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Abstract

In this paper, a generalized version of dynamic asymmetric simple exclusion
process (ASEP) is introduced, and it is shown that the process has a Markov
duality property with the same process on the reversed lattice. The duality
functions are multivariate g-Racah polynomials, and the corresponding ortho-
gonality measure is the reversible measure of the process. By taking limits
in the generator of dynamic ASEP, its reversible measure, and the duality
functions, we obtain orthogonal and triangular dualities for several other inter-
acting particle systems. In this sense, the duality of dynamic ASEP sits on
top of a hierarchy of many dualities. For the construction of the process, we
rely on representation theory of the quantum algebra U, (sl). In the standard
representation, the generator of generalized ASEP can be constructed from the
coproduct of the Casimir. After a suitable change of representation, we obtain
the generator of dynamic ASEP. The corresponding intertwiner is construc-
ted from g-Krawtchouk polynomials, which arise as eigenfunctions of twisted
primitive elements. This gives a duality between dynamic ASEP and general-
ized ASEP with g-Krawtchouk polynomials as duality functions. Using this
duality, we show the (almost) self-duality of dynamic ASEP.

Keywords: interacting particle systems, Markov duality, quantum algebras,
orthogonal polynomials
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1. Introduction

In this paper, we study a continuous-time interacting particle process that we call generalized
dynamic ASEP (asymmetric simple exclusion process). This process can be considered as a
higher spin version of dynamic ASEP introduced by Borodin [5], as well as a dynamic version
of generalized ASEP introduced by Carinci et al [10]. Here the term ‘dynamic’ essentially
means that the jump rates of the process depend on a height function corresponding to the
particle process. We show that generalized dynamic ASEP is dual to the same process on the
reversed lattice with orthogonal duality functions that can be expressed as multivariate g-Racah
polynomials, i.e. a multivariate Askey-Wilson polynomial on a discrete set, where the ortho-
gonality is with respect to the reversible measure of the process. Several interesting interacting
particle processes appear as limit cases of generalized dynamic ASEP. Taking limits to these
processes leads to (orthogonal) dualities for several other interacting particle processes.

In the analysis of interacting particle processes Markov duality is a very useful property.
Duality allows us to study a complicated system in terms of a simpler one. Furthermore, as a
consequence of duality expectations of certain observables evolve according to specific sys-
tems of differential equations. For standard ASEP, in which one particle per site is allowed,
self-duality was first obtained by Schiitz [35]. For its generalized version from [10], in which
multiple particles are allowed on each site, self-duality is also obtained. For both processes
duality played a role in showing they belong to the KPZ universality class [7, 14]. Also,
dynamic ASEP has a duality property: in [6] it is shown to be in duality with standard ASEP.
Furthermore, there are other generalizations of standard ASEP with duality. E.g. in [28, 29],
Kuan obtained self-duality functions for a multi-species generalization of ASEP.

In recent years several symmetric interacting particle systems were shown to have products
of hypergeometric orthogonal polynomials as duality functions. For example, Franceschini
and Giardina [17] showed that Krawtchouk polynomials arise as self-duality functions for
the generalized symmetric exclusion process. Other orthogonal polynomials, such as Meixner
polynomials, Laguerre polynomials, and Hermite polynomials also appear as (self-)duality
functions [8, 18, 23, 32, 38]. The advantage of such orthogonal dualities is that they form an
orthogonal basis for the underlying Hilbert space, which greatly simplifies the expansion of
observables in terms of the duality function. This was used in [1, 2] to study Bolzmann-Gibbs
principles and higher order fluctuation fields, and in [16] in the study of n-point correlation
functions in non-equilibrium steady states.

Very recently orthogonal dualities were also obtained for asymmetric particle processes. In
[9] Carinci, Franceschini, and the first author show that certain g-Krawtchouck and g-Meixner
polynomials, which are g-hypergeometric orthogonal polynomials. appear as duality func-
tions for generalized ASEP and ASIP (asymmetric simple inclusion process). Because of the
asymmetry, the products of the polynomials have a nested structure, which links them to the
multivariate orthogonal polynomials of Tratnik-type from [21]. The results from [18] were
extended to multi-species versions of generalized ASEP in [4, 19], where also nested products
of g-Krawtchouk polynomials appear as duality functions.

In the present paper, we show that generalized dynamic ASEP has nested products of g-
Racah polynomials (also called Askey-Wilson polynomials) as duality functions. These poly-
nomials are generalizations of g-Krawtchouck polynomials, thus we obtain the duality res-
ults from [18] for generalized ASEP, as well as several other dualities, as special cases. The
g-Racah polynomials form the top level of the discrete part of the g-Askey-scheme of g-
hypergeometric orthogonal polynomials [26], which is a large scheme that relates families
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of orthogonal polynomials through specializations and limit relations. There are no families
of orthogonal polynomials above the g-Racah polynomials in the g-Askey-scheme, therefore
we consider it unlikely that more general orthogonal polynomial dualities will be found for
one-species exclusion processes. As another interpretation for Askey-Wilson polynomials in
relation to ASEP, we mention that they appear as correlation functions for standard ASEP with
open boundaries [37].

For the construction of duality functions, we use representation theory of the quantum
algebra U, (sl). In [10] the generator of generalized ASEP is constructed from the Casimir
element of U, (sl). Through a change of representations (of a subalgebra) we obtain the gen-
erator for generalized dynamic ASEP from the Casimir, thus also obtaining a duality function
between the two processes from the corresponding intertwiner. This duality result can then be
extended to (almost) self-duality of generalized dynamic ASEP. Although we make extens-
ive use of the algebra U, (sl,), we will first define the process and state the Markov duality
(and corresponding duality functions) without reference to the algebraic construction, so that
the statement of the main results of the paper requires no background knowledge on quantum
algebras and representation theory. The reader interested in an introduction to the algebraic
approach to stochastic duality can look e.g. at [36].

Let us now describe the main character of the paper, generalized dynamic ASEP, in some-
what more detail. The process is a Markov jump process that lives on a 1-dimensional finite
lattice. The sites are numbered from 1, the leftmost site, to M, the rightmost site. Particles can
only jump to neighboring sites. For each site k, we let Ny € N denote the maximum number
of particles allowed on that site and let N be the vector containing these N;. Then, for a scal-
ing parameter g > 0, we propose two closely related versions of generalized dynamic ASEP.
Namely a ‘right’ version ASEPg(g,N, p), and a ‘left’ version ASEP| (¢,N, ). The first has
jump rates consisting of the rates of generalized ASEP, denoted by ASEP(g, ﬁ), times a factor
which depends on the particles and free spaces on the right of a site and a right boundary value
p € R via a height function ‘4™, The jump rates of the second are a product of the ASEP(g, IV)
rates and a factor depending on a height function ‘4~’, which depends on the particles and free
spaces on the left of a site and a left boundary value A € R. The two different versions of gen-
eralized dynamic ASEP can be obtained from each other by reversing the order of the sites.
The rates of generalized dynamic ASEP are invariant under the transformation ¢ — ¢~', so ¢
cannot simply be seen as an asymmetry parameter. Without loss of generality, we can assume
g € (0,1). Then, if the height function for a site is very negative, the rates of ASEPg(q, N, p)
will be close to the ones of ASEP(g, ﬁ), while a very positive height function causes the rates
to be close to the ones of ASEP(g ! 7]\7). So in some sense, the parameter g influences the local
asymmetry. Moreover, we show that if there is only one particle in ASEP(q, N. ,p), it gets pulled
towards the site(s) where the height function is close to zero. Numerical simulations suggest
a similar behaviour in the case of many particles, i.e. particles in generalized dynamic ASEP
are distributed around the region where the height function is close to zero, which implies that
these sites are filled by half of their capacity.

Both versions of generalized dynamic ASEP are dual to ASEP(q,]V), which we can use to
express the expectation of the particle current in generalized dynamic ASEP in terms of the
expectation of one dual particle in ASEP(q,ﬁ). Since both versions of generalized dynamic
ASEP are dual to ASEP(g,N), they are dual to each other. Also, ASEPR(g,N, p) general-
izes both ASEP(¢,N) and ASEP(g~',N); the same is true for the left version ASEP| (¢,N, \).
Therefore, the Markov duality between the processes ASEPg(g, N, p) and ASEP| (¢, N, \) sits
on top of a hierarchy of several other Markov dualities, see figure 1 for some of these cases.
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(1. ASEPL(q, N, )) > ASEPR(g, N, p) )

A= —0 A — o0
(2a. ASEP(¢~!, V) ¢ ASEPR(g, N, p) ) (2b. ASEP(q, N) < ASEPR(¢, N, p) )
p— 00 p— —00 p— 0 p— —0

(3a. ASEP(¢~!,N) & ASEP(¢,N))  (3b. ASEP(¢~!,N) &» ASEP(q,N))  ( 3c. ASEP(q, N) > ASEP(g, N) )

Figure 1. Hierarchy of Markov dualities, where g € (0, 1).

Table 1. Duality functions corresponding to figure 1.

Type of duality function

Duality Free parameter No free parameter

1 g-Racah Special case g-Racah
2a g-Hahn g-Krawtchouk

3b Affine g-Krawtchouk Triangular

3c Quantum g-Krawtchouk Triangular

The duality functions for duality 1 on top of figure 1 are given by a (nested) product of g-
Racah (or Askey-Wilson) polynomials. As mentioned above, these are on top of the g-Askey-
scheme [26], which means that many other orthogonal polynomials, such g-Krawtchouk poly-
nomials, are special cases of these g-Racah polynomials. Taking limits in the parameters of the
particle processes often preserves the duality. These limits correspond to certain limits in the
q-Askey-scheme, therefore duality functions lower in the hierarchy in figure 1 are still ortho-
gonal polynomials. On the other hand, limits in the g-Askey-scheme do not always correspond
to useful limits of Markov generators. For each of the dualities 1, 2a, 3b, and 3c in figure 1
we list the corresponding type of duality function in table 1, where we make a distinction
between duality functions with and without a free parameter. The latter is a parameter, inde-
pendent of both Markov processes, that appears in a non-trivial way in the duality function.
The dualities 2b and 3a can be obtained from other dualities by sending ¢ — ¢g~!. All duality
functions given in the table are orthogonal polynomials with respect to the reversible measures
of the processes, except the triangular ones. The term ‘triangular’ means here that the duality
functions when written in matrix form with respect to a certain basis, are lower triangular.

The g-Askey-scheme has a ¢ — 1 counterpart consisting of hypergeometric orthogonal
polynomials. Considering corresponding limits in the particle processes will lead to ortho-
gonal dualities for symmetric (dynamic) exclusion processes.

1.1. Outlook

In this paper, we mainly study dualities of the new generalized dynamic ASEP and degen-
erate cases. We intend to investigate the new processes in more detail in a future paper. It
would be interesting to consider stochastic PDE limits of generalized dynamic ASEP, as e.g. is
done in [15]. Furthermore, it will be intriguing to investigate the relation between generalized
dynamic ASEP, introduced in this paper, and the recently introduced [30] higher spin versions
of dynamic stochastic vertex models. Moreover, the standard ASEP with open boundaries,
i.e. where particles can enter and leave the system at sites 1 and M, has been studied recently

4
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[3, 31, 34]. One could also consider generalized dynamic ASEP with open boundaries, where
particles leaving and entering the system could have a global effect on the height function.
Another extension might be to consider generalized dynamic ASEP on a ring, i.e. where sites
1 and M are connected. Given that particles in generalized dynamic ASEP can have a prefer-
ence to move towards regions with a higher particle density, it would be interesting to investig-
ate whether uphill diffusion might appear when considering generalized dynamic ASEP with
open boundaries or on a ring. Uphill diffusion is a phenomenon where there is a particle cur-
rent flowing from a lower particle density towards a higher one, see e.g. [12, 13]. Finally, we
plan to report on a corresponding inclusion process, dynamic ASIP, and dualities in the very
near future. This corresponds to representation theory of the non-compact quantum algebra
U,(su(1,1)), which was already shown to have a connection with ASIP [9, 11]. By taking a
suitable limit from dynamic ASIP, one can also obtain a dynamic version of the Asymmetric
Brownian Energy Process (ABEP).

1.2. Outline of the paper

The organization of this paper is as follows. In section 2 we briefly recall and discuss dynamic
ASEP defined in [5]. Then in section 3 we introduce two closely related higher spin versions
of dynamic ASEP, show their reversibility, and state Markov dualities between these processes
and generalized ASEP. The dualities are 1, as well as 2a and 2b (the last two without a free para-
meter) from figure 1. The proof of these results is postponed until sections 7 and 8, but stating
the results does not require those techniques. In section 4 we will investigate degenerations of
this duality by taking appropriate limits of the duality 1, showing all the dualities in figure 1 as
well as dualities the for totally asymmetric zero range process (TAZRP) and (dynamic) sym-
metric exclusion processes. Up to this point, no knowledge of quantum algebras is required. In
section 6 we introduce the quantum algebra U, (sl ) as well as the g-Krawtchouk polynomials,
which are eigenfunctions of a realization of Koornwinder’s twisted primitive elements. Then
in section 7, we construct the generator of generalized dynamic ASEP from generalized ASEP
by a change of representation of the coproduct of the Casimir. The important observation here
is that the generator of generalized ASEP acting on the degree of the g-Krawtchouk polynomi-
als can be transferred to an action on its variable, giving the generator of generalized dynamic
ASEP. This method of construction automatically gives Markov duality between the two pro-
cesses (with g-Krawtchouk polynomials as orthogonal duality functions) as well as reversibil-
ity of generalized dynamic ASEP. In section 8 we then show that generalized dynamic ASEP
is (almost) self-dual with duality functions given by a (doubly) nested product of g-Racah
polynomials. In section 9 we carry out the explicit limit calculations to prove the results on
degenerations of the g-Racah dualities which are stated in sections 4 and 5. In the appendix, we
give an overview of all duality functions appearing in this paper and their explicit description,
and we state and prove several useful identities we make use of elsewhere in the paper.

1.3. Preliminaries and notations

Let us start with the definition of Markov duality. Let {X(#)},>0 and {X(#)},0 be Markov
processes with state spaces €2 and €2 and generators L and L. We say that X(r) and X(¢) are dual
to each other with respect to a continuous duality function D : 2 x Q — C if

LD () () = [LD(1,1)] (&)
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forallp € Qand & € Q. If {X(£)}>0 is a copy of {X(£)};>0, we say that the process {X(1)};>0
is self-dual with respect to the duality function D.
For future reference, we also make the following remark.

Remark 1.1. Let L and L be generators of interacting particle systems where the total number
of particles is conserved (as all processes in this paper will be). Then we have the following
two basic results.

e Let D(n,£) be a duality function between the two processes. If f is a function only depend-
ing on parameters of the processes and the total number of (dual) particles |n| and |£|, then
FUEL, Inl)D(n,€) is again a duality function since f is invariant under the action of both
generators.

e Let 1 be a reversible measure for the process generated by L, i.e. detailed balanced is
satisfied:

w(mL(nn')=pm")Ln'n),

where L(n,n’) is the jump rate from the state n to n’. Note that both sides of the above
equation become zero if |n| # |n’| since in that case L(n,n’) = 0. If g is a function only
depending on parameters of the process and the total number of particles ||, then g(|n|) (1)
is again a reversible measure since we can just multiply above detailed balance condition by

g(nl) = g(n"D-

Let us introduce some notations and conventions we use throughout the paper. We fix a scal-
ing parameter ¢ > 0, where we will sometimes require ¢ € (0, 1). By N we denote all positive
integers,

Zso=NU{0} and R* =R\{0}.

Fora € R, let
el - forg#1,
la],= <4 ¢
a forg =1,
which is justified by
li =a.
lim [a], =

We use standard notation for g-shifted factorials and g-hypergeometric functions as in [20]. In
particular, g-shifted factorials are given by

(a;q)n:(1—a)(1—aq)---(1—aq”71), neN

and we use the convention (a;q)o = 1. For g € (0,1), (@;q) 0o = lim,—, (a; ¢),. Moreover, for
g#1,n€Zxpand k=0,...,n the g-binomial coefficient is given by

f =

nl @@ @Dk e
Hq @9 @GDar (G0 (—4")"q :
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The g-hypergeometric series ¢, is given by

aly...,0r41 = (al;Q)n"'(ar+l;q)n 7"
r+1%r 4,2 = .
* (bl,.--,br > 2 (b139), - (br3q), (4:9),

n=0
If for some k we have a; = q’N with N € Z3, the series terminates after N 4 1 terms, since

(g7V;q), =0 forn>N.
The shifted factorials are given by

(a)y=1, (a),=a(a+1)---(a+n—1), neN,
and the hypergeometric series 4 F, is defined by
agy. .., ar41 - ((11) "'(ar-H) 4
I Fr ; = #77
+ (bb Z) 2o,

where the series terminates if a;y € —N for some k. The following limit relations hold: the
g-shifted factorials become shifted factorials,

. (a;9)
lim ~—%n_ R, neZ
tin 0 (@), aeR neTa

the g-binomial coefficient becomes the ordinary binomial coefficient,

i =ml] - G)

and, for ay,...,a,,by,...,b, € Rand n € Z3y,

lim q—nvqal’,..,qur- ;) = F —n,al,...,arlz
s s NPT A I by, Y)

For an ordered M-tuple x = (xi,...,x)) we denote by x the reversed M-tuple,

rev_(

X XMy s X1)

and by |x| the sum over its elements,
x| =x1 + ... +xpm.

