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GOAL-ORIENTED ERROR ESTIMATION AND ADAPTIVITY FOR
FREE-BOUNDARY PROBLEMS: THE DOMAIN-MAP
LINEARIZATION APPROACH*
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Abstract. In free-boundary problems, the accuracy of a goal quantity of interest depends on
both the accuracy of the approximate solution and the accuracy of the domain approximation. We
develop duality-based a posteriori error estimates for functional outputs of solutions of free-boundary
problems that include both sources of error. The derivation of an appropriate dual problem (linearized
adjoint) is, however, nonobvious for free-boundary problems. To derive an appropriate dual problem,
we present the domain-map linearization approach. In this approach, the free-boundary problem
is first transformed into an equivalent problem on a fixed reference domain after which the dual
problem is obtained by linearization with respect to the domain map. We show for a Bernoulli-type
free-boundary problem that this dual problem corresponds to a Poisson problem with a nonlocal
Robin-type boundary condition. Furthermore, we present numerical experiments that demonstrate
the effectivity of the dual-based error estimate and its usefulness in goal-oriented adaptive mesh
refinement.
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1. Introduction. Free-boundary problems arise in various applications such as
free-surface flow, fluid-structure interaction, and Stefan problems; see [15,18]. The nu-
merical simulation of free-boundary problems is a challenging endeavor, as it requires
the simultaneous solution of both the unknown function and its domain of definition
and these two solution components can display distinct length (and/or time) scales. In
many free-boundary problems, practical interest is restricted to a prescribed response
quantity in the form of a goal functional of the solution rather than full norm resolu-
tion. However, the accuracy of the goal quantity depends on both the accuracy of the
approximate solution and the accuracy of the domain approximation. In general, this
dependence is nonobvious, and heuristic approaches, such as a priori mesh refinement
in the vicinity of the free boundary [14,42], lead to inefficient approximations of the
goal quantity.

Finite-element techniques employing goal-oriented adaptive strategies can offer
a significant efficiency improvement in such simulations. Starting with a coarse
discretization, only those refinements are made which benefit substantially to the
accuracy of the goal functional, in contrast to global norm-oriented adaptive strate-
gies which make refinements which benefit the accuracy of the solution in the full
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norm [1,50]. Such goal-oriented adaptive-refinement strategies result in optimal dis-
cretizations of both the unknown function and its domain of definition for the goal
functional under consideration, each with appropriate resolution.

Goal-oriented adaptive strategies rely on local error indicators obtained from
duality-based a posteriori error estimates for the functional of interest. These so-called
goal-oriented error estimates require the solution of a dual problem, which is essen-
tially a linearized adjoint problem. Pioneering work on a posteriori estimation of errors
in goal functionals has been performed by Becker and Rannacher and Prudhomme
and Oden; see their comprehensive overviews [3, 36, respectively] and also [16,41].
The error estimation procedure was coined goal-oriented error estimation in 1999 by
Prudhomme and Oden [35].

The goal-oriented error estimation framework is in principle immediately ap-
plicable to all (non)linear problems that can be cast in canonical variational form.
Goal-oriented adaptive methods have recently been applied to a large variety of prob-
lems, although the convergence of several specific goal-oriented adaptive methods has
only recently been established theoretically; see [31,32].! Examples of goal-oriented
adaptivity applied to problems with elliptic operators can be found in [28, 30, 38].
Examples with hyperbolic operators can be found in [19,20,23,24]. Applications to
multiphysics problems can be found in [10,27,48].

Free-boundary problems elude the standard goal-oriented error estimation frame-
work on account of the fact that their typical variational form is noncanonical: The
trial and test spaces in the variational formulation are domain dependent, but the
domain itself constitutes an unknown. This impedes the direct derivation of an ap-
propriate linearized adjoint.

In this work we consider the application of goal-oriented error estimation to free-
boundary problems and, in particular, the formulation of appropriate linearized ad-
joints for this class of problems. As a model problem, we consider a Bernoulli-type
free-boundary problem. By means of a domain map, which provides an isomorphism
between the unknown domain of the free-boundary problem and a fixed reference
domain, the free-boundary problem can be transformed into an equivalent problem
on the fixed domain. The variational formulation of the transformed problem is in
canonical form, although it contains intricate terms involving the domain map. The
linearized adjoint is obtained by linearizing the transformed problem with respect
to the domain map. We refer to this linearization technique as domain-map lin-
earization. We show that the dual solution obtained by the domain-map linearization
approach is essentially independent of the selected reference domain, in that the dual
solutions corresponding to two distinct reference domains are related by the obvious
map between the reference domains. Furthermore, we give an interpretation of the
dual problem by showing that it corresponds to a Poisson problem with a nonlocal
Robin-type boundary condition.

The present article is one of a pair of papers on goal-oriented error estimation
for free-boundary problems. In the companion paper [49] we consider an alternative
type of domain linearization based on shape derivatives [8,34,37]. It is noteworthy
that these two linearization approaches have recently been investigated for Newton-
type iterative solution algorithms for free-boundary problems. The domain-map
linearization has been used in the context of fluid-structure-interaction problems;

IThe convergence of adaptive finite-element methods is not only nontrivial for goal-oriented
adaptive strategies but also for conventional energy norm—based adaptive methods [33,39].
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1066 VAN DER ZEE, VAN BRUMMELEN, AND DE BORST

see [2,13]. The shape-linearization approach has been investigated for Bernoulli-type
free-boundary problems in [14, 25].

The content of this paper is arranged as follows: Section 2 introduces the free-
boundary model problem and specifies some relevant goal functionals for this problem.
In section 3 we review the basic theory of goal-oriented error estimation for canonical
variational forms. In section 4 we consider the domain-map linearization approach
and apply the canonical framework to the free-boundary model problem. Section 5
presents an analysis of the associated dual problem. Numerical experiments are pre-
sented in section 6. Finally, section 7 contains concluding remarks. We present a
comparison of the domain-map linearization approach and the shape-linearization
approach in the companion paper [49].

2. Problem statement. In this work, we shall focus on a Bernoulli-type
free-boundary problem; see [11,14], for instance. In particular, we consider the Laplace
operator on a variable domain, with Dirichlet boundary conditions along the entire
boundary and Neumann boundary conditions along the part corresponding to the free
boundary. We present a weak formulation for this problem based on a parametrization
of the domain. In addition, we present several relevant goal functionals.

2.1. Bernoulli-type free-boundary problem. Let u denote an unknown
scalar function from an a priori unknown bounded open domain 2 C RY into R.
The boundary 052 of 2 consists of two complementary parts, viz., a fixed part, I'p, on
which Dirichlet boundary conditions are imposed and a variable part, I', referred to
as the free boundary, on which both Dirichlet and Neumann boundary conditions are
imposed; see Figure 1. Within this setting, we formulate the following Bernoulli-type
free-boundary problem: Find the domain 2 (or equivalently, its free boundary I') and
a function u : Q@ — R such that

(2.1a) —Au=f in Q,
(2.1b) Opu = onl",
(2.1c) u=hl,=1 onl,
(2.1d) u = h‘FD onI'p,

where we assume f € C%Y(RY), g € CLY(RY), together with a lower bound g > go >
0, and h € CHL(RY), with CP? the (p,q) Holder space. Note that, in accordance
with (2.1c), h|r = 1 is required for all admissible free boundaries. In the following,
we assume that the data is such that there exists a (possibly nonunique) Lipschitz
domain © and a corresponding solution u € H*(§2) which solve (2.1).2

Let us remark that for f = 0 and T N Tp = @ (typically, annular domains),
this problem corresponds to the interior or exterior Bernoulli free-boundary problem.
A concise review of existence and regularity results as well as numerical solution
algorithms for this case can be found in Flucher and Rumpf [14]. Other numerical
approaches can be found in, for instance, [5,11,21,26,44,51].

To enable an interpretation of (2.1), we note that in two dimensions, the function
u can be thought of as the stream function of a steady free-surface potential-flow
problem. The constant Dirichlet condition at the free boundary expresses flow tan-
gency, and the Neumann boundary condition corresponds with a simplified version of
Bernoulli’s equation (no surface tension); see, for instance [25,29].

2Note that for certain trivial data, such as f =0, g = go > 0, and h = 1 on I'p, one can show
that there does not exist any solution to (2.1). We exclude such trivial data.
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I'p

Fia. 1. Geometric setup of the free-boundary problem: domain 2, fized boundary U'p, and free
boundary I'.

2.2. Parametrization of the unknown domain. To avoid the complications
of searching for an unknown domain in some set of subsets of R, one often resorts
to finding a parametrization of the variable domain in a vector space. We construct
variable domains as transformations of a reference domain 2y by perturbations of the
identity map Id : RY — R¥; see, for instance, [7,8]. Let us note that, alternatively,
the domains could have been constructed by means of the velocity method; see [7,37].
The boundary 99y = I'g UT'p consists of the fixed parts I'p and I'g, where Ty
corresponds to the free boundary in the reference configuration.

