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Distributed Generalized Nash Equilibrium
Seeking in Aggregative Games on
Time-Varying Networks

Giuseppe Belgioioso

Abstract—We design the first fully distributed algorithm
for generalized Nash equilibrium seeking in aggregative
games on a time-varying communication network, under
partial-decision information, i.e., the agents have no di-
rect access to the aggregate decision. The algorithm is
derived by integrating dynamic tracking into a projected
pseudo-gradient algorithm. The convergence analysis re-
lies on the framework of monotone operator splitting and
the Krasnosel’skii-Mann fixed-point iteration with errors.

Index Terms—Distributed algorithms, multiagent sys-
tems, optimization method, network theory.

[. INTRODUCTION

N AGGREGATIVE game is a collection of interdependent
A optimization problems associated with noncooperative de-
cision makers, or agents, where each agent is affected by some
aggregate effect of all the agents [1]. Remarkably, aggregative
games arise in several applications, such as demand-side man-
agement in the smart grid [2], e.g., for charging/discharging
electric vehicles [3], demand-response regulation in competitive
markets [4], and congestion control in traffic and communication
networks [5]. The common denominator is the presence of a
large number of selfish agents, whose aggregate actions may
disrupt the shared infrastructure, e.g., the power grid or the
transportation network, if left uncontrolled.
Designing solution methods for multiagent equilibrium prob-
lems in noncooperative games has recently gained high research
interest. Several authors have developed semi-decentralized and
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distributed equilibrium-seeking algorithms for games without
coupling constraints [6] and, more recently, for games with
coupling constraints [7]-[10].

With focus on the generalized Nash equilibrium (GNE) prob-
lem, the formulations in [9], [10] have introduced an elegant
approach based on monotone operator theory [11] to charac-
terize the equilibrium solutions as the zeros of a monotone
operator. Not only is the monotone-operator-theoretic approach
general—e.g., unlike variational inequalities, smoothness of
the cost functions is not required—but also computationally
viable, since several algorithmic methods to solve monotone
inclusions are already well established, e.g., operator-splitting
methods [11, §26].

However, in the aforementioned literature on noncooperative
equilibrium computation, it is assumed that the agents have
direct access to the decisions of all their competitors, allowing
every agent to evaluate its cost function without the need of extra
communication. This game setup is known as full-decision in-
Sformation. In aggregative games, this ideal scenario is achieved
via the so-called semi-decentralized communication structure,
where a central node gathers and broadcasts the aggregation
variable to all the agents (see e.g., [7]-[9]).

Recently, in the broader context of noncooperative games,
the authors in [12], [13] propose fully distributed algorithms
for equilibrium-seeking under partial-decision information, i.e.,
each agent can only observe the decision of some neighboring
agents, while its cost function possibly depends on all the other
agents’ decision. In [12], to deal with the lack of information,
the agents are endowed with auxiliary variables, namely, the
estimates of the decisions of the other agents. Then, a con-
sensus protocol is combined with accelerated projected-pseudo-
gradient dynamics to steer the estimates toward their real value
and, consequently, the decisions to a Nash equilibrium, in the
same time-scale. In [13], similar ideas are developed in the
general framework of monotone operator theory to design an
algorithm for games with coupling constraints. The algorithms
proposed in [12], [13] require a number of auxiliary variables
(i.e., the estimates of the decisions of all the other agents) which
is proportional to the number of agents in the game. From a
practical perspective, this can be regarded as a drawback in terms
of memory storage and communication requirements, especially
in games with very large number of agents.

Scalability with respect to the population size indeed mo-
tivates us to focus on aggregative games. In this context, the
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authors in [14] propose an algorithm that relies on dynamic
tracking, a technique that allows a group of agents to locally
track the average of some reference inputs, extensively used in
distributed optimization for gradient tracking; e.g., [15]. Specif-
ically, the authors embed dynamic tracking of the aggregate
decision in a projected-pseudo-gradient update to compute a
Nash equilibrium in a fully distributed fashion (i.e., without
the need of a central coordinator). In the context of aggrega-
tive games with coupling constraints, an algorithm is proposed
in [16], however with important limitations: it requires a very
large number of distributed communication rounds before each
strategy update; convergence is guaranteed to approximate solu-
tions (i.e., e —Nash equilibria) only; the communication network
must be time-invariant.

More recently, two fully distributed algorithms [17], [18],
for generalized aggregative games over time-invariant and con-
nected networks, have been proposed to compute an exact solu-
tion (i.e., GNE), without the need of multiple communication
rounds before every strategy update. To cope with the lack
of information, both algorithms introduce local estimates and
dynamic tracking of the aggregate decision. In [17], global
convergence is proved under strong monotonicity of the pseudo-
gradient, by leveraging a rescrited-monotonicity property of this
mapping in the extended space of strategies and estimates. In our
preliminary work [18], this assumption is relaxed to cocoerciv-
ity at the cost of having vanishing step-sizes, which typically
imply slow convergence. Unfortunately, the extension of both
methodologies to cover time-varying communication networks
is currently missing, since the operator-theoretic framework on
the basis of their convergence analysis fails when the underlying
mappings vary over time.

A. Contribution

In this article, we solve these technical issues and propose
the first discrete-time, fully distributed algorithm to compute
a GNE in aggregative games with coupling constraints over
a time-varying and repeatedly connected communication net-
work. The algorithm is obtained by combining dynamic track-
ing, projected-pseudo-gradient and Krasnosel’skii-Mann dy-
namics. The key approach to prove convergence of our proposed
algorithm relies on applying and tailoring the framework of
operator splitting methods [11] and fixed-point iteration with
errors [19].

B. Organization of the Article

In Section II, we formalize the GNE-seeking problem for
aggregative games over a time-varying communication network.
In Section III, we present a fully distributed algorithm and
discuss its interpretation from an operator-theoretic and fixed-
point perspective. In Section IV, we establish global conver-
gence of the proposed method. To corroborate the theory, in
Section V, we study the performance of the proposed method on
a Nash—Cournot game. Concluding remarks and future research
directions are discussed in Section VI.

C. Basic Notation

R denotes the set of real numbers, and R := R U {oc} the
set of extended real numbers. 0 (1) denotes a matrix/vector
with all elements equal to O (1); to improve clarity, we
may add the dimension of these matrices/vectors as sub-
script. Given two sets, §; and Ss, we denote as S; X Ss
their Cartesian product. Given N sets, 51, ..., Sy, we denote
with conv(Sy,...,Sn) = {ai1z1 + - +anzn | Zf\il a; =
1, a; € Rsp, x; € S, Vi€ {1,...,N}} the convex hull of
their union. A ® B denotes the Kronecker product between
the matrices A and B. For a square matrix A = [a; ] €
R™*"™, where a; ; is the entry in position (3, ), its transpose
is AT; A= 0 (>=0) stands for positive definite (semidefi-
nite) matrix; |[|A| denotes the largest singular value of A;
| Alloc = maxi<i<pn iy |ai ;| denotes the infinity norm. If
A >0, | - |4 denotes the A-induced norm, such that ||| 4 =
VT Az, we omit the subscript when A = I. Given N matrices
Aq,..., Ay, blkdiag(A4;,...,Ay) denotes a block diagonal
matrix with A;,..., Ay as diagonal blocks. Given N vec-
tors x1,...,oN, = col(xy,...,xn) = [z],...,2\]", T =
iZZ\L T, X_; 1= COI(I’l PN o S [ o7 ST I
N i=1 41 i 5 9 s Lit1y )
vector z, (z,&_;) := col(T1,...,Ti-1,2,Tit1,--

xN); given a
. ,.TN).

D. Operator-Theoretic Definitions

Id(-) denotes the identity operator. The mapping ts : R™ —
{0, oo} denotes the indicator function for the set S C R™, i.e.,
ts(x) =0 if x € S, oo otherwise. For a closed set S C R™,
the mapping projg : R™ — S denotes the projection onto .S,
i.e., projg(x) = argmin, g ||y — z[|. The set-valued mapping
Ng : R™ = R"™ denotes the normal cone operator for the set
SCR"ie,Ng(x)=0ifx ¢ S, {veR"|sup,cqv' (z—
x) <0} otherwise. For a function 1 : R® — R, dom(v)) :=
{r € R" | () < oo}; It : dom(yp) =% R™ denotes its subd-
ifferential set-valued mapping, defined as 0y (z) := {v € R™ |
Y(z) > (x) +v' (2 — x) forall z € dom(¢))}. A set-valued
mapping F : R™ = R" is (strictly) monotone if (u — v) " (x —
y) > (>)0 for all x #yeR"™ ue F(x), ve F(y); F is
restricted-(strictly) monotone with respect to (w.r.t.) Y C R™ if
(z* —2)T(z* —x) > (>)0forallVz* € Y,z e R"\ Y, 2" €
F(z*), @ € F(x); F is n-strongly monotone, with n > 0, if
(u—2)"(x—y) >n|lz—y|*forall x #y € R", u € F(z),
v e F(y);, ix(F):={z eR" |z € F(z)}, and zer(F) :=
{z € R™ | 0 € F(x)} denote the set of fixed points and of ze-
ros, respectively. A single-valued mapping F' : R™ — R™ is L-
Lipschitz continuous, with L > 0, if || F'(x) — F(y)|| < L||z —
y|| forall z,y € R™; F is nonexpansive if it is 1-Lipschitz con-
tinuous; F is n-averaged, withn € (0,1),if || F(z) — F(y)|* <
o=yl — S2(1d - F)(z) — (1d — F)(y)| for all 2,y €
R™; F'is 3-cocoercive, with 5 > 0, if SF is %—averaged.

