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Summary

This report discusses the design of a Solar Thermal Propulsion (STP) system for the Green SWaP
mission. STP is a propulsion method that uses concentrated solar energy to heat a propellant and
generate thrust. Absorbers transfer solar heat to the propellant through direct or indirect heating. The
history of STP shows milestones such as inflatable concentrators and thermal energy storage (TES)
for functioning during an eclipse.

Fundamental propulsion relations are discussed, along with real-world effects such as heat losses,
viscous effects, and flow separation on the efficiency. Nozzle and absorber design strongly influence
performance. Conical nozzles are often preferred for small systems, and refractory metals are often
used for high-temperature components.

The design of the hydrogen propulsion system concept is based on the requirements for the Green
SWaP mission. With a thrust of 1N, a specific impulse above 500 s, and the ability to operate during
eclipse being the most important.

A design option tree is created for heating methods, thermal energy storage, and nozzle shapes. A
trade-off showed that a windowless cavity is the best heating method due to its simplicity, reliability,
and sufficient performance. For TES, latent heat storage was selected for its high energy density and
constant temperature, despite slightly lower reliability. A conical nozzle was chosen for effectiveness
at low Reynolds numbers.

The preliminary design targets a chamber temperature of 3000K, a heat exchanger inlet at 5.0MPa and
273.15K, assuming a wall temperature of 3100K. Rhenium is selected as the heat exchanger material
for its high-temperature performance, ductility, and hydrogen compatibility. A spiral runner, multiple
channels, and a porous medium concept are analysed, balancing turbulent flow, pressure drop, and
required channel length.

The cavity absorbs concentrated solar radiation and converts it into thermal power, with graphite se-
lected as the material due to its high absorptivity and high-temperature performance. Optimising the
cavity shape maximises energy absorption and a uniform heat flux distribution.

The TES system stores energy to heat the propellant during eclipses, using boron for its high latent heat.
The container is optimised to minimise surface area and thermal losses. The container thicknesses
account for boron expansion, ensuring reliable performance.

The nozzle was sized to achieve sonic flow at the throat, with the lower-pressure concepts experiencing
temporary propellant build-up due to chocked conditions. A higher specific impulse is possible with
increased expansion.

Rhenium was selected as insulation for its high melting point and ductility. Using a porous foam layer
reduces effective conductivity, reducing the insulation thickness. A low-emissivity from polished gold
is used to lower the radiated power.

The analysis shows that high temperatures require significant insulation and significant solar input,
motivating to lower the heat exchanger temperature for improved efficiency and feasibility.

The system is mathematically modelled using three differential control elements: a stationary control
volume, a control volume with bulk motion, and a control surface. Heat transfer within solids is governed
by conduction with latent and sensible energy terms, expressed in cylindrical coordinates.

The simulations are made based on the mathematical model. Convection is first simulated using CFD
to compare the spiral runner and the multiple channels concept. The spiral runner achieved a slightly
higher temperature and a lower pressure drop than the multiple channels concept, leading to its selec-
tion despite its larger size.
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Conduction and radiation are simulated with a Python solver, using rotational symmetry. A 2D mesh of
nodes with domain-specific properties is created. The solver applies central differences and harmonic
conductivity averaging. The simulation results are used to iterate the design process and improve
accuracy.

The final optimisation focuses on minimising TES material mass. By accounting for reduced thermal
losses during eclipse conditions, the required TES mass, insulation thickness, and input power are
decreased.

An experimental validation of the system is proposed. Materials, components, and the full system must
be tested under operational conditions. High-temperature testing ensures that the thermal and mechan-
ical properties of materials behave as expected. Hydrogen interactions at elevated temperatures must
be validated to prevent degradation, leaks, and performance loss. Finally, system-level performance
tests are required to determine actual mass flow, characteristic velocity, and thrust coefficient. This
allows the identification of efficiencies and verification of system performance.
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ṁid Ideal mass flow rate [kg s−1]
mTES Mass of TES material [kg]
M Mach number / Molar mass of propellant [-] / [kgmol−1]
Mchannel Mach number in heat exchanger channels [-]
n⃗ Outward unit normal vector [-]
NA Numerical Aperture [-]
Nu Nusselt number [-]
p Pressure [Pa]
pa Ambient pressure [Pa]
pc Chamber pressure [Pa]
pe Exit pressure [Pa]
pin Inlet propellant pressure [Pa]
q′′ Heat flux vector [Wm−2]
q′′cond Conduction heat flux at surface [Wm−2]
q′′conv Convective heat flux at surface [Wm−2]
q′′rad Radiative heat flux at surface [Wm−2]
Q̇abs Absorbed power by cavity [W]
Q̇in Incident solar power [W]
Q̇loss Thermal power loss [W]
Q̇p,req Required thermal power to heat propellant [W]
Q̇rad Total radiated power [W]
Q̇rad,cav Radiated power from cavity [W]
Q̇rad,outer Radiated power from outer surfaces [W]
QTES Required energy stored in TES [J]
r⃗ Position vector [m]
Rap Aperture radius [m]
Rcav Cavity radius [m]
RTES TES container radius [m]
SF Safety factor [-]
t Time [s]
tb,ec Burn time during eclipse [s]
tec Eclipse duration [s]
tins,cav Insulation thickness around cavity [m]
tins,TES Insulation thickness around TES container [m]
tTES TES container wall thickness [m]
twall Wall thickness [m]
T Temperature [K]
Ta Absorber temperature [K]
Tc Chamber temperature [K]
Tcav Cavity temperature [K]
Tin Inlet propellant temperature [K]
Tmin,TES Minimum TES temperature [K]
Tmax,ins Maximum insulation temperature [K]
Twall Wall temperature [K]
U Uniformity score [-]
v⃗ Velocity vector [ms−1]
v Propellant velocity [ms−1]
ve Exhaust velocity [ms−1]
veq Equivalent velocity [ms−1]



List of Tables x

Symbol Definition Unit

V Volume [m3]
VTES Volume of TES material [m3]

α Absorptivity of cavity / absorber surface [-]
ϵ Turbulent dissipation rate [m2 s−3]
ϵa Absorber emissivity [-]
ϵp Propellant emissivity [-]
ηabs Absorption efficiency [-]
ηc Collection efficiency [-]
ηo Optical efficiency [-]
γ Heat capacity ratio [-]
Γ Vandenkerckhove function [-]
µ Molecular dynamic viscosity [kgm−1 s]
µt Turbulent dynamic viscosity [kgm−1 s]
ρ Density [kgm−3]
σ Stefan-Boltzmann constant [Wm−2 K−4]
σy0.2 Yield strength at 0.2% offset [Pa]
ϕ Porosity [-]
θ Angle [rad]
θ1 First cone angle of cavity [rad]
θ2 Second cone angle of cavity [rad]
ξc Heating quality factor [-]
ξn Nozzle flow quality factor [-]



1
Introduction

With the number of spacecraft launches increasing each year, so does the search for more efficient and
greener propulsion solutions. The downside of electrical propulsion systems is that even though they
offer high specific impulses, the provided thrust is lower than chemical propulsion systems. For many
mission applications that require a larger thrust, electrical propulsion is thus not feasible. The novel
concept of Solar Thermal Propulsion (STP) is a potential solution that offers a higher specific impulse
than chemical propulsion and a larger thrust than electrical propulsion. STP has been researched for
some years already, but applications have been limited so far. The design of this thruster will show the
feasibility of this technology and help implement it in future missions.

The Green SWaP mission aims to make space exploration more sustainable and implements STP for
the secondary propulsion system. On board the spacecraft, water is split into hydrogen peroxide and
hydrogen using solar energy, as hydrogen is a by-product of turning water into hydrogen peroxide. By
doing this onboard, less volume is required for the propellant during launch, as hydrogen is a low-density
propellant, and launching water requires significantly less volume. The hydrogen peroxide is used for
the primary propulsion of the spacecraft, while the hydrogen is available for secondary propulsion.

This report focuses on the design of the STP system for the Green SWaP mission. With the mission
being in a preliminary design phase, many requirements are not yet defined. The design of the STP sys-
tem will thus focus on its own optimisation while not negatively impacting other systems and minimising
the additional requirements for other systems.

First, a literature review will be performed to form a basis for the design process. A brief recap of the
history of STP will be discussed, and outcomes of past publications will be used to make design choices
for this propulsion system. Relevant fundamental relations will be identified that will be used during the
design process.

Based on the literature review, multiple concepts will be generated, of which a selection will be made.
Based on the selected concepts, a preliminary design will be made. To support the selection of the final
concept, a thermofluidic analysis will be performed. This design will then be iterated and optimised to
create the final design.

1



2
Literature Review

This chapter discusses a literature review on Solar Thermal Propulsion (STP) with the help of the
review questions in section 2.1. STP is a type of propulsion based on solar energy. The solar radiation
is concentrated and heats an absorber. The absorber then exchanges its heat with a propellant, which
is expelled through a nozzle. A Schematic of an STP system is shown in Figure 2.1. First, the history of
STP is reviewed in section 2.2. Then, the fundamental equations for rocket propulsion are discussed in
section 2.3, followed by a review of the nozzle in section 2.4 and of the absorber in section 2.5. Finally,
the conclusions that can be drawn from the literature review will be discussed in section 2.7.

Figure 2.1: Schematic of a solar thermal propulsion system [1]

2.1. Review Questions
Review questions are used to determine what literature to review. For the history of STP, different
designs will be compared with the help of the following questions:

1. How has STP evolved over time?

1.1 What were the key milestones in the development of STP?
1.2 How did past attempts influence current designs?

2. What are the strengths and weaknesses of previous STP designs?

2.1 How do different STP designs compare in terms of efficiency and feasibility?
2.2 What are the major design limitations encountered in previous implementations?

2
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3. What are the most advanced STP technologies currently available?

3.1 What is the current TRL of various STP systems?
3.2 How do state-of-the-art designs address the challenges of earlier models?

To review the fundamental relations for rocket propulsion and the relations specific to STP, the following
questions will be used:

4. What are the fundamental relations governing rocket propulsion?

4.1 What are the primary equations used to describe thrust, impulse, and efficiency?
4.2 What role do thermodynamic and fluid dynamic principles play in propulsion analysis?

5. How do ideal and non-ideal performance estimations compare?

5.1 What assumptions are made in ideal performance estimations, and how do they simplify
calculations?

5.2 What real-world effects (e.g., heat losses, flow separation, turbulence, friction forces) lead
to deviations from ideal models?

The different types of nozzles and nozzle materials will be reviewed with the following questions:

6. How does the nozzle shape and material affect performance?

6.1 How do different nozzle geometries influence exhaust flow and thrust?
6.2 What materials are commonly used for space nozzles, and how do they withstand extreme

temperatures?
7. What are the challenges of nozzles for STP?

7.1 What are the main constraints in fabricating the nozzle?
7.2 How do space environmental factors (vacuum, radiation, thermal cycling) impact long-term

nozzle durability?
7.3 How does the usage of hydrogen as a propellant affect the nozzle?

Similarly, the different types of absorbers and absorber materials will be reviewed with the following
questions:

8. What are the different absorber designs used in STP systems?

8.1 What types of absorbers are currently used in space propulsion systems?
8.2 What are the advantages and disadvantages of each absorber design?
8.3 How do the absorber designs interact with the collector?

9. How do material properties impact absorber efficiency?

9.1 What are the key parameters for evaluating absorber performance?
9.2 How do environmental factors influence the performance of the materials?
9.3 How does the usage of hydrogen as a propellant affect the absorber performance?

2.2. History
STP was mentioned for the first time by Krafft Ehricke in 1951 [2]. He envisioned a spacecraft that
utilises inflatable sphere concentrators to heat hydrogen. The plastic concentrators would be mirrored
on one side and transparent on the other, with the absorber being placed inside the sphere. The high
energy efficiency of the system could be a solution to the high fuel consumption of chemical propul-
sion methods. This formulated concept has a TRL 2. Then in the 1960s, Electro-Optics Corporations
performed research and development studies under contract for the Air Force Rocket Propulsion Lab-
oratory (AFRPL) [3]. The goal was to determine the feasibility of an STP system with hydrogen as
the propellant. Cold and hot flow studies were conducted, and the first STP thruster was successfully
tested [4]. This resulted in a TRL 4. Specific impulses up to 680 s were reached during these tests. The
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design contained the first electro-formed lightweight mirrored concentrator and was made from molyb-
denum. The absorber made from rhenium achieved temperatures up to 2300K. Despite the positive
results, no additional funding was received to continue the efforts [5]. The main issue was the difficulty
of integrating the large mirrors.

Rockwell Satellite Systems Division also performed conceptual design studies for the AFRPL, leading
to the development of paired thrusters with off-axis concentrators in 1978 [6]. The concentrator and
absorber were optically coupled, with the absorber being at the focus point of the concentrator. The
concentrator consisted of an inflatable structure without rigid support, allowing it to deform easily. This
made the design vulnerable to forces caused by accelerations or rotations.

In the 1980s, different absorber and thruster configurations and propellants were evaluated by the
AFRPL and the windowless heat exchanger cavity absorber was selected for the development of a pro-
totype [7]. Rocketdyne fabricated a ground test unit of the selected concept and tested it in 1984. The
hardware consisted of a tubular rhenium heat absorber and a rhenium thruster as shown in Figure 2.2
[8]. The joining of rhenium components was researched because the fabricability of rhenium was rel-
atively unknown. This research, combined with an advanced engine concept, led to the experimental
investigation of the feasibility of the porous material absorption concept with a TRL 4. Rocketdyne
designed, analysed, and fabricated the porous material absorber to investigate the thermohydraulics
of the hydrogen flowing through the test bed. Analytic models estimated a 20% higher specific impulse
than for a windowless heat exchanger cavity solar absorber.

Figure 2.2: The rhenium ground test unit fabricated by Rocketdyne [8]

To better utilise the available resources onboard, the IPAPS proposed integrating a thermionic reactor to
generate power [9]. The design could heat hydrogen to a temperature of 2200K, resulting in a specific
impulse of 736 s and a thrust of 111N. This concept had a TRL 3. This, however, leads to the issue that
less power is available during an eclipse. The ISUS program, sponsored by the AFRPL, addressed
this issue by introducing the first sensible heat Thermal Energy Storage (TES) system [10]. Sensible
heat was used to store the energy, making use of rhenium-coated graphite as the TES material. They
worked on this concept from 1994 until 1998. This system allows the generation of power and provides
thrust during an eclipse. This concept had a TRL 4.

Hydrogen occupies a large volume as a propellant due to its low density. To make more volume avail-
able for payload, the University of Alabama proposed a dual-fuel STP system in 1995 that can use
ammonia and hydrogen [11]. Using ammonia increases the propellant mass but reduces the required
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volume. This came at the cost of allowable payload mass due to the lower specific impulse reach with
ammonia. However, by decreasing the size of the power system, the mass increase was compensated.
This concept study had a TRL 3.

During the L’Garde Inflatable Antenna Experiment in 1996, an inflatable antenna was deployed suc-
cessfully, resulting in a TRL 6 for the inflatable subsystem [12]. The antenna was a 14m parabolic
reflector as shown in Figure 2.3. Its surface accuracy was measured, and the damping characteristics
were determined. The results of this mission are useful for inflatable concentrators.

Figure 2.3: Sketch of the inflatable L’Garde Inflatable Antenna [12]

In 1996, NASA proposed, together with the United States Air Force, the Solar Thermal Upper Stage
(STUS) [13]. STP was identified as the least complex and costly advanced propulsion concept. It was
estimated that the development costs would be regained with two flights, making the concept com-
petitive with Ariane stages. The concept used hydrogen as a propellant and contained two inflatable
concentrators as shown in Figure 2.4.

Figure 2.4: Sketch of the Solar Thermal Upper Stage concept [13]

During the following 4 years, NASA performed the Shooting Star Experiment to demonstrate the re-
quired technologies for the STUS on a smaller scale [14]. A secondary concentrator was proposed
and an absorber with rhenium foam through which a propellant flows [15]. Graphite was used to in-
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sulate the system. The Solar Orbit Transfer Vehicle program was meant for a flight test, but due to
funding issues, no flight followed [16]. The program ended with a TRL 6.

From 1997 until 2000, Japan worked on the Japan Solar Upper Stage research program. Multiple
thrusters made from single-crystal molybdenum, with a tungsten coating, and a carbon felt insulation,
were tested, and a temperature of 2300K was reached [17]. An opposed cavity design was also tested,
but made from stainless steel to lower the testing costs [18]. The testing efforts led to a TRL 4.

The Integrated High Payoff Rocket Propulsion Technology program was set up as a collaboration be-
tween the government of the United States of America and the industry [19]. Their goal was to double
the rocket propulsion capabilities in 10 years and demonstrate advanced technologies. In 2001, an in-
flatable concentrator with a sun tracking and focus control system was tested under space environment
conditions, resulting in a TRL 6 [20]. The thruster developed for this program was made from tungsten.

The Surrey Space Centre researched STP for microsatellites from 2000 until 2006 [21]. Two receivers
were tested, made from an intermetallic composite of boron nitride and titanium diboride, which func-
tioned as a sensible TES system. These tests had a TRL 4. One of the receivers used a boron nitride
particle bed, and the other used a spiral flow channel. Cracks and leaks were detected during the tests.

The research also led to the idea of using fibre optical cable to decouple the concentrator and thruster
[22]. The decoupling of the thruster and concentrator would allow the absorber and thruster to be placed
without compromising the efficiency of the concentrator. Flexible optical waveguide transmission lines
can then transmit the concentrated solar radiation to one or multiple absorbers. Physical Sciences Inc.,
Boeing, and the Air Force Research Laboratory (AFRL) tested such a system in 2004 and 2005, giving
this subsystem also a TRL 4 [23]. Results showed that an optical waveguide system increases the
subsystem mass but decreases the launch mass due to increased optical train efficiency. The used
experimental test setup is shown in Figure 2.5.

Figure 2.5: The experimental test set up with fibre optical cables [23]

The Hokkaido University analysed in 2009 the design of an STP system with a spiral cavity absorber
made from heat-resistant steel [24]. In the same year, the AFRL reviewed different thrusters for a
microsatellite [25]. STP was identified as a strong candidate, but further research and development
were required. The research had a TRL 3.