Let us denote by Orip := Orip(€0) the space of Lipschitz perturbation-vector
fields which vanish at I'p, i.e.,

Orip(Qo) == {9 € C"(Qo; RN)‘ 60 =0 on I‘p} )

To each 6 € O, we associate a transformation map 7y := Id 4 6 on Qo. This trans-
formation leads to the perturbed domain 2y and the corresponding free boundary I'y:

Qg = T@(QQ) = {CE S RN| T = Tg(xo) Vg € Qo} s
Ty := Tg(Fo) = {[I’ S RN| xr = TQ(JJQ) Vg € Fo} ;

see Figure 2. Note that the free boundary is fixed at possible intersections with the
fixed part of the boundary. For Lipschitz domains and Lipschitz perturbation fields,
the transformation 7Tj is invertible and both Ty and 7T,;' are Lipschitz continuous,
provided that € is not too large. Moreover, Ty maps interior (resp., boundary) points
of Qo onto interior (resp. boundary) points of Qg [7,8]. In practice, this means that
the reference domain should be sufficiently close to the actual domain.

Obviously, many perturbation fields in ©1;, vanish at the free boundary I'g and,
accordingly, do not yield perturbed domains. Furthermore, a particular perturbed
domain has nonunique parametrizations in ©rp,; i.e., there exist distinct perturba-
tion fields that give the same domain. To have a unique association between the
domains and their parametrization, we need to consider a subspace ©® C ©Or;, of
suitable perturbation fields. These perturbation fields are Lipschitz continuous ex-
tensions of functions that are only defined on the free boundary I'y. Examples of such

=T
Ty P 0(xo) ﬂTg X :E o(@o)

Zo

&/W

F1c. 2. Illustration of the transformation Ty, mapping the reference domain Qo onto €g.
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extensions are the classical normal extension [34], smoothed-normal extensions [43],
and extensions of hypograph perturbations [8,22].

2.3. Weak form of the free-boundary problem. For admissible § € © and
corresponding domain €y, we denote by H&,Y(Qg) the space of H'-functions with a
zero trace on v C 0, i.e.,

H&W(Qg) ={ve H'(Qg): v=0o0n v} .
To deal with nonzero traces, we define the (affine) space incorporating h as
Hj,(Q) = hla, + H&BQQ (Q0) -

A weak formulation of (2.1) is obtained by multiplying (2.1a) with v € H&FD (Q9),
integrating over ) = y, and integrating by parts the Laplacian. As v is nonzero
on I'y, we invoke (2.1b) to incorporate the Neumann boundary condition weakly.
Furthermore, the Dirichlet boundary conditions (2.1c) and (2.1d) can be imposed
strongly. We then arrive at the variational formulation:?

Find 6 € © and u € HE () :

(2.2) - 1
Vu-Vu = fo+ [ gv Vv € Hyrpy(926) -
Qg Qo Ty

Because the solution of (2.2) consists of both 6 and u, the variational problem is of
mixed type. Moreover, it is nonlinear in §. Standard variational arguments show that
smooth solutions of (2.2) satisfy (2.1).

Last but not least, it is important to observe that the variational statement (2.2)
is noncanonical in the sense that v and v reside in function spaces that depend on the
solution component 6. We will return to this issue in section 4.

2.4. Goal functionals and approximation errors. Our interest is restricted
to specific qoal quantities of the solution (#,u) of (2.2), i.e., quantities of inter-
est Q(A,u) € R. This implies that approximations to the solution are only viewed
as a means to produce approximate goal quantities. An example goal quantity is the
weighted average of u defined by *

QaVC(H; u) = / anC u’
Qg

where the weight ¢*¢ € H'(RY) is a given function. Another example of relevance
in free-surface flows is the weighted elevation of the free boundary:

Qolcv(a) — / qolcv ag .
To

Here, the weight ¢®'*V € L2(I) is given, and the elevation ap := a(Qg) : Tp — R is a
scalar function which associates to a specific domain €y the vertical deviation of the
free boundary with respect to the rest position, ['y.

3For notational convenience, we often neglect the integration measure in integrals. Domain and
boundary integrals are to be integrated with respect to the usual volume and surface measures. For
example, we write fl"e f instead of fFe fdl.

4For semilinear functionals, we use the convention that the functional is linear with respect to
the arguments after the semicolon “;”.
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Let 6" € © and u" € H} () be approximations obtained by applying, for ex-
ample, the Galerkin method to (2.2) with suitable finite-dimensional subspaces. For
later reference, we note that the approximation u" thus satisfies the Dirichlet bound-
ary condition, u" = 1, on the approximate free boundary I'yr. The corresponding
approximate value of the goal functional is Q(#",u"). It is our objective to derive a
dual-based estimate of the goal error,

Eq = Q0 u) — Q" u")

and to employ this estimate to control the goal error using goal-oriented adaptive
strategies. In the next section we review relevant theory on goal-oriented error esti-
mation for canonical variational forms, and following this, in section 4 we show how
to apply this theory to our model free-boundary problem.

3. Goal-oriented error estimation for canonical variational forms. A
general paradigm for a posteriori error estimation of quantities of interest has been
established for canonical variational formulations (canonical in the sense that it fits the
form in (3.1) below); see in particular [1,3,16,36,50]. In this paradigm, a computable
error estimate is obtained by evaluating the residual at the solution of a suitable
dual problem. This section gives a brief summary of the theory established in the
literature.

3.1. Canonical setting. Let U and V denote Banach spaces. Consider the
canonical variational problem, referred to as the primal problem:

Find peU:

31 N(p;v) =L(v) YveV,

where N : U x V — R is a semilinear form (nonlinear in the first entry) and £(-) is a
linear functional on V. The quantity of interest is the value of the (possibly nonlinear)
goal functional Q : U — R for the solution px of (3.1). Given any approximation
pP € U, the purpose of a posteriori error estimation is to obtain an estimate of the

error £g = Q) — Q(u") .

3.2. Dual-based error representation. In a dual-based approach, one solves
the dual (or linearized adjoint) problem:

Find (e V' :

(3'2) 1¢, h. — A',h
N (1 Q)(6p) = Q' (u")(0p)  YopeU,

where the prime indicates the Gateaux differentiation with respect to the nonlinear
arguments. That is, N’(u";¢) and Q'(u") are linear functionals on U such that

N (" +t6pu;¢) — N (P ¢)
t 9
Qu" +top) — Q(u")
¢

N'(1":¢) (0) = lim

Q' (u")(dp) = lim

Vou € U. Note that the dual problem (3.2) is a linear problem obtained by lineariza-
tion of N and Q at the approximate solution u". Compared with the primal problem,
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the test and trial spaces have reversed roles. The dual solution ( is the key element
in relating the error in the quantity of interest to the residual at p":

THEOREM 3.1 (error representation). Given any approzimation u" € U of the
solution p of (3.1), let ¢ € V' be the solution of the dual problem (3.2). It holds that

(3.3) £ = 0Qu) — Q") =R )+ R,

with quadratic remainder R := Rg — Rar, where
1
Roi= [ Q"+ te)(e)e) (L1 dt.
0
1
Ry i= [ NG+t - dr.
0

and e := p — p" is the error.
Proof. The proof makes use of the following standard Taylor series formulae:

Q) = Q(u") + Q' (1")(e) + Ra ,
N(p;¢) = N(u"5 Q) + N (1" ¢)(e) + R

which are valid for any ¢ € V. Consider the goal error £g = Q(u) — Q(u"). Using
the first Taylor series formula gives

Eo = Q' (u")(e) + Ro = N"(u";¢)(e) + Ro

where we used the dual problem (3.2) in the second step. It follows from the second
Taylor series formula that

Eo =N(u;¢) =N (u":¢) + Ro — Ry .

Finally, we obtain the proof by noting that N (u;¢) = £({) according to the primal
problem (3.1) and by definition of R. O

Note that the remainder term R in (3.3) is quadratic in the error e. Hence, the
residual evaluated at the dual solution, R(u"; (), provides an error estimate which is
second-order accurate. This estimate is exact if N'(+; ) and Q(-) are linear functionals.

By employing a dual problem obtained by linearizing in between p and M, it is
possible to obtain an error representation formula with zero remainder for nonlinear
problems and quantities of interest. However, this dual variant cannot be used directly
in practice for error estimation, since it involves the unknown solution p. Instead,
it is used to study the effect of the nonlinearity in error estimators; see [3] for more
details.

3.3. Approximate dual solution. The dual problem (3.2) cannot in general
be solved exactly, and we will have to deal with approximations instead. Let (" € V
be an approximation to the solution ¢ of (3.2). Furthermore, setting e¢ := ¢ — ¢h, we
have the representation formula

(3.4) Eo = R(u"¢") +R(u"sec) + R .
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Accordingly, we can estimate the goal error by using the residual evaluated at the
approximate dual solution, giving the dual-based error estimate

Estg := R(u";¢") .

This estimate is first-order accurate with respect to the dual error e and second-order
accurate with respect to the primal error e.

If one uses a test space V C V for the approximation of the primal problem and
a trial space V C V for the approximation of the dual problem, then R(u";¢") = 0
if V. C V on account of the Galerkin orthogonality. The estimate is then useless, of
course. Therefore, in practice, the dual problem is either solved using a larger space,
V 5D V, or it is solved on a dedicated dual-problem space such that 1% ¢ 1% ¢ V. For
such choices of the dual trial space, moreover, the dual error e is relatively small so
that the second term in the right member of (3.4) can indeed be ignored; see also [3].