[I. PROBLEM STATEMENT

Consider a set of N agents indexed by Z = {1,..., N}. The
ith agent is characterized by a local strategy set {2; C R™ and a
cost function J;(x;, Z), which depends on the decision of agent
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i, z;, and on the aggregate of all agent decisions, i.e.,

1 N
T = NZJJJ
1=1

Moreover, we assume that the collective strategy profile x :=
col(xy,...,xn) € R™™ must satisfy a coupling constraint,
described by the affine function x — Cx — ¢, where C =
(Cy]...|Cn] e RN e =SV ¢ e R™, and C;, ¢; are
local parameters known to agent ¢ only. In summary, the aim of
each agent ¢, given the decision variables of the other agents, i.e.,
x_;:=col(xy,...,xi_1,%Ti+1,...,TN),1s to choose a strategy
x; that solves its local optimization problem, according to the
game setup above, i.e., Vi € 7 :

argming,egn  Ji(Ti, 7T + 5 22526 T5)
S.t. xr; € Ql (1)
Cimi —¢; < 310, (c; — Cjy)

where the last constraint is equivalent to Cx — ¢ < 0.

Remark 1: Affine coupling constraints, as considered in this
article, are very common in the literature of noncooperative
games, e.g., [8], [10], [13], [16], and cover several applications
where they typically arise in the form of upper and lower limits
on the available shared resources, e.g., [2]-[5]. [ |

Assumption 1: For all i € T and any fixed u € + 3270, Q;,
the function J; (-, % -+ u) is convex and continuously differen-
tiable, 2; C R™ is nonempty, compact, and convex. The global
feasible set K := {x € vazl Q;| Cx — ¢ < 0} is nonempty
and satisfies Slater’s constraint qualification. |

From a game-theoretic perspective, our goal is to distribu-
tively compute a GNE of the aggregative game described by the
N interdependent optimization problems in (1).

Definition 1 (GNE): A collective strategy «* € K is a GNE
of the game in (1) if , for all ¢ € Z:

11
Ji(x7,77) < Ji | 2, NZ‘FN;QC;

Vz st (z,2";) € K.

A. Communication Networks

We consider a time-varying network to model the communica-
tions among agents over time. At each stage k, the communica-
tion is described by an undirected graph Gy, = (Z, &), where 7
is the set of vertices (agents) and & C Z x 7 is the set of edges.
An unordered pair of vertices (7, j) belongs to & if and only if
agents j and 7 can exchange information. The set of neighbors of
agent 7 at stage k is defined as N;(k) = {j| (¢,) € &} Next,
we assume the graphs sequence {Gy, }ren to be Q-connected.

Assumption 2: There exists an integer () > 1 such that the
graph (Z, UgQ:15e+k) is connected, for all k¥ > 0. [ |

This assumption ensures that the intercommunication inter-
vals are bounded for agents that communicate directly. In other
words, every agent sends information to each of its neighboring
agents at least once every () time intervals.

We consider a mixing matrix W (k) = [w; ;(k)] associated
with Gy, whose elements satisfy the following assumption.
Assumption 3: For all k € N, the matrix W (k) = [w; ;(k)]
satisfies the following conditions:
i) (Edge utilization) Let i,j € Z, i # j. If (i,7) € &k,
w; ; (k) > €, for some € > 0; w; ;(k) = 0 otherwise;
ii) (Positive diagonal) For all i € Z, w; ;(k) > €;
iii) (Double-stochasticity) W (k)1 =1,1"TW(k)=1". B
Assumption 3 is strong but typical for multiagent coordination
and optimization, e.g., [15], [20]. For an undirected graph, it can
be fulfilled, for example, by using Metropolis weights:

(max{|N;(k)[, NG (B[}~ if (i,5) € &
wj (k) =40 if (1,5) €& ()
1— Z@e/\a wu(/ﬂ) if 1 =j.

Finally, let us introduce the so-called transition matrices
U(k, s) from time s to k:

U(k,s) =WEW(k—1)--- W(s+DW(s) Q3

for0 < s < k, where W(k, k) = W (k), for all k. The following
statement shows the convergence properties of the transition
matrix W(k, s).
Lemma 1 ([21, Lemma 5.3.1]): Let Assumptions 2 and 3
hold true. Then, the following statements hold:
i) limg 0o W(k, s) = (1/N)117, for all s > 0.
ii) The convergence rate of W(k,s) is geometric, i.e.,
W (k,s) — (1/N)11T|| < Op*== for all k>s>0,
where 0 := N(1 —¢/(4 N?))~2 and

pi= (1 — 4;\[2)1/62 € (0,1) 4)

with @ as in Assumption 2 and ¢ as in Assumption 3. W

B. GNE as Zeros of a Monotone Operator

As first step, we characterize a GNE of the game in terms of
the Karush-Kuhn-Tucker (KKT) [11, Rem. 27.22] conditions of
the coupled optimization problems in (1). For each agent € Z,
let us introduce the Lagrangian function L;, defined as

Li(x, 1) := Ji(x, T) + 1, (2;) + )J(C:B —c)

where A; € RZ}, is the dual variable of agent ¢ associated with
the coupling constraints, and Lo, is the indicator function. It
follows from [22, §12.2.3] that the set of strategies x* is a GNE
of the game in (1) if and only if the following coupled KKT
conditions are satisfied for some A1,...,Ay € RZ:
VieT. {0 € Vo Jila}, #) + N (0 + €127 g
0<A; L —(Czx*—c¢)>0.

Within all the possible GNE, we focus on an important
subclass of equilibria, namely the variational GNE (v-GNE),
that enjoys some relevant structural properties, such as “larger
social stability and “economic fairness” and corresponds to
the solution set of the KKT conditions in (5) with equal dual
variables,i.e.,A] = --- = A} [23, Th. 3.1]. The next proposition
characterizes the subclass of v-GNE as the solution to a specific
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variational inequality problem,! or equivalently as the zero set
of the set-valued mapping

Na(z)+ F(x) +CTx
Neg, (1)  (C — ¢)

x
A

U: (6)

where A € R™,  := Hf\il Q;, Ng = Ois is the normal cone
operator associated with a set S and F' is the so-called pseudo-
gradient (PG) mapping defined as

F(:c):col(leJl(xl,fc),...,VINJN(xN,j:)). (7)

Proposition 1: Let Assumption 1 hold. Then, the following
statements are equivalent:
i) «* is a variational GNE of the game in (1);
i) 31* € RZ, such that, the pair (z}, ") is a solution to the
KKT in (5), forall i € T;
iii) «* is a solution to VI(F, K);

iv) 31" € RZ such that col(x*, 1*) € zer(U). [ |
Proof: The equivalences (i)<>(ii)<>(iii) are proven in [23,
Th. 3.1] while (iii)<(iv) follows by [25, Th. 3.1]. [ |

The following assumptions on the PG in (7) are standard (e.g.,
[8,Th. 3], [10, Assumption 2], [26, Assumption 3]) and sufficient
to ensure the convergence of standard GNE-seeking algorithms
based on projected-pseudo-gradient dynamics.

Assumption 4: F in (7) is y-cocoercive over 2. ]

When F' is £-strongly monotone and Lg-Lipschitz, then F' is
also (&/L#)-cocoercive. However, in general, cocoercive map-
pings are not necessarily strongly monotone, e.g., the gradient
of a (nonstrictly) convex and smooth function.

To emphasize the structure of F' in (7), we define

0 1 0
Fi(v,w) := <821J1'(Z1,22) + N822J7;(21722))

21 =0
Z9 =W
®)

that satisfies F;(x;, ) = Vg, J1(2z;, T), for all ¢ € Z. Then, we
define the extended pseudo-gradient (EPG) mapping

F(v,w) :=col (Fy(v1,w1),...,Fxy(on,wy))  (9)

where each component mapping F; is given by (8). With this
notation, we have F'(z,1 ® ¥) = F'(x). Next, we assume Lip-
schitz continuity of the EPG, which is usual in the context of
games under partial-decision information (see e.g. [13, Assump-
tion 3], [14, Assumption 3], and [17, Assumption 4]).

Assumption 5: Let € :=conv(Qy,...,Qx) be the set
whose elements are convex combination of the elements from
the local sets €2;’s. The mapping F in (9) is uniformly Lipschitz
continuous over Q x Q, with = Hf\il Q, i.e., there exists
Ly > 0 such that, forall v,u € Q and w, z € Q,

HE

!For a single-valued mapping M : R™ — R™ and a set S C R™, the varia-
tional inequality problem VI(M, S) is the problem of finding a vector w* € S
such that M (w*) T (w — w*) > 0, forallw € S [24, Def. 1.1.1].

|1F (v, w) — F(u,z)|| < Lr

Algorithm 1: Semi-Decentralized v-GNE Seeking.

Iterate until convergence
In parallel, for all 1 € 7 :
xf“ = projg, (xf — i (Fy(ak, zF) + CiT)\k))
di—“’l = 20,»95?“ - CixF — ¢
Central coordinator:

AR — proj]Rg,o (AF + 5Jk+1)

Remark 2 (Existence and uniqueness of a v-GNE): 1t follows
by [24, Cor. 2.2.5] that VI(F, K') has a nonempty and compact
solution set, since K is nonempty, compact, and convex and F’
is continuous, by Assumption 1. Furthermore, when F'is strictly
monotone, then the solution to VI(F’, K), (i.e., the v-GNE of the
game), is unique [24, Th. 2.3.3]. |

C. Boundedness of the Dual Variables

In the next statement, we formally establish the boundedness
of the dual solution set of VI(F, K) or, equivalently, of the dual
part of the monotone inclusion col(x*, 1*) € zer(U).

Lemma 2: Let Assumptions 1 hold true. If col(x*,1*) €
zer(U), then 1* € D*, where D* C RZ}, is bounded. |

Proof: The boundedness of the dual solution set D* follows
by [25, Proposition 3.3] since VI(F', K') has anonempty bounded
solution set by Remark 2 and there exists a vector € dom(F')
satisfying Slater’s constraint qualification by Assumption 1. W

Let us denote with Bp- = maxep- ||A||« the largest entry
of all the optimal dual vectors. The agents can locally build
a bounded superset D; of the optimal dual set D* as follows:
Di:={p e RY | ||pt]|oc < Bp-+r, withr >0} [27, p. 21].
In the context of distributed constrained optimization, a local
estimate of Bp- can be constructed based on a Slater’s vector
(see [28, §4.2], [29, 3.A (2)]). The extension of these estimation
methods to generalized noncooperative games would rely on
Lagrangian duality theory for variational inequalities [25]. In
practice, each agent does not need an accurate estimate of the
optimal dual solution set D* and can simply construct a local
superset D; by taking r large enough.