Between 2011 and 2015, the University of Southern California worked on the proposal of an STP system
with a latent heat TES system, as improved on previous sensible heat TES systems [26]. Boron and
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silicon were determined to be the ideal candidates. Boron was identified as a high-performance far-
term option, and silicon as a near-term solution. The research stopped at a TRL 4. In 2016, at Arizona
State University, another American university, a concept was proposed for an STP system with water
as a propellant [27]. The university analysed and experimented with the usage of a coating of carbon
nanotubes to improve the absorption efficiency. Efficiencies of up to 99% were achieved during the
laboratory demonstrations, leading to a TRL 4 as well.

A different type of heat exchanger was proposed in 2014 by the National University of Defence in China
[28]. The absorber contained multiple stacked plates made from molybdenum through which hydrogen
flows, isolated with aluminium fibres. Until 2025, the research to simulate, optimise, and experiment
continued [29] up to a TRL 4.

2.3. Fundamental Relations
The produced thrust by the STP system is in an ideal situation given by the following equation [30]:

F = ṁ · veq (2.1)

where F is the thrust in N, ṁ is the mass flow in kg s−1, and veq is the equivalent velocity in ms−1.

An often-used performance parameter is the specific impulse, which measures how much impulse is
produced per unit of propellant weight. When assuming a constant mass flow and exhaust velocity, the
specific impulse is given by the following equation:

Isp =
veq
g0

(2.2)

where Isp is the specific impulse in s, and g0 is the gravitational acceleration at sea level in ms−2.

When assuming a perfect expansion, the equivalent velocity is equal to the exhaust velocity. The
exhaust velocity is given by the following equation:

ve =

√√√√ 2γ

γ − 1
· RA

M
· Tc ·

(
1−

(
pe
pc

)( γ−1
γ )
)

(2.3)

where ve is the exhaust velocity in ms−1, γ is the dimensionless heat capacity ratio of the propellant,
RA = 8.314 × 103 Jmol−1 K−1 is the universal gas constant, M is the molar mass of the propellant
in kgmol−1, Tc is the chamber temperature in K, and pe is the exhaust pressure in Pa. For diatomic
hydrogen, the molar mass is 2.016× 10−3 kgmol−1.

STP provides a thrust and specific impulse between the levels offered by chemical and ion propulsion
as shown in Figure 2.6.
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Figure 2.6: Thrust and specific impulse ranges of common propulsion methods [29]

The prediction is that when using hydrogen as the propellant, the specific impulse can reach 900 s [16].

The specific impulse measures the overall performance of a thruster, but it can be split into two different
factors: the characteristic velocity and the thrust coefficient. The characteristic velocity measures the
energy of the propellant, and the thrust coefficient measures how well this is converted into momentum.
The characteristic velocity is given by the following equation:

c∗ =
pcAt

ṁ
(2.4)

where c∗ is the characteristic velocity in ms−1, and At is the nozzle throat area in m2. For an ideal gas,
the characteristic velocity can also be expressed as:�

c∗ =
1

Γ

√
RTc

M
(2.5)

where Gamma is the dimensionless Vandenkerckhove function defined as:

Γ =
√
γ

(
2

γ + 1

) γ+1
2(γ−1)

(2.6)

The higher the characteristic velocity is, the higher the enthalpy of the propellant per unit mass. As no
combustion happens in an STP thruster, the energy gained by the propellant is purely the net result of
the absorbed solar irradiation and the thermal losses.

The thrust coefficient relates the chamber pressure to the thrust and is defined as:

CF =
F

pcAt
(2.7)

where CF is the dimensionless thrust coefficient. For an ideal nozzle, the thrust coefficient is given by:

CF =

√√√√ 2γ2

γ − 1

(
2

γ + 1

) γ+1
γ−1

(
1−

(
pe
pc

) γ−1
γ

)
+

(pe − pa)

pc

Ae

At
(2.8)

where pa is the ambient pressure in Pa. It shows that for a perfectly expanded nozzle, the thrust
coefficient is the largest.
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Combining the parameters for the thermodynamic and aerodynamic performance results in the follow-
ing equation for the thrust:

The thrust F can also be defined as:

F = ṁ · c∗ · CF (2.9)

2.3.1. Heat transfer
To reach a high specific impulse, the propellant must absorb as much heat as possible. The resulting
equilibrium temperature of the propellant is given by the following equation [31]:

Tp =

(
ηc · C · I
σ · ϵp

) 1
4

(2.10)

where Tp is the propellant temperature in K, ηc is the dimensionless collection efficiency, C is the
dimensionless concentration ratio of the concentrator, I is the incident energy in Wm−2, σ = 5.6704×
10−8 Wm−2 K−4 is the Stephan-Boltzmann constant, and ϵp is the dimensionless emissivity of the
propellant. The collection efficiency is the ratio between the heat absorbed by the propellant and the
incident energy. The equation relates the energy entering the propellant to the energy leaving it.

Not all energy goes into the propellant, as inefficiencies lead to the heating of other components. The
resulting equilibrium temperature of the absorber is given by the following equation [31]:

Ta =

(
(ηo − ηc) · C · I

σ · ϵa

) 1
4

(2.11)

where TA is the absorber temperature in K, ηo is the dimensionless optical efficiency, and ϵa is the
dimensionless emissivity of the absorber. The optical efficiency is the ratio between the heat absorbed
by the absorber and the incident energy. The equation relates the energy entering the absorber to the
energy leaving it.

For the heat transfer within the solid regions of the thruster, the energy transport equation is used
[32]. When no internal energy is produced, the thermal conductivity is constant, and Fourier’s law of
conductivity is satisfied, the equation simplifies to:

∇2T = 0 (2.12)

where T is the temperature of the solid in K. This steady-state Laplace equation describes how heat
diffuses through the solid regions. It is used to determine the temperature distribution in the components
and helps evaluate the thermal limits.

When using the finite element method, the energy balance equation is given by [29]:

[K]{T} = {Q} (2.13)

where [K] is the transfer matrix, T is the vector of nodal temperature, and Q is the vector of nodal
heat flow rate. The transfer matrix [K] contains the combined thermal properties of the material for
the conduction within and the convection at the boundaries. The vector {Q} contains the applied heat
sources or sinks at each node, such as absorbed solar irradiation and radiation losses. Each element
corresponds to the interaction between nodes. This allows the temperature distribution to be calculated
for complex geometries. By solving the resulting system of equations, the temperature distribution of
the thruster components can be determined.

To model the radiation heat transfer, the Discrete Ordinates model can be used. This model solves the
radiative energy transfer along a set of directions to determine the energy exchange between surfaces
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and media. This is especially useful for complex geometries where the thermal distribution is influenced
by reflections and shadowing.

For the turbulence, the k − ϵ equation can be used to predict the effects without resolving all the small
flow fluctuations [33]. It uses two additional transport variables: the turbulent kinetic energy k and the
turbulent dissipation rate ϵ [34]:

ρ
∂k

∂t
=

∂

∂xi

(
(µ+

µt

ϵk
)
∂k

∂xi

)
+Gk +Gb − ρϵ− YM (2.14)

where ρ is the density of the propellant in kgm−3, k is the turbulent kinetic energy generation term in
m2 s−2, t is the time in s, µ is the molecular dynamic viscosity in kgm−1 s, µt is the turbulent dynamic
viscosity in kgm−1 s, Gk is the contribution of the average velocity gradient to the turbulent kinetic
energy generation term k in m2 s−3, Gb is the contribution of buoyancy to the turbulent kinetic energy
generation term k in m2 s−3, ϵ is the dissipation rate of turbulent kinetic energy in m2 s−3, and YM is the
contribution of the pulsating expansion of the compressible flow to the total dissipation rate in m2 s−3.
The transport equation for k accounts for the production of turbulence by velocity gradients (Gk) and
buoyancy effects (Gb), the dissipation of turbulent kinetic energy (ρϵ), and compressibility effects (YM ).
The turbulent kinetic energy k represents the energy of the fluctuating velocity components of the flow,
while ϵ represents how fast this energy is converted into heat due to viscous effects. A damping function
is applied to reduce the turbulent viscosity if appropriate, such as near the walls.

2.3.2. Quality Factors
The real performance differs from the performance based on the ideal rocket theory. The assumptions
are limitedly valid, resulting in losses due to thermodynamic and fluid dynamic effects such as heat
transfer, non-axial flow, flow separation, and friction forces. These effects will be summarised by the
discharge coefficient, heating quality and the nozzle flow quality. The subscript ”id” will be used to
denote ideal values, and the subscript ”real” will be used to denote real values.

The discharge coefficient will be defined as:

Cd =
ṁreal

ṁid
(2.15)

where Cd is the dimensionless discharge coefficient. The discharge coefficient accounts for the reduc-
tion in mass flow due to viscous effects such as boundary layer formation.

The heating quality will be defined as:

ξc =
c∗real
c∗id

(2.16)

where ξc is the dimensionless heating quality. The heating quality accounts for the energy losses, such
as heat conduction to the chamber and nozzle walls.

The nozzle flow quality will be defined as:

ξn =
CF,real

CF,id
(2.17)

where ξn is the dimensionless nozzle flow quality. The nozzle flow quality accounts for losses in direct
momentum, such as turbulence and flow separation.

Combining Equation 2.9 with the quality factors results in the real thrust Freal:

Freal = Cd · ξn · ξc · Fid (2.18)
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By separating the contributions to the differences in thrust, the predictions can be better validated. The
quality factors have to be experimentally determined, but can be estimated with empirical relations.

2.4. Nozzle
The design of the nozzle affects all quality factors, making it important to select the right geometry and
materials. It is a trade-off between performance, mass, size, manufacturability and cost. The nozzle
converges to reach sonic conditions in the throat and then diverges to reach a high exhaust velocity.
The shape of the nozzle influences how much the flow diverges, with a bell nozzle having the potential
for the lowest flow divergence. Flow divergence is a radial momentum component that does not result
in thrust. The radial momentum components of the nozzle exit cancel each other out due to the axial
symmetry.

An ideal nozzle is a bell nozzle that expands until the exit pressure is equal to the ambient pressure.
However, this results in a very long nozzle, making a truncated version often preferred. A simpler
design is the conical nozzle with a constant divergence angle. These nozzles are relatively longer
than bell nozzles for the same area ratio, but are easier to design and manufacture. Based on length,
performance and mass, a divergence half angle of 15% is often used for conical nozzles [35]. This
compromises between divergence losses and the length to reach an expansion ratio. Increasing the
nozzle expansion ratio improves the specific impulse, but the increase becomes insignificant past 50:1
[29]. If the nozzle is over-expanded, the exit pressure is higher than the ambient pressure, resulting in
a shock to compensate for the pressure difference. The effect of the nozzle expansion for the different
nozzles is shown in Figure 2.7.

Figure 2.7: The effect of nozzle expansion for different nozzles [30]

For small nozzles, the viscous effects becomemore significant, especially for a lower Reynolds number.
This makes it more difficult to determine the right bell curve, making the conical nozzle outperform the
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bell nozzle when not properly designed [30]. For Reynold numbers below 2000, it is recommended not
to use bell nozzles [36]. The performance differences are then small, thusmanufacturing considerations
become more important. Simulations also show that nozzle walls with a higher thermal conductivity,
probably due to heat recirculation, result in a higher specific impulse [37]. The material considerations
for the nozzle are discussed in section 2.6, because of the similar considerations as for the absorber,
due to temperatures and the usage of hydrogen as the propellant.

How much specific impulse is exactly lost by chemical kinetics losses, divergence losses, and viscous
losses can be determined with the TwoDimensional Kinetics (TDK) tool [38]. Whenminimising one loss,
another can increase, resulting in a worse overall performance. This makes compromising between the
losses important to optimise overall performance. An overview of different losses is shown in Figure 2.8.

Figure 2.8: Different type of losses in a nozzle [39]

2.5. Absorber
The function of the absorber is to transform the solar irradiation that is received by the concentrator
into thermal energy and transfer it to a propellant. The absorber heats directly or indirectly a propellant,
which then flows through a Laval nozzle. The part of the absorber that exchanges the thermal energy
with the propellant is called the heat exchanger. Radiation losses should beminimised for the maximum
efficiency of the absorber. This can be done with insulation and low-emissivity coatings. If less energy is
lost, less energy is required to achieve the same propellant temperature, resulting in a higher efficiency.
Hydrogen provides the highest specific impulse due to its lower molar mass and is the best convective
coolant for thruster components due to its high specific heat capacity. When placing a secondary
concentrator inside the absorber, the propellant can be used to cool the concentrator as well [29]. A
secondary concentrator can increase the solar flux even further, but unwanted absorption by it does
increase its temperature more due to the higher concentrated energy. Some material considerations
for the absorber are discussed in section 2.6, because of the similar considerations as for the nozzle,
due to temperatures and the usage of hydrogen as the propellant.

2.5.1. Indirect Heating
Indirect heating means that there is a physical wall between the solar radiation and the propellant [40].
The windowless heat exchanger cavity concept is an example of indirect heating. The solar radiation
is focused in a cavity, and a propellant then flows through its walls or on the other side of the wall.
The propellant thus does not enter the cavity. The propellant cools the cavity walls and prevents them
from overheating while the propellant temperature increases. The heated propellant then flows to the
thruster. Examples are a spiral or tubes in the walls, or a porous medium through which the propellant
flows. Often, a cavity is used, but a flat material is also possible.

A windowed heat exchanger cavity has a window through which the solar radiation enters. For this
concept, the propellant does enter the cavity. Through the process of transpiration, the propellant
enters the cavity and then flows to the thruster. The transpiration-cooled wall is heated by the solar
irradiation. A disadvantage of indirect heating is that the allowable temperature of the wall material
limits the maximum propellant temperature. This is because the propellant cannot achieve higher
temperatures than the heat exchanger. Sketches of different indirect heating concepts are shown in
Figure 2.9.
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Figure 2.9: Indirect heating absorber concepts [40]

2.5.2. Direct Heating
Direct heating means that a propellant is heated by an added material that flows in the propellant and
absorbs the solar radiation [40]. This so-called seedant absorbs the solar irradiation more easily than
the transparent propellant. Because of the high combined surface area of the seedant, the heat easily
transfers to the propellant. It is important that the seedant does not deposit on the window, as this
decreases the solar radiation that enters the absorber. When the seedant is discharged through the
nozzle, it lowers the specific impulse. It can also deposit on the collector and lower its performance.

To prevent this, a centrifugal force can be used to keep the seedant near the wall of the absorber.
Due to its higher mass, it gets pushed to the outside, while propellant without seedant collects in the
centre. The propellant can then flow through a hole on the longitudinal axis of the absorber with a
sufficiently small diameter that prevents the seedant from entering the nozzle. This centrifugal force
can be created by introducing a vortex flow in the absorber. When injecting a propellant tangentially, a
vortex is created that causes the propellant to rotate around the longitudinal axis. If the seedant is small
and has a large combined surface area, the heat transfers better to the propellant. However, its mass
then also becomes lower, resulting in the seedant being forced outwards less. A larger and heavier
seedant, on the other hand, is better separated from the propellant but has less surface area. An
analysis of the windowed vortex flow concept showed that for efficient seedant discharge minimisation,
particles are needed that are too large for efficient solar irradiation absorption.

Another concept uses a rotating bed to create the centrifugal force. The propellant then enters the
absorber via the porous walls of the rotating cylinder. The rotating bed, however, requires a mechanism
to rotate. Different mechanisms were compared, but no perfect solution exists as each option has
its own advantages and disadvantages. An oversight of the advantages and disadvantages of each
approach is shown in Figure 2.10. Sketches of the different discussed direct heating concepts are
shown in Figure 2.11.
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Figure 2.10: Advantages and disadvantages of different mechanisms for the rotating cylinder bed concept [40]

Figure 2.11: Direct heating absorber concepts [40]
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2.5.3. State-of-the-Art
The spiral runner is the most used concept in previously proposed designs, but optimisation efforts still
lead to a relatively low heat transfer efficiency [41]. To increase the temperature of the propellant further,
a longer spiral is needed. Because this increases the size of the system, the losses also increase. A
relatively long and heavy absorber is thus required to heat the propellant more.

A recently proposed absorber by the National University of Defence in China is based on the principle
of transpiration cooling [29]. The design is based on technology used by the US Aerojet Corporation
to cool the thrust chambers with hydrogen [42]. The propellant flows through small holes called control
runners at a controlled rate. Based on the number of control runner and their length, the required mass
flow can be achieved. These control runners are made in stacked plates with a larger thickness on the
inside than on the outside. This results in a large surface area between the plates for heat transfer,
called disperse runners. Between the disperse runners, the flow velocity is relatively low compared to
the control runners. Because the propellant is most of the time in contact with the disperse runners,
most of the heat exchange happens there.

After cooling the secondary concentrator in the centre, the propellant flows to the colder outside again.
Via the discussed runners, the propellant then flows inwards again while being heated. This makes
the design complex due to its flow path, but the hottest flow stays in the centre, reducing the thermal
losses. Local overheating does not significantly influence the control runner, resulting in a stable mass
flow and performance. The structure of the absorber is shown in Figure 2.12.

(a) Flow route of the propellant (b) Names of the runners on the laminates

Figure 2.12: Structure of the laminated absorber [29]

To simulate the heat transfer in the runners, the symmetry of the plates was used to model the sys-
tem. The symmetry of the absorber requires only part of the absorber to be modelled when using
appropriate boundary conditions. The assigned boundary conditions at the symmetry planes control
the propellant flow and the conduction in the plates. The model showed that the propellant temperature
exceeds 2300K, which is close to the wall temperature of 2400K, demonstrating the high efficiency of
the concept.
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2.5.4. Thermal Energy Storage
The sun-pointing and thrusting direction can be decoupled when implementing a TES system. This
does make the overall system more complicated, as insulation and thermal dams are required. Further-
more, the system weight increases due to the required material to store the thermal energy. Different
kinds of TES are possible, such as sensible heat or phase change TES.

Sensible heat TES is the simplest design option, but has the lowest energy density. For sensible
heat TES materials, it is important to have high specific heat, high melting point, high density, low-
temperature expansion, and high thermal conductivity. Beryllia has a high energy density but is ex-
pensive and toxic. Refractory metals have high densities and melting points but a low heat capacity.
Graphite is a relatively cheap option and easy to manufacture, but requires a non-reactive coating be-
cause it reacts with hydrogen. Boron carbide has a higher heat capacity than graphite but is more
difficult to manufacture. Boron nitride has a similar performance to graphite but does not react with
hydrogen.