All interacting particle processes and functions in this paper will depend on certain para-
meters. To simplify notation we suppress the dependence on the parameters in notations, but
occasionally add one or more parameters in the notation to stress dependency on the included
parameters.
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2. Dynamic ASEP

The dynamic asymmetric exclusion process is introduced in [5] as a limit case of a stochastic
Interaction-Round-a-Face model and has been further studied in [6, 15]. The dynamic ASEP is
a continuous-time Markov process on the state space S = {(h)kez | ik € Z, hx1 — by = £1}.
Anelement (/i )rez in S can be considered as a height function on the real line that takes integer
values at integers and has slope -1 in between. The jumps of the process are independent and
have exponential waiting times with rates depending on two parameters ¢ >0 and o > 0:

B 1 + aq*”’k

1

hk > hk+2 at rate q W,
1+ ag™

hk'—>hk—2 at rate CIW

Jumps that take a height function out of the state space are of course not allowed and therefore
have rate equal to zero. Let us remark that the rates here are normalized slightly differently
from [5]. Furthermore, we can always set the parameter v equal to 1 by shifting the height
function by p = %logq(a); in this case, i € p+ Z for all k and the rates are invariant under
the transformation ¢ — g~ !.

In the next section, we propose a higher spin generalization of dynamic ASEP. However,
before we introduce the generalized process, it will be convenient to consider the following
interacting particle process on M € N sites which is equivalent to the above-described dynamic
ASEP for height functions on Z N [1,M].

In [6], a slope increment of —1 was associated with a particle and a slope increment of 1
with an empty site. Note that if we would go in the opposite direction (from right to left), a
slope increment of 1 is associated with a particle and a slope increment of —1 with an empty
site, which is in our setting a more convenient view of looking at it. To be precise, let &, be the
number of particles on site k, which is either O or 1, then &; is determined by

hk:hk+1—|—1if szl and hk:hk+1—1if fk:(),
or in shorter notation,
he = hypr + (26— 1)

This implies that the height function (k). is a function of § = (&)Y, € {0, 1}M. We fix the
height function to be equal to a real number p at the ‘virtual’ site M + 1,

I = p, 2.1

which can be considered as a boundary value (on the right). Then for k=1,...,M + 1, the
height function is given by

M
b=ty (€)= p+ 3 (25— 1),
=k

where we suppress the dependence on p and/or &, unless we explicitly need it. We adopt the
convention that the empty sum equals zero so that the boundary value (2.1) holds. Let us
mention that
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dg-1=>§-> (1-¢)
j=k j=k  j=k

is the sum of the particles per site minus the sum of the free spaces per site.

We mention here that in a given configuration &, the height function on site 1 is also constant
and equal to p + 2|&| — M. So if one fixes a boundary p’ on a left virtual site O (i.e. i} = p’), we
obtain essentially the same interacting particle system if one takes i = p’ + Zle (1-2¢).
However, we choose the convention that in the height function, we sum over the particles per
site minus the sum over the free spaces per site (instead of the free spaces per site minus the
particles per site), which implies that we need to impose a boundary value on the right.

Alternatively, a similar (but different) process can be defined where in the height function
we sum over the particles per site minus the free spaces per site on the left of and including site
k,! which we do in section 8. For this reason, we distinguish between those cases by adding a
superscript 4 (or —) to the height function when summing over particles on the right (or left).
Thus we write for A, p € R,

M
WE=h, (O =p+) (25-1)
=k
and

k
hy =h () =X+ (2§-1).

j=1

For now, let us focus on the version with h,j The jump rates for that corresponding particle
process are now given by

L+q~ 2
£ 0K atrate qilﬁ,
14qg "%~
1 —2hF
£ P atrate 51—~_‘]7+7
1+q_2hk +2

where &M= (L & — 1,6+ 1, )and T = (L &G+ 1,64 —1,...).
Letus assume g € (0, 1), then in the limit p — —oo dynamic ASEP becomes standard ASEP
with jump rate g~ for jumps to the right and rate ¢ for jumps to the left. Moreover, in the limit

p — 0o we obtain the same standard ASEP, but with ¢ replaced by ¢~ .

3. Generalized dynamic ASEP

In this section, we introduce a higher spin version of dynamic ASEP and state several corres-
ponding Markov dualities. The definition of the process is motivated by representation theory
of the quantum algebra U/, (sl,): the process generator is, up to an additive constant, the real-
ization of sums of coproducts of the quantum Casimir element in a particular representation.
However, in this section, all results are stated without reference to the representation theory.
The proofs of the duality results stated in this section, which make use of this representation-
theoretic interpretation of the generator, are postponed to later sections.

! We emphasize that this is a different height function than h{ defined in the previous paragraph.

9
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3.1. Generalized ASEP

Before we introduce the higher spin version of dynamic ASEP let us first introduce
ASEP(g,N), which is a higher spin version of the standard ASEP, i.e. each site allows a finite
number of particles. This process was introduced in [10] in the case where each site allows the
same number of particles. Here we define the process in a slightly more general way, namely
the maximum number of particles may differ on each site.

For k=1,...,M let Ny € N be the maximum number of particles allowed on site k, and
denote N = (N1,...,Ny). The process ASEP(g, N) is a continuous-time Markov jump process
on the state space X = {0,...,N;} x --- x {0,..., Ny} depending on a parameter ¢ > 0. Given
a state = ()}, a particle on site k jumps to site k + 1 at rate

cf (n) =g~ N ] [Ny — ], (3.1
and a particle on site k jumps to site k — 1 at rate
¢ (n) =g N ] [N =], - (3.2)

The Markov generator of the process is then given by

M—1
Lif ) =Y e () [ =r )] + ey () [P ) —r(m)] -
k=1

Remark 3.1.

e By associating particles with free places and vice versa we get a symmetry between
ASEP(g,N) and ASEP(¢~",N). That is, let {1()} ;>0 be the process that evolves according
to ASEP(g,N). If we define )’ = N — n, then {1/ (r) };>0 evolves according to ASEP(g ', N).
This symmetry can also be found in the duality functions involving those processes.

e For Ny =... =Ny =2jwithj € %N, this becomes ASEP(q,2j) as defined in [10]. For Ny =
... = Ny = 1, this is the standard ASEP where particles jump to the left with rate ¢ and to
the right with ¢~

3.2. Generalized dynamic ASEP

Now we are ready to define a higher-spin version of dynamic ASEP. Similar to dynamic ASEP
from the previous section, the rates can be written as a product of the rate of (generalized)
ASEP and a factor containing the height function.

Definition 3.2. ASEPR(q, N, p) is a continuous-time Markov jump process on the state space X
depending on parameters g >0 and p € R. Given a state £ = (&)¥_, € X we define the height
function (h; )M, by

M
b =p+) (26-N)),
=k

and on the right we set the boundary value h;,r] 41 = p- Then a particle on site k jumps to site
k41 at rate

(1 +q25k—2hk+> (1 +qzsk+172hﬁl>

(1 —|—q_2ﬂk++‘) (1 _|_q—2hk++|_2> )

10
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and a particle on site k jumps to site k — 1 at rate

_i_q—zgk,l—zhk*) (1 _~_q—2£k—2hk++l>

(1 +q—2h;) (1 +q—2hk++2)

NN
G (§)=¢c (9

Remark 3.3. Since
M M M
dYG-N)=D - (N-§),
: =

=k Jj=k

this factor in the height function is again the sum of the particles per site minus the sum of the
free spaces per site.

Remark 3.4. One can also rewrite the rates as
th—fk +q—(h,jr—§k)> (qhkil—ﬁul +q_(h1:_1_§k+l))
(qh:rﬂ Jrq—h;;]) (qh;zrl‘H +q7(hk++l+1))
<qh,jr+£k,1 _|_q—(hk++fk71)) (qhal+£" _,_q—(hktrﬁ&))

(qhk+ +q—hk+) (qh,jr—l_i_q—(hk*—l))

Co (&) = (6, Nkwt — 1],

)

(3.3)

Co ™ (©) = (6, Vi1 — &,

From this we can see that the value of the parameter ¢ in ASEPR(q,]V, p) is not related to the
asymmetry of the process as the jump rates CE’JF and CE"7 are invariant under ¢ <+ ¢~ '. In

1

contrast, the rates c,j' and ¢, of ASEP(q,]V) are not g <> ¢~ invariant.

Note that, similar to dynamic ASEP in section 2, this process can be written solely in terms
of the height function h,j by using

h,:r = hl:,—l + 2&; — Ny.

In this way, we can consider it as a process on the state space of height functions on [1,M] N Z
taking values in p + Z, for which the slope between k and k + 1 can take values in

{=Ne,—Ni+2,.... N —2,N¢}.

The dynamic parameter p can be considered as a boundary value on the right for the height
function. The added label ‘R’ stands for ‘right’, indicating that there is a prescribed boundary
value for the height function at the right boundary (at the virtual site M + 1). Consequently,
considered as an interacting particle process, the jump rates to and from site k depend on the
number of particles on the right of site k through the values h,j and h/j+1 of the height function.
For later references we introduce the ASEPR(q,N, p) Markov generator, which is given by

M—1

LRy £ =Y @ [F(EH) —A(©)] + ClT (© [F(EHH) = £(9)] -

k=1

1
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Remark 3.5 (special cases). ASEPR(q,K’, p) reduces to other processes as follows:

e For Ny =...= Ny =1 we recover standard dynamic ASEP from section 2. Indeed, the
height function /" changes to i + 2 if a particle at site k — 1 jumps to site k. This is only
possible if §,_; = 1 and &, = 0, thus in that case

—1 1 +q_2h;r

R,+ _
G2y €)=q m

Similarly, we obtain that the height functions h,j' changes to h,‘(Ir — 2 with rate

_ 1 +q 2
R, q
G (&) =g T
1+qg %

e Assume g € (0,1). In the limit p — —co ASEPR(g,N, p) becomes ASEP(g,N), which fol-
lows from

lim CPT(€&)=¢F(¢) and  lim CI™ (€)= (€).

p——00 p——00

Moreover, in the limit p — co we have

lim (&) =cf (&¢7") and  lim Cp (&) =¢; (497,

p—0o0 pP—00
so that ASEPR(g, N, p) becomes ASEP(¢~!,N). In this sense ASEPR(g, N, p) interpolates

between ASEP(¢, N) and ASEP(¢~!,N). This is similar to the limits of dynamic ASEP from
section 2 to standard ASEP.

Remark 3.6 (dynamic ASEP on Z). Let N = (N)kez with each N € N. Then we can also
define ASEPR(q, N, p) on Z instead of M sites as long as there are a finite number of particles.
The only non-trivial thing is how to define the height function hk+ when k > M. When having
M sites, we fixed the height function at the ‘virtual® site M + 1 to be p. If we allow particles to
jump further to the right, the height function at site M 4 1 is not fixed anymore. However, we
can still use this site as a reference point. Every time a particle jumps from site M to M + 1,
the height function at site M + 1 is raised by 2. Therefore, define

ha=p+2 > &
JZM+1

Requiring h;” = h;", | + 2&, — Ny for all k € Z, we obtain the height function
q &y k+1 g

hAJ;H"'Z,}'w:k(zfj_Nj) if k<M-+1,

k=1 .
By 1 — Diemi1 (25N it k>M+1.

ht =

In this setting, M + 1 is just an arbitrary reference site, so we may for example fix M + 1 = 0.
The duality functions obtained later on are still valid for Z since sites with no particles for
both dual processes do not contribute to the duality function.

12
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Let us take a closer look at the rates of ASEPR(q,ﬁ7 p). Since the rates are invariant under
the transformation ¢ — ¢!, we can assume without loss of generality that ¢ € (0,1). One can
show that the rates C,'?’+ and C,'j’f, seen as functions of h,j, are monotonically decreasing and
increasing respectively. Indeed, from (3.3) one obtains,

R,—
G =&, [Ne—1 — &—1] fi (K)o (B,
where
(qh,j-i-fkfl +C]7(h’j—+€k*]))
)
(th N | qf(hjwvrsk))
(thfl +q—(hk+—1)>
Here we used A"

1) = I (&) + Nk — 2. A straightforward calculation for the derivative
with respect to h,‘f shows that f{,f; > 0. Since also fi,f> > 0, we conclude that C,'j’f is mono-

fi () =

fo (1) =

tonically increasing in h,j Similarly, one can show that CE’+ is monotonically decreasing
in /7. As noted in remark 3.5, ASEPR(q, N, p) becomes ASEP(g,N) in the limit p — —oo
and ASEP(¢~',N) if we let p — co. Therefore, the height function /" makes the rates of
ASEPR(g, N, p) interpolate between ASEP(g,N), when b goes to —oo, and ASEP (g~ N),
when ;" goes to cc.

To understand the behaviour of the system better, let us consider the case where there is
only one particle present in ASEPR(q,ﬁ, p) and N, = N € N for all k. Then we have a nearest
neighbor asymmetric random walker which jumps from site k — k+ 1 with rate C,f{’Jr(ek)
and from site k — k — 1 with rate C,'?’*(ek), where ¢y is the one-particle configuration with
a particle at site k. Recall that both /i, = p 4 2|¢| — |N| and &, 41 = p are fixed when p,N and
the total number of particles in the system are chosen. In the setting with one particle, hf =p+
2 — |N]. So besides the situation with M = N = 1, we always have ;" < iy, ,. The function
k— h,‘f is a straight line with increment N between two neighboring sites, unless the particle
is at site k, when the increment is N — 2. Since we just saw that the rate C,T’Jr is monotonically
decreasing in the variable h,j and CE’f monotonically increasing, the more the particle is on
the right of the lattice {1,2,...,M}, the less it wants to jump to the right and the more it wants
to jump to the left. Similarly, when our particle moves further to the left, the less it wants to
jump to the left and the more it wants to jump to the right.

Since C]'?’* is monotonically increasing and C,?’+ monotonically decreasing, it is a natural
question to ask for which value of h,j the rates are equal. Using (3.3), we see that this will be
the case if and only if

g g (=) 2 gty (1) (3.4)

Note that the function

x*—)%(q"-kqfx)
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is just cosh(In(g)x), thus (3.4) is satisfied if and only if
h—1=hf—14N or  hf—1=—(hf—1+N).

The first equation has no solution, the second leads to i, = 1 — %N, which can only be satisfied
for certain values of p. However, if 1 — {N > p < (M — )N —2[¢| + 1, then

1
/a8 =p+20f-MN<1-3N

and h;fl 112 1-— %N. Since the height function has a maximum increment? of +N between
neighboring sites, there will be an integer j such that ;" (¢;) <1 — 3N and A\, (¢j41) > 1 —
%N. In that setting, the particle has a preference to jump to the right if present at site j, and to
the left if present at site j + 1. Moreover, note that hf is relatively close to O compared to the
value 4}, 1 h = MN — 2|¢|. Therefore, the sign of the preferred direction the particle wants
to jump will flip in the region where the height function is close to zero. That is, the particle
is attracted to this region. However, the existence of such a region depends on the value of p,
so let us describe three different scenarios.

o pkO0.
When p is small enough such that h,j' <1- %N < 0 for all k, the particle has a preference
to jump to the right on each site. Moreover, if it gets further away from site M, the rate for
jumping to the right increases, and the rate for jumping to the left decreases. Note that this
is consistent with the fact that the jump rates get closer to the ones of ASEP(q,]\?) when the
height function decreases.

e 1-IN<p<(M—1)N-2¢|+1.
As discussed before, there will be an integer j such that the particle has a preference to jump
to the right if present at (or left of) site j and a preference to move to the left if present at
(or right of) site j 4 1. Also, if the particle gets further to the left, the rate for jumping right
increases, and if the particle gets further to the right, the rate for jumping left increases.
Moreover, if the particle moves further left or right of site j, the jump rates will approximate
the rates of ASEP(g,N) or ASEP(g~ ', N) respectively.

e p>0.
When p is large enough such that h;r >1+ %N, then h,j' =>1- %N for all k. Therefore, the
particle will have a preference to jump to the left on each site. Moreover, if it gets further
right of site 1, the rate for jumping left increases, and the rate for jumping right decreases.
This is again consistent with the fact that the jump rates get closer to the jump rates of
ASEP(g~',N) when the height function increases.

In figure 2, one can see instances of these three situations where there is a particle at site 2
and site M — 1. Note that as long as the particles do not jump to neighboring sites, the jump of
one particle does not influence the jump rate of the other particle. So if we assume that M > 5,
the particles are not neighbors and the previous one-particle analysis still goes through for the
states depicted.

2 In the setting with 1 particle, the increment is either N or N — 2.

14
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Figure 2. Three different ASEP(q, N, p) instances with 2 particles (black dots) and the
corresponding height function 4" (dashed line), where Ny = 2 for all k. From left to
right: p <0, 1 — %Né p< (M- %)N— 2|&|+ 1, p > 0. The arrow indicates the pre-
ferred jump direction.

3.3. Duality between ASEP and dynamic ASEP

A main result of this paper is (an orthogonal) Markov duality between ASEP(q, ) and
ASEPR(q,N, p). The duality function is given in terms of (dual) g-Krawtchouk polynomials
[26, §14.15 and §14.17] that we now introduce. Define forc € R and N € N,

—n’ —x7_c —N
K, (x;¢,N;q) = 32 (q qq_Nqu ;q,q)

Forn=0,...,N these are polynomials in g—* — cg* ™" of degree n; as such these polynomials
are called the dual g-Krawtchouk polynomials. Moreover, for x =0,..., N these are polyno-
mials in g7" of degree x; as such they are known as g-Krawtchouk polynomials. Throughout
the paper we will just refer to these functions as g-Krawtchouk polynomials. We define ‘1-site
duality functions’ by

k(n,x; p;N;q) = cx (n,p,N) K, (x;4°”,N; ¢*) , 3.5)

where the coefficient ¢x can be found in appendix A. We define the duality function Kg :
X x X — R as a product of the 1-site duality functions,

M
KR(n7£):KR (’r]agapaﬁ7q) :q_2 Hk 77]06/(7 k41 5)»Nk7Q)7 (36)
k=1

where
M

k
u(nN) =3 [ me—2m Y N | (3.7)

k=1 j=1

Note that the product (3.6) has a ‘nested’ structure as the kth factor, which is the 1-site duality
function corresponding to site k, depends on &iy1,...,&{y through A} +1(£)’ i.e. on the dual
particles on the right of site k. The following result shows that KR is a duality function between
ASEP(g,N) and ASEPR(q, N, p).