D. A Standard Semi-Decentralized Algorithm

It follows by Proposition 1 that the original GNE-seeking
problem corresponds to the following monotone inclusion prob-
lem:

find w* = col(x*, 1) s.t. 0 € U(w™). (10)

Next, we recall a standard semi-decentralized GNE-seeking
algorithm obtained by solving the monotone inclusion problem
in (10) by means of a preconditioned forward—backward (pFB)
splitting [26, Alg. 1].

Remark 3: The local auxiliary variables d;’s are introduced
to cast Algorithm 1 in a more compact form. The average
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ditl =+ SN (2025 — Ciak — ¢;) represents the viola-
tion of the coupling constraints, technically, is the “reflected
violation” of the constraints at iteration k. |
If the step sizes {«;}iez and 5 are chosen small enough,
then the sequence (col(x*, 1)) en generated by Algorithm 1
converges to some col(xz*,1*) € zer(U), where «* is a v-GNE
(see [26, Th. 1] for a formal proof of convergence).
We note that Algorithm 1 is not distributed. In fact, at each
iteration k, a central coordinator is needed to:
i) gather and broadcast the average strategy z";
ii) gather the average quantity d*; and
iii) update and broadcast the dual variable A*.

[ll. A DISTRIBUTED GNE-SEEKING ALGORITHM
A. Toward a Fully Distributed Algorithm

A first step toward a fully distributed algorithm consists of
endowing each agent with a copy, A;, of the dual variable and
enforcing consensus on the local copies. Consider the set-valued
mapping 7', obtained by augmenting U in (6) with the local
copies of the dual variable:

Na(z) + F(x) + C{ A
NRmN (X) + Lm)» — %(wa — Cf)

T
A

T: —

Y

where A = col(A1,...,An), Cr =1y ®C,s=1®¢, L, =
L®l,,and &:= Iy — %11T represents the projection onto
the disagreement space.

Remark 4: When the local copies of the dual variable are
equal, ie, A € El := {1y ® &, |» € R™}, where El is the
consensus subspace of dimension m, the first row block of T’
corresponds to that of U, while each of the N components of
the second row block of 7" describes the same complementarity
condition, namely, the second row block of U. |

We note that the mapping 7" in (11) can be written as the sum
of two operators, i.e.,

1
T : col(x, L) — col (F(:B),Lmk + ch) (12)
Ty : col(w, 1) — N () x Ngmy (1) + Scol(m,X)  (13)
where S is a skew-symmetric linear mapping defined as
1o ¢
Si=— e 14
N |-C: 0 ] (19

The formulation 7' = T + T is called splitting of 7', and will
be exploited in different ways later on. The next lemma shows
that 75 is maximally monotone and that 77 is cocoercive and
strictly monotone with respect to the consensus subspace of the
dual variables, i.e., 2 x Ell.
Lemma 3: Let Assumptions 1 and 4 hold true. The following
statements hold:
i) T5 in (13) is maximally monotone on £ x R%N;
ii) 77 in (12) is d-cocoercive, with 0<§ <min{1, y} and
restricted-strictly monotone w.r.t. o= x EH, ie.,
for all wl € O, w e (2 x RZN)\ O, it holds that

(T1(w) = T (@) (w —wl) > 0;

Algorithm 2: Distributed (Full-Decision Information).

Initialization: For all i € Z: set 29 € Q;, \? € RZ,; set a,
B; and (7*)zen as in Assumption 6.
Iterate until convergence:
Foralli €T
Local projected pseudo-gradient update :
&} = projo, (of — ai(Fi(af, 7%) + CT AY)),
df = QCi:ch — C’fo — ¢,
A = Projgm (AF + Bi(dF — AF 4+ AF)),
Local Krasnosel’skii-Mann process:
ot = af oM@ - o),

A= P OF - ),

iii) 7" is maximally monotone on 2 x R74" and restricted-

strictly monotone w.r.t. Ol |
Proof: See Appendix A. |
The next proposition exploits the restricted-strict monotonic-
ity of T" to show that the v-GNE of the original game is fully
characterized by the zeros of T'.
Proposition 2: Let Assumption 1 hold true. The following
statements hold:
i) zer(T) # @,
ii) If col(z*,1*) € zer(T'), then * is a v-GNE and A" =
col(A*, ..., 1%), with A* € RZ,. |
Proof: See Appendix B. - |
To find a zero of T, we exploit a preconditioned version of
the forward—backward method [11, Sec. 25.6] on the splitting
(12)—(13), similarly to [10], [26], thus obtaining Algorithm 2.
The next theorem establishes global convergence of
Algorithm 2 to a v-GNE if the step-sizes are chosen according
to the following choices.
Assumption 6: Take 0 < § < min{l, x}, where x is as in
Assumption 4. Set the global parameter 7 > % and denote v :=
207 ¢ (1/2,1). Set the step-sizes as follows:

46T—1
i) 0<a; <(|Ci|]| +7)7, foralli € Z,
i) 0< B < (% 10yl + 7)1 foralli € Z,
iii) (7*)ren such that 4% € [0,v71] for all k€ N and
S0 (1 — v) = oo, o

Note that the design choice v¥ = 1, for all k € N, always
satisfies Assumption 6(iii).

Theorem 1: Let Assumptions 1 and 4 hold. If the step-sizes
{a, BiYier and (7¥)ren are set as in Assumption 6, then the
sequence (col(z*, A*)) e generated by Algorithm 2 converges
to some col(x*,1") € zer(T), where * is a v-GNE of the game
in (1). |

Proof: See Appendix C. |

Remark 5 (Algorithm 2 as a fixed-point iteration): Our con-
vergence analysis is based on the same operator theoretic frame-
work in [10]-[26]. Specifically, we recast the dynamics gener-
ated by Algorithm 2 as the fixed-point iteration

Wl = W 4 A (R(wh) — W), (k€ N)

(15)

Authorized licensed use limited to: TU Delft Library. Downloaded on May 07,2021 at 06:32:32 UTC from IEEE Xplore. Restrictions apply.



2066

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 66, NO. 5, MAY 2021

where w”* = col(x*, A*) is the stacked vector of the iterates and

R is the so-called pFB operator, defined as
Ri=(Id+® 'Ty) to(ld - 'Ty) (16)

where 77, T5 in (12) and (13) characterize the splitting of 7', and
® is the so-called preconditioning matrix, here chosen as

_| e owG (17)
-%Cr Bt
Qq = dia’g(ala S ,OZN) ® Iﬂn Bd = diag(ﬁlv sy 5N) ® In

Then, we show that, if the step sizes in the main diagonal of  are
set according to Assumption 6, the mapping R is averaged with
respect to the ®-induced norm, i.e., || - ||o. Hence, the fixed-point
iteration (15) converges to some w* := col(x*,1*) € fix(R) =
zer(T'), where x* is a v-GNE. See Appendix VI-C for a complete
convergence analysis. |
To conclude this section, we note that the projected-pseudo-
gradient updates in Algorithm 2 can be cast compactly as

7" = projq (2" — au(F(a*,2") + /1) (8)

1" = projpay (M fu(d" =k +1%)) (19)

where
=10 V=19 d'=10d

and Cy := blkdiag(C1,...,Chy).

Unlike Algorithm 1, Algorithm 2 does not directly rely on
the actions of a central coordinator, namely, dual update and
broadcast communication. However, it requires an all-to-all
information exchange (or, equivalently, a complete communi-
cation graph) at each iteration k, since the local updating rule of
each agent necessitates the knowledge of:

i) the average strategy =*;
ii) the average dual variable A*; and
iii) the average quantity d*.

B. A Fully Distributed Algorithm via Dynamic Tracking

To implement Algorithm 2 fully distributively under the more
realistic communication assumptions in Section II-A, we ap-
proximate its updates by endowing each agent 7 with some surro-
gate variables (or estimates), i.e., 0;, ¥;, and z;, that dynamically
track the averages 7k d*, and A F, respectively. Then, to mitigate
the errors due to the inexactness of the surrogate variables,
we relax the projected-pseudo-gradient iterations by means of
a Krasnosel’skii-Mann (KM) process [11, Eq. (5.12)], whose
step-sizes are set according to the following design choice.

Assumption 7: The sequence (7¥),cn satisfies the following
conditions:

i) (nonincreasing) 0 < y**1 < ¥ <1, forall k > 0;
ii) (nonsummable) Y77 v* = oo;
iii) (square-summable) "7, (’yk)2 < 0. [ ]

For example, Assumption 7 is satisfied for step sizes of the
form % = (k + 1) where  <b < 1.

Algorithm 3: Distributed (Partial-Decision Information).

Initialization: For all i € Z: set z; ', 29, %71 € Q;, \) € R,

177
~—1 -1 . .
0’? = {1,‘?’ Z? = )\?, y? = 2075171 - C7$z — Ci; Oy, 61 as

Assumption 6 and (7*)en as in Assumption 7.

