden units, the input vector  is used alongside the parameters of that cell (i.e.,
the vector containing the weights of the inputs w;; and the bias b) to compute the activation of the
neuron j, zj;:

z; =b; + Zwijaji (4.2)
i=1

This number is then used to compute the value of the hidden cell, h;, via a non-linear activation
function, represented by a[-]. The weights and biases of the system are contained in ¢, the parameters
of the system. The prediction of the output of neuron I/, labelled as g, is the result of the weighted
summation of these hidden unit values (Equation (4.4)). The weights used to obtain the output are
also parameters of ¢. The equations are all taken from Prince (2024).

hj = alz] (4.3)
d
g =b + Z wjih; (4.4)
j=1

4.2.2. Network Training

The main difference between Al-based algorithms and more traditional approaches is the application
of ‘intelligence” in the models and the ability of these to ‘learn’. The way this is done is via a process
called backpropagation. In this process, the parameters of the model are adjusted so that the prediction
obtained after the feed-forward propagation is as close as possible to the actual output.

In this context, the loss function L[§, y] is introduced. Lower values of this function occur when the
prediction of the model, ¢, is closer to the actual output y, and thus it is desired. In the training process,
the main aim is to find the parameter values that minimise the loss function and map the inputs to the
outputs as accurately as possible. To model this function, the Mean Square Error (MSE) formula can
be used:
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r_ 1 3 (5 — )2 (4.5)

After the loss, or cost function, has been defined, the parameter optimisation can be formulated in a
generic way such that:

n

¢ = argmin,, (L[§,y]) = argmin, (i > @ - y“))“’) (4.6)

=1

where ¢ is the vector containing the parameters of the model that minimise the cost function and are
thus considered to be optimal. One could try solving % = 0 to obtain the minimum of the function,
however, this proves tricky since most problems are not convex and thus a solution to this cannot be
found. A solution to this is to use an iterative approach, such as gradient descent:

1. Generate set of initial parameters ¢.
2. Compute the derivative of the loss function with respect to the set of parameters.
3. Update the parameters such that at iteration ¢:

- - oL

by =1 — 0487;5 (4.7)

a in the above expression represents the learning rate.

4. Tterate until the function is minimised.

There are some issues regarding the use of gradient descent as an optimisation algorithm. Firstly,
it might happen for more complex and non-linear dynamics that the algorithm converges to a local
minimum instead of the global one, and hence an optimal solution has not been found. Secondly, the
gradient descent calculates the gradient of the loss function for every parameter at every step, which
can be computationally expensive. This is also sensitive to the choice of initial parameters chosen. As
a result, several optimisation strategies have arisen to overcome these issues.

Optimisation Algorithms

It has been mentioned that the gradient descent can converge to local minima and that it is sensitive to
the initial parameters chosen. This can be dealt with through the addition of noise into the gradient at
each step, such that the direction in which the function moves is not necessarily the one that reduces
the loss function the most. This is known as Stochastic Gradient Descent (SGD).

To include randomness in the process, the algorithm selects a random subset, known as minibatch,
and computes the gradient from this batch only. Equation (4.7) then transforms to:

- - al;
b= — - Z a[:;t] (4.8)

1EB:

where B; contains the indices of the elements that define the random batch, and [; is the loss of the it®
element. The selection of random subsets is done without replacement, meaning that in every iteration
a different subset is chosen until all the data has been used. Once this happens, batches are extracted
from the full dataset again until the method converges or the maximum number of iterations has been
reached.

One could also add the history of past gradients via the addition of the momentum term. With
this modification, the information on the direction moved in previous steps is added to the parameter
update:
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=8-m1+(1-0

168{ (4.9)
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where m; is the momentum term and § € [0, 1) is the parameter that controls how much the gradient
is smoothed over time. Since the momentum term is calculated at each iteration, the information on
the gradient at past iterations is included in this model. This, in turn, results in a smoother trajectory
of the gradient descent, and a faster convergence.

There is a downside to all of these modifications explained here: they all use a fixed learning rate.
The consequence of this is that the adjustments made for small gradients do not allow the algorithm to
properly map this direction, whereas the adjustments for larger gradients might cause larger, undesired
oscillations. To tackle this, the gradients can be normalised so that the same distance is travelled in each
direction. A simple algorithm that can tackle this is described below:

oy DL164
99 9 (4.10)
=+ (220)
t =Vt—1+ 26

In this set of equations, v, is used to normalise the gradient itself, as shown in the expression below:

my
a.
VUt + €

where € > 0 is a constant that is used to prevent possible singularities caused by the denominator of
the fraction being 0 and typically takes a value of 107¢ — 1078 (Zhang et al., 2023).

Gr = P11 — (4.11)

The Adaptive moment estimation, also known as Adam (Kingma and Ba, 2014), optimisation algorithm
takes the three ideas presented earlier (the minibatch gradient descent, the addition of the momentum
term, and the normalisation of the gradients) and combines them all together. The equations are as
follows:

=Br-mi1+(1—p1) Y ma:ft
1€B;
MR (412)
ve =By v+ (1-52) Y (M)

i€By

The variables 5, and §; are the momentum coefficients, and typically have values of 0.9 and 0.999,
respectively (Zhang et al., 2023). The gradient and squared gradient are computed with the addition
of momentum in Equation (4.12), and then they are normalised to avoid small estimates:

Ty = —
t =
1- B
o (4.13)
t — 1 — 55
The update of the parameters is then performed using the equation below:
my
Gr = P11 — : (4.14)
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\/’Bt+€
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The resulting algorithm can hence converge to the global minimum, is more efficient than the classic
gradient descent algorithm, is less sensitive to the initialisation of parameters, and accelerates conver-
gence due to the addition of the gradient history via the momentum term and the normalisation of
gradients. This optimiser is common in the papers reviewed regarding orbit prediction and is recom-
mended for use with PINNs (Cuomo et al., 2022; Kollmannsberger et al., 2021).

4.2.3. Learning Algorithm

The previous subsections have explained all the concepts that are needed in order to build and train a
neural network. Now the question is: how can one make a simple Feed-Forward Neural Network with this
information?. Let us begin with a summary of the elements required for a neural network for supervised
regression tasks:

e A dataset consisting of the inputs to the model X and corresponding outputs y, separated into
training and test sets with a validation set if required.

An input, output and hidden layers. The number of layers and weights of their connections are
also elements of the algorithm architecture.

An activation function.

The loss function.

The gradients of the loss function calculated with respect to the model parameters. This can be
done via backpropagation.

e An optimiser.

These are the basic elements of any deep learning model, although more can be added for more
complex neural networks, such as Convolutional or Recurrent Neural Networks. Algorithm 1 describes
an Artificial Neural Network, the most basic form of DL algorithm, with a full-batch gradient descent
optimiser, such as formulated in Equation (4.7).

Algorithm 1 Algorithm to train a full-batch gradient descent neural network

Require: training data X, targets y
Set NN architecture: input, output and hidden layer, activation function, learning rate
Randomly initialise weights W and biases b, which together form the model parameters ¢
for all epochs ¢t do
for element ; + 0,k do
Apply Feed-Forward Propagation: §; <— fnn(xi; ¢)
Compute loss: £; + (§7 — y(@)2
Apply backpropagation: %ﬁ;
end for
Compute full-batch loss: £« L S°% (g0 — ()2
Compute full-batch gradients: % — %Zle %ﬁ;
Update the model parameters: ¢;  ¢,_; — - 55
end for

In the previous section, it was highlighted that algorithms with this optimiser tend to perform worse,
and it was argued that mini-batch algorithms such as Adam are preferred for Orbit Prediction. The
overall model for an ANN with the Adam optimiser is then detailed in Algorithm 2. The definitions of
31, B2, Bi, and € are as introduced earlier.

This subsection provides a basic guide on how each of the described elements play a part in a NN
training algorithm. However, for more complex problems such as Orbit Prediction, there are more
elements that can be added to the model. The following section will describe how physics can be added
to the algorithm to form Physics-Informed Neural Networks, briefly introduced in Section 2.4. On top
of that, performance assessment techniques can also be added to the training process of the algorithm,
which will also be discussed in further sections.
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Algorithm 2 Algorithm to train a neural network with the Adam optimiser

Require: training data X, targets y
Set NN architecture: input, output and hidden layer, activation function, learning rate
Randomly initialise model parameters ¢
for all epochs ¢t do
Divide X and y into n batches of size k
for all batches do
for element i < 0, k do
Apply Feed-Forward Propagation: §; < fyn(x:; @)
Compute loss: £; + (§ — y®)2
Apply backpropagation: %(ft]
end for
Compute batch loss: £ + 1 577 (5 — y@)?
oL

Compute batch gradients: 7=

Compute momentum term: m; = S - my—1 + (1 — 1) > Oli[ 4]

i€By ¢

2
Compute the gradient normalisation: v, = 82 - v;—1 + (1 = 52) >, B, (%{f*])

Normalise m;, vi: My = 17%3' vy = 137%;

Update the model parameters: ¢, = ¢,_; — o \/%
end for

end for

4.3. Physics-Informed Neural Networks

Physics-Informed Neural Networks (PINN) were developed as a result of the challenges faced when
using machine learning in fields where the lower amount of data available makes more traditional
methods fail, such as in engineering (Raissi et al., 2017a, 2017b). In such fields, however, there is a
large amount of knowledge in the form of physical laws that can be added to the model in the form of
Partial Differential Equations (PDEs) to account for the lack of data. This prior knowledge is added to
the algorithm as constraints so that the predictions obtained by the model adhere to the principles of
physics.

In the previous section, an overview of FFNNs was given, which is essential to understanding
PINN s since they work under the same principles. The architecture of these can be described as that of
an ANN, but with added terms in the loss function that place the physical constraints of the system. As
such, the loss term will have two parts: the standard data loss and the physics loss. The former will be
represented as Lg41, and has the form introduced in Equation (4.5). This is used in the classical way:
to help the model predict better the outputs given in the training data. However, with PINNs, one
additionally wants to check that the physical variables predicted by the model are as close as possible
to the actual governing physics of the system. Hence, the physics loss, £,4,s, needs to be added to the
loss equation. This will be discussed in more detail later.

The general form of the non-linear partial differential equations can be expressed as follows (Koll-
mannsberger et al., 2021; Raissi et al., 2019):

du(x,t)
ot

+ Nu(z,t);v], z€Q, teT (4.15)

In this formulation, u(z,t) is the unknown solution which depends on the time ¢t € 7 and space
variable z € 2, where () represents a space in R”. The second term of the PDE, N[u(z,t);7], is a non-
linear differential operator where the vector containing the physics-related parameters of the model is
represented by ~.

The process of this type of algorithm starts by obtaining a prediction of u(x,t) by a feed-forward
neural network, using a set of parameters ¢ (using the notation in the previous section). The approxi-
mation developed can be described as:
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W(z, t; P) ~ u(z,t) (4.16)

The second "block” of the PINN is the physics-informed section, which takes the output of the neural
network and uses it to obtain the loss term. The physics informed neural network f(z,t) can be defined
such that:

oo ou

= o TNl (4.17)

which complies with Equation (4.15). It is known that, if the neural network had predicted u(x,t) with
no error, the value of f would be 0. The physics loss can therefore be defined as:

2

M M
1 1 0 . .
Lphys = i Z |f (i, )| = i Z a%(?ﬁi,ti) + Nig(2s, )] (4.18)
i=1 i=1

Hence, the network parameters ¢ that affect both #4(x,t) and f(x,t) can be learnt via the minimi-
sation of the loss term:

1 Naata 1 M
L= (T, t;) — u; 2 + — Ti, t; 2 4.19
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There is a difference between the points selected for the data loss and the physics loss. The former
represents the points in which ground truth data has been collected and the latter is used to enforce
consistency with the physics laws that govern the system. Therefore, the set of points for both is not
necessarily the same.

The computation of the derivatives of u with respect to the system’s inputs is obtained using auto-
matic differentiation (Baydin et al., 2018). Other methods can be used for this differentiation, but AD is
the most common in the literature (Cuomo et al., 2022). This is an advantage since many programming
languages have libraries that have this algorithm, which can compute these derivatives fast.

4.4. Machine Learning Performance Assessment

The performance of the ML algorithm depends on a variety of factors. To fully optimise the model
to deliver the best results, some things need to be taken into account that affect the operation of the
algorithm. First of all, the model has some parameters that are not learnt by the network, these are the
hyperparameters. For optimum results of a machine learning algorithm, these parameters need to be
tuned before the training process; this is explained in Subsection 4.4.1. The generalisation capabilities
of a trained algorithm also need to be assessed, a concept which is discussed in Subsection 4.4.2. Finally,
the regularisation techniques used to avoid overfitting of the model are introduced in Subsection 4.4.3.

4.4.1. Hyperparameter Tuning

All machine learning algorithms have a series of parameters that are inherent to the model, parameters
that cannot be learnt by these. These are fundamental for the optimum performance of the algorithm,
they need to be selected before the algorithm is trained, and proper analysis must be done to choose
the best possible set of hyperparameters that provide the best results. The reasonable question to be
made now is: how can one determine the values for these hyperparameters?

The first step of the choice of hyperparameters is to identify which ones need to be defined and
assign some reasonable, initial values to them. After this is done, the bounds of each of these variables
need to be defined and an optimisation method to find the best possible set of these needs to be selected.
Typical strategies to do this are: grid search, in which a grid is specified and the performance of the
model is assessed for all possible combinations, or random search, where the combinations are selected
randomly within the established ranges. The latter is preferred for problems with higher-dimensional
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Figure 4.2: Visual representation of the bias-variance trade-off

data due to higher efficiency (Bergstra and Bengio, 2012), as it has a better chance of finding a suitable
combination that maximises the performance of the model, especially for the problem considered here
which is quite complex and requires a large amount of training data. Other optimisation methods could
be considered, such as Bayesian optimisation or Evolutionary algorithms, although these are thought
to be too time-consuming for the problem at hand and will thus not be considered. Once the method is
set, the training data needs to be split. It can be divided into the data that will be fed into the model for
training, and the data that is used for validation purposes. The latter aims to test the performance of
the model during the hyperparameter tuning and find the best combination for good results. Once this
is done, then the algorithm is tested with the validation set and the optimisation method is selected,
to assess its performance for a series of combinations of hyperparameters. Once the optimum set has
been chosen, the model can be trained with the training data.

4.4.2. Generalisation

Supervised learning algorithms aim to be able to generalise and be able to make accurate predictions
on unseen data during training (i.e., test data). The ability of the model to generalise will depend on
its complexity. Simpler models might fail to understand the underlying patterns of the data and thus
are said to be underfitting the data, which is undesirable. However, highly complex models are prone
to overfitting the data, memorising the data but losing its generalisation ability and poor prediction
performance on test data.

Concerning this, the bias-variance trade-off can be introduced. The bias of a system results from
wrong modelling assumptions and model simplification, and thus the bias is higher the simpler the
model is. On the other hand, higher complexity leads to a larger sensitivity of the model to small
variations in the data, leading to a high variance. A trade-off between bias and variance in the system
should be performed to assess the adequate complexity of the model.

The validation set, introduced earlier, is also used for assessing the generalisation of the model in
the training process and can be used to select the complexity of the model. By calculating the loss of
the training and the validation datasets, the bias and variance can be obtained. A large training loss
is typically related to a large bias and low model complexity. On the other hand, a large validation
loss indicates that the model is overfitting the data. Finding a good balance between both training and
validation losses is desired for good generalisation capacities. Figure 4.2 shows the evolution of bias
and variance with model complexity, where a minimisation of the total error can be obtained from a
proper trade-off between the accuracy of the model and its complexity.

4.4.3. Regularisation

Some techniques can be added to the model to prevent it from overfitting and forcing it to have a better
generalisation. Since neural networks are flexible, they are also quite prone to overfitting the data and
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hence regularisation is desired in the algorithm to prevent this from happening. Some methods have
been developed for this purpose and will be introduced below.

L1 Regularisation

Also known as Lasso, this regularisation approach adds a penalty term on the loss function (Equa-
tion (4.5)) that is proportional to the sum of the absolute values of the weights. When performing the
backpropagation, the model aims to reduce this regularisation term as well, hence the coefficients of
the system are shrunk. Some of the weights in the vector ¢ become 0, and the important features of the
model can be extracted. This reduces the complexity of the model while minimising the loss function,
avoiding overfitting.

L2 Regularisation

The concept introduced here, also known as Ridge, is similar to the Lasso, with the difference that the
penalty term introduced on the loss function is proportional to the square of the weights of the model.
The coefficients now cannot become exactly 0, but rather they will have a very small value, so the
magnitude of the weights can be effectively reduced without being set to 0. The overfitting of the data
is prevented for similar reasons as for the Lasso.

Early stopping

This method is characterised by its simplicity. The performance of the model on the validation test is
tested and the training process is stopped when the validation loss starts to increase. This typically
indicates that the model is beginning to overfit the data, and the training is halted before the model
starts to memorise the inherent noise in the training dataset.

Dropout

The dropout technique ignores a random feature in each iteration of the training process. As a conse-
quence, the architecture of the network is different at each step of the process and forces some noise
into the system. By adding this artificial noise, the chances of overfitting the data are reduced and the
model increases its robustness, as it becomes less sensitive to small variations in the input data. This
method has been proven to be efficient and is widely used in neural networks (Srivastava et al., 2014).

Summary

Both early stopping and dropout are desired techniques for regularisation, the former due to its sim-
plicity and the latter due to its efficiency. Due to the increasing complexity of the model chosen, it has
been decided that early stopping is an efficient enough method that can be used to prevent overfitting.



External Software Integration

There are two main parts in which the project can be divided: the extension of the DA-GMM and
the development of a PINN-based model for orbit prediction and P, calculation. The overview of
the architecture and building blocks needed for both models in Section 5.1. The development and
verification of these algorithms are aided by adequate external software. Section 5.2 gives an overview
of the external tools and libraries that are required for this project. Each of these will need to undergo
some acceptance and integration tests. The setup for the different tools and tests will be provided in
Section 5.3, Section 5.4, and Section 5.5.

5.1. Software Architecture

Efficient modelling of the software to develop a robust and accurate algorithm can be achieved through
the introduction of a preliminary architecture of the model. This helps with the organisation and iden-
tification of the key components required for the implementation phase of the project. The modifica-
tions in the architecture of the DA-GMM algorithm are discussed in Subsection 5.1.1, whereas Subsec-
tion 5.1.2 explains the main ideas behind the architecture of the PINN, expanding on the methodology
presented in Section 2.8.

5.1.1. Differential Algebra Gaussian Mixture Model Modified Architecture

Since the DA-GMM is an already developed model that is to be extended, firstly the full architecture
will be provided, and then a simplified one with the additions included will be presented. The structure
of the code is as follows (Leon Dasi, 2021):

1. GAUSSIAN MIXTURE MODEL SPLIT
This is performed in MATLAB and is the tool that generates the Gaussian Mixture Model for the
uncertainty in the initial state of an object.

2. TAYLOR SERIES INTEGRATION IN DIFFERENTIAL ALGEBRA
This is the differential algebra part of the code, which uses DACE to propagate the state and
uncertainties. This is the core block of the simulation and where the acceleration due to the solar
radiation pressure needs to be added.

3. UNCERTAINTY PROPAGATION
This block, coded in MATLAB, receives the Taylor expansion of the final state for each GME and
produces the GMM of the uncertainty of the final state.

4. COLLISION PROBABILITY CALCULATION
This is the final block of the structure of the model, which uses MATLAB to calculate P, from the
GMM of the uncertainty distribution of the final state.
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The overall structure of the algorithm, presented in Figure 5.1, does not need to be changed. There
are only two main changes that need to be included in this structure: the formulation of the solar
radiation pressure and its uncertainty. The former can easily be done through the addition of a function
in the propagation code block, shown in black in Figure 5.1. The architecture of this block is obtained
from Leon Dasi (2021), and the addition of the required inputs for the formulation of this acceleration
and the corresponding output is shown in Figure 5.2. When it comes to the addition of the uncertainty
of the CSRP, it can be added in the GMM split block consistently with the rest of the uncertainty
models added.
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Figure 5.3: Software architecture for the PINN-based model for collision risk assessment

5.1.2. Physics-Informed Neural Network Architecture

This subection expands on the main blocks of the architecture of the PINN-based model, with the
inputs and outputs of it. This is useful to get an overview of how the code works and how the different
blocks of which it is composed are related to each other.

The PINN-based model, unlike the DA-GMM, needs to be developed from scratch, and the final
architecture for it is presented in Figure 5.3. The whole model does not only consist of the PINN, it also
requires some other pieces of code for the data pre- and post-processing.

The first block that needs to be included in the model is that of the data pre-processing. The data
that will be used for the training of the neural network is the TLE of different satellites. For the sake of
simplicity, the Space-Track API! for Python will be used so that the only input required is the NORAD
ID of the desired satellite and epoch, and the code will automatically retrieve the data. Once the data
is obtained, the raw TLE data is read and transformed into state information, which is then normalised
and organised into the input-output pairs that will be fed into the PINN block. This block provides
the neural network with the classical structure that has been introduced in Section 4.3. By feeding it
with the normalised data from the data pre-processing block and the hyperparameters, the PINN will
output a predicted state and covariance matrix. Before final use, the hyperparameters need to be tuned
for optimal performance and the model trained. Once the model has learnt the underlying relationship
between the inputs and outputs, it can be fed some set of initial states and uncertainties for different
objects and predict their state and covariance matrix at future epochs. Once this has been obtained, the
last part of the software is used to calculate the collision probability rate and, via numerical integration,
the probability of collision itself. This is the final block presented, that of the data post-processing.

1Space-Track API documentation available at: https://www.space-track.org/documentation#/api. Accessed: 25/02/2024
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5.2. External Software Overview

The use of external software can aid in the increase of efficiency of the modelling process, data pre-
or post-processing and the verification of newly developed algorithms. On top of that, these can also
be an excellent aid for Al-based methods as they allow for the simplification of complex tasks such as
optimisation and parallel computing. The external libraries and tools that are needed for this project
will be reviewed in this section and will be briefly introduced and explained.

To develop the Al-based model, the DA-GMM is used for comparison purposes and will be intro-
duced as an external software in this section. The reasoning behind this is that it was developed by
Leon Dasi and that the work performed here regarding this algorithm will just focus on its extension
and its use for verification. In the extension of this model, external software also needs to be used to
verify the new uncertainties results via Monte Carlo analyses, and the tool chosen for that is Tudat,
useful for astrodynamics simulations. It can also be used for the verification of the PINN algorithm
and data processing. Finally, a library is needed for the development of the PINN that can provide a
more effective design modelling of the algorithm, and PyTorch is selected as the most intuitive tool to
use for that purpose.

5.2.1. Differential Algebra and Gaussian Mixture Model

The Differential Algebra-Gaussian Mixture Model developed by Leon Dasi (2021) has been explained in
detail in the previous chapters. The current functions and libraries used have been extensively verified
and validated and so it will be considered that no further tests of this nature are needed. This model
will be extended to account for the Solar Radiation Pressure acceleration and further verification and
validation tests will be presented in Chapter 6. It will also be used for verification purposes of the
Al-based model that is to be developed in this project for orbit prediction and collision probability
calculations between two objects.

The DA-GMM itself has some dependencies in external libraries, which will also be briefly intro-
duced and explained. The algorithm is developed in Matlab and C++, the former being used for the
pre- and post-processing of data and the latter for uncertainty propagation. This propagation is per-
formed using Differential Algebra with a series of libraries and tools discussed below:

DACE The Differential Algebra Computational Toolbox (DACE) 2, developed in C++, is a set of li-
braries useful for Differential Algebra. The user interface in C++ allows for an intuitive application
and works with operations using Taylor series expansions.

NRLMSISE-00 As mentioned in Section 3.4, the atmosphere model that will be used for the computa-
tion of the drag acceleration is the NRLMSISE-00. This is included as a C++ library.

SPICE The information system SPICE, developed by NASA, is a toolkit widely used for space environ-
ment simulations. It provides accurate ephemeris for different celestial bodies and therefore will be
used for the extraction of the position of the Moon and the Sun needed for the third-body perturba-
tion acceleration calculation. This toolkit is also included as a C++ library.

Boost This is a set of C++ libraries 3 that is typically used to complement the standard libraries. It is
introduced in the DA-GMM algorithm to perform linear algebra operations, pseudo-random number
generator and unit testing.

Eigen This open-source library * is typically used for numerical linear algebra. It is used in this algo-
rithm to perform operations with the SPICE and NRLMSISE-00 data.

The uncertainty matrix reconstruction and collision probability are both performed in Matlab.

2Dace algorithm available at: https://github.com/dacelib/dace/tree/master. Accessed: 01/03/2024
3Boost algorithm available at: https://www.boost.org/. Accessed: 01/03/2024
4Eigen algorithm available at: https://gitlab.com/libeigen/eigen/- /releases/3.4.0. Accessed: 01/03/2024
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Table 5.1: Initial state for the satellites considered for the verification scenario (Alfano, 2009)

Initial Position x [km] y [km] z [km]
Satellite A 6337.97 1889.31 1889.31
Satellite B 6338.67 1888.22 1888.15
Initial Velocity | vx [km/s] | vy [km/s] | vz [km/s]
Satellite A -2.95720 4.96018 4.96018
Satellite B -2.95530 4.96081 4.96062

5.2.2. Tudat

The TU Delft Astrodynamics Toolbox (Tudat) ° is a set of libraries developed in C++ by members of
the Aerospace Engineering faculty at TU Delft that are used in the context of astrodynamics and space
research. They form a powerful tool for simulations, as they can be used for a wide variety of scenarios,
including Earth Observation, and are very straightforward to use. There is an interface available for
Python. Since this is the programming language that will be used for the main block of the PINN-based
model, this interface is preferred over the C++ one. As Tudat has been extensively verified, it will be
used for verification purposes of the DA-GMM and the PINN model.