Theorem 3.7. For states 1,§ € X,

[LqﬁKR(-f)} (n) = [LRN JKr(n,-)] (€).

4V,

15



J. Phys. A: Math. Theor. 57 (2024) 375202 W Groenevelt and C Wagenaar

The full proof, for which we rely on quantum algebra techniques, can be found in
section 7.2. Below we give a short sketch of the proof.

Sketch of proof. Using that both generators can be written as a sum of operators acting on
two sites, proving the duality boils down to showing it for the part of the generator for sites
k,k+ 1. That is, we write out both sides of the duality equation for the interaction between
these two sites and obtain

i () [Kr (,€) = K (0,€)] + ey () [Kr (n*F1,6) — Kr (0, €)]
= (©) [Kr (0,654) — Kr (0,0)] + €1y () [Kr (n,6%) — Kr(n,6)] -

This (quite complex) identity for the multivariate g-Krawtchouk polynomials Kg, where an
action on the n)-variable is transferred to the £ variable, can then be proven using representations
of the quantum algebra U, (sl,). O

Remark 3.8. When taking N| = ... = Ny, = 1, this is the duality proven in [6], although with
a different duality function. We will address this further in remark 4.3.

Since ASEPg(q,N, p) is invariant under g +— g~

=

with ASEP(g~ !, N).

, we immediately also obtain a duality

Corollary 3.9. For states 0, € X,

L wKa (&a) | )= [LR5 Ka(n.3a7")] (©).

3.4. Current of ASEPR(q, N, 0)

Similar to section 3.4 of [10], we can show that the expectation of the particle current of
generalized dynamic ASEP can be expressed in terms of expectations of an ASEP system
with only one dual particle. We define the hyperbolic current of ASEPR (q,ﬁ ,p), started from
£(0) and now at time 1, as

where £(7) is the state at time 7. Since the map [-], : R — R is bijective, one can obtain /" (£(t))
uniquely from the value of J{*° (). Then we can calculate

hEE 1) = I (£(0) =) 26(1) = > 26(0) =27k (1),

>k >k

where Ji (1) is the usual current which counts the number of particles in the time interval [0, ]
that jumped from site k — 1 to site k minus the particles that jumped in the opposite direction.
Assume ¢ € (0, 1), then ASEPg(q, N, p) becomes ASEP(g, N) in the limit p — —oo and

lim ‘]:YP (l) — quk(f).

p——00

Thus our definition of the hyperbolic current corresponds in the limit p — —oo to the g-
exponential current from [10]. Using the duality function Kg, we can prove the following

16



J. Phys. A: Math. Theor. 57 (2024) 375202 W Groenevelt and C Wagenaar

theorem which links the first moment of the hyperbolic current of ASEPR(g,N, p) to expect-
ations of ASEP(g,N) with one dual particle, which is just an asymmetric nearest neighbor
random walker on the lattice {1,2,...,M}.

Theorem 3.10. Let & = £(0) be a configuration of ASEPR(q,N, p). Then the first moment of
the hyperbolic current satisfies

] e PP
E s = I E—— it Ni— 22— N q
¢ [ i (:)] q G +§q THGED

n(r)
e, (7 Bt i)
q

where E¢ is the expectation of ASEPR(q,]V ,p) which started at § at t =0 and E; is the expect-
ation of one random walker started at site j at t = 0, which jumps from site i to i — 1 with rate
q"{[N;_1], and from site i to site i + 1 with rate g~"/[Ni11],.

X

Proof. Recall that ¢; is the one-particle state with a particle at site j. From the duality relation
on generator level given by theorem 3.7, we obtain

Ee [Kr (ex, € (1))] = Ex [Kr (€n(r),€)] (3.8)

where n(t) is the position of an asymmetric random walker with rates from ASEP(q,]V), ie.it
jumps from site j to j — 1 with rate g™ [N;_], and from site j to j + 1 with rate ¢~/ [N;;1],. We
will explicitly compute Kg. Taking 1 = ¢, in the definition of Kg(7,£) from (3.5) and (3.6)
gives

Kg(ex,§) = q’%“("’“mk(lék;hﬁl (€);Nisq)

—2 —2¢ _ 2kt 262N,
,%7h;i](§)+2;‘:11\/j3(p2 <61 q ,—q ;qz;q2>

- g2%,0

2

1—a-2) (1 — g—2% (1 + 2h,‘++l+25k72Nk)
_ 7q_7_hk++1(5)+2,;(:1Nj 14 ( q ) ( q ) q g
(I1—g= ) (1-¢?)

_h}\t-l(g)"rzjk:ll\’j .
(1 —2NA) (l 7q*2Nk o (1 7q*2£k) (1 +q2hk+1+25k*2Nk>)
—q ;

—3 0N (g
e L It 9], - 182 (€1,).

q_%

Therefore, (3.8) gives

qu;,‘ N;
(1—g=2%)
SO

& |y (7 [ 0]~ [ot0), )|

Ee (a7 [ (€], [ (€@)],]
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which leads to the recursive relation

Be [ [0 (€0)],] = "B [ [ (€ 0)],] +a == N, B

O
(f]i,m]zv (q—Nnm {h:(t)H (f)L - [h;f(l) (f)L)] )
q

Applying this formula k — 1 times and using h; (£(r)) = p +2|¢| — [N

, we obtain

k—1
k—1 p7. — k—1 Sl
Ee [ (€)],] = 4= [p+20el = INI] + 3=V = ) E,
i=1
SION;

Canm] (q_N"m WOH (©) } . [hj(') (5)} q>

Now divide both sides by [h;" ()], O

3.5. Reversibility of dynamic ASEP

The g-Krawtchouk polynomials are well-known orthogonal polynomials and the orthogonality
relations imply orthogonality relations for the duality functions that we will state here. First,
the orthogonality relations for the g-Krawtchouk polynomials read in terms of the 1-site duality
functions k(n,x) = k(n,x; p; N; q) (see [26, §14.15 and §14.17]),

5m,n
w(n)

3

> k(m,x)k(n,x) W(x) =
x=0

(3.9)
Oxy

W(x)’

Sk, x)k (m, ) w(n) =

with positive weight functions w and W given by

n

N
w(n;N;q) =q”("_N){ ] : (3-10)
qz

1 dx+2p—2N (_ 2p72N; 2 —x(2p+1+4x—2N) N
W(x;N, piq) = ——2 Car ™) g H RERTY
e

L+g>= 2V (=¢*t%42%), (—q7%54%)y
For g — 1 both these weight functions become (a multiple of) a binomial coefficient. The case

q — l is studied in more detail in section 5. With these weight functions we define the following
weight functions on the state space X,

M
w(nN:q) = "0 Tw (i Nisa) (3.12)
k=1
M
We (¢6:N.050) = TTW (&Nl (€)59) (3.13)
k=1

where the factor u is given by (3.7). These weight functions provide us with reversible measures
with respect to which the duality functions Kg are orthogonal.

18
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Theorem 3.11.

(i) The weight function w(-;N;q) is a reversible measure for ASEP(q,N).
(ii) The weight function WR(-;N, p;q) is a reversible measure for ASEPR(q,N, p).
(iii) The duality functions Kr(n,&) defined by (3.6) satisfy the orthogonality relations

UZGXKR (n,€) Kr (n,f')W(n;N;q) = WR(ZT;ZPW])’
;E;KR (n,8) Kr (n',€) W (f?ﬁvp;q) B W(injvq)

Proof. (i) and (ii). One can prove this directly by checking the detailed balance condition.
Alternatively, one can show that the generators L,y and LZ N, are self-adjoint with respect to
w and Wp respectively. This is done via quantum algebra techniques at the end of section 6.2
and the beginning of section 7.3.

(iii) The first orthogonality relation follows straightforwardly by applying the orthogon-
ality relations (3.9) for the 1-site duality function with respect to the weight w. The second
orthogonality relation can also be checked directly using the orthogonality (3.9) with respect
to W. This computation is a bit more involved than the first computation because of the nested
product structure of the duality functions and the weight function. Alternatively, the second
orthogonality follows from the first using standard linear algebra: if A is a square matrix of
finite size satisfying A’A = I, then AA’ = I also holds. O

Remark 3.12. Since ASEPR(q, N, p) is reversible, we get in particular that the process is self-
dual. At the moment however, besides the cheap duality functions, i.e. of the Kronecker-delta
type, we have no explicit self-duality functions.

Remark 3.13. If for each k one takes Ny =2j, j € %N, part (i) of the above theorem gives
the same family of reversible measures as in theorem 3.1(a) in [10] (note that in this paper a
slightly different definition for the g-binomial coefficient is used).

Remark 3.14. Since ASEPR(q,]V7 p) is invariant under sending ¢ — ¢~', one would suspect

that its reversible measure W is as well. This is true up to a factor depending on |£| and |N/.
Indeed, one can compute that for the single site weight function we have

W(xN,piq~") = W(xN, piq) g+ VHvN=2emD),
Therefore, we can make the single site weight function invariant by taking
W™ (N, piq) = gV TINN=2=Dw (N, prg).
Then, we can define a measure by taking the product of these single site weight functions,
M
WR" (§7N7p;q) =[] W™ (& Nehfy, (€)59).
k=1

At this point, it is not clear at all that this is still a reversible measure. However, a direct
computation shows that

M
R (g,ﬁ,p;q) = g HN1) TTW (& NeRE (©59)

k=1
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where
z(a,b,c) :2a(a—b)—|—%b(b— 1)+c(2a—b).

Thus by remark 1.1, Wg“’ is a reversible measure since Wg is. While WiF'{“’ is invariant under
q <> q~", Wr itself has the useful property that for any 1 <j <M,

Z HW(fk;Nk,th (€):q) = 1.

&jreerbm k=j

This property, which follows directly from the second equality of theorem 3.11(iii), taking
1n=mn' =0 and realizing that M can be chosen arbitrarily without changing the single site
weight functions, is no longer true for st_ Throughout this paper, we will work with Wg.

Remark 3.15. In [6], (half-)stationary initial data for the standard dynamic ASEP (V; = 1 for
all k) is generated by a Markov chain (s¢)gez which has transition probabilities

Sk
| - and P(sg—1=sc—1) = @ .
a+ g% o+ g%

P(Sk,1 =85+ l) =

In the language of this paper, we have to take o = ¢~ 7, h,j = 53+ p and ¢? instead of g, so
that we obtain

20"

+ g+ _ qx + gt — 1
P, =hf+1)= T and  P(hf, =n—1)= T
The reversible measure Wg is connected to this (half-)stationary initial data in the following
way. Take Ny =N, = ... = Ny =1, assume h,j = c € R is given and define A to be the set of
&k, - - ., €y such that h,j = ¢ (which is of course only possible for specific values of p). Then by

Bayes’ law,

P(h, =h+1and b =c)
P(hf =c)

> Wa (é;ﬁ,p;q)

. {0,117 2x{1}xA

> W (f;ﬁm;q)

£c{0,1}*xA

P, =hf+1hf =c) =

If we now divide both numerator and denominator by

> ﬁW(éj;l,hﬁl;q)7

kso-EMEA =k
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we obtain
k—3
> WhiLagWeaile+ L) [w(gi1n759)
- E1yesEr—2€{0, 1172 j=1
k—3 :
S WG sLagWigoale+ 26— L) [TW (4 1.4,1:9)
EryernErm1 €40, 13! Jj=1

(3.14)

Since Z Wr (f;ﬁ,p;q) =1 for any p and number of sites M, we have
3

Z (é-k 27;1;C+1 q HW<€J7 ) J+17 ):17

&1, &—2€{0,1}472

> W(&k—2;1,¢— HW(ﬁplvhﬁﬁ ): ;

E1beonbia€{0,1}1472
W(0;1,¢;9) + W(l;1,¢:9) =1.
Therefore, (3.14) is equal to

W(1;1,c:9)
W(0;1,¢;9) + W(1;1,¢;9)

=W(l;1,¢;9).

Similarly, we have

Pl = =1k =c) =W(0;1,¢6;9).

Thus
quzk+
ht | =h} + 1 with probability W(l; l,h:;q) =)
1 + q—th
1
h{_ | = b —1 with probability W (0; 1,/ ;q) = ————.
1 + q—zhk
Taking ¢! instead of g (which is possible since the process is invariant under this transforma-

tion) we get the desired probabilities of the Markov chain which generates the (half-)stationary
initial data. In [6] the initial data is found using an orthogonality measure for g~'-Hermite
polynomials, so interestingly, the orthogonality measure of our multivariate g-Krawtchouk
polynomials for N; = ... =Ny =1 is connected to that particular orthogonality measure of
g~ '-Hermite polynomials.

If we let the dynamic parameter p tend to 00, one expects the reversible measure W for
dynamic ASEP to become the reversible measure w for ASEP. This is, up to functions depend-
ing on the total number of particles (see remark 1.1), indeed the case. Let us assume g € (0,1).
Then the following limit relations hold,

tim (<=0 We (&8, piq) =" (€ WMw (85971,

p—+00
lim _gWa (&N, piq) = ¢ (W (& sq)

p—r—00

(3.15)
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with

Bi(a,b)=b—a(a+1)—(b—a)’,
Ba(a,b) =a(1—2a+2b).

See section 9 for the explicit calculations.

3.6. Dynamic ASEP on the reversed lattice

In the higher spin version of dynamic ASEP from definition 3.2 the value hzr of the height
function at site k is determined by the number of particles on the right of site k and the boundary
value p at the most right side. Here we assume that the sites are labeled from left to right: site
1 is the most left site and site M is the most right site. In a similar way, we can define a higher
spin version of dynamic ASEP where the value of the height function at site k depends on
the number of particles on the left of site k and the boundary value at the most left site. In
particular, this left dynamic ASEP is the right dynamic ASEP defined on the reversed lattice,
i.e. the sites are labeled from right to left. Relabeling k — M — k + 1 then gives a process (on
the lattice labeled from left to right) where the rates to and from site k depend on the number
of particles on the left of site k and the boundary value of the height function at a virtual site on
the left (site 0). We denote this ‘left version’ of generalized dynamic ASEP by ASEP, (g, N, A)
and its generator by L'q'_ B Here, A € R is the value of the height function on the virtual site O

and, as before, ¢ >0 and N € N¥.
Let us write down the jump rates of the process explicitly. Given a state ¢ = (¢)¥, € X,
the height function (h; (¢))¥, is given by

k
B =hex (O =2+ (2G-N),
j=1
where we again suppress the dependence on A and/or ¢ unless confusion could arise. We set
the left boundary value at the virtual site O by
hy = A

A particle on site k jumps to site k + 1 at rate C,Ig’+ €)= CE’__,( 41 (¢™,N™"), and a particle on
site k jumps to site k — 1 at rate Cy'~ (¢) = Cy %, 1 (¢, N®). Also, observe that

hAJZ—kH,,\ () = hk_,/\ (9F

Then a small calculation shows that the jump rates are given by
(1 + qZ(hkilJer)) (1 +q2(h[+Ck+1))

Q= (©) () ()

and
(1 +q2(hﬁr4k71)) (1 +q2(hk_*4k))
(1 +q2hki|) (1 +q2(h;_1+1))

22
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Remark 3.16.

e We see that, for ¢ € (0, 1), in the limit A — oo we recover ASEP(g, N) from ASEP| (¢, N, \)
and in the limit A — —oco we recover ASEP(g~!,N).

e When N; = ... =Ny = 1, we obtain
oy L4
L
Ck7+ (C) =4 ! 2’
14 g~
and
_ 1+q¢*
L, _
Ck+1 (C) —611 +q2hf+2'

Notice that these are exactly the rates from [6] for jumps of the height function of standard
dynamic ASEP where the height function is replaced by minus the height function.

Since ASEP| is the same as ASEPR on the reversed lattice, by corollary 3.9 it follows that
ASEPL(Q,KT7 A) is in duality with (nondynamic) ASEP with parameter g~! on the reversed
lattice, with duality function Kg (7™, (™; \,N'®¥;¢~") for ,¢ € X. Reversing the lattice for
ASEP is the same as replacing parameter ¢ by g~! on the nonreversed lattice. To be precise,
for the jump rates we have

Yt (nrev;ﬁ‘“;q_l) = (n;ﬁ;q),
Chiis1 (nr“;ﬁrev;q‘l) =cf (n;ﬁ;q> :

It follows that we have duality between ASEP| (¢,N, \) and ASEP(g,N) with the following
nested products of ¢g-Krawtchouk polynomials as duality functions

M
'eVN'EV Hk 77k>Ck7 k—1 C)’Nk’q_l)
k=1

In order to have orthogonality with respect to reversible measure w from (3.12) we multiply
this by

g ) 1] _ ol

to obtain the following duality result.

Theorem 3.17. For n,( € X define

M
K (n,¢) = Hk M Gy (O)sNksg ™)
k=1

then

[, 5K (0] ) = [ g K, )] (©).
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In this case, we have again orthogonality relations with respect to the ASEP(q, N ) reversible
measure w(1;q,N), which by (B.2) can written as

M
W(n;ﬁ;q) ) T w (msNea ™).
k=1

and the ASEP| (¢, N, \) reversible measure
WL (C;ﬁ,/\;q> =Wr (Crev;ﬁrev,A;q”)
M (3.16)
=[IW(GNeahi_, (Q)ig™").

k=1
Summarizing, we obtain the following corollary which is similar to theorem 3.7.