Iterate until convergence:

ForallteZ
Communication and distributed averaging:
oF = Yy wij(k)ok,
g =20 wi,j(k)yf»
zzk = Zj:l w”(k)zf,
Local strategy update and dynamic tracking of d* :
&} = projo, (¢} — a;(Fy(xf,67) + C 2F)),
gt =gk + Ci2af — af) - Ci2E7 - af ),
N = projgs (NS + B,(y1 — ¥ + 28)),
Local Krasno;el’skii—Mann process:
P = ok ot ),
N = Xyt (B - ),
Local dynamic tracking of ZF*! and A\F+1 :

of“ = (3';9 + xf“ — gk

7
k+1 _ sk k41 k
2T =20 NTT = AL

The proposed algorithm relies on agents constructing an es-
timate of the averages by mixing information drawn from local
neighbors and making a subsequent relaxed projected-pseudo-
gradient step, as in Algorithm 2. To build the estimates o, y;, and
zj, atevery iteration k, agent i receives o’s, y4’s, and z}”s from
its neighbors, j € NV;(k), and aligns its intermediate estimates
according to the following rules:

N N
of =) wig(k)af, 9= wi;(k)yy
j=1 j=1

N
2= wig(k)z
j=1

Then, on the basis of 6%, 9, and 2F, agent i updates its strategy

;vf“, its dual variable )»f“, and the new estimates af+17 yf“,
and 2z as formalized in Algorithm 3.
Note that the projected-pseudo-gradient updates in

Algorithm 3 can be recast in a compact form as
" = projq (:ck — ag(F(zF,6%) + C’J%k) (20)

1" = projeyy (M + Ay A4 2)) @
where
eF =W, (k)o*, 2 =W, (k)z*, §* =W, (k)y*
Y =gk + Cu28F — b)) — Cu22F ! — M.

and Wy (k) :== W (k) ® I, for some ¢ € N.
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IV. CONVERGENCE ANALYSIS

To prove the convergence of Algorithm 3, we rely on the
framework of the inexact KM fixed-point iteration [19, Alg. 5.4].
Informally speaking, our goal is to show that the error deriving
from the inexactness of the estimates o;’s, y;’s, and z;’s vanishes
to zero fast enough, in which case, also (*),cn generated by
Algorithm 3 globally converges to a v-GNE. Technically, we
aim at exploiting [19, Th. 5.5], which establishes convergence
of an inexact version of the KM iteration in (15), i.e.,

W = WP A (R(WF) +ef —Wb), VE>0 (22

when R is nonexpansive and the step-size and error sequences,
(7*)ren and (€F)en, respectively, satisfy

CH w1 -~ =00

C.2) Y00 vFlle] < .

Note that Algorithm 3 can be written as the KM with errors

in (22) where w* = col(z*,1*) and the error at stage k is

ek = col(#*,1") — col(@k,, Ahy) (23)
where &%, and X/]iz denote the iterates generated by Algorithm 2
[defined in (18) and (19), respectively]. In other words, e”
represents the distance between the iterates in the ideal case of
full-decision information (i.e., where the agents have an exact
knowledge of the averages z*, d*, and A¥) and the iterates of
Algorithm 3, in which the averages are replaced by the estimates
&%, g% and 2F, built online by mixing information drawn from
local neighboring agents only.

The main technical challenge to invoke [19, Th. 5.5] and,
in turn, prove the convergence of Algorithm 3 is to find a
step-size sequence (Y¥)en, that complies with (C.1), such
that the relaxed error sequence (7" ||e¥||)ren satisfies (C.2). We
immediately note that if (v*),cn is chosen as in Assumptions
7, then it already satisfies (C.1). In the following subsection, we
show that (C.2) is also satisfied.

A. Analysis of the Relaxed Error Sequence

In the next lemma, we recall a fundamental invariance prop-
erty of dynamic tracking, namely, at each stage k, the averages
among the estimates o’s, y¥’s, and z}’s are equivalent to the
correspondent averages we aim to track.

Lemma 4: Let Assumption 3 hold true and set the initial
conditions o, y?, 29 as in Algorithm 3, for all ¢ € Z. Then, the
following equations hold for all £ > 0:

ot =g i, of =t

ii) 7% = 20wl = d*

i) 78 = L SON 2k =2k ]
Proof: See Appendix D. |
The following assumption on the dual sequences generated

by Algorithm 3 is instrumental for the subsequent lemma.

Assumption 8: The sequence (lk) reN generated by Algo-
rithm 3 is bounded, i.e., there exists Bp > 0 such that [|A*|| <
Bp, forall k > 0. [ |

For example, in the context of distributed constrained opti-
mization, Assumption 8 can be enforced by changing the local
dual updates by projecting onto a local bounded set D; that

contains the optimal dual set D* [28], [29]. See Section II-C for
a discussion on how to locally build such supersets.

The next lemma provides upper bounds for the estimation
errors at each stage k of Algorithm 3.

Lemma 5: Let Assumptions 1-3 and 8 hold true. Then, there
exist some positive constants Bq, Bp, By, d1, and d and a
vanishing scalar sequence (¢*),cn defined as

k
(bk _ 61pk—1 +622pk‘—€7€—1
=1

(24)

with p as in (4) and (7*),en as in Assumption 7, such that the
following upper bounds hold for all £ € N:

i) |6 — 1 ® 2" < 0Bap" +0Ba Y i) pFy

i) |2 — 1@ A%|| < 0Bpp* 4+ 0Bp S5, pFeys L,

iii) 4"+ — 1@ d*|| < 0Byph + 35 pFoes 4 ok
Proof: See Appendix E. ]
By exploiting the upper bounds in Lemma 5 and a result on

the convergence of scalar sequences, which is recalled next, we
can show that the estimates asymptotically converge to their
correspondent aggregate true values.

Lemma 6 ([30, Lemma 3.1]): Let (6*)en be a sequence.

a) If limp,ed® =0 and 0<7 <1, then limy_

Yo TH S = 5/(1—7).
b) If 6 > 0 for all k, > e ;6% < 0o and 0 < 7 < 1, then
S Sk 6 < 0. C
Proposition 3: Let Assumptions 1-3 hold true. Then, the
following statements hold:
i) limy, o |6% — 1@ %) = 0;
i) limg o |2F — 1@ 2% = 0;

i) limy o |ly**! — 1@ d¥|| = 0. [ |

Proof: (i) From the upper bound in Lemma 5 (i), we have

limsup [|[(W(k) ® I,)o* — 1 @ 7"

k—o0

k—o0

k
< lim sup <9Bﬂp’“c + 0Bqg, Zpks,ysl> <0

s=1

where limy .., p* =0, since 0 < p <1 by Lemma I, and
limy, o0 S, pF45"1 = 0 by Lemma 6 (a), since 0 < p < 1
and limy,_,o v* = 0 by Assumption 7. Hence, limy,_,, H&k —
1 ® z*|| = 0. The proofs of (ii) and (iii) are analogous. [ |

Next, we derive an upper bound for the error e* in (23) that
directly depends on the estimation errors in Lemma 5.

Lemma 7: Let Assumptions 1-3 and 8 hold true. Then, the
following bound holds for all & € N:

le]| < Lillaallllo® — 1@ 2| + | Ball |y — 1@ ¥
~k Tk
+ (lealllCall + 18all) 12" = 1 @ 25].

Proof: See Appendix F. |

Finally, by combining the upper bounds in Lemmas 5 and 7
and exploiting a result on the convergence of scalar sequences,
i.e., Lemma 6 (b), we show that condition (C.2) holds, namely,
the relaxed error sequence (v*||e”||)ren is summable.
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Lemma 8: Let Assumptions 1-3 and 8 hold true. The se-
quence (7*||e*||)ren, with €F as in (23), is summable, i.e.,

o0
D ANk < oo
k=0

Proof: See Appendix G. |
Now, we can prove the convergence of Algorithm 3.
Theorem 2: Let Assumptions 1-5 and 8 hold true, the step
sizes {cv;, B;}ier be set as in Assumption 6, and (v¥)cn as
in Assumption 7. Then, the sequence (col(x*,A*)),cn gener-
ated by Algorithm 3 globally converges to some col(x*,1*) €
zer(T), where x* is a v-GNE of the game in (1). [ |
Proof: For all k € N, the iterations of Algorithm 3 can be
cast as the KM process with errors w1 = wk + *(R(wk) +
eF — wk), where w® = col(x¥,1¥), R as in (16) and e as
in (23). By [19, Th. 5.5], the sequence (w”),cn converges
to some w* € fix(R), since R is averaged, thus nonexpan-
sive, by Lemma 11, and (C.1)—(C.2) hold, by Assumption
7 and Lemma 8, respectively. To conclude, we note that
w* € fix(R) = zer(®1T} + &~ 'T3), by [11, Prop. 25.1 (iv)],
and that zer(® 17} + & 'T,) = zer(T) # @, with T as in
(11), since ® >~ 0, by Lemma 9, and 77 + 75 =T. Since
w* € zer(T), then z* is a v-GNE of the game in (1), by
Proposition 2 (ii). |

V. NUMERICAL SIMULATIONS

In this section, we study the performance of the proposed
algorithm on a class of network Nash—Cournot games with
market capacity constraints. Such games represent an instance
of generalized aggregative Nash games. In Section V-A, we
describe the player cost functions and strategy sets and verify
that the necessary assumptions are satisfied. In Section V-B, we
compare the performance of our algorithm against a standard
semi-decentralized method (Algorithm 1).

A. Generalized Network Nash—Cournot Game

We extend the network Nash—Cournot game model proposed
in [14, IV] with additional market capacity constraints. Specif-
ically, consider N firms that compete over m markets. Let firm
i’s production and sales at location [ be denoted by g; ; and s; ;,
respectively, while its cost of production at location [ is denoted
by fi.1(gi,1) and defined as follows:

fia(9i0) = aingiy + giabia (25)

where a;; and b; ; are scaling parameters for agent ¢.

The goods sold by firm ¢ at location [ fetch a revenue
p(81)si,1, where p(5;) denotes the sales price at location ! and
S = Zi\/: 1 8i,1 represents the aggregate sales at location /. The
market price is set according to an inverse demand function
which depends on the aggregate of the network, i.e.,

pi(51) = di — 5

where d; is the overall demand for location /. Each firm ¢ has a
production limitation at location [, described by u; ;. Moreover,

the overall production in each market [ must meet the corre-
spondent demand d; and do not exceed a maximum capacity
r;. Hence, the coupling constraints d; < Zfi 1 9i1 <1y, forall
[ =1,2,...,m, have to be satisfied.

Overall, each firm 4, given the strategies of the other firms,
aims at solving the following optimization problem:

argmin{g“731.71}777:,1 S (filgin) — po(51)si)
s.t. D1 Gl > Yy Sig
9i,j>Si; =0, gig<u;y,
d < Zf\il gig <11,

Effectively, the payoff function of firm ¢ is parametrized by
nodal aggregate sales and its constraints depend on the other
firms’ strategies, thus leading to a generalized aggregative game.
In this example, we assume that the firms communicate over a
dynamic network to cope with the lack of aggregate information,
which is necessary to compute their optimal production and sale
strategies.