4. Goal-oriented error estimation by domain-map linearization. We
now turn our attention to goal-oriented error estimation for the free-boundary prob-
lem (2.2). For convenience, we rewrite (2.2) in abstract form as:

(4.1) Find 6 € © and u € H} () :
' N((G,u);v) =0 Yo € H&FD(QQ) ,
where
(4.2) N((8,u);v) == A(0;u,v) — F(;v) — G(6; )
and the semilinear forms are defined as
A(G;u,v) = Vu- Vv, .7-"(0;11) = fu, Q(G;v) :z/ gu .
(97 Qg Ly

Furthermore, we recall our interest in the goal functional Q(#,w). The variational
problem (4.1) eludes the general error estimation paradigm of section 3 because it is
in noncanonical form: The functions u and v reside in spaces that depend on ¢, which
is itself an unknown in the problem.

To elucidate this complication, let us consider a central element of the proof of
Theorem 3.1, viz., the Taylor series formula

Q(8,u) — Q(A",u") = Q' (A", u")(eq, €,) + higher-order terms,

where ey := §—6" € ©. However, at this point it is not clear how e,, should be defined.
Simply setting e, := u — u" is meaningless, since u € H}(p) and u" € H} (Qgn).
The essential issue is that we are comparing functions on different domains; see the
illustration in Figure 3.

To cast (4.1) into canonical form, we introduce a domain map, which provides
an isomorphism between the #-dependent domain and a fixed reference domain, and
apply this map to remove the #-dependence of the test and trial spaces from the
variational formulation. In section 4.1 we consider the transformation to the most
obvious reference domain, €2g. In section 4.2 we consider the transformation to the
approximate domain, {gn, which yields a more natural dual formulation. Finally, it is
shown in section 4.3 that the dual problems corresponding to the two transformations
are equivalent.
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1072 VAN DER ZEE, VAN BRUMMELEN, AND DE BORST

F1c. 3. Comparing functions on different domains. The solution v € Hj} (Qg) lives on Qg (left),
and the approzimation u € H}(Qgn) lives on Qgn (right).

4.1. Domain-map linearization at reference domain. Recall from sec-
tion 2.2 the transformation Ty = Id + 6 from the reference domain €y to €y. For all
admissible 6 € ©, Ty constitutes a C!-diffeomorphism, and the function transporta-
tion map

Hl(QQ) S Vg > ’UOOTe_l S Hl(QQ)

is a linear bijection; see [17, p. 21] or [8, p. 406]. In essence, this transportation of
domain-dependent functions allows a reformulation of the free-boundary problem on
a fixed domain. As I'p is invariant under Ty, we have the equality of spaces

(4.3) Hipo (Q) = {v —wyoT;" : vy € Hip, (QO)} .

4.1.1. Transformed free-boundary problem. Let us introduce the semilin-
ear form Np : (O x HY(Qp)) x H* () — R defined as:

(44) NQ((H,U}Q);’U()) = N((e,wo o Te_l);’UO o Te_l) Yug, wg € Hl(QQ) .

This is essentially the transformed form of A/ taking functions on Qg. Furthermore,
if we denote by

(4.5) ug :=uo Ty € Hj(Qp)

the solution of (4.1) transformed to g, then by using (4.3), we can easily verify that
the solution (0, ug) satisfies

NQ((G, UQ); ’UQ) =0 Yug € H&FD (Qo) .
To specify this abstract variational statement, let us denote by
DTy := 0Tp(x1,...,xN)/O(x1,...,xn) and Jy:= det DTy

the Jacobian matrix and the Jacobian determinant, respectively, of the transformation
map Ty. Furthermore, let

wp = Jo [DT; " n

denote the tangential Jacobian on I'g, which is of use in transforming surface integrals.
The variational statement is explicitly given in the following.

PROPOSITION 4.1. The transformed free-boundary problem solution (0,ug) €
O x HL(Qo) satisfies

(4.6) / (AQVUQ) - Vg — / fg Vo — / gp Vg = 0 Yug € H&FD (QQ) s
Qo Qo o
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where
Ayp = Jy DTG_1 DTQ_T s f9 = Jy (f o Tg) s go = Wy (g o Tg) .

Basically, this proposition follows by transforming the integrals in (4.1) to Q.
We first recall the following basic results; see, for example, [8,37].
LEMMA 4.2. Let ¢ € L*(Qq) and ¢ € L?(Ty). Then

(4.7a) /Qesf):/gg(éf’oTe)Je,

(4.7b) /F9¢=/FO(¢OT9)WG7

with ¢ o Ty € L*(Qo) and ¢ o Ty € L?(Ty).
Proof of Proposition 4.1. Consider any v € H(:JLID (Qp). To transform A(6;u,v)
in (4.2), we use (4.7a) and the identity

(Vw) o Ty =DT;"V(woTp)  Ywe H (Qp),
to obtain

(DT(;TV(U o Tg)) : (DTG'TV(U o Tg)) Jo .

A0 = |

Qo

Replacing uoTy with ug in accordance with (4.5) and setting voTy =: vy € H(:JLID (Q0),
we obtain the first term in (4.6). The other two terms follow from Lemma 4.2 by
replacing v o Ty with vy. d

The goal functional Q can be expressed in terms of ug as

Q(0,u) = Q(B,ug o Ty') =: Qo(8,up) .

Note that Qq is defined on © x H'(Qg). For the weighted average functional, we
obtain, in particular,

Q07 (0;u0) = / a5 uo
Qo
where
qgve = Je (ane o TQ) .
As the other goal functional, the weighted elevation functional, is independent of w,
we simply have Qgl*V = Q°lev.

4.1.2. Dual-based error representation. Because Ny and Qg act on fixed
spaces, we can essentially follow the standard framework of section 3 hereafter. First,
we denote by

(4.8) ub = u" o Tyn € HY(Qo)

the approximation u" transported to . Accordingly, we define the dual problem by
linearizing Ny and Qg about (8", u).

Find 29 € Hjp, (o) :
(4.9) NG (6", ug); 20) (80, Sug) = Qg (6", ugy) (86, Gug)
V(59, 5UQ) S @FO X H&,aQ(QO)~
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We refrain here from a precise specification of the derivatives in (4.9). In section 4.3 it
will be shown that (4.9) can be equivalently expressed on the approximate domain Qg
and this equivalent formulation will be considered in more detail in section 5. Pro-
ceeding under the assumption that there exists a unique dual solution zy to (4.9),
this zg is indeed appropriate for linking the error in the goal with the residual of the
primal problem (4.1),

(4.10) R((Gh, uh); ) = —N((@h,uh); ) )

This is expressed by the following theorem.

THEOREM 4.3 (error representation based on zp). Given any approzimation
(0", uh) € © x Hj(Qgn) of the solution (6,u) € © x HL(Qp) of the free-boundary
problem (4.1), let zo € Hg (o) be the solution of dual problem (4.9). It holds that

(4.11) 5Q = Q(6‘7u) — Q(9h7uh) — R((9h7uh); 20 © Te'hl) + R,

with quadratic remainder R = Ro, — Ry, where
1
Rg, = / Qg’(@h R T te}f)(ee, ed) (e’ ed) (1 —t) dt,
0
1
Ry, = / NY((O" +te? ul +ted);z0) (e, ef) (e’ ef) (1 —t) dt,
0

and the errors are defined as e’ := 60 — 6" and

ew :=uoTy—u"oTy .

This error representation formula for free-boundary problems is the analogue of
the canonical formula (3.3). It shows how the dual solution zg in the reference domain
is employed in the residual evaluation for obtaining the error estimate. That is, before
evaluation in the residual, zg is transported back to the approximate domain Qgs.

Theorem 4.3 also provides an interpretation of the error terms in the quadratic
remainder R. With respect to the exact u € H'()y) and approximate u" € H(Qq),
which reside on different domains, the remainder forms a quadratic term in their
difference on the reference domain, that is, e} € H}(Qo). Moreover, trivially, R is a
quadratic term in the error ¢! =6 — 6" € ©.

We end this section with a proof of Theorem 4.3. An essential element of the
proof is provided by Taylor series formulae of the functionals Q and N.

LEMMA 4.4. The following Taylor series formulae hold:

(4.12a) Q(0,u) = QA" uM) + Q5 (Hh,ug) (e?, ey) + Ro, ,

(4.12Db) ./\/((0, u); 20 © Te_l) = N((@h,uh); 20 0 Te_hl) —I—J\/é((@h,ug); zo) (e?, eq) + Ry,

for any zp € H(:JLID (Q0), with remainders Ro, and Rys, as defined in Theorem 4.3.
It is to be noted that these formulae relate the values of the functionals on different

domains and for different functions by a linear functional on the reference domain (up

to higher-order terms).

