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Certainty-Equivalence Model Predictive Control:
Stability, Performance, and Beyond

Changrui Liu

Abstract—Handling model mismatch is a common chal-
lenge in model predictive control (MPC). While robust MPC
is effective, its conservatism often makes it less desir-
able. Certainty-equivalence MPC (CE-MPC), which uses the
nominal model, offers an appealing alternative due to its
design simplicity and low computational cost. This article
investigates CE-MPC for uncertain nonlinear systems with
multiplicative parametric uncertainty and input constraints
that are inactive at the steady state. The primary contri-
butions are twofold. First, a novel perturbation analysis of
the MPC value function is provided, without assuming the
Lipschitz continuity of the stage cost, better tailored to the
widely used quadratic costs, and having broader applica-
bility in value function approximation, learning-based MPC,
and performance-driven MPC design. Second, the stability
and performance analysis of CE-MPC is provided, quantify-
ing the suboptimality of CE-MPC compared to the infinite-
horizon optimal controller with perfect model knowledge.
The results provide insights into how the prediction horizon
and model mismatch jointly affect stability and the worst-
case performance. Furthermore, the general results are
specialized to linear quadratic control, and a competitive-
ratio bound is derived, serving as the first competitive-ratio
bound for MPC of uncertain linear systems with input con-
straints and multiplicative uncertainty.

Index Terms—Model predictive control, optimal control,
performance analysis, perturbation analysis, uncertain sys-
tems.

[. INTRODUCTION

ODEL predictive control (MPC) has prospered in many
M engineering fields, such as chemical processes [1],
robotics [2], and microgrids [3]. In general, MPC requires a
model to predict future behavior of the system to compute the
optimal inputs. Therefore, the effectiveness of MPC significantly
relies on the model accuracy [4, Sect. 1.2], and successful
implementations usually require model tuning [5]. Nonetheless,
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obtaining a perfect model is impossible due to inherent limita-
tions in modeling and identification (e.g., unmodeled dynamics,
limited data, and measurement noise), and hence, model mis-
match inevitably exists in practice.

For MPC, model mismatch is commonly described using a
nominal model with general additive disturbances [6], [7], [8].
To quantify parametric uncertainty, additive residual models
have been frequently adopted [9], [10], [11], [12]. Another
popular method considers parametric uncertainty within a struc-
tured nominal model, e.g., parametric linear models [13], [14].
There have been recent trends in studying the joint effect of
multiplicative parametric uncertainty and additive disturbances
for linear systems [15], [16], [17], [18]. In addition, results on
parametric nonlinear systems [19], [20] also exist. To handle
model mismatch, most contributions focus on robust MPC [7],
[11], [16], [21], or MPC with model learning [12], [14], [19],
primarily investigating stability and feasibility, whereas only
a few studies provide performance guarantees in terms of
(sub)optimality [12], [14], [21], [22]. Moreover, results on un-
certain nonlinear systems without using a linear nominal model
are limited [20], [21].

Optimality-related guarantees for MPC have been studied in
terms of the infinite-horizon performance using relaxed dynamic
programming (RDP) [23] (see also the discussion in [24, Sect.
2.2.3]). Although performance analysis using RDP is quite ma-
ture, most of the existing results are only valid when the model is
perfectly known [25], [26], [27]. Some recent extensions have
covered nonlinear systems with disturbances [21], a class of
parameterized linear systems with polytopic uncertainty [14],
and general uncertain linear systems [28], [29]. In [21], strong
assumptions on the existence of some unjustified growth func-
tions have been made to establish the performance bound [21,
Prop. 2], and the result only applies to Lipschitz-continuous
costs. Besides, the analysis in [14] is not consistent, i.e., the
obtained bound does not degenerate to the standard results (see,
e.g., [30]) when no model mismatch exists. The performance
bounds in [28] and [29] preserve consistency and it does not
require strong assumptions, but they are still for linear systems.
Therefore, there is still a lack of meaningful results on the
infinite-horizon performance of MPC for uncertain nonlinear
systems.

Suboptimality due to model mismatch has also been quanti-
fied using regret [12], [20] and competitive ratio [22], [31]. How-
ever, these results, being finite-horizon in nature, cannot reveal
how MPC approximates infinite-horizon optimal control, thus
advocating for RDP-based methods. Furthermore, obtaining per-
fect models is impossible even with online model learning [12],
[14], [19], [32]. Therefore, it is still fundamental and necessary
to study MPC in the certainty-equivalence framework [33],
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known as certainty-equivalence MPC (CE-MPC) [34]. This
work focuses on multiplicative parametric uncertainty without
disturbances or state estimation error, which is different from the
settings in [35], [36], and [37], where additive disturbances and
state estimation errors are considered. Besides, we only consider
the common scenarios where input constraints are inactive at the
steady state [38].

The stability and performance of CE-MPC for uncertain
nonlinear systems remain largely unexplored. The joint effect
of the prediction horizon and the model mismatch has only been
studied for finite-state Markov decision processes with bounded
rewards [39]. In terms of stability, CE-MPC has recently been
investigated for parametric nonlinear systems in [40], which,
though being related to the stability results of this article, is based
on a different setting, where the true model can be time-varying,
terminal ingredients are present, and the parameters of the nom-
inal model are set to zero. Besides, in [40], the existence of some
unknown /C functions [e.g., [40, Assumption 9]] to quantify the
influence of parametric mismatch is assumed to prove stability,
which is not needed in the current work. In summary, we will
address the following questions.

1) Underwhat conditions is the CE-MPC controller designed
based on the nominal model guaranteed to stabilize the
true model at the true equilibrium?

2) In terms of the infinite-horizon performance, how subop-
timal is the CE-MPC controller compared to the offline
infinite-horizon controller that knows the true model?

3) What is the interplay between the prediction horizon and
the model mismatch in terms of stability and (worst-case)
performance bounds of CE-MPC?

In response to the above questions, this work advances the state
of the art through the following contributions.

1) We present an analysis pipeline for CE-MPC of nonlinear
systems with multiplicative parametric uncertainty and
input constraints, resulting in novel suboptimality bounds
to quantify its infinite-horizon performance with respect
to the (offline) oracle infinite-horizon optimal controller
(IHOPC) that knows the true model.

2) A novel perturbation analysis of the MPC value func-
tion is provided without using the Lipschitz continuity
of the cost, which can be of independent interest for
learning-based MPC. The perturbation analysis helps es-
tablish the suboptimality bounds that reveal the joint
effect of the prediction horizon and the model mis-
match on the stability and the worst-case infinite-horizon
performance.

3) Denote the true parameter and the nominal parameter by

6* and 6, respectively. An upper bound of the normed

model mismatch [|6* — ]| is derived to ensure closed-loop
stability. Besides, competitive-ratio upper bound R is
obtained under mild conditions, i.e., R satisfies

Cost of CE-MPC(6)
Cost of IHOPC(6*)

R >

llo°—6ll<eo

where €9 > 0 is the considered worst-case parametric
mismatch level. Moreover, R explicitly depends on the
prediction horizon, and an approximate optimal horizon
can be computed by minimizing R. This horizon, though
not necessarily optimal for true performance, can be used
as a coarse warm start for horizon tuning when lacking
perfect system knowledge.

4) We further specify the results for uncertain linear systems
with quadratic costs, extending our previous work [28]
such that a pure-ratio bound is obtained.

Importantly, our analysis is consistent with those without
model mismatch [23], [27], [30], since our results still advo-
cate for longer prediction horizons when no mismatch exists.
It should be emphasized that we do not develop new MPC
strategies, but focus on theoretical analysis of CE-MPC. The
rest of this article is organized as follows. Section II provides
preliminaries. The problem of analyzing the stability and the
infinite-horizon performance of CE-MPC is formulated in Sec-
tion III. Perturbation analysis of the MPC value function is
given in Section IV, and Section V presents our main results.
Simulations and extension to linear systems are presented in
Section VI. Finally, Section VII concludes this article.

Il. PRELIMINARIES
A. Notation

R denotes the set of real numbers and R, is the set of
nonnegative real numbers. The set of natural numbers is N, the
set of integers is Z, and 1., := NN a,b] for 0 < a < b. For
a vector z, its ith element is x[i], and the sequence {azk}%‘:tl
is denoted by x¢,..,. The bold symbols 0, 1, and I denote
the zero vector, one vector, and identity matrix of appropriate
dimensions. The ceiling function! is denoted by [-].

Let M be a matrix. Then its transpose is M ", and M > (>) 0
and M > (>) 0 denote elementwise nonnegativity (positivity)
and positive (semi)definiteness, respectively. || - || denotes the
2-norm of a vector and the induced 2-norm of a matrix. The
Euclidean ball centered at x with radius R is denoted by
B(z,R) := {2z’ € R" | ||z — 2’| < R}. For a symmetric ma-
trix M, its largest and smallest eigenvalues are denoted, re-
spectively, by Amax(M) and Anyin(M). Moreover, r(M) :=
Amax (M) /Amin(M), and ||z os stands for (z" Mx)'/2. The ith
row of M is denoted by [M]; ).

Given aset S, ST := 8" x S forn € [;., with St := S,
where x is the Cartesian product. A function «: [0,a) — R
belongs to class IC (i.e., & € K) if it is strictly increasing and
a(0) = 0V f(z). The gradient of f at x is denoted by V f(x).
A function f : R™ — Ry is positive definite if f(z) =0 <=
z=0.