Corollary 3.18.

(i) The weight function Wy (- N\ q) is a reversible measure for ASEPL(q,]V7 A).
(i) The duality functions K\ (n,() defined in theorem 3.17 satisfy the orthogonality relations

> KL(n,¢) KL (m(’)W(n;K’;q) S

nex WL (C;ﬁ7)\;q)

Similar to before, we can obtain the reversible measures for ASEP(g,N) and ASEP(g~',N)
by taking limits from W,

Jim ¢ MW (6N q) = (0w (GR:a)
Aﬂmooq 2x(I¢1— 'N')WL(CNM) >(1¢],INT) ( CiNig™ ) (.17)

with

v (a)=a(2a—1)
Y (a,b) = —b+a(a+1)+2(b—a)* —2ab.

3.7 Almost self-duality for dynamic ASEP

Since both ASEP| (¢,N,\) and ASEPg(q,N, p) are dual to ASEP(¢,N) with respect to the
duality function K| and KR respectively, they are dual to each other with respect to the duality
function R" : X X X — R given by

RGO =R (CEAnNg) =D KL OKm&wm,  (3.18)

nex

where v € R* is a free parameter. That is, we have the duality relation,

[LII;,N/\RV("O} (©) = [ o R (G )} ©). (3.19)
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See section 8.1 for more details of this scalar-product method, which is used before in e.g. [8].
The function R"((, &) can be expressed as a nested product of g-Racah polynomials. The latter
are g-hypergeometric polynomials defined by

(3.20)

g " aBq" g ot ‘
oq, B6q,7q )

R, (x;a,ﬂ,fy,é;q) = 493 (

For x,n € N these are polynomials in g 4+ 7d¢* ! of degree n and also polynomials in g =" +
afq"t! of degree x. The following theorem shows that the duality functions R*((,€) are a
product of these g-Racah polynomials.

Theorem 3.19. We define 1-site duality functions by
r( x50, .0, N;q) = ¢ (v, 50, p,v, N; @) Ry (%300, 8,7, 8:4°) , (3.21)

where
(a,B,7,0) = (—Vflqu\folaqufAfolaquNfza—CIZA) .

and the coefficient c; can be found in appendix A. Then the duality function R* can then be
written as

M
R (&) =[] r (G ()1, (€),v.Nisq) (3.22)
k=1

The full proof can be found in section 8.1. The proof boils down to showing the sum (3.18)
of g-Krawtchouk polynomials can be expressed in terms of g-Racah polynomials, see lemma
8.1.

Note that (3.22) is now a ‘doubly nested’ product as the kth factor corresponding to site &
depends on the particles on the left of site k through /,_, () as well as on the dual particles on
the right of site k through h,:rl (€). The following results says that R" is an orthogonal duality
function between ASEP (¢,N, \) and ASEPg(q,N, p).

Theorem 3.20. The duality function R’ satisfies the following orthogonality relations

STRGOR (CEIWL(GNNg) = _ e

cex Wr (f;ﬁp;q)
v e Noa) = O
DR CORT (" wn (6N.010) = ()

The proof can again be found in section 8.1.

Remark 3.21.
e The duality function R satisfies the symmetry relation
R’ (C,é;k,p,ﬁ;q) =R (E‘CV,C‘eV;p,/\,ﬁrev;q”) :

which corresponds to the fact that ASEPL(q,]V, A) is obtained from ASEPR(q,]V, p) by
reversing the order of the sites and interchanging p <> A.
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e Since both L('; 7, and LS 5, e invariant under ¢ — ¢!, one expects that the duality func-
tion between these two I;ré)cesses is invariant under this transformation as well. A straight-
forward calculation shows that, up to a factor depending on the total number of particles |(]
and |£|, the duality function R¥((,£) is invariant under sending (g,v) — (g~ ',v™!).

e Some of the factors in the 1-site duality function r can be taken out or changed and we still

obtain a duality function. Let us define R’ : X x X — R by

M
R'(¢.&) =[]r (Go&ihi_y (C) bt (€) v, Nisq)

k=1
with

A—N—+1. 2 -1 A—N+1. 2
/ A N-g) — V(—qu+ g )x (—vigrtAMrlig ))’R . 5
r (xvya 05 Vs 76]) =V q~"(~"+P+A*N) Y (X,Oé,@)»% q ) i

with a, B,VJ d,v as in the deﬁniEiOH (3.21) of r. Then R’ is also a duality function between
ASEP| (¢,N, \) and ASEPR(q, N, p). Indeed, R(¢,&) = ¢((,€)R'(¢,&) where

M (quckfha,<5>+hk:l(<>71vk+1;qz)

c(,6) = H (vqugkfhktrl(§)+h];1(C)+Nk+l;q2)

N

k=1
Et+Cr

(vqx—p+2\<\—\ﬁ|+1 ;42>
(th—p—2\£\+|ﬁ\+1;q2>

€]

is a function depending only on the total number of particles and dual particles. Now the
claim follows from remark 1.1. For notational convenience later on, we define

" (IC1, 1€l A, p) := ¢ (€, 6).- (3.24)

Similarly, we have

(_vqhkt] (&) +h () =Nit1, q2> (_qu+p—|m+| ;q2>
’ €l

M
C(IC 1€, p) = & . (325
([CI; 1€l A p) kl;II (—vqhz;rl(§)+hk:1(C)7N"+l;q2) (—qu'FP—WIH;qZ) ( )
1q

Cr

So that in the 1-site duality function r (and ') the x in the factor (—vg?T*~N*1:4?), can be

replaced by y and we still have a duality function. Similarly, in (—v='g?**=¥+1;4?), the y
can be replaced by x. This will be important when taking limits in the duality function 7 in
section 4. See appendix B for the simplification of ¢” and C".

4. Asymmetric degenerations

The duality between ASEPL(q,ﬁ, A) & ASEPR(q,N, p) sits on top of a hierarchy of several
other dualities. By taking appropriate limits in the duality equation

[ 3R (6] (O = [LR R ()] ©) @1

a:N.p
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Table 2. Three limits of the duality between ASEP| (¢, N, \) and ASEPg(q, N, p).

Duality between Corresponding limit
(i) ASEP(g,N) ASEPg(¢,N, p) A — 00
(i) ASEP(g,N) ASEP(g,N) A — 00, p— —00
(iii) ASEP(g,N) ASEP(¢™',N) A, p — 00

from (3.19), we obtain several other duality relations. This boils down to taking appropriate
limits of the process generators, duality functions, and orthogonality relations. That is, we will
look at the limits of the form

e f(IC],|€1)RY(¢, &), which are also duality functions by remark 1.1.
e g(|¢)WL(C) and g'(|¢])WR(&), which are still reversible measures (again by remark 1.1).

In all cases, the functions f, g, and g’ are conveniently chosen such that the limits are conver-
gent. The explicit calculations of the limits, which are mostly straightforward computations
using the g-hypergeometric expressions of the duality functions, are postponed to section 9.
In this section, we only look at asymmetric degenerations, by which we mean that we do not
take limits in the parameter g yet. This will be done in section 5. Throughout this section, we
assume g € (0,1).

4.1. Dualities for the asymmetric exclusion process

Recall from section 3 the limits from dynamic ASEP to ASEP,

L and lim Lt

lim LR . L=
qFT'.N Ao too @GN

- = L N
p—Foo q,N,p qilvN

This gives us three ‘different® limit cases of the duality between ASEP| <+ASEPR, which are
listed in table 2.

For the next proposition, we need the following orthogonal polynomials, which are special
cases of g-Racah polynomials.

(i) The g-Hahn polynomials [26, §14.6 and §14.7] are defined by

Py (x;0,8,N;q) = Ry (x;0, 8,4 71,059) = 32 (q_n’zqﬁzj,’q_x ;q,q)-
We define the 1-site duality function

p(n.x;X,p,v,N:q) = ¢ (n,x:X, p,v,N;q) Py (m; 00, B.N; ) 4.2)
where

(a,8) = (_qu+,\71v71’vf1qp7x71v71) :

and the coefficient ¢, can be found in appendix A.

3 Different in the sense that they cannot be obtained from one another by sending ¢ — ¢~ or reversing the order of

sites.
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(ii)) The quantum g-Krawtchouk polynomials [26, §14.14] are defined by
aa L,
KI™ (x;p,N;q) = 2601 ( g 9P “)-
We define the 1-site duality function

K™ (n,x; X, p,v,N; q) = K3™ (n;p,N; ¢%) , (4.3)

where

=y lgpP AN

(iii) The affine g-Krawtchouk polynomials [26, §14.16] are defined by

qg",0,g"
K2 (x;p",Nigq 3@2( ;q,q)
( )= r'a,qN

These are related to the quantum g-Krawtchouk polynomials by

Ky (x:p"\Nig™') = " (N =xip T Nig)

(a/p"q), "
We define the 1-site duality function
K (00, 0,v,N:9) = ¢ (5 A, p,v. N;q) K (n:p”N;¢°) (4.4)

aff

where p’ = vg?T*~¥~1 and the coefficient ¢ can be found in appendix A.

As we take appropriate limits in the duality relation (4.1), we obtain the following duality
functions which correspond to the dualities given in table 2.

Proposition 4.1. (i) Define the function P§ : X X X — R by
. Y
P (1,€) = lim g R " (1.6).

Then Py, is a duality function between ASEP(q, N) < ASEPg(q,N, p) and

Pv 7]5 Hp(nk,&a f— 10( ) h,:_l (f),V,Nk;CJ).

(i) Define the function Ky, : X x X — R by
(szqup)‘n‘ )
m(1,§) = lim R (1,€),
Kam (108 = 10 @l 61:0.0) C (al 0,20 " 49

where ¢’ can be found in (3.24). Then K} .., is a self-duality function for ASEP(q, ) and

qtm

M

K(‘itm (n,6) = Hkq[m (kak%hk_—l,o (n) ’hl—c:-l,o (f)avakQ‘]) :

k=1
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(iii) Define the function K : X x X — R by

2
q plnl

_tip
R NG M

K (0,€) =

Then K"y is a duality function between ASEP(q,N) <> ASEP(q~",N) and

M

K;ff (7775) = Hkaff (nkagk;hk__ho (77) ahl—g:-l,() (5) 7V7Nk;q) .

k=1

Remark 4.2. For completeness, the duality relations of proposition 4.1 are given by

() [L, 5PA(--E)](n) = [W 0. E).
(i) [L, qtm< Ol = [L, qtm< ).
(i) [Ly 5Kl E)(n) = (L, 5K, ))(E).

Remark 4.3. Similar to the second item of remark 3.21, the function

Pg(n,€) HP (nkafka 1,0 (M) hlj+1(£)7V7Nk§‘I)

k=1
with
P’ (X3 X p,v,Nig) = vig AT (ygp AL g2)
X Py (x; _vqp+>\—N—1,v—lqp A— N_17N; q2)
is again a duality function between ASEP(g,N) and ASEPR(g,N, p). For Ny = ... = Ny = 1

the 1-site duality function p’(n, &) equals 1 for 7 = 0 and for 1, = 1 we obtain

p/ (17£k;hk_—l 0 (77) 7hlj_+] (g) sV laq) = Vq_h;;l(é)_hkil’o(n) <1 + th,?r+l(£)+h;7l’o(n)

2

q —2¢ ( ont (g)+2gk—2)
11— (1 K+ .
i pma) (1+a

This function is different from the duality function Z,., »(¥,s) from equation (2.1) in [6]. It
would be interesting to know how they relate. Unfortunately, we did not succeed in finding
this connection.

The orthogonality relations from theorem 3.20 are still valid after taking the limits in the
previous proposition. Hence, the duality functions Pg, Ki,,, and K are still orthogonal with
respect to the reversible measures w and/or Wg (multiplied by some factor depending on the
total number of particles).

Proposition 4.4.

(i) The function P, is an orthogonal duality function between ASEP(q,N) <> ASEPR (q,ﬁ, p)
and
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v v N, d £’
> PR 1LE) Ph (1. ) o () w (nifsg) = ———=C——
nex wg (I€]) Wr (5;1\’7,0;61)
v v oo/ p N, 577,77’
> PR (&) PR () wh (1€) Wa (&N, i) = ——.
=t o (nl)w (m:Nsq)
(i1) The function Ky, is an orthogonal self-duality function for ASEP(q,IV) and
: m - Og.e/
> K (1.) Ky (0:6) ™ () w (N3 g) = ———5——,
W™ (1w (&:N:q)
v N7 XY
> K (1,6) Ky (0',€) w3 (1) w (€ N:) = -
cex wq‘m(\nl)W(n;N;q)
(iil) The function K is an orthogonal duality function between ASEP(q,N) <> ASEP(q™! ,]_\7)
and
v v Y, 0 £
> K (0.6 K (1.6") ™ () w (msfsg) = ——5——.
Wt (lgw (&:Nsq )
v v / aff A, —1 517,7)’
> K (&) K (0. €) il (€)w (€M™ ) = — —.
gex w? (InI)W(n;N;q>

The coefficients w in front of the reversible measures w and Wg can be found in appendix A.

Remark 4.5. The duality function K, from proposition 4.1(ii) and its orthogonality relations
in 4.4(ii) were first found in [9]. In the present paper we have an alternative proof for [9,
theorem 3.2] by exploiting that it is a degenerate version of the orthogonal duality between
ASEP( (¢,N,\) ¢ ASEPg(g,N, p).

The product for the duality function Py in proposition 4.1(i) has a ‘doubly nested’ structure,
similar to the product structure of the duality function R" in theorem 3.19. This is different from
the simpler nested structure of the duality function Kr defined by (3.6), which is a duality
function between the same two processes as Pi. The simpler function Kg can be recovered
from P} by taking an appropriate limit involving the free parameter v:

g~ T [ () + 521 (20 —N) =N

M —2m =26 _ 25 (&) +26—2Nk
g, g — g e
x [ 3¢2 ( ’ 0 q
k=1

lim v=1"1PR (1,€) =

g0

= (=) g=Inlnl=D g ().

We can also obtain the triangular self duality functions for ASEP from [10]. In [9, remark
6.2] they were obtained by taking the limit v — 0 in the duality function Ki,,,. Here we show
they can also be obtained as a p — —oo limit, i.e. the limit that removes the ‘dynamic part’
of dynamic ASEP, of the duality function Kg given by (3.6). Since there are no free para-
meters involved in this limit, this shows that KR is in a sense the ‘triangular’ duality function
between ASEP and ASEPR. We remark that the orthogonality relations do not survive the limit.
Furthermore, letting p — oo also gives a triangular duality function between ASEP(q,K’) and

ASEP(¢~'\N).
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Proposition 4.6.
(1) The function D : X x X — R given by
D(n,) = lim g *"Kg(n,¢)
p——00

(q2%:)
) Mk qm(erZEk INe+3 32 26— ‘,v) 177 <&
— eSS
o @),

is a self-duality function for ASEP(q,N), i.e. (L, 5D(-,9)](n) = [L, 5D(n, )] (&).
(i1) The function D' : X x X — R given by

D' (n,§) = Jim (—¢")" Kr (n,€)

L

P

28 —2Ny.
—3u(m:N)

4 )Uk an(nk—z&— %Nk+%—2fn:k+1 26N

=dq TN 2y )1 <N —
o (@), SN

is a duality function between ASEP(q, ) and ASEP(q~ ]V) ie.
[Lq,ﬁD('af)] (77) = [qul_ﬁD (77, ):| (f)

4.2. Duality for the totally asymmetric zero range process

Finally, we consider also briefly the limit of (4.1) where the number N; of allowed particles

per site tends to oco. We set Ny = ... = Nyy = N and let N — oco. For the dynamic ASEP jump
rates we have

1—
-1 . R,+ o q . R,— _
(7 —a) im GO =TF—F7  ad  lim G (=0,

in which we recognize the jump rates for the totally asymmetric zero range process g-TAZRP,
see e.g. [7, section 2]. This is the continuous-time Markov jump process on the state space
(Z0)™ where particles can only jump to the right, with generator given by

CICE S

k=1

P4 = 1))

Note that the dynamic parameter p vanishes in this limit.
Similarly, we have

1— qzCH]

lim Gy (()=0 and  (¢7'—g) lim cL*(g)zl_iqz,

N—oo kt1

so that we obtain another totally asymmetric zero range process. In this case, particles can only
jump to the left, and the generator is given by

M—1 2

L] © = X0 T e -],

k=1 q
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So we have

(" —a) Jim 5, =15 and (a7 —a) Jim Ly =L

By taking an appropriate limit of the duality function R, we get the following known duality
for g-TAZRP (see e.g. [7, 10]).

Proposition 4.7. The function D : (Z>0)™ x (Z>o)" — R given by

|&|MN M
- qufk Y,

k=1

_ el g lelel+otn) R
Plea =y R (NP WO A

where c” is given by (3.24), satisfies [L',;D(o,ﬁ)](C) = [L,';‘D(C7 ](€).

5. Symmetric degenerations

Next, we consider the ¢ — 1 limit of the duality equation (4.1), propositions 4.1 and 4.4. The
duality functions and measures we obtain in this section are similar to the asymmetric case
since in the ¢ — 1 limit factors of the form ¢* disappear and the g-shifted factorials become
ordinary shifted factorials using

2a. .2
lim 7(61 4 >”

g—1 (1—g2)" = (@)

We have put a hat on the duality functions and measures without a parameter g to distinguish
between them and their counterparts that do depend on g.