5.2.3. PyTorch

Alongside TensorFlow, PyTorch © is the most popular library to use in the field of machine learning and
neural networks, which is open-source and free to the general public. It offers several advantages, such
as tensor computing with Graphics Processing Unit (GPU) support (which facilitates the use of GPUs
to accelerate the calculations via parallel processing) and automatic differentiation, needed for PINNS,
as discussed in Chapter 4. The Python interface of PyTorch is intuitive to use and has been widely
verified, which proves its reliability. TensorFlow is also commonly used for the same purposes. Still,
since PyTorch offers more flexibility, it is selected as the tool for modelling the neural network structure.
Other projects which have focused on the development of neural networks, such as Fanizza (2023), have
used PyTorch as a tool for that. The possibility of using this software as a tool to build the model is
encouraged, especially since the formulation of PINNSs can get complicated due to the modelling of the
physics that is required. However, and when possible, the functions will be developed manually and
verified with the results from this software, although PyTorch can also be used as a guide to build the
desired model with ease.

5.3. DA-GMM Setup

Since the work performed on the DA-GMM is merely an extension of it, the original algorithm must be
tested to assess its correct functionality. Due to the extensive verification and validation of the unmod-
ified algorithm, only some acceptance and integration tests must be performed, which will be done in
this section.

Due to the use of external libraries such as DACE, Boost, and Eigen, the integration of all the com-
ponents of the model needs to be assessed. Once DACE is functioning correctly, the integration of this
block with those developed in Matlab needs to be studied. To do so, a test study performed by Leon
Dasi (2021) will be done again with the algorithm and the results compared to those presented in her
work. The case study selected for this is that of an artificial scenario created by Alfano (2009), verified
with a 109—sample Monte Carlo simulation. The initial states for both satellites are shown in Table 5.1,
and their uncertainties in Table 5.2.

The time of closest approach is set to be 172,800 seconds after the epoch, and so the simulation is
run from TCA - 1420 s to TCA + 1420 s for consistent results with both Leon Dasi and Alfano. The
Taylor series expansion is set to be of order three, the number of GMEs is set to 51, and the time step
is 10 s. All of these have been selected by Leon Dasi (2021) and will be kept as such for actual testing.

5Tudat documentation available at: https://docs.Tudat.space/en/latest/. Accessed: 27-02-2024
6PyTorch documentation available at: https://github.com/pytorch/pytorch. Accessed: 29-02-2024
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Table 5.2: Uncertainties for the satellites considered for the verification scenario at epoch (Alfano, 2009)

Standard Deviation | Satellite A Satellite B Units
o 3.40997e-04 | 3.41073e-04
Ty.y 2.34001e-04 | 2.33957e-04
Oz 2.34001e-04 | 2.33957e-04 [km?]
Oxy 9.89664e-05 | 9.89162e-05
Oz 9.89664e-05 | 9.89125e-05
Oy,» -1.65999¢-04 | -1.66036e-04
Ova vz 8.50607e-11 | 8.50798e-11
Oy, vy 5.79696e-11 | 5.79585e-11
Ovzwz 5.79696e-11 | 5.79166e-11 [km?/s?]
Tvz,vy 2.50580e-11 | 2.50453e-11
Ovavz 2.50580e-11 | 2.50443e-11
Ovy vz -4.20304e-11 | -4.20399e-11
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Figure 5.4: Comparison of the results obtained from the simulation performed for the verification of the DA-GMM for Alfano’s
Case 7 and those from the original work of Leon Dasi

On top of that, both satellites are modelled as hard-body spheres with a combined radius of 10m.

With all the parameters of the model established, the simulation is run to predict the risk of collision
and compare it to the results obtained by Leon Dasi to verify the correct compilation of the code. By
using the formulation for p.(t) presented in Equation (2.2), the collision probability rate is calculated.
The results from this simulation are then plotted alongside those obtained by Leon Dasi for the same
set of parameters, and are consequently shown in Figure 5.4.

From the figure, one can conclude that, using the same parameters as established in the work of
Leon Dasi for a certain simulation, the compiled code for the DA-GMM is able to replicate the results
correctly and thus its compilation is verified. The value obtained for total collision probability differs
only in 0.008%, and the TCA is predicted with the same accuracy. This small discrepancy in results is
considered to be due to differences in the hardware and to numerical precision and rounding, and not
to any errors in the compilation.
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Table 5.3: DA-GMM integration and compilation verification tests

ID Test True Value Pass/Fail
DAGMM-IT-01 Test satellite covariance Pass
Results from
results Leon Dasi
DAGMM-IT-02 Test satellite position re- Pass
(2021)
sults
DAGMM-IT-03 Test P, accuracy Pass
DAGMM-IT-04 Test time of encounter ac- Pass
curacy

Table 5.4: Tudat environment setup test

ID Test Desired output Pass/Fail
TU-ET-01 | Test environment | Equals results from tutorials at Pass
setup Tudat website

5.4. TUDAT Setup

To properly assess the results obtained from the extended DA-GMM algorithm and those from the
PINN, it is highly important to have an orbit propagator. There is a myriad of possibilities to choose
from, but it was decided that Tudat was the tool to be used to construct this propagator. The main
reasoning behind this is that this set of libraries has been extensively verified and validated and that it
offers a highly intuitive interface for space dynamics simulations. However, some acceptance tests need
to be performed on Tudat to ensure that its implementation is accurate enough for verification purposes.
Since this toolkit has been developed by the Technical University of Delft (TU Delft), the author is well
versed in its functioning and can also ask for assistance if it were needed. Table 5.4 includes the test
that is performed to make sure that the algorithm is properly integrated and works as expected”.

Now, several choices need to be made to develop an orbit propagator suitable for the mission consid-
ered. Firstly, the choice of environment and perturbation models included to simulate the environment
needs to be discussed. Subsection 5.4.1 introduces the results from this analysis. Afterwards, several
choices must be made regarding the integrator and propagator settings for the numerical integration
and trajectory propagation. These are presented in Subsection 5.4.2. It is desired to include some sim-
plifications in the modelling to avoid rounding errors in the computer and to simplify the dynamics to
reduce the computational load required for the Monte Carlo analyses. A trade-off between both shall
be made.

Firstly, a random object is generated. It has been created with a set of semi-random satellite prop-
erties: 750kg of weight, a 10 m? reference area, a drag coefficient of 2.2, and a reflectivity coefficient
of 1.4. The orbit in which it lies is selected to have an altitude in a highly densely populated region in
LEO since this is one of the targets considered. This altitude is chosen to be 800 km. The inclination
is chosen as the most popular for RSOs, with a value of 60°. The eccentricity, argument of periapsis,
RAAN and true anomaly are selected with a random number generator, ensuring that the eccentricity
is kept low so that it remains in LEO throughout its orbit.

5.4.1. Perturbation and Environment models

The effect of different perturbation and environment models on a simulated orbit needs to be assessed
to ensure the high accuracy of the propagator. To do so, an orbit is propagated for two days, as this is
the time that is needed for the PINN verification.

Using a benchmark with a complex dynamics model, the effect of single acceleration models on the
position error of the object is evaluated. This complex dynamics model includes the point mass gravity
acceleration from all planets in the solar system, the solar radiation pressure from the Sun, the drag ac-
celeration of the Earth and different degrees of spherical harmonics of the central body. It was decided

"Tutorials from Tudat available at: https://docs.tudat.space/en/latest/_src_getting_started/_src_examples/
tudatpy-examples/propagation/perturbed_satellite_orbit.html. Accessed: 27/03/2024
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Figure 5.5: Norm of the position error resulting from removing certain perturbations from the simulation
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Figure 5.6: Norm of the position error resulting from the simplification of the simulation environment

that the error of the physical model should remain lower than 10~ m for a two-day propagation. To
achieve this, and as observed in Figure 5.5a and Figure 5.5b, the only gravity models considered are
those from the Sun and the Moon as point mass and that of the Earth as a spherical harmonics model.
On top of that, the solar radiation pressure acceleration and aerodynamics perturbation are considered.
This agrees well with the analysis performed in Chapter 3.

When it comes to the environment models selected, the ephemeris of the different celestial bodies
will be studied, alongside the choice of atmosphere model and gravity model of the Earth and Moon.
Such as with the acceleration models, the simulation starts with a highly accurate benchmark, with
the most accurate ephemeris, atmosphere and gravity models, and these are simplified in subsequent
simulations and compared to the benchmark. The results from this are observed in Figure 5.6. It can
be concluded that the ephemeris of the different celestial bodies needs to be obtained from SPICE,
the most accurate model, and the atmosphere model selected is NRLMSISE-00 since lower accurate
models indeed provide a larger error than desired in the solution. The gravity model of the Moon for
the environment setup will be considered to be point mass, since as per Figure 5.6 the error induced in
the position at the end of the propagation is low enough, and the spherical harmonics of the Earth are
set to degree and order 25 (Pena, 2023).

5.4.2. Integrator and Propagator

With the object and perturbation accelerations defined, the choice of which integrator and propagator
to use needs to be made. This decision is crucial for the development of highly accurate propagators
as they are responsible for the stability of numerical simulations.
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Integrator Settings

Once the perturbing accelerations affecting the spacecraft have been selected, the equations of mo-
tion can be defined. Sometimes, analytical solutions might be available to solve these, but generally,
a numerical scheme is needed instead. Since the dynamics of the system as explained above is more
complex, numerical methods are needed to solve the equations of motion governing the dynamics of
the system.

Tudat offers a selection of integrators of different natures: multi-stage (with fixed or variable time-
step), multi-step, or extrapolation methods. All of these are described and discussed in Appendix C.
Extrapolation methods are extremely useful in the context of orbital dynamics for simulations with a
long propagation time, since it allows for taking large time steps without much loss in accuracy. The
results of these algorithms, as obtained now by Tudat, are quite sparse due to the large time steps, and
integrators are not useful to obtain denser outputs with more continuous results. Since the project
at hand requires a lower propagation time with a dense output, these methods will not be consid-
ered. Multi-step methods such as Adams-Bashford-Moulton (ABM) will also not be considered due
to their incomplete implementation in Tudat (Dirkx, 2022), hence multi-stage integrators (with the
Runge-Kutta methods available in Tudat) will be the ones considered for the integrator assessment.

Runge-Kutta integrators of different orders are included in Tudat and the choice of order will de-
pend on the problem at hand. Overall, and out of the list of multi-stage integrators available in Tudat,
the RKF7(8) (a Runge-Kutta-Fehlberg integrator of order 8 with an embedded 7th order) or the DO-
PRI8(7) (known as Dormand-Prince, of order 7 with an embedded 8th order) provide accurate, robust
results, while keeping the computational load at a reasonable level with a high output density (Dirkx,
2022). This would make either of them suitable for the simulation desired, with a perturbed (but not
overly complex) satellite dynamics, and where a dense output is preferrable. Out of those two options,
the DOPRIS(7) is selected due to its use in other collision risk analysis problems, such as Valli et al.
(2013) and Jones and Doostan (2013), where this integrator was used for verification purposes. On top
of that, this is the default integrator for different ordinary differential equation (ODE) solvers such as
in Matlab, Python or Julia. This integrator, as others in the RK family, is available in Tudat with fixed
or variable step size. The latter is desirable for some aspects of orbital dynamics, where the dynamics
of the system might be faster in some regions of the orbit than others. As for the absolute and relative
tolerances for the method, a value of 10712 is set, which agrees with the literature reviewed (Valli et al.,
2013).

Propagator Settings

Propagators are used to model how the state of the satellite evolves through time. The choice of prop-
agator is crucial for the accuracy of the simulation, and thus different propagation methods will be
discussed and assessed. The numerical stability of a propagator results from the choice of representa-
tion of the state of an arbitrary object and the geometry of the orbits to be propagated. Different state
vectors were already presented in Section 3.2, with their advantages and disadvantages introduced.
The corresponding propagators that are available in Tudat are the following:

o Cowell

e Encke

o Gauss - Keplerian

e Gauss - Modified Equinoctial
Unified State Model - Quaternions

Each of these propagators has a set of advantages and disadvantages. The Cowell propagator prop-
agates the Cartesian state of the object forward in time and, albeit typically used, it induces large errors
in the propagation due to large state derivatives. On the other hand, the Encke propagator, which also
uses Cartesian coordinates, only propagates the difference between the state of the body and a refer-
ence Keplerian orbit. The latter is useful when perturbations are small. Since this is not the case, it
will also not be considered. The Gauss-Keplerian propagator uses the Keplerian elements for the orbit
propagation. As discussed earlier, this set of elements provides errors due to the presence of singular-
ities and thus will also be discarded for this assessment. The propagators that are expected to provide
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Table 5.5: Summary of the simulation parameters for the highly accurate propagator

Parameter Settings

Spherical Harmonics Earth (25, 25)

Point-mass gravity from the Sun and the Moon
Drag acceleration from the Earth

Solar Radiation Pressure

Spherical Harmonics from the Earth (25, 25)

Acceleration Models

Environment Models Ephemeris of the different celestial bodies from SPICE
NRLMSISE-00 for the Earth’s atmosphere

Integration Settings Variable step size Dormand Prince 8(7) with absolute and relative
tolerance equal to 10712

Propagator Settings Unified State Model - Quaternions

the lowest error are the Gauss - Modified Equinoctial (which uses MEEs as a state representation) and
the Unified State Model - Quaternions (which uses USM7 to describe the state of an object) due to their
high numerical stability. Both propagators would be suitable for Tudat propagations, but the latter is
chosen due to a higher accuracy over a wider range of scenarios (Romgens, 2011; Vittaldev, 2010).

5.4.3. Final Model

The final model selected for the highly accurate propagator built from Tudat follows a series of tests
and analyses on the perturbation and environment models, alongside a suitable choice of integrator
and propagator settings. The summary of the final settings of this propagator is shown in Table 5.5.

5.5. PyTorch Setup

PyTorch is the external library that is selected to aid in the development of the PINN-based model in
Python. Like other software libraries, it regularly undergoes rigorous verification and validation tests
to ensure its correct functionality, as well as identify possible bugs and issues. Nonetheless, it is deemed
important, as is common practice, to perform some acceptance tests to assess the reliability, robustness
and effectiveness of the library when it comes to machine learning algorithm development. On top of
that, these tests will allow for the assessment of the integration of the functions of the library with the
rest of the algorithm. The main aim of the acceptance and integration tests is therefore to assess the
different functions and classes of the external library.

PyTorch uses a data structure called tensors. These are similar to arrays and matrices but can be
run on GPUs, allowing for easy parallelisation, essential for the training of neural networks. The first
test of the library will therefore be dedicated to assessing tensor operations, following easy operations
that should equal the hand calculation of the same and some tutorials to assess the possible operations
available with them 8. The next step is to assess the basic neural network structure, with the possible
activation functions, number of artificial neurons and other hyperparameters. Some integration tests
will be performed, following a tutorial ° to analyse whether the model class integrates well with the
rest of the code.

There are some elements essential for the development of a neural network: the loss function, its
gradient, and the optimiser. These also need to be tested, which will be done by comparing the results
of simple functions to hand calculations. The code parallelisation will also be tested, with GPUs and
with the help of the supercomputer of TU Delft 1. Finally, it is to be tested whether the trained model
parameters are safely saved and can be loaded from the local computer. All these are summarised in
Table 5.6, with the last column of the table indicating whether these tests have been passed or not.

8Operaﬁons on Tensors with PyTorch Tutorial available at: https://pytorch.org/tutorials/beginner /basics/tensorqgs_tutorial.
html. Accessed: 21/03/2024

9Neural Network Structure PyTorch Tutorial available at: https://pytorch.org/tutorials/beginner/basics/buildmodel
tutorial.html. Accessed: 21/03/2024

10DelftBlue: the TU Delft supercomputer information available at: https://www.tudelftnl/dhpc/system.  Accessed:
22/03/2024
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Table 5.6: PyTorch integration and acceptance tests

ID Test Expected Output Pass/Fail
PT-VT-01 | Test Tensor operations Basic operations with tensors equal Pass
hand calculations
PT-VT-02 | Test Neural Network class The class has the specified structure Pass
and can be accessed
PT-VT-03 | Test Input to Neural Network | The class successfully identifies the in- Pass
class puts
PT-VT-04 | Test Gradient calculation Gradients equal hand calculations Pass
PT-VT-05 | Test Loss Calculation Loss equals hand calculations Pass
PT-VT-06 | Test Optimiser Model parameters are updated cor- Pass
rectly
PT-VT-07 | Test GPU Acceleration The model uses GPUs when specified Pass
PT-VT-08 | Test Model Parameters Sav- | The parameters of the trained model Pass
ing are saved
PT-VT-09 | Test Model Performance The parameters of the trained model Pass
are successfully loaded

The correct functionality of PyTorch has been analysed and confirmed. PyTorch is deemed to be
a suitable tool for the development of the PINN since it has the desired functions to make the model
work, ensuring that these do not have to be developed for the final model and that the project can be
completed within the established timeline.



Ditferential Algebra and Gaussian
Mixture Model Setup

Once it has been verified that the DA-GMM algorithm functions correctly, the process that is followed
for the extension of the DA-GMM algorithm to include the Solar Radiation Pressure acceleration needs
to be detailed, which is done in this chapter. Firstly, the steps followed for the modelling of the Solar Ra-
diation Pressure acceleration will be discussed in Section 6.1, with the corresponding verification tests,
whereas Section 6.2 will present the inclusion of its uncertainty in the model. Finally, the verification
and validation tests performed on this modified algorithm will be presented in Section 6.3.

6.1. Inclusion of the Solar Radiation Pressure Acceleration

Once the software has been validated and it is ensured that it works correctly, the additions to the
model need to be made. The inclusion of the SRP acceleration needs to be done in the DACE block of
the model, where the propagation of the state and uncertainties is performed. The modelling of this
acceleration is quite straightforward, and uses the equations introduced in Section 3.4.

For an accurate formulation of this perturbation, however, the effect of an occulting body needs to
be considered. Since the SRP acceleration arises from the momentum which the solar photons carry
and transfer upon collision with an object in space (in this case, a satellite or a piece of debris), it is
necessary to consider the situation in which no photons are in contact with the body. This can be done
via the shadow function.

6.1.1. Formulation of the Shadow Function

There are two main models that can be applied to obtain the effect of shadowing on a satellite: a cylin-
drical model (which only considers the effect of umbra) or a conical model (which also considers the
penumbra). Since differential algebra does not work well with discrete functions, the effect of penum-
bra needs to be considered to create a smoother transition between the SRP in full sunlight and the
umbra region. The parameter used to formulate the effect of shadowing is called the shadow function,
represented by the symbol v.

To obtain a mathematical expression for this, geometry needs to be used to obtain the position vec-
tors needed. Two formulations have been studied and compared, to check which one is more suitable
for the project. The choice of models has been made taking into consideration the resources available
for the student (such as articles or papers), the level of complexity and the level of predicted accuracy.
As such, models that were simple enough to add to DACE (i.e., those based in geometry), yet complex
enough that accuracy is not lost due to simplifying assumptions, have been modelled. On top of that,
cases that could be modelled in DA have been considered (i.e., models that could easily be adapted to
continuous functions).

61
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Figure 6.1: Geometric relationship between the satellite, the Earth and the Sun (Doornbos, 2011)

Doornbos formulation of the shadow function

The first formulation analysed is that developed by Doornbos (2011). The geometrical model followed
for this formulation is shown in Figure 6.1, and with it the relations below can be found:

) . 7.l

rp, = (Fo. Te)Fo., Te,=Te, —Tp., L= ”T(T; | R (6.1)
he

hc:hg:Hr@pH_R@’ hb:hg_Rp - n:h 7hb (62)

where 7 is the position vector from the Earth’s centre to point p, which is the closest point to Earth’s
centre located in the Sun-satellite vector. Similarly, r,, is the position vector from point p to the satellite,
s. Ry, is the apparent radius of the Sun. These are all needed to obtain the shadow function, v. This
shadow function uses an auxiliary parameter, 7, which represents the case of a full eclipse (n < —1,
partial eclipse (—1 < 7 < 1), and full sunlight (1 < n):

n<-1, asgp =0
-1<n<1, asgrp=Vvasgp ui (6.3)
1 <7, ASRP = QSRP,full

The only thing left is to find the expression for the shadow function:

v=fgfa (64)

where the parameter f; is the geometry function and is a measure of the fractional area of the Sun
that is blocked by the Earth, and f, represents the amount of sunlight that is not absorbed by the
Earth’s atmosphere. The latter will not be considered in this formulation for simplification purposes
and therefore will be assumed to have a value equal to one. The formulation of the former is as follows:
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Figure 6.2: Geometry for the conical shadow model (Montenbruck and Gill, 2000)

1
fo=1- — arccos (n) + % 1—n? (6.5)

Montenbruck and Gill formulation of the shadow function

The next formulation is that developed by Montenbruck and Gill (2000). The geometry and parameters
used in this work are detailed in Figure 6.2.

In this figure, the variable s simply refers to the position of the satellite with respect to the centre of
the Earth and will be represented as r for consistency with the work developed in this project. Similarly,
the variable s, represents the position of the Sun with respect to the Earth and will be represented as
7. With this in mind, the following auxiliary variables are defined:

a = arcsin (RQ) (6.6)
lre — |
b = arcsin <R@> (6.7)
r
_pT _
¢ = arccos (r (ro r)) (6.8)
rire — |

where a is the apparent radius of the Sun, b is the apparent radius of the Earth, and c is the apparent
distance between the centre of both bodies. Using these, the different scenarios can be obtained: full
sunlight (a + b < ¢), full eclipse (b — a > ¢) and partial eclipse (the rest of the cases):

a+b<ec, ASRpP = QSRP,full
b—a>c, asrp=0 (6.9)
Otherwise, asrp = vasgp,full

To obtain the formulation of the shadow function as developed by Montenbruck and Gill (2000),
the occulted area of the Sun needs to be calculated first:

A = a? - arccos (2) + b% - arccos (c;x) —c-y (6.10)

where:

r=—— (6.11)
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y=+Va?—z? (6.12)

With these expressions, the shadow function at the penumbra region is formulated:

A

The shadow function in the differential algebra environment

The formulation of the shadow function in DACE introduces challenges that are not present for other
modelled perturbations. To understand this, a brief review of differential algebra can be provided.

Differential algebra is an area of mathematics that deals with the study and solution of differential
equations within an algebraic framework (Kolchin, 1973). In a computational environment, such as
DACE, the differential equations are approximated via Taylor series expansions, which are then manip-
ulated algebraically (Evard, 1991). Differentiation is a core aspect of DA and thus the functions that
are handled need to be differentiable in the whole of their domain. This is not the case for discrete
functions such as v and might present an issue for its DACE implementation.

The shadow function needs to be represented in a continuous environment, which implies including
the effect of penumbra. Both formulations discussed take this into account and thus are considered
adequate for the differential algebra environment. The algorithm followed for this implementation is
shown in Algorithm 3.

Algorithm 3 Formulation of the shadow function following the Doornbos and the Montenbruck and
Gill representations

Require: Satellite position r, ephemeris time ¢, Earth Radius Rg, Sun Radius Rg
if Doornbos formulation then
Calculate the position of the Sun
Calculate the position vector from the satellite to point p 7,
Compute the apparent radius of the Sun R,
Compute auxiliary parameter 7
if n > 1 then
v=1
else if n > -1 then
v=20
else
Compute shadow function: v = 1 — L arccos(n) + Z/1 — n?
end if
else if Montenbruck and Gill formulation then
Calculate the position of the Sun
Compute the apparent radius of the Sun a and the Earth b
Compute the apparent distance between the Sun and the Earth ¢
if a + b < c then

v=1
elseif b — a > c then
vr=20
else

Compute auxiliary variables z, y

Compute occulted area of the Sun A

Compute shadow function: v =1 — 2
end if

end if

With the formulas presented above and an overview of the algorithm, it is observed that all opera-
tions required are suitable for the DA framework. The if statements are usually indicative of discrete
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Figure 6.3: Comparison of the shadow function values obtained from Tudat (top), the method proposed by Montenbruck and
Gill (2000) (middle) and that proposed by Doornbos (2011) (bottom) for the same satellite and period of time

functions and could be considered an issue in this framework but, as explained, they model a continu-
ous function and thus should not present any modelling error.

6.1.2. Verification of the Solar Radiation Pressure Acceleration

Now that the formulation for the models has been introduced and modelled in the DACE propagator
block, their accuracy should be tested. These verification tests are done with Tudat, and the relative
tolerance is set to be a 0.1% error with respect to the Tudat value. An arbitrary spacecraft in the LEO
region is selected for the verification analysis. The main three aspects to assess is the correct formulation
of the solar irradiance, the shadow function, and the SRP acceleration. At an arbitrary point in time,
the code calculates these parameters within the set tolerance, as summarised in Table 6.1. Both shadow
function models agree in value at the point selected for the test, but this is not deemed enough to
measure and assess their accuracy since the satellite was in full sunlight. It is therefore desirable to test
the capacity of the model to compute the shadow function during penumbra. On top of that, ensuring
that the model accurately predicts the time at which the satellite passes the umbra and penumbra
regions is advisable.

Due to the variation of the shadow function, the tests are re-run for different points in the orbit of the
same arbitrary satellite. To ensure that the artificial spacecraft selected passes the umbra and penumbra
caused by the Earth, its inclination is chosen in such a way that it orbits the Earth on the ecliptic plane.
The results obtained from Tudat, the Montenbruck method, and the Doornbos method are plotted and
compared in Figure 6.3. In this figure, the shadow function model from Montenbruck and Gill (2000)
is shown to be more in accordance with the Tudat values, taken as the “true’ solution, whereas the
model proposed by Doornbos (2011) shows a different umbra region than the other two. While both
tested methods are heavily based on geometry, the one by Montenbruck and Gill is shown to be more
robust and accurate, and hence it is deemed more suitable for this project. On top of that, this method
is considered accurate enough that no other methods will be investigated due to time constraints.