For phase change TES materials, it is also important that the phase transition temperature is close to
the operating temperature and that the heat of transition is high. Phase change TESmaterials can have
issues such as structure bursting or void formation, but have a high energy density and can provide a
constant temperature [16]. Silicon and boron have high heats of fusion and high melting temperatures
[26]. Because they are elemental, these materials do not break down. Boron has the best performance
but requires more research.

2.6. Structural Materials
The selection of the structural materials depends on the maximum temperatures to which they will be
exposed. For temperatures above 1300K, refractory metals or alloys based on them are used due
to their high heat resistance. A less resistant material can be used in combination with a protective
coating for areas that do not become too hot. Protection against hydrogen erosion is necessary for
temperatures above 3000K because it then only dissociates significantly into atomic hydrogen [43].

At lower temperatures, the hydrogen can still affect the structure due to hydrogen embrittlement. Hy-
drogen atoms can enter the metal and collect in weak spots. This causes metals to lose ductility and
increase the risk of fractures at stresses below their nominal strength [44]. How easily a material
is affected by hydrogen embrittlement depends on temperature, stress, and material microstructure.
High pressure increases penetration, and high temperatures increase hydrogen diffusion, but thermal
stresses can promote cracking. A denser material makes it harder for the hydrogen atoms to pene-
trate. Low-permeable materials such as rhenium or low-permeable coatings protect against hydrogen
embrittlement. Hydrogen embrittlement thus has to be taken into account carefully when selecting the
structural materials, to ensure long-term reliability under high-pressure hydrogen flow.

Environmental factors also influence the materials when exposed [45]. Exposure to radiation in space
can affect microstructures, possibly causing embrittlement over time. When the system is not in a
perfect vacuum, reactions between the environmental gases and the materials can occur. Materials
can, for example, oxidise due to oxygen and elevated temperatures. Thermal cycling due to periods of
receiving solar irradiation and periods of eclipse can create fatigue. Therefore, testing in environmental
conditions is crucial for ensuring reliability.

Rhenium does not lose ductility due to recrystallisation at high temperatures, but is more scarce than the
refractory metals molybdenum and tungsten. It is possible to dope molybdenum to prevent unwanted
recrystallisation by introducing intentional secondary recrystallisation [17]. When working with single-
crystal molybdenum, a tungsten coating can be used to seal different parts.

2.7. Findings
This section discusses the answers to the review questions for the literature review and how these
findings will be used. The first review question, with its sub-questions, was:

1. How has STP evolved over time?

1.1 What were the key milestones in the development of STP?
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1.2 How did past attempts influence current designs?

STP has evolved from early conceptual ideas in the 1950s, through ground-tested prototypes and fea-
sibility studies in the 1960s–1980s, to more advanced designs incorporating secondary concentrators
and thermal energy storage in the 1990s–2020s.

Key milestones include the first thruster tests, the deployment of inflatable concentrators, the inclusion
of TES systems, and optical decoupling.

Based on the requirements for current designs, the outcomes of performed studies are used to select a
concept, and newly developed technologies such as optical decoupling and TES systems are included
if needed.

2. What are the strengths and weaknesses of previous STP designs?

2.1 How do different STP designs compare in terms of efficiency and feasibility?
2.2 What are the major design limitations encountered in previous implementations?

Previous STP designs show a range of efficiencies and feasibilities. Colder and simpler designs lead to
more reliable systems, but at the cost of performance. More complex technologies can be implemented
to improve the performance, but at the cost of reliability. Especially, the effects of the high heat can
cause problems for different materials, such as the formation of cracks and leaks. Another limitation is
the interaction with the high-temperature propellant.

3. What are the most advanced STP technologies currently available?

3.1 What is the current TRL of various STP systems?
3.2 How do state-of-the-art designs address the challenges of earlier models?

Many countries have researched or are researching STP, but the TRL is still limited to a TRL 6 for
subsystems being tested in a relevant environment. The efficiencies of the concepts have improved
over the years by making the heat exchangers more efficient and by reducing the thermal losses. The
material studies performed helped improve the reliability of the designs due to the newly developed
technologies.

The history of STP helps with trading off different concepts by better understanding their advantages
and disadvantages. Furthermore, the research performed will help with making initial estimations for
the system.

4. What are the fundamental relations governing rocket propulsion?

4.1 What are the primary equations used to describe thrust, impulse, and efficiency?
4.2 What role do thermodynamic and fluid dynamic principles play in propulsion analysis?

The most fundamental equations for thrust and specific impulse are Equation 2.1 and Equation 2.2
respectively. The performance of the system can be split into the characteristic velocity and the thrust
coefficient, described by Equation 2.5 and Equation 2.8. The quality factors can be used to describe
the different efficiencies of the system. The identified fundamental relations will help in understanding
and modelling the system.

The thermodynamic and fluid dynamic principles are used to describe the heat transfer within the sys-
tem and the performance. These principles are used to determine characteristics of the propulsion
system.

5. How do ideal and non-ideal performance estimations compare?

5.1 What assumptions are made in ideal performance estimations, and how do they simplify
calculations?

5.2 What real-world effects (e.g., heat losses, flow separation, turbulence, friction forces) lead
to deviations from ideal models?

Real-world effects such as heat transfer, non-axial flow, flow separation, friction forces, etc., are ignored
for ideal performance estimations but can be compensated for by applying correction factors. This will
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help with designing a system with a thrust and specific impulse performance that complies with set
requirements.

All real-world effects that result in energy not being converted into momentum that generates thrust
lead to deviations from the ideal models.

6. How does the nozzle shape and material affect performance?

6.1 How do different nozzle geometries influence exhaust flow and thrust?
6.2 What materials are commonly used for space nozzles, and how do they withstand extreme

temperatures?

The nozzle shape is important for the performance of the system. The shape influences the exhaust
flow and how strongly real-world effects reduce the thrust. For smaller nozzles, conical shapes are
often used. Viscosity strongly affects small nozzles, making it difficult to design an ideal bell curve. For
smaller Reynolds numbers, the conical design can outperform the bell nozzle. After determining the
flow characteristics, the appropriate shape can be selected.

For the nozzle material, refractory metals are often used, with some being more scarce than others.
Rhenium is a great-performing material to withstand extreme temperatures, but it is an expensive op-
tion.

7. What are the challenges of nozzles for STP?

7.1 What are the main constraints in fabricating the nozzle?
7.2 How do space environmental factors (vacuum, radiation, thermal cycling) impact long-term

nozzle durability?
7.3 How does the usage of hydrogen as a propellant affect the nozzle?

Complex nozzle curves are more difficult to manufacture for small nozzles as the effects of deviations
become more significant. Interaction with the environment can impact the reliability of the material due
to reduced strength. Gases can react with the material, radiation can affect the microstructure, and
thermal cycling can lead to fatigue. Hydrogen can penetrate the materials and make them brittle. When
selecting a less dense material, it is important to protect the material against hydrogen embrittlement.
A trade-off will be performed to determine the right material, based on the reviewed publications.

8. What are the different absorber designs used in STP systems?

8.1 What types of absorbers are currently used in space propulsion systems?
8.2 What are the advantages and disadvantages of each absorber design?
8.3 How do the absorber designs interact with the collector?

Most proposed conceptsmake use of indirect heating of the propellant. A cavity in the absorber receives
the concentrated solar radiation and transfers the heat to the propellant. It is possible to store thermal
energy inside the system by implementing a sensible or phase change TES material. The selection of
a TES material depends on many considerations such as performance, manufacturability and reliability.
A spiral runner is often used due to its simplicity, but a recently proposed laminated heat exchanger
shows an improved performance without compromising reliability. The reviewed publications will help
determine the most suitable absorber concept and whether a TES material should be included.

Secondary contractors can have heat transfer with the heat exchanger, but the interaction with the
primary concentrator is limited due to the spacing between the components, besides the transmission
of solar irradiation.

9. How do material properties impact absorber efficiency?

9.1 What are the key parameters for evaluating absorber performance?
9.2 How do environmental factors influence the performance of the materials?
9.3 How does the usage of hydrogen as a propellant affect the absorber performance?



2.7. Findings 19

The most important parameter of the absorber material is its conductivity. The materials should easily
transfer the absorbed heat to the propellant. The absorber components that radiate should have a low
emissivity to limit the thermal losses of the system and improve its efficiency. The considerations for
the nozzle material also hold for the absorber.
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Workflow

This chapter discusses the workflow of the report. First the main research questions are introduced.
Then the following design process with intermediate phases are discussed, followed by the validation
of the design.

3.1. Research questions
The goal of this report is to design the secondary propulsion system for the Green SWaP mission. This
propulsion system is a based on the principle of STP. To tailor the design specifically for this mission,
the following research question is defined:

1. What is the most suitable STP system for the Green SWaP mission?

This research question will be answered by using the information found during the literature review and
create different design options. Then based on what is required for the propulsion system, the most
suitable options are selected.

After creating a design, it has to be optimised for the Green SWaP mission, resulting in the following
research question:

2. How can the STP system be optimised for the Green SWaP mission?

The optimisation goal will be defined, together with the optimisation process itself.

Finally, the design will have to be validated to ensure the reliability of the system and it meeting the
requirements. This results in the following research question:

3. How can the STP system be experimentally validated?

This research question will be answered by first determining what needs to be validated and then how
this can be done.

3.2. Phases
This section discuss the phases of the project, with the first phase being the performed literature re-
view. Additional research questions are used for the phases to guide the process and answer the main
research questions. The next step is to determine the requirements for the design based on the Green
SWaP mission, this is done with the following dedicated research questions:

1. What performance characteristics are required for the thruster?

1.1 What is the required thrust of the thruster?
1.2 What is the required minimum specific impulse of the thruster?

20
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2. What functionalities are required for the thruster?

Then, based on the literature review, different concepts will be created. A selection of these concepts is
made, supported by the information found during the literature review and the requirements. To support
the concept selection, the following research questions are used:

3. What type of absorber is the most suitable for the mission?

3.1 What type of heating is the most suitable for the mission?
3.2 What type of thermal energy storage is the most suitable for the mission?

4. What nozzle is the most suitable for the mission?

4.1 What nozzle shape is the most suitable for the mission?
4.2 What protection against hydrogen is the most suitable for the mission?

For the selection, a preliminary design phase follows. To guide the preliminary design phase, the
following research questions will be used:

5. What materials are the best option for the thruster?

5.1 What material is the best option for the cavity?
5.2 What material is the best option for the heat exchanger?
5.3 What material is the best option for the nozzle?
5.4 What material is the best option for the insulation?

6. What are the key parameters of the design?

Then, amathematical model will be created to analyse the designmore accurately. Based on this model,
the design will be simulated to have a better prediction of its performance. Based on the findings of
the preliminary design phase and the simulation results, an improved design will be iterated. This
design will be optimised to get to the final design. For this process, the following research questions
are identified:

7. What tools are the most suitable to analyse the design?

7.1 What are the best ways to model the design?
7.2 How can the models be used to optimise the design?

The design will have to be experimentally validated. This validation is done with the following research
questions:

8. What are the goals of the experimental testing?

8.1 What are the goals of testing the materials?
8.2 What are the goals of testing the performance?

The resulting workflow with different phases can be visualised and is shown in Figure 3.1.

Literature review Concept selection Preliminary design

Iterating Optimisation Experimental
validation

Mathematical model

Simulating

Figure 3.1: Workflow of the project
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Concept selection

This chapter will discuss the selection of concepts that will be worked out in more detail. First, the
requirements of the system will be discussed, which will be a combination of requirements provided by
the GreenSWAP mission and those based on the literature review.

4.1. Requirements
To determine the requirements of the system, the following additional research questions are used:

1. What performance characteristics are required for the thruster?

1.1 What is the required thrust of the thruster?
1.2 What is the required minimum specific impulse of the thruster?

2. What functionalities are required for the thruster?

The requirements for the thruster are determined to ensure that the thruster’s performance complies
with what is required for the spacecraft. The given requirements are stated in Table 4.1.

Table 4.1: Given requirements for the propulsion system

ID Type Requirement Description
TRU-01 Thrust The thrust generated by the propulsion system shall be 1.0N.
ISP-01 Specific impulse The specific impulse of the propulsion system shall exceed TBD 500 s
TES-01 Energy storage Two propulsion systems shall be able to burn for 30min during an

eclipse with a 30% margin.
PRE-01 Tank pressure The propellant tank shall be able to store the propellant with a pressure

of 5.0MPa.

When assuming an ideal system, Equation 2.1 and Equation 2.2 can be used in combination with
requirement TRU-01 and ISP-01 to determine the mass flow. This results in ṁid = 2.039× 10−4 kg s−1.
However, if a higher specific impulse is reached, the ideal mass flow becomes less.

When assuming an ideal expansion, the equivalent velocity equals the exit velocity, as there is no
pressure thrust. When combining Equation 2.2 and Equation 2.3 with ISP-01, the chamber temperature
can be determined. This results in Tc = 848K. However, to account for real-life effects and losses, the
heat exchanger will first be designed to heat the propellant to 3000K, as hydrogen dissociation becomes
significant above this temperature. It is assumed that to achieve this temperature, the materials in
contact with the hydrogen should reach a temperature of 3100K.

TES-01 is based on the worst-case scenario that at least one thruster can burn during an eclipse. The
eclipse time is thus tec = 30min. Based on the ideal mass flow, the TES system of a single thruster
shall thus be able to heat 0.25 kg propellant.

22
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When assuming there is no pressure drop between the tank and the thruster, the thrusters inlet pressure
will be 5.0MPa. This pressure will be used for the inlet conditions of the heat exchanger.

The given requirements and the calculations lead to additional requirements for the system. These
additional requirements are stated in Table 4.2.

Table 4.2: Requirements for the propulsion system

ID Type Requirement Description
TEM-01 Temperature The heat exchanger shall heat the propellant to at least 848K.
MAT-01 Material The heat exchanger material shall be able to withstand temperatures up to

3100K.
MAT-02 Material The materials exposed to the propellant shall be able to withstand hydro-

gen embrittlement.

4.2. Design Option Tree
To select the concept or concepts for the propulsion system, the following research question will be
used:

3. What type of absorber is the most suitable for the mission?

3.1 What type of heating is the most suitable for the mission?
3.2 What type of thermal energy storage is the most suitable for the mission?

4. What nozzle is the most suitable for the mission?

4.1 What nozzle shape is the most suitable for the mission?
4.2 What protection against hydrogen is the most suitable for the mission?

To select the concept or concepts for the propulsion system, a design option tree for the different
components is first made. The design option tree is shown in Figure 4.1 and includes the heating
method, TES, and nozzle shape.
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Figure 4.1: Design option tree for the propulsion system

4.3. Heating Method
In section 2.5, multiple direct and indirect heating methods were identified. The direct heating methods
made use of a seedant that heats the propellant, and the indirect heating methods made use of a cavity
that heats the propellant. Because the propulsion system is required to function while not receiving
sunlight, direct sunlight will not be possible. However, to analyse the different concepts and compare
them, this requirement will at first not be taken into account. To compare the achievable thrust and
specific impulse, a study performed by Rocketdyne is used [40]. The results of this study are shown in
Figure 4.2. It shows that to achieve a higher propellant temperature and thus a higher specific impulse,
a direct heating method is required.
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Figure 4.2: Performance comparison of absorber concepts [40]

The particulate absorption concept does not retain the seedant, leading to unwanted deposition and
performance losses. The vortex flow and rotating bed concepts retain the seedant by introducing a
centrifugal force, but are more complex. The required propellant temperature is close to the end of the
specific impulse range of the indirect heating methods in the study. This means that an indirect method
is not required to reach a sufficiently high propellant temperature. This relatively low temperature for
an indirect heating method means that less surface area for the seedant is required to transfer the
heat. Larger and heavier particles can thus be used to increase the centrifugal force and retain more
seedant. However, a reduced centrifugal force at the beginning or end of a thrusting period can still
lead to unwanted particle loss.

The windowed cavity concept and the direct heating concepts make use of a window to contain the
propellant. To prevent the window from cracking, it should be cooled as it can typically withstand less
heat than the structural material. When the seedant deposits on the window, local hotspots are formed,
which can lead to cracks. Furthermore, the deposition results in less solar energy being available to
heat the propellant. An overview of the advantages and disadvantages of the different concepts is
given in Table 4.3.
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Table 4.3: Advantages and disadvantages of heating method concepts

Advantages Disadvantages
Indirect
heating

Windowless
cavity

• Higher thrust than direct heating
• Simplest design

• Lower specific impulse than di-
rect heating

Windowed
cavity

• Higher thrust than direct heating • Lower specific impulse than di-
rect heating

• Possible window cracking
Direct
heating

Particulate
absorption

• Higher specific impulse than indi-
rect heating

• High thermal efficiency

• Can only function while receiving
sunlight

• Reduced performance due to dis-
charged particles

• Particle deposition in nozzle
throat or on window

Vortex flow • Higher specific impulse than indi-
rect heating

• High thermal efficiency

• Can only function while receiving
sunlight

• Particle size trade-off between
heat transfer and particle loss

• Possible particle loss and deposi-
tion

• Complex flow dynamics
Rotating
bed

• Higher specific impulse than indi-
rect heating

• High thermal efficiency

• Can only function while receiving
sunlight

• Particle size trade-off between
heat transfer and particle loss

• Possible particle loss and deposi-
tion

• Requires a mechanism for rota-
tion

4.3.1. Trade-off
The advantages and disadvantages of the different heating methods are all related to performance and
reliability. The more complex concepts are less reliable but offer better performance. A trade-off will
thus be performed between these criteria.

In the trade-off table, the following colour scheme will be used to rate the different concepts for each
criterion:

• Excellent (Marked with a ’G’ for ’Green’)

• Good (Marked with a ’L’ for ’Lime’)

• Average (Marked with a ’Y’ for ’Yellow’)

• Bad (Marked with an ’O’ for ’Orange’)

• Unacceptable (Marked with an ’R’ for ’Red’)

The highest rating ”Excellent” will receive a score of 5 and the lowest rating ”Unacceptable” will receive
a score of 1. This rating and scoring system will be used for every trade-off.

Based on Figure 4.2, the performance scores are determined. Because the vortex flow concept and
rotating bed concept have can reach a comparable high specific impulse and the same thrust, they
receive a score of 5. Because the particulate absorption concept can reach a lower specific impulse
than the other direct heating concepts, it receives a score of 4. The indirect heating concepts can
reach an even lower specific impulse, with the windowless cavity providing a larger thrust than the
windowed cavity. Due to their similar specific impulse but difference in thrust, the windowless cavity
and the windowed cavity sore a 3 and 2 respectively.