B. Infinite-Horizon Optimal Control

Consider discrete-time nonlinear systems modeled by

i1 = f(2e,ue;0), (H
where ¢t € N is the time step, z; € X = R" and uy € Y C R™
are, respectively, the state and input at time step ¢, f : X x U —
X is the model function, and § € R™ is the model parameter. In
addition, the set!{ is closed and is defined using g,, : R"* — R
asU = {u € R™ | g, (u) < 1}. The rrue model is defined as in
(1) with § = 6*, whereas a practical controller only has access
to the nominal parameter 6 due to lack of precise knowledge
or estimation errors, which are prevalent in identification and
model learning [17], [20]. The metric

5(0) = 16— 0] @)

is used to quantify the difference between 6 and 0. Although 0*
is unknown, we assume that 6* belongs to a known compact set

"For a € R, [-] is defined as [a] := min{n € Z | n > a}.
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O(0,e9) C R™ defined by
O0,e9) ;= {0 €R™ | |0 — 0] < &g}, 3)
where ¢ is the mismatch level.

Assumption 1: The functionsf and g, satisfy the following
conditions:

1) fand g, are twice continuously differentiable, and for all
(x,u) € X x U, the function f, ,, : R™® — X defined as
fou(0) == f(x,u;0)is twice continuously differentiable;

2) f(0,0;0) =0foralld € ©(0,p);

3) g.(0) <1 (i.e., u = 0 lies in the interior of I{).

The first condition is standard for sensitivity analysis in
control [20] and optimization [41]. The second condition states
that model mismatch does not change the true equilibrium
(z,u) = (0,0), such that the CE-MPC controller is well in-
formed of the true equilibrium. Kernel-based models [42] suit
this condition, and so do many applications (e.g., some HVAC
systems [12], cruise control [43], and robot arms [44]). How-
ever, systems with additive disturbances or bias violate this
condition. The last condition ensures that the input constraints
are inactive at (x,u) = (0,0). For convenience, we denote
f(x,u;0) occasionally by = (u; ), and for any 6 € ©(0, &)
and (z,u) € X x U, we define the model error A ¢ (z, u; 6) as

Ap(z,u;0) = f(z,us0) — f(x,u;é), 4)

and it holds that A (0, 0; #) = 0 due to Assumption 1, item 2).
In addition, we define

R(x;e9) :=

max»
wel,0€0(0,e¢9)
which is the maximum one-step-ahead state deviation due to
model mismatch at state x. At each time step ¢, the system
under control incurs a nontrivial®> positive-definite stage cost
0(x¢,ur) > 0 quantified by £ : R™ x R™ — R, and the opti-
mized stage cost £* : R™ — R is defined as

H(x) = Iilég{lg(l‘,u), (6)

HAf('r’u;G)Ha &)

which will be used in the MPC formulation and the performance
analysis of CE-MPC.

For the model in (1), starting from x = x4, the k-step-ahead
open-loop state under the sequence U;irx 1 = {utH}iK:Bl
is denoted by ¥, ¢(k;x,upyx—1) for all k € Ip.x, where
Y2,0(0; 2, W4+ k1) = 2. Given a control policy 7 : X — U,
the closed-loop state at time step t + k, starting from z = z(t),
is denoted by ¢, o(k; x, 7) with ¢, ¢(0; x, ) = x and ¢, g (k +
Liz,m) = f(¢z0(k;z,m), m(dge(k;z,m));0), where the as-
sociated control input 7(¢, ¢(k;x, 7)) is further denoted by
Guo(k;z,m) forall k € N.

The goal is to determine ug..c € U™ that asymptotically
stabilizes the system at (z,u) = (0,0) while minimizing the
infinite-horizon cost Ju (0; U, 0) = Yoo £(s, uy) subject
to the model in (1). Equivalently, starting from xg = x, the
objective is to solve the following optimization problem:
min / (xk‘o, uk‘o)

Pruopc(z;0) :
{urjo TR0}y o

st Zpy10 = f(Trjos uro;0),  VEEN;
Gu(upo) <1,  VkeN;
Tojo = T,

21n this work, trivial constant cost functions ¢ = ¢ (¢ > 0) are excluded since
they have no effect on regulation or stabilization.

where w0 and uy are the predicted k-step-ahead state and
input starting from time step 0, respectively. We assume
Porc(; 0) admits a minimizer, denoted by uj. . (z, 0). More-
over, the value J(x;uj.. (x,0),0) is denoted by Vi (z;6).
The controller defined by Pryopc(x;60*) is called the oracle
controller, the existence of which requires defining the region of
attraction (ROA) as follows.

Definition 1 (Region of attraction): The set of states that can
be regulated to x = 0 asymptotically is defined as Arop = {x €
X | Jupo € UP, st Joo (25 Up00, 07) < +00}.

Definition 1 implicitly requires the existence of an input
sequence Ug., such that the infinite-time cost is summable when
(2, uy) approaching (0, 0). Following the definition of ROA, a
standard result follows immediately as in [4].

Corollary 1: Under Assumption 2, Ao, is a forward control
invariant set, i.e., forall x € Aroa, there exists au € U such that
f(.’L‘7 u; 9*) € AXRoa-

Corollary 1 ensures z; € Xroa for all ¢ € N under a proper
control policy without imposing state constraints. Next, we
present an additional assumption to ensure that the optimal
control problem is well-defined such that regulating the system
to the equilibrium (z,u) = (0, 0) is achievable.

Assumption 2: The initial state x lies in Aroa.

Assumption 2 ensures that xy can be stabilized, which is
necessary since stabilizing the system may not be possible for an
arbitrary x¢ under input constraints. Consequently, the state can
always be kept within Xroa, albeit we do not consider explicit
state constraints. Similar assumptions have been made in [26]
and [27], assuming the true model is known. However, whenever
explicit state constraints are present, Definition 1 should be
modified to include them explicitly. In the literature, if the
true model is given, Aroa can be characterized using sublevel
sets [26], [45], [46] (see also the discussions in [27, Remark 1]).
Characterizing Xroa without knowing the true model, however,
is out of the scope of this article.

[ll. PROBLEM FORMULATION

Solving Pryopc(x; 6) is intractable in general, and MPC
is a finite-horizon approximation to Pgopc(z;6) [30]. The
current article considers MPC without terminal ingredients,
which is common in theory [21], [30] and practice [2], [3].
At time step t, given z; = x, the objective is to minimize
In (@3 ugn -1, 0) = Snso U@hje, ugge) + £ (1) by solv-
ing

N-1

Pumec(;0) : Join Z Uy, upe) + (2 np)
{urge o Azrietizo =g
st gy = [(Trp ure; 0), Yk € lov1;
Gu(ug) < 1, Vk € lg.n-1;
Lot = Lt

where N € I is the prediction horizon, ), and uy, are,
respectively, the k-step-ahead predicted state and input from
time step ¢. In this work, we consider a class of cost functions
that are commonly used in optimal and predictive control.

Assumption 3 (Well-conditioned costs): The function ¢ is
separable as {(z,u) = £, (x) + £, (u), and there exist scalars
L¢ .z, Lo, mey, and myg, such that £, and ¢, satisfy the
following conditions:

1) ¢, and ¢, are twice continuously differentiable;
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2) Ly is Ly g-strongly smooth? and my g-strongly convex”;

3) ¢, is Ly ,-strongly smooth and my ,-strongly convex;

4) £, and ¢, are nonnegative, ¢,(0) =¢,(0) =0, and
V£, (0) = V£,(0) = 0;

5) ¢, isarelaxed control Lyapunov function (CLF), i.e., there
exists a constant ez € R such that

min{l (a7 (u;0)) + 0(x,u)} < (1 +ep)la(). ()

Corollary 2: Let Assumption 3 hold. Then ¢* = /.

First, the separable cost condition is common in both the-
ory [47] and practice [48], which, however, rules out rate of
change penalties on the input. The differentiability condition is
essential for perturbation analysis [49] since it ensures a differ-
entiable objective of Pypc(x; 0), guaranteeing the existence of
a minimizer given that /" is compact [4]. The smoothness and
convexity conditions are common in optimal control [47], [50],
[51], [52] and convex optimization [53]. Condition 4) is less
common, but can be satisfied via reparameterization [47] and
power lifting (i.e., consider ' (z) = ¢?(x), knowing ¢(0) = 0)
without loss of generality. Finally, the relaxed CLF condition
5) is used to study the stability of the nominal system [26],
[27], where € quantifies the level of relaxation. Settingep = 0
recovers the standard CLF [4], [54]. Moreover, 5 is allowed
to be +00, meaning (7) can always be satisfied. Taking ¢, as
an example, the widely used quadratic costs [4], [14], [28],
[55] satisfy Assumption 3. However, costs using the 1-norm
or co-norm, though being also popular in MPC [56, Ch. 12.5],
do not satisfy Assumption 3.

Remark 1 (Terminal cost): Choosing ¢* as a virtual terminal
costin Pypc(; 0) is equivalent to having no terminal costs [23],
[30], [27], and thus, a longer prediction horizon may be required
to ensure stability [30]. However, designing nontrivial terminal
costs usually requires knowing the true model [4], [26], and
its analysis under model mismatch is an open problem. For the
relaxed CLF property (7), standard results assumes access to the
true model [26], [38]. In this work, we assume that the relaxed
CLF condition holds on Arpa, following the setting in [27,
Assumption 5], but only for the nominal model.