Now that the shadow function model has been selected, a more comprehensive analysis of its ac-
curacy shall be made, alongside some verification tests on the formulation of the solar flux and solar

Table 6.1: DA-GMM Solar Radiation Pressure verification tests

ID Test Input Output | True Value Pass/Fail
SRP-VT-01 | Test Solar Irradiance o, t W Pass
SRP-VT-02 | Test Shadow Function xo,t v Output from Pass
SRP-VT-03 | Test Solar Radiation Pres- | xq,t TSRP Tudat Pass

sure Acceleration
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radiation pressure acceleration models for a period of time. To do so, and with the model of the shadow
function proposed by Montenbruck and Gill, the solar flux is tested over a period of 25,000 seconds, as
well as the shadow function and hence the total solar radiation pressure acceleration, to ensure that all
models are accurate enough for accurate orbit prediction with the DA-GMM method.

While the tests are passed when it comes to a single point in the full sunlight region or in the umbra
region, the results on the penumbra region present higher differences. Since the shadow function di-
rectly affects both the solar flux and the acceleration calculation, a difference in its value causes discrep-
ancies in all variables. Regardless, these differences cause a small enough error in the SRP acceleration
calculation with respect to the results from Tudat and occur over a small enough period (15-20 seconds
of penumbra in the LEO region) that it is thought to be acceptable for this thesis.

Tests are then re-run in Medium-Earth Orbit (MEO) since the penumbra region is larger. The dis-
crepancies shown are still deemed acceptable enough due to a low error in the acceleration and the
low time spent in penumbra at these altitudes (around 40 seconds in MEO). As the satellite orbit is
simulated at higher altitudes (such as in the GEO region) and goes through a larger penumbra region,
the errors in the computed shadow function get further reduced. The current formulation of the SRP
acceleration is hence considered adequate for the purposes of this thesis. Other formulations could be
investigated in differential algebra, but there are limitations on the work done for this project and thus
it will remain as it is. The testing of other models is regardless recommended for future students and
researchers.

Since this formulation is performed in Differential Algebra, there are a few things that need to be
taken into account. First of all, the algorithm cannot handle values equal to zero well, and thus the
shadow function value at the umbra region is set to a small enough value (i.e., 1e-10) that it can ef-
fectively be counted as 0 while avoiding issues with the algorithm. On top of that, and as mentioned
previously, DA does not handle discrete functions well and, since the changes in the shadow function
in LEO are significantly abrupt (due to a 10-15 second period of penumbra), it is recommended that
the time step chosen for lower altitudes is kept to one second or lower.

6.2. Inclusion of the Solar Radiation Pressure Uncertainty

Now that the formulation of the shadow function is completed, as well as that of the solar radiation
pressure perturbing acceleration, the uncertainty in the solar radiation pressure coefficient (CSRP)
defined previously in Section 2.3 needs to be modelled. As shown and discussed in Figure 5.1, the only
change required for this is the addition of this uncertainty in the GMM split block, which generates the
Gaussian Mixture Model needed for the propagation in DACE.

There are several types of uncertainty affecting the modelling of the state of an arbitrary spacecraft.
In her original work, Leon Dasi includes the uncertainty in the initial state, as well as that in the at-
mospheric density and ballistic coefficient (due to unknown properties of a satellite). The addition of
uncertainty in the initial state is a relevant part of the algorithm developed in Differential Algebra, and
has thus been extensively tested. This has not been the case for the uncertainties in the environment,
which have not yet been tested in the DACE propagation block. Since this has not yet been done, it has
been decided that the uncertainty in the C'SRP will not be tested, even though it will be included in
DACE consistently with the work developed by Leon Dasi.

6.3. Results of the DA-GMM Extension

Once all the different elements of the inclusion of the SRP perturbing acceleration have been added
to the model and verified individually, the performance of the extended algorithm needs to be tested.
Since the DA-GMM has already been verified and validated, only the tests that are thought required for
the testing of the extension will be performed. Firstly, a sensitivity analysis will be conducted in Subsec-
tion 6.3.1, followed by testing on a real-life scenario: the Cosmos-2251/Iridium-33 collision documented
in Subsection 6.3.2. To complement this, a synthetic crash scenario is simulated in GEO since this is the
region in which the extension could be most beneficial when compared to the original DA-GMM.
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6.3.1. Sensitivity Analysis

The performance of a sensitivity analysis is key to the validation of an algorithm, since it allows one to
understand the limitations of the model and its accuracy in a variety of scenarios. The tests carried out
by Leon Dasi were as follows:

e Effect of orbital parameters:

— Effect of altitude
— Effect of eccentricity
— Effect of inclination

o Effect of DA-GMM model parameters:

Effect of lead time

Effect of number of GMEs

Effect of Taylor series expansion order
Effect of integration tolerance

o Effect of uncertainty:

— Effect of initial state uncertainty
- Effect of environmental variables uncertainty

Understandably, there is no need to perform all of these analyses again since the changes in the
overall model have just been the addition of a perturbing acceleration. It has been shown that the
magnitude of the solar radiation pressure acceleration is small enough (typically in the order of 10~7
for a satellite in LEO) compared to other accelerations in the model that its effect on the DA-GMM
model parameters is considered to be negligible. The sensitivity analyses of the model parameters
were used to assess the feasibility of this model in terms of computational load and accuracy, and
appropriate trade-offs were made already. Due to the lower magnitude of the SRP acceleration, its
addition to the code is thought to maintain the conclusions made regarding the effect of lead time, GME
number, Taylor series expansion order, and integration tolerance. Following the same argument, the
addition of the perturbing acceleration will not change the conclusions drawn on the effect of the initial
state uncertainty, as the original model was accurate enough that this acceleration will not cause large
differences in the propagated state of an arbitrary satellite. On top of that, the effect of the uncertainty
in different variables from the environment will also not be studied since they have also not been tested
for the original model. The sensitivity analyses performed will therefore be of a more physics-related
nature, rather investigating the effect of orbital parameters on the model. Since the SRP acceleration
affects spacecraft at higher altitudes, it is of high interest to assess the performance of the extended
model at different altitudes, and considering that it was found that the eccentricity and inclination did
not have a significant effect on the accuracy of the algorithm, they will not be tested.

Effect of a change of altitude in the model

The extension of the DA-GMM will be tested following two criteria: the results from Monte Carlo
analyses and the results obtained from the original model. It is thought necessary to re-run Monte Carlo
analyses for the range of altitudes selected since the perturbing forces acting on the satellite are different
from those considered in the original model. These will provide the geometry of the final uncertainty
with which to compare the uncertainty propagated via the algorithm. The nominal scenario is the same
as used in the original work of Leon Dasi for the sake of consistency in the comparison of the extended
model with respect to its original version. The nominal values of the case considered are summarised
in Table 6.2, whereas the parameters used for the propagation of this artificial satellite are shown in
Table 6.3. The number of GMEs, Monte Carlo samples and Taylor expansion order are limited by the
computational load required to run these analyses. It has regardless been shown (Leon Dasi, 2021) that
the error obtained by 201 GMEs with respect to 2001 GMEs is almost negligible (~ 5-10~7) and thus is
considered accurate enough for this comparison. For higher accuracy, a larger number of MC samples
could be selected and the Taylor series expansion order could be set to 4, but for the purposes of this
project, the former will be limited to 10,000 and the latter to 3.
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Table 6.2: Initial state of Galatea for the nominal scenario considered

h[km] e[-] i[deg]
800 0 60

Element
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w [deg]
75

Q [deg]
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0 [deg]
40

Table 6.3: Parameters used for the propagation in DACE of Galatea

Parameter Value Unit
Number of GMEs 201 -
Number of Monte Carlo samples 10000 -
Taylor Expansion Order 3 -
Reference Area 1.5 m?
Mass 3.3 kg
Cp 1.2 -

Cr 1.2 -
Epoch 0 seconds from J2000
Propagation Time 5 orbits
[or, 08, oW] [1,4,1] m
[Cvrr Tvss Tow) [0.01, 0.0025, 0.0025] m/s
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Figure 6.4: Trajectory of an artificial satellite for one orbit at different altitudes

The range of altitudes used by Leon Dasi considered the following values: 200 km, 400 km, 800
km, 3,000 km, and 35,786 km. When performing the simulations with these parameters, however, it is
found that the values chosen for a height of 200 km give invalid results in the extended model as the
satellite would crash into the Earth’s surface. Since Leon Dasi used a different version of Tudat and
the DA-GMM,, it is highly possible that this went unnoticed. However, this test cannot be run and the
lower boundary selected for these tests needs to be changed. After some analysis, the lower boundary
of the LEO region by which the satellite does not decay corresponds to an altitude of 275 km. The
corresponding trajectories are plotted and shown in Figure 6.4. This shows how the orbits in GEO and
the upper limit of LEO considered here will be further away from the effect of the Earth’s gravity and
aerodynamic drag.

The tests are run, and the results are compared to two sets of Monte Carlo simulations with different
dynamical models:

e Nominal dynamical model: this corresponds to the full simulation acceleration model, described
in Section 3.4 and used in the extended DA-GMM algorithm.
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e Highly accurate dynamical model: this, on the other hand, corresponds to a more complete
dynamical model, which builds up on the nominal model by adding higher spherical harmonics
coefficients (up to degree and order 25), and the third body perturbations of Jupiter, Venus and
Mars. This is consistent with the results from the perturbation analysis for Tudat performed in
Subsection 5.4.1.

To analyse the difference between the final state uncertainty with DACE with respect to that obtained
via the Monte Carlo simulations, the Ly metric is used. The mathematical expression and derivation
of this parameter are explained in Section C.2, and it is established that the value of L, should be kept
lower than 0.6. Due to differences in the Tudat version used for Monte Carlo and the difference in the
Matlab version used for the calculation of L, to those used by Leon Dasi, a more comprehensive series
of tests needs to be run. For the aforementioned range of altitudes, four different test cases are studied:

1. Comparison of the DACE results (with the original model, i.e., without taking the SRP accelera-
tion into account) with respect to the Monte Carlo analyses.

2. Comparison of the DACE results (with the extended model accounting for the SRP acceleration)
with respect to the Monte Carlo analyses.

3. Comparison of the DACE results (with the original model, i.e, without taking into account the
SRP acceleration) with respect to the Monte Carlo analyses as run by Leon Dasi.

4. Comparison of the DACE results (with the extended model accounting for the SRP acceleration)
with respect to the Monte Carlo analyses as run by Leon Dasi.

With this selection of tests, a proper comparison between the two models can be performed. Tests
1 and 2 are used to understand how the DA-GMM algorithm improves when the effect of the SRP is
included. From this point onwards, these two tests are grouped in “Case 1” to ease the interpretation
and analysis. These will also be compared to those reported in Leon Dasi (2021). However, since the
Monte Carlo analyses run by Leon Dasi are different than the ones run here, tests 3 and 4 are necessary
to understand the possible differences between the two Tudat versions and the consequences that has
on the results of Tests 1 and 2. Tests 3 and 4 will now be grouped in "Case 2”.

The L, parameter is now calculated for the aforementioned range of altitudes and series of tests,
and the results obtained are included in Table 6.4. In this table, the L, obtained in these simulations
is compared to that obtained with the original DA-GMM algorithm as reported by Leon Dasi. From
this table, it is noticeable that the results reported by Leon Dasi for an altitude of 35,786 km are largely
different from the ones obtained with the new calculations. This is because an issue arose when trying
to quantify the L, parameter for this altitude, as the code could not deal with this calculation. This
will be explained more in detail later. Furthermore, no results are shown for the altitudes of 200 and
275 km for Tests 3 and 4 since the simulations performed in DACE have not been performed with the
former, and the Tudat results from Leon Dasi did not include the latter.

Itis observed in Table 6.4 that the results from the analysis of the effect of altitude on the algorithm’s
performance show an improvement with respect to the original model at all altitudes and cases. The
result obtained by Leon Dasi for a height of 200 km was above the error threshold of 0.6 (for both
the reduced and full dynamical models), and this was argued to be due to the drag perturbing force.
Now, it is known that this was most probably because of errors induced in the model coming from the
position of the satellite being within the Earth’s surface. The tests for the new lower boundary have
shown that the distance between the distribution obtained by the DA-GMM and that obtained with
the Monte-Carlo is lower than the threshold established, although the L, value is significantly higher
than that obtained at other altitudes. This can be attributed to the drag perturbing force, which is the
main force at such low altitudes. Even a small uncertainty in the object’s state can lead to significant
changes in the density in this region. Even so, with this discovery, it can be argued that the model can
provide accurate enough results even at low altitudes in LEO, and it has now been modified to assess
whether the results of a simulation result in the crash of the object against the Earth’s surface, making
it more robust. The L, value is then observed to decrease when the altitude increases, up to the upper
limit of the LEO region considered here. This agrees with the expectations for this analysis since the
drag becomes smaller and the density change does not have such a significant effect. On top of that,
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Table 6.4: Comparison of Ly at different altitudes for the different tests, The green-shaded cells demonstrate the simulations
with the extended algorithm that perform better than the original one without SRP

] Height [km] | 200 275 400 800 3000 35786 |
Reduced dynamical model

Case 1 Test % - 0.2402 0.0377 0.0085 0.0068  0.2350
Test - 0.2371 0.0370 0.0081 0.0062  0.0460

Case 2 Test - - 0.0556 0.0207 0.0138  0.2806
Test (4) - - 0.0555 0.0201 0.0131  0.0600

Results by Leon Dasi 1.3775 - 0.0522  0.0199 0.0093 0.0251

Full dynamical model

Case 1 Test % - 0.2426  0.0453 0.0192 0.0102 0.2388
Test - 0.2373 0.0416 0.0186 0.0092 0.0484

Casen | Test - - 00595 00340 00173 0.2842
Test (4) - - 0.0594 0.0331 0.0163 0.0616

Results by Leon Dasi 1.4190 - 0.0593 0.0214 0.0094 0.0273

the SRP acceleration, which the extended algorithm accounts for, increases with altitude, hence further
reducing the differences between the extended algorithm and the dynamical models. This is further
backed up since the tests in cases 1 and 2 share that same pattern.

For the orbit in GEO, the algorithm is not able to compute L, due to the presence of covariance
matrices that are not symmetric and positive definite, a necessary condition for the calculation of this
parameter. It is to be highlighted that the same code worked for all other tests and provided results
consistent with those reported by Leon Dasi. Proper transformations are made to make the covariance
matrix positive definite. With these changes, the result produced is different than that obtained by Leon
Dasi by about an order of magnitude. Since consistency is kept in the code with respect to all the other
altitudes, the values obtained with the modified code will be used for the analysis. In both cases, the
L, obtained with the extended model is around five times lower than that obtained with the original
algorithm. This could be expected as the effect of the SRP is larger at those altitudes, and therefore
the extended model which accounts for this acceleration will always be significantly more accurate.
Earlier, it was mentioned that, throughout all altitudes in LEO, the difference between distributions
got reduced as the altitude increased due to the lower effect of the drag force. However, this is not the
case for the GEO satellite, as the L, calculated is about 4-7 times larger than that at the upper LEO
limit. The reason for this could be rooted in other perturbation uncertainties. In geostationary orbits,
the relative relevance of non-Earth forces (i.e., gravitational attraction from the Moon and the Sun and
the SRP) increases as the gravitational pull from the Earth decreases. As such, uncertainties in any of
these forces will become more significant, especially with the larger propagation times required for this
orbit. It has been established that the uncertainties in the third body perturbations from the Moon and
Sun are almost negligible, so let’s focus on those from the SRP acceleration. It has been argued that
differences in the solar flux over the solar period are around 1%. If the models to calculate this flux are
different for Tudat and the DA-GMM, this 1% difference can lead to a larger divergence of the results
from both propagations. This leads to a larger difference in the nominal state propagated and a larger
divergence of the final uncertainties.

It has been shown that the extended model is more accurate than the original DA-GMM, although
the difference is generally very small. A larger improvement is observed for an arbitrary satellite in
GEO, which was to be expected as the SRP acceleration is more significant at those altitudes. On top of
that, the algorithm is valid at all altitudes, since the L, parameter is lower than the threshold established
at 0.6, although the effect of the drag force at lower altitudes is significant enough that the addition of
rotational motion in the model is recommended. To visualise what the L, error represents, the state
and uncertainty as propagated by DACE (for the case of an altitude of 800 km) are plotted alongside
those provided by the Monte Carlo analyses in Figure 6.5. In this figure, the distance between the
two distributions seems to be almost negligible as they are mostly aligned. On top of the increase in
accuracy, the extended algorithm is able to detect when the satellite orbit is not feasible.
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Figure 6.5: Example of Lo error for an altitude of 800 km, corresponding to a L2=0.0081

Table 6.5: Cartesian state of Cosmos-2251 and Iridium-33 on February 10, 2009 at 00:00 UTC (Leon Dasi, 2021)

Satellite x[km] y[km] z[km] vx[km/s] v, [km/s] v, [km/s]
Cosmos-2251 | 2689.06 2726.88 6049.935  -6.53545 -1.16479 3.40109
Iridium-33 -3240.99 4759.60 4246.546 2.01107 -3.9914 5.98213

Although the calculation of L has provided good results, it is key to reiterate that these results were
highly sensitive to the random generator used in Matlab. With this in mind, the results shown can be
taken as an approximation of the real values, but overall they have been observed to be at least in the
same order of magnitude, and thus valid for this analysis. This sensitivity analysis has shown that the
extended algorithm is more accurate, particularly at high altitudes, and more robust than the original
model. It has also been validated for a series of altitudes, demonstrating its usefulness in a wide range
of applications.

6.3.2. Cosmos-2251/Iridium-33 collision

Once the algorithm has been validated throughout a series of altitudes, it is desirable to test it with a
real-case scenario. The one chosen for this is the Cosmos-Iridium collision, introduced in Section 2.6.
This is the most severe collision between satellites up to date, generating more than 1,000 pieces of
debris larger than 10 cm (Kelso, 2009) which currently need to be tracked. The initial state for both
satellites before the event is available in the form of a TLE on Space-Track, which is then transformed
to Cartesian coordinates in the ECI frame of reference. The resulting coordinates for each satellite are
summarised in Table 6.5. The uncertainty in the RSW frame for the state obtained from TLEs was
already presented in Table 2.2.

Before presenting the results, the parameters of the simulation shall be introduced. The collision
took place on February 10, 2009, at 16:55:59 UTC (Kelso, 2009), set as the TCA, and so the simulation
is run from TCA - 150 s to TCA + 150 s. The Taylor series expansion is set to be of order three and
the number of GME is set to 37. The integrator selected is a Runge-Kutta 7(8) with a time step of one
second. All of these were selected by Leon Dasi (2021) and will be kept as such for actual testing. On
top of that, both satellites are modelled as hard-body spheres with a combined radius of 5 m, and the
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Figure 6.6: Probability of collision rate of the Cosmos-Iridium scenario with the original and extended versions of the DA-GMM

Table 6.6: Collision probability predicted with the original DA-GMM and the extension of the algorithm for the
Cosmos-Iridium collision

P. AP,
Original | 9.4320-10~" -
Extended | 9.4334-10~7 | +0.015%

drag coefficient for both is set to be 2.2. Finally, the radiation pressure coefficient (Cr) of both satellites
is selected to be 1.2.

The results obtained for the value of the probability of collision rate for the duration of the encounter
are plotted in Figure 6.6 and compared to those obtained with the original algorithm. The most notice-
able feature in this figure is the near-identicalness of both curves. This could be expected since the
magnitude of the SRP acceleration is typically small (in the order of 10~7) compared to the other per-
turbing accelerations for LEO. Moreover, the sensitivity analysis performed on the effect of altitude
demonstrated that at altitudes of 800 km the difference between both algorithms is quite small. This
claim gets reinforced when looking at the values of the probability of collision, summarised in Table 6.6.
The difference between the P, obtained with the original algorithm and the extended one is minimal.
In fact, the inclusion of the Solar Radiation Pressure perturbing acceleration results in only a 0.015%
increase with respect to the algorithm that does not have this perturbation in the dynamical model.

In the days prior to the collision, no alarms were raised on the event between these two satellites as
the predicted collision probability was extremely low. While the results obtained with this algorithm
showcase a value larger than what was predicted back then, it is still below the 10~* or 1075 threshold
that many companies and organisations use. It is important to recall that the initial state uncertainty
in the position and velocity is large, and that the characteristics of the satellites are not known and
can only be estimated. These factors make the P, calculated inaccurate and lower than it should be.
Through the attainment of higher quality data for the simulation (i.e., a more accurate initial state and
object parameters), this issue could be solved. Regardless, it can be concluded that the algorithm (as
was the case with the original version as developed by Leon Dase) is capable of predicting the TCA
of the collision event. With highly accurate data, the uncertainty matrix would be reduced, and the
calculated P. would be higher.
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Figure 6.7: Trajectories of Themis and Delphi with their intersection point

6.3.3. Geostationary Orbit Crash Scenario

The Cosmos-2251/Iridium-33 collision has demonstrated that the model does not have a significant
effect on the result of the model at lower altitudes, which agrees with the results obtained from the
sensitivity analysis. Since the solar radiation pressure acceleration has a larger effect at higher altitudes,
it is desired to test the performance of the extended model for a collision event in a geostationary orbit.
However, since this region is not as crowded as LEO and the distances between satellites are much
larger, no significant collisions have occurred in GEO. Instead, a synthetic crash scenario is simulated.

To simulate this, two artificial satellites named Themis and Delphi in intersecting orbits are created.
The orbit of Themis is geostationary, whereas the orbit of Delphi is set to be an elliptical orbit whose
perigee is located in the orbit of Themis. Both satellites are positioned at this intersection point at an in-
stant in time and their positions are then backpropagated 24 hours, first with the original DA algorithm
and then with the one accounting for the SRP acceleration. It is because of this that the probability of
collision expected for such an encounter is P.=1. However, the introduction of uncertainties in the
initial state will lead to a lower probability since the state of the satellite is assumed to not be accurately
known.

Since this is a simulated crash scenario, it will be assumed that the initial state is known with an
accuracy an order of magnitude higher than can be achieved with the use of TLEs. The uncertainty
in position and velocity are defined as such: ¢,,=10 m for each position component, and 0,=10"2m/s
for each component of the velocity vector. The uncertainty is not set higher to prevent the probability of
collision dilusion (Sanchez and Vasile, 2021), which states that large uncertainties lead to a reduction in
the probability of collision and therefore to underestimations of the P, calculated, as happened with the
Cosmos-Iridium collision. With a lower uncertainty ellipse, the accuracy of the orbit and uncertainty
propagation can be better assessed.

Once the parameters of the satellites have been determined, the Differential Algebra algorithm is
run. In the scenario that takes into account the Solar Radiation Pressure acceleration, the model esti-
mates a probability of collision P.~ 2.89 - 10~%, as summarised in Table 6.7. As explained in Section 1.2,
the threshold established by most conjunction assessment organisations for events of high risk is 10~*
and hence this event would be correctly classified as such. As explained before, even though the actual
P, should equal 1, the uncertainties in the state of the satellites, as well as errors present in the propa-
gation of these states cause this value to be reduced. Now, the same scenario is run with the original
algorithm, which estimates P.~ 1.1251 - 10~°, a value one order of magnitude lower than that obtained
with the extended model. On top of that, the TCA (set at t=86,400s since the start of the propagation)
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Table 6.7: Collision probability predicted for the simulated scenario Themis-Delphi

P, ATCA [s]
Original | 1.1251e-05 1
Extended | 2.8926e-04 0

is accurately predicted with the extended algorithm, whereas the model without SRP acceleration pre-
dicts this to be one second later. Both the values of the P, and the TCA calculated would indicate that
the propagation performed with the model that does not take into account the SRP acceleration is less
accurate at higher altitudes, as was expected. The addition of this acceleration is then seen to make the
model more robust, even if the effect at lower altitudes is not as noticeable.

Although the potential collisions for satellites in GEO are lower than those in LEO, there is still
a desire to create an algorithm that can predict these accurately. Collisions in GEO can also be quite
catastrophic since the debris generated will likely remain in orbit for long as the effect of gravity is not
strong enough to make these pieces decay, as happens in LEO. On top of that, the operations of these
satellites at high altitudes are essential since many of them are dedicated to communications, research
or defence purposes. The constellation of the Global Positioning System (GPS), key for the operation
of other many satellites and operators on Earth, is located at high altitudes (at around 20,000 km), and
having models that can accurately predict potential collisions at such altitudes is beneficial for their
safety.

6.4. Conclusions

In this chapter, several analyses have been performed to test the state and uncertainty propagation
of the extended DA-GMM algorithm and its accuracy with respect to the algorithm as developed by
Leon Dasi. Throughout the sensitivity analysis on the altitude and the testing on a real and simulated
collision case, several conclusions are drawn, summarised below:

e The extended algorithm provides more accurate propagation results than the original code at all
altitudes.

o The effect of the SRP is not as relevant at lower altitudes, where the effect of drag is more notice-
able.

o The extended algorithm particularly outperforms the original model at higher altitudes (GEO),
where the effect of SRP is more prominent.

e The DA-GMM still performs worse at GEO when compared to other altitudes in LEO, proba-
bly due to uncertainties in the solar radiation pressure, which become more prominent at such
heights.

o The extension of the code allows for a higher robustness than the original one.

e It is recommended that at low altitudes with a small penumbra region, the time steps for the
simulation are kept to 1 second or lower to avoid issues with the differential algebra algorithm
for the calculation of a semi-discrete variable as is the shadow function.

e When tested on a real scenario, the extension does not show much improvement with respect to
the original code. However, it does show a significant improvement over a synthetic scenario in
GEO, reinforcing the previous conclusions drawn.



Physics-Informed Neural Network
Setup

The approach selected in this project for the mitigation of space debris is the development of a Physics-
Informed Neural Network for collision risk assessment and collision avoidance. The aim of using an
ML-based approach with integrated physics is to increase the accuracy of the predictions while keeping
a low computational load. This chapter aims to provide a detailed view of the setup of the algorithm
developed for this project. The data pre-processing, including the methods required to prepare the
input data to train the PINN, is discussed in Section 7.1. The actual training of the model is presented in
Section 7.2, alongside a thorough analysis of its optimal configuration. The data post-processing, which
includes the uncertainty estimation and calculation of the probability of collision P, is discussed in
Section 7.3. Finally, the tests for the verification and validation of the model are presented in Section 7.4.