The windowless cavity is the simplest and most reliable design, and receives a reliability score of 5.
Because a window has the possibility to crack, the windowed cavity receives a score of 4. Then there
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is a jump in reliability for the direct heating concept. To generate the centrifugal forces, the vortex flow
and rotating bed concept are significantly more complex than the indirect heating concepts, resulting
in a score of 2. Because not retaining the seedant in the particle absorption concept poses significant
risks for the functioning of the heat exchanger itself, but also the nozzle, this concept receives a score
of 1. The resulting trade-off table is shown in Table 4.4.

Table 4.4: Cavity concept trade-off

Concepts
Criteria Performance Reliability Score

Windowless cavity Y: 3 G: 5 4.0
Windowed cavity O: 2 L: 4 3.0
Particulate absorption L: 4 R: 1 2.5
Vortex flow G: 5 O: 2 3.5
Rotating bed G: 5 O: 2 3.5

The trade-off shows that the windowless cavity is the best option. It has an average performance, but
the discussed study shows that it is sufficient for the required performance. This concept has a lot
of heritage, as most proposed designs use this heating method due to its simplicity and reliability. To
validate the outcome of the trade-off, a sensitivity analysis will be performed based on the positions
when excluding a criterion.

When excluding the performance criterion, the windowless cavity concept wins with a score of 5.0 due
to its high reliability. The windowed cavity with its score of 4.0 then scores higher than the vortex flow
and rotating bed concept, which score a 2.0. The particulate absorption concept still scores the lowest
with a 1.0.

When excluding the reliability criterion, the vortex flow and rotating bed now win due to their high
performance, with a score of 5.0. The particulate absorption concept now gets the third position with a
score of 4.0 instead of the last position. The windowless cavity gets the fourth position with a score of
3.0, and the windowed cavity gets the last position with a score of 2.0.

An overview of the positions per excluded criterion is given in Table 4.5.

Table 4.5: Sensitivity analysis of heating method concepts

Concepts
Comparisons W/o performance W/o reliability Position

Windowless cavity 1 4 2.5
Windowed cavity 2 5 3.5
Particulate absorption 5 3 4.0
Vortex flow 3 1 2.0
Rotating bed 3 1 2.0

The sensitivity analysis shows that the vortex and rotating bed concepts have a better average position
than the windowless cavity concept that won the trade-off. However, due to the requirement to function
while not receiving sunlight, these two concepts are not feasible. The windowless cavity concept is
therefore selected. A sketch of a windowless cavity is shown in Figure 4.3.
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Figure 4.3: Sketch of the windowless cavity concept [40]

The cavity itself can have many shapes. Examples are conical cavities, cylindrical cavities, spherical
cavities, or cavities that consist of a combination of these shapes. The cavity should absorb as much
solar energy as possible, thus, the amount of light reflected out of the cavity should be minimised. Ray
tracing is a suitable method to analyse the reflections within the cavity to determine the efficiency [46].
A conical shape results in the best absorption because less light is reflected back towards the source.
However, the cylindrical cavity shape provides the best flux distribution. A good distribution prevents
local heat spots. To compromise between these two qualities, a cylinder will be used with a cone on
both circular sides. To improve the absorptivity of the cavity wall, the surface will be roughened [29].
This distributes the solar flux better, resulting in lower radiation losses. For the absorber cavity to act
as a blackbody, the surface area of the cavity should be at least 50 times larger than the cavity opening
[47].

There are also many ways in which the propellant can flow through the walls of the cavity. During
the literature study, a complex laminated structure was discussed that demonstrated a high efficiency.
Other options are a spiral tube along the cavity shape, multiple straight tubes in the walls, or a porous
material in the wall. To determine how the system will be protected against hydrogen, it is important
to know how the propellant will flow through the walls. If a porous material is selected, coating is not
possible. Thus, the material needs to withstand the hydrogen itself. For runners through the wall, it
is possible to be coated, but the high internal temperatures can still damage the material under the
coating [47]. For the propellant flow, a trade-off between manufacturability and performance is needed.
A thermofluidic analysis will be performed to support the trade-off of the propellant flow. This will be
done for a concept with porous material, for a spiral runner, and for straight channels.

4.4. Thermal Energy Storage
TES allows the propulsion system to function when no sunlight is received. This improves operational
flexibility at the cost of the added mass. When implementing a TES system, the sensible heat and
latent heat concept can be selected. Sensible heat TES is a simpler and more reliable option, and
latent heat TES is less reliable but offers a higher energy density. The phase change material requires
a solid material to enclose it, but there is a risk of cracks forming in the case [26]. An overview of the
advantages and disadvantages of the different concepts is given in Table 4.6.

Table 4.6: Advantages and disadvantages of thermal energy storage concepts

Advantages Disadvantages
None • Simplest design

• Lowest mass and volume
• Can only function while receiving sun-
light

Sensible
heat

• Can function while not receiving sunlight
• Easy to implement

• Higher mass and volume
• Possible unwanted chemical reactions

Latent
heat

• Can function while not receiving sunlight
• Highest energy density

• Highest mass and volume
• Possible unwanted chemical reactions
• Possible void formation or bursting
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To compare the different concepts, a trade-off between performance, reliability, and mass will be per-
formed.

4.4.1. Trade-off Result
Because the latent heat option function during an eclipse, and can maintain a constant temperature
during the phase change, it has the best performance and receives a score of 5. The sensible heat
option can also function during an eclipse, but not at a constant temperature and thus receives a score
of 5. Because no TES system means no energy can be stored, its unacceptable performance scores
a 1.

Excluding the TES system has the highest reliability as there are no components that can fail, resulting
in a score of 5. Because sensible heat has a lower reliability due to possible unwanted chemical reac-
tions with other materials, it receives a score of 4. Latent heat storage can besides possible unwanted
chemical reactions, result in possible void formation and bursting. Because introducing space for the
material to expand can mitigate this issue, it score is only reduced to a 3.

No TES system results in the lowest mass, and results in a score of 5. The latent heat option has a
the highest possible energy storage density, and receives a score of 4. The sensible heat option has a
lower possible energy storage density and score a 3.

The resulting trade-off table is shown in Table 4.7.

Table 4.7: TES concept trade-off

Concepts
Criteria Performance Reliability Mass Score

None R: 1 G: 5 G: 5 3.7
Sensible heat L: 4 L: 4 Y: 3 3.7
Latent heat G: 5 Y: 3 L: 4 4.0

Based on the trade-off, the latent heat is the best option. It has a great performance due to its ability to
deliver a constant temperature while not receiving sunlight. It has a lower reliability but was determined
to be feasible [26]. Furthermore, its high energy density lowers the required mass. Because the scores
are close to each other, a sensitivity analysis is performed based on the positions when excluding a
criterion.

When excluding the performance criterion, the concept without a TES system wins due to its high
reliability and low mass, with a score of 5.0. The sensible heat and latent heat score equally, resulting
in a score of 3.5 for each one.

When excluding the reliability criterion, the latent heat option wins due to its excellent performance and
a good mass with a score of 4.5. The sensible heat option scores a 3.5 due to the lower performance
and higher mass than the latent heat concept. The option of no TES system scores a 3.0 due to its
inability to function while not receiving sunlight.

When excluding the last criterion, mass, the sensible heat and latent heat concepts score equally a
4.0. The sensible heat option does not provide a constant temperature but has a higher reliability than
the latent heat option. The option without a TES system loses with a score of 3.0. It has the highest
reliability but the lowest performance.

An overview of the positions per excluded criterion is given in Table 4.8.

Table 4.8: Sensitivity analysis of TES concepts

Concepts
Comparisons W/o performance W/o reliability W/o mass Position

None 1 3 3 2.3
Sensible heat 2 2 1 1.7
Latent heat 2 1 1 1.3
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The sensitivity analysis shows that the latent heat concept has the best average position when excluding
the criteria. The difference compared to the trade-off is that the sensible heat option now scores better
than no TES system, instead of scoring equally.

To maximise the amount of time that the system can function, it is important to minimise the losses
of the system. To minimise the radiation losses, the system should be insulated. The losses are also
minimised by having the hottest materials closest to the centre of the propulsion system. It is therefore
decided to have the TES material directly around the cavity and the propellant flowing on the outside
of the TES material for the most constant heat flow to the propellant. If the propellant flows between
the cavity and TES material, the performance of the system would vary depending on whether sunlight
is received or not. A sketch of the layout of the TES system is shown in Figure 4.4.

Figure 4.4: Sketch of the latent heat TES system concept [48]

4.5. Nozzle
The literature study showed that for small nozzles with lower Reynolds numbers, the conical nozzle
is often de better choice. Most of the proposed concepts that were discussed in section 2.2 also
contained a conical nozzle in their design. Furthermore, the simpler shape makes a conical nozzle
easier to manufacture than a bell nozzle. Based on these findings, a conical nozzle will also be used
for this design. For the nozzle shape, the main design parameters are the convergence half angle,
divergence half angle, and throat diameter. A sketch of the nozzle concept is shown in Figure 4.5.

Figure 4.5: Sketch of the nozzle concept [49]



5
Preliminary Design

This chapter will discuss the preliminary design of the propulsion system. To guide the preliminary
design phase, the following research questions are used:

5. What materials are the best option for the thruster?

5.1 What material is the best option for the cavity?
5.2 What material is the best option for the heat exchanger?
5.3 What material is the best option for the nozzle?
5.4 What material is the best option for the insulation?

6. What are the key parameters of the design?

Assumptions will be made to simplify the design process and decrease the dependencies between
components. If a component has been designed, its characteristics can be used for the preliminary
design of other components. If a component has not been designed, but its characteristics are required
for the design of another component, the characteristics will be estimated.

First, the design of the absorber will be discussed, with the process for the heat exchanger in section 5.1,
for the cavity in section 5.2, and for the TES system in section 5.3. Then, the design of the nozzle will
be discussed in section 5.4, followed by the design of the insulation of the system in section 5.5. At the
end of the chapter, the findings of the preliminary design phase will be discussed in section 5.6. These
findings will be used for the design process of the final design.

All material properties are taken from Engineering Toolbox unless otherwise specified 1. The maxi-
mum temperature of materials stated is the melting temperature, or if the material only evaporates, the
evaporation temperature. As a safety factor, the allowed temperature of a component is 90% of the
maximum temperature.

5.1. Heat Exchanger
The function of the heat exchanger is to heat the hydrogen to the chamber temperature. The selected
temperature that will be aimed to reach during the preliminary design process is a chamber temperature
of Tc = 3000K. The conditions at the beginning of the heat exchanger are an inlet pressure pin =
5.0MPa, and an inlet temperature Tin = 273.15K. It is assumed that the walls in contact with the
propellant have a constant temperature Twall = 3100K.

To select the material that will be used for the walls of the heat exchanger, a trade-off is performed.
The materials that are compared were identified in chapter 2. For the wall material to maintain this high
temperature while colder propellant flows past it, a high conductivity is beneficial. The temperature
differences make the brittleness of the material also an important criterion, as brittleness can lead to

1URL: https://www.engineeringtoolbox.com// [cited 31/08/2025].
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cracks. Due to the interaction with high-temperature propellant, the compatibility with hydrogen also
needs to be included in the trade-off. An overview of the trade-off is shown in Table 5.1.

Table 5.1: Heat exchanger material trade-off

Material
Criteria Max. Temp.

[K]
Therm. Cond.
[W/m/K]

Brittleness Hydrogen
Comp.

Score

Tungsten (W) 3687 182 2 (>1873 K) 2 3.5
K-doped W 3687 182 3 (>2773 K) 2 3.8
Rhenium 3448 48.6 5 (stays duc-

tile)
5 4.0

Graphite 3773 168 1 (stays brittle) 1 3.0
Molybdenum (Mo) 2895 139 2 (>2200 K) 3 2.3
Ca+Mg-doped Mo 2895 139 3 (>2573 K) 3 2.5

A doped variant of tungsten and of molybdenum is included to show the difference in brittleness due to
doping of the materials. Table 5.1 shows that rhenium is the most suitable material. Its melting temper-
ature is not the highest, but it is above the operating temperature of the heat exchanger. Molybdenum
has a melting temperature below the wall temperature Twall = 3100K, and is thus not feasible for the
preliminary design. Rhenium has a lower thermal conductivity than the other options, but due to its
compatibility with hydrogen and ductility, it has a higher reliability than the other options. This makes
its overall score the highest.

When the temperature of the rhenium becomes closer to its melting temperature Tm = 3448K, the
strength of the material decreases [50]. Because the properties for a wall temperature Twall = 3100K
are not well documented, extrapolation will be used to determine the yield strength σy0.2. The used data
from samples formed with hot isostatic pressure power metallurgy without heat treatment are shown in
Table 5.2.

Table 5.2: Yield strength of rhenium σ0.2 for samples formed with hot isostatic pressure power metallurgy without heat
treatment at different temperatures [50]

Temperature [K] Yield Strength [MPa]
1644 208.36
1644 211.19
1644 171.28
1644 173.14
1783 143.32
1783 137.59
1922 104.25
1922 101.12
2133 105.14
2200 87.63
2200 78.12
2200 67.42
2200 78.79
2367 71.02

Based on the samples, a non-linear regression model is fitted with the least squares method. The least
squares method minimises the sum of squared residuals defined as:

S(β) =

n∑
i=1

[yi − f(xi,β)]
2 (5.1)
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where S(β) is the sum of squared residuals, yi is the measured value at the ith data point, xi is the
independent variable at the ith data point, β is the vector of model parameters to be estimated, and
f(xi,β) is the model function predicting y from xi using parameters β.

The model is a power-law equation with a yield strength σy0.2 = 0MPa at the melting temperature
Tm = 3448K. The equation is of the following form:

σy0.2 = a

(
1− T

Tm

)b

(5.2)

Determining the best fit for the data results in the following parameter with a coefficient of determination
of R2 = 0.8898:

a = 8.515× 108, b = 2.370 =⇒ σy0.2 = 8.515× 108
(
1− T

Tm

)2.370

(5.3)

The resulting extrapolated data with this equation is shown in Figure 5.1 and shows for the wall tem-
perature Twall = 3100K a yield strength σy0.2 = 3.712MPa.

Figure 5.1: The non-linear regression model for the yield strength of rhenium σ0.2, and the extrapolation

The amount of thermal power required to heat the propellant to the chamber temperature Tc = 3000K
is given by the following equation:

Q̇p,req = ṁ∆Hp (5.4)

where Q̇p,req is the thermal power required to heat the propellant in W, ∆Hp is the change in specific
enthalpy of the propellant in J kg−1. The specific enthalpy at a temperature can be determined with
experimental data and depends on the pressure as well [51]. Based on this data, when assuming that
the pressure of the propellant stays equal to the inlet pressure pin = 5.0MPa, the change in specific
enthalpy between the inlet temperature Tin = 273.15K and the chamber temperature Tc = 3000K
is found to be ∆Hp = 4.445 × 107 J kg−1. Figure 5.2 shows the change in specific enthalpy over this
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temperature range. The specific enthalpy changes insignificantly with the pressure for pressures below
P = 5.0MPa.

Figure 5.2: The change in specific enthalpy of hydrogen at different pressures

When using Equation 5.4, the change in specific enthalpy, combined with the mass flow of ṁ = 2.039×
10−4 kg s−1, results in a required power to heat the propellant of:

Q̇p,req = ṁ∆Hp

= 2.039× 10−4 kg s−1 × 4.445× 107 J kg−1 = 9063W

5.1.1. Spiral Runner
The first concept, the spiral runner, is a single channel that curves through the material surrounding the
thruster. A sketch of the spiral runner is shown in Figure 5.3.

Figure 5.3: A sketch of the spiral channel
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The power transferred between the runner wall and propellant due to convection is given by the following
equation:

Q̇p,trans = hAs ∆Tlm (5.5)

where Q̇p is the thermal power transferred to the propellant in W, h is the coefficient of convective
heat transfer in Wm−2 K−1, As is the area of the convective surface in m2, and ∆T is the log-mean
temperature difference in K.

When assuming a constant wall temperature, the log-mean temperature difference is defined as:

∆Tlm =
Tc − Tin

ln Twall−Tin

Twall−Tc

(5.6)

where Twall is the wall temperature in K.

The coefficient of convective heat transfer describes how well heat is transferred due to fluid motion,
and is given by the following equation:

h =
Nuk

Lc
(5.7)

where Nu is the dimensionless Nusselt number, k is the thermal conductivity of the propellant in
Wm−1 K−1, and Lc is the characteristic length of the channel in m.

The Nusselt number describes the ratio between convective and conductive heat transfer. A Nusselt
number of 1 means pure conduction, and a Nusselt number larger than 1means that there is convective
heat transfer as well. For the following equations, it is assumed that the propellant flows through a
smooth and circular channel with a constant surface temperature and that the velocity profile is fully
developed. The Nusselt number is dependent on the state of the flow. For a turbulent flow and part of
the transition region, a Gnielinski correlation can be used to determine the Nusselt number:

Nu =
f
8 (Re− 1000)Pr

1 + 12.7
(

f
8

)( 1
2 ) (

Pr(
2
3 ) − 1

) (5.8)

where f is the dimensionless friction factor, and Pr is the dimensionless Prandtl number. This correla-
tion is valid for 0.5 ≲ Pr ≲ 2000 and 3000 ≲ Re ≲ 5× 106.

For a laminar flowwith a fully developed thermal profile, the Nusselt number is approximatelyNu = 3.66.
However, in the thermal entrance region, the Nusselt number is higher. When the thermal boundary
layer is not fully developed, the temperature gradient near the wall is higher. This effect is covered by
the following equation for the average Nusselt number in the channel:

Nu = 3.66 +
0.0668 D

L RePr

1 + 0.04
(
D
L RePr

)( 2
3 )

(5.9)

where Nu is the dimensionless average Nusselt number, D is the diameter of the channel in m, and L
is the length of the channel in m. For L → ∞, the Nusselt number approaches Nu = 3.66. The length
of the thermal entrance region can be determined with the following equation:

Lthermal = 0.05RePr (5.10)

where Lthermal is the length of the thermal entrance region in m.