We denote the solution to Puypc(z;6) by uj(x;0) =
{uz‘t(x; 0) o and Jn (z; uly (243 0), 0) by Viv(2; ). In addi-
tion, ¥ ¢ (k; z, u(z; 0)) is denoted by &f(x; 0) for simplicity.
Assumptions 1 and 3 ensure Vi (-;6): X — R, is continu-
ous [4, Thm. 2.7]. Solving Pypc(#) implicitly defines an MPC
policy pin,0 : X — U as iy o () = ug,(;0), under which the
infinite-horizon performance is defined as Joo(z; pn,g,6) :=
Y orro Ubzo(k; 2, ing), duo(k;z, un,e)). In practice, obtain-
ing the true model is a stringent requirement, and thus we can
only apply MPC using an estimated nominal model, aligning
with the certainty-equivalence principle [33]. To guarantee the
existence of a well-defined® CE-MPC policy N6 We impose
the following assumption.

Assumption 4 (Cost controllability): For all x € Aroa, there
exist constants 7 < +oo and 7; € (0,7] (i € I;.5), such that

Vi(a;0) < (L +3)0(x), Vi€ L. (8)

3A function f : D — R is L-strongly smooth if for any z’, 2" € Int(D), it
holds that |V f(z") — Vf(2")| < L||z’ — 2"|.

4A function f : D — R is m-strongly convex if for any 2/, =" € D, it holds
that £(2") > f(2') + V@) (@ — o) + B2’ — 27].

SFor an optimization problem min_cz c¢(z) where ¢ # oo, existence of a
minimizer z* € Z ensures that c¢(z*) < oo.

Assumption 4, being standard in the literature on RDP [23,
Assumption 4.2], [27, Assumption 4], provides a linear bound on
Vi (2; 0) in terms of £*. This bound connects the infinite-horizon
performance to the prediction horizon [30]. In the current work,
we require (8) to hold for the nominal model instead of the true
model as in [30]. Besides, Assumption 4 implies that V. (x; é)
is finite for any fixed x, and ~y; can be approximated numerically
by open-loop simulations [27], [30]. In fact, even though 1 NG is
used, the system evolves based on the true model, so the closed-
loop system is

Tep1 = f(@e, oy g(@e); 07). 9
Accordingly, the performance of CE-MPC is J (2 ity 4,0%),

and the objectives are specifying under what conditions iy 4

stabilizes the true model and analyzing the suboptimality of
Joo (3 ppy 4, 07) with respect to Vig (5 0%).

IV. PERTURBATION ANALYSIS OF MPC VALUE FUNCTION

This section provides the perturbation analysis of the MPC
value function, quantifying the variation of Vi (z;6) when
perturbing, respectively, = and 6. Notably, we establish a novel
property—consistent error matching (see Proposition 1)—to re-
late the perturbation to £* (). In addition, the asymptotic bounds
of core functions in the perturbation/performance bounds are
characterized as side results, considering 6(¢) — 0 and N —
0.

In Section IV-A, we review existing results on sensitivity
analysis. Next, the perturbation of Vi (z;0) due to one-step-
ahead prediction error is analyzed in Section IV-B. Finally,
Section IV-C focuses on the perturbation with respect to 6.

A. Preparatory Analysis

To establish the perturbation bounds, sensitivity analysis for
optimal control is needed. Before presenting the main result, we
first introduce the following assumption.

Assumption 5: Y € X, Pypc(z; 0), together with €¢ in (3),
satisfies the following conditions:

1) (Linear independence constraint qualification (LICQ)
(cf., [57], [20, Assumption H.1])) the active-constraint
Jacobian® at the optimal primal-dual solution” has full row
rank for all 6 € (6, 4);

2) (Strong second-order sufficiency condition (SSOSC)
(cf., [57], [20, Assumption H.1])) the reduced Hes-
sian® at the optimal primal-dual solution of the problem
Pupc (2 0) is positive definite for all § € O(0, £¢);

3) (Uniform singular spectrum bounds (cf., [41, Thm. 4.5]
and [20, Def. H.2])) There exist positive singular spectrum
bounds 01, oRr, and gyy for the optimization problem
Pype(2; 0) specified for all 6§ € ©(0, <), and all 2’ €
B(x, R(x;29)).

The SSOSC and LICQ conditions are standard in sensitivity

analysis of general optimization problems [49, Ch. 4], [41,
Assumption 4.2] and MPC [4, Ch. 8.6.1], [19, Thm. IIL.3],

The active-constraint Jacobian is the Jacobian of all equality constraints and
active inequality constraints.

"The union of the primal variables and the dual variables at the optimum of a
constrained optimization problem.

8The reduced Hessian is defined as Z " HZ, where H is the Hessian of the
Lagrangian and Z is the null space matrix of the active-constraint Jacobian.
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and they ensure that u% (x;6) is a regular minimizer’, and

thus being locally Lipschitz. To analyze suboptimality, Lips-
chitzness is frequently assumed in learning-based MPC [12],
[58], certainty-equivalence MPC [20], [47], and approximate
MPC [59]. Besides, other similar alternatives have been used
to ensure regularity properties [60], and real-world examples
admitting a Lipschitz MPC policy (e.g., inventory control [20],
robot arms [44], and drones [19]) have also been considered.
The third condition means that the singular values of the Hes-
sian of the Lagrangian derived from the MPC optimization are
uniformly bounded, which holds when the Lagrangian admits a
bounded second derivative and is strongly convex on a bounded
domain [53, Ch. 2]. This assumption is useful to establish decay-
ing perturbation bounds in MPC when suboptimality analysis is
needed [20], [44]. For MPC, when the constraints are inactive,
spectrum bounds can be alternatively checked via controllability
and detectability [61]. In general, theoretically identifying the
uniform singular spectrum bounds is hard [62], and it is not
applicable to all systems. However, if the linearized dynamics
and costs satisfy the SSOSC and LICQ conditions for the active
constraints, then singular spectrum bounds can also be justi-
fied [41].

Lemma 1 (Exponential decay of sensitivity [20], [41]): Let
Assumptions 1, 3, and 5 hold. Then there exist constants H €
(0,00) and 2 € (0, 1) satisfying the following conditions:

1) forall § € ©(0,p) and any = € Xroa, it holds that
\Jujs (5 0) —up (2 0)|| <HAN(K)3(0), Yk € To.n-1,

(10)
where Ay (k) = (5 At + SN o
2) forall 2’ € X and 2" € B(2/, R(a'; 59)) it holds that

luj(2'; 0) i («"; ) | <HAF |2’ —2"||,  Vk € HO:N—l(-ll)

The constant H and decay factor A are given, respectively, by

1 1

— — \3 —2 2.\ §
OHOR \ ° Ofy — O

H:< ‘ ) , andA:<H) |
on 0f1 + 01

The constants H and -y can be theoretically characterized in
special cases [20], but mostly are determlned numerically [41],
[44], [63]. Tt is obvious that A (k) < i A for all k € lp.ny_1
and N € I;.«. The constant A (k) will be frequently used to
simplify the analysis. Apart from sensitivity bounds, additional
assumptions on f, /., and ¢,, are needed to quantify the pertur-
bation of the MPC value function.

Assumption 6 (Lipschitz continuous dynamics): Fora' x" €
X and v/, u"” € U, there exist functions Ly ,, Ly, : R" — Ry
such that

1f (2, u';0) —

+Lpu(O)|[w —u"|l, VO €O@,e), (12)

where Ly .(0) and Ly,(f) are the local Lipschitz con-

stants for a given 6. In addition, there exist uniform Lips-

chitz constants Lo := SUPy.g g c,) Lf.x(0) < ocand Ly, =
SUPgco (4.e0) L. (0) < oo.

Lipschitz continuous systems are widely considered in opti-

mal control [64], [65] and MPC [12], [19], [20]. Exact Lipschitz
constants are mostly approximated numerically [66].

F@” " 0)| < Lya(0)]l" — 2"

9For min,cz ¢(z), a regular minimizer z* is a strict KKT point, i.e., it,
together with its Lagrangian duals, satisfies the KKT condition, and there exists
6 > Osuch that f(2") > f(z*) V2’ e B(z*,6)NZ.

Remark 2: For N < 4+oo and gy < +o00o, the state and
the worst-case state-trajectory perturbation due to mismatch
are both bounded, leading to the existence of a compact set
Xep C X thatincludes all possible state trajectories. In this case,
Assumption 6 becomes redundant since Assumption 1-(1) im-
plies local Lipschitzness on the compact set X, x U.

Lemma 2 (Model difference bound): Let Assumption 6 hold.
There exist positive definite functions L , and La ,, that are
strictly increasing, such that

[Af (2, w; )| < Laz(60)l]l + La,u(d(@)|lull.  (13)

The condition (13) is a weak extension of (12), and the proof
of Lemma 2 is given in Appendix I-A. To ease the following
analysis, we further define the mismatch Lipschitz function as

LA() = max{LA’w(-),LAM(-)L (]4)
which quantifies the growth behavior of ||Af(x,u;6)|| with
respect to §(0). For the cost functions ¢, and ¢,,, unlike most of
the existing results where Lipschitz continuity is employed [12],
[19], [21], [67], [68] such that a linear perturbation bound is
valid, Assumption 3 provides a refined bound.

Corollary 3 (Cost bounds): Let Assumption 3 hold. Then ¢,
and /,, satisfy the following conditions:

1) (Perturbation bound)

Ly
[le(2+05) — Lo(z)| < L||5m|\2 + Lezllz|llldz]l, (152)
qu 2
€u(utdu) — €y (u)] < [10ul” 4 Le,ullull[[0ull; (15b)
2) (Quadratic lower bound )
™My My
Colw) = =57 2l bulu) = = |l (16)

The results (15) and (16) can be verified, respectively, us-
ing strong smoothness and strong convexity. Corollary 3 helps
evaluate the perturbation of V(-;6), and a similar quadratic
perturbation bound will then follow. To adopt the RDP analy-
sis, we establish an instrumental result, called consistent error
matching, which is given as follows:

Proposition 1 (Consistent error matching): Let Assump-
tions 3 and 6 hold. Then the model error (4) satisfies

1A (@, u; 0)|* < MecLA(5(0))0(x, w),

where M., = 2(ml 2 T 1Y and Ly is defined in (14).