7.1. Data Collection and Pre-processing

Neural networks are a revolutionary concept since they are able to learn exclusively from data and pre-
dict patterns. It is a series of data that guides the training process of the algorithm, allowing the neural
network to adjust the parameters of the model to capture these patterns. Taking this into considera-
tion, the pre-processing of the data is a key step when working with deep learning algorithms since its
accuracy will depend on the quality of these datasets.

The first step that needs to be taken is to collect the required data to train the model. TLEs are
selected as the data source for the model, following the discussion provided in Section 2.5. These are
retrieved from Space-Track!, the most complete database for the TLE of different objects. Generating
the datasets first requires the RSO data to be downloaded, which can be done through their APL

With this APL the data of any tracked satellite or piece of debris can be downloaded. The raw
data from Space-Track then needs to be pre-processed to be transformed into data suitable to be fed
into the algorithm. TLEs are composed of the mean orbital elements of the satellite, which are not an
actual representation of the instantaneous state of an object, but rather a mean over a certain number of
observations. Typically, an SGP4 propagator is used to transform TLEs into actual state information. In
Python, which is the programming language used for the API and the development of the PINN, there
is an SGP4 propagator available that transforms TLEs into Cartesian coordinates.

The question now is which state representation is desired to be predicted by the neural network.
The representation via Cartesian coordinates might be complicated for the network to learn due to the
rapidly changing elements of which it is composed. Kepler elements could be an alternative, with a
more constant nature of five of the six elements that represent the orbit. However, for nearly circular
orbits (not uncommon in the field of communication constellations such as Starlink), two elements in

1Space-Track website available at: https://www.space-track.org/. Accessed: 2024-04-01
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the set are underdefined: the argument of periapsis and the true anomaly. It would be desirable to use
a state representation free of singularities, such as MEE or USM7. The main issue with MEE is that,
for a perturbed orbit, some elements follow a sawtooth pattern. This happens for Kepler elements as
well and would pose a large challenge for the neural network since it is a discrete function. The archi-
tecture selected for the network makes it unsuitable for these types of functions. The model parameter
optimisation, fundamental for the training process, relies on the backpropagation of the gradients of
the function. Discrete functions are, by definition, functions that are not differentiable in the whole of
their domain. As such, there might be issues with gradient exploding, reducing the capacity of these
models to predict these types of functions (Sanchez and Vasile, 2021; Van den Oord et al., 2017). A pos-
sible alternative to this would be to split the function into the sections in which it is continuous, thus
removing the discrete jumps in the function, and train the model with those sections separately. Due to
constraints in the thesis, this will not be considered but will remain an observation and recommenda-
tion for future work. All elements in the USMY7 and Cartesian coordinates have a smooth, continuous
nature and, as such, will be the two state representations considered for the training of the network.
Which one is more suitable for this task remains to be tested.

With any of the representations selected, the propagator is used to generate a large dataset, with
its points equally distanced in time and close together to enhance the learning process and prediction
capabilities. Once this is done, the elements contained in the datasets might have a difference in scale,
and thus normalisation is needed to bring all of them to the same scale and avoid some features from
dominating the learning process. Moreover, it might help with the large changes in Cartesian coordi-
nates, making them more suitable for training. The method chosen is the min-max normalisation. For
a random variable z, this would look like:

T — Tmin

. zel01] (7.1)

Tr =
Tmaz — Tmin
The final step that needs to be done in the pre-processing block is the separation of the data into
test, validation and training sets. Typically, a separation of 80/20 for the training and test datasets is
chosen, with 10% of the training set used for validation purposes if required (Peng and Bai, 2018a).

7.2. Physics-Informed Neural Network Training

Once everything has been set up, the next step is to train the model. Using a single satellite for this
creates a simplified scenario that allows for the assessment and analysis of the PINN'’s performance,
as well as finding which configuration works best for this type of problem. By testing the algorithm
for a single satellite, the complexities ingrained in the data are greatly reduced, allowing for a deeper
understanding of the results obtained and a more solid basis to make decisions on how to build a more
generic tool. As such, several things need to be tested. It is important to recall that the analyses done for
this section are focused on the numerical errors that can be induced in the model due to the decisions
taken, rather than the underlying physics of the environment.

First of all, a satellite needs to be selected. Since Iridium-33 has already been tested on multiple
occasions throughout this thesis, it has been chosen for these analyses. The evolution of the satellite’s
state for a period of time is calculated with Tudat. Starting at the position indicated in Table 6.5, the
position is propagated for one day. At one data point per second, the final dataset to train this model
consists of 86,400 points, between the 10% - 10° recommendation in Yang et al. (2020). This is also con-
sidered appropriate because it contains more data points with which to train the model, and capturing
the feature’s periodicity is easier as more orbits are added to the training data.

The typical training process for a neural network was described in Chapter 4, with the detailed
architecture of the PINN introduced in Subsection 5.1.2. To summarise, the inputs to the model (i.e.,
the normalised satellite state data) are used to compute the values of the cells in the first hidden layer.
This is calculated using the randomly initialised weights and biases of the connections between layers.
The values of these hidden cells are then used to calculate those for the next hidden layer following the
same process. This is repeated for every hidden layer in the neural network architecture, and finally
for the output layer. The output of this layer is the predicted normalised state of the satellite in the
future, which is compared to the actual output given to the network. With this, the loss of the training



7.2. Physics-Informed Neural Network Training 77

Inputs required Training process Outputs

Final configuration

Log for loss and
learning rate
evolution

At each epoch:

r 1

! 1

1 : ! 1

1 ! '
1 . . . . —

: Normalised satellite| 1 : For each hidden layer in the model: Output layer: - Tra‘lmn‘g loss :

' state data ! 1 X - Validation loss .

h 1 ' Multiply outputs of - Learning rate ,
1

: i

1

1

1

1

1

1

Multiply inputs last hidden layer Calculate output
—>! : Calculate output | —» .
and weights, add of hidden layer and weights, add of model

bias

bias
Save current model
configuration

Figure 7.1: Training process flowchart

Table 7.1: Initial configuration for the neural network testing

Hyperparameter Value

Number of hidden layers 1

Neuron in hidden layer 500

Activation function Hyperbolic tangent
Learning rate 1074

Batch size 512

Maximum number of epochs | 10,000

Sequence length 1

Optimiser Adam

Loss function Mean-square Error
Regularisation method Early Stopping

and validation datasets is calculated and used to update all the weights of the network. These weights
are adjusted at each epoch until the predicted output of the model matches the actual output given.
The final configuration (i.e., the weights and biases of the model after convergence) is saved and can
be used to predict the state of the satellite with no knowledge of the actual future state. The training
process can be visualised in the pipeline in Figure 7.1.

Many tests need to be done regarding the architecture of a deep learning model before finding the set
of choices that lead to the most optimal configuration. Since this also depends heavily on the specific
task the algorithm is used for, the initial step would be to recur to the literature and assess models
currently used for orbit prediction. This can be adapted to suit the dataset used in this specific work.

7.2.1. Hyperparameter Tuning

Based on the work from Cheval (2023) and Sanchez and Vasile (2021), a preliminary set of hyperpa-
rameters are chosen and summarised in Table 7.1. A sequence length of 1 is chosen to simplify the
architecture for the initial tests but is subject to change in the hyperparameter tuning.

With this initial architecture, the tests can now be run. Each of these tests will require a small
training process on the neural network with the initial configuration to assess what works best. The
convergence speed and accuracy of the loss of the test dataset, chosen as the performance metric for
this set of trials, will be checked and informed choices will be made. The configuration assessments
are those described in Section 7.2.

Test 1: Data Pre-processing Techniques

Firstly, the influence of pre-processing techniques on the neural network learning process was analysed.
To do this, the raw and normalised data from the USM7 dataset were fed to the model and the test loss
was analysed. It is to be noted that the results for this specific test are not entirely comparable, since
the loss of the raw data will be by default much larger than that for the normalised data due to the
difference in scales. Therefore, the normalised predicted states will be returned to their original scale
before performing the MSE by hand.

Test 1 shows that data normalisation is fundamental for machine learning for orbit prediction. The
test loss obtained with the normalised data is 1.91184-103, much smaller than the (normalised) test
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Figure 7.2: Comparison of the predicted L-parameter from the MEE state with its actual value

Table 7.2: Summary of the train and test losses obtained by training the neural network with different state representations,
ordered from lowest to highest test loss

State representation "(1“5:111;;?!3;2:;) Test loss

Cartesian Coordinates 2430611071 1.91184-1073
Unified State Model 1.28471-1073 2.88750-10~3
Modified Equinoctial Elements | 2.97648-10~3 1.33832:1072
Kepler Elements 2.98849-1073 2.06088:10~2

MSE from the raw data, with a value of 0.56022. On top of that, the neural network trained with raw data
could not converge, proving that having large training feature values creates an unstable system where
the optimiser struggles to move in the right direction. This test demonstrates that data normalisation
is key for the model’s performance.

Test 2: State Representation

Once the dataset normalisation is established as necessary for increasing the efficiency of the training
process, the best set of elements used for this needs to be selected. Even if it was discussed that only
Cartesian coordinates and USM7 would be studied for this, the tests will also be run for Kepler elements
and MEE to show whether the algorithm has issues with their prediction.

The performance parameter selected is, once again, the test loss as it indicates how the algorithm
fares with the prediction of points in the dataset with which it was not trained. On top of that, the
training loss will be used to assess the convergence of the model. As such, lower training losses over
the same number of epochs indicate a faster convergence and thus a more efficient configuration. The
results from these tests are summarised in Table 7.2. As expected, the model obtains lower errors when
trained with a time series of Cartesian coordinates or USM7 elements than trained with Kepler elements
or MEE. The prediction of the L parameter of the MEE is shown in Figure 7.2. The algorithm struggles
to capture the discrete sections of the element, where the sharp peaks of the actual L-parameter take
a curved appearance in the prediction, increasing the training and test losses. This confirms that the
type of neural network used here is not suitable for such functions, thus some other approach should
be used to predict these discrete elements. On the other hand, both Cartesian and USM7 provide
good results and both could potentially be used for the final training of the model. However, since
Cartesian coordinates provide a lower error than the USM7, they are preferred for the final training of
the algorithm.

Regardless, it is good to know that both elements can provide better results since then the Interval
Method can be used to reduce and estimate the uncertainties of the model.
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Test 3: Dataset Size

The size of the dataset with which to train any machine learning algorithm is key for training. Theoret-
ically speaking, the larger the dataset, the better the capacity of the algorithm to learn and replicate the
underlying patterns of the data. However, there is a trade-off to take into account, as is usually the case.
The larger the dataset, the longer it takes to train the model and, although argued earlier that training
time is not a big issue since DelftBlue will be used, there are limitations to every system.

The current size of the model is in the order of 10%, but sources like Shin et al. (2022) recommend
the use of larger datasets in the order of 10°. As such, it will be investigated whether using a dataset
that doubles the one used in data points yields better results. The dataset is augmented using Tudat to
propagate the orbit of Iridium-33 for two days instead of one. This new dataset is tested in the machine
learning algorithm and provides a test loss reduction of 2.5 times with respect to the smaller dataset.
The dataset is now augmented again, up to four times the size of the original dataset. In this case, the
reduction in the test loss that is obtained is not as significant in relation to the dataset containing 172,800
points, while taking a significantly longer time. As such, the dataset will be kept for the future for two
days of data.

Test 4: Training Split

Once the dataset size is selected, the optimal training-test split should be assessed. This split evaluation
is necessary to maximise the model’s generalisation ability and check when overfitting occurs. On the
other hand, the split needs to be chosen so that the model still has enough data points to learn the
patterns as required. As such, several training-testing splits were tested: 70/30, 80/20 and 90/10.

The 80/20 split was used for the previous tests, which yielded a test loss of 1.92470-10~%. Since the
generalisation of the model is being assessed, the test loss is still considered a good performance metric
for this case. The split is first changed to 70/30, which yields a higher test loss at 2.24365-10~%. Next,
a 90/10 split is assessed, which results in a test loss of 1.10245-10~4, significantly lower than the one
obtained with the original 80/20 split. One step further is taken, and the test size is reduced to 5% of
the total dataset, leaving 95% for the training. This split sees a test error of 2.091352-10~%, indicating
that the model already sees some overfitting. As such, a 90/10 split provides the best prediction results
and thus will be considered for the final configuration. The use of a validation dataset (typically 10%
of the total dataset size) for regularisation methods is still used to prevent overfitting.

Test 5: Hyperparameter Tuning

Once these architectural choices have been made, it is time to tune the hyperparameters of the model
to ensure that the best result is produced upon training. Section 4.4 already detailed different methods
to do this tuning, and it was decided that a random search was the most efficient method (Bergstra and
Bengio, 2012) while not being too time-consuming. In total, the neural network was run 10,000 times,
all with different sets of hyperparameters. Since the optimiser is set to be Adam, the loss function to
MSE, and the regularisation method to early stopping, the parameters to be changed are: the number
of hidden layers, the number of neurons per hidden layer, the activation function (where the different
types considered are discussed and explained in Section C.3), the learning rate and the batch size. All
of these are pseudo-randomly generated inside of a range of values established for these. The results
of this random search are summarised in Table 7.3.

One final test was done with this set of values to assess carefully the final performance of the algo-
rithm and check if anything needed to be manually tuned. As it turns out, the model was able to quickly
reduce the loss of the training and validation datasets, but they were difficult to get lower past a certain
value. This would indicate that the learning rate is too high for convergence. However, lowering the
learning rate would mean a slower convergence since this was only the issue past a certain optimisa-
tion iteration. As such, it was decided to use an adaptive learning rate so that it gets reduced as the
NN learns to aid the convergence to lower loss values. The method selected for this is the exponential
decay, which has been used for PINNs before (Cheval, 2023):

<
a; = {040 i—ig ‘ 10 (72)
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Table 7.3: Summary of final configuration for the neural network training

Hyperparameter Value

Number of hidden layers 7

Neuron in hidden layer 100

Activation function Rectified Linear Unit (ReLU)
Learning rate 10~* (adaptive)
Batch size 512

Maximum number of epochs | 10,000

Sequence length 20

Optimiser Adam

Loss function Mean-square Error
Regularisation method Early Stopping

where «; is the learning rate at the ith epoch, « is the initial learning rate (set at 10~* as per the random

search results), iy is the epoch at which the learning rate is set to start decaying with 3 decay rate, and s
is simply a scaling factor to prevent the exponent from becoming too large. The decay rate and scaling
factor are chosen on a trial-and-error basis, with values of 0.05 and 10000 respectively.

Another aspect to be decided is the sequence length of the training datasets. Since the central part of
the neural network is an LSTM layer, it can learn from past data points in the dataset. A sequence length
of one is not considered enough for the model predictions to be accurate for the aim of the research in
this thesis. As such, a series of values was tried, and a sequence length of 20 was selected. It was
seen that increasing the sequence length further led to much slower convergence, infeasible even for
DelftBlue without much gain in accuracy. All of these architectural choices are summarised in Table 7.3,
considered the final configuration of the neural network with which the training will be done.

Once the optimal set of characteristics for the model has been found, the neural network needs to be
trained. This implies, in generic terms, optimising the weights and biases of the network to minimise
the loss term and therefore predict the data patterns more accurately. Once the algorithm is not able to
reduce the loss further, it can be said that it has successfully 'learnt’ the behaviour of the data as much
as possible and therefore should be able to reproduce these patterns.

7.2.2. Limitations

The proposed approach for the neural network, however, does present some issues and limitations that
need to be taken into account. The “main” architecture of the model developed belongs to a LSTM,
introduced in Section 2.4, and this type of neural network is designed for fixed time-step predictions
because its architecture requires a consistent spacing between data points to understand the underlying
patterns of the data. Therefore, the model described previously can only take 20 time steps (t—20, t—19,
... t —1,t) and predict the state of the satellite at ¢ + 1. This could ideally be done recurrently to obtain
the state of the satellite at the subsequent time steps. In reality, this would lead to poor predictions
after a short amount of time due to the fast propagation of errors, and thus the “accurate” prediction
window is too reduced to be considered for collision probability calculation. Other methods shall be
considered for a larger stability of the neural network.

It is said that LSTMs are, by default, fixed time-step, but a question that arises is whether the archi-
tecture can be changed for a certain variability. If a model is trained for different time steps (At = 1s,
At = 5s, At = 10s, etc.), then the state of the satellite could be obtained at any desired point in time.
However, this is highly infeasible since it would require to train N — 1 networks for N time steps. If a
prediction of one day needs to be made, this would require training 86,399 neural networks to do so!
Even with access to a supercomputer, this is too computationally expensive to be considered.

There is another possibility, much simpler and effective, to induce "variability” in the predictions
and improve the stability of the network over a larger period of time: a certain prediction window can
be selected so that the algorithm uses a sequence length of 20 time steps to learn the state of the satellite
after a certain prediction horizon. For easier visualisation, this is shown in Figure 7.3, where a vector
of states of a certain length (i.e., the sequence length) is used to predict the state at t + 3600s.
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Figure 7.3: Visual representation of the input and target sequences for the neural network method presented

It must be taken into account that, for this method to work, the user will need the state of the satellite
from t — 20 until t+At, for which a propagator is required. This propagation shall need to be short
enough so that the propagation does not take too much time (as this would defeat the use of neural
networks) yet long enough so that it is stable for a longer amount of time. As such, an hour is selected as
the prediction horizon. The accuracy and error propagation of this new methodology will be assessed
against that previously introduced.

7.3. Data Post-processing

The raw output of the neural network is in the form of a time series of predicted normalised states.
Data post-processing is, therefore, needed to transform these results into interpretable data for further
analysis. The first step required is to revert the normalisation process to obtain the full-scale outputs of
the algorithm. Once this is done, the uncertainty of the solution needs to be assessed. This is discussed
in Subsection 7.3.1. Once the state uncertainty information is obtained, the probability of collision can
be calculated. The different algorithms considered for this step are discussed in Subsection 7.3.2.

7.3.1. Uncertainty Estimation

As mentioned previously, the neural network is used for satellite orbit prediction. One disadvantage of
this method is that the uncertainties of the model are not propagated. In such a case, the uncertainty
should be estimated some other way.

A classic approach to this would be to perform a pseudo-Monte Carlo analysis. By feeding the
neural network with a series of initial states (selected according to a certain distribution which depends
on the accuracy of the tracking method), an uncertainty ellipse at each time step could be obtained.
However, there is an additional source of uncertainty with neural networks, which is the one resulting
from model simplifications.

Since the real state of the satellite is known, as it is the dataset that is used to train the model, the
residuals of the NN predictions can be calculated:

Ti = Ytrue,i — Ypredicted,i (73)

With this, the standard deviation of the residuals for each element in the state of the satellite can be
calculated, which is indicative of the uncertainty in each variable:
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N
o= Z —7;)? (7.4)

In this formulation, # represents the mean of the residuals and N is the number of data points
in the dataset. Equation (7.4) results in a vector with the standard deviation in each component of
the residuals. Without accounting for correlations between elements, the covariance matrix in ECI
Cartesian coordinates resulting from this rough estimation would follow the form:

2 0 0 0 0 0
0 o2 0 0 0 0
0 0 o2 0 0 0
P=lo 0 0 o2 0 o (7.5)
0 0 0 0 o2 0
0 0 0 0 0 o2

As such, the uncertainty estimation has two components: the uncertainty resulting from the imper-
fect knowledge of the initial state and the uncertainty resulting from the model’s errors.

Interval Analysis

A method to reduce the uncertainties of the model is that of the Intersection Method (Romgens, 2011).
This method relies on the fact that the combination of multiple independent estimates of the same thing
(e.g., different predictions of the satellite’s position with different state representations), can reduce the
uncertainties in the solution.

Imagine that, due to uncertainties, each point in the trajectory of the satellite can be represented as
a box where the nominal trajectory is a point in the centre of it. Each side of this box runs parallel to the
axes in the three-dimensional space, and the length of each is directly related to the uncertainty in its
corresponding axis. Now imagine that the trajectory of a satellite is predicted with two different sets
of state representations, such as Cartesian coordinates and USMY7. This creates two independent sets
of estimates for the state of the satellite. Because of this, at each point in this trajectory, there are two
"boxes”: one created by the predicted Cartesian state and corresponding uncertainties and another
by the predicted USMY7 state, as shown in Figure 7.4. In this figure, both boxes intersect in the red
area, and the "true” solution is assumed to be inside of this intersection, thus effectively reducing the
uncertainties in each axis.

7.3.2. Collision Probability Calculation

The ultimate objective of the work performed in this thesis is that of collision detection. The orbit
prediction is but a step in this whole process, and thus it is necessary to ultimately calculate the collision
probability using the satellite state and covariance information. Several algorithms can be used for this
calculation, and choosing one that is suitable for the problem at hand is key for this project.

A simple solution would be to use the method derived by DeMars et al. (2014), suitable for Gaussian
Mixture Elements. This was used by Leon Dasi (2021) for the DA-GMM algorithm and its formulation
was shown in Equation (2.1) and Equation (2.2). This is a three-dimensional method based on the
time integration of the collision probability rate to obtain the total P, and has proved to be very reliable.
However, the algorithm for P, would need to be changed since the work performed for the PINN does
not include GMEs. A way to do this is to trace the expression by DeMars et al. (2014) back to the
original formulation of Coppola (2012):

to+T 27
P. = R? / / / pg anuffg),z”) V() cosOdfdedt (7.6)
to

where all symbols hold the same meaning as established in Subsection 2.2.3. With this formulation, all
that is needed is the state of both RSOs for a series of time steps, their corresponding covariances, and
their combined radius.
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Figure 7.4: Orthogonal representation of the Cartesian and USM?7 state of a satellite, with their corresponding uncertainties,
and the intersection between both

7.4. Verification and Validation

In the context of research, the verification and validation of software models are key to assessing their
performance. They are needed to ensure that the model works correctly and as intended, as well as to
find the limits of what the model can achieve. The tests performed for the verification of the PINN are
included in Subsection 7.4.1, whereas Subsection 7.4.2 introduces the tests needed for the validation of
the same model.

7.4.1. Verification

The model verification step is intended to assess that everything works correctly. It is mostly composed
of unit and integration tests, where every small part of the code is tested and it is verified that the inputs
and outputs of each part are as required. Tests for the integration of all of these components are also
needed to check the model as a whole. All the tests performed for the three main blocks of the PINN
are introduced below: firstly for the data pre-processing, then for the PINN architecture, and finally
for the data post-processing.

Data Pre-processing Verification

The first step in the data pre-processing is the generation of the datasets. The approach taken for this
work is to obtain real satellite data from the Space-Track API. A series of integration tests need to be
performed, which include the correct authentication of the user (as an account is required to access
their collection of data), the verification that the data downloaded corresponds to the request, and that
the API can be integrated with the rest of the code. These are summarised in Table 7.4.
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Table 7.4: Space Track API integration tests
ID Test Expected Output Pass /Fail
ST-VT-01 | Test Authentication | User can access Space Track data Pass
ST-VT-02 | Test File Structure | Retrieved file has the standard Pass
TLE format
ST-VT-03 | Test File Content Retrieved file contains the cor- Pass
rect information corresponding
to the established input
ST-VT-04 | Test Integration API can be integrated with the Pass
data processing block
Table 7.5: Element Transformation unit tests
ID Test Expected Output Pass/Fail
ET-VI-01 | Kepler elements to Cartesian coordinates Pass
ET-VT-02 | Cartesian coordinates to Kepler elements Pass
ET-VT-03 | MEE to Kepler elements Pass
ET-VT-04 | Kepler elements to MEE Equals output Pass
ET-VT-05 | USMY? to Kepler elements from Tudat Pass
ET-VI-06 | Kepler elements to USM7 Pass
ET-VT-07 | USMY to Cartesian coordinates Pass
ET-VT-08 | Cartesian coordinates to USM7 Pass
Table 7.6: Data Pre-processing dataset generation unit tests
ID Test Expected Output Pass/Fail
DS-VT-01 | Test Dataset loading The data is loaded efficiently Pass
DS-VT-02 | Test Data Normalisation | z € [0 1] Pass
DS-VT-03 | Test Dataset Split The dataset is rightfully split Pass

Since the data used to train the model is a hybrid of real and synthetic data, once an initial state
is obtained from Space-Track, a propagator is used to generate the datasets. The one used for this
project is Tudat, which has already been verified in Section 5.4. Since the generation of these datasets
can be done with different state representations, some element transformations might be needed for
this. Even if Tudat does have some element transformation functions, some were developed as part
of the code since these will be needed for the data post-processing. It was preferred if the PINN and
post-processing sections of the model were independent of Tudat to make it more accessible to people.
All the transformations were then coded and verified with the corresponding outputs from Tudat. The
tests are summarised in Table 7.5, where all transformations coded are included.

Different pre-processing techniques were discussed in Section 7.1, such as the dataset loading into
the PINN architecture, the normalisation of the data and the data split. All of these are tested for their
correct functioning and integration with the rest of the model. These tests are included in Table 7.6.
The dataset split and normalisation are visualised for proof of their correct modelling in Figure 7.5,
where it is indeed observed that the normalised data falls within the desired range and that the split is
performed successfully (i.e., there are no discontinuities between the different sub-datasets).