Next, we show that the proposed network Nash—Cournot
game does satisfy our technical setup. Let xz; = col
(Gits---sGimySids---,Sim) € R*™ denote the strategy vec-
tor of agent ¢ and @ = col(z1,...,zy) denote the collective
strategy profile. The cost function of agent  is quadratic, convex
in z;, continuously differentiable, and can be cast in a compact
form as

I=1,...

l=1,...,m.

,m

where A; := diag(a;1,...,0im,0,...,0), A =diag(0, I,,,)
and b; := col(b;1,...,bim,—d1,...,—dy). The local feasible
set of firm 7 is nonempty (for an adequate choice of u;;’s),
convex, compact, and reads as Q; := {z; € R*" | >/, g;, >
Zlnzl Sily Gi,55Si,5 > 0, 9i,l < Ui 1, l= ]., e, M, }

The coupling constraints are affine and can be writ-
ten in compact form as in (1), with C;=[2 = ] and

0 —1In
ci == col(ri,...,Tm,—d1,...,—dp,), for all i € Z. Thus,
Assumption 1 is satisfied.
The PG mapping F' is affine and reads as
F(z)= Pz +b @7
with
P—2A+11®A+34HT®A) (28)
N N N

A = blkdiag(Ay, ..., Ax)and b = col(b;, ...,by). By adirect
inspection of the eigenvalues of P, we can show that F' is
strongly monotone and Lipschitz continuous, when the coef-
ficients a; ;s are positive. Hence, Assumption 4 is satisfied. In
particular, it follows by [11, Cor. 18.18] that F' is y-cocoercive
with y := || P||~!. Moreover, since F'is strongly monotone and
the sets {2; are compact, it follows by Remark 2 that there exists
a unique v-GNE. The mapping F is affine and reads as

1
F(z,0) = (2A+ NI@A)w+(I®A)a+b.

Similarly, it can be shown that F' is L g-Lipschitz continuous
with Lg := max;;{a; ;, 1}. Thus, Assumption 5 is satisfied.
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Fig. 1. Trajectories of the residual ||=* — =*||/||® — =*|| for pFB [26,
Alg. 1], Alg. 3 with v* = k=0-51 and Alg. 3 with 4% = 1.

—Alg. 3,7 =1 ||
—Alg. 3, 'Yk — 051

I(E ® L)X
o

0 ! 10 10° 10

iteration k

Fig. 2. Trajectories of the consensus disagreement ||(t @ I,,,)A*|| for
Alg. 3 with v* = £~0-51 and Alg. 3 with ~* = 1.

B. Simulations Studies

In our numerical study, we consider a network Nash—Cournot
game played by 20 firms, i.e., N = 20, over 10 markets, i.e.,
m = 10. All the parameters of the game are drawn from uniform
distributions and fixed over the course of the entire simula-
tions. Specifically, for all ¢ € Z and [ € {1,...,m}, we set
the parameters of production cost in (25) as a,;; € (2, 3) and
by € U(2,12), where U(t, 7) denotes the uniform distribution
over an interval [¢,7] with ¢ < 7. We set the production ca-
pacities of firm 4 as u,;; € U(50,100) for all L € {1,...,n }
and for all 7 € Z. Moreover, the demand at market [ is set as
d; € U(90,100), while the market capacity as r; € U(d;, 2d;)
foralll € {1,...,m }.

At each iteration k, the firms communicate according to a
randomly generated and connected small world, where each
node has four neighbors. To create a doubly stochastic mixing
matrix W (k), we exploit the Metropolis weighting rules in (2).
Thus, Assumptions 2 and 3 are satisfied. The agents update their
decisions and their estimates as in Algorithm 3. The step-sizes
{a;, Bi }iez are set according to Assumption 6, where the global
parameter 7 is set 5% larger than the theoretical lower bound
2=, where § = min{1, || P[|} and P as in (28).

In Fig. 1, we show the trajectories of the sequences of nor-
malized residuals ||z* — z*||/||x® — =*|| for different choices
of the step-size sequence (7*)cn. Moreover, we compare the
trajectories of Algorithm 3 with those obtained with Algorithm 1
[26, Alg. 1], which is a semi-decentralized algorithm and works
under the assumption of full-decision information, i.e., the firms
have access to the real aggregate information at each stage k of
the algorithm. As expected, the semi-decentralized algorithm

converges faster than the fully distributed counterpart. Interest-
ingly, we notice that convergence is achieved also in the case
of fixed relaxation step in the KM process, e.g., v* = 1 for all
k > 0, which is not supported by our theoretical analysis.

In Fig. 2, we compare the trajectories of the consensus dis-
agreement of the dual variables ||(E ® I,,,)A*| for two choices
of the step-size sequence (7¥)jen.

VI. CONCLUSION

For a general class of aggregative games with linear cou-
pling constraints over time-varying communication networks,
we have designed the first single-layer, fully distributed algo-
rithm to compute a variational GNE. Global convergence can
be established via monotone-operator-theoretic and fixed-point
arguments, integrated with a dynamic tracking methodology.

The analysis approach in this article is genuinely novel, and
hence opens up a number of new research directions. Motivated
by the numerical results of Section V, it would be valuable to
explore the computational aspects of the proposed method, e.g.
how the connectivity of the communication networks influences
the convergence speed. Whether or not the proposed algorithm
converges with fixed step sizes in the KM process is currently
an open question. Finally, it would be highly valuable to relax
the assumption of double-stochasticity of the mixing matrices.

APPENDIX

A. Proof of Lemma 3

i) T5 is the sum of two terms: S in (17) is a linear, skew
symmetric mapping, thus maximally monotone [11, Ex.
20.30]; and N X NRQBN is maximally monotone since
is the direct sum of maximally monotone operators [11,
Prop. 20.23] (i.e, the normal cones of the closed convex
sets €2 and R%V ). Hence, the maximal monotonicity of
S 4+ Ng x Nﬁ;%N =T, follows by [11, Cor. 24.4 (1)]
since dom(S) = R +m)N,

ii) F' is x-cocoercive, by Assumption 4, and L, is 1-
cocoercive by [11, Cor. 18.18], since L,, is a linear,
positive semi-definite mapping with ||£,,|| = 1. It fol-
lows that the direct sum T3 (-) = F(-) x (b, - +77¢f)
is 0-cocoercive, for all § such that 0 < 6 < min{1, x}.
Now, we show that 77 is restricted-strictly monotone
wrt. Ol = @ x El. Let us recall that E| and E* are
the (m-dimensional) consensus and disagreement sub-
spaces, respectively. Moreover, each vector v € R™ can
be split as v = v + vy, with v € E! and v, € E*.
Consider now w = col(x, 1) & Ol hence A = A AL,
withd| € Eland0 #1, € E*. Letw' = col(z,/ L) €
O, hence A’ = 1‘ c E!l and A, = 0. The following
inequalities show that 77 in (13) is restricted-strictly
monotone w.r.t. Ol:

(T2(w) = Ta(w') " (w — )

= (F(z)-F(a)) (x—2)+ (& = 1) "Ln( - 1)
> x||F (@) = F(@)* + (A1) Emhs

> eigy(L)|[AL[]* >0
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where £, = (L ® I,,,), with £ projection onto the dis-
agreement subspace and eig,(E) =1 is the second
smallest eigenvalue of £. =1 — %llT. The first in-
equality follows by the cocoercivity of F' (Assumption
4) and since L, A = L,,A" = 0, namely, the projection
onto the disagreement subspace of the consensual terms
is zero.

iii) The maximal monotonicity of 7" =T} + T, follows
by [11, Cor. 24.4 (i)], since T} is cocoercive (thus
maximally monotone [11, Ex. 20.31]), T5 is maximally
monotone and dom(7;) = R("*™N Moreover, since
17 is also restricted-strictly monotone with respect to
Oy, T' enjoys the same property. |

B. Proof of Proposition 2

i) By Proposition 1, there exists A* € RZ, such that
col(z*,1*) € zer(U), where =* is a v-GNE. Define
w* = col(x*, L"), with A" =15 ® A*, then we have
T (w*) 3 0.1In fact, each component of the first row block
of T(w*) reads as Nq, (z}) + V., J;(z},7%) + CJ A" >
0. However, each component of the second row block
of T'(w*) reads as Ngm (1*) — & (Cx — ¢) 3 0, since
NRQB ()»*) — (CiL'* — C) 50
Hence, zer(T) # @.

ii) From the first part of the proof, we know that there exists
w* € Ol such that w* € zer(T'). Now, we show that all
the zeros of T'lie in ©/. By contradiction, let w’ € zer(T)
and assume ' ¢ ©l. Then, 0 € T(w*), 0 € T(w'),
and Lemma 3(iii) yield 0 = (0 — 0)" (w* — ') > 0,
which is impossible. Therefore, «’ € O/, namely w’ =
col(z, 1 ® A’). Now, by substituting w’ into 7" (since
E®I,)(1 ®A) = 0), we recover that w’ € zer(T) =
col(x,’ )') € zer(U), which, by Proposition 1, holds if
and only if &’ is a v-GNE. [ |

1 —
and NNRQB = NR%.

C. Proof of Theorem 1

To prove convergence of Algorithm 2, we follow the same
technical reasoning of the proof in [10, Alg. 1]. Specifically, the
proof is divided in two parts to show that:

1) Algorithm 2 corresponds to the fixed-point iteration in
(15), i.e., Wt = Wk + v*(R(w*) — w), where R :=
(Id + @~ 17)"! o (Id — 177 ) is the so-called pFB op-
erator.

2) Ifthe step sizes are set as in Assumption 6, then R is an av-
eraged operator. Hence, (15) globally converges to some
w* := col(x*1*) € fix(R). Since fix(R) = zer(T'), with
T asin (11), then =* is a v-GNE, by Proposition 2.