The proof of Proposition i is given in Appendix I-B. Equation
(17) provides an upper bound for the model error in terms of
the stage cost £, which is essential to establish the performance
bounds using RDP. Besides, the bound is consistent in that
|Af(x,u;0)]| = La(0) =0 when §(f) = 0. This consistent
error bound (17) is essential to studying the stability of CE-
MPC as well as establishing consistent performance bounds. To
convenience, we further define a shorthand x*(6) as

a2t (0) = f(x, py g(2); 0), (18)

which stands for the next-step state evolving under the system
(1) parameterized by ¢ under the CE-MPC policy i 4.

7)

B. One-Step-Ahead State Perturbation

We first present a refined result on nominal stability.
Proposition 2 (Nominal stability): Let Assumptions 2—4

hold. Then the MPC value function Vy (-; §) satisfies

0" (x) < Vy(x;0) < (1 +~n5)¢ (x), and (19a)
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Vi (2 (0);0)— Vi (2:0) <
where ey = M%

[Wﬂfi‘g"’ﬂ, then e € [0, 1), meaning that the nominal

system is stable under the nominal MPC control policy i 4.
Moreover, it holds that l

Vn(2F(0);:0) < (7w + en)l(w, py 4()),
where 7y is defined in Assumption 4.

Proposition 2 states that VN(~;é) is a Lyapunov function
for the nominal model under /iy 4, and its proof is given in
Appendix II-A. Furthermore, (19b) quantifies the energy de-
crease using {(, puy 4()), which will be used to establish state
perturbation of Viy. It is also noted that

en =O(N'), when N — oo.

Remark 3 (Nominal stability): Results on the nominal stabil-
ity without terminal conditions are prevalent [30, Ch. 5], [21],
[27]. The inequality (19b) is similar to the one in [27, Thms. 1
and 5], but our coefficient ey is tighter in terms of the required
minimal prediction horizon for stability, thus being less restric-
tive. Moreover, when ep = +00, ey equals €} = %,
and N, degenerates to NJj:= 1+ [(1+7)yn]. If a locally
exponentially stabilizing controller is available, a tighter €y can
be obtained such that ey = O(r") for some r € (0,1) when
N — oo [26], [28].

To quantify the difference between the MPC value function
Vi (+; 0) evaluated, respectively, at x*(@) and 2" (0), a pertur-
bation bound of the open-loop state is needed.

Lemma 3 (Open-loop state perturbation): Let Assump-
tions 1, 3, 5, and 6 hold. Then, for all 0 € ©(0,e4), N € I;.o,
a' € X, and 2" € B(2', Ry), the open-loop state i n(+;0)
satisfies the following Lipschitz-type perturbation bound:

165" 6) = &R (@ 0)| < Tyl — 2", Vk €To.n, (21

where Ty, := (L7 0 )* + Ly H ¥ 3 (L)% with H and
A given in Lemma 1.

Proposition 3 (One-step-ahead state perturbation): Let As-
sumptions 1-6 hold. There exists a function o’y € K such that,

forall @ € ©(0,4) and all 2 € X, it holds that
Vi (27(60):0) = Viv (2 (8); 0) | <an (8(0))(x, py 4())- (22)

In addition, o}y (-) admits a quadratic form as

_(]—_GN)[(:E?MN,‘@(:E)% (19b)
In addition, if N > Ny:=1+

(20)

() = Mo N2 LA () + Tan 1 La(), (23)
where the details of m, 2 and 7, 1 are given, respectively,
in (51) and (52) in Appendix II-C. Moreover, the asymptotic
bounds of o’y (§(6)) are given as follows:

1) O(La((9))) for Ly, < 1;

2) O(NLa(8(9))) for Ly, = 1; and

3) O(LFLLA(8(0))) for Typ > 1,
when 0(0) — 0 and N — oc.

Equation (21) provides a Lipschitz bound of the open-loop
state, where 'y, is the Lipschitz constant. Based on Lemma 3,
we can establish the desired bound in Proposition 3 using 6 ().
It should be noted that (22) is consistent since ay is positive
definite, i.e., given that §(0) = 0,z (0) = 2 (), and oy (0) =
0. In general, o}y inherits the property of the mismatch function
(14). Moreover, if La is linear, then o’y (0(6)) scales linearly
with 6(0) for an infinitesimal mismatch.

Remark 4 (Open-loop system and contraction): Lemma 3
is coarse since only the Lipschitz continuity is used without
relying on other properties of the open-loop system, and thus
I'y exhibits exponential growth as k increases, making (22)
conservative, especially forff’z > 1. Nonetheless, refinements
are possible when adding terminal constraints [20], assuming
the existence of an exponentially stable terminal policy [26],
or considering prestabilization such that Ly, < 1 or the sys-
tem satisfies other contraction properties [65], [69]. However,
under input constraints, achieving such contraction behaviors
is not always possible, especially when the system exhibits
rapidly growing dynamics (e.g., high-order polynomials and
exponential functions). These potential refinements to achieve
contraction and to obtain tighter, contractive bounds are not
essential for this article and are left for future work.

C. Parameter Perturbation

Next, we investigate the difference between the values
Vi (2 6) and Viy (z; ). Noting that Viy (0; ) = Vi (0;6%) = 0
under Assumptions 1 and 3, it is desired to obtain a bound on
this difference in terms of £* such that it scales with x. We first
give a scalable input sensitivity bound as follows.

Lemma 4 (Scalable input perturbation bound): Let Assump-
tions 1, 3, and 5 hold. Define functions wy, n(-;d;) : Ry — Ry
forall £ € Iy.y_1 by

wi, N (095 dz)
HAN(K)R(0;¢9) 09d,, x€ X\ B(0,R(0;¢p))
B {min{AN(k)zia,Qkkdx}H, € B(0, R(0; 2))
where H and Ay (k) are defined as in Lemma 1. Then, for all
0 € ©(0,c9) and x € X, the following holds:
i (5 8) — i (; 0) || < wr w (6(0); [lll), Wk € HO:N—@D

By definition, it holds that, for all ¥ € Ip.n—_1, wi N (0;d;) =0,
and wy, v (-, d;) is nondecreasing. Besides, there exists a func-
tionw(-;d,) : Ry — R defined by

B(opid,) o | TOR@E00der 2 € X\B(O, R(0:29))
2min{%,dm}ﬂ, T € B(O,R(O;gg))

such that wy, vy < w forall k € Tp.ny—1 and N € ..

Lemma 5 (Open-loop parametric perturbation): Let As-
sumptions 1, 3, 5, and 6 hold. Then, for all 6 € @(@59),
N € 1., and any x € X, the open-loop state £;(+; 0) satisfies
the following accumulative perturbation bound for all k € I. y:

165 (23 0) — €4 (2:0)|| < Caur(5(6); )
+ZL’“ CUNAFE (3 0), up (230):0)],  (25)
where  Cay k(5 7) —LmZ, oLl;xl 1wi,N('3||$H) with

w;, N defined as in Lemma 4.

Lemma 4 helps establish the parametric perturbation of the
open-loop state in Lemma 5, and the corresponding parameter
perturbation of Vi (, #) is summarized in Proposition 4.

Proposition 4 (General affine parameter perturbation): Let
Assumptions 1-6 hold. Then for all N € I;.., 0 € @(@59),
and x € X, it holds that

Vi (50) — Vv (2:0)| < By (8(8); 2), (26)
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where Sy (-;2) is nondecreasing with S (0;2) =0, and it
admits a simple form as

B () = mg n2(@)LA() + mpn () La()

+ ¢ 2[@Cs 2D + Conva (@)@ (5 ).

The details of g n2(x), 75,n.1(2), 5,n,2, and (g n,1(x) are
given in (60) in Appendix III-C. Moreover, the asymptotic
bounds of Sx (d(6); x) are given as follows:

1) O(N(La(6(9)) +6(09)))for Ly, < 1;

2) O(N3(La(5(0)) +6(0))) for Ly, = 1; and

3) O(L} 0 (La(8(6)) +6(8))) for Ly, > 1,
when 6(0) — 0 and N — oo.

The perturbation function Sy (; ) in Proposition 4 depends
on both L (-) and @(+; ||«]|) in general. However, under a mild
assumption of the input sensitivity, a refined bound can be
obtained such that it only depends on Vy (x;6).

Assumption 7 (Local separable input perturbation): There
exist a neighborhood Q C (0, R(0;e4)) of the origin and
constants {7 n }n—g » such that

i (5 0) — i (: 0) || < w0 (O)l|zl, Yk € Toun—1, (27)

and n, v < nforallk € lp.xy—; andall N € I;..