Let us first consider to g — 1 limit of (nondynamic) ASEP(q,IV). This gives the well
known generalized symmetric simple exclusion process SSEP(]V), which is the continuous-
time Markov process with state space X where particles jump from site &k to k 4 1 at rate

lim ¢! () = m (Nig1 — 1)

g—1

and interchanging k and k + 1 gives the rate for jumps from site k + 1 to k,

limc, (1) = g1 (Ne — i) -

g—1

We denote the corresponding Markov generator by Ly. The dynamic ASEP jump rates C

from definition 3.2 are of the form ck dki, where cki are the ASEP jump rates. Assummg peR

the factors d;" satisfy lim,_,; di = 1, so the limit of ASEPR(g, N, p) is again SSEP(N)), and the

dynamic parameter vanishes in this limit. Clearly, for A € R the g — 1 limit of ASEPL(q,ﬁ W A)
is also SSEP(N). So for p, A € R,

. : L N
;IE}LqN/J Ly and L}gnqu’N’)\fLN.

By taking the limit g — 1 of the ASEP(q,ZV) reversible measure w we obtain the well-known
reversible measure for SSEP(N) as a product of binomials,

. = . = Ny

k=1
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Taking the limit of the reversible measure for ASEPR(g,N, p) or ASEP_(¢,N, \) gives essen-
tially the same result,

lim Wgr (n,N 0; q) = lim W (n,N A; q) 2~ Ny, (n;ﬁ) .

g—1 q—1

Moreover, for p =\ = %logq(v) with v >0, i.e. ¢*” = v, we have

—

lim We (n;ﬁ o; q) = lim W, (n,N A q) Pl (1= p,) M=l (77,N> :
q—
1

14+v

Pv=

5.1 Generalized dynamic SSEP

To obtain a non-trivial limit of the factor d,::, we replace ¢*” by —g”. This can be done by
substituting p — p+mi/21n(g), where i = /—1. We then get, using the rewriten rates 3.3,

Wi — 1 1
CR+(§) [fk] [Nit1 _gk_H] [ fk]q[ k1 — Skt ] 7
[ k+1]q[ k+1 ]
hi +€ 1 +&
()= (6], [Ne—1 — &1, [ k— 1][ £ et k]

[, [ =1,

If we now take the limit ¢ — 1, we obtain a dynamic version of the symmetric exclusion pro-
cess. In a similar way, we obtain a dynamic version of SSEP from ASEP, . We impose that the
rates stay nonnegative, for example by requiring |pl, |A| > |N]|.

Definition 5.1.

(6] SSEPR(IV, p) is a continuous-time Markov jump process on the state space X depend-
ing on a parameter p € R. Given a state £ = (&)}, € X we define the height function
(1 (€))L, as before by

M
€ =hE(€)=p+ (2~
Jj=k

Then a particle on site k jumps to site k + 1 at rate

& (N1 — &ert) (B (6) — &) (Il (€) — &)
B (€) (B, (©) +1) 7

and a particle on site k jumps to site k — 1 at rate

& (Newt — &k—1) (7 (&) + &—1) (L, (€) +§k)
R (€) (I (&) —1)
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(ii) SSEPL(JV ,A) is a continuous-time Markov jump process on the state space X depending on
aparameter A € R. Given a state ¢ = ()Y, € X we define the height function (i, (¢))i’,
as before by

k
h;(<>=A+_Z<2£,-—N,->-

Then a particle on site k jumps to site K+ 1 at rate
Ce (Niert — G) (B (€) 4+ C) (B (€) + Gt
Iy (€) (e (€)= 1) ’
and a particle on site k jumps to site k — 1 at rate

e (Nk—1 = Gom1) (B_y (€) = Gomr) (B (€) = k)
h_1 (Q) (i (Q) + 1)

Remark 5.2.

eForNij=...=Ny=1 SSEPR(ZV, p) is the dynamic symmetric simple exclusion process
defined in [5, definition 9.4] resticted to M sites.

o In the limit p — 00 we recover SSEP(N) from SSEPR(N, p). Similarly, by letting A — 00
we recover SSEP(N) from SSEPL (N, \).

5.2. Duality between SSEP, and SSEPg

Let us now consider the corresponding ¢ — 1 limit of the g-Racah duality functions, which
leads to duality functions in terms of Racah polynomials. These are hypergeometric orthogonal
polynomials given by

i B 1,- 5+1
Ril(x;a7/87775)4F3( n7n+a+6+ ) )C,x+'y-|- + 1>’

a+1,84+6+1,v+1 ’

which can be obtained as the ¢ — 1 limit of the g-Racah polynomials R,(x;a, 3,7,0;q) in
case v, 3,7,6 € R. We substitute (v,p, A) — (¢", p+im/21In(q), A+ mi/21In(q)) in the duality
function R given by (3.22). We then let ¢ — 1 to obtain duality functions for SSEP_and SSEPR
as a nested product of Racah polynomials, see the result in proposition 5.3 below. From the
reversible measures for ASEP| (g, N, A) and ASEPR(q, N, p) we obtain the following reversible
measures for SSEP (N, \) and SSEPR(N, p),

[
=
g)

WL (C;N, A) = lim (1- qz)‘ﬁl WL (C;IV,/\ +im/21In(q) ;q) (G Ny, (€))

R.
Il

(5.1)

—-

Wa (E;N,p) = lim (1 —612)WI W (C;N,p+iﬂ/21n(CI);q) W (& Nk, ity (€))),

bl
I
-

where the ‘1-site’ weight function Wis given by
W(x;N,p) = lim (1= ¢*)" W(x;N. p+im/2In(g) ;)
q—

_2+p-N (p—N), (N>
p—N (p+1),(=p)y\x/)
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The Racah duality functions R’ in the proposition below are orthogonal with respect to these
reversible measures, which follows from letting ¢ — 1 in the orthogonality relations for the
g-Racah duality functions from theorem 3.20, see section 9 for the details of the proof.

Proposition 5.3. Define the function R” : X x X — R by

- M
R (.6 =lim (1 -¢") "R (€O = [T (i 1 (), (€) v.V0).
k=1

with the 1-site duality function
F(y,x3 A, p,v,N)
(G+A=N+v+1) (Gp+A=N=v+1) (y+3A=p=N+v+1)),
(—x+iA—p+N+v+ D)ty
XRe (v (p+A=N—v—1), 1 (p=A=N+v—1),-N—1,}).

Then R is a duality function between SSEP_ (N, \) and SSEPR(N, p), i.e.
L _[yR
L5 RG] = [L] R )] ()
Furthermore, we have the following orthogonality relations,

SR COR (N (GRA) = —28

cex WR(&K’,P)7
R (CER™ (€)W (E:F,p) = — 6"
S R GOR (.0) = 5 (zi”)

5.3. Degenerations

Similar to the asymmetric case, we will consider the dualities listed in the table below. Note
that in the ¢ — 1 limit, the processes ASEP (g, N) and ASEP(¢~!, N) both become SSEP(N).

Duality between

(i) SSEP(N) SSEPR (N, p)
(ii) SSEP(N) SSEP(N)

There are two routes for obtaining these dualities at this point. In this paper, we take the
q — 1 limit from the dualities from proposition 4.1 and theorem 3.7. An equivalent way would
be taking limits from the duality between SSEP| and SSEPg shown in proposition 5.3.

So let us consider the g — 1 limit of the g-Hahn and g-Krawtchouk* duality functions PR
and Kr. To make these limits convergent, we again need a factor in front that only depends
on the parameters and total (dual) particles. Not surprisingly, we will end up with Hahn and
Krawtchouk polynomials.

4 In this paper, we have several choices for duality functions to obtain a self-duality function for SSEP as a limit. We
choose the function KR, but others are equally valid.

35



J. Phys. A: Math. Theor. 57 (2024) 375202 W Groenevelt and C Wagenaar

(i) The Hahn polynomials [26, §9.5 and §9.6] are defined by

n,n+a+5+1,x_1)

P, (x;a,8,N) = 3F
n('x7a767 ) 3 2( Ck-’-l,-N

We define the 1-site duality functions

(3(p+A=N+v+1) (y+3(A—p—N+1+v)),
(x+3A=p+N+1+v)) .
x Py (m; Y (p+A=N+v—1),5(p—=A=N—-v—1),N).

IA’(”axé)H[%V,N) =

(i) The Krawtchouk polynomials [26, §9.11] are defined by

. —n,—x 1
K, (x;p,N) = »F R
wp,N) = oF1 ( -N p)
We define the 1-site duality functions

/Ac(n7x;v,N) = V%kn ( X3 1+vaNk)

In the g— 1 limit of the g-Hahn polynomials, we first substitute (v,p)— (ig",p+
im/21n(q)) in Pr. The g-Krawtchouk polynomials Kg depend, besides ¢, on the dynamic para-
meter p, but not on other extra parameters. We substitute p — % log q(v) forv>0,i.e. g* — v,
and then let ¢ — 1. In this way, the dynamic parameter p ends up in the duality function as just
a free parameter. We then obtain the following result similar to proposition 4.1, for which the
proof can be found in section 9.

Proposition 5.4.

(i) Define the function i"’R X xX—Rby
v . ICI=INT pig”
PR(nvg):hm(l_qz) PZF({] (naf)a
q—1

where p is replaced by p+in/21n(q) in P'gv. Then PR is a duality function between
SSEP(N) <+ SSEPR(N, p) and

E

Pv TI& H (77/”5’(7 k41 E)’hk_—l,o(n)avﬁNk)'

k=1

(ii) Define the function K’ : X x X — R by
K (1,€) = lim (1) Kn (1.).,
q—1

where p = +1og (v) in Kg. Then for v >0, K" is a sel “duality function for SSEP N) and
2%8q

M
K’ (n,&) = HIE(Ukvfk;"ka)-

k=1
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For completeness, the duality relations of proposition 5.4 are given by

@) [LgPr(-)I(n) = [LE Pr(n,)]().
(i) [LgK"(+,€)](m) = [LgK" (n, -)](€).

Remark 5.5.

e Let us remark that the same result can be obtained by substituting v — v — A in proposition
5.3 and letting A — oco.

e There are several proofs of the self-duality result of SSEP(IV), see e.g. [17, 23, 32].

e Note that the product K* no longer has a nested structure.

By taking the ¢ — 1 limit in proposition 4.4, we also obtain orthogonality relations for the
duality functions Py and K". The proof can again be found in section 9.

Proposition 5.6.

(i) The function i’a is an orthogonal duality function between SSEP(]V) < SSEPR (ﬁ, p) and

. . - O¢ ¢+
Pr(n,§) PR(n,€") &P (In))w (mN) = TRy
2R (%) G, (1¢) Wa (&4, )
A . . o Op 7
PR(1,&)PR(n",) R (IEDWR (&N, p) = —— 10—
2 PR UKD W (68 o () (i)

(ii) The function K’ is an orthogonal self-duality function for SSEP(]V) and

K 00K 0. (1) = ——6£
%K (n,6) K" (n,& )w(n,N) &k(Iél)w(g;ﬁ)’
;{kv(n,é)kvm’,ﬁ)@kqg)w(g;ﬁ):v%.

The explicit expressions of the coefficients & in front of the reversible measures w and Wy
can be found in appendix A.

6. The quantum algebra U4, (sl,) and g-Krawtchouk polynomials

In this section, we state the necessary properties regarding the quantum algebra U, (sl,) and
the g-Krawtchouk polynomials required for proving the main results of this paper concerning
the Markov processes. We will first introduce U, (sl,) and give a representation of this algebra
which has close connections with ASEP and dynamic ASEP. Then lastly, we will state some
recurrence relations for g-Krawtchouk polynomials that will be useful later on.

37



J. Phys. A: Math. Theor. 57 (2024) 375202 W Groenevelt and C Wagenaar

6.1. The algebra Ugy(sl2)

Uy :=U, (5 [2) is the quantized universal enveloping algebra of the Lie algebra sl,. This is the
unital, associative, complex algebra generated by K, K -1 E, and F, subject to the relations

2 g2

KK '=1=K"'K, KE=¢gEK, KF=q 'FK, EF—FE= (6.1)

g—q '

The Casimir element

71K2 K7272 71K72 K2*2
Q-4 2T =2 pp_d AR LSt 6.2)
-1 —1
U} U}
is a central element of U, i.e. 2X = X( for all X € U,. We use the *-structure on U{;, which
comes from the Lie algebra su(2). This is the anti-linear involution defined on the generators
by

K=K, E'=F, F=E (K" =k

Note that the Casimir element is self-adjoint in I/, i.e. 0* = Q.
The comultiplication A : U, — U, ® U, is a x-algebra homomorphism defined on the generat-

ors by
AK)=K®K, A(E)=K®RE+E®K™', ©3)
AK ") =K'®K"', AF)=KF+F®K . '

The self-adjoint element A(2) will be the generator of our Markov processes. It follows
from (6.2) and (6.3) that

1 2 2 —1 (=2 -2\
(qil_q)z[q(l( @K)+q ' (K?0K?)-2(1®1)] 60

+K*QFE+KEQFK '+ FKQK 'E+FE® K.

A(Q) =

Another important element in I, we need, is the twisted primitive element Y ,, defined by
Y, =qEK+q *FK—[p], (K*~1), peR.
This satisfies

A(YP):K2®YP+YP®17 YZ:Yp (65)

In Lie algebras, the comultiplication of an element X is defined by A(X) =10X+X® 1.
Note that ¥, almost satisfies this. The K? in the above equation will cause the asymmetry of
the process.

6.2. A representation of Ug related to ASEP

The generator of ASEP(g,N) can be realized by sums of coproducts A(f2) in an M-fold
tensor product representation of I4,. Let us introduce the representations we need. Define Hj
to be the (Ny + 1)-dimensional Hilbert space of (continuous) functions f: {0,1,...,N;} —
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C with inner product induced by the orthogonality measure (3.10) of the g-Krawtchouk
polynomials,

(Frgh = 3 Fn) g mw (Vi) g~ (),
n=0

where w(n; g, Ny) can be found in (3.10) and the factor

k
N
u (N) = =3 +;Nj

is present to prevent needing ground state transformations, as is used in e.g. [10], later on. Our
duality functions will be elements of the M-fold tensor product of Hy,

H=H QH,®...QHy.

We will interpret H as functions on states 7 in our state space X = {0,...,N;} X -+ X
{0,...,Ny}. Moreover, note that

M
u (U;ﬁ) = —2Zﬁkuk (1\7) ;
k=1

where u is given by (3.7), hence the measure from the inner product of H, corresponds to
w(n;gq,N) from (3.12):

(fhehn=>_f(ngmw (n;ﬁ; q) : (6.6)

Let B(Hy) be the space of linear operators on Hy and my : U, — B(Hy) the s-representation
defined by

[ (K) ] (n) = 4"~ £ (n),

T n) = (N nl f(n

e (E)1) ) = ¢l = 1), o
[ (F)f] (n) = ¢~ () [Ny — ] f(n + 1),

_ A,
[mc (K1) f] () = 42" "f ().
One can easily verify that this is a *-representation, i.e. m¢(X*) = m(X)* for all X € U, by
checking this for the generators K,K~' E and F.
Denote by 7y x41 the tensor product representation of 7 and 71,

Teitt (XRY) = (X) @mepr (Y), X, YU,

A direct calculation shows that the representation m i of A() is the generator of
ASEP(g, N) for sites k and k + 1 plus some constant, i.e.

[Tkt (A () () = cf () —f)] + ey F () — £ ()]
+ [5 (N + N1 + 1)]z.f(77) .
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Therefore, if we subtract the constant and sum over k, we get the generator of ASEP(q, ﬁ):
M—1 5
Ly=3 mex (A (Q) = [ (Nic+ Negs + 1)}q). (6.8)
k=1

It now immediately follows that w is a reversible measure for ASEP(q,]V):
Alternative proof of theorem 3.11(i). Since the m; are x-representations, A is a -
homomorphism and 2* = (2, we have that L o is self-adjoint with respect to the measure

w. Therefore, w is a reversible measure for ASEP(q, ]V). O

6.3. Properties of g-Krawtchouk polynomials

In this subsection, we introduce three different recurrence relations for the g-Krawtchouk poly-
nomials that we need later on. For convenience, write

k(n,x;p) = k(n,x;p,N;q).

The first recurrence relation we give is a standard three-term recurrence relation, the other two
are very similar but more dynamic in the sense that the parameter p will be changing as well.

All sets of orthogonal polynomials {p,(x)}, where n is the degree of the polynomial and
x the variable, satisfy a three-term recurrence relation in the degree of the polynomial of the
form

Xpu (x) = A (1) puy1 (x) + B (1) pn (x) + C () a1 (%)

At the moment we consider the g-Krawtchouk polynomials as having degree x in the variable
g~2". Then its three-term recurrence relation is given by,

g~k (n,3;p) = a1 (x) k(n,x = 1; p) + ao (x) k (n,%; p) + a1 (x) k (n,x + 1;p) . (6.9)

The coefficients can be found in appendix C, see also [26, §14.17]. Moreover, the g-
Krawtchouk polynomials satisfy two more relations where besides x, the parameter p will
be changing as well.

Lemma 6.1. The g-Krawtchouk polynomials satisfy q-difference equations of the form

g2k (nx;p) = a—ap (X) k(n,x = 2:p+2) + a1 2 (x) k(n,x = 1;p +2)
+apo (X)k(n,x;p+2),
q 2"k (n,x;p) = ao, 2 () k(n,x;0 —2) +ar, 2 (x) k(n,x+1;p —2)
+ax o (x)k(n,x+2;p—2).