1) Let us recast Algorithm 2 in a compact form as

2" = projg (" — ay(F(a",a") + CJA"))  9)
1" = projpmy (xk 4 Ba(d" Ak 1 X’“)) (30)
A R A AR 3D
N N A L (32)

Since projg = (Id + Ng)™!, F(zF,1®7%) = F(z*) and
ciAt =cf 1 @ik) = LA, it follows from (29) that
(Id+ Ng)(2") 5 ¥ — ag(F(z*) + £ C 1), which leads to

1 .
— F(z¥) € No (&%) + Nc{xk

1 ~
+ogl(@k — zb) — NCJ(A’“ k) (33)
where we used «;'Ng(z") = Ngq(&F). Similarly,
since 1®dF= %(QCfik — Ciz* —¢r) and P L -

(I- 311" @ L,)AF = (k@ L,)A" =L,,AF, it follows
from (30) that (Id + Ngnv)(A) € A + (L (2Cr&* —
Crz® — ¢f) — Lmkk), which leads to

1 k1
—Ed* — o € Ny ") - G

1 - 1,5k
—ch(:r,’“ —xF) + BT Ak, (34)
Let w” := col(x*, %), then the inclusions in (33)—(34) can be
cast in a compact form as

~T (W) € To(&F) + (@F — wh) (35)

where 17, Tb, and ® are as in (12), (13), and (17), respectively.
By making &" explicit in (35), we obtain

@F=(1d+ 0 ') o (ld -2 Ty)(wW")  (36)

which corresponds to @* = R(w*), where R is the pFB op-
erator in (16). Finally, it follows by (31)—(32) that w**! =
wh + 7*(R(w*) — w*), which concludes the proof.

2) Next, we introduce some technical statements that we
exploit later on in this proof.

Lemma 9: Let the step-sizes {«;,[;}iez  satisfy
Assumption 6. Then, the following statements hold:
i) ® — 71 = 0, with 7 as in Assumption 6,
i) @71 < 7L [ |

Proof:
i): By the generalized Gershgorin circular theorem [31,
Th. 2], each eigenvalue p of the matrix ® in (17) satisfies
at least one of the following inequalities:

p=at =[G viel  (37)

N
a1 ,
qu’f—NE Icr, VieZ — (38)
j=1

Hence, if we set the step-sizes «y;, 3; as in Assumption
6, inequalities (37) and (38) yield to p > 7. It follows
that the smallest eigenvalue of @, i.e., fimin(P), satis-
fies fimin () > 7 > 0. Thus, ® — 71 is positive semi-
definite.

ii): Let ftmax(P) be the largest eigenvalue of ®. We have that
tmax (D) > fimin (P) > 7. Moreover, ||®|| = fimax(P) >
Pmin (@) = H‘I’%IH > 7. Hence, ||®7! <771, [ ]

Lemma 10: Let Assumptions 1 and 4 hold and the step-sizes

{a, Bi }ier satisfy Assumption 6. The following properties hold
in the ®-induced norm (i.e., || - ||3):
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i) ®'Ty is 7-cocoercive and (Id — ®'Ty) is 5%

26T~
averaged;
ii) ® 17, is maximally monotone and (Id — ®173)~ ! is
-averaged. [ ]
Proof:

i) Since Ty is single-valued and ®~! nonsingular, by
Lemma 9 (i), for each w,w’ € Q x RZY

107171 (w) — 7 T (W) G = [ T1(w) — Ta(w)G

IN

12|71 (w) = Ta(w)]?

IA

1

— T (w) = Ta(w)? (39)
where the last inequality follows by Lemma 9(ii). By (39)
and the d-cocoercivity of 77 (Lemma 3(ii))

(@' (w) — ' T (W), w — W )s
= (N(w) - T (), w — ') > §||T1(w) — T2 ()]
> 07| @ Ty (w) — 7T (W)))%. (40)

In other words, &7} is §7-cocoercive in the ®-induced
norm. It follows from [11, Prop. 4.33] that (Id — ®~177)
is 2(}7 -averaged in the ®-induced norm.
ii) ®~!7% is maximally monotone in the ®-induced norm,
since T5 is maximally monotone by Lemma 3(i). By [11,
Prop. 23.7], the resolvent mapping (Id + ®1T3) is %-
averaged (or firmly nonexpansive; see [ 11, Remark 4.24])
in the ®-induced norm, since ® 175 is maximally mono-
tone in the same norm. ]
Lemma 11: Let Assumptions 1 and 4 hold and the step-
sizes {cv, B }ier satisfy Assumption 6. Then, the pFB opera-
tor R=(Id+ ®'T) ! o (Id — ®'7}) is v-averaged in the
®-induced norm (i.e., || - [|¢), with v := ;227 € (3, 1).
Proof: By [l11, Prop. 4.4], the mapping R is (4(?7‘?11 )-
averaged with respect to || - ||¢, since composition of (Id +
®~'7,) ' and (Id — ®~'7}) are 1 — and 53—-averagedin|| - ||o,

20T
respectively, by Lemma 10. Moreover € (3.,1), since

20T
> 4011

T> %, by Assumption 6. ]

The fixed-pointiteration (15), that corresponds to Algorithm 2
by the first part of this proof, is the Krasnosel’skii-Mann
iteration on the mapping R, which is v-averaged, with v €
(1,1), by Lemma 11. The convergence of (15) to some w* :=
col(x*, 1) € fix(R) follows by [11, Prop. 5.15]. To conclude,
we note that w* € fix(R) = zer(® 1T + &~ 'T3), by [11,
Prop. 25.1 (iv)], and that zer(® 17} + ®1T%) = zer(T'), with
T as in (11), since ¢ > 0, by Lemma 9(i), and T} +T5 = T.
Since the limit point w* € zer(T) # &, by Proposition 2(i), then
x* is a v-GNE of the game in (1), by Proposition 2(ii), thus
concluding the proof. |

D. Proof of Lemma 4

We prove (i) by induction. At step zero, 5 = z° holds if the

estimates are initialized as og = x?, for all ¢ € Z. At step k,

we assume that &% = Z*. To conclude the proof, we show that

relation (i) holds at step k£ + 1:
1
G+l — N(IT @ L) (W (k) ® I,)o" + zF 1 — x*)
1
=—(1'"®I, QI,)o" +Z -

— Gk ghtl gk — gkt

The first equality follows from the updating rule of the o;’s
in Algorithm 3, the second follows by definition of z*,
ie, ¥ = L (1T ® I,,)a*, the third follows since the mixing
matrix W (k) is column stochastic, i.e., 1TW (k) =17, by
Assumption 3, while the last equality follows from the induction
step k, i.e., 7% = Z*. The proof of (ii) and (iii) is analogous.

E. Proof of Lemma 5

For easy of notation, this proof'is developed for the scalar case,
i.e., n =m = 1. In this case, we can write ||6" — 1 ® zF|| =
|(W(k)® I,)oF — 1@ z*| = |W(k)o* — zF1].

i) The update of the estimates o;’s in Algorithm 3 can be
written in a compact form as

ot = Ww(k)ot + 2T — xF. 41)
By telescoping (41), we obtain
oL =W (k)W (k —1)e" ! +ab — 2k 1)
1okt gk
=U(k,k—1)o" !t + U(k,k)(zF — 2" 1)

1okt gk

k
= U(k,0)0" + Z U(k,s)(x® — 1)
s=1
+ gl — gk (42)

where the transition matrices W(-, -)’s are defined in (3).
By rearranging (41), we can write W (k)o* = o**! —
a1 + x* Then, by exploiting the equivalence in (42),
we have
k
W(k)o* = U(k,0)0° + ) " W(k,s)(@® —z* ).
s=1

(43)

Now, consider 5%, which may be written as follows:

k
5’k _ 6,k71 + (a_k _ 6,k71) — a_0 + Z(a,s _ 5’571).
s=1

By Lemma 4, we have that 7° = z° Vs > 0, which leads

to
k
7k — 5k — 50 + Z(J—;s - _571)
s=1
1 T __0 - 1 T s s—1
:N10+ZN1 (x® — x° 1) (44)
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From (43) and (44), we have the following:
IW (K)o — z*1]|

= H(\I/(k,o) - anT) o’

+§:1 <‘I’(k78) - ;HT) (@° — 1)

@) Lo o0
< [1¥(k, 0) — 11 |7

k
1
+> Wk, s) 1 Il =2

s=1

b k

< oMot + 3 0 et — 2t @)

s=1

where (a) follows from the Cauchy—Schwarz inequal-
ity, while (b) since || ¥ (k,s) — +11"|| < 6p~* for all
k > s > 0, by Lemma 1. Next, we find an upper bound
for |z* — x| in (45). The update of the decisions
x;’s can be written in a compact form as x*t! =
x¥ +4F (2" — 2F). We note that ¥, ¥ € Q;, for all
k > 0 since Z¥ is obtained by projecting onto €2; and
z¥ = (1 —4*)2F~! 4+ 4*3F is a convex combination of
elements of the convex set €);. Since all the sets €2;’s
are compact, by Assumption 1, it follows that for some
constant B, we have

o =@t = 7Y@ ! — | < 7 Ba.
(46)
By combining (46) and (45), we obtain
k
||W(k‘)a'k _ fle < HpkBQ + Z Hpk_s’)/s_lBQ
s=1

where we exploited the initialization step of Algorithm 3,
ie, 00 =z € Q, from which ||| < Bg.
ii) The update of the estimates z;’s in Algorithm 3 can be
written in a compact form as
2= W (k)2" + 15—k 47)
By telescoping (47), we obtain

W (k)" — 3*1]

k
<OPM[20 + D 0PI =AY @8)
s=1
To upper bound ||]A® —A%!||, we note that the dual
update in Alg. 3 reads in a compact formas A® = A°~1 +
A5(A°" = A5~1) and that the dual sequence (A%)scn
is positive and Bp-norm bounded, by Assumption 8.
Hence, we have |[A® —A°"!|| < 4°'Bp, that substi-
tuted into (48) gives

k
W (k)=* — 3¥1)| < 6p*Bp + 3 094" Bp.

s=1

iii) The update of the estimates y;’s in Algorithm 3 can be
written in a compact form as

Yy =W (k)y* + Cy(22F — 2F)

Gyt — b (49)

By telescoping (49) [as explained in (42)], we obtain

k
yF = U(k,0)y° + ) (k)

s=1
. (Cd(2i371 o wsfl) o Cd(2®872 o w872))

+ Cy(22* — %) — Cy2zh "t — 2P 1) (50)