Physics-Informed Neural Network Verification

When it comes to the block of the model containing the neural network, there are few tests to be done.
Since the dataset generation is verified using the tests in Table 7.6, and the external software, Py-torch,
is also verified in Table 5.6, the overall prediction accuracy of the PINN is the only aspect to be tested.
The neural network will be trained using the data for two days of the Iridium-33 satellite. With this, a
part of the dataset will be selected to be the test set with which to assess this accuracy. Some fine-tuning
needs to be done to understand how the neural network works and what can be done to reduce the loss
of the model and thus increase the accuracy of the prediction. For the state representation selected to



7.4. Verification and Validation 85

1.0+ /—\

0.8 1

0.6 4

1>,

0.4+

0.2 4 —— Training dataset
Validation dataset

0.0 1 —— Test dataset

0 20000 40000 60000 80000
Time since epoch [s]

Figure 7.5: Sine wave normalised and separated into training, validation, and test datasets

Table 7.7: Data post-processing unit tests

ID Test Expected Output Pass/Fail
PP-VI-01 | Test denormalisation Function provides the original dataset Pass
PP-VT-02 | Test uncertainty estimation | Function constructs the covariance ma- Pass
trix as desired

PP-VT-03 | Test interval analysis Function returns the intersection be- Pass
tween two estimates

PP-VT-04 | Test new F, algorithm Results by DA-GMM algorithm for 1 Pass
GME

train the PINN, the error shall be kept under 1% for all the elements that compose it. This has been
studied and shown in Subsection 7.2.1 and the results will be discussed in Chapter 8.

Data Post-processing Verification

The process of transforming the raw data from the neural network into a dataset that is usable and can
finally be used to obtain the collision probability between two objects is the final step of the developed
model. This process initially requires some denormalisation of the data to match the scale of the original
dataset, which needs to be tested. The next step is to verify that the covariance matrix is constructed as
expected using following the uncertainty estimation and interval analysis of the residuals of the PINN.
Finally, the code used for the collision probability must be verified since it was adapted from the one
used by Leon Dasi. To ensure that the new P, algorithm works correctly, Case 7 from Alfano (2009) is
run with 1 GME in the DA-GMM algorithm. The state and covariance at each time step of the encounter
are extracted and run firstly with the original P, algorithm and then with the one not accounting for
the GMEs. These situations are completely identical and so both algorithms should provide the same
result.

Table 7.7 shares an overview of the verification tests performed for the post-processing block of the
PINN. As shown, all the unit tests are passed.

7.4.2. Validation

After careful verification of all the components of the model, it remains to be analysed whether it can
be used for its intended application and what its limitations are. This all falls into the validation of the
model.

Ideally, the model should be validated by comparing its results to real-life data, to check whether
it can be used in the scientific community or if it fails to reach the standards set by other models in
the same research field. To do this, the Cosmos-2251/Iridium-33 case is selected. This collision is ideal
for testing since it was also used to validate the DA-GMM. Since the latter model has been used in this
thesis, all the data regarding the collision (state propagation, uncertainty propagation, and collision
probability) is available for comparison and thus shall be used. On top of that, since the initial state
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for both satellites was obtained from TLEs, this case fits the overall architecture of the PINN. Due to
time limitations, this is the only collision scenario that will be used for validation purposes. Training the
model requires a significant amount of time, especially for the level of accuracy that such an application
demands.

Another test that can be done with the trained model is to test the lead time with which the neural
network still provides an accurate enough answer for collision prediction. For simplicity reasons, a
synthetic crash scenario can be generated where the initial state of two intersecting satellites is known
accurately.

Neural networks are known for their generalisation capabilities. Because of that, several different
satellites will be tested with the Iridium-trained network. The process shall be as above: the initial
state will be obtained from a TLE, a dataset generated with a highly accurate propagator, and the state
predicted with the trained neural network. This predicted state will be tested against the original data
to assess its accuracy. Using different satellites from a range of altitudes, eccentricities and inclinations,
the limitations of the model can be analysed. With this, recommendations will be given for future work
on a generic tool for orbit prediction, mostly whether this is feasible or if different networks shall be
used for different satellites.

Firstly, it would be interesting to test the generalisation capabilities with a satellite with similar
characteristics to Iridium-33. For convenience, Cosmos-2251 will be used for this initial test. Afterwards,
satellites at different heights will be chosen to assess the influence of the period on the prediction error.
It was seen in Figure 2.4 that the most crowded region in LEO is the one that comprises heights around
400-500 km since that is the height of the Starlink constellation. Thus, it should be assessed whether the
neural network is able to predict the state of any satellite in this constellation. The satellite is selected
with a random number generator. On top of that, and for application purposes, a satellite from the
GPS constellation, usually at a height of around 20,200 km and with circular orbits, will also be tested.
Finally, the generalisation capacities of the model will be assessed with a satellite in GEO to understand
the full scope of the prediction error over different altitudes. The satellites in the MEO and GEO regions
have been selected based on the knowledge of their specifications since that will facilitate the orbit
propagation process.

The list of selected satellites to test for the altitude of their orbit is therefore the following:

Cosmos-2215
Starlink-4437
NAVSTAR 71
SES 17

Once there is a higher knowledge of how altitude affects the prediction capabilities of the neural
network, the effect of the eccentricity will be tested. For this, a Molniya orbit will be used. These orbits
are characterised by their large eccentricities (some can be around 0.7) and will provide an interesting
asset to test. The specifications of all satellites are included in Appendix E, including the initial state
which was propagated and the mean orbital parameters extracted from their TLEs.



Results

After the model presented has been fully developed, tests need to be made to verify and validate it.
This chapter presents the results of the application of deep learning algorithms for collision detection,
using a series of tests to assess the model’s accuracy, reliability across different orbital geometries, and
sensitivity to initial state uncertainties. Section 8.1 presents the results for the orbit prediction of a single-
satellite neural network. This section therefore focuses on the state prediction accuracy assessment, the
first point that needs to be analysed before moving forward to the applicability of the model using
the Cosmos-2251/Iridium-33 collision in Section 8.2. A synthetic scenario is created and studied in
Section 8.3 to further investigate the uncertainty estimation and the lead time of the algorithm. Finally,
Section 8.4 presents the first steps towards the generalisation of the method presented using a diverse
set of testing scenarios. As such, this section assesses the approach that can be used to improve the
algorithm’s robustness. The combination of these tests aims to provide a profound insight into the
model’s strengths and limitations, offering recommendations and hypotheses on how to improve it.

8.1. Neural Network Orbit Prediction

A deep learning model has been developed in this thesis to predict satellite trajectories based on histor-
ical state data. This section provides the results obtained from the model and analyses its predictions
by comparing them to actual state information. With this, conclusions can be drawn regarding the ac-
curacy and performance of the developed model. This step is key for the applicability of this model for
the goal of this work: collision detection.

After a thorough analysis, the final architecture for the neural network has been designed to ensure
the best possible results. Table 7.3 represents the summary of the architectural choices that have proven
the most optimal for the performance of the neural network. The final model is then run with this
final configuration for training on the time series of data from the Iridium-33 satellite. This is done
on the DelftBlue supercomputer for a set of Cartesian coordinates, as this was established as the state
representation with the smallest error.

Two different approaches were discussed in Section 7.2: an original model aimed to help understand
the behaviour of the neural network and an improved model to deal with the limitations of the original
model. The results obtained from both will be explained to assess how the second algorithm deals with
these limitations and how much the results improve. The original algorithm developed is assessed in
Subsection 8.1.1, followed by the improved model in Subsection 8.1.2.

8.1.1. Results of the Original Model

Once the training of the original algorithm is finished, it is time to assess how well the model can
generalise to future epochs. This is now done with the test part of the dataset, which is around 10% of
the total data points.
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Figure 8.1: Comparison of the PINN-predicted and the actual values of the six elements of the Cartesian state in the test dataset

Until now, the test loss was used as a metric for the model’s performance as it indicates how well it
can predict the normalised state of the satellite. However, this is not enough for the analysis that needs
to be carried out since the main interest of this test is how well the full-scale state is predicted. Figure 8.1
shows this prediction compared to the “true” state of the satellite. For all elements, both lines overlap,
indicating that the difference between both states is significantly smaller than its scale and thus cannot
be visualised in these plots.

However, and as discussed in Section 7.2, these results correspond to a model which takes 20 data
points to predict the state of the satellite at the next epoch and does so repeatedly with the “true” values
of the satellite’s state. In reality, only the initial state should be used to test the actual predictive nature
of the neural network. As such, the true state of the satellite is only needed for 20 seconds, after which
the network should be used to predict the following 20 data points, which in turn would be used for the
next set of predictions and so on. With this approach, the error in the neural network’s output increases
exponentially and the relative error in the satellite’s states reaches over 1% in just 80 seconds for some
of the Cartesian coordinates. The magnitude of this error showcases the poor predictive nature of the
neural network and calls for a change in strategy.

A different approach must be taken to deal with the limitations observed in the built model. Since
the neural network seems to work well when “true” states are used for the predictions, the architecture
of the improved model will be changed so that 20 data points (y:—20 ...y:) are used to predict the state
of the satellite after one hour: g:3600. With this approach, the initial state of the satellite needs only to
be propagated for one hour and the network is expected to be more stable for a much longer period of
time. The results obtained from this improved model are discussed in the next section.

8.1.2. Results of the Improved Model

With the architecture changed, the neural network is re-trained. Once this process is completed, the
prediction error on the test dataset will be analysed, firstly for the difference in the position induced
by each element and then for the combined error of all the elements. Considering that the Interval
Analysis requires two sets of estimates, the model will also be trained for the same dataset and split
but with the USM7 elements. The collision probability is calculated using position and velocity, so the
differences between the predicted and actual test datasets induced by the prediction error in the USM7
elements will be calculated. This way, it can also be understood how a difference in each USM7 element
affects the inaccuracy of the Cartesian state prediction. In previous sections, it was found that
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Figure 8.2: Predicted satellite state plotted against the actual state for each Cartesian element for a 16-hour propagation using a
neural network

the Cartesian state was predicted with lower training and test losses, but it is unknown how an error
in the USM7 will affect the Cartesian state resulting from the element transformation.

Cartesian Coordinates

Since the satellite used to train this neural network is Iridium-33, its state is initially propagated for
3600 seconds using a highly accurate propagator and the neural network is then used to predict the
state of the satellite for the next 16 hours (since this is the time window that is required for the Cosmos-
2251/Iridium-33 collision). The predicted output is plotted against the actual output in Figure 8.2 for
each coordinate in the Cartesian state. The relationship seems to be linear, which indicates that the
prediction errors are small when compared to the actual state values. A metric that is typically used in
statistics to quantify how much a model’s predictions match the actual data is the adjusted R? score,
explained more in detail in Section C.5. The closer this coefficient is to a value of 1, the better the model’s
predictions are said to be and the more suitable the features selected for the regression task are. From
Figure 8.2, it is noticeable that the R? score in every coordinate differs extremely slightly from a perfect
score, further reinforcing the accuracy of the model.

It was observed that, for the original model developed, the relative error in the prediction reached
1% after only 80 seconds of propagation using the trained neural network. How does the improved
model perform when compared to the original one? The absolute error in each state component is now
calculated and plotted in Figure 8.3, where the error shows a periodic nature with an increase in its
amplitude with respect to the propagation time. On top of that, the periodic wave of the error is accom-
panied by some noise, which also seems to increase with the propagation time. When discussing the
magnitude of these variables, it can be seen that the propagations still yield an error in the order of 10*
km for some coordinates, significantly large. The fast variations in the state and the huge magnitude of
the normalisation factors make it more challenging for the neural network to make accurate predictions,
although this could always be solved by increasing the complexity of the architecture. Regardless, the
error in each component remains lower than that of the original model after 16 hours of propagation,
a much more stable and accurate result, suitable for longer predictions.

To understand the nature of the errors resulting from the neural network, the residuals of the pre-
dictions over one hour are plotted in a histogram in Figure 8.4. To improve the accuracy of the results
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Figure 8.3: Absolute error of the different predicted state elements with respect to their actual values for a 16-hour prediction
using the improved architecture
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Figure 8.4: Density of the residuals for the different elements of the Cartesian state for a propagation of one hour using the
neural network approach

from the neural network, two aspects are considered for the uncertainty estimation: the uncertainty
resulting from imperfect knowledge of the initial state and that resulting from errors in the model. In
some cases, especially for low lead times, the model uncertainty is expected to be larger than the one
stemming from the limited knowledge of the initial state of the satellite. As such, it is important to
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model both, as discussed in Subsection 7.3.1. For simplicity, the uncertainties and errors are assumed
to follow a Gaussian distribution, centred around 0 and following a bell-shaped curve. So far it has
been checked that there is some bias present by which the errors are not centred around 0 (although
they are not far from it). If this shift was taken into account, however, the assumption of a normal
distribution of the residuals can be initially used for estimations due to its simplicity and resemblance
to the actual scenario observed in Figure 8.4.

The relative errors are now summarised in Table 8.1. This table shows that the test loss obtained
for the position and velocity in each coordinate is about three orders of magnitude smaller than those
obtained on previous tests. As a result, the error on each component can be kept to less than 1% when
reverting the normalisation to bring the predictions to their full scale. On top of that, all elements seem
to contribute similarly to the error in the final state. However, for a satellite with a semi-major axis of
approximately 7,161 km, an error of 1% on the x, y or z components results in a final position error of
71 km, so the question now becomes: is this error acceptable for the application considered?

This can be assessed by taking a look at the errors that are propagated with the DA-GMM. This
algorithm has been proven reliable for collision detection, hence the state propagation is analysed and
compared to the results obtained from the PINN. The mean and maximum errors of the DA-GMM
regarding the Tudat-propagated orbit are calculated and added to Table 8.1. It can be seen that, while
the mean error is roughly similar for both methods, the PINN outperforms the DA-GMM regarding
the maximum state error achieved. However, one of the strongest points of the DA-based method is
that of uncertainty estimation and propagation, thus the applicability of the ML algorithm remains to
be tested.

Unified State Model

The training process is repeated, this time for the elements of the Unified State Model. Even though it
was shown earlier that the test loss is higher for the USM7 than for Cartesian, this is only related to the
error in the elements in their respective state model. How the uncertainties in the USM7 affect the final
Cartesian state upon transformation remains to be checked. This is one of the reasons for repeating
the training process for the USM7, with the other being that these results can be critical for uncertainty
reduction using the interval method.

Several tests are now run to properly assess the prediction errors for the model trained for the USM7
elements. The same performance metrics as the analysis on the Cartesian prediction error are used: the
maximum error per element and the maximum and mean error of the final, Cartesian state for all the
elements together. On top of that, the mean and maximum error of each element on the Cartesian
state is assessed to check for the sensitivity of this state representation to each element in the USM7.
All of these are reported in Table 8.1. Although the error in each feature is lower (for some, even a
couple of orders of magnitude lower) than that obtained in the position and velocity, the final mean
and maximum errors upon transformation are larger. Concretely, it can be seen that the driving features
in the final state error are each of the quaternions, for which even a small uncertainty of 0.03% can lead
to a position mistake of 1.4%. This is probably due to the interdependency of the quaternions, meaning
that a miscalculation in one element causes an error in all of them. On the other hand, it seems like the
hodograph parameters do not have a large influence on the mean and maximum error on the final state.
This indicates that, due to the difference in scales and difference in the impact of each element, when
training a neural network with USM7 the networks for each element can differ in architecture. The
NNs used for the quaternions should make sure to provide relative errors at least a couple of orders
of magnitude smaller than the ones studied here if the final combined error is to be kept smaller than
1%. The NNs used to train the hodograph parameters can use a more relaxed architecture, which also
would take less training time.

With a maximum error of 2.12%, over double that obtained with the Cartesian coordinates, and the
large sensitivity of the transformation to uncertainties in the quaternions, the USMY is less suitable for
the prediction of orbits for collision assessment. Regardless, this final error is on the same order of
magnitude as the one obtained with the DA-GMM and proves that this is still a good result. On top of
that, it means that it is suitable for uncertainty estimation and reduction using the interval method.
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Table 8.1: Summary of the errors obtained from the analysis of the neural network for both the Cartesian and the USM7 states

Cartesian Coordinates
Element | Test Loss Max. error Mean error Max. error
on element [%] | on final state [%] | on final state [ %]
X 1.16:10~7 0.501 0.154 -
y 3.13-10~7 0.901 0.237 -
z 1.90-10~7 0.874 0.192 -
VX 1.49-10~7 0.505 0.138 -
vy 2.16-1077 0.747 0.191 -
vz 1.56-10~"7 0.932 0.211 -
Combined error on final state 0.399 0.994
DA-GMM error on final state 0.403 1.81
Unified State Model - Quaternions
Element | Test Loss Max. error Mean error Max. error
on element [%] | on final state [%] | on final state [ %]
C 7.68-10~7 3.92.10~% 3.22.107% 8.07-10~%
Rf1 2.96-10~7 0.484 1.67-107% 457.107*
Rf2 1.37 -10-6 0.262 1.99.107¢ 8.01-10~*
q0 2.90-10~7 0.395 0.234 1.78
ql 1.20-10~7 9.28-1072 0.181 1.79
q2 1.01-10~7 0.192 0.165 1.68
q3 3.24.1078 3.32.1072 0.178 1.41
Combined error on final state 0.568 2.12

8.2. Cosmos-2551/Iridium-33 Collision

The work developed in this thesis aims to use the prediction in the state of a satellite for collision prob-
ability estimation in a faster and more accurate manner than other methods currently used. Since the
DA-GMM has already proved to be a reliable method for collision assessment (Leon Dasi, 2021), all
answers obtained will be compared to this model. The previous section has already proved that the
state of a satellite such as Iridium-33 can be predicted with a trained neural network with a smaller er-
ror than the DA-GMM. However, whether this model can perform well in a real-life scenario remains
to be seen.

The Cosmos-2251/Iridium-33 collision was chosen to validate the model. Subsection 6.3.2 already
introduced this event and all the required details to understand the work developed next. Since there
was already a neural network trained for the elements of Iridium-33 for the time leading to this crash,
only the state of Cosmos-2251 remains to be predicted. The current work has only considered the use
of one neural network for a single satellite, this procedure will be repeated and a set of algorithms will
be trained on Cosmos-2251 data. The generalisation of the neural networks to other satellites will be
studied in Section 8.4 and will not be considered for now. Using the same configuration as Iridium-
33, with hyperparameters summarised in Table 7.3, a neural network is trained to predict the state of
Cosmos-2251.

With the state of Cosmos-2251 predicted for the time leading up to the collision, this section studies
the applicability of the neural network for collision assessment. To do so, the accuracy of the collision
probability is discussed in Subsection 8.2.1, where a comparison to the calculations obtained with other
algorithms is also included. Since an increased accuracy is not the only aspect that is studied, the com-
putational load required for the orbit prediction using a PINN and for P, calculation is also studied
and compared to these algorithms in Subsection 8.2.2. Finally, the complexity of the simulation envi-
ronment required for accurate predictions using the neural network is analysed in Subsection 8.2.3.

8.2.1. Collision Probability Calculation

The prediction of the state is performed on the 12,000s prior to the collision. The interval method is then
used on the residuals for the PINN for both the Cartesian state and the USM7 and the uncertainties in
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Table 8.2: Collision probability predicted with the PINN and with the DA-GMM algorithm for the Cosmos-Iridium collision

Method P.
DA-GMM | 9.433.10~ "
PINN 5.226-10~7

the predicted state are calculated. These uncertainties, however, do not reflect the actual uncertainties
in the initial state or those resulting from the uncertainties in the environment. As such, different initial
states (as done in a Monte Carlo analysis) are tested with the neural network and it is observed that the
state uncertainty resulting from the error in the prediction dominates over the initial state uncertainty
and uncertainty propagation. The satellites are modelled as spheres with a combined radius of 5m (the
same value as selected by Leon Dasi, chosen for comparison purposes) and with the information of the
state of both satellites at each instant of time, as well as their uncertainties, the collision probability can
be calculated: the value obtained with the PINN is P.~ 5.22553 - 10~7. While being almost half of the
value estimated by the DA-GMM, it is on the same order of magnitude meaning that the collision can
be predicted with a similar accuracy. On top of that, the maximum probability rate is obtained at the
same instant in time as the DA-GMM, less than a second off the actual TCA.

The P, estimated with any of the two methods is still not large enough for this event to be considered
high risk (typically for events with P.> 10~%), even though several factors lead to the low value calcu-
lated here. The initial state of both satellites was obtained directly from the last TLE posted prior to the
collision, about 17 hours before. It is known that any state being estimated from TLEs and the SGP4
propagator has a large uncertainty that needs to be considered. This uncertainty becomes larger when
propagated, and due to the collision probability dilution, the probability of collision becomes smaller as
the uncertainty grows, leading to the incorrect labelling of events (Balch et al., 2019; Sanchez and Vasile,
2020). It would be expected in this situation that, with a more accurate knowledge of the initial state
and a better uncertainty estimation and modelling, this prediction would become large enough for this
event to be classified as high-risk. It is restated that SOCRATES (Satellite Orbital Conjunction Reports
Assessing Threatening Encounters in Space), the software developed by the Center for Space Standards
& Innovation (CSSI) for orbit collision detection, also failed to label this event as high-risk.

8.2.2. Computational Load

It has been seen that the prediction of the collision probability is on the same order of magnitude as
that calculated by the DA-GMM. However, the accuracy of the prediction is not the only aspect that
matters in this research, also the computational load of the method is something to be assessed.

The main motivation in this work for using a machine learning approach to collision assessment
is a reduced computational load compared to other methods. Monte Carlo analyses, still extensively
used in this field, take a large amount of time (in the order of several hours) to produce results due to
the large number of simulations required for accurate results. The use of complex numerical models to
propagate the orbits as accurately as possible asks for new methods that can reduce the computational
load required for collision detection. Neural networks have been used extensively in the last years to
overcome this problem since it is known that they, once trained, can predict the state of a satellite at a
fraction of the time required for other methods such as Monte Carlo analyses. The DA-GMM already
solved this problem since it has a faster propagation of the uncertainties, however each GME takes a
while to be propagated. Now it is time to assess how much faster (if any) the model developed here is
with respect to the DA-GMM.

There are two main aspects to be assessed here: the computation of the orbit prediction and the
collision probability calculation. The latter is added here since the use of several GMEs and the for-
mulation by DeMars et al. (2014) implies that, at each time step, the integral needs to be calculated
N? times, where N is the number of GMEs used (assuming it is equal for both satellites). With the
formulation used here, this integration only needs to be performed once, and it would be interesting to
assess the computation time of the entire process, instead of just a part of it. The results are shown in
Table 8.3, where the DA-GMM was run for both 37 and 51 GMEs since they are the two models most
used by Leon Dasi for real collision events. As expected, the PINN is much faster than the DA-GMM.
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Table 8.3: Comparison of the computational load of the PINN compared to the DA-GMM with 37 and 51 GMEs

ORBIT PROPAGATION

N°¢ GMEs Time DA-GMM [s] Time PINN [s] Time DA-GMM
37 3,063 457
51 3,861 670 576

COLLISION PROBABILITY CALCULATION

N GMEs Time DA-GMM [s] Time PINN [s] Time DAGIM
37 13,742 134 10,240
51 18,700 ' 13,935

Where the latter model takes over an hour for the orbit propagation using DA, the trained PINN takes
about 6.7 seconds, about 500 times less, for a similar state prediction accuracy as shown in previous
sections. This proves that the PINN provides a good trade-off between computation time and accu-
racy for orbit prediction when compared to current methods. It still cannot compare to the accuracy
level of highly accurate propagators, but with a more thorough analysis and training, it could easily
get to their level. Regarding the collision of probability, the computational time required to calculate
this parameter for roughly 200 time steps for two satellites modelled with 51 GMEs is 18,700 seconds
(over 5 hours!). With the estimations from the PINN-based model, this time taken for the same amount
of steps is only 1.342 seconds, nearly 14,000 times faster. Even if a simpler model was used, with 37
GMEs for example, the PINN still provides a much faster process than the DA-GMM (almost 460 times
faster for the orbit propagation and almost 14,000 times faster for the P, calculation). For the reader’s
information, this is all calculated with Matlab and could be optimised if another faster programming
language was used, especially for the code, which includes GMEs.

8.2.3. Effect of Simulation Environment

The improved model used for orbit prediction using neural networks involves using propagators to
obtain satellite data for one hour. As such, the next step is to analyse the effect of the simulation en-
vironment on the resulting collision probability calculated with the model. The neural network itself
is trained using data from a highly accurate propagator, with the perturbing models discussed in Sub-
section 5.4.2 and summarised in Table 5.5. The algorithm should therefore be able to provide reliable
results using less reliable simulation environments.

The algorithm has already been used with the most complex perturbation models, which resulted
in a collision probability estimation of 5.226-10~". Next, a simplified simulation environment is used.
This model follows the criteria discussed in Section 3.6 (i.e., the elimination of the perturbations that
introduce larger environment uncertainties) and as such the forces included in this model are: spher-
ical harmonics from the Earth up to degree and order 5, as well as third body perturbations from the
Sun and the Moon. Including the accelerations induced in the body resulting from aerodynamic forces
or the solar radiation pressure would require further knowledge from RSOs which is rarely publicly
available. As such, this simplified model excludes the perturbations with larger uncertainties. The algo-
rithm is run for Cosmos-2251 and Iridium-33 and the resulting collision probability is P.= 5.095 - 10~".
The results from these tests are summarised in Table 8.4, with the information on how much time a
1-hour propagation takes to run each environment model also included. While smaller than the one
obtained using the highly accurate model (which is expected since this is just a simplification and some
error will be inevitably induced in the 1-hour initial propagation), the difference is only ~2%. On top
of that, the propagation with this simplified model takes seven times less to run and does not require
further knowledge of the object’s physical properties. Finally, the algorithm is run with a simple Ke-
pler orbit with no perturbations included. This case represents that with the simplest orbital dynamics
and, as such, the one with the most expected errors. The P, calculated is about one order of magnitude
lower than that obtained with the most accurate model: 3.540-10~8. Considering that the same test with
the DA-GMM algorithm provides a P.~ 10~°! for the Kepler orbit case, the deep learning approach is
significantly more robust to the perturbations used outside the training process.
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Table 8.4: Collision probability predicted with the PINN for the Cosmos-Iridium collision for different simulation environment

models
Simulation Environment P. Time spent on 1-hour propagation [s]
Highly Accurate 5.226-10~7 0.366
Simplified Perturbations | 5.095-10~7 0.0529
Kepler 3.540-10~8 0.0121

8.2.4. Results Summary

The Cosmos-2251/Iridium-33 collision test case has been useful to draw several conclusions on the
performance of the current neural network for real-life scenarios:

o The neural network can calculate the collision probability of the Cosmos/Iridium test case with
the same order of magnitude as the DA-GMM.

e The approach taken in this thesis allows this process to be significantly faster than any other
method used for collision avoidance (around 500 times faster for the orbit propagation than the
DA-GMM and over 10,000 times faster for the P. calculation).

o Considering that the errors of the neural network drive the uncertainty in the final state rather
than the propagation of uncertainties in the initial state or environment variables, the probability
of collision will be affected by the dilution of probability, meaning that it will always be lower
than it could be predicted due to larger uncertainties. Regardless, it seems to work well enough
for a case with an initial state obtained from TLEs, where the uncertainties are larger.

e The use of a simplified perturbations model only has a slight effect on the P, calculated with
respect to the highly accurate one, while taking significantly less time to propagate.

e Using the simplest dynamical model (i.e., a Kepler orbit) for the propagation yields a significant
reduction in the probability calculated (albeit having a similar accuracy in the propagated posi-
tion and velocity of the satellites). This is, however, not as significant as the reduction seen in
other methods such as the DA-GMM.

o The differences observed in the P, calculated seem to stem from the uncertainty estimation. Since
this is just an estimation and not the main focus of this thesis, it is recommended to use higher
fidelity models for the uncertainty propagation and calculation.