Remark 5 (Separable input perturbation): Assumption 7
offers a perturbation bound that scales with ||z||, which is com-
patible with [[uj, (z:0)|| < HA"||z|| since uy,(0;0) = 0 [cf.,
(11) in Lemma 1]. Besides, given ¢,(0) < 1, ||u;‘t(a:;9)|| <

H)F||z| implies that a small enough neighborhood (2 of the
origin exists such that the optimization problem Pypc(x; ) is
unconstrained within €2, i.e., all input constraints are inactive.
Thus, “k| ,(+10) is locally continuous under Assumptions 1, 3,
and 5. In this case, if uk‘t(x, 0) = Ki v (@) ua(x) (.., the
control law is separable) and K}, y is Lipschitz continuous
(i.e., ||Kk,N(9) — Kk,N(é)” < LKyk,Nd(G)), then establishing
po(r) < Mgljz|| leads t0'® n v = MoLk ;. n in (27). The
above reasoning highlights that Assumption 7 is not restrictive,
and it aligns with the EDS property and the considered MPC
problem, and such separation structures have also been used
in [40] for Lyapunov functions. In fact, for linear systems with
quadratic costs, Assumption 7 holds since the optimal input to
the unconstrained linear quadratic control problem is separable
and linear in . Formal characterization and computation of 7, n
for general nonlinear systems is out of the scope of this article
and it requires further investigation for future work.

Assumption 7 leads to Corollaries 4 and 5, which are the
refined version of Lemmas 4 and 5, respectively. In addition, a
refined perturbation follows directly as in Proposition 5, making
the final bound linear in Vi (x;0). Besides, if La in (14) is a
linear function of §(#), then 53, (5(0)) scales linearly with §(0)
for an infinitesimal mismatch.

Corollary 4 (Separable scalable input perturbation bound):
Let Assumptions 1, 3, 5, and 7 hold. Given N € ..., define
constants {nj, x}r_o as

n =max S T k,N (s
N lnfﬂCEXROA\Q ||1‘||

10Based on the continuity of uk‘ t( 0), leveraging the Taylor expansion,

1o (z) < Mq||x|| means the dominant term of puq () within €2 is linear.

where Ay (k) and ) are defined in Lemma 1 and Assumption 7,
respectively. Then, V0 € ©(f,£4) and 2 € X, it holds that

Jug(z;0) — uj(z; )| < mg NO(O)[zll,  VE € Tov-1. (28)
In addition, 77;;7]\, < n*forall k € Iyp.xy_1 and N € I;..,, where
7" = max{ (it ol 7

Corollary 5 (Separable open-loop parametric perturbation):

Let Assumptions 1, 3,5, 6, and 7 hold. Then, forall § € @(é, €g)s
any N € Iy, and any x € X, the open-loop state &} (-;0)
satisfies the following accumulative perturbation bound for all
kely.n:

167 (2 6)

=& (@ 0)[| < Churd (@) l2]

+Zpk“Mfme H@:0):0), 29

where CAu e quzl 0 fo
Corollary 4.

Proposition 5 (Linear parameter perturbation): Let As-
sumptions 1-7 hold. Then for all N € I;., 6 € @(9, eg), and
x € X, it holds that

Vi (23 0) — Viv (23 0)] < B (5(0))Viv (23 6),
where 83, € K, and it admits a simple form as

B () =75 v 2 LA () + v Lal) + Chnva()? + (),
where the details of 75 y 1, 75 9. (5 v 1> and (j y 5 are given
in (63) in Appendix Iﬁ D. Moreover, the asymptotlc bounds of
By (8(0)) are given as follows:

1) O(N(La(6(9))+6(0))) for Ly, <1,

2) O(N3(La(6(0)) +6(0))) for Ly, =1, and

3) O(IF(La(3(8)) +8(9))) for Typ > 1,
when 6(0) — 0 and N — oc.

Remark 6 (State constraints, compounding error, and feasi-
bility): Compounding error of the state trajectory is a com-
mon problem when the input is perturbed [58], [65]. In our
case, the input perturbation stems from model mismatch. This
compounding error can grow unboundedly, posing a great chal-
lenge in theoretical analysis. When state constraints are present,
robust designs (e.g., tube-based MPC [13] and/or constraint
tightening [19]) are, in general, inevitable, which do not fit the
basic CE-MPC framework. For the above reasons, explicit state
constraints are not considered in the current work, which also
resolves the feasibility issue of MPC.

771‘*, n With 7}  defined in

(30)

V. STABILITY AND PERFORMANCE ANALYSIS

This section investigates the joint effect of the parametric
model mismatch and the prediction horizon on the stability and
performance of the closed-loop system in (9). The results build
on the perturbation analysis in Propositions 3, 4, and 5.

Specifically, a sufficient condition for the stability of CE-MPC
is first established, based on which the performance bounds of
CE-MPC can be derived. Following the stability condition, the
maximum allowed mismatch level that guarantees the closed-
loop stability can be derived. Moreover, under mild conditions
such that a competitive-ratio bound is valid, an approximate
optimal prediction horizon that gives the lowest ratio bound
can also be numerically computed by minimizing this bound.
Finally, we provide a novel analysis pipeline, sketching the core
steps to establish the results.
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Theorem 1 (Stability of CE-MPC): Let Assumptions 1-6
hold. If the prediction horizon N > NN and the mismatch level
gp in (3) satisfy

en + ay(eg) <1, 3D

with € defined in (19b) and o, (+) given in Proposition 3, then
the closed-loop system (9) is asymptotically stable at the origin
for any z¢ € Aroa and any possible true system given in (1)
characterized by 6* € ©(6, ).

Theorem 1 provides a sufficient condition for the stability of
CE-MPC, and the relationship in (31) reflects that the mismatch
level and the prediction horizon jointly influence the stability of
the closed-loop system. An alternate approach, in the context
of inherent robustness, derives stability of CE-MPC under the
assumption of knowing a prior bound of the mismatch level such
that a certain decreased energy property holds in the sense of
Lyapunov stability, see [40, Assumption 9] and [40, Thm. 8] for
more details. In addition, for a given prediction horizon N > N,
(see Proposition 2), an upper bound of €4 can be derived from
31),i.e.,

—Ta.N.1 -+ 773 + 47, 1—en)?
o < L;( N1 N21 N2(l —en)] ) 32
To,N,2

where Lc’ll(-) is the inverse function of L  defined in (14) and
the constants 7, 1,y and 7, 2 n are defined in Proposition 3.
Equation (32) provides the maximum allowed mismatch level
that guarantees the closed-loop stability of CE-MPC. Based
on the insights from Proposition 3, extending the horizon does
not cause an unbounded perturbation when L re <1(.e., the
dynamics itself is statewise contractive); however, one should
carefully restrict the prediction horizon if Ly, > 1 since o’y (+)
has a polynomial or even exponential growth when N increases,
meaning the stability is more vulnerable.

Remark 7 (Stability verification): Verifying (31) (or equiva-
lently (32)) only requires the information of the nominal model
without the knowledge of 4. To elaborate, the upper bound of
€¢ in (32) comprises 74, n,1 and m,, N,2, both of which depend
on ['j; defined in (21), thereby being influenced by fﬁx and

L t,u- However, since (22) is derived for the nominal model,
I'% can instead be defined using the nominal Lipschitz constants

Ly, (0)and Ly, (). Consequently, computing the upper bound
does not require the uniform Lipschitz constants, which depend
on knowledge of €y a priori. As a result, both (31) and (32)
remain valid conditions to verify stability. Still, in Lemma 3
and Proposition 3, the more conservative uniform Lipschitz
constants are used for brevity.

Remark 8 (Relation to inherent robustness): The stability
of MPC under additive disturbances and state estimation error
has been studied using the notion of inherent robustness [35],
[36], [37], revealing that nominal MPC controllers can stabilize
the system under sufficiently small perturbations. In contrast,
Theorem 1, though conveying the same core message (i.e.,
stability of the nominal controller is preserved if the mismatch is
sufficiently small), is for multiplicative parametric uncertainty
without state estimation error, thus being different from the
settings in [35], [36], and [37]. As such, our result can also be
viewed as the inherent robustness of MPC under multiplicative
uncertainty with a closed-form stability certificate in terms of
mismatch level and the prediction horizon.

Following Theorem 1, a performance bound characterizing
the suboptimality of the CE-MPC controller with respect to the

oracle controller derived from Pyopc(; 8*) can be obtained,
which is given in Theorem 2.

Theorem 2 (Performance bounds of CE-MPC): Let As-
sumptions 1-6 hold. Besides, assume the prediction horizon
N > N, and the mismatch level €y in (3) satisfy (31). Then
the infinite-horizon performance Jo (2; py g, 0") satisfies

Vo (;60%) + Gn (23 €0)
1-— (EN + CY?V(EO))

Joo(m;MN,éae*) < ; (33)

where
gn (2569) = min {¥¢*(z), Bn (03 2)}, (34)
with 7% defined in Assumption 4, aj given in

Proposition 3, and Sy(eg;x) given in Proposition 4. In
addition, if Assumption 7 holds, then

Joc(x;;ufj\héva*) < Rcr,N(ga)VDo(x;e*)7 (35)

where

Rcr,N(EH) _ 1+ mln{’% ﬂf\f (60)} ’
1—(eny + OéN(ég))
with the function S} (+) defined in Proposition 5.

Remark 9 (Conservatism and qualitative value): The stabil-
ity condition (31) is only sufficient due to several (inequality)
relaxations made to establish o, in Proposition 3. As such,
CE-MPC may still stabilize the true system even with a larger
mismatch level that invalidates (31). In addition, since relax-
ations are also used to derive Sy (-; z) and 5%, the bounds (33)
and (35) are both conservative. It is noted that conservatism
is a common issue in theoretical performance bounds [20],
[27], [29], [30], [70], especially for systems with multiplicative
uncertainty where the worst-case prediction error accumulates
exponentially in general. Therefore, the bounds have limited
quantitative value in terms of characterizing the true perfor-
mance, but are more useful in revealing qualitative trends of the
performance with respect to the mismatch level and the horizon.
In general, obtaining sufficiently tight and widely applicable
bounds is challenging.