(6.10)
6.11)

Explicit expressions for a; ,,(x) can be found in appendix C.
Note that the coefficient a; ,(x) is in front of k(n,x+j, p+m).
Proof. A direct computation shows that

1 + q2x+2p—2N 2x

q "k (n,x;p) = Wk(nmp+ 1)+

1—g~

Wk(n,x—l;pﬁ). (6.12)
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Multiplying both sides by ¢~" and then applying (6.12) to the right-hand side gives (6.10).
Using the identity [20, (II[.6) and (I11.7)]

qina qixa _CqX7N n qinv qX7N7 _Cilqix
32 4.0 14,9 | = (—¢)" 32 4.0 14,9

for g-hypergeometric series, we obtain
k(n,x;—p,N;q) = (—=1)"k(n,N —x,p,N;q). (6.13)

If we replace p by —p in (6.10) and apply the above symmetry, one obtains (6.11) after repla-
cing N — x by x. O

7. Algebraic construction of generalized dynamic ASEP

71. Constructing the generator

Constructing the generator of ASEPR(q,ﬁ, p) is done by transferring the action of
T k+1(A(£2)) from the 7-variable to the £-variable using the g-Krawtchouk polynomials. We
will proceed in the following three steps.

(1) In their usual action, we can let the operators me 41 (A(Yy+ ) and Ty kst (A(K™?)) act
k+2 !

on the ) variable of the duality function Kg(n,£) given by (3.6) as a nested product of g-
Krawtchouk polynomials. We will show that we can transfer these actions to be exclusively
depending on the £ variable. This is the content of lemma 7.1.

(2) Then we show that €2 can be written in terms of Y, and K ~2, i.e. the latter two elements
are ‘building blocks’ for the Casimir 2. Consequently, A(2) can be written in terms of
A(Y,) and A(K72).

(3) In the last step, we explicitly compute the action of 7y 4+1(A()) on Kgr(n,£) in the &
variable by combining the previous two steps. This will give the generator on sites k and
k+ 1 of ASEPR (q,]V, p), which is summarized in theorem 7.2.

For step (1), we will show that we can transfer the n-dependent actions

[ (8 (Fi0) ) Kr GO 0 and [ (A (K7) K (8] )

to the & variable.

Lemma 7.1. The operator my j41 (A<th (¢))) acts as a multiplication operator on Kr(1,¢),
A

[ﬂ'k,k+1 (A (thgz(g))) Kr ('»f)} (n) = (l:hlil*z (5)],1 — [ (f)],,) Kr(n,€). (7.1
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The operator Ty +1(A(K™2)) is a 9-term operator for Kr(n,£) in the &-variable,

2
g M N [ (A (K2)) KR (56)] () = a1 (G1) Y a2 (6) Kr (1,6 +jex — exs1)
j=0
1
+ao (1) D a (&) Kr (0, € +jer)
j=—1
0

+ar (1) Y a2 () Kr (0,& +jex+ i),
j=—2
(7.2)

where €; is the standard unit vector in RM with 1 as jth element.

Proof. First, let us define for this proof only,

(nkagka ) TIk“k() (nka£k7p7Nk7 )a

then
M
Kr(n,§) = Hk (- &yt (€))
k=1

is the duality function between ASEP (g, N) and ASEPg(g, N, p) from (3.6). Moreover, by mul-
tiplying both sides of the recurrence relation (6.9) and the two recurrence relations from lemma
6.1 by the factor g"™“() | we see that these three relations hold equally well for k(Mk, &k, p)
defined above. For the moment, let us fix the number of sites M to be 2. Later on, we will gen-
eralize to M € N sites by starting from the two rightmost sites and then inductively working
towards the left. The (2-site) duality function Kg(7,&) is now given by

KR (1,§) Zq_%u(mﬁ)k(mél;]\/l,h; (€)3q) k(12,83 N2, p3q)
=k (m, €313 (€)) k(2. &)

Note that the right g-Krawtchouk polynomial only depends on site 2, but that the left one
depends on sites 1 and 2 since h;“ (€) contains &, and N,. Later on, this will be crucial since
this will allow us to work inductively from right to left when extending to M € N sites.

We will now show the following two things.

(7.3)

(i) Kr(n,&) are eigenfunctions of 71 (A(Y,)) with eigenvalue = [p], — [h] (€)],- Hence
m12(A(Y,)) acts as multiplication by 1 on Kgr(7,£).

(i1) Using the three-term recurrence relation (6.9) and the g-difference equations from lemma
6.1, we can show that 71 o (A(K~2)) acts as a 9-term operator in the £-variable on Kg(),£).

For (i), we use that the g-Krawtchouk polynomials &(-,&; p) : {0,...,Ny} — R are eigen-
functions of m(Y,),

i (V) (- €63} () = ([l = (266 = N+ p, ) K (s i) (74)
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Using this and the explicit expression (6.5) for A(Y,), one can show that the 2-site duality
function Kg(7,&) is an eigenfunction of 71 »(A(Y,)),

1.2 (A () Kn (5] () = ([6], — [ +2(6 + &) — Ny + M), ) Kn (1,6)

(7.5)
= (Iel, = [W7 ()], Kn (1.8)..
See appendix D for more details. Thus, 7 »(A(Y,)) can also act on Kr(n, &) by multiplication
by the (n-independent) eigenvalue [p], — [T 1(£)],. Note that everything goes entirely similar
if we take sites k, k + 1 instead of sites 1,2, and b (€), hf,  (€), h,:_z (€) instead of ;7 (€), 1y (€)
and p, proving (7.1).
The verification of (ii) is more subtle. By (6.7), the operator m;(K~2) is multiplication by
g™—2", Therefore, using A(K~2) = K 2@ K2,

[m12 (A (K72)) Kr (-,€)] (n) = 4" 22" 2" KR (n,£)
=gV g2k (i, &S (€)) g7 Pk (2,63 p) -

We can use the g-difference equations (6.9) and (6.10), (6.11) from lemma 6.1 to show that
g~ can act in three different ways on the & variable of k(1,&; p),

(7.6)

a7k (1, s p) = a1k (e, & — 15 p) + aok (e, & p) + ark (i, & + 13p) (1.7)
=a_o ok (e, & — 2504 2) +a—i ok (i, & — 1 p+2) + ao 2k (e & p +2) (7.8)
= ao,—2k (N, & p — 2) +ar, ok (M, & + 15 p — 2) + az, ok (i, & + 250 — 2), (7.9)

where the coefficients a; and a;,, depend on &, Ny and p (and not on 1) and can be found in
appendix C.
The naive approach here is to use the standard three-term recurrence relation (7.7) for both

gk (m &k (€))  and gk (i)

in (7.6). However, this would not work since the variable &, of the right one is part of the
parameter h;“ (€) of the left one. To see this, apply (7.7) for ‘g2 to the right g-Krawtchouk
polynomial,

q " KR (0,€) = g~ "k (m, &, B (9)) {a—l (&)k(m.& — 1;p)

+ag (&) k(m,&ip) +ar (&) k(m, &+ 1;p) |-

(7.10)

Let us take a closer look at the term

g 2"k (m,&1,h3 (€) asi (&) k(m,& — 1;p). (7.11)

Since ‘A5 (£)’ contains a term ‘2&,°, and the variable of the right g-Krawtchouk polynomial is
‘&, — 17, we have to adjust ‘i (€)’ by ‘—2’ to obtain a product of g-Krawtchouk polynomials
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of the same form as Kr(7,£). That is, since the variable of the right polynomial is & — 1, we
have to adjust the left g-Krawtchouk polynomial so that we end up with terms

Kr(n,&1+j,& — 1) =k (m,& +jshy (€) —2) k(m,& — 1;p),

withj € Z. Therefore, we have to use the third relation (7.9) for the factor g~ k(n1, &1, b5 (€))
in (7.11) to obtain

(ao,—z &)k (m, &5k (€) —2) +ar,—2 (&) k (m, & + 1Ay () —2)

a2 (80K (€ + 207 (€)= 2) ) x a1 () k(& = 1ip).
This is equal to

a_i (&) [ao,—2 (&) Kr (n,&1,& — 1) +ai,—2 (&) Kr (0,61 + 1,6 — 1) az,—2 (&1)
X KR (77551 +27€2 - 1)] .

Let us now look at the other terms in (7.10). Using the first equation (7.7) for the term

g7k (5 (©)) a0 (€2) K (. aip)

and the second equation (7.8) for

g "k (m, &k () ar (&) k(m,&+ 15p),

we obtain (7.2) for k= 1.

Let us now generalize this to M € N sites and 7 x4 for k=1,2,...,M — 1. It is crucial
to observe that in (7.3) we can pick the parameter p of the right g-Krawtchouk polynomial
freely. However, its variable £, and dimension N, have to get into the ‘p’ parameter of the
left g-Krawtchouk polynomial by adding 2&, — N,. Therefore, we can work from right to left
inductively, as long as we change the ‘p’ parameter accordingly every time. That is, we have
to add 2&;41 — Ni4 to the ‘p’ parameter of the 1-site duality function of site k each time we
go from site k+ 1 to &,

By (&) = I, (€) + 2641 — Nigr.-
Doing this iteratively, we see that this agrees with the definition of our height function,

M

BE©=p+> (25-N)).

Jj=k
O

Now that we have finished step (1), we move on to step (2): expressing the Casimir € in
terms of K2 and Y,,. One can prove that

o (¥, - [p1q,1<—2)2 arare
(g+q ') (qg—q") (g—q7")

Y, =l 2
+[p]q qp_|_q_1q - (q—q_l)27 (712)
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where f: U, x U; — U, is the function given by
f(A,B) = (¢* +q?)ABA — A’B — BA™. (7.13)

This identity in U, can be shown by either a direct calculation using the commutation rela-
tions (6.1), or by observing that (7.12) is actually a relation in the degenerate version of the
Askey-Wilson algebra AW (3) generated by Y, and K2, see e.g. [25] or [24, theorem 2.2]°.
Note that we can pick our parameter p freely, in particular we can take p = hkﬁ_z (€). Now,
taking the coproduct on both sides we obtain

(A0 -l AKD) | (grg)aK?)
(a+a ) (g—q") (4=a7"
A(Y,) —pl, 2

- , (7.14)
SRR

completing step (2).

Lastly, for step (3) we will combine steps (1) and (2) and do an explicit computation to
obtain the explicit action from 7y 441 (A(€2)) on the & variable of the nested product of g-
Krawtchouk polynomials Kg(7,&). This gives the rates of the generator of ASEPR(q,]V, p)
given in definition 3.2.

Theorem 7.2. The action of the operator Ty j+1(A(Q)) on the n-variable of Kr(n,§) can be
transferred to the {-variable,

(a1 (ADKR ()] () = O [Kn(,647") = Kn(1,)] + €7 [Ka(n €7 ~ Kn(n,6)]
2
+ [3 (N + N1 + 1)],1)KR(77,§)~
Here, CRt and C®— are the &-dependent rates from ASEPR (q,]V, p) given in definition 3.2.

Note that the factor [%(Nk—i—NkH + 1)}(27 is the same as the one appearing in (6.8) for
ASEP(g,N).
Proof. The idea is to use (7.14) and lemma 7.1 to transfer the action of mx11(A(S2)) on

Kr(n,&) from the n-variable to the {-variable. Applying 7y ¢+ to (7.14) we obtain for any
peC,

1 (A(Y,) — ek (A -2 4 27Tk,1< (A (K-
7Tk,k+1(A(Q)):f( w1 (A(T) [p])q +( (K )))+(C]+q ) +( ([( ))

(g+a")(g—q")
Tk k+1 (A(Yp) - [P]q) T+l (2)
q¢+q7! (a—q71)"

+ [P]q
(7.15)

By lemma 7.1, we have that m; 41 (A(K2)) acts on Kg(n,£) as a 9-term operator in the ¢-
variable and

(i (A (Vo)) = (2 ©)],) Kn (6] ) = = [ ()], Kn (n,6). (7.16)

5 Note that in [24] the Casimir differs from € by a scaling factor and an additive constant.
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Since i xr1(A(K2)) is a 9-term operator, we need some extra notation. Denote by
&kk+1(7, m) the state £ in which there are j and m particles added to site k and k + 1 respectively,
ie.

fk,k-‘rl (Jam) = (517"'561(—175/( +j7£k+1 +’nagk—l—%"'yé.M) .

Note that & gr1(—1,1) =& and & 41 (1,—1) = €15 Moreover, if j+m #0, the
amount of particles in the states £ and & x+1(j,m) is different. Let us apply my xt1(A(€2))
to Kr(n,£€). Then we obtain, using (7.15) with p = h,:_z(f), lemma 7.1 and (7.16),

2
[Tiar1 (A Q) KR ()] () = ¢V M a_, (£k+l)zaj,—2 (&) Be (i — 1) Kr (0, &k g1 (J,—1))
=0
1
+q" a0 (1) Y a(6) B () K (0, €kt (7:0))

j=

0
+ ¢ ay (G) Z a2 (&) Be (G + 1) Kr (10, &k jer1 (G, 1))
=2
(52 O] [ ()], 2
_< ‘”q"_l ! (q—CI“)2>KR(n7£)7
(7.17)
where
8 (m) (¢ +a72) [ ()], [1f (©) +2m], — [ (©)]; = [ (©) +2m]; + (g+47")°
i (m) = .

2
(=g ") (g+4q7")

The expression (7.17) greatly simplifies from a 9-term operator to a 3-term operator, since for
all p € R we have the identity

(@ +a2) Pl p+2, — P2~ p+22+ (¢ +a7") =0, (7.18)

as readily verified by a direct computation. Therefore, Gx(m) = 0 if m = £1. Consequently,
only the terms in (7.17) with Kr(7, &k x+1(j,m)) remain where j+m = 0, i.e. the amount of
particles is preserved. Thus,

[ﬂ'k,k-‘rl (A(Q)Kr ()] (n) = quJrNHla—l (&k+1) ap,—2 (&) B (0) KR (7]7§k+1’k)
+ ¢ Nerag (&) ao (&) Br (0) Kr (1,€)
4 qu+Nk+1a1 (§k+1) a i, (gk) 5k (0) KR (n,fk’k+l)

(2 (©)], [ (€], 2
_< q+q7! +(q—q“)2>KH(n7£).

Using the explicit expressions for a;(&;) and a;, —»;(&+1) found in appendix C, we obtain the
factors CF and CL"™ for Kg(n, 5% and Kr(n, €4+1+) respectively. Therefore,

[Tis (A Q) Kr ()] () = € [Kn (0,651) — Kr (1,€)]
+ Cllj,_ [KR (777§k+17k) - KR (77?5)] + Yk (6) KR (777§>
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for some factor (). To find this factor, observe that Kr(0,&) = 1 for any £ by (3.6) and the
fact that k(0,x;¢,N, p) = 1. If we now take =0 in (7.19), we obtain

[Tt (A(2)) Kr (€)](0) = % (€) Kr (0,8) -

Since m 411 (A(Q)) is related to the generator of the ASEP(¢,N) process via (6.8), we also
have that

[mesrn (A () Ka ()] (0) = [ (Nt Nigr + D]

Hence 7(€) = [L(Ne+ Nipr + 1)) O

72. Duality between ASEPRr and ASEP

Because of the way we constructed the generator of ASEPR (q,ﬁ ,p), we automatically get a
Markov duality with the standard ASEP(g, N) and the ¢-Krawtchouk polynomials Kg(7, &) as
duality functions, which is the content of theorem 3.7.

Proof of theorem 3.7. Combining (6.8) with theorem 7.2, we have

S
L

[Kn (17,6) —Kn(n,9)] + ¢ [Kn (1114.6) ~Ka(n.)] -

=~
=
e
X
-
~
o
=,
—
3
)
I
~
i\
o
=+

<
L

{ﬂ'k,k—&-l (A (Q) = [5 (Nk+Nigr + 1)]2) KR(HO] (m)

I
ing

I
(]
»ij

*[Ka () ~Kam.0)] + 7 [Kr (1.6) ~ Kr(n.9)]

»
Il
-

Il
?h:u
=2l

Kn (n,)] (©).

P

73. Reversibility of ASEPRr

We end this section by giving an alternative proof of the reversibility of ASEPR(q,ZV ,0)-
Similarly as for ASEP(g, N), we do this by proving that its generator is self-adjoint with respect
to the reversible measure Wg defined in (3.13).

Alternative proof of theorem 3.11(ii). We will use the orthogonality of the duality function
KRr(n,€) given in theorem 3.11(iii). First, define the Hilbert space H™ as functions acting on
states & in our state space X = {0,...,N;} x --- x {0,..., Ny} with inner product induced by
the measure Wg,

(fghm = 1(€)8(€) Wa (6N, 54)
3

Next, define the linear operator A : H — HR by
(Arf) (&) = (. KR ()
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where H was the Hilbert space with inner product given by w(n;ﬁ; q), see (6.6). Then A is a
unitary operator since it maps the orthogonal basis ¢,, of H to an orthogonal basis of HR while
preserving its norm. Indeed, trivially we have

18511 = w (m: ¥:q)
On the other hand, since
Ar (dy) (§) = Kr(n,E)w (n;ﬁ;q) ,
we can use theorem 3.11(iii) to obtain
AR (8) [ = w (:7:q)
Now let us define a x-representation of Z/IfM equivalent to
T=T QMK QmTy
by intertwining with AR. That is, let o be the representation on H" defined by
o(X)=Arom(X)oAg',  XeUPM (7.20)

For convenience, write for X € U, @ U,,,

o1 X) =0 [1® - 21X®1---®1
k=1 M—(k+1)

Note that o1 (A (h+ ) ) and ouir1(A(K2)) are exactly the actions of
+

7Tkk+1(A( h+ (5))> and Tk k
Indeed, using that Trk+1(A(Y,

(80 (meenr (& (i 0))9) © = (rean (4 (Y 0) ) 5 . 9),
= (e (& (Fir) ) Ko (00),

= ([nt @), - [ ©),) (A (©).