Proof. By the definitions of Ny, ug, and uf} in (4.4), (4.5), and (4.8), respectively,
we have the identity

N((0,u); 20 0 T3t ) = N((6",u"); 20 0 Ty ) = No((0,u0); 20) — No (0", ud); 20).
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The first two entries of Ny ((-,-); z0) are elements of the fixed spaces © and Hj ().
Therefore, we can apply a standard Taylor series formula to the right-hand side,
yielding (4.12b). Equation (4.12a) can be established analogously. O

Proof of Theorem 4.3. Consider the goal error g = Q(f,u) — Q6" u"). Us-
ing (4.12a), and subsequently invoking the dual problem (4.9), we obtain

gQ = Q6(9h7 ug)(ee, eg) + RQO = N(;((ahv u8)7 ZO) (697 eg) + RQO .
Next, applying (4.12b), it follows that
Eo = J\/((G,u); 20 © Te'l) — ./\/((0", uM); zo 0 Te'hl) + Ro, — R, -

Notice that N((f,u);z0 o Ty') = 0 in accordance with our primal problem (4.1).
Finally, we obtain the proof by substituting the residual R = —AN according to
(4.10). O

4.2. Domain-map linearization at approximate domain. A more natural
dual formulation is obtained by transforming the free-boundary problem to the ap-
proximate domain corresponding to #". For convenience of notation, we introduce the
notations

Q= Qgpn and I':=T¢.

We now require a bijective transformation which maps Q) onto admissible domains Q.
We denote this map by

TQZQ%QQ.

It is convenient (but not necessary) to define Ty via the transformation T(.y introduced
in section 2.2:

(4.13) Tp:=TopoTu =Id+ (0 —60"oT,; VocO;

see Figure 4 for a graphical illustration. Note that Ty constitutes a perturbation of
the identity with perturbation-vector field (§ —6") o Te‘hl. The corresponding function
transportation map leads to the following equality of spaces:

(4.14) Hlp (Q) = {v —boT;': be Hip, (Q)} .

4.2.1. Transformed free-boundary problem. Proceeding as in section 4.1.1,
let us now introduce the transformed functional N : (© x H*(2)) x H'(Q) — R:

(4.15) N((0,);9) == N (0,00 T3 );00T5Y) Vi, e HYQ) .
Next, let us denote the u-solution of (4.1) transformed to {2 by

(4.16) G:=uoTye H (D).

By invoking (4.14), it follows that

N((0,2);9) =0 Vo€ Hjpr, ().
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Iy
Ty
I'o
&/W 7o ( I
h
T

N ~ N LT} T
Fia. 4. Defining the map Ty : Q — Qg via the reference domain, i.e., Ty : 2 LN Qo =5 Q.

The precise specification of this abstract variational statement can be derived by
applying Proposition 4.1 to this situation with the necessary modifications. First, we
define the Jacobian and tangential Jacobian associated with T" by

(4.17) Jo:=detDTy  and &g :=.Jy |DT;" 7.

PROPOSITION 4.5. The transformed free-boundary problem solution (0,4) € © x
H} () satisfies

/(AgV&)-Vﬁ—/fgﬁ—/ggﬁ:O Vi € Hyp, (),

where®
Ag = JyDI;'DT;",  for=Jo(foTy),  go:=we(goTy).
The corresponding transformation of Q is given by
Q(0,4) == Q0,0 T;") = Q(6,u) .

4.2.2. Dual-based error representation. In this case, contrary to lineariza-
tion at €, it is not necessary to transport the approximation u", as it is already
defined on . Hence, we can immediately proceed to the following definition of the
dual problem at (6", u"):

Find 2 € Hjp, (Q) :
(4.18) N((6",u"); 2) (86, 60) = Q' (", u") (60, 5)
V(00,61) € © x Hj 50(Q) .

We provide a specification of the functionals in (4.18) in section 5.1. Continuing under
the assumption that (4.18) has a unique solution Z, we provide the error representation
formula based on Z:

5To avoid the proliferation of “*” symbols, we allow ambiguous notations here. The precise
connotation of Ag, fg, or gg will be clear from the context.
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THEOREM 4.6A(error representation based on 2). Given any approximation
(0", uh) € © x HL () of the solution (0,u) € © x H}(Qy) of the free-boundary prob-
lem (4.1), let 2 € Hyp, () be the solution of dual problem (4.18). It holds that

(4.19) Eg = 0Q(0,u) — Q0" u") =R((0",u");2) + R,

with quadratic remainder R = Ry — Ry,, where
1
Ry ;:/0 Q" (0" +te uh +tev)(ef,e)(e? ") (1 —t) dt,

1
Ry ::/ K00 116 4 £6); 2) (e, e) (e, ) (1 — 1) dt
0

and where €? =0 — 0" and

SU

e' :=uoly—u

"]

Note that the remainder now forms a quadratic term in the difference on the approx-
imate domain, that is, e* € Hg ().
Proof. The proof proceeds analogously as the proof of Theorem 4.3. O

4.3. Equivalence of dual problems. The essential difference between map-
ping to Qg and 2 occurs in the corresponding dual problems (4.9) and (4.18). The
corresponding dual solutions zy on €y and Z on Q) are, however, equivalent in the
following sense.

PROPOSITION 4.7. Given the transformation Ty according to (4.13), the solu-
tion zo of dual problem (4.9) transported to the approzimate domain Q is equal to the
solution 2 of dual problem (4.18), that is,

zooTy =2€ Hyp, Q).

Note that this implies that the residuals and the remainders in the error represen-
tations corresponding to Qo and €, in (4.11) and (4.19), respectively, coincide. In
fact, it does not matter which domain is taken as a reference: The dual solutions
corresponding to two distinct reference domains are related by the map between the
domains.

Proof of Proposition 4.7. The proof is obtained by showing that z OT0_710h satisfies
dual problem (4.18). Consider vy € Horp, () and wy € H}(Qp). By the definitions
of Ny and N, in (4.4) and (4.15), respectively, we have the key identity

NO((HawO);UO) :N((G,’LUO OTe_l);UO oTe'l)
= N ((8,wo o Tg" 0 Tp);v9 0 Ty o Tp)
:./\A/'((oa'LUO OTe_hl);U() OTe_hl) ,

where we used (4.13) in the last step. Taking the derivative at the approximation
(6", ub) yields the following relation between N and N

N(; ((9h7 Ug); Uo) (66, duo)

1
= lim — (Mo (6" + £ 00, w§ +  duo); vo) — NG (6", ub);vo))

1 : I, _
—lim 5 (A((6" + ¢80, u" + £ dug o Tyl )swo o T3t = N((6°, u)s g 0 T4 )

= N’((Gh, u);vg 0 T ) (60, 6ug o Ty
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Notice that we used uf} = u" o Tyn in the second step; see (4.8). Similarly, we have
Q4 (6", uf) (56, 5ug) = Q’(Gh,uh) (66, 6ug o Ty) .

Hence, substituting the above identities in the g-dual problem (4.9), it follows that
2o satisfies

/\7’((6‘, uM); 20 0 Ty)) (86, 6ug o Ty ) = Q’(Q, uh)(56‘, Sug o Ty)
V(66,0ug) € © x Hj o, (). Finally, recall that the function transportation map,

dug — dug o Te‘hl, is a linear bijection (cf. (4.3)), implying the equality of spaces

H 6 (@) = {811 = uq 0 Tyl + duo € H3 o, () } -

Hence, we have
N ((8,u"); 20 0 Tyi)) (86, 6a) = Q' (6, u") (56, 512)
YV (60, 6u) € © x Hé 50 (Q), which concludes the proof. O

5. Analysis of the dual problem. In this section, we analyze the (-dual
problem (4.18). First, we specify the derivatives in (4.18). Then, we interpret the dual
problem by extracting the corresponding partial differential equation and boundary
conditions.

Recall the Q-dual problem (4.18):

Find 2 € Hj () :
(5.1) N (67, uM); 2) (86, 6u) = Q' (0", u") (66, Su)
V(80,64) € © x H 5o() .

The semilinear form N is given by
N((G,w);v) :/(Ang) - Vo —/ fov —/ggv
Q o) r
= A(Q;w,v) — .7-'(6‘;1)) — Q(G;v) ,
where, for convenience, we have introduced transformed functionals of A, F, and G:
A(G;w,v) = A(G;w o Tél,v ) Tél) ,
ﬁ(@;v) = ]:(o;UOTg_l) ,
G(G;v) = g(0;voj’9'1)
Vo,w € H 1(@) We consider the dual problem for a goal functional consisting of

the sum of the average and elevation functional. When transformed to €2, the goal
functional is given by

Q(ﬁ,ﬁ) _ Qave(a;,&) + Qelev(a) _ /

qgvea +/ qelev ag .
Q Iy

with

(5.2) g5 == Jo (g5* o Tp) .
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5.1. Specification of the dual problem. The variational statement (5.1) can
be logically separated into two equations corresponding to du and 6¢. Since only A
and Q*¢ depend on u and, moreover, the dependence is linear, the ju-equation is
simply

A(Gh; ou, z) = Qe (Gh; 5u) Vou € H!

O,BQ(Q) )

Furthermore, in view of Tgh = Id, we have A(Gh; - ) = A(6‘h; - ) and Q»ve (9“; ) =
Qave (Hh; ) Hence, the above expression corresponds to

(5.3a) / Véu-Vz = / ¢ ou  Vouc H'
Q Q

o,aQ(Q) :

The §6-equation, on the other hand, is given by
A’(Gh; u", 2)(60) — .7:"’(9"; 2)(66) — é’(@h; z)(66)
= O™ (M uM) (80) + OV (6M)(80)  ViH € © .