Theorem 2 provides a general performance bound (33) and a
competitive-ratio bound (35). Both of the bounds are expressed
using V,, (x; 6*), quantifying the suboptimality of the CE-MPC
controller compared to the IHOPC that knows the true model. It
should be noted that satisfying the stability condition (31) is a
prerequisite to ensure that the bounds are finite and nonnegative.
Following Propositions 3 and 5, asymptotic bounds of R, n (£¢)
in (36) can also be specified under mild conditions.

Corollary 6: Let Assumptions 1-7 hold. If a’}; (¢9) — 0 and
B (o) = 0aseyp — 0and N — oo, then the competitive ratio
Rer, N (€¢) admits the following asymptotic bounds:

1) 1+ O(% + N[La(eo) + LA (c0)] + Neg[1 + La(co)])

for Ly, <1,

2) 1+ O(% + N?’LA((:‘Q) + NSLQA(E:‘@) + Nep +

N4egLa(ep)) for Ly, =1, and
3) 1+ 0(x + L Lales) + LYV LA (e9) + LYo +
L‘}‘{\;EQLA(EQ)) for Lf’z > 1,
when ey — 0and N — oc.

For all the cases in Corollary 6, the only term that makes
Rer,n(gg) decrease as N — oo is % coming from ey, and
this factor can be improved if a local exponentially stabilizing
control law exists [26], [28] (see Remark 3). The other terms
that couple with €y manifest that increasing /N may lead to a

larger competitive-ratio bound when model mismatch is present.

(36)
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Nominal Stability Consistent Error
(Proposition 2) Matching (Proposition 1)

'y !

One-step-ahead State Parameter Perturbation
Perturbation (Proposition 3) (Propositions 4 and 5)

1T
1 ﬁ ﬂ
\ 4
CE-MPC Closed-loop CE-MPC Closed-loop

Stability (Theorem 1) Performance (Theorem 2)

Fig. 1. Analysis pipeline for the stability and performance of CE-MPC.
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Fig. 2. Input perturbation simulation. (a) Input perturbation of typical
10 scenarios for a fixed €4. (b) For the considered quantity |[uy, (6%) —

uj\,(é)n, the solid line is the mean value, the dashed lines are the mean
plus (minus) variance, and the dotted lines are the max (min).

Such a tradeoff between increasing the horizon to access more
future information and restricting it to avoid the accumulation of
prediction errors is quantified by the performance bounds (33)
and (35). In fact, given the competitive-ratio bound in (36), an
approximate optimal prediction horizon can be obtained as

N*(ep) = min R n(€o), (37)
Nely,
which can be solved numerically or by enumeration.

Remark 10: The approximate optimal horizon N* () is a
side product of the performance analysis. Given that N* (&)
is derived from the conservative performance bound instead of
the true performance, it is, in general, not the real optimal hori-
zon when applying CE-MPC to the true model. Besides, since
the performance bounds cannot quantitatively reflect the true
performance, using N*(eg) (or the true optimal horizon) may
not exhibit significant performance advantages. Nevertheless,
N*(gp) can be used as a coarse warm start for horizon tuning
when lacking perfect system knowledge and/or when conducting
real experiments is expensive.

The analysis pipeline summarizing the different steps and
all the important results is provided in Fig. 1. Moreover, to
obtain less conservative performance bounds in cases where

extra assumptions are available, one could refine the nominal
stability analysis to obtain a tighter coefficient ey, as well as
polish the perturbation analysis of the MPC value function to
establish tighter perturbation functions (i.e., oy, and 3},) for the
cost functions considered in Assumption 3 or other classes of
cost functions. With the refined coefficient and/or perturbation
functions, other variations of the stability condition and perfor-
mance bounds follow directly using our analysis pipeline. With
the improved performance bound with reduced conservatism,
the mismatch upper bound in (32) will be less conservative, and
the approximate horizon may be closer to the optimal horizon
corresponding to the true performance. Nonetheless, an upper
bound itself may not suffice to help determine a good prediction
horizon, and the addition of a performance lower bound can be
beneficial.

Remark 11 (Consistency and rationality): The bounds given
in (33) and (35) are both consistent in that they degenerate to

1

— €N

Joc(x;uNﬁ,H*) < . Voo (;07) (38)
when €y = 0, recovering the performance bounds in [30,
Ch. 6], [23], [27], and [71]. In other words, given that
limy_, 4o €y =0, our performance bounds still advocate
choosing a longer prediction horizon in the absence of model
mismatch. On the other hand, the core factors (i.e., €y,
BN (eg; ), By (€g), and o’y (g¢)) that are used to build the final
bounds only require knowing the mismatch level €9 and other
constants related to the properties of the cost functions (see
Corollary 3) and é, whereas 6* is never used. Therefore, our
performance bounds are rational, i.e., they are compatible with
the baseline motivation that the true model is inaccessible to the
controller. It is worth noting that our analysis and results are
also valid when the roles of 6* and 6 are swapped, i.e., when

assuming 6* is known but 6 is unknown.

VI. CASE STUDIES

In this section, two case studies are provided to demonstrate
the results of the previous sections as well as to gain insights
from the proposed analysis framework. Particularly, we first
provide a nonlinear system example with numerical simulation.
Then, we specify our theoretical results for CE-MPC of linear
systems with parametric uncertainty and quadratic costs, serving
as an important contribution in MPC of uncertain linear systems.
Compared to the previous results in the literature where affine
and/or nonconsistent bounds are provided [14], [28], or no
constraint is considered [20], [47], we obtain the first consistent
and rational performance bound for input-constrained uncertain
linear systems with multiplicative uncertainty.

A. Nonlinear System Simulation
Consider the following second-order nonlinear system:
J)k_H[l] = _0-993%[2]7
Zr41[2] = wy tanh(zk[1]) + we tanh(z[2]) + bug, (39)

where tanh(-) is the hyperbolic tangent function and 6 =
[wy,ws,b]T. This example is motivated by the popular neural
network models (see [72] and the references therein), where
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Fig. 3. Scalable input perturbation of 100 scenarios for a fixed g,

where the maximum of |[u, (6*) — u%, (d)]| is plotted.

tanh(-) is a widely adopted activation function'!. The nom-

inal parameter is 6 = [0.85,0.995,0.01]". The quadratic cost
Uz, u) = (z[1])? + (2[2])? + u? is used, and U = {u € R |
—0.05 < u < 0.05}. It can be verified that Ly, =0.995 and
Ly, = 0.01 are valid nominal Lipschitz constants, and a linear
mismatch function La (6(6)) = () follows.

The simulation setting is given as follows. For a fixed ey,

multiple true models with different 6* satisfying [|60* — || = &g
are simulated, considering the worst case where §(0) = eg.
Besides, the initial state will also be varied within the disk
(x[1])% + (2[2])? < 2. Thehorizon N is restricted as N € 5.3,
and the mismatch levels are g =1 - 1([3 with 7 € I[1.19 to
ensure stability. As such, it holds that Ly, = 1.005 > 1 for
€9 = 0.01. The nominal horizonis N = 10. The MPC optimiza-
tion problems are solved'? using IPOPT with CasADi [73] in
Python 3.12.9.

The simulation results of input perturbation are given in Fig. 2
with 100 scenarios of different 6* for each of the mismatch
levels, from which a linear worst-case bound with respect to
€ can be observed, which is consistent with the linear bounds
in Assumption 5 and Lemma 1. However, it should be noted that,
though the bound of the perturbation is linear, the true perturba-
tion is not necessarily linear and monotonously increasing [see
Fig. 2(a)]. Next, different initial conditions are considered such
that multiple points on the level sets = g¢||x|| are simulated
for r =i -1073 with i € I;.10 such that a sufficient amount
of points within the disk (x[1])? + (2[2])? < v/2 are covered.
The 3-D visualization of the result is given in Fig. 3, where a
linear worst-case bound with respect to the product ey||z|| can
be observed, validating Assumption 7 as well as Corollaries 4
and 5.

Therefore, the competitive-ratio bound (35) can be obtained
for this nonlinear example, and Fig. 4 presents the bound
Rer,n(g¢) and the true competitive ratio. It is clear that the
bound is valid but conservative. When ¢y is small, the true
ratio grows linearly, and for relatively larger £ (approximately
gp > 0.005), the quadratic growth is manifest, which coincides
with the growth rate of the bound R n(£p), thus supporting
Propositions 3 and 5 and the growth rate in Corollary 6.

The conservatism of (31), together with Ly, > 1, makes the
simulation of the limit behavior when N — oo difficult and

UIf the activation function is Lipschitz continuous, then the corresponding
neural network model satisfies Assumption 6.

12The code for the simulations is available at https://github.com/lcrekko/CE-
MPC.

10-3 1.00000 5 7 8 9 1ox0?

12345678910 12345A
o= 10— 0| e =110 -0
(b
Fig. 4. Simulation of mismatch level ¢y variations. (a) Numerical

Rer,n (e6) (black line) and true competitive ratio of 100 scenarios for
a given ey. Ten different initial states are simulated for a given norm of
the initial state. (b) Detailed true competitive-ratio curve of part (a) of this
figure.