The Reynolds number is given by the following equation:
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Re =
ρ v Lc

µ
(5.11)

where ρ is the density of the propellant in kgm−3, v is the velocity of the propellant in ms−1, and µ is
the dynamic viscosity of the propellant in Pa s. This equation can be rewritten:

ρ v =
ṁ

Ac
=⇒ Re =

(
ṁ
Ac

)
Lc

µ
(5.12)

where Ac is the cross-sectional area in m2. The dynamic viscosity depends on the temperature and
pressure [51]. Figure 5.4 shows the dynamic viscosity in the temperature range from the inlet temper-
ature Tin = 273.15K until the chamber temperature Tc = 3000K for different pressures. For pressures
below 5.0MPa, the dynamic viscosity changes insignificantly with the pressure.

Figure 5.4: The dynamic viscosity of hydrogen at different pressures

Due to the significant difference in dynamic viscosity over the temperature range, the flow can transition
from turbulent to laminar. The flow is laminar for Reynolds numbers Re ≲ 2300, in transition for 2300 ≲
Re ≲ 4000, and turbulent for Re ≳ 4000. For Reynolds numbers in the range 2300 ≲ Re ≲ 3000, neither
Equation 5.8 or Equation 5.9 are valid. Linear interpolation between the limits of these equations will
be used to determine the Nusselt numbers in this range. However, Equation 5.9 gives the average
Nusselt number and not the local Nusselt number at location x along the length of the channel. An
equation for the local Nusselt number can be derived based on the equation for the average Nusselt
number:

Nu(x) =
1

x

∫
Nu(x)dx =⇒ Nu(x) =

d

dx

(
xNu(x)

)
(5.13)

Nu(x) = 3.66 +
0.0688 0.04 2

3

(
D
x PrRe

)( 5
3 )(

1 + 0.04
(
D
x RePr

)( 2
3 )
)2 (5.14)
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For a turbulent flow and part of the transition region, the following equation will be used to determine
the friction factor:

f =
1

(0.790 lnRe− 1.64)2
(5.15)

This equation is valid for the same range of Reynolds numbers 3000 ≲ Re ≲ 5 × 106 as Equation 5.8.
For a laminar flow, the following equation for the friction factor will be used:

f =
64

Re
(5.16)

For Reynolds numbers in the range 2300 ≲ Re ≲ 3000, linear interpolation will be used to determine
the friction factors in this range.

The pressure drop is given by the following equation:

∆P = f
ρ v2

2

L

D
(5.17)

For each equation, the properties should be determined at the mean temperature. However, due to the
large change in propellant temperature through the channel, there will also be a significant change in
these properties. For improved accuracy, the required channel length will be determined for which the
transferred thermal power equals the required thermal power per small temperature increment. At the
mean temperature and mean pressure of that segment, the properties of the fluid are determined. A
sketch of such a segment is shown in Figure 5.5.

Inlet
Tin, Pin

Outlet
Tc, Pc

ΔT

Tm, Pm

ΔP(Tm,Pm,ΔL,f), ΔL(Tm,Pm,Nu)

μ(Tm,Pm), Pr(Tm,Pm),
Re(μ),

f(Re), Nu(f,Pr,Re,x)

x

Figure 5.5: A channel segment required for a small temperature increment

The mean pressure of a segment depends on the pressure drop over that segment. The pressure
drop itself, however, depends on the length of the segment and the properties at the mean pressure
of the segment. The required length for the temperature increment of the segment depends on the
properties at the mean pressure of the segment as well. Due to this circular dependency, an initial
estimation is made for the pressure drop of the segment. This estimated pressure drop is then used to
determine the mean pressure and the corresponding properties at that pressure. The required length
for the temperature increment of the segment can then be calculated and used to determine the actual
pressure drop. This pressure drop can then be used as the new estimate when recalculating the
segment. This process is repeated until the estimated and actual pressure drop results have converged.
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Because Equation 5.14 is used to determine the Nusselt number for a laminar flow or the interpolated
Reynolds number range, the mean position along the channel is also required. An estimation for the
length of the segment is thus also needed. Based on the Nusselt number, the actual required length for
the temperature increment is then determined. This length is then used as well for the new estimated
length until the results converge. When both the pressure drop estimate and the segment length es-
timate have converged, the same process will be used for the next temperature increment until the
chamber temperature is reached. A flow chart of the process to determine the required channel length
for a specific chamber pressure is shown in Figure 5.6,
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Figure 5.6: A flow chart of the segment-based required channel length determination
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The script based on this flow chart and all relevant functions used to determine the required channel
length are shown in Listing A. The results for the total required length of the channel per diameter of a
circular channel are shown in Figure 5.7.

Figure 5.7: The total required length of the channel per diameter of a circular channel

This figure shows that for increasing diameter, the required length of the channel increasesmore steeply
once the flow in part of the channel is in the transition region. Once the flow in part of the channel
becomes laminar, the required length of the channel increases less steeply again. The percentage of
the length of the channel in each flow state is shown in Figure 5.8.

Figure 5.8: The percentage of the length of the channel in each flow state
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Figure 5.7 shows that the power transfer is the most efficient for a turbulent flow. For a smaller diameter,
a relatively larger part of the flow is close to the hot wall of the channel. This reduces the required length
of the channel. However, a small diameter also increases the pressure drop, leading to a lower specific
impulse. The chamber pressure at the end of the channel for each diameter is shown in Figure 5.9. To
balance between pressure drop and channel length, the diameter for which the flow in the whole channel
is turbulent will be selected. For a single channel, this is at a diameter of D = 1.447mm and a resulting
length of L = 248.8mm. At this diameter and length, the pressure drop is ∆P = 9.884 × 10−2 MPa,
resulting in a chamber pressure of pc = 4.901MPa at the end of the channel.

Figure 5.9: The chamber pressure at the end of the channel per diameter

The Mach number is given by the following equation:

M =
v

a
(5.18)

where a is the local speed of sound in the propellant in ms−1. The following equation is used for the
local speed of sound:

a =
√
γ RT (5.19)

Equation 5.18 can be rewritten:

v =
ṁ

Ac ρ
=⇒ M =

(
ṁ

Ac ρ

)
a

(5.20)

The Mach number at the end of the channel for each diameter is shown in Figure 5.10. For a single
channel with a diameter of D = 1.447mm, the Mach number at the end of the channel is Mchannel =
0.079.
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Figure 5.10: The Mach number at the end of the channel per diameter

The required thickness of the spiral runner will be determined for the hoop stress. The hoop stress is
given by the following equation:

σθ =
pD

2 twall
SF (5.21)

where σθ is the hoop stress in Pa, twall is the wall thickness in m, and SF the dimensionless safety
factor.

The maximum allowable hoop stress is taken to be the yield strength of the material. Because the
yield strength is determined with extrapolated data, a safety factor of SF = 1.5 is used. With the
highest pressure in the heat exchanger pin = 5.0MPa, the diameter D = 1.447mm, the yield strength
σy0.2 = 3.712MPa at the highest temperature Twall = 3100K, Equation 5.21 can be solved for the wall
thickness twall. This is the minimum thickness of the material through which the channel goes:

twall =
pD

2σθ
SF

=
5.0× 106 Pa× 1.447× 10−3 m

2× 3.712× 106 Pa
× 1.5 = 1.462× 10−3 m

An overview of the dimensions of the spiral runner and the resulting conditions at the end of the channel
is given in Table 5.3. Note that the determined pressure drop is due to the friction in the channel.
Additional pressure drop due to bends is not included.

Table 5.3: Dimensions and end conditions of the spiral runner

Variable Value
Ac 1.640mm
L 248.8mm
pc 4.901MPa
Mchannels 0.079
twall 1.462mm
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5.1.2. Multiple Channels
The second concept is multiple straight channels on the outside of the thruster to require less length.
A sketch of the multiple channels is shown in Figure 5.11.

Figure 5.11: A sketch of the multiple channels

When using multiple channels, the mass flow per channel decreases. This lower mass flow requires
a smaller diameter to keep the flow turbulent, and a shorter length to transfer sufficient thermal power.
The number of channels will be increased while the flow stays subsonic and the pressure drop does
not exceed the inlet pressure.

When increasing the number of channels while keeping the complete flow turbulent, amaximumnumber
of channels of N = 4 is found. The percentage of the length of the channel in each flow state for this
number of channels is shown in Figure 5.12, the chamber pressure is shown in Figure 5.13, and the
Mach number at the end of the channels per diameter is shown in Figure 5.14.

Figure 5.12: The percentage of the length of the channel in each flow state for N = 4 channels
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Figure 5.13: The chamber pressure at the end of the channels per diameter

Figure 5.14: The Mach number at the end of the channels for N = 4 channels

For N = 4 channels, the maximum diameter for which the complete flow stays turbulent is found
to be D = 3.618 × 10−1 mm. At this diameter, the chamber pressure at the end of the channels is
pc = 3.074MPa, and the Mach number is Mchannel = 0.500.

Figure 5.15 shows the required total length for each channel per diameter. For the selected diameter,
a total required length of L = 62.23mm for each channel is found.
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Figure 5.15: The total required length for each channel per diameter for N = 4 channels

Using the same conditions as for the spiral runner, but with the adjusted diameter of the 4 channels,
the wall thickness can be determined:

twall =
pD

2σθ
SF

=
5.0× 106 Pa× 3.618× 10−4 m

2× 3.712× 106 Pa
× 1.5 = 3.655× 10−4 m

An overview of the dimensions of the channels and the resulting conditions at the end of the channels
is given in Table 5.4. The determined pressure drop is again only due to the friction in the channels.

Table 5.4: Dimensions and end conditions per channel

Variable Value
N 4
Ac 1.028× 10−1 mm2

L 62.23mm
pc 3.074MPa
Mchannels 0.500
twall 3.655× 10−1 mm

5.1.3. Porous Medium
The porous medium is placed as a layer around the cylindrical side of the TES container. A sketch of
the porous medium is shown in Figure 5.16.
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Figure 5.16: A sketch of the porous medium

For a porous medium, the power transferred between the medium and propellant due to convection is
often based on a volumetric instead of a surface-based convective heat transfer coefficient:

Q̇p,trans = hv V ∆Tlm (5.22)

where hv is the dimensionless volumetric convective heat transfer coefficient, and V is the volume of
the porous medium in m3. The volumetric convective heat transfer coefficient can be determined with:

hv = as h (5.23)

where as is the specific surface area in m2 m−3. To compare the effectiveness of the flow through the
porous medium, the same surface area per propellant volume will be used as for the multiple channels
concept. This is because the multiple channels concept also has a higher specific surface area due to
the small tubes. The surface area of the channels is:

As = πDL (5.24)

The volume of the channels is:

V =
π

4
D2 L (5.25)

The specific surface area for the channels is:

as =
As

V
(5.26)

Substituting Equation 5.24 and Equation 5.24 in Equation 5.26 results in:

as =
(πDL)(
π
4 D2 L

) =
4

D
(5.27)

For the determined D = 0.3618mm, the specific surface area of the channels becomes:

as =
4

D

=
4

3.618× 10−4 m
= 1.106× 104 m2 m−3
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For the porous medium, the required volume also includes the volume occupied by the solid material.
This ratio is called the porosity and is defined as:

ϕ =
Vvoid

Vtotal
= 1− Vsolid

Vtotal
(5.28)

where ϕ is the dimensionless porosity, Vvoid is the volume of the void in the porous medium inm3, Vtotal

is the total volume of the porousmedium inm3, and Vsolid is the volume of the solidmaterial in the porous
medium in m3. To keep the constant surface temperature assumption valid, a low porosity is selected.
With a lower porosity, the thermal conductivity is higher, making it easier for the porous medium to
maintain its temperature when the cooler propellant flows through it. A face-centred cubic packing has
the lowest possible porosity for packed spheres [52]. Using this packing results in a porosity of:

ϕ = 1− π

3
√
2
≈ 0.260 (5.29)

Substituting Equation 5.28 in Equation 5.26 results in the following specific surface area for the porous
medium:

as =
As

Vtotal
=

As

Vvoid
ϕ (5.30)

as =
As

Vvoid
ϕ

= 1.106× 104 m2 m−3 × 0.260 = 2.869× 103 m2 m−3

While the propellant flows through the porous medium, the interstitial characteristics are difficult to
determine due to the change in local conditions. To determine the average Reynolds number, the
average interstitial velocity will be used. The average velocity inside the porous medium is the product
of the superficial velocity and porosity, due to the reduced cross-sectional area. For packed spheres,
the characteristic length is taken to be the particle diameter. The surface area of a single particle is
given by the following equation:

Ap = π d2p (5.31)

where Ap is the surface area of a single particle in m2, and dp is the diameter of a single particle in m.

The volume of a single particle is given by the following equation:

Vp =
π

6
d3p (5.32)

where Vp is the volume of a single particle in m3.

Rewriting Equation 5.28 and substituting it in Equation 5.26 results in the following equation:

as =
As

Vsolid

1−ϕ

=
(1− ϕ)As

Vsolid
(5.33)

When substituting with the specific area of a single particle, this becomes:

as =
(1− ϕ)Ap

Vp
=

(1− ϕ)
(
π d2p

)(
π
6 d3p

) =
6 (1− ϕ)

dp
(5.34)

Solving this equation for the diameter of a single particle results in the particle diameter:
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dp =
6 (1− ϕ)

dp

=
6 (1− 0.260)

2.869× 103 m2 m−3
= 1.548× 10−3 m

The change in local conditions in the porous medium can lead to local laminar flow even if the average
flow is turbulent. A Gnielinski correlation for ball beds is therefore used for the Nusselt number that
combines a correlation for laminar flow and a correlation for turbulent flow [53]:

Nulam = 0.664Re0.5 Pr(
1
3 ) (5.35)

Nuturb =
0.037Re0.8 Pr

1 + 2.443Re−0.1
(
Pr(

2
3 ) − 1

) (5.36)

Nu = 2 +
(
Nu2

lam +Nu2
turb

)( 1
2 ) (5.37)

To determine the pressure drop inside the porous medium, the Ergun equation will be used:

∆P = L

(
150 (1− ϕ)2 µ vs

ϕ3 d2p
+

1.75 (1− ϕ) ρ v2s
ϕ3 dp

)
(5.38)

To determine the dimensions of the porous medium, the same method will be used as in subsec-
tion 5.1.1, but with the equations relevant for the porous medium. The required length of the porous
medium will be determined for a specific cross-sectional area per segment instead of its diameter. The
percentage of the length of the porous medium in each flow state is shown in Figure 5.17.

Figure 5.17: The percentage of the length of the porous medium in each flow state

The maximum cross-sectional area for which the average flow per segment for each segment stays
turbulent is found to be Ac = 6.7814mm2. This cross-sectional requires the porous medium to have a
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length of 19.36mm. At this cross-sectional area, the chamber pressure at the end of the porous medium
is pc = 3.022MPa, and the Mach number is Mchannel = 0.118.

The porous medium requires a container that is located around the TES container. Therefore, the hoop
stress for the porous medium container depends on the radius of the TES container. The sizing of the
thickness of the porous medium container will thus be done when the sizing of the porous medium
container is done. An overview of the dimensions of the porous medium and the resulting conditions
at the end of the porous medium is given in Table 5.5.

Table 5.5: Dimensions and end conditions of the porous medium

Variable Value
dp 1.548mm
Ac 6.781mm2

L 19.36mm
pc 3.022MPa
M 0.118

5.1.4. Assumptions
Multiple assumptions have been stated where relevant for the design process. The key assumptions
for the heat exchanger are:

• The wall temperature is assumed constant at Twall = 3100K.
Validity: This simplifies the design process, but the effect of wall-cooling is analysed later.

• Propellant properties are taken at the mean temperature and pressure.
Validity: The channels are divided into short segments with small temperature gradients.

• The correlations for the Nusselt number are valid.
Validity: Based on the type of channel and the state of the flow, different equations are used to
determine the Nusselt number.

• Radiation heat transfer between the hot wall and hydrogen is neglected.
Validity: Convective heat transfer dominates the heat transfer process.

• No dissociation of hydrogen occurs in the heat exchanger.
Validity: At the expected temperature T < 3000K, hydrogen remains stable.

• Structural analysis assumes a uniform stress distribution across the channel wall.
Validity: For thin-walled cylindrical channels, hoop stress dominates.

• Steady-state operation is assumed.
Validity: This is valid after the system has reached operating conditions.

5.2. Cavity
The function of the cavity is to absorb the solar radiation and transform it into thermal power. Because
the cavity is not in contact with the propellant, the hydrogen compatibility is not relevant. However, for
the cavity material, the absorptivity is important. Adjusting the last criterion in Table 5.1 results in a
trade-off table for the cavity material as shown in Table 5.6.
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Table 5.6: Cavity material trade-off

Material
Criteria Max. Temp.

[K]
Therm. Cond.
[W/m/K]

Brittleness Absorptivity Score

Tungsten (W) 3687 182 2 (>1873 K) 0.4–0.45 3.5
K-doped W 3687 182 3 (>2773 K) 0.4–0.45 3.8
Rhenium 3448 48.6 5 (stays duc-

tile)
0.55–0.6 3.5

Graphite 3773 168 1 (stays brittle) 0.85–0.95 4.0
Molybdenum (Mo) 2895 139 2 (>2200 K) 0.55–0.6 3.0
Ca+Mg-doped Mo 2895 139 3 (>2573 K) 0.55–0.6 3.3

Table 5.6 shows that graphite, even though it has high brittleness, is the best option due to its great
performance in the other criteria.

The solar radiation that is concentrated should, per orbit, be larger than the energy required to heat
the propellant and the energy that is lost. The power that is lost consists of losses in the optical fibre
cable, not absorbed solar rays, and radiation losses. The radiation losses are given by the following
equation:

Q̇rad = ε σ A
(
T 4
sur − Tamb

)
(5.39)

where Q̇rad is radiated power in W, ε is the dimensionless emissivity of the radiating surface, σ =
5.6704× 10−8 Wm−2 K−4 is the Stefan-Boltzmann constant, A is the radiating surface area in m2, Tsur

is the radiating surface temperature in K, and Tamb is the ambient temperature in K. It is assumed that
the ambient temperature is Tamb = 0K.