For a specification of this equation, we require the derivatives of Ag, fo, go, ¢§"°, and
. Let us first state some elementary derivatives. Generally, such derivatives are
given for a linearization at § = 0, that is, at the unperturbed configuration; see [8,37],
for example. However, linearizations about nonzero 6 can simply be obtained by
translation. In particular, note that Ty can be written as a perturbation of the
identity starting from 6":

Torsrso = 1d+1 (60 0 Tyl) = Id + 66,
where
00 =80 0Tyt € ©:= {00 =0600T; V60 € O} ;
see (4.13). A proof of the following lemmata then follows from standard results
in [8,37], for example.

LEMMA 5.1. For Ty, J, and & defined in (4.13) and (4.17), we have

(99DTyn, 60) = Do, (D9 Jgn,80) = div 60 ,
(9yDT;!,50) = —Ddb (Dgign, 00) = divr 60

Vo0 € ©.
The tangential (or surface) divergence in Lemma 5.1 is defined as [9]:

divp(+) :== div(~)‘F —On(:) m.

LEMMA 5.2. Let ¢ € H'(RY). Then the map 0 — ¢ o Ty is differentiable at
0" € © in L%(). The derivative is given by

<89(¢ o T@)‘9h759> = V(b . (5A9

Véh € O.
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Using these results, we can easily derive the derivatives of Ay, fy, go, and ¢j¥®
from their definitions in Proposition 4.5 and (5.2):

(DgAgn,80) = (divdh) I — D6 — DoO" (g fon,00) = div(f 0)
(Doggn,80) = g divr 60 + Vg - 00, (Doggye, 80) = div(g™* o9) ,

with I the identity matrix. The derivative of ay required for the linearization of Qelev
is a bit more involved. Therefore, it is derived in Appendix A for the two-dimensional
case. Its final result is the linearization

chcv/(oh)(ae) _ / qolcv 59 n,
T

where since ¢°'®V is only defined on I'g, it should be interpreted with the aid of a

projection along the z-axis, that is,

elev( elev(

q xla"'axN):q iC]_,...,{EN,]_,ﬁI]:]O),
with a:JF\,O being the xy-coordinate of I'y.
The above results lead to the following specification of the df-equation.
PROPOSITION 5.3.  Given an approzimation 6" € © with corresponding do-
main Q = Qg and an approzimation u" € H} (Q), the 60-equation in dual prob-

lem (5.1) is given by

/ ([diva0 1~ Dso — Do Vu") - V=

Q

(5.3b) —/ div(f d0) z — / (g divp 60 + Vg - 60) =
Q r

= / div(g™° 60) u" + / Vo0 -n Ve eO.
Q T

For a given approximate domain Q) and approximation u", the complete dual problem
for z € Hjp, (Q) is specified by (5.3a) and (5.3b). Note that the dual problem is
1ndependent of the particular parametrization in ©1,;, that gives Q). The dual problem
is, however, dependent on the extension into Q of the perturbations 660 € ©; cf. the
final remark in section 2.2.

5.2. Interpretation of the dual problem. At this point, we are ready to
interpret the dual problem. A priori we know that the dual solution z is in HO I'p (Q)
Hence, z satisfies the boundary condition

z=0 onl'p.

To extract the partial differential equation in Q) and the boundary condition on I, we
assume that z € Hjp, () N H?(Q) and, furthermore, that I' is smooth enough; for
example, I' is C%1. By integration by parts and standard variational arguments, the
du-equation (5.3a) yields a Poisson equation driven by our interest in the following
average goal:

—Az = g™ in Q.
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The df0-equation in principle specifies a boundary condition on I', which completes
the boundary value problem for z. However, it does not generally correspond to an
ordinary local boundary condition. In particular, the d0-equation enforces a boundary
condition involving a nonlocal operator associated with the residual. This is evidenced
by the following proposition, whose proof we delay until the end of this section.

PROPOSITION 5.4. IfT' is V" and z € Hyp, (2) N H?(Y), then the §6-equation
(5.3b) can be written as

R((Ghvuh); Vz. 50) - / (g Onz + (.f + Ong + '%g) 2+ q™ + qCICV) 00-n=0

r

V0 € O, where k = divprn coincides with the additive curvature (sum of N — 1
curvatures) of T'.

To establish that the above condition indeed corresponds to a nonlocal boundary
condition, we recall from the final remark in section 2.2 that © consists of perturbation
fields that are extensions of functions on I' and that yield unique perturbed domains.
For a C! free boundary, this implies that 66 -n # 0 V06 € © \ {0} and, moreover,
861 - n # 66, - n for distinct 661,860, € ©. Accordingly, we can identify the residual
term with a local free-boundary term by means of the L?(I") Riesz representant 7 (z):

[rh(z)(w-nzR((Gh,uh);Vz-(S@) V60 € © .
r

Note that rP(z) is dependent on the particular extension into Q) of perturbations
80 € ©. With the L?*(I) identification, we can summarize the dual problem for z as:

—Az = ¢™° in Q,
z2=0 onI'p,

rh(z)—ganz—(f—l—Bng—i—ng)z:qa"e—i—qelev onT.

At the solution (6, u) the residual vanishes, and accordingly, the nonlocal boundary
term r"(z) vanishes too. The boundary condition on I’ then reduces to an ordinary
Robin boundary condition, and its dependency on the particular extension into Q of
the perturbations 66 € © disappears.

Similar Robin problems are also encountered in the shape-linearized Bernoulli
free-boundary problem (cf. [14,25]) and in its shape-linearized adjoint which is consid-
ered in our companion work [49]. A standard sufficiency condition for well posedness
of the dual problem at the solution (for which 7"(z) = 0) is (f +8,9)/g+#/ >0 onT.
Such conditions on the data also appear in [11,12].

Proof of Proposition 5.4. We will rewrite the terms in (5.3b) one after another.
To rewrite the first term, we need the gradient of an inner product. That is, let £ and
n denote two H' vector functions. Then V(£-n) = DET n+Dn' €. We can then verify

/ ([~ Db - D" ] V") - v
Q
_ /Q (36 V(Vu" - V2) = Vb - (V- 36) ~ V= - V(' - 56) )

:/ (59-V(Vuh-Vz)—Vuh-V(Vz-69)+Az (Vuh-éﬁ)) —/8nuh 00280 -1,
Q T
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where in the last step, we performed an integration by parts on the third term.
Furthermore, we invoked 60 = 0 on I'p and the fact that u" is constant (=1) on I
so that Vu" = 9,u"n on I'. Substituting the above result in the first term of (5.3b)
gives
/ ([divé6 I — D3O — Ds6" [Vu") - V=
Q
= / ( div (60 (Vu" - Vz)) — V" - V(Vz - 60) + Az (Vu' - 59))
0
— / Opu" 0260 - n
r

(5.4a) :/ (— Vu" - V(Vz - 80) + Az (Va -59)) :

0
where in the last step we used the divergence theorem on the first term and invoked
the same arguments as before on §0 and u" to cancel the I'-term. Next, we continue

with the terms involving f, ¢*'¢, and ¢V in (5.3b). By integration by parts, we
simply obtain

(5.4b) —/div(f&ﬁ)z:/sz-éG—/fz&H-n,
Q Q r
(5.4c)
/ div(qavo (59) uh + / qclcv 8560 - = _/ qavc (vuh . 59) +/ (qavc + qclov) 50 -n .
Q r Q r

Finally, we take up the term involving g in (5.3b). For this, we require additional
tangential calculus; see, for instance, [8,9]. At I', a gradient splits into a tangential
gradient and a normal component: V() = Vr(-) + 9,(-) n. Hence,

Vg-60 =Vrg-80+ 0ngdl-n .

We can combine the tangential divergence and tangential gradient and apply a tan-
gential Green’s identity as follows:

[(gdin50+Vpg~50)ZZﬁdin(g(W)Z:ﬁﬁgz59~n—ﬁg59~VpZ.
r r

r r

It then follows that the term involving ¢ in (5.3b) can be written as
(5.4d)
—/ (g din59+Vg-69)z:/ (sz-(%‘— (Ong +r.g) 2+ g O,2) 59-n) .
r r
We finish by gathering the contributions in (5.4a)—(5.4d). Basically, we can distin-
guish three different groups: domain contributions involving Vu" - 66 and Vz - §0 and
free-boundary contributions involving §0-n. The first group cancels since —Az = ¢*¥°.

The second group adds up to the residual term R((Gh, u); Vz - 69). The last group
forms the free-boundary integral as stated in the proposition. O

6. Numerical experiments. In this section, we present numerical experiments.
First, to exemplify essential attributes, we consider in section 6.1 the free-boundary
problem in one dimension. Similar one-dimensional free-boundary problems have been
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considered in [6,14,47]. One-dimensional free-boundary problems are attractive for
a number of reasons. The first is that the free boundary has no geometry; i.e., it
is merely a point. Also, it is rather effortless to obtain exact expressions for dual
solutions. Therefore, error estimates are inexact only due to nonlinearity.

In section 6.2 we take up the free-boundary problem in two dimensions. Approx-
imations to the free-boundary problem are obtained by using linear finite elements.
Here, we focus on the effectivity of the error estimate on uniform meshes. In addition,
we show an example of goal-oriented adaptive mesh refinement.