Now, consider g’“, which may be written as follows:

k

gk _ go + Z{gs—l _ gs—Q} + gk' _ gk_l.
s=1

By Lemma 4, we have that §* = d° = +17Cy(22° — %) — ¢,
for all s > 0, which leads to

k
) 1 1
k —k T..0 T
—gf = —1 —1
¢C=y=xly +ZN

s=1

. (Cd(25b871 o wsfl) o Cd(2i572 o iBSiQ))

+ %f (Ca(22" — 2¥) — Cq(2a" 1 — 2" 1)) .
(51

From relations (50) and (51), we have the following:

k+1 _ d_k]_”

@ (\I/(k,()) —~ ]‘bnT) Y’ + Xk: (\I/(k,S) - ;,HT)
s=1
o w872))

ly

. (Cd (2&:571

1
+ (IN — N11T>

. (Cd(Qi'k — a:k) - Cd(Qiik71

o 212571) o Cd(2i872

—z" ) |
(b) 1
< [[w(k,0) = 117 [lly°|

k
1
+ D19k 5) = 117 [[|Cal
s=1

. ||(2:i371 _ msfl) _ (2:%872 _ x372)||

+ICalll22" — &%) — (22 — 21|

(©) k
< 0p* By + Z 0pF*

s=1
ICallll2&° 7" — 2 7h) = (22°72 — 2° )|

+Calll (22" — 2*) — (2&" 1 — 2t )| (52)
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where the first equality, (a), follows by substituting (50) and e
(51) to y**! and d¥, respectively, (b) follows from Cauchy— < 0Bgop® + 0Bq Z p
Schwartz inequality, and (c) since || ¥ (k, s) — & 117 || < fpF~* =1
forall £ > s > 0, by Lemma 1. Now we build an upper bound s—1
for ”(25:5 - ) (2~s 1 sfl)” in (52) + HBst—l +0Bq Zp(s—l)—é,yé—l + ’)/S_lBQ
(=1
l2&" —a%) - (2" —a* )|
+7° Bq

@) ~ ~s—1 s s—1

<9l — & + o — | o R

o 2 (0Bop*) +4 (0Bap Y (55)

<2z — &5 + 451 Bg (53) £=1

: s—1 _ s s s—1

where (a) follows from the triangular inequality and (b) follows where (a) follows since W(s—1)o°" = o® —a° +x* by

from (46). Next, we build an upper bound for the term ||Z° —
&° 1| in the right-hand side of (53).

l2* — &1

%) + CJ 2%)
H+cizh)

@ Iproje(z* — aa(F(z*

— projn(a:S’1 - ad(F(msfl, "
(b) 1

<Jlz®—a' " —ay

(F(z®,W(s)o®) — F(z* ', W(s—1)o*")

+OJW (5)2* — Cy W (s—1)z""1) |
(©)
< et — 27|
x5 — msfl
L
e H [W Jort W (s - 1>,,31] ‘
T laallICallW (s)2* — W(s — 1)z~
2 s s—1
< (14 LrllaalD |2 — 2|
T Lelloal [W(s)o® — W(s—1)o*"1|
+lloalllICall[W (s)2" = W (s—1)z""| (54)

where (a) follows by exploiting the compact update of * in (20),
(b) follows by the nonexpansiveness of the projection operator,
(c) follows by exploiting, in sequence, the triangular inequality,
the Lipschitz continuity of F' (Assumption 5) and the Cauchy—
Schwartz inequality, and, finally, (d) follows from the relation
I3 =v/llalP+Tel<llal+(o|. Now, we find an upper bound the

last two terms in (54).
[W(s)o® = W(s—1)a*|

@ |W(s)o® —o® +a* —z*7

(b)
< [W(s)o® —o®|| + [2° — =
©

il

[W(s)o® —12° — (¢ — 12°)]|

+2t -

(d)
< [[W(s)o® —12%(| + [|o® — 127
++° ' Bq

(41), (b) from the triangular inequality, (c) by summing and
subtracting z°1 within the fist term, (d) by the triangular in-
equality and substituting to ||z — *~!|| the bound in (46), ()
by substituting to ||IW(s)o® — 1z°|| the upper bound derived
in Lemma 5 (i) and to ||o® — 1Z*|| a bound similarly derived,
and (f) follows by noticing that p* < p*~1, since 0 < p < 1 by
Assumption 3. Similarly, for the last addend in (54), we can
derive the following bound:

W (s)z" = W(s—1)z"""|

<203Dps 1+4HBDP 1Zps £, 0— 1
=1

(56)

Finally, by combining (54) with (55) and (56), we obtain an
upper bound for ||&° — 7!, i.e.,

lz° — a1

< |lowl|20(LF Ba + || Cal| Bp) p*~*

=€1
+40p aal|(LrBo + |Cal Bp) > p* 4"
/=1

=€

+ (Ba + |ladl|[LrBa) v+

i=€3

<ep (2 +€3) Zpsee1 57)
Now, by substituting (57) into (53), we obtain
1(2z° — 2°) — (22° " — 25 Y)||
<205 4 2 +e) 30 g0 4 B
(=1

< 2¢; p* 4 (2e9 + 263 + Bg) Zpa —, -1

=0 =

= =02
=¥ (58)

where (¢®) e is the scalar (vanishing) sequence in (24), with
p is as in (4) and (7¥)ren as in Assumption 7. Finally, by
combining (58) and (52), we obtain the upper bound in Lemma
5(iii). [ |
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F. Proof of Lemma 7

From ||[7][| =/llal2+[bl2<[la]-+|]l, it follows that
. ~k ~ ~k
||€kH = Hcol(ack,k ) — COl(mizvaz)”

~k
—Aao- (39)

Next, we upper bound ||Z* — &%,||, where " and &%, are
defined in (20) and (18), respectively.

~ ~k ~k
< [z" — 2l + (1A

& — &kl
= [projg (#* — au(F(a*,6%) + €] 2*)

— projq (2" — aq(F(z*,z71) + C{ 1%) |

k

(a) . k kg
< llaall |IF (2", 6%) — F(a*,&") + Cj (2" —47)|

(b)
< Lrlladlll|(W(k) @ I)o" — 10 z"|

+ llaallICall (W (k) ® In)2"

where the first inequality (a) follows by the nonexpansivity of the
projection operator, and (b) follows by the triangular inequality
and the Lipschitz continuity of F' (Assumption 5).

— 12" (60)

Now, consider ||):]C - Xizﬂ, where 1" and Xiz are defined in
(21) and (19), respectively. By exploiting the nonexpansiveness
of the projection operator, we have

..,k ..k —
A7 = Xpoll < Ballll(W (k) @ In)2" — 1@ 2|
+1Balllly™* = 1@ d"|. (61)
Finally, by combining (61) and (60) with (59), we obtain the
upper bound in Lemma 7. |

G. Proof of Lemma 8

By substituting the bounds on the estimation errors of
Lemma 5 into the error bound in Lemma 7, we obtain

k
PHllef < a1 "0k +a2y By et

Term 1 s=1

Term 2
k

+a3 7 ek +as Y pFoet!
——

s=1

(62)

Term 3

Term4

where a1, a9, a3, and a4 are positive constants de-
fined as a; := 6Bo(|aalLr + [ Aall) + 6Bp ([lalll|Call +
1Bal]), az := 6Ballaa||Lr + 6Bp([|aal[|Call + [[Bal]), as :=
lBalll|C4ll, and a4 := ||Bal|. Now, we show that each term on
the right-hand side of (62) is summable, hence also the sequence
(V¥ lle® [ ken is such, ie., 357 ¥l < oo.

Term 1: To establish the convergence of Y .~ vF ok, we
note that v* <40, for all k € N, by Assumption 7, imply-
ing that S>30 o v*p* <0377, pF < oo, since 0 < p < 1 by
Lemma 1.

Term 2: Since fyk < ’ys’l, for all kK > s—1 (Assumption 7),
the following relations hold for the second term in the right-hand
side of (62):

>

k=0

ZZPkSkSl

L2

It follows by Lemma 6 (b) that )~ SF L pF ()2 < oo,
since Y 72 (7%)? < 00, ¥¥ > 0 for all k (Assumption 7) and
0<p<l

Term 3: By exploiting the definition of the sequence (¢*)jen
in Lemma 5, we can write

Zv ¢F = Zv

k
Z pkrfs,ysfl
s=1

k
61pk71 + 52 Zpk7€7871

:5lzkk1+52z,yzpkiel
k=0 k=0 =1
<51702pk1+5zzpk€ Zl

k=0 ¢=1

By exploiting the same technical reasoning in (i) and (ii), we
can show that each term on the right-hand side of the previ-
ous inequality globally converges. Therefore, we conclude that

Yook < .
Term 4: Since *yk <~ for all k> s (Assumption 7), the
following hold for the last term in the right-hand side of (62):

00 k
Z,yk Zpkfsqssfl Zzpk s k¢s 1

k=0 s=1 =0 s=1

oo k
< Zzpkfs(,ysfl(bsfl).

k=0s=1

It follows by Lemma 6(b) that 37> SF_ pF=sys-1gs—1 <
00, since Y pr o Y¥¢* < oo by (iii), and 0 < p < 1.

To conclude, since all the terms in the right-hand side of (62)
are summable, then we have Y ;- 7*[|e"|| < cc. [ |

REFERENCES

[1] M. Jensen, “Aggregative games and best-reply potentials,”
vol. 43, pp. 45-66, 2010.

[2] W. Saad, Z. Han, H. Poor, and T. Basar, “Game theoretic methods for
the smart grid,” IEEE Signal Process. Mag., vol. 29, no. 5, pp. 86-105,
Sep. 2012.

[3] Z. Ma, D. Callaway, and I. Hiskens, “Decentralized charging control of
large populations of plug-in electric vehicles,” IEEE Trans. Control Syst.
Technol., vol. 21, no. 1, pp. 67-78, Jan. 2013.

[4] N.Li, L. Chen, and M. A. Dahleh, “Demand response using linear supply
function bidding,” IEEE Trans. Smart Grid, vol. 6, no. 4, pp. 1827-1838,
Jul. 2015.