58
5.6 8
7
5.4
6
5.2
5
3 10 5 20 B3 30 5 10 5 20 % 30
N N
(@
5.130 gp = 0.001 5.20 ep = 0.01
5.15
5.10
5.05
5 10 5 20 % 30 5 0 5 20 % 30

Fig. 5. Simulation of horizon N variations. (a) Performance bound
(green and red curves) Rer, v (€9) Vio (x5 6*) and true performance (blue
and orange) Ju(w; iy 5,0%) of 100 scenarios. The solid line is the

mean, the dashed lines are the mean plus (minus) variance, and the
dotted lines are the max (min). (b) Detailed true performance curves of
100 scenarios in part (a) of this figure.

meaningless since only infinitesimal mismatch can be consid-
ered (e.g., £¢ is of magnitude 10~ or even smaller). Nonetheless,
the considered range for N is sufficient to convey the core
messages. The effect of horizon variation is shown in Fig. 5
for different #*. It can be observed from Fig. 5(a) that the
derived performance bound in (35) is valid. However, as in
Fig. 5(b), the true performance changes more significantly when
varying 6* (i.e., the direction of the mismatch vector 6 — 0%
for a fixed €9 compared to varying the horizon. Unfortunately,
this vector sensitivity cannot be explained by our analysis since
we focus on the worst-case bounds. In general, performance
bounds do not reveal the true performance, which, especially
for horizon variations, may not have significant changes as the
bounds suggest (see also the examples in [23], [26], [27], [30],
[70], and [71]), and also may behave arbitrarily. Therefore, the
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bounds are only valuable in providing qualitative trends on the
worst-case performance.

B. Linear Quadratic Predictive Control

Consider parametric linear systems of the form
(Et+1 = A(Q)xt —+ B(G)ut, (40)
where the matrices A(0) and B(0) are parameterized by 6.
Without loss of generality, we assume there exist constants
€4,5 > 0 such that for all § € ©(6, g¢), it holds that

max {[|A(0) — A(0")], | B(O) — B(0")[|} < ea,55(0), (41)

which further implies that, for linear systems, the mismatch
Lipschitz function is linear in §(6), i.e,
LA(6(0)) = ca,B5(0). (42)

It should be noted that the linear bound is valid for the widely
adopted polytopic uncertainty [13], [14], [15], [17], [74], [75],
and the more general uncertainty modeling using norms [28],
[29], [76] for linear systems with multiplicative uncertainty. The
quadratic cost function ¢ is chosen as

U, u) = al|g + [lul7, 43)
where (), R > 0, and the optimized cost follows as £*(x) =
[z[|,. The system described by the model in (40) satisfies
Assumption 6 with Ly, = maxgee(ém).HA(G)H = va and
Lyu=max, g, [B(0)]| =: vp. The input constraint set
is polytopic, i.e., g, (u) = E,u with E,, € R*™ Besides, it
is assumed that the pair (A(0), B(0)) is stabilizable for all
0 € ©(0,cp). It is obvious that this linear quadratic control
problem with polytopic input constraints satisfies Assumptions 1
and 3. Moreover, Assumption 7 is also valid (see Remark 5).
Specifically, (27) holds locally for the unconstrained linear
quadratic control problem, i.e., uy, (2 6) = K, v (0)x (see Ap-
pendix V-A). In summary, a competitive-ratio bound can be
obtained for the linear quadratic control problem following (36),
as stated in the following corollary.

Corollary 7: For the linear quadratic model predictive control
problem specified in (40)—(43), let Assumptions 2, 4, 5 hold, and
let the stability condition ex + af4(6(F)) < 1 hold for some
N > N, and g > 0. Then there exists w{Q > 0 such that w,’;ﬁ N
in (28) admits a linear upper bound wy; 5 (0(6)) < Wi od(0) for
all k € Iy.y—1, and a competitive-ratio bound can be obtained,
ie.,

Joo(@; iy 5,07) < Reron(€0)Voo(@:607),  (44)
with

1+ min{7, B{(e0)}
1-— (EN + Oé]tQ(é‘g))
where both af (g¢) and ffo(eg) are quadratic functions of the

form f(z) = az? + bz (see Propositions 3 and 5), and ey =
O(p") for some p € (0,1) [28].

Rero,n(€0) = ; (45)

VIl. CONCLUSION

This article has studied certainty-equivalence MPC (CE-
MPC) for nonlinear systems with multiplicative parametric
uncertainty and input constraints, focusing on the joint effect
of model mismatch and the prediction horizon on the stability
and infinite-horizon performance. A sufficient stability condi-
tion and two suboptimality bounds have been derived. A key

contribution is a novel perturbation analysis of the MPC value
function that does not use Lipschitz continuity, making the
results suitable for the popular quadratic costs. The general
results are further specified for linear quadratic MPC, serving as
the first competitive-ratio performance bound for CE-MPC of
uncertain linear systems with input constraints.

Future research directions include obtaining less conserva-
tive perturbation bounds, extensions to economic MPC and/or
systems with additive disturbances and state constraints, in-
vestigating vector sensitivity when varying the direction of the
unknown parameter under a fixed mismatch level, and deriving
horizon-dependent performance lower bound for CE-MPC.

APPENDIX |
DETAILS OF SECTION IV-A

A. Proof of Lemma 2

Proof:  Ay(-,-;0) is Lipschitz continuous since f
is Lipschitz continuous. Thus, noting Af(a:,u;é) =0,
there exist positive definite functions L)y , and L)y , such
that [ Ap(al,u';0) — Ap(a, w3 0)| < Ly, (5(0)) 2 —
a"[| + Ly ,(6(0))[[u" —u"|] V' 2" e Xou/ v e U,
and both L , and L, take finite values. Besides,
it holds that Af(0,0;6) =0, then |[As(z',u;0)] <
Ly, (6002’ + Ly (0@l noting " —0 and
v’ =0. Given €>0, construct La, and La,, re-
spectively, as L (0) = maxo<y<s Ln ,(0') + €5 and
L (6) = maxo<s<s L’A7u((5,)+6(5. Then La, and La,
are strictly increasing, and they satisfy La .(d) > Ly ,(0)
and La () > L’A’u(é), respectively, for all § € [0, g¢], which
completes the proof. (|

B. Proof of Proposition 1

Proof: The following proof is inspired by [28, Lemma 13].
First, when La (6(9)), La,u(6(8)) >0

1A (z,u; 0)?
< (L B0 ol + Lia,u (50)) )

LA (6(0))my.,
< <1 . W) LA (6(0)]ja]?

13,00)me »

ae) (L% ,(6(0 LA (606
< 2 ( A,;E( ( )) + A,u( ( ))
my x me v

) [l () + Lu(w)]

(14) 1 1
< 2 ( + (46)
me x me

i

) L3, (5(60)) (e w),

=M.

where the second inequality is by Cauchy-Schwarz and
Young’s inequalities. If L ;(6(0)) = La . (5(0)) =0, then
|Af(z,u; )] =0, and (46) holds trivially. O
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APPENDIX I
DETAILS OF SECTION IV-B

A. Proof of Proposition 2

Proof: The property (19a) can be simply verified by defi-
nition and Assumption 4, and (19b) can be established using
the case distinction method [26], [27], where our distinction
condition is

* [ ¢k ) (1 + 7)71\7 *
Since the reasoning follows that of [27, Appendix A-(1)-Part I],
we omit the remaining details here for brevity, and existing
proofs in the literature [27], [30, Ch. 4] are sufficient to support
our proof. Next, we give the proof of (20) as follows:

A (19b)
Vn(zt(0):0) < Vn(x:0)—(1 —en)l(z, py ()

®)
< (I +an)l(z) -

®)
< (v +en)l(@, iy 5(2)), (48)

which completes the proof. U

47

(1 —en)l(z, py ()

B. Proof of Lemma 3

Proof: The proof employs induction, and we omit the details
for brevity. When selecting ' = 27 (0) and 2" = 27 (0), a
slightly modified version of (21) is

€5 (@ (0);0) — &k (@™ (0); 0)|] < Tyl (0) — 2™ (0)]],
(49)

which will be used in the proof of Proposition 3. g

C. Proof of Proposition 3
Proof:  For notational cqnvgnience, we deﬁl}e the shorthand
notations A&, 1= & (2T (0);0) — &5 (27 (0);0) and Au)l =
u(x(0); ) — uj(x(6);0). Leveraging (15), it holds that
N

Vw(at(0):0) < 222 3 ag P

k=0

Vi (¥ (6);6) —

N
IAGEHP 4+ Leallé (™ (0); 0) | | AES |
k=0

LZuNZ

@) 0l Aut . (50)

N-1
+ > Leallui(e*

k=0
First, the terms related to ||A&;"||? and || A ||? are simplified

as
N

L Loy~
£,z L,
55 IAGHP + =5 S AP
k=0 k=0
@b [ Ly, N LMH A a2
3 T gy | IO = @)
(17) L&w al LZu 2
5 Zr +2 ) LA(5(0)l(x, py ().
=0
=Ta,N,2

61V}

On the other hand, the terms associated with ||A&;" || and || A ||
can be further written as

O I1AgT

=2

-1
+ > Loulluj (=7 ()0
0

N
PRI IACHORO]

k=0

Al

~
Il

/—’H

N-1
+ my u”uk
k=0

T (0);0))1?