6.1. One-dimensional application. In the one-dimensional setting, we char-
acterize the variable domain as gy = (0,9) C R. The Dirichlet boundary and free
boundary correspond to single points, I'p = {0} and T'y = {9}, respectively. The
semilinear form A/ (= — R) and the goal functionals are given by

N((ﬁ,u);v) :/Q (u‘T Vg — fv) dz — g(9) v(9) ,

Qave(,&; u) — / qave u dx ,

Qy
Qelev(ﬁ) _ qelev 9 ’

where (), = d(-)/dz and ¢°*¥ € R. To a free-boundary approximation 9" > 0, we
associate a domain transformation from € = Qg to €y by the linear map

. 0 T
v=Ty(d) = Gri=d+ ——i.

Let, furthermore, u" € H ,{(Q) be given. It can be verified that the Q-dual prob-
lem (4.18) reduces in this setting to the following: Find z € Hj (Q):

ﬁéuzzz dxz/qavo5udx,
QO ¢

o / (ug 2o+ (f2)y 2) do — gz (") z(9") 60 = v / (™ x), u dz + ¢°'¢v 69
I Jg M Jg
V (69, 6u) € R x Hé aQ(Q)' The dual problem translates into the boundary value
problem:
—Zgz () = ¢V (2) Ve e,
z2(0) =0,

RO, u"); 2o /") — (920 + (f + g2) 2) (I") = g™ (9") + ¢°'¥ .

6.1.1. Typical error estimate. In the following numerical example, we con-
sider the data and goal functionals as indicated in Table 1. Table 1 also contains the

TABLE 1
Specification of the data for the one-dimensional example.

22

fx)  glx)  ¢ve(x) ¢ 9 u(z) omve(gyu)  Q°leV(9)
z—1 1 1 2 2

N

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1084 VAN DER ZEE, VAN BRUMMELEN, AND DE BORST

corresponding exact solution. Consider the following approximation of the solution
and the corresponding goal values:

(0", uP(2)) = (; §x> Lo (ohu) =

Figure 5 (left) shows a graphical illustration of the exact and approximate solutions.
Furthermore, Figure 5 (right) shows the dual solutions for Q2¥¢ and Qelev.

45 1
2V () = 6% 53:2 , 2°lev(g) = 5% respectively.

’ Qelev(ﬁh) _ § )

=~ w
[\

The corresponding dual-based error estimate, Estg := R((ﬁh,uh);z), and the true
goal-error, £g, are as follows:

15 39
E t ave — —— E t elev. — —
oM T 3aa e = g6
1 1
gQave = —E 5 nglev — 5 .

Note that the difference in the error estimate and the true error is caused by lin-
earization, which is rather large for Q"¢ due to the crude approximation 9". The
only source of nonlinearity is the domain dependence, and one can easily verify that
the estimates are exact if 9" = 4.

1
2™
0 t——
t Jie
—1 h

FiG. 5. Ezact solution (9,u) and approzimation (9", u") (left). Dual solutions z2¥¢ and z°'°¥
corresponding to goal functionals Q*¥¢ and Q°'®V, respectively (right).

6.1.2. Convergence of error estimates. In this example, the data is again
specified as in Table 1. To investigate the convergence of the dual-based error estimate,
we consider the following AY-family of approximate solutions:

(6.1) (" u") = (9 — A9, uoTy) .

This family converges to the exact solution as AY — 0. Note that for each A, u" is
simply a scaling of u along the z-axis. This also implies that é* = uo Ty — u" = 0.
Hence, from the perspective of the error representation (see Theorem 4.6), the only
relevant error is e = AY.

For the goal functional Q*¢, Figure 6 (left) plots the true value Egave and the
dual-based estimate Estgave with respect to AvY. It can be seen that the estimate
approaches the exact error as A9¥ — 0. Moreover, the slopes of the two curves are
identical at A = 0. To further elucidate the convergence behavior, Figure 6 (right)
presents a log-log plot of the error in the estimate |Egave — Estgave | versus the norm
of the error:

I(e?,e)|[* = 19 = 0" + |uo Ty — [, ) = |02

Both figures confirm that the estimate converges as O(]|(e?, é“)Hz).
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10°
— Egave — A¥<0
0.5 --- Estgave N AY>0
¢ 1072
-------- 3
Ql
0 g
[ 10
J
—0.5 - 10°°
-1 0 1A 10® 10 ot e e

F1G. 6. True goal error Egave and dual-based error estimate Estgave for the AY-family of
approzimations (9", uh) given in (6.1) (left). Convergence of the error in the error estimate with
respect to the norm ||(e”,é%)|| (right).

6.2. Two-dimensional application. Next, we turn to the two-dimensional
case. We denote coordinates by (x,y) € R2. In the following examples, we compute
approximations (6", u") of (2.2) based on piecewise-linear finite elements on triangles.
Accordingly, the approximate free boundary is a piecewise-linear curve composed of
the edges of adjacent elements. The nonlinear problem is solved using a fixed point
iteration similar to the explicit Neumann scheme in [14], where we allow the vertices
of the free boundary to move only vertically. Hence, 8% = 0 and 65 = agn on T.

The dual problem (5.3) is solved on the same mesh as the approximation but
with quadratic shape functions. That is, z is piecewise-quadratic and vanishes on I'p,
and the test functions du are piecewise-quadratic shape functions that are zero on
9. Furthermore, the test functions 46 in (5.3b) are suitable extensions of vertical-
perturbation fields §9 on I:

b .
002 (x,y) = M 09 ([I‘,yF(JJ)) V(z,y) € Q ,
y"(x) — y*(x)

where y” represents the bottom of the domain and y© = y'°+agn describes the position

of the approximate free boundary. Moreover, for 61> we use piecewise-quadratic shape
functions which vanish on OI'.

6.2.1. Effectivity for the parabolic free-boundary test case. First, we
investigate the effectivity of the dual-based error estimate under uniform mesh refine-
ment. We consider a test problem with a geometric lay-out and solution as depicted
in Figure 7. We have 3, = 0 and y'° = 1 and Qp = (0,2) x (0,1 + ay). The data
{f, g, h} of the problem is manufactured to yield the parabolic free-boundary elevation
and solution

ozg(x):%x(Z—a:),

Y Y Y
u(x,y) = ——— + ag(x 1-— .
(@) 1+ () ol )1+oze(x) ( 1+O¢9($)>
Our interest is the average goal functional with ¢*¥¢ = 1. For the exact solution,
we have Q*°(0;u) = 67/45 = 1.4888.... An illustration of the coarsest mesh ap-
proximation is also visible in Figure 7. For this approximation, we find the value
Qe(Oh;uh) = 1.1573 .. ..
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FiG. 7. Test problem of section 6.2.1. The exact domain and solution (contour plot)

the approximate domain and solution corresponding to the coarsest mesh (right).

0.75
0.5
0.25
0

(left) and

Fic. 8. Test problem of section 6.2.1. The approzimate dual solution (contour plot) associated
with a very fine mesh (left) and the coarsest mesh (right).

In Figure 8, we depict the approximate dual solution z for the coarsest mesh
and for a very fine mesh. The convergence of the corresponding estimates, Estgave =
R((6",uM); ), on uniformly refined meshes is reported in Table 2. Note that the effec-
tivity index Estgave /Egave approaches 1, which clearly demonstrates the consistency

of the error estimate.

6.2.2. Goal-oriented adaptivity for free-surface flow over a bump. To
investigate the applicability of the dual-based error estimate to drive adaptive mesh
refinement, we consider a domain with a reentrant corner at the bottom; see Figure 9
(top). We take y'o = 1, Qp = (0,4) x (y°,1+ ay), and f = 0, g = 1. Moreover,

TABLE 2
Convergence of the goal-oriented error estimate Estgave under uniform mesh refinement.

Elements DOFs  Q*°(o";uh) Egave Estgave  Effectivity

8 8 1.1573 0.33163  0.22131 0.667

16 15 1.3145 0.17440  0.13852 0.794

32 23 1.3694 0.11947  0.09994 0.836

64 45 1.4284 0.06045  0.05499 0.910

128 " 1.4555 0.03339  0.03055 0.915

256 153 1.4715 0.01740  0.01676 0.963

512 281 1.4803 0.00860  0.00808 0.940

1,024 561 1.4843 0.00458  0.00450 0.984

2,048 1,073 1.4867 0.00217  0.00205 0.947

4,096 2,145 1.4877 0.00117  0.00115 0.991

8,192 4,193 1.4883 0.00054  0.00051 0.949

16, 384 8,385 1.4886 0.00029  0.00029 0.993
o) 00 1.4888 0
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0.75

0.5

0.25

Fi1c. 9. Test problem of section 6.2.2. The exact domain and solution (contour plot) (top), and
the approzimate domain and dual solution corresponding to the coarsest mesh (bottom). We have
indicated the free-boundary elevation point of interest (at xg = 24 V/2).

h is 0 at the bottom and increases linearly to 1 along the sides of the domain. Our
interest is the elevation of the free boundary at the specific point zo = 2 + V/2; see
Figure 9. This interest corresponds to the elevation goal functional Q% with ¢V a
Dirac measure at xo. The linearization of this functional is elaborated in Appendix A.
Figure 9 (bottom) displays the corresponding coarsest mesh dual solution.