The absorber cavity radiates a lot due to the high temperature of the surface that absorbs the solar
power. The radiation that is lost is the radiation that leaves the cavity. Most of the radiation inside the
cavity is absorbed by the other cavity walls again. Thus, the radiation surface area of the lost radiation
is the area of the aperture. To minimise the losses, the inlet of the cavity will be the size of the fibre
optical cable, plus a margin to prevent conduction to the fibre optical cable. Because the design of the
fibre optical cables is out of the scope of this report, the characteristics will be based on the design
from Physical Sciences Inc., Boeing, and the AFRL as discussed in section 2.2 [23]. The radius of the
aperture in this design is Rap = 10mm, and the numerical aperture is NA = 0.48.

As discussed in section 4.3, the cavity will be composed of a cylinder with a cone on each circular side.
The smaller the inlet is, the fewer rays can escape from the cavity, and every additional hit of a ray
inside the cavity results in more absorbed solar power. A fraction alpha of a hit’s energy is absorbed,
and a fraction (1− α) is reflected with each wall hit. The probability of a ray hitting a cavity wall again
is Acav

Aap+Acav
. The absorbed energy during the nth hit becomes:

Qabs,n = αQin

(
(1− α)

Acav

Aap +Acav

)n−1

(5.40)

Summing the absorbed energy of every hit results in the total energy power by the cavity:

Qabs = αQin

∞∑
n=1

(
(1− α)

Acav

Aap +Acav

)n−1

= αQin

∞∑
n=0

(
(1− α)

Acav

Aap +Acav

)n

(5.41)

This is a geometric series of the form:

∞∑
n=0

rn =
1

1− r
(5.42)
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where r is defined as:
r = (1− α)

Acav

Aap +Acav
(5.43)

The total absorbed power thus becomes:

Q̇abs =
α

1− (1− α) Acav

Aap+Acav

Q̇in (5.44)

Equation 5.44 shows that for a sufficiently larger cavity surface area Acav than aperture area Aap, the
cavity acts as a black body. It is based on the assumption that all areas have the same probability of
being hit by solar radiation. However, the actual probability depends on the shape of the cavity. When
filling the absorptivity of α = 0.84 into Equation 5.44, it is found that for a ratio between the aperture
area and surface area of Acav

Aap
= 18, the percentage of the solar power going into the cavity being

absorbed is 99.0%:

Q̇abs =
α

1− (1− α) Acav

Aap+Acav

Q̇in

Q̇abs =
0.84

1− (1− 0.84) 18
1+18

Q̇in = 0.990 Q̇in

Local hotspots inside the cavity induce extra thermal stress and can lead to damage. To prevent thermal
degradation of the cavity, the shape will be optimised for the most uniform distribution of the absorbed
solar power. A sketch of a 2D representation of the shape is shown in Figure 5.18.

θ2Rcyl

Lcyl

θ1Rap

Figure 5.18: A sketch of the cavity shape

To optimise the shape of the cavity, the following design variables are identified:

• θ1

• θ2

• Lcyl

Rcyl

The aperture radius Rap = 10mm, results in the following aperture area:

Aap = π R2
ap

= π (1.000× 10−2 m)2 = 3.142× 10−4 m2

The size of the cavity is then determined based on the ratio Acav

Aap
= 18 and the aperture area Aap =

314.2mm2. This results in a cavity area of:
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Acav =
Acav

Aap
Aap

= 18× 3.142× 10−4 m2 = 5.655× 10−3 m2

For a given set of design variables and the required areas Aap = 314.2mm2 and Acav = 5655mm2,
only one solution for the shape and size exists.

The solar power entering the cavity will be modelled as a point source in the aperture on the longitudinal
axis. The half angle of the source is given by the following equation [54]:

θsource = sin

(
NA

n

)−1

(5.45)

where θsource is the half angle of the source, and n is the dimensionless refractive index of the medium.
Because the refractive index in a vacuum is n = 1, the half-angle of the source becomes:

θsource = sin

(
NA

n

)−1

= sin

(
0.48

1

)−1

= 0.501 rad

The rays leave the source and enter the cavity with a Lambertian distributed spacing and an equal
amount of energy per ray [54]. Using parametric line intersection, it is determined if a ray hits a wall
segment and where the hit occurs. Then, using the law of reflection, the direction of the reflected ray
is determined. Hits will be modelled until more than 99.9% of the ray’s initial energy is absorbed. This
allows determining if 99.0% of the solar power entering the cavity is absorbed. Dividing a segment’s
received power by the area it represents in 3D results in the heat flux of the segment q̇.

The optimisation goal will be the highest uniformity score. For the uniformity score, the heat flux per
segment will be normalised by the maximum possible heat flux to get the probability of a segment
receiving solar power:

pi =
q̇i∑n
j=1 q̇j

(5.46)

Based on this probability, the Shannon entropy is determined with the following equation [55]:

H = −
n∑

i:pi>0

pi log(pi) (5.47)

The maximum possible entropy is given by the following equation:

Hmax = log(n) (5.48)

Normalising the Shannon entropy by the maximum entropy results in the uniformity score, as it allows
comparing cavities with a different number of segments:

U =
H

Hmax
(5.49)

This results in a score between 0 and 1, with a score of 1 being perfect uniformity.

Figure 5.19 shows the uniformity score for an area ratio of Acav

Aap
= 18 and varying design parameters.
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(a) A constant second cone angle θ2 = 45◦

(b) A constant first cone angle θ1 = 45◦

Figure 5.19: The uniformity score for an area ratio of Acav
Aap

= 18 and varying design parameters

Because many local optima exist, a differential evolution algorithm is used. The uniformity score is
determined for different sets of design variables, and based on the scores per set, each set of design
variables is mutated. If a mutated set scores better than the original set, it replaces the original set. If
the original set scores better, it is kept. This results in a new generation of sets of design variables.
Based on the scores of the new generation, the sets are mutated again. This process continues until
the scores within a generation converge and the optimum cavity design is found. A flow chart of this
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process is shown in Figure 5.20.

Initialize ray source

>=0.1%

Parametric line
intersection

Add absorbed energy
to wall segment

Determine direction
of ray reflection

Determine score of
cavity geometry

Worse BetterScore of
mutated set

Keep original set of
design variables

Compute cavity
geometry

Ray energy Determine flux per
wall segment

Multiple sets of
design variables

Mutate set of design
variables

Keep mutated set of
design variables

No

YesConverged sets Optimum cavity
design

<0.1%

Figure 5.20: A flow chart of the optimum cavity design determination

The script based on this flow chart and all relevant functions used to determine the optimum cavity
design are shown in Listing A.

Using the differential evolution algorithm, the optimum cavity design with a uniformity score of 8.691×
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10−1 is found. For this cavity, the cone angles are θ1 = 12.86◦ and θ2 = 7.843◦, and the cylinder ratio
is Lcyl

Rcyl
= 4.853 . This results in a cylinder with radius Rcyl = 10.22mm, and a total length Ltotal =

124.8mm. Figure 5.21 shows the uniformity of the heat flux distribution of this design.

Figure 5.21: The uniformity of the heat flux distribution for the optimum cavity design

Due to the large aspect ratio of this design, the probability of a wall segment being hit is significantly
larger during the first reflections. This results in an absorption of ηabs = 99.9%, and thus larger than
Equation 5.44 estimates. The effects of a smaller cavity will be discussed later, when optimising the
overall system.

Equation 5.21 shows that the diameter of the cylinder should be determined with the widest part of
the cavity shape Rcyl = 10.22mm. The strength of the graphite depends on the temperature as well.
At extreme temperatures, its strength increases due to the reduced formation of microcracking [56].
Figure 5.22 shows the change in material strength for different grades of graphite.
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Figure 5.22: The strength of different grades of graphite for different temperatures [56]

The cavity is hotter than the heat exchanger when the system heats up with solar radiation. This means
that the graphite has to withstand temperatures higher than the wall temperature of the heat exchanger
Twall = 3100K. For the preliminary design, it will be estimated that the cavity temperature is 10%
higher than the heat exchanger. Figure 5.22 shows that at this cavity temperature Tcav = 3410K, the
maximum allowable stress is 6.9MPa. Because this stress is based on experimental data and not an
extrapolation of experimental data, a safety factor of SF = 1.2 is used. When assuming that the cavity
material experiences the maximum pressure pin = 5.0MPa, Equation 5.21 and a safety factor of 20%
results then in a cavity wall thickness:

tcav =
pD

2σθ
SF

=
5.0× 106 Pa× 1.022× 10−2 m

2× 6.9× 106 Pa
× 1.2 = 8.889mm

This thickness results in a cavity radius Rcav = 19.11mm, and a cavity length Lcav = 133.7mm. Note
that if the heat exchanger imposes pressure on the inside of the system, this will be distributed over
the heat exchanger, TES container and the cavity material. A model of the preliminary cavity design,
including a section view, is shown in Figure 5.23.
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(a) An isometric view

(b) A section view

Figure 5.23: A model of the preliminary cavity design

5.2.1. Assumptions
Multiple assumptions have been stated where relevant for the design process. The key assumptions
for the cavity are:

• The cavity temperature is assumed to be 10% higher than the heat exchanger wall temperature.
Validity: This preliminary estimate accounts for an increased temperature without requiring de-
tailed thermal modelling.

• Solar radiation enters the cavity with a Lambertian distribution.
Validity: The Lambertian distribution approximates the distribution of rays leaving the optical fibre
cable.

• Radiation losses are only considered through the aperture; internal re-radiation is neglected.
Validity: Most radiation is absorbed by cavity walls, thus only the aperture contributes significantly
to net radiative loss.

• Hoop stress in the cavity wall is calculated assuming a uniform pressure distribution.
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Validity: Pressure gradients are negligible along the cavity length.
• The solar input is modelled as a point source on the cavity axis.
Validity: The Lambertian distribution covers the effect due to radial differences in the source.

5.3. Thermal Energy Storage
Because the propellant is flowing on the outside of the container, the container walls are also the heat
exchanger walls and thus made from rhenium. However, [26] showed that a 0.5mm boron nitride
liner on the inside of the container is necessary to prevent a reaction between the rhenium and boron.
Sealing the container allows the build-up of vapour pressure, preventing further dissociation of the
boron nitride [57].

The amount of energy the system needs to store depends on how much energy is needed to heat the
propellant while not receiving sunlight. The required mass for this can be determined with the following
equation:

mTES =
tb,ec Q̇p + tec Q̇loss

L
(5.50)

where mTES is the mass of the TES material in kg, tb,ec is the burn time during eclipse in s, tec is the
eclipse time in s, Q̇loss is the thermal power losses in W, and L is the latent heat of fusion in J kg−1.
This does not include the mass required to contain the material. Because the thermal losses are not
known during the preliminary design phase, the required TES material mass will be based on only
the energy required to heat the propellant. For the mass flow of the preliminary design, requirement
TES-01 resulted in 0.25 kg of propellant that needs to be heated during an eclipse.

It was determined that for the mass flow of ṁ = 2.039 × 10−4 kg s−1, the required power to heat the
propellant to a chamber temperature of Tc = 3000K is Q̇p,req = 9063W. Thus to heat 0.25 kg of
propellant to a temperature of 3000K, the required energy is QTES = 1.111× 106 J.

In subsection 2.5.4, it was identified that Boron is the best-performing option for latent heat TES. For
the preliminary design, its latent heat of melting of 4.644 × 106 J kg−1 is used to estimate the required
mass for the propulsion system to function during an eclipse. When assuming that only latent heat is
used to heat the propellant, this results in a required mass of the TES material of mTES = 2.393 kg to
store sufficient thermal energy.

subsection 2.5.4 also discussed that a 20% void in the container reduces the stresses when the boron
expands when becoming liquid, preventing the formation of cracks and leaks. Boron has a density of
2340 kgm−3. This results in a volume of 1.022× 106 mm3 Boron and, including the void, a total volume
of VTES = 1.278× 106 mm3.

For the preliminary design, a thin wall is assumed. The effect of the thickness of the container on the
volume of TES material will be considered for the final design. To minimise the radiation losses of the
propulsion system, the TES container will be placed around the cavity such that its surface area is
minimised. Based on this design choice, equations can be set up for the geometry of the TES system.
If the cavity is shorter than the container, the cavity introduces a cylindrical hole in the container with a
length of Lcav and a radius of Rcav. The TES material has a cylindrical shape as well, with a length of
LTES and a radius of RTES . The volume of the TES material is then the total volume minus the cavity
volume:

VTES = π R2
TES LTES︸ ︷︷ ︸

outer cylinder volume

−π R2
cav Lcav︸ ︷︷ ︸

cavity volume

(5.51)

The surface area of the TES container is to be minimised to reduce the outflow of thermal energy from
the TES container:

Asur = 2π R2
TES︸ ︷︷ ︸

two circular faces

+ 2π Rcav Lcav︸ ︷︷ ︸
inner cylindrical face

+2π RTES LTES︸ ︷︷ ︸
outer cylindrical face

(5.52)
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Rearranging Equation 5.51 results in:

LTES =
VTES + π R2

cav Lcav

π R2
TES

(5.53)

Substituting Equation 5.53 into Equation 5.52:

Asur = 2π R2
TES + 2π Rcav Lcav + 2π RTES

(
VTES + π R2

cav Lcav

π R2
TES

)
(5.54)

The only unknown in this equation is the TES container radius RTES . Equation 5.54 can be differenti-
ated to find the minimum:

dAsur

dRTES
=

d

dRTES

(
2π R2

TES

)
+

d

dRTES
(2π Rcav Lcav) +

d

dRTES

(
2 (VTES + π R2

cav Lcav)

RTES

)
= 4π RTES + 0− 2 (VTES + π R2

cav Lcav)

R2
TES

= 4π RTES − 2 (VTES + π R2
cav Lcav)

R2
TES

(5.55)

Setting the derivative equal to dA
dRTES

= 0 and solving for the TES container radius RTES results in:

dAsur

dRTES
= 0 =⇒

4π RTES − 2 (VTES + π R2
cav Lcav)

R2
TES

= 0

(5.56)

This equation can be solved algebraically to determine the optimal value of the TES container radius
RTES :

4π RTES − 2 (VTES + π R2
cav Lcav)

R2
TES

= 0

4π RTES − 2 (1.278× 10−3 m3 + π (1.911× 10−2 m)2 1.337× 10−1 m)

R2
TES

= 0 =⇒

RTES = 6.107× 10−2 m

Once the TES container radius RTES = 61.07mm is known, the TES container length LTES is deter-
mined with Equation 5.53:

LTES =
VTES + π R2

cav Lcav

π R2
TES

=
1.278× 10−3 m3 + π (1.911× 10−2 m)2 1.337× 10−1 m

π (6.107× 10−2 m)2
= 1.221× 10−1 m

Because the cavity length LTES = 122.1mm is longer than the determined TES container length, the
volume that is removed to get the TES container volume VTES is based on the TES container length
LTES instead of the cavity length Lcav:

VTES = π R2
TES LTES︸ ︷︷ ︸

outer cylinder volume

−π R2
cav LTES︸ ︷︷ ︸

cavity volume

(5.57)
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The surface area of the TES container to be minimised then becomes:

Asur = 2π RTES LTES︸ ︷︷ ︸
outer cylindrical face

+ 2π Rcav LTES︸ ︷︷ ︸
inner cylindrical face

+2π (R2
TES −R2

cav)︸ ︷︷ ︸
two annular circular faces

(5.58)

Rearranging Equation 5.57 results in:

LTES =
VTES

π (R2
TES −R2

cav)
(5.59)

Substituting Equation 5.59 into Equation 5.58:

Asur = 2π (RTES +Rcav)
VTES

π (R2
TES −R2

cav)
+ 2π (R2

TES −R2
cav) (5.60)

Now differentiate with respect to the container radius RTES :

dAsur

dRTES
=

d

dRTES

(
2VTES (RTES +Rcav)

R2
TES −R2

cav

)
+

d

dRTES

(
2π (R2

TES −R2
cav)

)
=

2VTES (R2
TES −R2

cav) · 1− 2VTES (RTES +Rcav) · (2RTES)

(R2
TES −R2

cav)
2

+ 4π RTES

=
2VTES

R2
TES −R2

cav

− 4VTES RTES (RTES +Rcav)

(R2
TES −R2

cav)
2

+ 4π RTES

(5.61)

Setting the derivative equal to dA
dRTES

= 0 results in:

dAsur

dRTES
= 0 =⇒

2VTES

R2
TES −R2

cav

− 4VTES RTES (RTES +Rcav)

(R2
TES −R2

cav)
2

+ 4π RTES = 0 (5.62)

Solving this equation for the positive root results in the TES container radius RTES :

2VTES

R2
TES −R2

cav

− 4VTES RTES (RTES +Rcav)

(R2
TES −R2

cav)
2

+ 4π RTES = 0

2× 1.278× 10−3 m3

R2
TES − (1.911× 10−2 m)2

− 4× 1.278× 10−3 m3 RTES (RTES + 1.911× 10−2 m)

(R2
TES − (1.911× 10−2 m)2)2

+ 4π RTES = 0 =⇒

RTES = 7.219× 10−2 m

With the radius RTES = 72.19mm known, the TES container length LTES is determined with Equa-
tion 5.59:

LTES =
VTES

π (R2
TES −R2

cav)

=
1.278× 10−3 m3

π ((7.219× 10−2 m)2 − (1.911× 10−2 m)2)
= 8.394× 10−2 m

With the radius of the TES container RTES = 72.19mm, the wall thickness of the porous medium
twall can be determined as the inner wall of the porous medium is the outer wall of the TES container.
Solving Equation 5.21 with the found radius and the same conditions as the spiral runner and multiple
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channels, results in a required wall thickness twall = 145.9mm. The benefit of the porous medium is
that the cross-sectional area required for the flow of propellant can be placed thinly around the TES
container. However, the required wall thickness makes this heat exchanger concept wider than the
other concepts. The same length as the porous medium can be achieved by spiralling the channels,
and the pressure drop and Mach number of the spiral runner are lower. Based on this performance,
it is decided to continue only with the spiral runner and multiple channels concepts. Because the
TES container length LTES = 83.94mm is 34.89% larger than the length of a channel for the multiple
channels design L = 62.23mm, a 34.89% longer spiral channel will be used to compare the designs
during the fluidic analysis:

L = 1.3489× 2.488× 10−1 m = 3.356× 10−1 m

By using a spiral channel with a length of L = 335.6mm, the relative pressure drop en temperature
gain of the concepts can be compared.

For the simplicity of the preliminary design, the thickness of the TES container tTES will be the same
for the whole container. To be conservative, the largest wall thickness of the spiral runner concept
twall = 1.462mm and the additional boron nitride liner of 0.5mm is used, resulting in the TES container
thickness tTES = 1.962mm.