The test case discussed in this section represents the most widely known satellite collision and one
of the main motivators for pursuing more accurate collision detection and avoidance tools. In using
a real-life scenario, which has been extensively researched, the usefulness of the model is properly
demonstrated. However, this is only a single specific case, and further research shall be done on more
test cases to show that the model can be used in a wide variety of scenarios.

8.3. Collision Scenario

Previous sections have demonstrated that the neural network built can accurately predict the state of the
satellite and, ultimately, provide a good estimation of the probability of collision for real-life scenarios.
In this section, a synthetic collision scenario is used to gain further knowledge on how the P, calculated
using the approach followed in this thesis changes with lead time. The use of a synthetic scenario
allows testing for the robustness of the neural network and how it is able to generalise to different
collision cases and different dynamics. While the Cosmos-2251/Iridium-33 collision provides a real-
life scenario with which to validate the model, a synthetic test case makes it simpler to create and test
other geometries.

Lead time is crucial in the field of collision avoidance as it represents how much in advance satellite
operators can be notified of high-risk events to plan and execute collision avoidance manoeuvres. The
larger the lead time, the more can be done to prevent collisions. The PINN model has proved to provide
accurate predictions over a time period of at least 16 hours for the Cosmos-Iridium collision. Now the
focus shall remain on testing both shorter and longer propagation times, to assess if this method is
still applicable for those time windows. The test case will be introduced in Subsection 8.3.1, and the
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Table 8.5: Orbital elements of the two satellites used for the synthetic test case at the moment of the collision

Satellite | h [km] | e[-] | i[deg] | w [deg] | 2 [deg] | O [deg]
0

Ourania 773 93.6 45.1 301.3 62.1
Clio 773 9.104 86.4 134.9 121.3 297.9
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Figure 8.5: Evolution of the collision probability for a synthetic crash scenario as a function of lead time

results regarding the effect of lead time and uncertainty estimation are discussed in Subsection 8.3.2.
This section will be wrapped up in Subsection 8.3.3 with the summary of the findings made from this
case.

8.3.1. Case Introduction

Two satellites are created for this synthetic crash scenario: Ourania and Clio. Their positions at a ran-
dom epoch are made to be identical to simulate a crash, and their states are propagated backwards for
a certain amount of time to obtain different sets of initial states: 24, 48 and 72 hours. It was decided not
to go any further than 72 hours since there was a risk of the errors in the propagation being too large
to assess the model accurately. On top of that, the state of the satellite is retrieved every hour (up to
24 hours) to analyse how lower lead times affect the results. This is interesting to assess because the
uncertainties of the model for lower lead times are ruled by the accuracy error in the neural network,
while the ones at larger lead times are dominated by the propagation of the initial state uncertainty and
the error propagation. The orbital elements of both satellites at the collision epoch are summarised in
Table 8.5.

With the sets of initial states, the neural network is used to predict the state of Ourania and Clio at
TCA and estimate their uncertainties. With this data, the P, for each lead time is calculated. The initial
state uncertainty is selected to be that of TLEs to get a simulation closer to typical real-life scenarios
where the general public does not have access to highly accurate tracking data. The altitude of the
satellites is selected to be 773 km, with a circular orbit, since it is closer to the geometry of Iridium and
Cosmos so that the trained neural networks for that scenario could be reused.

8.3.2. Effect of Lead Time

With the simulations run, the collision probability as a function of lead time is plotted in Figure 8.5.
In this figure, the collision probability gets reduced as the lead time increases, which is to be expected
since the error in the orbit prediction is propagated through time and the state uncertainties increase.
The predictions also seem quite constant and stable through time, where all results obtained up to 72
hours of lead time produce a P, in the same order of magnitude.

It does seem surprising, however, that the collision probability estimated for this test case is consis-
tently in the order of 107, even for small lead times, when this case is simulated such that P.=1. The
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reasoning behind this is that, for lower lead times, the model uncertainty is larger than the propagated
state uncertainties. As such, the uncertainties remain large enough to produce the effect known as un-
certainty dilution, discussed in earlier chapters, by which large uncertainties inherently lead to smaller
collision probabilities. This could be corrected if the neural network was made more accurate (i.e., if
the model complexity was increased by increasing the number of hidden layers, the number of cells in
the hidden layer, or the number of epochs over which to optimise the model). This has not been done
in this thesis due to time constraints, since a model with higher complexity would require significantly
longer to train and could lead to overfitting.

One surprising finding of this test case is that the use of Monte Carlo analyses for the uncertainty
estimation leads to unrealistically small uncertainties, particularly for higher lead times. This is com-
pensated for by the error modelling of the residuals, which count as the “uncertainties” of the model
and also lead to more accurate predictions, as with the Cosmos-Iridium collision. Ideally, both should
be compensated for, especially for larger lead times where the state uncertainties due to the initial state
uncertainty are much larger than the ones estimated using a pseudo-MC analysis with the algorithm
and should dominate over the error of the neural network. This will not be investigated for the duration
of this thesis due to time and workload constraints, but some recommendations will be given on how
to improve this.

8.3.3. Results Summary

The synthetic scenario drawn and discussed in this section has allowed for a series of conclusions that
are finally summarised in this subsection:

e The model can provide stable orbit predictions for up to 72 hours of propagation, enough to detect
a collision within the same order of magnitude as for a lead time of 1 hour.

e The results from the analysis of collisions using the neural network are highly affected by the
uncertainty dilution phenomenon for lower lead times. As such, other algorithms (such as the
DA-GMM) are probably more suitable for smaller lead times as the only uncertainty modelled is
that resulting from uncertainties in the initial state.

e On the other hand, the neural network is more robust for a longer range of lead times thanks
to the neural network error modelling and the stability of the predictions by the neural network.
Other methods might outperform the one tested in this thesis but at the cost of a significantly
larger computational load.

e The state uncertainty at each time step is modelled as the sum of the propagation of the initial
state uncertainties and the uncertainty resulting from the inaccuracies of the model’s predictions.
At larger lead times, the propagated uncertainties are estimated to be more significant than the
error induced by the model. However, these uncertainties are highly underestimated, leading to
a loss of accuracy. New methods should be considered to estimate these uncertainties and make
this approach more suitable for collision detection.

e Due to the error modelling and the uncertainty dilution, it is improbable that the results improve
for a smaller set of initial state uncertainties. This makes this approach useful for real-life sce-
narios with large initial state uncertainties (as proven in the Cosmos-2251/Iridium-33 case) but
might highly underestimate the collision risk for any case with a higher knowledge of the initial
state due to the uncertainty dilution.

With this section, the effect of the lead time has been tested and the robustness of this method for
extended periods of time has been proven. This section has also allowed for a more thorough study
of the uncertainty estimation of the model and thus its flaws have been identified. When compared
to a method such as the DA-GMM, which specialises in uncertainty modelling and propagation using
Differential Algebra and Taylor Series Expansions, this method is largely outperformed. As such, new
ways of estimating uncertainties would need to be studied. The histogram of the residuals of the net-
work for Iridium-33 (in Figure 8.4) shows that the assumption of a Gaussian distribution of the model
uncertainties might not be an accurate representation. On top of that, Leon Dasi (2021) argues that
the use of GMEs to represent the uncertainties proves to be more accurate since the propagation of



98 Chapter 8. Results

Table 8.6: Orbital elements of Iridium-33 and Cosmos-2251 on February 10, 2009 at 00:00:00h

Satellite h, [km] | h, [km] | e[-] | i[deg]
Iridium-33 767 799 0.00228 | 86.39
Cosmos-2251 754 801 0.00331 | 74.04

the initial state uncertainties leads to non-Gaussian distributions. Perhaps the use of a new method to
estimate non-Gaussian uncertainties could be considered to increase the accuracy of this method.

The aim of using neural networks for collision detection is to find a way of improving the computa-
tional load that is required to propagate the state of a satellite and its uncertainties. It has been shown
that using PINNs does indeed vastly improve the time that is required to do this when compared to
the DA-GMM, but with its accuracy as it is right now, the results can only deemed to be estimates
of P.. Since the state accuracy does not have a large error (although this can always be improved at
a fractional cost of the computational load, which is another benefit of using neural networks), the
uncertainty estimation and propagation need to be improved.

8.4. Generalisation of the Neural Network

Up until now, the applicability of neural networks has been tested on different collision scenarios. All
of the satellites chosen for this have significantly similar orbits and dynamics. On top of that, a different
neural network has been trained for every satellite as the accuracy of the results was pursued instead
of its ability to generalise. To make this approach more robust, it is therefore important to test how it
can generalise to other satellites and whether a single neural network can be used for many different
satellites.

Several tests need to be made to test which are the limit cases and to discuss the first steps to cre-
ating a more generic approach. Firstly, it is required to assess how the model can predict the state of
orbits with similar dynamics. This is done in Subsection 8.4.1 with a test on the Cosmos-2251 satellite
using the trained model with Iridium-33 data. In Subsection 8.4.2, satellites at different altitudes are
used to assess which approach works best to make a single neural network that can generalise across
different orbital regions. Finally, the effect of eccentricity in this generalisation study is analysed in
Subsection 8.4.3. This is done to check how satellites in Highly Eccentric Orbits (HEO) can be studied
with neural networks and how this generic tool might need to be changed to do so.

8.4.1. Generalisation to Satellites with Similar Dynamics

The first step that should be taken when testing the generalisation capabilities of a neural network
trained for orbit prediction is to assess how it generalises to satellites with similar dynamics. This
implies testing with satellites with similar altitudes, eccentricities, or velocities, for example, in such
a way that their orbits present only small variations in their behaviour with respect to one another.
This is a perfect initial test to verify that the neural network trained is not overfitted to specific satellite
behaviours and it can be used for satellites with similar orbital patterns. On top of that, satellites at
high risk of collision tend to share orbital regions and might present similar dynamics, making this test
also critical for assessing the accuracy of a neural network in these scenarios.

All the tests for hyperparameter tuning and orbit prediction error characterisation have been done
on a neural network trained with the Iridium-33 data in the hours leading up to its collision. For the
analysis performed in this subsection, a satellite with a similar altitude and eccentricity is desired. The
orbital data of Iridium on February 10, 2009 at 00:00:00h (UTC) is provided on Table 8.6. Since Cosmos-
2251 is also in the same orbital region and has a near-circular orbit, it is the satellite selected for this test.
Its orbital parameters are also summarised on Table 8.6, where they can be compared to those from
Iridium-33.

Using the previously trained model, the state of Cosmos-2251 is predicted for two hours. This
is then plotted in Figure 8.6, alongside the actual Cosmos state data for visualisation purposes. It is
observed from this figure that the patterns followed by the different elements of the satellite state are
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Figure 8.6: State prediction for Cosmos-2251 with a neural network trained on satellites with similar dynamics compared to the
actual satellite data

predicted accurately (that is, in such a way that the errors are not visible with respect to the scale of the
actual value of each component). The absolute error in each Cartesian coordinate is then quantified
and plotted in Figure 8.7. This error can reach values up to 75 km for some coordinates, which is larger
than was estimated for a 16-hour prediction using a single satellite and is more erratic (i.e., it has a less
predictable behaviour). This increase in the prediction error is to be expected since the neural network
was trained using the data from another satellite, thus small deviations from the original dataset lead to
larger prediction errors. Since the errors are modelled and taken into account for the calculation of the
collision probability, the model would still be able to detect a collision with this accuracy, although it
would be much lower due to the uncertainty dilution. This could be fixed by training a neural network
with satellite data from different satellites with similar dynamics to make it more robust and accurate
for small state deviations. Regardless, it is important to highlight the capacity of the neural network to
capture the overall pattern of the state evolution and therefore its capacity to generalise to satellites on

the same orbital region.

8.4.2. Generalisation to Satellites at Different Altitudes

Once it has been shown that a neural network can be used for different satellites with similar dynamics
using the approach discussed in this thesis, it is important to test how this model works for satellites
with different dynamics. The next step towards achieving the goal of a more generic neural network
would then be to assess how the model generalises to different altitudes. From a numerical standpoint,
if the eccentricity is kept to near-circular the patterns behind the different element states would remain
similar in that they still resemble sine waves, only with different periods. As such, it will be easier
to assess their predictability using neural networks since those behaviours resemble the ones studied

already.

Expanding the neural network to different altitudes is essential for real-life applications. Collisions
might happen at any orbital regime and, as such, it is important to develop a single neural network
that can work over a wide range of altitudes. Trajectories at different altitudes will experience differ-
ent dynamics: satellites in Low Earth Orbit (LEO) are affected by a larger atmospheric drag whereas
satellites at higher altitudes are more affected by solar radiation pressure. Having a model that can
generalise over such a range of orbits is critical for use in the field of collision detection.
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Figure 8.7: Residuals of the prediction of the Cosmos-2251 state using a neural network trained on satellites with similar
dynamics

Satellites in Low Earth Orbit

A model trained on data from satellites located at similar altitudes might not be able to capture these
different dynamics in a reliable manner. Let us take the trained neural network on Iridium-33 and
use it on a satellite at a different altitude. For this, the satellite Starlink-4437 is selected, with TLE and
physical properties introduced and discussed in Appendix E. The reasoning behind this is that it is
located at the most crowded altitude (about 550 km) regime, as was observed in Figure 2.4, and thus
is of high interest to get a neural network that can work for satellites at this altitude. On top of that,
this satellite is part of the largest constellation of satellites (with all of them being located at similar
heights and with near-circular orbits, showing very similar dynamics), and getting the neural network
to work for this satellite means getting it to work on most satellites in LEO at the moment. When the
trained neural network is used on this satellite, the results on Figure 8.8 are produced. As expected, the
change in altitude does affect the predictions and makes the model unsuitable for satellites at different
altitudes. This is also because the algorithm was trained in such a way that the state of the satellite at
step t + 1h is predicted. A change in the semi-major axis of the orbit (in the case of circular orbits, the
altitude changes with the semi-major axis) will inevitably lead to a change in the orbital period (they
are proportional due to Kepler’s Third Law), and thus the predicted state at ¢ 4+ 14 will not be a match.
This is the phenomenon that is observed in Figure 8.8, where the state predicted does not match the
trajectory followed by the Starlink satellite.

A new approach needs to be taken to solve this issue and provide the first step towards working on
a neural network that is capable of being used as a generic tool for collision detection and avoidance.
The first step to achieve this is to use a technique called transfer learning. This is an approach by which
a previously developed model is reused for a different, yet similar, task. In this case, instead of training
a new model from scratch, the model trained on Iridium-33 can be used as a benchmark for the more
generic tool. This way, the training process is much faster as the new model only needs to be taught to
generalise to other satellites. On top of that, a way to convey the altitude or orbital period information
to the neural networks needs to be studied. The neural network is only taught the relationship between
the inputs and outputs of the model, and it can be assumed that it does not know anything else. As
such, including information on the orbital period might be helpful for the model to understand the
differences between satellites at different altitudes. The orbital period is selected for this since this
will make the model more robust for other cases such as highly elliptical orbits, since the altitude of
a satellite only stays constant if its orbit is circular. The easiest way to do this is to include this as an
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Figure 8.8: State prediction for Starlink-4437 with a neural network trained on Iridium-33 compared to the actual satellite data
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Figure 8.9: Changes on the core architecture of the neural network to include information on the orbital period of a satellite

input feature to the core architecture of the neural network. This part of the algorithm can be taken
from Figure 5.3, which depicts the overall architecture of the model. Until now, the input layer of the
network has consisted of six or seven elements: the components of the state representation selected. If
Cartesian coordinates are selected, this input layer has a total of six input features. A representation
then of how the architecture shall be re-modelled is shown in Figure 8.9, where the satellite’s period
(T) is included in the input layer of the model. As observed, this implies an extremely simple change

in the core of the neural network architecture but allows for the model to recognise which orbital region
is being considered for each satellite.

With this change, and using transfer learning, the neural model trained on Iridium-33 is re-trained
to include data from the Starlink satellite. Now, when this model is used to predict the Starlink data,
the results are much more accurate, as can be appreciated in Figure 8.10 and Figure 8.11, where the
predictions are compared against the actual state values. Figure 8.11 shows that the model trained
with transfer learning is more accurate than shown for Cosmos-2251, providing a maximum position
error lower than 1 % of the actual state value. Transfer learning uses the Starlink data to extend the
pre-trained neural network to satellites at other altitudes, and thus works better than the network used
for Cosmos, which did not contain its data but rather was trained with that of Iridium. Regardless, for
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Figure 8.10: State prediction for Starlink-4437 with a neural network trained on different satellites in LEO compared to the

actual satellite data

x [km] y [km] z [km]
10 4
10 4
5 4
wu w 0 ) wv
ERS E E
k= k= z 9
w Wl W
& 154 & 107 &
10
-5 4
_20 -
—20 ~10 A
T T T T T T T T T T T T
4000 6000 8000 10000 4000 6000 8000 10000 4000 6000 8000 10000
Time since epoch [s] Time since epoch [s] Time since epoch [s]
vx [km/s] vy [km/s] vz [km/s]
0.010
0.01 1 0.00
0.005
w w w
= 0.000 A = =
£ S 0.0 5 -0.02 4
=] ° =]
‘i —0.005 A B iR
€ £ € 0.04
—0.010 _0.01 4 —0.04 4
—0.015
—0.06
—0.020 T T T T T T T T T T T T
4000 6000 8000 10000 4000 6000 8000 10000 4000 6000 8000 10000
Time since epoch [s]

Time since epach [s]

Time since epoch [s]

Figure 8.11: Residuals of the prediction of the Starlink-4437 state using a neural network trained on satellites with similar

dynamics

all cases in which transfer learning is used in this section, the propagation time is kept to 2 hours since
it will be roughly the size of the test dataset. It is important to use the test dataset for the analysis of
these results since it is data that has not been used to train the neural network and thus it can be used
to show how the model generalises to future epochs. When the same network is used on Iridium-33,
the state is predicted with the same level of accuracy as achieved with the improved neural network in
Subsection 8.1.2. As such, it can be said that the same neural network is able to predict the state of a
Starlink satellite and that of Iridium-33, both belonging to the two most crowded regions in space.



8.4. Generalisation of the Neural Network

103

20000 | =
4 hY
i’ A
i \
I \
10000 A ’ .
I
I
—_ 'l —_
£ o f £
= 7 =
I
/
~10000 - /
\\ l’
"\ 7’
\__,’
—20000 1 T i 7 7 T
0 10000 20000 30000 40000
Time since epoch [s]
3 -
s
4 N\,
2 l’ ‘\
’ A
/ \
— 19 7 ‘\
B ” 1
§ 0 " ‘\
x / \
14 J %
i \
/ A
2 \
ll \
=34 T T T T T
0 10000 20000 30000 40000

Time since epoch [s]

20000 4

10000

—10000 -

—20000 -

vy [km/s]

o]

T T T T
10000 20000 30000 40000
Time since epoch [s]

T T T T
10000 20000 30000 40000
Time since epoch [s]

20000 +

10000 -

vZ [kmys]

T T T T
0 10000 20000 30000 40000
Time since epoch [s]

Time since epoch [s]

T T T T
0 10000 20000 30000 40000

actual
=== predicted

Figure 8.12: State prediction for NAVSTAR 71 with a neural network trained on different satellites in MEO compared to the
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Figure 8.13: Residuals of the prediction of the NAVSTAR 71 state using a neural network trained on different satellites in MEO

Satellites in Medium Earth Orbit

Once the method is confirmed to work for satellites at different altitudes in LEQ, it is time to extend the
testing on objects in Medium Earth Orbit (MEO). In this orbital regime, the effect of drag on the satellite
is largely reduced, which removes one of the largest uncertainties when it comes to environmental
variables. On the other hand, the effect of the gravitation from third bodies such as the Sun and the
Moon becomes more noticeable. It is therefore essential to assess the ability of the model to generalise
to objects in this orbital regime for more robust predictions. By definition, MEO is a region in space
comprising any altitude from 2000 km, typically considered the upper boundary of the LEO region,
to 35,876 km, the characteristic altitude for geostationary orbits. The satellite selected for this test is
NAVSTAR 71, which forms part of the Global Positioning System (GPS). As such, it is located at an
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altitude of about 20,200 km and has a low eccentricity, which fits well with the requirements for this
analysis.

LEO is the most crowded region in space, much more than MEO or GEO, and therefore there is a
need to have large amounts of data from multiple altitudes in this orbital regime. However, to make
the addition of an extra feature in the model consistent with the neural network, the orbital period
information needs to be normalised. This might become an issue for a neural network working with
satellites at both regions since the difference between normalised orbital data is much smaller between
satellites at LEO than at MEO, especially since the latter has a smaller satellite density. Indeed, when
transfer learning is used for NAVSTAR 71, it is observed that, while the model works well for this
satellite, it has significant issues predicting the state of satellites at LEO. As such, it is recommended
that these two orbital regions be separated: one neural network can be used for satellites in LEO and a
different one for satellites in MEO and GEO.

With this in mind, a new neural network is set for the satellites at altitudes higher than 2000 km.
However, transfer learning can still be used to make the training process of the new neural network
more efficient, while tuning will help improve its performance on the new satellites. When this is
done, the state for NAVSTAR is predicted using this model and compared to the actual satellite data.
Figure 8.12 shows this comparison and, as previously, the underlying patterns in the data and the
information from the orbital period are captured without observable errors for a prolonged period.
However, the scale of the state is one order of magnitude larger for this case than for LEO. As such, a
neural network with the same architecture, achieving a similar test loss, will still yield a much larger
absolute error. This can be observed in Figure 8.13, where the absolute errors in the position and veloc-
ity are plotted. The most striking feature in this figure is the large jump in the error for each coordinate.
Since this happens exactly at the one-hour mark since the start of the prediction, it could be a simple
matter of a difference in the normalisation parameters with respect to those used in the training process.
This highlights the sensitivity of the predictions to these parameters at high altitudes, where the state
scale is higher. Nevertheless, the magnitude of the errors suggests that a more complex architecture
should be used for satellites in MEO to lower the error.

Satellites in Geostationary Earth Orbit

The Geostationary Earth Orbit (GEO) is a unique type of orbit in which an object circles the Earth
above its Equator and has an orbital period that matches the Earth’s rotational period. These satellites
are located at 35,786 km of altitude and have an eccentricity close to 0. As such, they have significantly
different characteristics when compared to satellites located in MEO and LEO. It was discussed earlier
that MEO provides a more prominent effect of third-body perturbations and solar radiation pressure.
These perturbations have an even larger impact on GEO, where the atmospheric drag can be considered
negligible.

Since satellites in GEO have the same rotational speed as the Earth, they appear stationary relative
to a fixed position on its surface. This makes this type of orbit special and suitable for communication
and weather satellites, where coverage of a specific area is desired. Testing the model on satellites in
GEOQ s the final step in assessing the neural network’s generalisation capabilities across all major orbital
regions, with significantly different environments. If the model can generalise well to these orbits, it can
be further proof of the robustness of the neural networks and can reflect the usefulness and reliability
of this approach for collision detection and assessment for diverse missions.

The RSO selected for this assessment is SES 17, a communications satellite which forms part of the
SES constellation. The same process described in other sections is repeated, and the predicted state
of the satellite is plotted alongside its actual state in Figure 8.14. As seen previously, the model can
predict the overall pattern of the state of this satellite for an extended time period. To quantify this, the
residuals of the prediction of the test dataset are calculated and plotted in Figure 8.15. Surprisingly,
the errors are lower in this test case than they were for the satellite in MEO. This could be explained
by the use of a closer match for the normalisation parameters for this satellite (as evidenced as well by
the smaller jump in the residual plot at the one-hour mark). On top of that, orbits at such heights have
more stable dynamics than in MEO and LEO which in turn makes it easier for the neural network to
catch the patterns in the model and can bring the test loss down even for a similar architecture. It is also
noticeable that the errors in the z- axis components of the position and velocity are much smaller than
in other axes due to their scale difference. Since geostationary orbits are located around the Equator,
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Figure 8.14: State prediction for SES 17 with a neural network trained on satellites in GEO compared to the actual satellite data
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Figure 8.15: Residuals of the prediction of the SES 17 state using a neural network trained on satellites in GEO

their z-axis components will be much closer to 0. This shift in scale brings the absolute errors down as
well.