To drive the adaptivity, element refinement indicators are extracted from the error
estimate formula, as usual (see [3], for example). (In particular, we integrate by parts
elementwise and assign weighted interior and edge residuals to the associated elements
to obtain element contributions. The absolute values of the element contributions are
then identified as the element indicators.) Based on these indicators, we mark a set of
elements for refinement. This set is the minimal set for which the sum is a fraction of the
total sum of indicators (a so-called Dérfler-type marking; see [33]). We take this fraction
as 0.4. The marked elements are refined using newest vertex bisection. We introduce
additional refinements to preserve a conforming mesh [4, 40].

In Figure 10, we plot the convergence of the error estimate versus the total number
of degrees of freedom, which is denoted by n. A plot of the “true” error is also
displayed. This true error has been obtained by computing the goal on a uniformly
refined mesh with 245,760 elements and n = 123,585 resulting in the reference value
Q°lev(f) ~ 0.02271. The results indicate that the accuracy of this reference value
is surpassed on adaptively refined meshes for n > 1,000. This explains the drop in
the true error for the adaptive case for n > 1,000. Furthermore, the plots reveal an
asymptotic convergence rate of O(n™!) for adaptive refinements. This is expected for
optimal refinements and should be compared with the suboptimal convergence rate of
approximately O(n"3/4) for uniform refinements. Figure 11 shows several adaptively
refined meshes. Apart from the refinement at the reentrant corner, the refinements at
the free boundary and particularly near the elevation point of interest are noteworthy.
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i ‘ ‘ ‘ ‘ —e— |£| (uniform)
1077 1 |- - |Est| (uniform)
—— |£]| (adaptive)
1073k | |- = - |Est| (adaptive)
107 3
10° : :

107 102 10° 10* n

Fia. 10. Convergence of the “true” error &€ = Egelev and error estimate Est = Est gelev under
uniform and adaptive mesh refinement versus the total number of degrees of freedom n.

Fra. 11. Adaptively refined meshes, controlling the error in the free-boundary elevation at
xo = 2+ /2, obtained after 10 (top), 18 (middle), and 29 (bottom) iterations with 120, 793, and
5,447 elements, respectively.

7. Concluding remarks. We showed that free-boundary problems elude the
standard goal-oriented error estimation framework on account of the fact that their
typical variational form is noncanonical. To obtain an appropriate dual problem
(linearized adjoint), we presented the domain-map linearization approach. In this
approach the free-boundary problem is transformed into an equivalent problem on
a fixed reference domain which has a canonical variational form. The dual problem
is then obtained by linearization with respect to the domain map. We showed that
the solution of the dual problem is essentially independent of the selected reference
domain: Dual solutions corresponding to distinct reference domains are related by
the obvious map between the reference domains.

For a Bernoulli-type free-boundary problem, we showed that the dual problem
corresponds to a Poisson problem with a nonlocal Robin-type boundary condition.
The nonlocal term depends on the particular extension of boundary perturbations
into the domain, but, being of residual type, the nonlocal term vanishes at the ex-
act free-boundary solution. The effectivity of the dual-based error estimate and its
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usefulness in goal-oriented adaptive mesh refinement was demonstrated by numerical
experiments in one and two dimensions.

The presented approach admits several extensions. For example, we considered
constant Dirichlet data at the free boundary which means that the data is invari-
ant under domain transformations. Nonconstant Dirichlet data can be included by
means of a free-boundary Lagrange multiplier in the variational formulation. Such a
formulation, moreover, allows nonconforming trial functions that violate the Dirichlet
data.

The domain-map linearization approach bears similarities to the classical material
derivative in shape optimization in view of the comparison of functions in a reference
domain; see [37]. An alternative in the shape-optimization field is the so-called shape
derivative. The shape-linearization approach can also be used to obtain a suitable
dual problem for goal-oriented error estimation of free-boundary problems. This is the
subject of the companion paper [49]. Moreover, in that paper we present a comparison
of the two different approaches.

An extension of both the domain-map and shape-linearization approaches to a
fluid-structure-interaction problem is presented in [45,46].

Appendix A. Linearization of the elevation goal. The elevation goal func-
tional is defined in section 2.4 as

chov(e) _ / qclcv ag .
Lo

where «y is, for a specific domain €2y, the vertical deviation of the free boundary
Iy from Iy. In this section, we present the linearization of Q°°v at A" € © by
differentiation of ag.% For the sake of clarity, we consider the two-dimensional case.
However, the derivation extends without difficulty to three (and higher) dimensions.

Given I = I'gn and its associated elevation function agn, consider the perturbation
Iy :=Tgnirs9 and oy 1= agnyy59; see Figure 12. Without loss of generality, we view
6" and 66 as functions of the horizontal coordinate x only. Next, fixing a particular
x, we observe from Figure 12 that the perturbed elevation can be given at a shifted
location:

ar(z + 00 (2) + 601 (7)) = ao(z + 05 (x)) +1502(2) .

This is the key identity to obtain the derivative of ay. By introducing the I'y trans-
formation Tyy 4(2) == 2 + 0% (z) 4t 661 () and denoting Tign = Tpn o, it holds that

1 1
<89049h, 59> = }E}(l) ;(O&t — O[()) = 502 @) Te_?l + }E}(l) ;(O[() [©) Te}i @) TG_'Il,t - Oé()).

As Tpr 0 Ty, = (Id +t (66, o qu))‘l, the limit on the right-hand side is equal to
19

—arp, 007 o Te'?1 (for a.e. z). Hence, we obtain

(Opaign, 80) = (00 0 Tyi!) - (o, 1) -

6 Alternatively, one could reformulate Q®'¢V as a shape functional involving a domain integral
and use a standard shape derivative [37].
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oz + 04 (z) + 601 (x))

F1G. 12. Perturbation of the free boundary and associated perturbation of the elevation.

The elevation derivative, aj,, can be written in terms of 6" by differentiating the
identity ag o Tyy = 65, yielding aj, = 65'/(1+ 6}') o T,;'. Subsequently, we have
1
Qelev! (9 (66) = Jr, q°'®v (66-(—05'/(14-6Y'),1))oT,; . Performing a change of variables
1
through the I'p-map Ty, thereby picking up a Jacobian (1 + 64"), we obtain the
expression

QU (6M)36) = [ (¢ 0 Ty) 30 (-6 1+ 67
o

This I'g-supported integral can be transformed to I by the transformation Tys. Car-
rying out this transformation, we pick up the Jacobian ((65)% + (1+68")%)=1/2 0 T;;!
which nicely combines with (—65',1 + 6}") o T, to form the unit normal vector n.
Furthermore, recalling 60 =80 o Te'hl, we finally obtain the concise result:

r

Qelev! (g (50) = / (@) 50 m

Acknowledgments. This research was supported by the Dutch Technology
Foundation STW, applied science division of NWO, and the Technology Program
of the Ministry of Economic Affairs.

REFERENCES

[1] M. AINSWORTH AND J. T. ODEN, A Posteriori Error Estimation in Finite Element Analysis,
Pure Appl. Math., Wiley, New York, 2000.

[2] Y. BaziLevs, V. M. Caro, T. J. R. HUGHES, AND Y. ZHANG, Isogeometric fluid—structure
interaction: Theory, algorithms, and computations, Comput. Mech., 43 (2008), pp. 3-37.

[3] R. BECKER AND R. RANNACHER, An optimal control approach to a posteriori error estimation
in finite element methods, Acta Numer., 10 (2001), pp. 1-102.

[4] P. BINEv, W. DAHMEN, AND R. DEVORE, Adaptive finite element methods with convergence
rates, Numer. Math., 97 (2004), pp. 219-268.

[5] F. BoucHON, S. CLAIN, AND R. TOUZANI, A perturbation method for the numerical solution of
the Bernoulli problem, J. Comput. Math., 26 (2008), pp. 23-36.

[6] C. CuVELIER AND R. M. S. M. SCHULKES, Some numerical methods for the computation of
capillary free boundaries governed by the Navier—Stokes equations, SIAM Rev., 32 (1990),
pp. 355-423.

[7] M. C. DELFOUR AND J.-P. ZOLESIO, Structure of shape derivatives for nonsmooth domains,
J. Funct. Anal., 104 (1992), pp. 1-33.

[8] M. C. DELFOUR AND J.-P. ZOLESIO, Shapes and Geometries: Analysis, Differential Calculus,
and Optimization, SIAM Ser. Adv. Design and Control 4, Society for Industrial and Applied
Mathematics, Philadelphia, 2001.

[9] M. C. DELFOUR AND J.-P. ZoLESIO, Tangential calculus and shape derivatives, in Shape Opti-
mization and Optimal Design: Proceedings of the IFIP Conference, Lect. Notes Pure Appl.
Math. 216, J. Cagnol, M. P. Polis, and J.-P. Zolésio, eds., Marcel Dekker, New York, 2001,
pp. 37-60.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



[35]

[36]

ERROR ESTIMATION FOR FREE-BOUNDARY PROBLEMS 1091

T. DUNNE, An Eulerian approach to fluid—structure interaction and goal-oriented mesh adap-
tation, Internat. J. Numer. Methods Fluids, 51 (2006), pp. 1017-1039.