)
1(A(K=?)) on the ¢ variable of Kg(n,£) given in lemma 7.1.
)) is self-adjoint for all p € R, we have

hence
Aromit (A (Y o)) = (B2 ©)], - [0 ©)],) An

Therefore,

{Uk,kJrl (A( Hz(g)))f} €)= ([hktz (f)]q —[n (f)]q>f(f)~

The case o 41 (A(K2)) is similar. Since the right-hand side of (7.12) is invariant under taking
the *x-operation, we can repeat the proof of theorem 7.2 to obtain that
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(k1 (AR (€) = CF [ — ()] + ™ [ — f(€)]
+ [L (Ve + Negr + D]AE)-

Therefore, we can construct the generator of ASEPR(q,K/7 p) with o,

M—1
LZK/,p = ;01(,/{+1 (A(Q) — [3 (N + N1 + 1)]j) )
+

Since o is a *-representation and A(2*) = A(£2), we have that LZ* Np is self-adjoint with

IEAR]

respect to the reversible measure Wg. O

8. Generalized dynamic ASEP on the reversed lattice

As explained in section 3.6, we can define dynamic ASEP on the reversed lattice, referred to
as ASEP_ (¢,N, \). In this section, we prove duality of this process with ASEPg (g, N, p) with
a doubly nested product of g-Racah polynomials as duality functions. Algebraically, one can
describe this process in a similar fashion as before by replacing K by K~! and ¢ by g~ Instead
of the twisted primitive element

Y, =q EK+q 2 FK—[p], (K>~ 1),
one then gets the twisted primitive element
Ya=q EK'+ g FK~'—[\] (K2 - 1).

Eigenfunctions of 7;(Yy) are given by ¢~ !-Krawtchouk polynomials. Moreover, the inner
product of these functions with the eigenfunctions of m(Y,) are g-Racah (or Askey-Wilson)
polynomials [22, 33]. Furthermore, this pair of twisted primitive elements satisfies the Askey-
Wilson algebra relations [25], an algebra that encodes many properties of the Askey-Wilson
polynomials. Therefore, it comes as no surprise that duality functions between ASEP| (g, N, A)
and ASEPR(q,N, p) are g-Racah polynomials.

8.1. Duality between ASEP, and ASEPRr

Since both ASEPR(q, N, p) and ASEP| (¢,N, \) are dual to ASEP(g,N), they are also dual to
each other. A duality function is given by the inner product in the Hilbert space H corres-
ponding to the reversible measure of ASEP(g,N) of the duality function Ki(n,¢) between
ASEP (¢,N,\) and ASEP(g,N) and the duality function Kg(n,&) between ASEPg(g,N,\)
and ASEP(q,ﬁ). This scalar-product method is used before in e.g. [8]. We then get

R(G,8) = (KL (5Q) Kn () = > KL (1, Q) K (7,6)w (m:sq)

where w is the reversible measure of ASEP(q,ZV) given in (3.12). We can fit in an extra para-
meter v € R* by slightly adjusting one of the original duality functions. Define

M

K (0,0) = VKL (0,0) = ¢ O T vk (i, G, (€) . Nisq ™) -
k=1
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Since this extra factor v/l is a function depending on the total number of particles in the state
n, K (n,¢) is also a duality function between ASEP| (¢,N,\) and ASEP(g,N) (see remark
1.1). Therefore, define precisely as in (3.18))

R (C?g) = <K‘Ii(7C) KR (7£)>H

We will show that R” is indeed a duality function and equal to a product of g-Racah polynomials
as stated in theorem 3.19.

First, let us show that R"((,€) is indeed a duality function between ASEPL(q,ﬁ, A) and
ASEPR(¢,N, p). Using the duality between ASEPg(g, N, p) and ASEP(g,N), we get

[ RG] © =S KL 0,0 [1Ry Ka (1,0)] (©)w (0 ;)

=D KL 0.0) [Ly5Kn ()| () (2.

1

Since, L W is self-adjoint with respect to the reversible measure w, the expression above equals

> [Lq,NKK (s C)} (m) Kr (n,§)w (n;ﬁ; 61) =Y [Lq,,vKK (m, -)] (OKr(n,§)w (n;ﬁ; q)

n n

= L 3R ()] (€,

where we used the duality between ASEP (¢, N, \) and ASEP(g,N) in the last step.

Summations over a product of g-hypergeometric series, like R"({,£), cannot always be
expressed more explicitly. However, in this particular case the summation over two 3p;’s
becomes a 4¢3 known as g-Racah polynomials. The required formula is given in the follow-
ing Lemma.

Lemma 8.1. Let r(y,x; A, p,v,N) be the 1-site duality function as in (3.21), then we have the
following summation formula between q-Krawtchouk polynomials and q-Racah polynomials,

N

r(3x A0, N;g) = > V' (n,y; A N;g ") k(n,x;p,N;q)w(n:Nq) . (8.1)
n=0

Proof. We start on the right-hand side of (8.1). After expressing the Krawtchouk polynomials
k as 3p,-functions, the right-hand side is written as

N —2n ,—2x 2x+2p—2N
N o, q ,q y —4q s
Z [ } qn(n+>\ p N)Vn3<,02 ( o ;q27q2
n=0 n q* 4 ’

2n 2y _ ,—2y—2X+2N
q9,97,—49 2
><3<P2( #N.0 4 %q 2)
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Showing that this sum is equal to a g-Racah polynomial basically comes down to [22, lemma
4.6 ] and a change of parameters. Indeed, using definition (4.1) in [22] we see that the following
summation formula between 3¢, and 4¢3 functions holds,

(q_2m,abcdq2(’”_l),ax,ax_l ) 2)
C14¥3 q

ab,ac,ad g
—on ks kel o —ky o —ko—1
q —,0qXx,0q9Xx q 74 "y, T4 Yy -2 -
=2623<pz< % ;qz,q2>3<pz< A 4% 2>, (8.2)
neN q=s q )
where

—m(m—1) (acq2m7bcq2m; qz)oo (abvac7ad; qZ)m
(ab;q?),, (cx,cx~1;q%) (—ad)" ’
R el (T
(e7)" (¢7%4972),
and (a,b,c,d,y) = (g0, ¢ o™ ,qur— ,qv~ v . rg*=2).  Taking k=-N, y=

—ig= P tNA 3 =ig?tP~N 5 =igP and T = —ig~*, where again i = \/—1, we obtain m =y
and on the right-hand side we get a finite sum because (¢*";¢=2), =0if n> N,

c1=q

oo

—2y 2y+2A—2N 2x+2p—2N ,—2x
};—f]y 7_qx s q 2q2>
b

C14<P3( _ _ _ _ q
q 2N,—qu+)‘ N+1,—V lqur)\ N+1

N _ _ _ _ov—
:Zcmoz <q A 2x'f12 ‘12) 32 <q2",q . 2A+2N’qzv'q’2 ‘12)
n_O q_ZN’O b b q2N7O 9 9 b
(8.3)

where

(acqzy, beg¥' qz) - (aba ac,ad; qz)
(ab;q?), (cx,cx~114%) a’
(_vqp-&-)\—N-H’quy—p-l-)\—N-i—] ;qz)oo (_V—lqp+,\—N+1)

Yy

¢ = (_1)."d—yq—y(y—1)

y

— qu—y(y+p+/\—N)
(_Vq2x+p+>\7N+1 , Vq72x7p+)\+N+l ; qz)oo
o pEA=N+L. 2\ (=1 p+A—N+1 2y—p+A=N—+1. 2
L (—va '), (—v'q ), (va 1)y

— —Dx— . 9
@ OFTPEA=N) (yg=2x=p+A+N+1, 42)x+y

and

non(—N— 2N. 2
= v q( N-1) (q 4 )n _ N n(n+X—p—N) n

2= = q Vi

=N (¢7%q972), |nl,

We see that the right-hand side of (8.3) equals the right-hand side of (8.1). It remains to show
that the left-hand side of (8.3) is the required g-Racah polynomial. The coefficient c; is exactly
the factor ¢, as given in appendix A. The 4¢3 on the left-hand side of (8.3) is a g-Racah
polynomial R, (x; v, 3,7, ;¢*) with parameters

=y gD g AN 2V 5 2N

which shows that the left-hand side of (8.3) is exactly r(y,x; A, p,v,N). O
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Applying this formula M-times, we get that the duality function R is equal to a (doubly)
nested product of g-Racah polynomials.

Proofs of theorem 3.19. Writing out the definition of R¥((,£), we obtain

RCO=D > K nOKame)w(mNiq)

mo M m
M
:ZZ“'ZHmG(nkaCk§h/;1(O»Nk;q_l)
moom v k=1

< k (m, & iy 1 (€) ,Nk; @) w (i Nis q) -

Note that the terms with u(7; ]V) exactly canceled each other. Since 7, only appears in the kth
term of the product, we can interchange the order of summation and product in the previous
expression. Thus we obtain

M
R"(¢,6) = H (Z VK (1, G iy (€) s Nis ) k (s G ity 1 (€) ,Niksq) w (Uk;Nk;CI)>

Tk

k=1
M

= Hr(Ckaék;h;—l (g) 7h]j+1 (5) >V7Nk;q) 9
k=1

where we used lemma 8.1 in the last step. O

The multivariate g-Racah polynomials R" are orthogonal with respect to the reversible
measures W, and WR of ASEP| and ASEPRg.

Proof of theorem 3.20. For (ii), recall from the alternative proof of theorem 3.11(ii) in
section 7.3 that the unitary operator Ag : H — H" was defined by

(ARf) (§) = (£, Kr (-,€))n-
Note that since
[ArKL (-, Q)] (§) =R"(¢,€),

the second equation from theorem 3.20 can be written as

(ARKY (-,0), ARKY (+,¢"))gm-

Since Ag is unitary, we obtain that the above expression is equal to

-1 (5 ’
<KK('7C)7K‘I1 ('7CI)>H: 477_(,7
WL (C;MMI)

where we used corollary 3.18(iii) in the last step. One can use a similar approach to prove the
first equality from 3.20. Alternatively, it can also be obtained from the second equality we just
proved by exploiting that ASEP, is just ASEPR on the reversed lattice. That is, by sending
g — q~', interchanging p <> A and reversing the order of sites and using the first point of
remark 3.21. O
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9. Limit calculations

In this section, we carry out the explicit calculations to derive the duality results stated in
section 4 from the (almost) self-duality of dynamic ASEP stated in (3.19) with respect to the
g-Racah duality functions R", see theorem 3.19. The corresponding 1-site duality functions r
defined in (3.21) are given explicitly in terms of g-hypergeometric functions by

r(Ck’gk;hk__l (©); h’—‘:'] (€),v Nk;q) =Cr (Ck7§k§hk_—1 Q) h/j__,_] (3 7V,Nk§4)
26 _ 25 (O)=2Nek26 L —2¢e _ 20 (O)—2Nik 26k ;
X 403 ( vj]1qhk+1(f;j+hk,.(4)—Nk+1 _i]q H,(é)-qkh; IO ;qz’qz> ©.1
where
(—vgP A= N+l7q) (—vlgPtA= N+l’q) (v =P AN g2)

qy(y+p+)\fN) (Vq72x7p+)\+N+l : qZ)

N
cr (3,550, p, v, N; q) =V .
x+y

With this explicit form, it is quite straightforward to compute the appropriate limits.

9.1. Limits of reversible measures

Before we consider limits of duality functions we first consider limits of reversible measures
Wg and W, defined by (3.13) and (3.16), respectively. We show that these reversible measures
tend to the reversible measure w given by (3.12) when the dynamic parameters p and A tend
to £o0.

Let 0 < g < 1, then the 1-site weight functions w and W, (3.10) and (3.11), satisfy

lim q p(&i= Nk)W(€k7Nk7 k+1 (5) Q)

p—00

AWl 0(6) =M M=) = (2, o (E)F1HE—2) |:Nk:|

gk P
*2}':11,U(E)(§k*Nk)q—Nk(Nk—1)qfk(31\’k—2§k—1)w (fk%NId 61) ,

=q q

=9
where iif ) = Zj (26— N;) and we used (—ag=2;¢%)y = aVg" V=D g=2N 1 O(q2rN=D)

for p — o0, and

—&(2n - N
hm qu)gk‘/‘/(fk,]\/k7 1 (5) q) =q 5/‘(2]1<+1,0(f) 1+€k) |:€]f:|
q

‘]_&(2& - Nk+2hk+]0(€))W(xk;Nk§Q)'

Recalling that w(x;Ny;q) = w(x;Ny;¢~ ') and using (B.1) and Zkle Ne[& + Z]M=k+1 26 =
—u(&;N), it follows that

tim ¢ (51=Wwg (&8, p3q)

p—+00

M
— g IE1= S (M =235 6= ] 2606 5 26N =360 T o (€43 Nis )
k=1
] L
= Sl (R
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and

M
lim %' Wg (S;ﬁ,p;q> = I Ei S P A N T w (65N )
k=1

p—r—00
— gEI0-21E+2M) (g;ﬁ;q) ,

which proves (3.15).
Similarly,

Jim ¢ ZCMW(Ck;NImh;,l (C);(fl) _ qck[—1+zck—1vk+2hk:1,0(c)]w(Ck;Nk;q)

A—00
lim ¢*?*®— C"W(Ck,Nk,hk (O qfl) :qﬂuil,0<<><ck—Nk>qu<Nk71>qu(wﬁzgkfnw(Ck;Nk;q)7

A——o00

from which it follows that
Jlim g 2L (6N Asq) = g1 Dw (G Nsg)

lim qu(|N| < w, (QN/\ q) —WIH(I(|<|+1)+2(WI—|<|)2—2\<IIN’\W(g;ﬁ;qﬂ).

A——o00

This proves (3.17).

9.2. Proof of propositions 4.1(i) and 4.4(i)

We take the limit A — oo of a multiple of the duality function R defined as a product of 1-site
duality functions r by (9.1). We replace v by vg~> and then let A — oco. This gives

li 2ACk N

Jm ¢ r (G &ivg™?)

(_thljzrl(£)+h;—l,0(4)_Nk+l;q2)
38

(Gt (O 4(O)—Ny) <Vq1 26k (O o (O+N, q2)

( PR ()R L0(©) =N, qz)
— Sk Ni

q

q—sz,_qzh;_](f)—ZNk-ﬁ-?Sk’q—Z(k P
X 3¢2 _ nt (§)+h;;1,0(4)*1vk+1 q_sz 'q .4

Vq k+1

Cet&k

=1 (G0 () Nes iy (€) v, Neia)
where we use the 1-site duality function p defined in (4.2). It follows that
lim qZMC‘RVq_A (C,f) = P‘Iél (C7€) )
A—00
which proves proposition 4.1(i). In the same way, we find

(—vg T @O )C
k

lim (G &y 'gY) = v G
A—roo (qwh;l <£)+h;,l,o(<)fka> G

g%, _q2h;r+l(§)—2Nk+2gk7q_2<k .
X 3¢2 —vg (@) Ry o(O)— Nitl oon, 97,9 |-
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It follows that

—21¢1 € (€], [€]:0, )

CV(|C|,‘5|;O,/)) PR(C?&)?

lim R0 (¢,€) =v
A—00

where ¢V is the function given in (3.24),

W (ng O+ (=Nt )N
k

v ‘A —
(¢ €A =11 (V —26— %, (€) +h;|(C)+NA+1’q2)
&G

k=1 \Vq
(Vq —p20¢| =N +1, 2 ) )
IN=I¢]

(vq)\fp72|€|+‘1_\7|+1 , q2>

€l
and C" is given in (3.25),

M ( Vg Bt () +h I(C)—Nk+1;qz)5 (_Vq)\+p—\l_\7|+l;q2>‘£‘
c (¢l g xe) =11 = L= - :

P (_thfﬂ(&)%k,l(C)kaJrl;qz) (_vqk+p—|N\+l;q2)
Ck q

Finally, replacing v by vg~ in the orthogonality relations from theorem 3.20 and letting
A — oo using the limits of W form section 9.1, gives the orthogonality relations for P} as
stated in proposition 4.4(i).