There are several key aspects to take into account when using a neural network for satellites at high
altitudes. Firstly, due to the larger scale of the Cartesian coordinates when compared to LEO satellites,
the sensitivity of the model to the normalisation is increased: small changes in the parameters used
for the normalisation have a larger effect on the model’s accuracy for GEO. As a consequence, the
prediction errors might become too large if the denormalisation of the data is not handled correctly,
which only get further propagated with time. Assuch, keeping the normalisation parameters as close as
possible to the ones used for the training is critical for accurate predictions. Secondly, collision scenarios
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Figure 8.16: State prediction for a Molniya orbit with a neural network trained on satellites in MEO compared to the actual
satellite data

located at higher altitudes have a longer encounter time and, as such, the time step in the model can
and should be increased. A time step of one second was selected especially for satellites in LEO, where
the encounter time is short and a high resolution of the probability of collision distribution is desirable.
Moreover, the dynamics at those altitudes are significantly faster than in GEO, with larger relative
speeds and more influenced by the atmospheric drag. As such, lowering the model’s resolution for
satellites at higher altitudes could be considered for faster assessments and a lower risk of overfitting.

8.4.3. Generalisation to Satellites in Highly Eccentric Orbits

The previous subsection has allowed for the identification of limitations in the generalisation of the
model depending on the orbit’s altitude. It has been shown how it works well in the prediction of
underlying patterns and behaviours for different satellites in different orbital regions. However, all the
satellites tested had near-circular orbits, leading to sine wave patterns in all scenarios which had already
been proven to work in Section 8.1. The next area of interest is the study of the model’s generalisation
to satellites in Highly Elliptical Orbits (HEO), where there are variations in the speed, altitude, and
perturbations acting on the object of interest in the same orbital period.

Due to the large eccentricity of these orbits, the object will cross several orbital regions in a single
period and the Cartesian elements’ behaviour will no longer resemble that of a sine wave. This might
present a challenge for a neural network since it is to be studied whether the approach presented for
generalisation purposes can be applied to cases where the orbit is no longer circular.

As discussed in Subsection 7.4.2, the satellite chosen for this test case is the Molniya 3-50, with
an eccentricity of 0.7. The semi-major axis of this orbit is approximately 26,551 km, with the altitude
corresponding to this being 20,173 km. This is in the same range as the NAVSTAR 71 tested earlier.
However, due to its eccentricity, the perigee is located at an approximate height of 1,322 km (located
inside of LEO), whereas the apogee presents a height close to 39,024 km (an altitude higher than GEO).
The question here is which model should be used since this satellite crosses all the major regions anal-
ysed. In the end, it was decided that transfer learning should be used on the neural network trained
with MEO satellite data since the orbital period of the Molniya orbit falls within the ranges considered
for that network. The model is then trained, and the resulting predictions are plotted and shown in
Figure 8.16. It can be concluded from this figure that, interestingly enough, the model trained with
MEO data is able to generalise its predictions to highly eccentric orbits, even if the dynamics are largely
different, for a prolonged propagation period. The reason behind this is that the model is trained on
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Figure 8.17: Residuals of the prediction of the Molniya orbit using a neural network trained on satellites in MEO

sequences, meaning that 20 consecutive data points are used to predict the next step in a sequence. This
makes the model more robust as different input patterns will translate into different outputs. On top
of that, this test confirms that using the orbital period instead of the altitude for the state prediction of
highly elliptical orbits increases the robustness of the algorithm.

As much as the algorithm can predict the behaviour of the state as a function of time, the errors
still need to be quantified. Figure 8.17 shows the absolute errors in the predictions of this orbit using
the neural network trained with satellites in MEO. The projections for this orbit present a much larger
error than other satellites tested. As such, it seems like the neural network might have issues trying to
predict a type of orbit which is significantly different from the others tested, especially when the neural
network had been trained with circular orbits. An increase in the orbital geometries with which to train
a neural network, together with an increase in the model complexity, would improve the robustness of
the model and increase the accuracy for a wider range of orbits.

8.4.4. Results Summary

The constraints in time and workload for this thesis have made it difficult to create a generic neural
network to use for collision detection and avoidance. However, some tests have been presented in this
section to show the first steps to create this tool and show the generic approach of using neural networks
and their robustness to different scenarios. The conclusions drawn from this section are summarised
below:

e Neural networks trained on a specific satellite have the ability to generalise to other objects with
similar dynamics. However, their accuracy will be increased if data from different satellites is
used using transfer learning.

e Transfer learning is a useful tool for increasing the generalisation capabilities of the algorithm
since the time that is required to extend a pre-trained neural network to predict data from different
orbiting objects is greatly reduced.

o When it comes to using a single deep learning algorithm to predict the state of satellites at different
altitudes, the inclusion of their orbital periods as part of the training process is a simple, yet very
effective way of increasing the accuracy of the network for different circular orbits. Since the
improved approach (which allows the model to have stable predictions over a larger time) implies
training the model to predict the Cartesian elements one hour after the input sequence, which
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changes significantly depending on the period of the orbit, this is considered a useful feature to
include as an input to the model.

e The separation of model parameters for the major orbital regions is recommended since it has
been shown to increase the prediction accuracy for the different tested cases. This is due to the
different dynamics and characteristics of each region, which make it difficult for a single neural
network to learn such different data. The difference in scale for MEO and GEO objects when
compared to LEO also complicates the task of learning the differences in dynamics for objects at
lower altitudes, especially when the latter are of particular interest due to their crowdedness and
increased risk of collision.

e Objects located at higher altitudes, particularly those in GEO, are more sensitive to normalisation
parameters. As such, it is key to keep those parameters as accurate as possible to avoid unwanted
and avoidable errors in the prediction process.

e The step resolution of the state prediction can be lowered for satellites in MEO and GEO since
the encounter times are longer. In LEO it is critical to keep the step between data points at one
second due to the errors in the model and the lower encounter time. On the other hand, test
cases at higher altitudes do not require such a small time step since the encounter time might
even last for a couple of minutes. As such, taking a longer time step is recommended to ease the
computation and analysis of test cases at higher altitudes.

e The approach taken for the generalisation of the model studied in this thesis can also be extended
to satellites in highly elliptical orbits. By including the orbital period information in the input
features, transfer learning allows the model to predict relatively well the Cartesian elements of
orbits with highly different dynamics. The accuracy for these orbits can be increased by training
the generic tool with a wider range of orbit geometries.

e However, the more a model is taught to generalise to different objects, the lower the prediction
accuracy will be. It would therefore be key to increase the complexity of the model when studying
different objects.

For each of these satellites, the residuals of the orbit prediction have been calculated and shown,
even though no details have been given on the generalisation in the context of the collision probability
calculation. The residuals for each satellite have been kept lower than 1% of the total position, which has
been proven to be enough for collision detection in Section 8.2 and Section 8.3. These new estimates,
however, will probably be much lower than those calculated with more precise models, hence it is
restated that ways to increase the accuracy of the predictions (i.e., more complex neural networks or
higher quality training data) should be studied. On top of that, using the interval method with the
Cartesian and USM7 data has been shown to reduce the uncertainty ellipses of the state at each time
step and thus it is encouraged to use it for collision detection.

The test cases studied have shown that it is possible to increase the robustness of the method re-
searched for orbit prediction and collision detection. Previous sections have already showcased the
ability of this approach to predict patterns for long periods at a fraction of the computational cost of
current methods used for the same task. While its accuracy can always be increased, this preliminary
model has been able to detect the Cosmos-2251/Iridium-33 collision within the same order of magni-
tude as the DA-GMM. If this model can be extended to satellites in different orbital regions to make it
more generic and robust, it can become a useful tool for collision detection. As of now, the first tests
have proven that this generalisation is possible, but requires significant work and large sets of data to
use for training. Since the time and workload for this research are limited, the test cases shown can be
taken as the first steps to building a generic tool for collision detection using deep learning models.



Conclusions and Recommendations

With the model fully developed and tested, it is time to move on to the final chapter of this thesis. This
chapter aims to provide the main findings of the research in Section 9.1. On top of that, the research
questions are revisited and answered. Section 9.2 presents a summary of the recommendations for
future work, including possible ways of improving the current model as well as the next logical steps
for the development of the model.

9.1. Conclusions

This research has mostly been divided into two parts: the extension of the DA-GMM developed by Leon
Dasi (2021) and the development of a model that uses a deep learning-based approach, both aimed
at collision detection. This section addresses the results obtained for each of these parts, although the
main focus of the investigation in this thesis has been put on the creation of the machine learning model.

Differential Algebra-Gaussian Mixture Model

The DA-GMM was already shown to be an accurate and robust model that could be used for any en-
counter geometry. However, it still showed some limitations for higher altitudes as the Solar Radiation
Pressure acceleration was not included in the model. As this is an influential perturbation for satellites
at higher altitudes, particularly those in GEO, it was included as an extension of the algorithm.

A sensitivity study was performed using a range of altitudes. This made use of the L, parameter,
with established error threshold was set at 0.6, and it was observed that the extended algorithm had
more accurate propagations and uncertainty distributions than the original model for all the altitudes
tested. However, this improvement was only marginal for LEO since this perturbation does not have
a strong effect at low altitudes. For satellites in GEO, on the other hand, the extension significantly
improved the results obtained by reducing the L, distance between distributions by around five times.

Regarding the probability collision calculation, two scenarios were selected. Firstly, the Cosmos-
Iridium collision was chosen as the real-life scenario with which to test the algorithm. This case oc-
curred at an altitude of 800 km approximately, and since the model showed small improvements at
such altitudes, the P, calculation yielded only a 0.015% increase in the accuracy of the result. To fur-
ther assess the effect of the addition of the SRP perturbation, a synthetic crash scenario in GEO was
developed. This scenario showed that the extension outperforms the original model, as expected, by
about an order of magnitude.

Physics-Informed Neural Network

Regarding the NN-based approach, a model was developed that could be used for orbit prediction and
uncertainty estimation with the ultimate goal of collision detection. Due to the complexity of the topic,
it was decided that an initial model would be developed using data from a single satellite as an initial
step to create a more generic tool. The aspects that are studied related to the neural network are
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the orbit prediction accuracy, the uncertainty estimation, the collision probability calculation, and the
generalisation of the model.

When it comes to the orbit prediction, the model demonstrates an increased accuracy over a 16-hour
propagation when compared to the DA-GMM. The architecture selected for the algorithm allows the
maximum error achieved to be lower than 1%, with a mean error of ~0.4%, for a set of Cartesian coor-
dinates. The results for the Unified State Model, also tested, present a maximum error in the Cartesian
state (after conversion) twice as large as that obtained with the model trained with the Cartesian coor-
dinates. Since the error on each element is shown to be much lower than that, it can be assumed that
the USM elements are sensitive to this transformation due to the interdependency of the quaternions.
The USM could still be used for the interval method to reduce the uncertainties of the model.

Although these were promising results, they were not enough to assess the algorithm’s application
to real-life scenarios. As such, the Cosmos-2251/Iridium-33 collision case was used to test this appli-
cation. This test case proved that the collision probability can be predicted within the same order of
magnitude as the DA-GMM algorithm, hence demonstrating the potential of this method for collision
detection. At the same time, it showed that there were several limitations and flaws with the approach
taken. Since the model error was included as a source of uncertainty, this inevitably led to a reduction
in the collision probability due to the uncertainty dilution phenomenon, providing a lower estimate
than that obtained with the DA-GMM. This same test case showed that this model can be used for
much faster P, calculations. One of the main advantages of using this approach is that it can provide
results for the orbit prediction (with a resolution of At = 1s) much faster than the DA-GMM and even
a highly accurate propagator. On top of that, since no GMEs were used, the calculation of the risk prob-
ability was over 10,000 times faster than that for the DA-GMM. One further conclusion that was drawn
was that simplified perturbation models could be used without much loss in accuracy, significantly
reducing the computational load and time required for this method.

More relevant findings were obtained from testing on a synthetic crash scenario, which was built
to study the model’s lead time and the effect of the uncertainty estimation on the P, calculation. It
was found that the model can provide stable answers for up to 72 hours of propagation. This test
clearly showed one of the main challenges of this method: uncertainty estimation. The noise in the
state predictions leads to a large model uncertainty for small lead times, which leads to smaller collision
probabilities. On the other hand, the uncertainties resulting from the imperfect knowledge of the initial
state are underestimated. This underestimation is balanced with the model’s error, leading to stable
predictions over longer propagation periods. All of this showed that the model works well for real-
life scenarios where the satellite presents large state initial uncertainties (such as the Cosmos-Iridium
collision), but that the uncertainties should be estimated more accurately to increase the accuracy and
applicability of this method.

Regarding the generalisation capabilities of the neural network, it was found that the model gener-
alises well to satellites with similar dynamics, but more work needs to be put into making this approach
more generic. The addition of the orbital period of the different satellites as an input feature allowed
the model to generalise to objects at different altitudes and with different dynamics. Limitations were
found mostly in satellites in MEO and GEO, where the sensitivity to the normalisation parameters was
much larger than at lower altitudes. Highly elliptical orbits also showed that the complexity of the
model should be increased if the error of a generic tool was to be reduced.

Research Questions

Once the main findings of this thesis have been summarised, the research questions need to be revisited.
It is critical for any research project that the obtained results provide the answers to these questions. It
can be recalled from Section 1.4 that the main research question related to how the probability of colli-
sion can be calculated in a faster and more accurate manner. As previously explained, two approaches
are used in this thesis: one based on the extension of the DA-GMM and the other on the development of
machine learning algorithms. The first sub-question is related to the former, and how the inclusion of
the SRP acceleration has affected the accuracy and robustness of the model. The second sub-question
is focused on an Al-based approach to enhance collision risk assessment practices. Since the latter has
been the focus of this thesis, several questions can be linked to it. All research questions from Section 1.4
have been answered as follows:
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Q1 How can the computation of the probability of collision be enhanced for faster and more accu-
rate collision risk assessments?

Q1.1 How can the DA-GMM be extended for more accurate predictions?

Q1.1.1

How does adding the effect of the Solar Radiation Pressure affect the results ob-
tained from the DA-GMM as developed by Leon Dasi?

The extended algorithm for the DA-GMM has been proven to be more accurate than
the original model for a wide range of altitudes and shows significant improvement
for satellites in GEO. When tested for the Cosmos-2251/Iridium-33 case, the resulting
collision probability was only marginally improved with respect to the original algo-
rithm. However, when tested on a synthetic scenario in GEO, where the effect of the
SRP is more noticeable, the improvement was significantly larger (about two orders
of magnitude better).

Q1.2 To what extent can simplified models be used to accurately predict the orbit of Resident
Space Objects (RSOs) and compute collision probability with the use of Artificial Intelli-

gence?

Q1.2.1

Q1.2.2

Q1.2.3

Q1.24

Q1.2.5

How does the accuracy of the PINN-based algorithm compare to that of current
conjunction assessment algorithms?

The results from the PINN have been compared to those from the DA-GMM. The
error obtained from the nominal state prediction is lower for the Al-based approach
taken in this thesis than for the DA-GMM for a 16-hour propagation. On top of that,
the collision probability can be estimated within the same order of magnitude as the

more accurate method.
How does the computational load required for accurate predictions using the PINN-

based model translate to automatic real-time systems?
The main advantage of the ML-based approach is the cut in computational time. This
method has been shown to be ~500 times faster than the DA-GMM for orbit propa-

gation and over 10,000 times faster for the calculation of the collision probability.
Which environment and perturbation models need to be used in the simulations

to meet the accuracy requirements?

Since the models have been trained with highly accurate data, the simulation environ-
ment can be simplified without much loss in accuracy. A model which only considers
the Earth’s gravitational effect with spherical harmonics up to degree and order 5, as
well as the third body perturbations of the Moon and the Sun, shows a difference of

only ~2% with respect to the highly accurate model.
How far in the future can this method predict the orbit of an RSO accurately?

The results are stable over a time period of three days, the maximum tested.
To what extent can the algorithm predict the collision and time of closest approach

of the Cosmos-2251/Iridium-33 crash in 2009?

The algorithm estimates the collision probability at about 5-10~7, 16 hours before the
encounter with initial state information obtained from TLEs, which is in the same
order of magnitude as that predicted by the DA-GMM.

With the research questions successfully answered, the ML-based method developed in this thesis
has been verified and validated for a range of scenarios. Its potential application for collision detec-
tion has been demonstrated, although it could benefit from improved uncertainty modelling and orbit

prediction.

9.2. Recommendations for Future Work

This section continues from the conclusions drawn and establishes some recommendations that should
be considered to continue working on this method.

The first, and probably the most important, recommendation is the improvement of the uncertainty
estimation and modelling. So far, the uncertainty is modelled in such a way that it includes the model
error and the initial state uncertainty propagation. This has proved to be enough to estimate the risk
probability, but not to provide accurate enough answers for a variety of scenarios. The model could
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therefore benefit from more accurate modelling. One possibility is to switch the focus of the model and
use a Bayesian Recurrent Neural Network as the base model, which is more suitable for uncertainty es-
timation. Another simpler, yet perhaps less accurate, approach could be to use similar models to those
built in this thesis to learn how the uncertainties are propagated with time. A final possibility would
be to use a hybrid approach between a neural network and the DA-GMM by which the different GMEs
are predicted with a neural network, further reducing the time it takes to propagate all the different
GMEs while keeping the accuracy and robustness of the model. This last approach would require a
more profound knowledge of the mathematical background of the DA-GMM and neural networks and
thus might be more complicated to replicate. This would also allow the removal of the simplifying
assumption of normally distributed uncertainties when it is known that propagated uncertainties in a
non-linear environment lead to non-Gaussian distributions. On the other hand, the model’s uncertain-
ties can be reduced with a more complex architectural design of the neural networks, always with care
of avoiding overfitting.

As per the state representation, the Cartesian coordinates have been used due to their sinusoidal
nature, easier for the neural network to learn from. The same model was able to learn the USM?7, albeit
with a large error in the transformation to Cartesian state coordinates. This could be eliminated if
no transformation was needed, that is, if the P, calculation did not require Cartesian coordinates. This
could be helpful since USM7 elements do not present such large derivatives and variation in their values.
Another state representations could also be considered if another training method were to be applied.
A piece-wise modelling of the discrete elements of, for example, the Unified State Model - Exponential
Map state representation could also present a solution to the sensitivity of the transformation (since
the exponential map elements are not interdependent).

Another line of future work is the generalisation of the model proposed in this thesis. The first steps
have been provided for that, by looking at possible strategies and limitations for this generalisation, but
there is significant room for improvement. The current model as it stands is highly satellite-specific as
it has been trained with data from a limited number of satellites. If the model were to be made more
generic, many different orbital geometries at different altitudes and regions should be fed into a rather
complex neural network architecture to teach the model to generalise to different satellites and use it to
predict the position and velocity for any object using only tracking data. This would bring the model
one step closer to real-life application and deployment.
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Probability Distributions

This chapter provides an overview on PDFs in Section A.1, and the different distributions considered
are introduced and briefly explained in Section A.2.

A.l. Probability Density Functions

In the context of uncertainty modelling and propagation, it is relevant to introduce the concept of prob-
ability distribution and probability density function (PDF). The probability distribution of a random
variable indicates the likelihood that the value of said variable falls within a certain range S € [a,b],
and is mathematically formulated as follows:

Pla<X <= /bp(x)dx (A1)

a

The term p(z) represents the probability density function, and it describes the likelihood that the
value of the random variable is equal to that of the PDF at a specific point in the sample space, S.

A.2. Uncertainty Modelling

There are many different formulations to represent the probability density function, which are pre-
sented in the following subsections. Firstly, Subsection A.2.1 introduces the Gaussian distribution,
most commonly used in the field of orbit determination. The uniform distribution is presented in
Subsection A.2.2 and the log-normal, in Subsection A.2.3.

A.2.1. Gaussian Distribution

The gaussian distribution, also known as normal distribution, can be constructed from the mean (u)
and standard deviation (o) of a sample. The mathematical formulation is presented as follows:

p(x) = . 271-6 3(=2)? (A.2)

The probability of a random variable having a specific value decreases significantly at larger dis-
tances from the mean of the sample. Due to the formulation of this distribution, it is known that roughly
68% of the values drawn from the sample will fall within the [—o, o] range. This increases to about 95%
for the 20 interval, and 99.7% for the 30. This is represented in Figure A.1la.
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A.2.2. Uniform Distribution

As the name indicates, the uncertainty is modelled in such a way that the probability of the random
variable having a certain value is constant throughout the interval considered. This is expressed in
Equation (A.3).

A for a<ax<b
_ ) b—a - =" A3
p(x) {0 for z<aorz>"b (A3)

The values of the mean and standard deviation of the sample are obtained following the equations
below:

M:a;b (A4)
b—a
022\/§ (A.5)

And the visual representation of this distribution is provided in Figure A.1b.
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Figure A.1: Representations of the different probability density functions considered

A.2.3. Log-normal Distribution

The last PDF that will be presented is the log-normal distribution. This is typically used to represent the
uncertainty of variables whose natural logarithm is normally distributed. Following this, if a random
variable X is said to follow a log-normal distribution, then in(X) follows a Gaussian distribution. The
expression used to represent this type of PDF is:
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(A.6)

This expression is similar to that presented in Equation (A.2), but unlike the Gaussian PDEF, the log-
normal distribution is not symmetrical about the mean of the sample. The result of applying a normal
logarithm in the expression representing the PDF is that the distribution is right-skewed. The shape of
it and the skewness will be defined by the mean and standard deviation of the sample.

Similarly to this, the log-uniform distribution presented in Section 2.2 represents that the uncer-
tainty of the logarithm of the random variable X follows a uniform PDF.
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Trends in Data Utilisation Reviewed in
the Literature

This chapter provides an extensive list of the trend of data sources and methods that are used in the

literature reviewed by Choumos et al. (2024).

Table B.1: Data sources and methods used in the papers considered in the work of Choumos et al. (2024)

Year Task Data Models/Methods
2008 Orbit Prediction TLE SGP4
2010 Orbit Prediction Radar Gauss-Hermite Quadrature
2011 Orbit Prediction TLE, Telescope Linkage Algorithms
2012 Collision Avoidance Orbital State Data Genetic Algorithm
2012 Orbit Prediction Orbital State Data Gaussian Sum Filters
2012 Orbit Prediction TLE, Telescope SDP4/SDP8
2012 Orbit Prediction Orbital State Data Orbit Dynamics models
2012 Orbit Prediction Orbital State Data Particle Filtering, PCA, ICA
2013 Orbit Prediction Orbital State Data Genetic Algorithm
. - . Genetic ~ Algorithm  (SGA,
2013 Orbit Prediction Orbital State Data MPGA)
. . Observational Data, . .
2014 Orbit Prediction Orbital State Data Gaussian Mixture
2014 Orbit Prediction Laser Ranging Partlclg Filtering, Genetic Re-
sampling
2014 Collision Avoidance TLE Adaptive Splitting, Monte Carlo
. - Atmospheric / Ther-| \\n\io  pTDNN, RTDNN, em-
2015 Orbit Prediction mospheric ~ Density | .. )
Data pirical atmospheric models
2017 Orbit Prediction Orbital State Data Separated Representations
2017 Collision Avoidance TLE SGP4
2018 Orbit Prediction TLE ANNs
2018 Orbit Prediction Radar SVM
2018 Orbit Prediction Orbital State Data SVM
. - . Multiple ML models (AUTO-
2018 Orbit Prediction Orbital State Data SKLEARN)
2018 Collision Avoidance TLE Multllple Regression  Analysis,
Elastic Net
2019 Collision Avoidance CDM and other ML/DL (competition)
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Table B.1 continued from previous page
Year Task Data Models/Methods
2019 Collision Avoidance Orbital State Data NN (Feed Forward)
2019 Orbit Prediction TLE GP
2020 Orbit Prediction TLE SVM
2020 g;:éi—base dPgrg%lctlon, Space-based imagery | RNN-CNN
.. . Synthetic Data of Con- | Various ML/DL methods (ANN,
2020 Collision Avoidance jlfnction Scenarios RF, k-NN, SVM) (
2020 Orbit Prediction, SQIar/Geomagnetic In- Feed Forward NN (N-BEATS)
Space Weather dices
2020 Orbit Prediction TLE Autoregressive
2020 Collision Avoida.nce, Synthetic Data .Of Con- Random Forest
Manoeuvre Detection | junction Scenarios
2020 Orbit Prediction TLE RNN (LSTM)
2021 Collision Avoidance TLE NN
Atmospheric / Ther- gt;?o}sggirlc {De;rl}slie’[r-
2021 mospheric Density Dat p GPS Tracki Y| NN (autoencoders)
Modelling Da A, racking
ata
2021 Orbit Prediction TLE GP, EKF
2021 Orbit Prediction TLE RNN (LSTM)
2021 Orbit Prediction Radar NN
Atmospheric / Ther- | Atmospheric / Ther-
2021 mospheric  Density | mospheric ~ Density | NN (autoencoders)
Modelling Data
2021 Orbit Prediction TLE NN, SGP4
2021 Collision Avoidance TLE Random Forest
2022 Orbit Prediction TLE RNN (LSTM)
2022 Orbit Prediction TLE SAé\Ej (TDNN, NARX), EKF,
2022 Orbit Prediction Orbital State Data PCA, XGBoost
2022 Orbit Prediction Orbital State Data Multivariate GPR
2022 Collision Avoidance CDM NN (FE-NN), RF, XGBoost
2022 Collision AV01da.nce, SP3 ephemeris, TLE Graph Neural Networks
Manoeuvre Detection
. . RNN (LSTM), Selective Ten-
2022 Orbit Prediction TLE sorize d(LSTM )( ST-LSTM)
2023 Orbit Prediction TLE NN
2023 Orbit Prediction Orbital State Data NN
2023 Orbit Prediction SP3 ephemeris CNN, RNN (LSTM)
Atmospheric / Ther-
2023 mospheric Density | TLE Gradient Descent, SGP4
Modelling
Batch Least Squares Differential
2023 Orbit Prediction TLE Correction and high-precision
numerical propagators
Atmospheric / Ther-
Atmospheric / Ther- | mospheric ~ Density
2023 mospheric Density | Data, TLE, Earth Ori- | CNN
Modelling entation Parameters,
Space Weather Data
Atmospheric / Ther- .
2023 mosphltoeric Density 391ar/ Geomagnetic In- RNN (LSTM)
. ices
Modelling
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Table B.1 continued from previous page

Year Task Data Models/Methods
Atmospheric / Ther- | Atmospheric / Ther-
2023 mospheric ~ Density | mospheric ~ Density | PCA (KPCA), Autoencoders
Modelling Data
2023 Orbit Prediction Orbital State Data Radial Basis Function
. . Collision Risk Filtering (Smart
2023 Collision Avoidance TLE Sieve, C-Sieve, and CAOS-D)
2023 Orbit Prediction TLE RF
2023 | Collision Avoidance | CDM Various (PCA, k-means, genetic
algorithms, ensemble learning)
Atmospheric / Ther- ﬁgrsloizginc gerfgﬁr_ ML models (HASDM-ML-DP,
2023 mospheric Density p Y CHAMP-ML-DP, and MSIS-UQ-
. Data, Solar/Geomag-
Modelling : ) DP)
netic Indices
Atmospheric / Ther- QT;O;EEEHC {De?sliir_
2023 mospheric ~ Density p Y| NN (FF-NN)
. Data, Solar/Geomag-
Modelling : )
netic Indices
Atmospheric / Ther- gtézoizginc {De"rfllslﬁr—
2023 mospheric ~ Density p Y NN
. Data, Solar/Geomag-
Modelling : )
netic Indices

This list showcases the increasing interest in machine learning and, more concretely, neural net-
works, in the last years in the field of SST. On top of that, the main subfield that has been researched is
that of orbit prediction, since it is the one that is used as a basis for collision avoidance and manoeuvre

planning.