K. EPPLER AND H. HARBRECHT, Efficient treatment of stationary free boundary problems, Appl.

Numer. Math., 56 (2006), pp. 1326-1339.
. EPPLER, H. HARBRECHT, AND R. SCHNEIDER, On convergence in elliptic shape optimization,
SIAM J. Control Optim., 46 (2007), pp. 61-83.

M. A. FERNANDEZ AND M. MOUBACHIR, A Newton method using exact Jacobians for solving
fluid—structure interaction, Comput. & Structures, 83 (2005), pp. 127-142.

M. FLUCHER AND M. RuMmPF, Bernoulli’s free-boundary problem, qualitative theory and nu-
merical approzimation, J. Reine Angew. Math., 486 (1997), pp. 165-204.

A. FRIEDMAN, Variational Principles and Free-Boundary Problems, Pure Appl. Math., Wiley,
New York, 1982.

M. B. GIiLES AND E. SUL1, Adjoint methods for PDEs: A posteriori error analysis and post-
processing by duality, Acta Numer., 11 (2002), pp. 145-236.

P. GRISVARD, Elliptic Problems in Nonsmooth Domains, Monogr. Stud. Math. 24, Pitman
Publishing, London, 1985.

S. C. GupTa, The Classical Stefan Problem: Basic Concepts, Modelling and Analysis, North-
Holland Ser. Appl. Math. Mech. 45, Elsevier, Amsterdam, 2003.

R. HARTMANN, Multitarget error estimation and adaptivity in aerodynamic flow simulations,
SIAM J. Sci. Comput., 31 (2008), pp. 708-731.

R. HARTMANN AND P. HOUSTON, Adaptive discontinuous Galerkin finite element methods for
nonlinear hyperbolic conservation laws, SIAM J. Sci. Comput., 24 (2003), pp. 979-1004.

J. HASLINGER, T. KozUBEK, K. KUNISCH, AND G. PEICHL, Shape optimization and fictitious
domain approach for solving free boundary problems of Bernoulli type, Comput. Optim.
Appl., 26 (2003), pp. 231-251.

J. HASLINGER AND P. NEITTAANMAKI, Finite Element Approzimation for Optimal Shape, Ma-
terial and Topology Design, 2nd ed., Wiley, New York, 1996.

J. HOFFMAN, On duality-based a posteriori error estimation in various norms and linear func-
tionals for large eddy simulation, STAM J. Sci. Comput., 26 (2004), pp. 178-195.

P. HoustoN AND E. SULI, hp-Adaptive discontinuous Galerkin finite element methods for first-
order hyperbolic problems, SIAM J. Sci. Comput., 23 (2001), pp. 1226-1252.

K. T. KARKKAINEN AND T. TIIHONEN, Free surfaces: Shape sensitivity analysis and numerical
methods, Internat. J. Numer. Methods Engrg., 44 (1999), pp. 1079-1098.

C. M. KUSTER, P. A. GREMAUD, AND R. TOUZANI, Fast numerical methods for Bernoulli free
boundary problems, SIAM J. Sci. Comput., 29 (2007), pp. 622-634.

M. G. LARSON, R. SODERLUND, AND F. BENGZON, Adaptive finite element approximation of
coupled flow and transport problems with applications in heat transfer, Internat. J. Numer.
Methods Fluids, 57 (2008), pp. 1397-1420.

F. LARSSON, P. HANSBO, AND K. RUNESSON, Strategies for computing goal-oriented a posteriori
error measures in non-linear elasticity, Internat. J. Numer. Methods Engrg., 55 (2002),
pp- 879-894.

G. MEJAK, Numerical solution of Bernoulli-type free boundary value problems by variable do-
main method, Internat. J. Numer. Methods Engrg., 37 (1994), pp. 4219-4245.

H. MELB@ AND T. KVAMSDAL, Goal oriented error estimators for Stokes equations based on
variationally consistent postprocessing, Comput. Methods Appl. Mech. Engrg., 192 (2003),
pp. 613-633.

M. S. MOMMER AND R. STEVENSON, A goal-oriented adaptive finite element method with con-
vergence rates, SIAM J. Numer. Anal., 47 (2009), pp. 861-886.

K.-S. MooN, E. VON SCHWERIN, A. SZEPESSY, AND R. TEMPONE, Convergence rates for an
adaptive dual weighted residual finite element algorithm, BIT, 46 (2006), pp. 367-407.

P. MoriN, R. H. NocHETTO, AND K. G. SIEBERT, Convergence of adaptive finite element
methods, STAM Rev., 44 (2002), pp. 631-658.

O. PIRONNEAU, Optimal Shape Design for Elliptic Systems, Springer Ser. Comput. Phys.,
Springer, Berlin, 1984.

S. PRUDHOMME AND J. T. ODEN, On goal-oriented error estimation for elliptic problems: Ap-
plication to the control of pointwise errors, Comput. Methods Appl. Mech. Engrg., 176
(1999), pp. 313-331.

S. PRUDHOMME AND J. T. ODEN, Computable error estimators and adaptive techniques for fluid
flow problems, in Error Estimation and Adaptive Discretization Methods in Computational
Fluid Dynamics, Lect. Notes Comput. Sci. Eng., 25, T. J. Barth and H. Deconinck, eds.,
Springer, Berlin, 2003, pp. 207-268.

>

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1092 VAN DER ZEE, VAN BRUMMELEN, AND DE BORST

[42]

[43]

[44]

[50]

[51]

J. SOKOLOWSKI AND J.-P. ZOLESIO, Introduction to Shape Optimization: Shape Sensitivity
Analysis, Springer Ser. Comput. Math. 16, Springer, New York, 1992.

P. SoLIN AND L. F. DEMKOWICZ, Goal-oriented hp-adaptivity for elliptic problems, Comput.
Methods Appl. Mech. Engrg., 193 (2004), pp. 449-468.

R. STEVENSON, Optimality of a standard adaptive finite element method, Found. Comput.
Math., 7 (2007), pp. 245-2609.

R. STEVENSON, The completion of locally refined simplicial partitions created by bisection,
Math. Comp., 77 (2008), pp. 227-241.

E. SULI AND P. HouSTON, Adaptive finite element approximation of hyperbolic problems, in
Error Estimation and Adaptive Discretization Methods in Computational Fluid Dynamics,
Lect. Notes Comput. Sci. Eng. 25, T. J. Barth and H. Deconinck, eds., Springer, Berlin,
2003, pp. 269-344.

J. 1. TOIVANEN, J. HASLINGER, AND R. A. E. MAKINEN, Shape optimization of systems governed
by Bernoulli free boundary problems, Comput. Methods Appl. Mech. Engrg., 197 (2008),
pp. 3802-3815.

E. H. vAN BRUMMELEN, Mesh association by projection along smoothed-normal-vector

fields: Association of closed manifolds, Internat. J. Numer. Methods Engrg., 73 (2008),
pp- 493-520.

. H. vAN BRUMMELEN AND A. SEGAL, Numerical solution of steady free-surface flows by
the adjoint optimal shape design method, Internat. J. Numer. Methods Fluids, 41 (2003),
pp. 3-27.

K. G. VAN DER ZEE, Goal-Adaptive Discretization of Fluid—Structure Interaction, Ph.D. thesis,
Technische Universiteit Delft, Delft, The Netherlands, June 2009. Available online from
http://repository.tudelft.nl.

K. G. VAN DER ZEE, E. H. VAN BRUMMELEN, I. AKKERMAN, AND R. DE BORST, Goal-oriented
error estimation and adaptivity for fluid—structure interaction using exact linearized ad-
joints, Comput. Methods Appl. Mech. Engrg., submitted.

K. G. VAN DER ZEE, E. H. VAN BRUMMELEN, AND R. DE BORST, Dual-based a-posteriori error
estimation for fluid—structure interaction by the embedded domain method, in ECCOMAS
CFD 06: Proceedings of the European Conference on Computational Fluid Dynamics,
Egmond aan Zee, The Netherlands, 2006, P. Wesseling, E. Onate, and J. Périaux, eds.,
CD-ROM (paper 588), TU Delft, The Netherlands, 2006.

K. G. VAN DER ZEE, E. H. VAN BRUMMELEN, AND R. DE BORST, Goal-oriented error estimation
for Stokes flow interacting with a flexible channel, Internat. J. Numer. Methods Fluids, 56
(2008), pp. 1551-1557.

K. G. VAN DER ZEE, E. H. VAN BRUMMELEN, AND R. DE BORST, Goal-oriented error estimation
and adaptivity for free-boundary problems: The shape-linearization approach, STAM J. Sci.
Comput., 32 (2010), pp. 1093-1118.

R. VERFURTH, A Review of A Posteriori Error Estimation and Adaptive Mesh-Refinement
Techniques, Adv. Numer. Math., Wiley-Teubner, New York, Stuttgart, 1996.

7. ZHANG AND 1. BABUSKA, A numerical method for steady state free boundary problems, STAM
J. Numer. Anal., 33 (1996), pp. 2184-2214.

=

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