9.3. Proof of propositions 4.1(ii) and 4.4(ii)

. . P .
For the first statement, let p — —co in v = in P,V:? to obtain

g, _qzml(ﬁ)—zmﬂsk’q—zsk -
im0 GO RS VL

—2n, —2¢ _
= 2@1 <q qk_,z?vk k ;q27v_lql+2&-A+hk+l O(E)_hk—],o(n)_Nk>

- ngm (i Pry (1:€) ,Nis@°)
where pk7v(’r],§) = Vf1th:trl,0(5)*]1,;1‘0(77)71\’;(71- Then using

- Mk
lim v~ 2g 2 (Vqu—hktl,o<f>—hk_,,o<n>—m>
p—r—00

> (_vq2p+h/:r+1,o(f)+hkilo( n)- Nk—H,q )7] =1,
k

it follows that

—2_—2p\Inl
lim <V q )
p=—=oc c¥(|nl,[£1;0,0) € (Inl, |€];0,2p

) R (77 5) qtm(n 5)

Using the above limit relations and letting p — —oo in proposition 4.4(i) then gives the ortho-
gonality of 4.4(ii).
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9.4. Proof of propositions 4.1(iii) and 4.4(iii)
Letting p — oo in P,v:;fp we get

q—2nk7_qthJL(E)*ZNkJrZEk?q—Z& .,
Pll>n<;lo %2 —vqh;;l,0(5)+hk—1,0(”)_Nk+]7q*2Nk 449

q_znk’07q_2& 2 2
B —thltrl,0(5)+hk:1,0(77)*Nk+17q—2Nk 44
= Kg (mspiy (0:€) N d*) s

where p{ ,(n,€) = —vqhk++1,o(§)+hk:1,o(7i)*1\’k’1, from which it follows that

g*r!nl —p

Al fe0.2py R 8 =K (8-

Again, using the above limit relations and letting p — oo in proposition 4.4(i) gives the ortho-
gonality of 4.4(iii).
9.5. Proof of proposition 4.6

For the first statement, we use

M
¢ Ka(0,) = g O] ()" g Dg i)k, (63675 Nug?) . 02)
k=1

Writing out the explicit expression of the g-Krawtchouk polynomials in terms of g-
hypergeometric functions we obtain

lim ¢ *"K, (SkQQZhLIaNqu)

p—r—00

—2m 26 _ 2k H26—2Nk
. 2 q q y—q 2 2
:pgrjlooq mp3s02< g-2M 0 19,9

—2&. 2
— (_1)le (CI 4 )nk an(nk+2ha]+2£k_2Nk+l)
(=N q?),,

if i < & and 0 otherwise. Taking the limit of p — —o0 in (9.2) then gives the desired outcome.
For the second statement we use the identity (6.13) with p replaced by —p,

k(n,x;p,N;q) = (=1)"k(n,N —x;—p,N;q)

to obtain
M
( )WKR (,,7 g H 277k(Nk l)an(PJrh;il)
k=1
Ky, (Nk — &g 7Nk;q2) . ©9.3)
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Writing out the explicit expression of the g-Krawtchouk polynomials again, we obtain
lim ¢*"*K,, (Nk — &g Ny qz)

p—00
—2m 262N, _ 2kl —2&
p 2mk q q q 2 2
= lim ¢*™ 3¢, ( ’ q_y;k’o 9,49

p—>00
26 —Ny. 2
(q 4 )m (=2, | —26—2Ni+1)
2Nk, 2
(=N q),,

if e < Ny — & and 0 otherwise. Taking the limit of p — oo in (9.3) then gives the desired
outcome.

= (1"

9.6. Proof of proposition 4.7

This follows from writing the g-Racah duality function R given by (3.22) explicitly in terms
of 43-functions using (3.20) and (3.21), together with the following limit,

26 qzhkil (©)—2M+26 =260

_ (-2
. ) L2 2
Mm 403 Ly g R OFH QN i (T (=N oy 44

—2Ck 28
q%.q v
= 290 ( B ;qz,q2<k+25k> =g,

where we used a limit case of the g-Chu-Vandermonde summation identity [20, (IL.6)] in the
last step.

9.7 Proof of proposition 5.3

Let us first recall the following identities,

2a. 2
limM:(a)n, a€R, neZsy,

g1 (1—-¢2)"

and, for ay,...,a,,by,...,b, € Rand n € Z3y,

. q—n’qal,“.’qar —n,ap,...,ar
1 ; =,1F iz -
ql—rﬂ r+1§0r< qb],--.,qb’ 14,2 r+147r bl,--~,br r4

Then we have the following limit of the 1-site duality function r defined by (3.21),
lim (1 %) " r (v, A+ 7i/2In(q), p+ im/2In (q) " N:q)
q—

(3(p+A=N+v+1) (3(p+A=N=v+1)) (y+5A=p=N+v+1)),

(~x+3A=p+N+v+1))
7y7p7N+ya7xa)\7N+x
X 4F3 1 1 ,1
5(P+FA=N+1-v),5(p+X=N+1+v),-N
=F(xAp,v,N),
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where 7 is the 1-site duality function given in proposition 5.3. It follows that

tim (1- %) VRS (C,6) = R (C,6)

g—1

where A — A+ 7i/2In(q) and p — p+im/21n(g) in R'. The orthogonality relations follow
by taking the limit in the orthogonality relations in theorem 3.20 using the above limit and the
limits (5.1) of the reversible measures.

9.8. Proof of propositions 5.4(i) and 5.6(i)

Similar to the previous section we can take limits in the 1-site duality functions p defined
in (4.2),

. y—N . .
;gq(l—qz)‘ p,x; M p+im/2In(q),iq",N;q)

(3(p+A=N+v+1) (y+3(A—p—N+v+1)),
(—x+3(A—p+N+v+1))

~ *xaP*NJva*y 1
1(p+A=N+v+1),-N"" )’

from which it follows that

2
x+y 3

Pr(n.€) = tim (1= )" P (n.6).

where p — p+im/21n(g) in PiF‘{’v. The orthogonality relations of proposition 5.6(i) are obtained
by letting ¢ — 1 in the orthogonality relations from proposition 4.4(i), using the stated limit
of the duality function Pg, the limits of the reversible measures w and Wg, and the following
limits of the invariant functions w” and w (see appendix A),

(=1 (% (p— IN| 4+ v+ 1))x
<x+% (vfpf |N|+1)>|1\7\7x7
(for% (v—p+|ﬁ|+l))x

(2 (rrr=i1)),

lim (1 — q2)|N\72wa (x;ﬁ,p+i7r/21n(q) ,iqv;q> =

q—1

lim W (X;N,p +im/21n(q), iqv;q) =

9.9. Proof of propositions 5.4(ii) and 5.6(ii)

This follows from writing Ky in terms of the 1-site duality functions k, see appendix A. Writing
the function k in terms of a 3p,-function gives

“2m =26k i 0(6)+26— 2N
‘}gnl (_1)'1v%77kq%77k(1\’k—1) 302 <q qd 7q_2qu 0 ;qZ,q2

— V3, F <_n_k}\]_k§k 14 V) & =K, (&‘; lijw’Nk) '
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The orthogonality for K from proposition 5.6(ii) then follows from taking the limit in the
orthogonality relations for Kr from theorem 3.11, using the limits of the reversible measures
w and Wg.
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Appendix A. Overview duality functions and coefficients

The duality function on top of all other duality functions in this paper is the multivari-
ate g-Racah polynomial R(7,&;v), where 7 is the configuration of ASEP(g,N,\), ¢ of
ASEPR(q,IV, p) and v € R* is a free parameter. When taking appropriate limits of A, p — o0,
when can obtain other dualities, found in the table below.

The functions are given by

« R'(¢,) Hrck,fk, 1 (O (€),v,Nis ),

L PV nf HP nk7€k7 k— 10( ) h]j+1(§)7V7Nk;q)»
k=1

v (WN-*Z’?'Z%:'N’) 1
g TN T ko Gk 1y () Nis ),

k=1

qtm 775 Hkq 77/051(7 k— 10( ) h]-c:»l,O(é-)avaNk;q):
k 1

aft T] g def Uk;§k7 k— 10( ) h:+1,0(€)7V,Nk;q),

L KR(n>£) =

where the 1-site duality functions are given by,

. r(y,X) (0,550, p,v, N; )R (y; —v ™ gP AN g AN q‘ZN 2 =),
p(n,x) = p(n,X;/\,p,v,N;q)Px(n;—vq”“"v‘1 vlgr AN N ),
( x) k(” psN; Q)Kn(x 61 Nq )
° kqlm(n X) thm(n v—lqp—)\—N— N- qZ)
o K (n,0) = i (s \, v, N; ) KT (s vg? AN NP,

X

the coefficients by

(7vqp+>\7N+1;qZ)x(ivflqur)\fNJrl;q2)y(vq2y7p+>\7N+l;q2)N
qy(y+p+)\7N) (vq72x7p+)\+N+l : qz)x+y
(_vqp-i-)\—N-H ;q2>x(vq2n—p+)\—N+l : qZ)N

qn(n+p+)\7N) (Vq72x7p+)\+N+1 : qz)x+n ’

o c:(y,x; A\, p,v,N;q) =V

b Cp(n»x§)\7P»VaN§CI) =V
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o clnip,Nsq) = (=1)"q """,
(vg” AN ),

* Cﬁff(n,x;)\,p,V,N; q)=(-v)" g ntptA=N) 7

and the polynomials by

g " aBq" g yog !

L d Rn(ﬁ%ﬁa%&‘]) = 493 ( 7qaq> (q-Racah),

afl,ﬁéq,w
—n,aﬂ n , —X
® Py(x;a, 3,N;q) = 32 (q 1 N 1 ;q,q> (¢-Hahn),
aqq"
St
® K,(x;¢,N;q) = 3¢ (q 4 N Ocqx ;q7q>. ((Dual) g-Krawtchouk),
g,

—n —X

o K™(x;p,N;q) = 2401 (q qi?v ;q,pq”“> (Quantum g-Krawtchouk),

(). g
o Ki(x;p,Niq) = 3¢ (" o ;q,q> (Affine g-Krawtchouk).
rqg,4

The factors in front of the reversible measures in proposition 4.4 are given by

B V—qux(Zx—l)(_vqp—\NH-l;qZ)x

)=
(vg—rt2=INI+1 g )Wl—x
—p—2x+|N|+1. 2

.wg(x):(vq 761 )x’

(—vgr=WIF1; g2),
. wam(x) _ vfxqv(x+|N|71) (VqleNH;qZ)
qux(lﬁ\—x-I—l)
. waff(x) _ v|1\i\—3xqj(|N\+le)(vql—|N\;qZ)x,
gMU=IND+x([N]—x—1)

aff
* R )= (vg'=IN; g2),

N —x°

o Wi"(x) =

The factors in front of the reversible measures in proposition 5.6 are given by

(=D*Gp = IN +v+1)).

e WP(x)= N ,
O Ho— o= W Dl
o OR(x) = (_x+%("_ptw|+l))x’
R (%_(V+p—|N|+l))X
° &Jk(x) = %
(1+ HiN
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Table 3. Overview dualities, where DF is short for duality function.

Duality n-process &-process Corresponding limit DF (1) DF (2)

(i) ASEP(q,N) ASEPR(q,N,p) A~ oo Pa(1,€)  Ka(1,€)
(ii) ASEP(¢q,N) ASEP(gq,N) A—o00,p——00 Kym(n,§) Triangular
(iif) ASEP(q,N) ASEP(g~',N) X p— oo K'w(n,€)  Triangular

Appendix B. Identities

In this section, we state some useful identities we use throughout the paper.

e ForA,B € RM,

M M
Y (AB +AB)+Y A

M=

|A[1B| =
k=1j=k+1 k=
e 1 (B.1)
M k—1 M
= > (ABj+AB)+ > A
k=1 j=1 k=1

e We have the identity
w(n;N;q) :W(n;N;q_l) (B.2)
for the single site weight function w defined in (3.10). The identity directly follows from the
readily verified formula

(afl;q72)n _ (*1),107"(]7”(”71) (a;qZ)n7 acRX.

e We verify the following identity, stated in (3.23): for ¢ >0 and ¢ # 1,

(Vq2<k—hk*+1(£)+hkil(C)—Nk+1;qz) (qu—p+2|c|—|ﬁ|+1;qz) )
H Ne INI=lSl
Pl (Vq*%k*hkil () (O)+NiH1 qz) (vq)\fp72|€|+\1§/‘|+l , qz)

&kt Cx €]
First, assume g < 1. We use the identity
(a;9)
(a;9), = ———=—, n=0,1,..., (B.3)
" (aq";q) o,

then we find that

(quckfhkt, ()i () =N, q2>N
k

=

=1

H (vqugkfh;:,] (§)+hk_7] (C)+Nk+1 ; q2>

E+Cr
is equal to
ﬁ <Vq2Ck*hk++1(§)+hk:1(C)*Nk+1; qz)oo
Pl (vqusrhal<s)+h;,l<<>+zvk+1; qz)
o0
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Using
ey (Q)+2G = Ne=h (¢) and Iyl (§) + 26— Nie= Iy (&),

this becomes

o

M ( hk_(C)th:»l(g)Jrl;qZ)OO (thA;(C)_hM+l(£)+l;q2)
k[[l (qu (O=h &)+ 17612) (th(;(c)fhr(oﬂ;qz)
o0

N (vq,\fp72|§|+\ﬁ|+1;q2)
o0

oo oo

Using (B.3) again then gives the result for 0 < ¢ < 1. Since both sides of the obtained identity
are meromorphic functions in g, it follows that the result still holds for g > 1.
e Next we verify identity (3.25): forg >0 and g# 1,

M (_vqhal(£>+hk:1<<>fzvk+1;qz)E ( ygP AN q>
k

_ €]
kl;[l ( pglir )+, (0= NA+17qz>C (_qu+A—|1\7|+17q )|<|

k

Indeed, in a similar fashion as before, we have

M ( vq b )+, (O—Net 1, :q )5 M (—thlj:%—](£)+h;—l(C)+2<k_Nk+l;qz)
k

o0

Pl (thal(§>+h;,1<<>fm+1;qz) S (ﬂqm,(mhkzl<c>+zsk—zvk+1; qz)
Cr 0o

(_tha,<g>+h;<<>+1 ;qz)
(o]

M
=11 ( /T OO )

<_vqp+x+2|c|—|ﬁ|+1;q2)

0

(_qu+,\+2\g\—\ﬁ\+1 ;qz)
oo

from which the required identity follows.

Appendix C. Coefficients recurrence relations g-Krawtchouk polynomials
Let
k(n,x;p) 1 = k(n.x:p,N:q) = (—1)" ¢"q"V"VK, (x;4* . Nig?)

be the 1-site duality functions from (3.5), where

q7n7 qixv 7qu7N
K, (x;¢,N;q) = 3¢2 e 19,9 |-
q",0
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Then k(n,x; p) satisfies the following three g-difference equations,

q 2"k (n,x;p) = a1 (x)k(n,x — 1;p) +ao (x) k (n,x; p) +ar (x) k(n,x+ 1;p), (C.1)

q 2"k (n,x;p) = ao () k(n,x;p+2) + a1 (x)k(n,x—1;p+2) €2
+a—ap (x)k(n,x—2;p+2), '

g "k (n,x;p) = a0, 2 () k(n,x;p = 2) + a1 2 () k(n,x+1;p—2) €3

+ay_o(X)k(n,x+2;p-2).
The coefficients from (C.1) are given by
q4x+2p—4N—2 (1 _ q2x) (1 +q2x+2p)
(1 + go+20—2N=2) (] 4 g4 +2p=2N)"
ap (x) = = (a—1 (x) + a1 (x) = 1),
(1 _ q2x72N) (l + q2x+2p72N)

a_(x)=—

ar (x) = (1 + g +20—2NY (] 4 gt2p—2N42)"
from (C.2) by
( +q2p+2x 2N) (1 +q2p+2x—2N+2)
ap,n (x) (1 4 q2p+4x ZN) (1 + q2p+4x72N+2) )
(1 +q72) ( 72x) (1 _|_q2p+2x72N)
a_1.2 (x) (1 +6]2N 2p—dx— 2) (1 + q4x+2p—2N—2) ’
(1-g>)(1-g7>")
a-22(x) = § +q2N—2p—4x) (1 + gN—20—042)
and from (C.3) by

(1 +q—2p—2x) (1 +q—2p—2x+2)
1+ q2N72p74X) (1 + q2N72p74x+2) ’
(1 +q—2) (1 _ q2x—2N) (1 +q—2p—2x)
ay,—2 (x) = (1 + q2p+4x72N72) (1 + q2N72p74x72) ’
(1 q2x—2N) (1 _ q2x—2N+2)
(1 + q2p+4x ZN) (1 + q2p+4x—2N+2) :

Cl07_2 (X) = (

a2 (x) =

Note that the coefficients from a; _,(x) can be obtained from a_; »(x) by replacing x by N —x
and p by —p.

Appendix D. g-Krawtchouk polynomials as eigenfunctions of twisted primitive
elements in 14,

Let 74 be the Ny + 1 dimensional representation defined on functions f: {0,1,...,N;} — C by

[ (K)f) () = ¢~ £ (n),
Tk n) = u (V) n| f(n—
e (E)1) ) = ¢l 0 - 1), o)
[m (F)f) (n) = ¢~ ™) [N — ] f(n + 1),
[ (K1) £] (n) = g*™"f ()
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and let
Y, =q EK+q *FK—[p], (K>~ 1).
Similar to the proof of lemma 7.1, we define for this section only,

k(nlwé-kap) :anuk(ﬁ)k(nhgkaq?Nbp) (D2)

Then we have that the g-Krawtchouk polynomials k(-,&; p) — C are eigenfunctions of 7 (Y,)
(see e.g. [27]),

i (V) (.63 )) (1) = ([pl, = o+ 26— Ne] ) k(. €u:). (D.3)

Moreover, we have the following result for the coproduct of Y.

Proposition D.1. Taking M =2 gives

Kr (1,6) = k(m, &0+ 28 — N2) k(2,623 p) -
Then this is an eigenfunction of m »(A(Y,)),
(12 (A (¥,)) Ka ()] (1) = (Ip], — [0 +2(&1 + &) — Vi +N2)], ) Kn (1,6).
Proof. Indeed, since

A(Y,)=K®Y,+Y,®1,
we have
[m12 (A W) KR (O] () =[ (m1 (K) @m () +m (Yp) @72 (1)) K (£6) | ()

=[ (= ((Ioly = lo+262 = N2, ) K+ ¥, ) 072 (D) Kn (6| (),

where we used (D.3) for m,(Y,,). If we now use the explicit expressions for Y ,, we see that

(Ipl, — lo+26 = Nol, ) K2+ ¥, =g EK + g HFK = [p+ 26 — No] K + [g],

=Yp26,-n, + [0l — [p+26 - N2,
Therefore, applying (D.3) with p replaced by p + 2£, — N,, we obtain that
[ (10l = [+ 260 = Nal, ) K247, (61504260 = Na) | )
is equal to
(17, = 261+ &) — Ny +N), ) K, €13+ 260 = No).

Therefore,

(1.2 (A (5 Kn (€] () = ([6], — [+ 2(6 + &) — (N + M), ) Kn (1,6).
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