A model of the spiral channel in the TES container wall, including a section view, is shown in Figure 5.24.
The container is transparent in the model to show the channel.
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(a) An isometric view

(b) A section view

Figure 5.24: A model of the preliminary design of the TES system with the spiral runner

A model of the multiple channels in the TES container wall, including a section view, is shown in Fig-
ure 5.25. The container is transparent in the model to show the channels.
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(a) An isometric view

(b) A section view

Figure 5.25: A model of the preliminary design of the TES system with the multiple channels

Because the melting temperature of Boron is 2349K, the material will not be able to heat the propel-
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lant to a chamber temperature of Tc = 3000K during an eclipse when depending only on its latent
heat of melting. If the TES material in the final design is also not capable of heating the propellant
to a temperature of 3000K, the mass has to increase to compensate for the lower equivalent velocity.
Equation 2.3 shows that for a perfect expanded nozzle, the equivalent velocity changes with the square
root of the chamber temperature Tc. Equation 2.1 shows that for a constant thrust, the relation between
the chamber temperature Tc and mass flow ṁ becomes:

Tc ∝
1

ṁ2
(5.63)

Figure 5.2 shows that the change in specific enthalpy is almost linearly dependent on the change in
propellant temperature. Combining Equation 5.4 with Equation 5.63 results in the following relation:

Q̇req ∝
√
Tc (5.64)

Thus, for a lower propellant temperature and a constant thrust, less energy needs to be stored. Fur-
thermore, the sensible heat of the propulsion system can also be used to heat the propellant.

5.3.1. Assumptions
Multiple assumptions have been stated where relevant for the TES system design process. The key
assumptions for the TES system are:

• Only the latent heat of fusion is considered for energy storage calculations.
Validity: The latent heat dominates the energy storage, and by not including the sensible heat,
the estimated required material is conservative.

• A 20% void is included in the TES container.
Validity: The void accommodates expansion of molten boron, preventing stress-induced cracking.

• The TES material is assumed to reach and remain at a uniform temperature.
Validity: Pure boron has a small melting range, and during the melting process, this temperature
is maintained.

5.4. Nozzle
The same nozzle will be designed for each heat exchanger concept and adjusted later for the selected
concept. The throat should reach sonic conditions for each concept. This critical throat area is given
by the following equation:

At =
ṁ
√

RA

M Tc

Γ pc
(5.65)

Equation 5.65 shows that the only parameter that is different for each concept and influences the critical
throat area At is the chamber pressure pc. The throat area will be based on the chamber pressure of
the single spiral runner pc = 4.901×106 Pa, as this is the lowest pressure. For the lower pressures, the
flow chokes and the mass flow in the nozzle becomes lower than the mass flow in the chamber. This
results in a build-up of propellant and pressure inside the chamber. This increasing pressure allows
the mass flow in the nozzle to increase as the critical throat area decreases with increasing pressure.
When the inflow of propellant stops, the thruster continues until the build-up has left the nozzle as well.

At a chamber temperature of Tc = 3000K and a chamber pressure of pc = 4.901 × 106 Pa, the dimen-
sionless specific heat capacity ratio of the propellant is γ = 1.289 [51]. With this specific heat capacity
ratio, the Vandenkerkhove function shown in Equation 2.6 becomes:
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Γ =
√
γ

(
2

γ + 1

) γ+1
2 (γ−1)

=
√
1.289

(
2

1.289 + 1

) 1.289+1
2 (1.289−1)

= 6.653× 10−1

Using Equation 5.65, the critical throat area thus At becomes:

At =
ṁ

√
R

M
Tc

Γ pc

=

2.039× 10−4 kg s−1

√
8.314 Jmol−1 K−1

2.016× 10−3 kgmol−1 3000K

6.6527× 10−1 × 4.901× 106 Pa
= 2.200× 10−7 m2

This critical throat area of At = 2.200 × 10−1 mm2, results thus in a throat diameter of Dt = 5.292 ×
10−1 mm.

The minimum required expansion ratio will be determined for the choked mass flow of the porous
medium, as this concept has the lowest chamber pressure pc = 3.022 × 106 Pa. Equation 5.65 shows
that for a throat area of At = 2.200× 10−1 mm2, the maximum mass flow in the nozzle becomes:

ṁ =
At Γ pc√

R

M
Tc

ṁ =
2.200× 10−7 m2 × 6.6527× 10−1 × 3.022× 106 Pa√

8.314 Jmol−1 K−1

2.016× 10−3 kgmol−1 3000K

=⇒

ṁ = 1.257× 10−4 kg s−1

So far, it has been assumed that there is perfect expansion, resulting in veq = ve. However, when
there is an exit pressure greater than the ambient pressure, the thrust contains a pressure component.
The thrust generated by the propulsion system then has two components, a momentum thrust and a
pressure thrust. This results in the following equation:

F = ṁ ve + (pe − pa)Ae (5.66)

where pa = 0Pa is the ambient pressure. The exit area Ae is the product of the expansion ratio and
the throat area At. The relation between the expansion ratio and the pressure ratio is given by the
following equation:

Ae

At
=

Γ√
2γ
γ−1

(
pe

pc

)( 2
γ )
(
1−

(
pe

pc

)( γ−1
γ )
) (5.67)

The only remaining unknowns are the exit areaAe and the exit pressure pe. Based on the characteristics
of the fluid and the conditions of the choked flow at the chamber temperature Tc = 3000K and the
chamber pressure pc = 3.022× 106 Pa, the expansion ratio is then found for which TRU-01 is satisfied
and the thrust is F = 1.0N. Because this method does not bound the expansion ratio and only ensures
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the thrust for the set mass flow is F = 1.0N as required by TRU-01, this method can result in a very
large expansion ratio or a very low expansion ratio.

Solving this set of equations for the preliminary design results in an expansion ratio of Ae

At
= 2.479.

This nozzle design would result in a low specific impulse because only a small amount of pressure is
converted into momentum. As the expansion ratio is extremely low, a higher specific impulse can be
reached by increasing the expansion ratio. The higher expansion ratio can then be combined with a
reduced mass flow to get a thrust of 1.0N and ensure that requirement TRU-01 is still met. This will be
done during the iteration phase.

A model of the preliminary nozzle design, including a section view, is shown in Figure 5.26.
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(a) An isometric view

(b) A section view

Figure 5.26: A model of the preliminary nozzle design

5.4.1. Assumptions
Multiple assumptions have been made for the nozzle design. The key assumptions for the preliminary
nozzle are:

• The flow at the throat reaches sonic conditions.
Validity: The nozzle is designed with a throat based on the critical area equation, ensuring choked
flow under all considered chamber pressures.
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• The nozzle operates in steady-state conditions.
Validity: The propulsion system is assumed to have reached operating conditions, so transient
effects are negligible.

• The propellant behaves as an ideal gas with a constant specific heat ratio.
Validity: At the chamber temperature and pressure, the propellant behaves as an ideal gas.

• The ambient pressure is zero.
Validity: The nozzle operates in space, where ambient pressure is effectively zero.

• Viscous and boundary layer effects are neglected for initial expansion calculations.
Validity: The conical nozzle shape is selected to prevent large losses due to inefficient expansion
shapes.

5.5. Insulation
For the system to stabilise at its design temperature, the emitted radiation needs to be equal to the
received radiation at this temperature according to the conservation of energy. The emitted radiation
power is given by the Equation 5.39 and shows that the high temperature of the cavity Tcav = 3410K
and of the heat exchanger Twall = 3100K result in a lot of emitted radiation.

To reduce the outer temperature and thus the emitted radiation, a low-conducting insulation layer will
be added. The high thermal resistance of this insulation layer will allow to have a colder outer surface
temperature while maintaining the hotter heat exchanger temperature Twall = 3100K. On the outside
of the insulation, a layer of material with a low emissivity will be used to lower the emitted radiation
further. A trade-off for the material of the low-emissivity coating is shown in Table 5.7.

Table 5.7: Low-emissivity coating material trade-off

Material
Criteria Emissivity

(polished)
Max. Temp.
[K]

Score

Silver (Ag) 0.025 1234 3.5
Gold (Au) 0.030 1336 4.0
Copper (Cu) 0.038 1357 3.5

Table 5.7 shows that gold is the most suitable candidate as it balances between emissivity and the
maximum temperature.

It is assumed that the insulation layer is a thin wall that does not affect the surface area. Furthermore,
the additional material through which the propellant flows is not taken into account. Only the dimensions
of the cavity and the TES container are considered for the preliminary design. The inner surface of the
cavity Acav = 5655mm2 was determined in section 5.2. The outer surface area of the cavity material
is given by the following equation:

Acav,outer = π
(
R2

cav −R2
ap

)︸ ︷︷ ︸
annular circular face

+ π R2
cav︸ ︷︷ ︸

circular face

+2πRcav (Lcav − LTES)︸ ︷︷ ︸
cylindrical face

(5.68)

Acav,outer = π ((1.911× 10−2 m)2 − (1.0× 10−2 m)2) + π (1.911× 10−2 m)2

+ 2π (1.911× 10−2 m) (1.337× 10−1 m− 8.394× 10−2 m) =⇒
= 7.953× 10−3 m2

The outer surface area of the TES container is given by the following equation:

ATES,outer = 2π
(
R2

TES −R2
cav

)︸ ︷︷ ︸
annular circular faces

+2π RTES LTES︸ ︷︷ ︸
cylindrical face

(5.69)
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ATES,outer = 2π ((7.219× 10−2 m)2 − (1.911× 10−2 m)2) + 2π (7.219× 10−2 m) (8.394× 10−2 m)

= 6.852× 10−2 m2

This thus results in an outer surface area of the cavity material of Acav,outer = 7953mm2, and an outer
surface area of the TES container ATES,outer = 6.852× 104 mm2.

When assuming that the low-emissivity layer has a temperature that is 10% lower than the melting
temperature, it results in an outer surface temperature of Touter = 1202K. Then, solving Equation 5.39
with the found surface areas and the outer surface temperature for the radiated power, results in the
radiated power by the outer surface:

Q̇rad,outer = ε σ
(
ATES,outer +Acav,outer

) (
T 4
outer − T 4

amb

)
= 0.030 × 5.670× 10−8 Wm−2 K−4 ×(

6.852× 10−2 m2 + 7.953× 10−3 m2
)
×
(
1202K4 − 0K4

)
= 271.6W

(5.70)

The inner cavity material also emits radiation, but this is partially absorbed by the cavity itself again. This
radiation follows a similar path to that of the received radiation from the optical cable. The difference is
that the emitted radiation can leave via the aperture area without needing to reflect via a wall segment
first. The probability of a ray leaving the cavity is Aap

Aap+Acav
. The radiated energy of the nth rays

becomes:

Qrad,n = Qemit
Aap

Aap +Acav

(
(1− α)

Acav

Aap +Acav

)n−1

(5.71)

Summing the radiated energy of all rays results in the total energy radiated by the cavity:

Qrad,cav = Qemit
Aap

Aap +Acav

∞∑
n=1

(
(1− α)

Acav

Aap +Acav

)n−1

= Qemit
Aap

Aap +Acav

∞∑
n=0

(
(1− α)

Acav

Aap +Acav

)n
(5.72)

This is a geometric series of the form:

∞∑
n=0

rn =
1

1− r
(5.73)

where r is defined as:
r = (1− α)

Acav

Aap +Acav
(5.74)

The total radiated power thus becomes:

Q̇rad,cav =

Aap

Aap+Acav

1− (1− α) Acav

Aap+Acav

Q̇emit =
Aap

Aap + αAcav
Q̇emit (5.75)

Solving this equation results in the radiated power from the cavity:

Q̇rad,cav =
Aap

Aap + αAcav
Q̇emit

Q̇rad,cav =
3.142× 10−4 m2

3.142× 10−4 m2 + 0.84× 5.655× 10−3 m2
Q̇emit = 2179W
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The total radiated power of the system thus becomes:

Q̇rad = Q̇rad,cav + Q̇rad,outer (5.76)

Q̇rad = 2179W+ 271.6W = 2450W

For the total radiated power Qrad = 2450W an equal power Q̇abs = 2450W is needed for the system
to maintain its temperature. Based on the absorptivity of 99.9% of the cavity, the solar power entering
the cavity should thus be:

Q̇abs = ηabs Q̇in (5.77)

Q̇in =
2450W

0.999
= 2452W

An optical train efficiency of ηopt = 57.5% is assumed [23]. For a solar irradiation of G = 1361Wm−2

at 1 AU from the sun, a concentrator is thus needed with an area of:

Aconc =
Q̇in

ηopt G
(5.78)

=
Q̇in

ηopt G

=
2452W

0.575× 1361Wm−2
= 3.133m2

The insulation layer will be made of a high-temperature resistant material because the inner surface of
the insulation layer will have the same temperature as the cavity Tcav = 3410K or the heat exchanger
Twall = 3100K. Table 5.8 shows a trade-off for the insulation material.

Table 5.8: Insulation material trade-off

Material
Criteria Max. Temp.

[K]
Therm. Cond.
[W/m/K]

Brittleness Score

Tungsten (W) 3687 182 2 (>1873 K) 2.7
K-doped W 3687 182 3 (>2773 K) 3.0
Rhenium 3448 48.6 5 (stays duc-

tile)
3.7

Graphite 3773 168 1 (stays brittle) 3.7
Molybdenum (Mo) 2895 139 2 (>2200 K) 2.3
Ca+Mg-doped Mo 2895 139 3 (>2573 K) 2.7

Table 5.8 shows that rhenium and graphite have the same score. Due to the unacceptable score of
graphite for the criterion brittleness, rhenium will be chosen as the insulation material.

The insulation layer allows the system to have a lower outer surface temperature than the inside. For
the system temperatures to be stable, the radiated power by a surface area should be equal to the
power conducted through the insulation to the surface area. The conduction through a material in one
dimension is given by the following equation:

Q̇cond =
k A∆T

t
(5.79)
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To reduce the mass and thickness of the material needed to insulate the system, a foam variant of
the insulation material will be used to reduce its conductivity. The Maxwell-Eucken equation gives the
effective conductivity of a porous medium:

keff = ks
2ks + kv − 2ϕ(ks − kv)

2ks + kv + ϕ(ks − kv)
(5.80)

If the void does not conduct heat, the equation simplifies to:

keff = ks
2(1− ϕ)

2 + ϕ
(5.81)

When assuming a porosity of phi = 99%, andwith the thermal conductivity of rhenium ks = 48.6Wm−1 K−1,
this results in an effective conductivity:

keff = ks
2(1− ϕ)

2 + ϕ

= (48.6Wm−1 K−1)
2 (1− 0.99)

2 + 0.99

= 3.251× 10−1 Wm−1 K−1

Equation 5.79 can then be solved to determine the insulation thickness for the cavity material tins,cav
and the insulation thickness for the TES container tins,TES . This gives a thickness of tins,cav =
202.1mm and tins,TES = 173.8mm respectively, which increases the size of the system by an order of
magnitude.

5.5.1. Assumptions
Multiple assumptions have been stated for the insulation design. The key assumptions for the insulation
are:

• The insulation layer is assumed to be a thin wall that does not affect the overall surface area.
Validity: The effect of the increased surface area is included later.

• Radiation from the cavity inner surface is partially absorbed internally before escaping.
Validity: The probability model approximates internal absorption based on area ratios and absorp-
tivity.

• The outer surface of the insulation has a temperature 10% below the melting temperature of the
coating.
Validity: The constant temperature simplifies the thermal analysis while applying a safety factor.

• Heat transfer through the insulation is assumed one-dimensional.
Validity: The assumption is conservative as the actual insulation volume is relatively larger on the
outside of the system.

• Steady-state thermal conditions are assumed.
Validity: The system is expected to reach thermal equilibrium.

5.6. Findings
The cavity area Acav can be reduced further due to the higher absorption efficiency than estimated.
This will mainly affect the cavity length Lcav because the cavity radius Rcav will be dominated by the
required aperture radius Rap instead of the cylinder radius Rcyl. The strength of the graphite is also
strongly reduced at Tcav = 3410K, which increases the required thickness.

The same effect was also seen for the rhenium, where the uncertainty was even larger, requiring a larger
safety factor. The effect of the thickness of the container on the TES material volume will increase the
required volume. Furthermore, accounting for the radiation losses will increase the required volume as
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well. The TES container sizing was done for a minimal surface area, but will, in the next iteration, be
done to minimise radiation losses. Also, the reduced conductivity of the TES material when melted can
increase the temperature of the cavity Tcav and, when burning for a longer period, limit the heat flow to
the propellant.

The chamber temperature of Tc = 3000K combined with the set mass flow resulted in an extremely
low expansion ratio. The specific impulse Isp of the system, and thus its efficiency, can be improved
by increasing the expansion ratio. The propellant mass flow can then be reduced to have a thrust of
F = 1.0N and still meet requirement TRU-01.

The high temperatures also resulted in large thermal losses, requiring a high TES material mass. Only
the area of the solar concentrator has been determined, but the high input power required to maintain
such a temperature would increase the mass of the solar concentrator as well. The following iteration
will therefore be done for a wall temperature of the heat exchanger of Twall = 2349K, the melting
temperature of boron.

To distinguish the different components more clearly, the following colouring scheme is used:

• Blue Cavity

• Orange TES container

• Green TES liner

• Red TES material

• Purple Heat exchanger (including piping)

• Brown Insulation

• Pink Nozzle

Using these colours results in the sketch of the system as shown in Figure 5.27.

Figure 5.27: A coloured sketch of the preliminary design to distinguish between the components

A model of the spiral runner concept, including a section view, is shown in Figure 5.28. The insulation
is transparent in the model.



5.6. Findings 73

(a) An isometric view

(b) A section view

Figure 5.28: A model of the preliminary design for the spiral runner concept
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A model of the multiple channels concept, including a section view, is shown in Figure 5.29. The
insulation is transparent in the model.
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(a) An isometric view

(b) A section view

Figure 5.29: A model of the preliminary design for the multiple channels concept



6
Mathematical Model

This chapter describes the mathematical model of the system that will be used for the simulations. To
create the mathematical model of the system, three differential control elements will be used. One is
a control volume with no bulk motion, one is a control volume with bulk motion, and one is a control
surface.