}2

N-1 72

NLZzA 2 LZuAJrQ
Zm JAg +Zm (| Ayl

=0 l,x =0 o

(11),(15),(49)
<R

k=0
Lz, X, 2 H . ?
s LT sU + 0) — + 0 2
™ k=0
e &, )
2M, = r :
[ ec(7+€N) ( e kZ:O k mé,u(l — )\2)
=Ta,N,1

La(0(0)(z, py 5(x)), (52)
where the second inequality is due to Cauchy-Schwartz inequal-
ity. Finally, substituting (51) and (52) into (50) yields the final
perturbation bound (22) with o’y given in (23). [

APPENDIX Il
DETAILS OF SECTION IV-C

A. Proof of Lemma 4

Proof: According to Assumption 1, for any 6 € O(0, gg),
it holds that u}(0;6) =0, which, based on (11), implies
llup(x; 0)] < Hkk||x|\ on B(0, R(0;g)). Thus, by the triangle
inequality,

| uk (23 0)—up(x;0)|| < 2HAF||z|| Vz € B(0, R(0;ey)),

(53)
which, after leveraging (10), leads to

i (5 8) — i (; 0) || < min{An (k)3(8), 24" |||} H
. [ 4(0)
< 2H min T 5 ||| Vz € B(0,R(0;e9)). (54)
In addition, for € Aroa \ B(0, R(0;¢p)), (10) directly yields
20
5(0) |-

(1 —=2)R(0;e0)
Combining (54) and (55) leads to the desired result (24). O

Jup (23 0) — uj (2 0)|| < (55)
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B. Proof of Lemma 5 /e .
< 0) — 0*(z)] -
Proof: For convenience, Vk € I. N, We define shorthand no- sv2 {VN(:E’ o) —¢ (x)}
tations A& () := & (x;0) — &3 0), Auj(z) == uf(xz;6) —
ui(x,é), and A}Jc(x;é) = Af(fz(x;é),uz(x;é);e). First, % - 2
we establish the recursive relation between [|A&; ()| and " Z A& (@)1 + . Z | A (x)]?
|AES ()] as follows: Tok=1 k=0
* ®)
A1 (@)]] < 27{ l Z 1A (2)]1?
* * * ) * MN. A 6o =
= |1f (& (230), ui (w; 0); 0) — f (& (23 0), ui (; 0): 0) b
N A L2 - 2
< 1€ :0), i 30):0)— £ a3, (a3 0):0)| L S | su o ] } | 68)
+ 1A k(2 9)l] =
1) It is obvious that Z ||Auk( 7)||? < Nw?. Besides, define
< LpalAG @)+ Lyl Aug (@) + 1A% k(2 0)Il, (56)  P(Ly.) =350 1ffu(2 A TR LED DAND iy Sy

where the second inequality is due to the triangle inequality.
The result (25) is proven by induction, which is omitted for
brevity. (]

C. Proof of Proposition 4

Proof: Lemma 4 provides an uniform input perturba-
tion bound ||uf(z;6) — u}(x;0)| < @(5(0);||z|). For conve-
nience, in the following proof, w will be used as a short-
hand for @(d(0);||x||). Besides, the shorthand notations in
Appendix III-B will be adopted as well. By (15) and noting
that ||A&S(x)|| = 0, it holds that

Vv (3 0) — Viv (x; 0)| 2)?
Ly, = * 2 ad * N *
+= Yo lAup(@)? + Lew Y 1€z 0) I Ag: ()]
k=1 k=1
N
+ Leg Y |luj (2 0)|[| Aug ()], (57)
k=1

where the terms coupling with & (x; 6) and uj(x; 0) can be
further relaxed using the Cauchy-Schwartz inequality as

N N
Lew 16 DIIAG @)+ Lew S k(3 0) ] v () |
k=1 k=1
{[mengk n 0| + Zmeuuuk (x:0)]”
k=1 =

N- 3
A (2)]1* + o Z | Aug (2 |21 }
sU k=

=

Mz EMZ

N—
(43)

{[ o (&5 (2:0)) Z (ul(x;0)) ]
k=1 —0

2 N 12 N- 3

L F

[ Z A ()]1* + Z | Aug (2 |2H

* k= Ml (=

then by the Cauchy- Schwartz inequality and (17), it can be
obtained that

Z A& (z

Substltutlng (58) and (59) into (57) leads to

2 < P(Lp) [+ M LA (B(0))7 (2)] . (59)

Vi (230) — Vv (23 0)] < |:L§’w’}/P(Lf7m)Mecg*(Jf) LA(6(0))

=75, N,2(x)

+[2MP(L”} Ly 70 (z) La(5(6))

My .

=mg,N,1(2)

1 _
+5[LeaP(Lya) + LewlN] @?(6(0); =)

=Cp,n.1(2)
(60)
In addition, it can be verified that
O(N) for Ly, <1
P(Lj.)={O(N?) forLj,=1, (61)

0 (fjc]i) forLy, > 1
when N — oo, which, together with (60), yields the asymptotic
behavior given in Proposition 4. ]

D. Proof of Proposition 5

Before presenting the proof, we first give additional comments
regarding Corollaries 4 and 5. First, Corollary 4 is a direct
modification of Lemma 4 based on Assumption 7, and it can
be proven using the same arguments as in Lemma 4. Then,
Corollary 5 is derived from Lemma 5 based on Corollary 4,
and its proof is almost similar to that of Lemma 5 given in
Appendix III-B with the only difference being that the recursive
relation (56) is now modified as
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A 41 ()]

= £ (& (%:0), ug(z; 0);
< A k(2 0)]|

+ 1 £ (€ (3 0), up (a5 0); 0) — f (&5 (w3 0),
(12)

< Lyal|AG (@) + Ly ull Aug ()] + [ AT, (23 ),

where A%} (230) = Ap(§5(2;0), up(2;0);0)  Vk € lo.n-1.

Proof: The proof follows the same reasoning as that of
Proposition 4, with the only difference being that the first de-
composition [cf., (57)] should be constructed based on & (z; 0)
and uj(z;0). The details are omitted for brevity and the final
result is

0)—f (& (w:0), ui

ui(z;0);0)||

(62)

B,N,2
2Me . P(Ly
me x
=75 N1
L — L
4\ 2 0,z L, 2
P(Ly, N|6%(0
0 [ P(Tr) + 22 N] 20
_C;‘I,NQ
o | 22 PH(T, )+ et NE | 5(0) VY (23 0)
K T he Ve, gy N
=Cs,n 1
(63)
The asymptotic behavior can be obtained similarly
using (61). Il
APPENDIX IV

DETAILS IN SECTION V
A. Proof of Theorem 1

Proof: The proof follows thq standard R]?P framework [27],
[30]. Specifically, Vi (z1(6*);0) — Vi (a; 0) is derived as

Vi (2 (67);0) — Viv (3 6)
< Vi@ (60):0) = V(™ (0); 0)]
+ Vn(z(0);0) — Vi (x;6)
(196),(22)
< —(L—an(ee) —en) Uz pyg(x).  (64)
Equation (64) implies that Viy (z 7 (6%); 0) — Vi (a;0) < —(1 —

o’y (eg) — en)0* (), which, together with (19a) and (31), proves
that V (+; 0) is a Lyapunov function for the closed-loop system
(9). In addition, performing the telescopic sum 7' times on (64)

yields

T-1
(1—ay(eo) —en Zfﬁbm@* GENT IR NAGENT)
t=0

< Vi (2;0) — Vi (a0 (T;J?,HNJ;);@A) < Vn(z;0). (69
Take T' — +o00, (65) leads to
1 R
Joo(ir;MN,éve*) < VN(x79)7 (66)

~ 11— (ajy(e) +en)
which implies that ¢, g- (00; @, 11, 5) = 0. Thus, the closed-loop
system (9) is asymptotically stable. U

B. Proof of Theorem 2

Proof: Noting (26) and Vi (z;0%) < Vo (x; 6*), (66) implies

Vo (2;6%) + BN (€p; @)
Joo (@5 iy g, 07) < . 67
R e e E R
On the other hand, using (8), it holds that
N Voo (25 0%) + 750" (x
Joo(x;UN,é70 ) < OC( ) 4 ( ) (68)

= T (an(eo) +en)
Combining (67) and (68) leads to (33). In addition, if
Assumption 7 holds, then by (30) and Vi (z;6*) < Vo (x;60%),
(66) implies that

(1 + B (e)) Voo (; 67)

Joo (@5 piy g, 0") < . (69)
@it S T ag (e + en)
In addition, using (8), it also holds that
. 14+7) Voo (a5 0*
Joa(5 g o 8) < At D) Vool 67) (70)

= T (o) +en)
Finally, (35) can be obtained by leveraging (69) and (70). O

APPENDIX V
DETAILS OF SECTION VI
A. More on Corollary 7

Define ® 4 and G 4 p as

I 0 0 - 0
A B 0 0
dy= |A%|, Gup:=| AB B 0
AN AN-1B AN-2B ... B

and denote Qn =In;1 ® Q and Ry = Iy ® R, where Iy
is the identity matrix of dimension N and ® stands for the
Kronecker product. The optimal input @}, (x) = [[uglt(m)]T,
[uf, (@)]",. ., [uy g, (2)]"]" for the unconstrained linear
quadratic control problem is given by
un(z) = —(Ry + Gy gQNnGaB) 'G) pQnPaz,

from which the inputs uz‘t(x) =Ky nz, (k=0,1,...,N —
1) are obtained accordingly. It is clear that K}, n is a func-
tion of 6 through its dependency on A and B. As estab-
lished in [76, Lemma 2] and [29, Lemma 14], there exists
Lx >0 such that ||Ky n(0) — Kpn(0)|| < Lrd(6) for all

k € Iy.ny—1. Moreover, without loss of generality, the local re-
1

gion © is chosen as B(0,7r.q), where rLg = [€}¢/Amin(Q)]2
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with €} := mily g2y pery o 0 [EuEx N (0)] ;5 157

As such, we define @j, := min{Lg,

2

Le
7(17”“(2}, and wj,  in

(28) admits a linear upper bound wy n(5(6)) < @y od(0) for all
k € Iy.n—_1. The constant w{Q is used to characterize the input
perturbation in a compact way. Having established that both
wy. v and L are linear functions of §(6), the quadratic form

(i.e.

, f(2) = az? + bz) of a’y and B follows directly based on

Propositions 3 and 5.
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