The relationship between different types of data used and the area of study is also showcased, where
one can also identify the main trends of data sources per task. For the field of orbit prediction, for
example, the main data sources come from TLEs or orbital state data, a trend that is also observed for
collision avoidance.
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Numerical Methods

This appendix presents the different numerical methods that have been used throughout the thesis.
Firstly, the numerical integration methods used in Tudat are summarised in Section C.1. Next, Sec-
tion C.2 discusses the metrics used to approximate the distance between two distributions. The differ-
ent activation functions are introduced in Section C.3, whereas the quaternion normalisation is briefly
explained in Section C.4. Finally, Section C.5 presents an overview and mathematical formulation of
the R-squared score.

C.1. Numerical Integration Methods

The approach taken in this work for satellite orbit propagation is via neural networks, which have the
main purpose of avoiding the use of integrators to propagate the state of an object in space. Regard-
less, since Monte Carlo analyses need to be performed to verify the results from different algorithms,
traditional integration methods need to be used, and hence they will be discussed and studied in this
section.

C.1.1. Integrator Overview

Assume that the system can be described via a series of Ordinary Differential Equations (ODEs) in the
form:

dy
— = t 1
L~ f.) (1)
with initial condition:
y(to) = Yo (C2)

In such cases, y represents the state of the satellite that needs to be propagated. Since no analytical
approach can be taken for this, a numerical scheme is required to approximate the solution of the ODE
via discretisation of the equation. This can be represented as:

:l_/(ti) ~ y(ti), i=0..N (C3)

Integrators are used for the numerical approximation of the evolution of the equations of motion
affecting the satellite and are thus referred to as the solvers of the differential equations of the system.
There is a wide range of integrators that could be selected which vary in terms of accuracy, compu-
tational load and numerical stability. The selection of the integrator depends on the problem that is
considered, and so a wide range of integrators and time steps will be tested.
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Before getting to the set of integrators to test, it is relevant to understand their behaviour and the
possible sources of error in numerical integration. The error of the numerical scheme can be described
as:

eti) = y(t:) —yt:) (C4)

There are two main sources of error:

Truncation error: As previously explained, the integrator acts as a numerical solver that approximates
the solution to a set of equations that describe the dynamics of the system. The truncation error is a
result of limitations in computational precision and the use of finite step sizes. This error rises with
larger time steps.

One can define the local truncation error (LTE) as the truncation error made by an integrator during
a single time step, whereas the global truncation error (GTE) is the result of the sum of the LTE at
all steps in time.

Rounding error: This type of error arises from software implementation since computers have a fi-
nite floating-point number representation (i.e., a series of digits with which a number can be repre-
sented). The necessary rounding off to represent these numbers in the software leads to errors in
the numerical solution due to discretisation at each time step. Smaller time steps are dominated by
this type of error.

The rounding error is not typically dominant and has a rather random nature. Truncation error, on
the other side, is more regular and has a more predictable behaviour. As mentioned, it is crucial to
select an adequate time step to minimise the truncation error in the numerical scheme while not being
dominated by rounding errors.

The selection of an appropriate integrator is also critical to reduce the truncation error of the model.
Each integrator is said to have an order, which is a representation of the GTE. For example, the Euler
method is said to be of first order, meaning that the GTE is proportional to the step size (represented
as O(At)). Generally, if the GTE is of order p, then the order of the LTE is p + 1. Higher-order integra-
tors can achieve a lower error at the same step size than lower-order integrators and tend to be more
desirable. However, they also need a larger number of evaluation functions for the same time step and
require a large computational load, therefore a trade-off between accuracy and load needs to be made.

C.1.2. Types of Integration Methods

The choice of integrator for the Monte Carlo analyses is limited by what is offered in Tudat. Amongst
the integrators available, there are three main types: multi-stage, multi-step and extrapolation methods.
Each of these will be described and explained below.

Multi-stage Methods

Multi-stage integrators perform multiple function evaluations of the function ¢ in a single time step,
i.e., several ‘stages’ are used to propagate the state from ¢; to ¢;;;. These methods can be represented
by the Runge-Kutta integrators, which have a structure as follows:

N
Y(tiv1) = y(ti) + Z bik; (C5)

In this equation, N represents the number of stages performed, b; is the coefficient for stage j, and k; is
the stage computed at stage j (dependent on the time step and function evaluation). RK integrators are
available as fixed step size methods or as variable step size. The latter is achieved via automatic step-
size control of the integrator. At each time step, the integrator combines two methods of orders p and
p— 1 and compares the results obtained by each, which gives an estimate of the error in the integration
for the lower-order integrator. With this estimate, the integrator can adapt the step-size to keep this
error lower than a certain threshold, and once this is done the propagation is performed with either
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the method of lower or higher order. Tudat offers both these methods, the former being represented
by the Runge-Kutta-Fehlberg methods and the latter by the Dormand-Prince method.

Multi-step Methods

The multi-stage methods, as stated above, only use the information from a single time step to propagate
the state of an object to the next time step. Multi-step methods, on the other hand, use the information
of previous steps (y(t;), y(ti—1), Y(ti—2), etc.) to predict the state of the object at time ¢;;;. These
methods are represented by the Adams-Bashforth (AB) (explicit) or Adams-Moulton (AM) (implicit).
The explicit multi-step method follows the formulation:

N

Y(tip1) = uts) + ALY bif(ti iU y) (C.6)
=0

tij=t; — jAt (C.7)

whereas the implicit formulation is such that:

N
Y(tip1) = 5t + At > bif(tijy ¥ )
j=—1

N (C8)
=y(t;) + At (blf(ti+1ayi+1 + ijf(ti—ja ZJZJ)))

Jj=0

The AM method has one main issue, and that is the requirement for the knowledge of y(¢;+1) on
the right-hand side of the equation. Tudat offers the Adams-Bashford-Moulton (ABM) approach to
deal with this by predicting ¢(¢;+1) with the AB method and applying it into the right-hand side of
Equation (C.8).

Extrapolation Methods

There are some integration methods that include extrapolation within a multi-stage integrator, which
are typically called extrapolation methods. The Burlisch-Stoer (BS) integrator in Tudat characterises
these methods. The algorithm performs the propagation of state from ¢; to ¢; 11 in a series of sub-steps,
which are then extrapolated to infinite sub-steps.

C.2. Distance between two distributions

The parameter used to assess the accuracy of the DACE propagated uncertainty with respect to the
Monte Carlo samples is the Ly metric. This variable evaluates the difference between two distributions
P and @ such that:

Lu(P.Q) = /Q Ip(x) — g(x)|*dz (C9)

where p(x) and g(x) are the probability densities at point « of their respective distributions. A value
of k = 2 is selected to evaluate the accuracy of the DACE uncertainty propagation as it can be solved
analytically. To calculate the L, metric, the Monte Carlo samples are fitted into a Gaussian Mixture
Model, for proper comparison with the one that is propagated with the DA-GMM software. The L,
distance is calculated as follows (Horwood et al., 2011):
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Lo(P.Q) = /Q (p(@) — ¢(x))? dx

0o m m (C.10)
= Z Z ;o / pi(x)p; (x)dx + Z Z Qo / q;(x)g; (x)dx
i=14'=1 Q =1j=1 Q
=23 Y ais; [ pi@)(a)de
i=1j=1 Q2
If probability density is expressed such that:
p(x) = N(z; 1, X) (C.11)

then the integral of the product of two Gaussian PDFs can be performed following the property:

/ N (s 1 DIN (s 1!, 5 e = N (s !, S + ) (C.12)
Q

The lower the value of L is for a set of distributions, the more similar these are. On top of that,
Leon Dasi (2021) establishes an error threshold of Ly=0.6, meaning that ideally the value of L, should
be kept lower than this.

C.3. Activation Functions

Neural networks rely on the activation function of each neuron in the different hidden layers to intro-
duce non-linearities in the model and thus be able to capture more complex patterns. In this section,
some of the most common activation functions are introduced: the rectified linear unit (ReLU) function,
the sigmoid function, and the hyperbolic tangent (tanh) function (Hong, 2023).

C.3.1. Rectified Linear Unit Function

The Rectified Linear Unit (ReLU) function, represented mathematically as Equation (C.13) and shown
in Figure C.1a, is an activation function commonly used in neural networks due to its simplicity.

a(x) = max(0, z) (C.13)

It allows positive inputs to remain unchanged while negative inputs are set to 0, which introduces
nonlinearities in the model. Its simplicity makes it quite computationally efficient but has some draw-
backs. The function is not differentiable at x=0, which can cause issues during the backpropagation
and optimisation step.

C.3.2. Sigmoid Function
The sigmoid activation function is a function that maps any real value between 0 and 1, as can be

observed in Figure C.1b. The S-shaped function follows the mathematical expression:

1
Clte®

a(x) (C.14)

Unlike the ReLU function, the sigmoid presents smooth gradients throughout its curve, an advan-
tage when using gradient descent optimisation methods. It is typically used for probabilistic (i.e., classi-
fication) algorithms, although it can also be used for regression. The main drawback with this function
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Figure C.1: Common activation functions for neural networks

is that of vanishing gradients, by which the derivatives at very large or very low numbers become small
enough to introduce issues in the learning process of the machine learning algorithm.

C.3.3. Hyperbolic Tangent Function

The hyperbolic tangent (tanh) function, mathematically defined as Equation (C.15) and shown in Fig-
ure C.1c, is similar to the sigmoid, with one main difference: it maps the inputs of the model to a range
from -1 to 1. This is important as this mapping is centred around 0, which leads to a faster convergence
in training.

az)= (C.15)

et +e~ "

The main disadvantage of the tanh function is, such as the sigmoid function, that of vanishing gra-
dients, although to a lower extent (Hong, 2023).

C.4. Quaternion Normalisation

Quaternions are typically used in astrodynamics to represent the orientation of a satellite with respect
to a reference frame. In the context of this work, they are used as a state representation, together with
the hodograph parameters, for the Unified State Model. Typically, the magnitude of the attitude quater-
nions should be equal to one:

M+ €5+ e+ =1 (C.16)
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where 1y is the scalar part of the quaternion and ¢ is the quaternion vector. It is essential for element
changes that this property is maintained, however the errors induced in the model due to inaccuracies
in the predicted USM7 state cause this magnitude to be different to one. To prevent this, the quaternion
should be normalised:

€0
€normalised = 5 5 5 5 (C17)
VG + €81 + €62 + €53
Nnormalised = 1o (Clg)

VI e+ edy + €y

This normalisation of the parameters ensures that the property of the unit magnitude of the vectors
is maintained. However, it also means that an error in one of these four elements will lead to an error
in all elements.

C.5. R-squared score

The predictive performance of neural networks has been assessed in this work mostly with relative or
absolute errors. While this is helpful, another performance metric is introduced: the R-squared (R?)
score, also called coefficient of determination, typically used in the field of statistics and machine
learning.

Deep learning algorithms tend to have extremely complex architectures and results that are typically
difficult to interpret. The R? score allows for a simple, straightforward assessment of how much of the
data variability is captured by the algorithm. Its calculation depends on two different metrics: the Sum
of Squared Residuals (SSR) and the Total Sum of Squares (SST).

The Sum of Squared Residuals (or Sum of Squared Errors, SSE) is defined as the sum of the squared
difference between the dependent variables considered (y;) and the values predicted by the neural
network (g;)):

N
SSR = Z(yz —9i)° (C.19)

This parameter is used as a metric to measure how much of the variability of the outcomes of the
model cannot be explained by the neural network.

The Total Sum of Squares, on the other hand, is the squared sum of the differences between the
actual dependent variable and the mean value across all data points:

N
SST = (yi — 9)° (C.20)

i=1

With this definition, it can be seen that this parameter is proportional to the standard deviation of
a dependent variable and can be considered a measure of the total variation in that variable.

With these two elements introduced and briefly explained, the formula of the R? score is as follows:

SSR

2
-1
R SST

(C21)

SSR/SST represents the fraction of the dependent variable that cannot be predicted using the neural
network, thus its value will be smaller the more of the variable’s distribution is captured by the model.
By subtracting this fraction from 1, the fraction of the total variability that is explained by the mode is
obtained. The R? score typically takes a value between 0 and 1. The closer this parameter is to 1, the
more of the dependent variable is accurately predicted by the neural network.
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The R? score takes the combined effect of all the predictors considered. To effectively assess how
each of these variables actually affects the prediction of the model, the adjusted R-squared score is
used. This parameter considers all the predictors, and assesses how much an independent variable
influences the prediction capabilities of the model. The formula for this is:

Rl;=1- [(1;?2(’_11_1)} (C22)

where n indicates the number of observations (i.e., datapoints used for the calculation of the R? score)
and k, the number of predictors.

One might wonder why this parameter is typically used for machine learning. Machine learning
algorithms like the one developed in this work have several input and output features. The adjusted
R? score offers a measure of how much of the outcome features of the model can be predicted with
the input features. A low score might reveal that extra features are needed for accurate predictions,
whereas a high score would indicate that the input features are the right ones to use for this prediction.

This parameter does have its limitations as it can only be used for linear relationships. Since the
dependent variables of the model are the different elements of the state of an object in space, their
relationship with the predicted elements is indeed linear. The larger the error in the prediction at a
specific point, the larger the deviation from this “best fit” line relating both variables and the lower the
adjusted R? score.
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Two-Line Elements

The use of TLEs for orbital dynamics was discussed in The majority of the catalogues that are available
to the general public have the orbital information of the tracked objects in this format (Space-Track,
2009) and thus it is considered relevant to discuss the information they convey and their generation.
This is done in Section D.1 and Section D.2, respectively.

D.1. Two-Line Element Format

All TLEs, independently on the spacecraft and epoch considered, follow the same format. These have
two lines, each consisting of 69 columns or characters. The information that these contain can be used
to estimate the position of that particular object at the specified epoch. An example of what a TLE looks
like is given below, and the chosen catalogued RSO is the International Space Station (ISS).

ISS (ZARYA)

1 25544U 98067A 04236.56031392 .00020137 00000-0 16538-3 0 9993
2 25544 51.6335 344.7760 0007976 126.2523 325.9359 15.70406856 328906

At first glance, it is complicated to understand what all of these represent. A table is provided below
(Table D.1) to explain what each number, or block of numbers, describes concerning the orbit. In addi-
tion, to provide an example for easier understanding, the description is matched with the example TLE
above for the ISS. Of particular interest for orbital dynamics are the epoch information and the Kepler
or orbital elements that are included. Only this information is really needed for the state generation of
the spacecraft at a specific epoch.

The values provided in the TLE elements are just a representation of the mean value of these, ob-
tained via the removal of periodic variations. To obtain the perturbed orbital elements, the model used
for the generation of the TLEs needs to be known and understood.

D.2. Generation of Two-Line Elements

The orbital information conveyed in the TLEs is generated via a standard orbit model for consistency.
The most common model used for this is the Simplified General Perturbations 4 (SGP4) model (Vallado
and Crawford, 2012) and is the one used by the largest TLE catalogues and thus will be the one reviewed
here. The perturbations that are accounted for in this model are the gravitation of the Earth and the
effects of the oblateness of the Earth, the atmospheric drag, and the solar radiation pressure. This
is most accurate for satellites in near-Earth orbits with periods lower than 225 minutes. At higher
altitudes, the third-body perturbation of the Sun and Moon becomes larger than the drag force, and
thus the model needs to be extended. This model is the Simplified Deep Space Perturbations 4 (SDP4)
and is widely used for satellites with periods larger than 225 minutes. Nevertheless, the SGP4 is a
simplified perturbation model that can be used to estimate the initial state of satellites in LEO. Due to
the simplifications made in this model, however, errors are introduced in the initial state estimation
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Table D.1: TLE elements and description (Space-Track, 2009)

Line 0
Columns Example Description
01-24 ISS (ZARYA) Object Name
Line 1
Columns Example Description
01 1 Line number
03-07 25544 Catalogue number
08 U Classification (U: unclassified, C: classified, S: secret)
10-11 98 International Designator: last two digits of launch year
12-14 067 International Designator: launch number of the year
15-17 A International Designator: piece of launch
19-20 04 Epoch Year: last two digits of year
21-32 236.56031392 Epoch: day of the year and fractional portion of the day
34-43 .00020137 First derivative of the mean motion
45-52 00000-0 Second derivative of the mean motion (decimal point is assumed)
54-61 16538-3 Bx (decimal point is assumed)
63 0 Ephemeris type
65-68 999 Element set number
69 3 Checksum
Line 2
Columns Example Description
01 2 Line number
03-07 25544 Catalogue number
09-16 51.6335 Inclination [deg]
18-25 344.7760 Right Ascension of Ascending Node [deg]
27-33 0007976 Eccentricity (decimal point assumed)
35-42 126.2523 Argument of Perigee [deg]
44-51 325.9359 Mean Anomaly [deg]
53-63 15.70406856 Mean Motion [revolutions/day |
64-68 32890 Revolution Number at Epoch
69 6 Checksum

and the uncertainties in the initial state are typically in the order of 10? m for the position and up to 10°
for the velocity, as shown in

D.3. Verification of the SGP4

The Space-Track API developed is used to obtain a dataset with a collection of TLEs for a period of
one year. The SGP4 implementation in Python takes the mean orbital elements from the TLE and
propagates them to a certain epoch, giving the estimated position and velocity at that epoch.

A part of the developed work relies on TLEs and the propagation using the SGP4 and thus there is an
interest in verifying how well this works. As such, for this period in time, each TLE is propagated to the
next epoch in which a TLE was published. Since the orbital elements that are propagated with the SGP4
cannot be compared directly to those from the TLE (since the former are osculating elements and the
latter are mean elements), the mean elements from each TLE are transformed into osculating elements.
That way, for each epoch where a TLE is reported there are two sets of data: first, the information of the
osculating elements from that TLE and secondly the osculating elements propagated from the previous
TLE.

The satellite chosen for this is the Molniya 3-50. The reasoning behind this is that, since the Kepler
elements are being compared, using a satellite with a small eccentricity is advised against. Any orbit
with an eccentricity close to 0 will have an undefined argument of periapsis and mean anomaly and
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Figure D.1: Comparison of the propagated and actual TLE information at every epoch for a satellite for a year

so the results for those two elements would be inconclusive. Choosing a satellite in a highly eccentric
orbit allows for a more thorough analysis of all components.

The propagated TLE information is compared to the actual TLE at each epoch, and the difference
for each element is calculated. These are plotted in Figure D.1, where it can be seen that the differences
are significantly small for all components of the Kepler state. This indicates that the SGP4 works well
for TLE handling and propagation for the purposes of this thesis (for which TLEs are not required to
be propagated for long periods of time).
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Satellite Specifications

Several satellites have been used to assess the generalisation of the ML-based approach of this thesis
and validate it across different scenarios. This chapter aims to present the basic information that has
been used to obtain the initial state of each satellite.

E.1. Starlink-4437

The Starlink-4437 forms part of the Starlink constellation, the largest ever built and sent to space. Since
roughly half of the currently operational satellites in space are part of this mega-constellation, it is
crucial to test the algorithm on this satellite. The TLE selected is:

0 STARLINK-4437

1 53506U 22099AT 24015.30700671 .00001493 00000-0 12075-3 O 9992
2 53506 97.6540 138.3324 0003376 262.4589 97.6252 15.01270859 78308

The satellite is located at an altitude of approximately 550 km and has a near-circular orbit.

E.2. NAVSTAR 71 (USA 256)

The next area of interest is located in Medium-Earth Orbit (MEO). The NAVSTAR 71 is a satellite which
forms part of the GPS constellation, thus there is a desire to be able to generalise the model to this object.
The TLE is as follows:

0 NAVSTAR 71 (USA 256)

1 40105U 14045A 24015.07178368 .00000021 00000-0 00000-0 O 9999
2 40105 54.8654 123.7680 0026678 117.3063 242.9646 2.00555332 68340

With an altitude of 20,200 km, this satellite has a much larger period than Starlink, sitting at roughly
12 hours per orbit. Once again, the eccentricity is near zero.

E.3. SES17

For the satellite in the Geostationary Earth Orbit (GEO), the SES 17 is chosen. This is a communica-
tions satellite, part of a constellation of satellites in GEO which aim to provide worldwide internet and
broadcasting. Its TLE is:

0 SES 17

1 49332U 21095A 24015.03955240 -.00000268 00000-0 00000+0 O 9994
2 49332 0.0149 49.4556 0000945 250.6458 121.0165 1.00266644 8977

Two characteristics of the satellites in GEO are that their orbits are circular and that they sit above
the Equator. This can be indeed seen in the TLE, where the eccentricity shown is small enough to be
considered circular, and the inclination is also shown to be close to 0.
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Table E.1: Initial state for the different satellites used to test the generalisation capabilities of the PINN

Satellite x [km] y [km] z [km]
Starlink-4437 4443.6703 | -3229.9398 4240.2854
Navstar 71 (USA 256) 784.6750 20425.566 -17076.9067
SES 17 28827.575 | 30773.551 -1.81271
Molniya 3-50 -2909.216 4732.119 -4540.287
Satellite vx [km/s] | vy [km/s] | vz [km/s]
Starlink-4437 2.9478017 | -3.7188840 | -5.9096903
Navstar 71 (USA 256) | -2.8302688 | 1.7477176 1.9642153
SES 17 -2.243652 | 2.10215657 | 0.0019756786
Molniya 3-50 -2.9732517 | 3.67944633 | 5.75086185

E.4. Molniya 3-50

The last satellite that has been selected for testing the generalisation of the neural network is one in
a Molniya orbit. These orbits are characterised by their large eccentricity, by which satellites go very
slowly at the apogee and fast at the perigee. If the orbit was made in such a way that the apogee
was located above a certain location, the satellite would spend a long time above that region. With a
period of half a day to complete a full orbit, this type of satellite was better suited for communications
and broadcasting. The Molniya 3-50 exhibits an orbit of such characteristics, and is selected due to
the significant difference in its orbital geometry with respect to the others used for the generalisation
assessment. Its TLE is presented:
0 MOLNIYA 3-50

1 25847U 99036A 24015.69721638 .00000056 00000-0 -83831-2 0 9994
2 256847 63.4445 252.4518 7107917 282.7109 12.3485 2.00653638179690

As such, its eccentricity is observed to be ~ 0.7, meaning that, with an orbital period of 12 hours,
the perigee of the orbit is located inside of LEO, whereas its apogee is higher than GEO.

For every satellite presented in this chapter, the TLE is propagated using the SGP4 built in Python
to the date of January 15, 2024. These initial states are all summarised in Table E.1.
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System Specifications

The coding and script running in this thesis has been done using three main systems: DelftBlue, Eudoxos
Server (TU Delft server) and a personal laptop. Since computational load is a discussed part of the
results, it is thought relevant for the reader to mention which codes have been run in each system.

SYSTEM A
DelftBlue

DelftBlue is the supercomputer from TU Delft, which has the following components:

228 Intel Xeon compute nodes with 48 CPU cores and 185 GB RAM each

10 GPU nodes with four NVIDIA Tesla V100S GPUs with 32 GB video RAM each
10 high memory nodes (compute nodes with more RAM)

GNU/Linux 4.18.0, x86_64

GPUs allow for easy parallelisation of the scripts to be run, making it perfect for higher efficiency
in training neural networks. As such, all the training was done using this high-performance computer.

SYSTEM B
Eudoxos Server (TU Delft)

Eudoxos is a server from the Aerospace faculty at TU Delft. This was used for most of the coding
regarding the unit testing of functions and analysis of the results from the trained neural networks. It
was also used for orbit propagation using Tudat. For these tasks, the server was preferred over the
personal laptop as it has a higher capacity: it has a higher number of CPUs and nodes, higher RAM
and more storage. These are specified below:

e 2 nodes with 28 Intel(R) Xeon(R) CPU E5-2683 v3 2.00GHz cores each
e 251GB RAM
e GNU/Linux 5.14.21, x86_64

This higher capacity tends to result in a higher efficiency of the code, and thus it was used for the
aforementioned tasks.

SYSTEM C
HP Pavilion Plus Laptop 14

Lastly, a personal laptop was used to run the DA-GMM scripts. The core of the script (the Differential
Algebra section) is written in C/C++ and uses Cmake to compile the code before it can be run. For
this compilation and for building the code, an interface tool is required: Qt. Since Eudoxos is a remote
server, and Qt was difficult to install using only the command line, DACE was run on a personal laptop
with the following characteristics:

141



142 Appendix F. System Specifications

e 1 node with 10 12th Gen Intel(R) Core(TM) i7-1255U 1.70 GHz cores
e 16GB RAM
e Windows x64_64
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