[5] J. Barrera and A. Garcia, “Dynamic incentives for congestion control,”
1IEEE Trans. Autom. Control, vol. 60, no. 2, pp. 299-310, Feb. 2015.

[6] S. Grammatico, F. Parise, M. Colombino, and J. Lygeros, “Decentralized
convergence to Nash equilibria in constrained deterministic mean field
control,” IEEE Trans. Autom. Control, vol. 61, no. 11, pp. 3315-3329,
Nov. 2016.

Econ. Theory,

Authorized licensed use limited to: TU Delft Library. Downloaded on May 07,2021 at 06:32:32 UTC from IEEE Xplore. Restrictions apply.



BELGIOIOSO et al.: DISTRIBUTED GENERALIZED NASH EQUILIBRIUM SEEKING IN AGGREGATIVE GAMES ON TIME-VARYING NETWORKS

2075

[71 S. Grammatico, “Dynamic control of agents playing aggregative games
with coupling constraints,” IEEE Trans. Autom. Control, vol. 62, no. 9,
pp. 45374548, Sep. 2017.

[8] D.Paccagnan, B. Gentile, F. Parise, M. Kamgarpour, and J. Lygeros, “Nash
and wardrop equilibria in aggregative games with coupling constraints,”
IEEE Trans. Autom. Control, vol. 64, no. 4, pp. 1373-1388, Apr. 2019.

[9] G. Belgioioso and S. Grammatico, “Semi-decentralized Nash equilib-

rium seeking in aggregative games with coupling constraints and non-

differentiable cost functions,” IEEE Control Syst. Lett., vol. 1, no. 2,

pp. 400-405, Oct. 2017.

P. Yi and L. Pavel, “An operator splitting approach for distributed gener-

alized Nash equilibria computation,” Automatica, vol. 102, pp. 111-121,

2019.

H. H. Bauschke et al., Convex Analysis and Monotone Operator Theory

in Hilbert Spaces, vol. 2011. Berlin, Germany: Springer, 2017.

T. Tatarenko, W. Shi, and A. Nedi¢, “Accelerated gradient play algorithm

for distributed Nash equilibrium seeking,” in Proc. IEEE Conf. Decis.

Control, 2018, pp. 3561-3566.

L. Pavel, “Distributed GNE seeking under partial-decision information

over networks via a doubly-augmented operator splitting approach,” IEEE

Trans. Autom. Control, vol. 65, no. 4, pp. 1584-1597, Apr. 2020.

[14] J. Koshal, A. Nedi¢, and U. Shanbhag, “Distributed algorithms for ag-

gregative games on graphs,” Operations Res., vol. 64, no. 3, pp. 680-704,

2016.

A. Nedi¢, A. Olshevsky, and W. Shi, “Achieving geometric convergence

for distributed optimization over time-varying graphs,” SIAM J. Optim.,

vol. 27, no. 4, pp. 2597-2633, 2017.

F. Parise, B. Gentile, and J. Lygeros, “A distributed algorithm for almost-

Nash equilibria of average aggregative games with coupling constraints,”

IEEE Trans. Control Netw. Syst., vol. 7, no. 2, pp. 770-782, Jun. 2020.

D. Gadjov and L. Pavel, “Distributed GNE seeking over networks in ag-

gregative games with coupled constraints via forward—backward operator

splitting,” in Proc. IEEE Conf. Decis. Control, 2019, pp. 5020-5025.

G. Belgioioso, A. Nedi¢, and S. Grammatico, “Distributed generalized

Nash equilibrium seeking in aggregative games under partial-decision

information via dynamic tracking,” in Proc. IEEE Conf. Decis. Control,

2019, pp. 5948-5954.

P. L. Combettes, “Quasi-Fejérian analysis of some optimization algo-

rithms,” in Stud. in Comput. Math., vol. 8, Amsterdam, The Netherlands:

Elsevier, 2001, pp. 115-152.

K. Margellos, A. Falsone, S. Garatti, and M. Prandini, “Distributed con-

strained optimization and consensus in uncertain networks via proximal

minimization,” IEEE Trans. Autom. Control,vol.63,n0.5, pp. 1372-1387,

May 2018.

[21] J. N. Tsitsiklis, “Problems in decentralized decision making and com-

putation,” Massachusetts Inst. Tech Cambridge Lab for Information and

Decision Systems, Tech. Rep., 1984.

D. P. Palomar and Y. C. Eldar, Convex Optimization in Signal Processing

and Communications. Cambridge, U.K.: Cambridge University Press,

2010.

F. Facchinei, A. Fischer, and V. Piccialli, “On generalized Nash games

and variational inequalities,” Operations Res. Lett., vol. 35, pp. 159-164,

2007.

F. Facchinei and J.-S. Pang, Finite-Dimensional Variational Inequalities

and Complementarity Problems. Berlin, Germany: Springer Science &

Business Media, 2007.

A. Auslender and M. Teboulle, “Lagrangian duality and related multiplier

methods for variational inequality problems,” SIAM J. Optim., vol. 10,

no. 4, pp. 1097-1115, 2000.

G. Belgioioso and S. Grammatico, “Projected-gradient algorithms for

generalized equilibrium seeking in aggregative games are preconditioned

forward—backward methods,” in Proc. Eur. Control Conf.,2018, pp.2188—

2193.

A. Nedi¢ and A. Ozdaglar, “Approximate primal solutions and rate

analysis for dual subgradient methods,” SIAM J. Optim., vol. 19, no. 4,

pp. 1757-1780, 20009.

A. Nedi¢ and A. Ozdaglar, “Subgradient methods for saddle-point prob-

lems,” J. Optim. Theory Appl., vol. 142, no. 1, pp. 205-228, 2009.

M. Zhu and S. Martinez, “On distributed convex optimization under

inequality and equality constraints,” IEEE Trans. Autom. Control, vol. 57,

no. 1, pp. 151-164, Jan. 2012.

S. S. Ram, A. Nedié, and V. V. Veeravalli, “Distributed stochastic sub-

gradient projection algorithms for convex optimization,” J. Optim. Theory

Appl., vol. 147, no. 3, pp. 516-545, 2010.

D. G. Feingold et al., “Block diagonally dominant matrices and general-

izations of the Gerschgorin circle theorem.” Pacific J. Math., vol. 12, no. 4,

pp. 1241-1250, 1962.

[10]

(1]

[12]

[13]

[15]

[16]

[17]

[18]

[19]

[20]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

(30]

[31]

Giuseppe Belgioioso was born in Venice, Italy,
in 1990. He received the bachelor’s degree in
information engineering and the master’s de-
gree (cum laude) in automation engineering,
from the University of Padova, ltaly, in 2012 and
2015, respectively. He is currently working to-
ward the Ph.D. degree with the Control System
(CS) Group, Eindhoven University of Technol-
ogy, The Netherlands.

He was a Research Associate with the Au-
tomatica Group (Control Systems Engineering),
Eindhoven University of Technology, The Netherlands, from 2015 to
2016. From Febraury to June 2019, he visited the School of Electrical,
Computer and Energy Engineering, Arizona State University (ASU),
USA. His research interests include game theory, operator theory and
distributed optimization for studying and solving coordination, decision
and control problems that arise in complex network systems, such as
power grids, communication, and transportation networks.

Angelia Nedi¢ received the Ph.D. degree in
computational mathematics and mathematical
physics from Moscow State University, Moscow,
Russia, in 1994 and another Ph. D. in electri-
cal and computer science engineering from the
Massachusetts Institute of Technology, Cam-
bridge, USA in 2002.

She was a Senior Engineer with BAE Sys-
tems North America, Advanced Information
Technology Division, Burlington, MA, USA. Cur-
rently, she is a Faculty Member of the School of
Electrical, Computer and Energy Engineering, Arizona State University,
Tempe, AZ, USA. She was a Willard Scholar Faculty Member with the
University of lllinois at Urbana-Champaign, IL, USA. Her research inter-
ests include large-scale complex systems dynamics and optimization.

Dr. Nedi¢ has been a recipient of NSF CAREER Award 2007 in
Operations Research for her work in distributed multiagent optimization.
She was a recipient (jointly with her co-authors) of the Best Paper Award
at the Winter Simulation Conference 2013 and the Best Paper Award at
the International Symposium on Modeling and Optimization in Mobile,
Ad Hoc and Wireless Networks (WiOpt) 2015.

Sergio Grammatico (Senior Member, |IEEE)
was born in Marsala, Italy, in 1987. He received
the B.Sc. degree in computer engineering, the
M.Sc. and Ph.D. degrees in automation engi-
neering, all from the University of Pisa, ltaly,
in 2008, 2009, and 2013, respectively. He also
received the M.Sc. degree in engineering sci-
ence from the Sant'/Anna School of Advanced
1 Studies, Pisa, ltaly, in 2011.
4 1' He visited the Department of Mathematics,
University of Hawai’i, Manoa, in 2010 and 2011,
and the Department of Electrical and Computer Engineering, UC Santa
Barbara, CA, USA, in 2012. From 2013 to 2015, he was a Postdoctoral
Research Fellow with the Automatic Control Laboratory, ETH Zurich,
Zurich, Switzerland. Since 2015, he has been an Assistant Professor
with the Control Systems Group, Department of Electrical Engineering,
Eindhoven University of Technology, The Netherlands. His research
interests include large-scale multiagent systems, stochastic and game-
theoretic control, with application to power systems.

Dr. Grammatico served as Guest Editor for the Special Issue “Automa-
tion and Optimization for Energy Systems” in the IEEE TRANSACTIONS ON
AUTOMATION SCIENCE AND ENGINEERING from 2016—-2017. Since 2017, he
has been an Associate Editor for the IFAC Journal Nonlinear Analysis:
Hybrid Systems. Sergio Grammatico was awarded “TAC Outstanding
Reviewer” in 2014 and 2013 by the Editorial Board of the IEEE TRANS-
ACTIONS ON AUTOMATIC CONTROL and was the recipient of the Best Paper
Award at the International Conference on Network Games, Control, and
Optimization in 2016.

Authorized licensed use limited to: TU Delft Library. Downloaded on May 07,2021 at 06:32:32 UTC from IEEE Xplore. Restrictions apply.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