6.1. Conduction
The control volume will be defined without a coordinate system. One surface of the control volume will
be positioned at position vector r⃗, and the opposite surface in direction n⃗ at r⃗ + dℓn⃗. The heat rates at
these surfaces are respectively q⃗(r⃗) and q⃗(r⃗ + dℓn⃗). The heat rates in a cylindrical coordinate system
are shown in Figure 6.1.

Figure 6.1: The heat rates of a differential control volume in a cylindrical coordinate system [32]

A first-order Taylor series approximation of the heat rate q⃗(r⃗ + dℓn⃗) is:

76



6.1. Conduction 77

q⃗(r⃗ + dℓ n⃗) = q⃗(r⃗) + dℓ (∇q⃗) · n⃗ (6.1)

The heat flux over the boundary ∂V of control volume V is the net thermal power into the control
element. The net thermal power is given by the following equation:

Q̇cond = −
∫
∂V

q⃗′′ · n⃗ dA (6.2)

The negative sign is added before the integral because the outward normal is positively defined for the
surface integral. When using the Divergence theorem to transform the surface integral, the net thermal
power becomes:

∫
∂V

q⃗′′ · n⃗ dA =

∫
V

∇ · q⃗′′ dV (6.3)

Q̇cond = −∇ · q⃗′′ dV (6.4)

The sensible energy storage of the medium is defined as:

Q̇sens = ρ cp
∂T

∂t
dV (6.5)

The latent energy storage of the medium is defined as:

Q̇lat = ρL
dα

dt
dV (6.6)

The rate version of the conservation of energy equation becomes:

Q̇cond = Q̇sens + Q̇lat (6.7)

−∇ · q⃗′′ dV = ρ cp
∂T

∂t
dV + ρL

dα

dt
dV (6.8)

The control volume can be divided out of the equation, resulting in:

−∇ · q⃗′′ = ρ cp
∂T

∂t
+ ρL

dα

dt
(6.9)

Using Fourier’s law, the conduction heat rate in this equation is given by:

q⃗′′ = −k∇T (6.10)

Substituting results in:

∇ · (k∇T ) = ρ cp
∂T

∂t
+ ρL

dα

dt
(6.11)

∇ · (k∇T ) = ρ

(
cp

∂T

∂t
+ L

dα

dt

)
(6.12)

In cylindrical coordinates, this becomes:

1

r

∂

∂r

(
k r

∂T

∂r

)
+

1

r2
∂

∂ϕ

(
k
∂T

∂ϕ

)
+

∂

∂z

(
k
∂T

∂z

)
= ρ cp

∂T

∂t
+ ρL

dα

dt
(6.13)
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6.2. Convection
Convection transfers energy by conduction within the fluid, and by advection due to the bulk motion of
the fluid. The total heat flux vector in this case consists of the conductive flux and the advective flux.

The control volume is bounded by the surface ∂V and the enclosing volume V . Let v⃗ be the velocity
field of the fluid, and ρcpT the specific enthalpy per unit volume. The advective transport of energy
across the surface is given by:

Q̇adv = −
∫
∂V

ρ cpT v⃗ · n⃗ dA (6.14)

When using the Divergence theorem to transform the surface integral, the net thermal power becomes:

∫
∂V

ρ cpT v⃗ · n⃗ dA = Q̇adv =

∫
V

∇ · (ρ cpT v⃗) dV (6.15)

Q̇adv = −
∫
V

∇ · (ρ cpT v⃗) dV (6.16)

As the propellant does not undergo any phase changes, the total energy rate includes conductive,
advective, and sensible energy terms:

Q̇cond + Q̇adv = Q̇sens (6.17)

−∇ · q⃗′′ dV −∇ · (ρ cpT v⃗) dV = ρ cp
∂T

∂t
dV (6.18)

The control volume can be divided out of the equation, resulting in:

−∇ · q⃗′′ −∇ · (ρ cpT v⃗) = ρ cp
∂T

∂t
(6.19)

This can be rearranged into:

∇ · (k∇T ) = ρ cp

(
∂T

∂t
+ v⃗ · ∇T

)
(6.20)

In cylindrical coordinates, this becomes:

1

r

∂

∂r

(
k r

∂T

∂r

)
+

1

r2
∂

∂ϕ

(
k
∂T

∂ϕ

)
+

∂

∂z

(
k
∂T

∂z

)
= ρ cp

(
∂T

∂t
+ vr

∂T

∂r
+

vϕ
r

∂T

∂ϕ
+ vz

∂T

∂z

)
(6.21)

6.3. Surface Energy Balance
At a differential control surface, energy transfers via conduction into the solid, and via convection and
radiation from the surface into the surroundings. Because the control surface cannot store thermal
energy, the resulting energy rate balance is:

q′′cond = q′′conv + q′′rad (6.22)

where:

• q′′cond = −k ∂T
∂n

∣∣
surface

is the conductive heat flux entering the surface from the solid direction,
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• q′′conv = h (Ts − T∞) is the convective heat flux transferred to the fluid,
• q′′rad = εσ

(
T 4
s − T 4

∞
)
is the net radiative heat exchange with the surroundings.

Combining these, the surface becomes:

−k
∂T

∂n

∣∣∣∣
surface

= h (Ts − T∞) + εσ
(
T 4
s − T 4

∞
)

(6.23)

This expression can serve as a boundary condition to solve the conduction or convection energy rate
balance equation.



7
Simulations

This chapter will discuss the simulations of the mathematical model described in chapter 6. The simula-
tion results are based on the stable state of the system. Due to the complexity of modelling the velocity
field in Equation 6.21, especially for turbulent flow, the convection will be simulated separately. The
convection is first simulated to perform a trade-off between the spiral runner and the multiple channels
concept. Then the selected heat exchanger will be included in the conduction and radiation simulation.
Due to the difference of order of magnitude between the system dimensions with or without insulation,
a layer with a 90% smaller thickness and a 90% lower thermal conductivity is used for the simulated
preliminary design. This insulation layer will have the same thermal resistance as shown by Equa-
tion 5.79, but more nodes will be assigned to the other components of the system. This helps validate
the estimated thickness and thermal losses, as this is based on a thin-walled assumption. For the final
design, the correct thickness will be applied to ensure that the surface areas are accurate.

7.1. Convection
The goal of the convection simulation is to verify if the estimated chamber temperature Tc and chamber
pressure pc are reached. With those results, a heat exchanger concept can be selected. For the
spiral runner, the complete TES system and heat exchanger will be modelled, as there is no rotational
symmetry. For the multiple channels concept, only an eighth of the system has to be simulated due to
rotational symmetry.

7.1.1. Boundary Conditions
To determine the required length of the channels, it was assumed that the wall temperature is constant.
To get more realistic results, a boundary condition for the simulation will be that the surface temperature
of the TES material is constant, as during the phase change. This allows the heat exchanger wall
temperature Twall to cool down due to the cooler propellant. A more accurate chamber temperature Tc

can thus be determined.

At the inlet of the channels, a boundary condition for the temperature Tin = 273.15K, the pressure pin =
5.000MPa, and the mass flow ṁ is imposed. The outlet is specified as having unknown conditions. This
then forces the wanted propellant flow while giving the solver the freedom to determine the pressure
drop over the channels and the gained energy. The actual mass flow, however, depends on the outlet
pressure, which itself depends on the mass flow. The ambient pressure cannot be set as the outlet
pressure, because the pressure changes between the nozzle exit and the heat exchanger exit. It is of
interest to know the change in enthalpy of the ideal mass flow, as this is used to determine the required
TES material, but the determination of the actual mass flow will be a recommendation. For the multiple
channels concept, at the symmetry planes, a symmetry/slip plane boundary condition is added as well.
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7.1.2. Initial Conditions
To help the results converge better and more quickly, initial conditions are added. All components
except the propellant are given an initial temperature equal to the estimated constant wall temperature
Twall, and thus not only the TES material. These materials then do not need to be heated up by the
solver first.

7.1.3. Results
The results for the preliminary design of the spiral runner concept are shown in Figure 7.1.
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(a) The temperature results

(b) The pressure results

Figure 7.1: The CFD results for the spiral runner concept
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Due to the small channel size compared to the TES container, the difference in colour for the tempera-
ture and pressure within the model is small. This is because the change in temperature and pressure
in the TES container is small, and it confirms a uniform distribution that does not induce additional
stresses. Only within the channel do these conditions change significantly.

The results of interest are the conditions calculated within the model at the outlet. For the spiral runner
concept, at the outlet, an average chamber temperature of Tc = 3100K, and an average chamber
pressure of pc = 4.998MPa were found. The results for the multiple channels concept are shown in
Figure 7.2.
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(a) The temperature results

(b) The pressure results

Figure 7.2: The CFD results for the multiple channels concept
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For the multiple channels concept, at the outlet, an average chamber temperature of Tc = 3099K, and
an average chamber pressure of pc = 4.489MPa were found.

The spiral runner concept resulted in a higher achieved chamber temperature Tc and a higher chamber
pressure pc. However, for both concepts, it can be seen that there is a local static pressure that is
higher than the inlet pressure. The large temperature difference causes a local compression of the
flow. Due to this compression, the static conditions at the outlet are higher than estimated. Note that
the static temperature at the outlet is also higher than estimated for both concepts because the channel
lengths were larger than required.

When comparing the wall temperature Twall at the inlet for both concepts, it can be seen that the outer
wall of the multiple channels concept has cooled down more than the spiral runner concept, due to the
smaller wall thickness twall. The wall temperatures Twall for the spiral runner concepts and the multiple
channels concept are shown in Figure 7.3.
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(a) The wall temperature of the spiral runner concept

(b) The wall temperature of the multiple channels concept

Figure 7.3: The wall temperature at the inlet for the spiral runner concept and the multiple channels concept
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To select a heat exchanger concept, a trade-off will be performed. The selected criteria are the chamber
temperature Tc, the chamber pressure pc, and the size. Both systems have the length of the TES
container, but the diameter and required wall thickness twall vary. The result of the trade-off is shown
in Table 7.1.

Table 7.1: Heat exchanger concept trade-off

Concept
Criteria Chamber Tem-

perature
Chamber Pres-
sure

Size Score

Spiral Runner 3100K 4.998MPa Largest 4.7
Multiple Channels 3099K 4.489MPa Smallest 4.3

The concepts are comparable, and there is especially little difference in the temperature gained. But
the required additional channel length scales inversely with the mean temperature difference, thus the
closer the chamber temperature Tc is to the wall temperature Twall, the more significant these small
differences become. For the lowered wall temperature Twall = 2349K, less local compression will
occur. This better performance of the spiral runner with respect to the outlet conditions is thus chosen
at the cost of a larger heat exchanger.

7.2. Conduction and Radiation
The Python simulation will be used to model the absorber, thus including the cavity, TES system, heat
exchanger, and insulation. To have the same coordinates as the ray tracing simulation for the cavity,
the origin is placed at the centre of the aperture.

7.2.1. Nodes
When not taking into account the channels for the propellant, the system has rotational symmetry.
Due to this, the system can be modelled by a 2D representation. For each component, a polygon
is defined, with hollow components being modelled hollow to prevent overlap of the polygons. The
resulting polygons for the preliminary design are shown in Figure 7.4.

Figure 7.4: The polygons of the preliminary design used for the simulation

Then, based on the number of nodes per radial and axial direction, a mesh is created. The coordinates
of each node are compared with the coordinates of the polygons to determine to which component
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they belong. Nodes that do not lie within the polygon of a component are part of the environment
surrounding the system. The verification results for random points being inside or outside the TES
polygon are shown in Figure 7.5.

Figure 7.5: The verification results for random points being inside or outside the TES material polygon

By using domain classification, different properties can be assigned to different nodes. Each domain
has its own material properties such as thermal conductivity k, emissivity ε, density ρ, and specific heat
cp. Combining for all domains, a material property results in an array that can be used for generalised
equations instead of requiring a set of equations for each component. For the TESmaterial domain, the
temperature of a node at a time step determines if the heat is used for sensible or latent heat storage.
The domain classifications of the nodes are shown in Figure 7.6.

Figure 7.6: The domain classifications of the nodes
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7.2.2. Boundary Conditions
These arrays are also used to apply boundary conditions. As convection is not modelled, the remain-
ing boundary conditions are for the radiation. The percentage of the radiation received for each wall
segment in section 5.2 is assigned to the nearest node to have a more accurate heat distribution than
when applying the received radiation perfectly uniformly. The verification results of the radiation being
applied to the correct nodes are shown in Figure 7.7.

Figure 7.7: The domain verification results of the heated nodes

A node also emits radiation in the direction of a neighbouring node that is part of the environment.
Because the system is stationary, it is possible to determine for each node beforehand in which direction
the environmental nodes are. This prevents checking for each node at each time step, which domain
the neighbouring nodes are part of. To simplify the simulation, the path of the emitted radiation is not
modelled. However, for the cavity, a significant part of the emitted radiation is absorbed again. To
incorporate this effect, the estimated emitted radiation by Equation 5.75 is used for this region. The
combination of arrays then results in whether a node radiates due to neighbouring environmental nodes,
and what the net radiation is.

7.2.3. Solver
Due to the rotational symmetry, the heat conduction equation Equation 6.13 simplifies to:

ρcp
∂T

∂t
+ ρL

dα

dt
=

1

r

∂

∂r

(
kr

∂T

∂r

)
+

∂

∂z

(
k
∂T

∂z

)
(7.1)

Because the conductivity k varies between domains, a single value is needed for the shared face.
If each node uses its own conductivity, the transferred flux between the nodes would be direction-
dependent. The harmonic mean is therefore used:

k
i+

1
2 ,j

=
2 ki,j ki+1,j

ki,j + ki+1,j
, k

i,j+
1
2
=

2 ki,j ki,j+1

ki,j + ki,j+1
(7.2)

To approximate the derivatives, the central difference method is used. The radial flux at the faces of
the node becomes:
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The heat flux at each radial face is approximated as:
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(7.4)

For the axial direction, the heat flux difference is:
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(7.5)

The heat flux at each axial face is approximated as:
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The heat equation at point (i, j) thus becomes:

ρcp
dTi,j

dt
+ ρL

dα

dt
≈ 1

ri∆r2
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2
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] (7.7)

This equation is then solved for each node to determine the temperature of each node for the next time
step. This process is repeated until for each node the absolute change in temperature between a time
step falls below a threshold or a specific condition is reached. The complete script for the radiation and
conductivity simulation is shown in Listing B.

7.2.4. Results
The Python script can be run for the preliminary design to verify if the estimations and assumptions
were correct. The converged result for the preliminary design is shown in Figure 7.8. The system
without the insulation layer is also visualised to better show the temperature difference within the other
components.
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(a) With insulation

(b) Without insulation

Figure 7.8: The result thermal distribution for the preliminary design

The maximum temperature in the cavity is Tcav = 3384K and the maximum temperature in the heat
exchanger is Twall = 3311K. There is thus good conduction between the cavity and the heat exchanger,
as the temperature difference is only 2.205%. This resulted in a lower cavity temperature and a higher
heat exchanger temperature. The required input power was thus overestimated because the thermal
losses of the cavity are lower. Less power is also needed for the heat exchanger to reach the desired
temperature as more thermal power flows from the cavity to the heat exchanger.



8
Iterating

This chapter describes the iteration process that incorporates the findings from chapter 5 and chapter 6.
It will be discussed how the design process is adjusted to improve the accuracy, and how the findings
change the design choices. The iterations will be performed for the lowered wall temperature Twall =
2349K.

8.1. Heat Exchanger
To determine the required diameter to keep the flow turbulent, the Reynolds number is calculated at the
chamber temperature Tc and chamber pressure pc found with the convection simulation as described
in section 7.1. For this diameter, the required length is then estimated with the segment-based solver
as described in section 5.1. section 7.1 showed that for this length a higher chamber temperature Tc

is reached than estimated. The simulated temperature will be used for propellant-related calculations.
The yield strength σy0.2 of the channel wall will be based on the maximum simulated temperature in
the heat exchanger.

Due to the lowered temperature, the estimated wall temperature is Twall = 2349K, and the goal of the
chamber temperature at the end of the spiral runner for the segment-based solver is set to Tc = 2239K.
For the first iteration, this temperature is used to determine the diameter, as this design has not yet
been simulated.

8.2. Cavity
The optimisation of the cavity shape was done for a set cavity area ratio with respect to the aperture
area Acav

Aap
. This ratio was chosen such that the estimated absorptivity of the cavity was 99.5%. The

results showed, however, that the optimised shape had a larger absorptivity than estimated. To find
the minimum area for which no rays leave the cavity, the same ray tracing method is used. Before
optimising for the uniformity of received radiation, the cavity will be optimised for the minimum area
while maintaining the maximum possible absorptivity. Then, for the found minimum area, the cavity
will be optimised for uniformity while maintaining the maximum absorptivity. This is done because a
reduction in the size of the cavity also decreases the size of the surrounding components. If, during
the area reduction process, rays leave the cavity for a converged shape, the area ratio needs to be
increased. However, if during the optimisation process a shape is found for which no rays leave the
cavity, the area ratio can be further reduced. Due to this step-like behaviour, the bisection method will
be used to find the smallest area ratio.

The thickness of the cavity material was based on a maximum allowable stress of 6.9MPa at the esti-
mated cavity temperature Tcav = 3410K. This estimation was based on the assumptions that the cavity
temperature Tcav is 10% higher than the wall temperature Twall. subsection 7.2.4 however shows that
for the preliminary design, the cavity temperature Tcav is only 2.205% higher than the wall temper-
ature Twall. For the new lower wall temperature Twall = 2349K, this results in a cavity temperature

92



8.3. Thermal Energy Storage 93

Tcav = 2401K. To account for the reduced strength at lower temperatures, a maximum allowable stress
of 21MPa is chosen based on Figure 5.22 to prevent cracks.

8.3. Thermal Energy Storage
For the required TESmaterial mass, the preliminary estimation did not include the thermal power losses
Q̇loss. Based on the same method in section 5.5 but for the temperature Twall = 2349K, an estimation
of the losses Q̇loss = 815.0W is found. With these estimated losses, the TES material mass can
be determined for the first iteration. For the following iterations, the simulated losses will be used at
the input power Pin where the minimum temperature of the TES material is 2349K and the maximum
insulation temperature is 1202K. The boron is then fully melted, and the low-emissivity coating has the
maximum allowable temperature.

During an eclipse, the TES material stays at a temperature of Twall = 2349K, and no solar irradiation
is received. The real losses will thus be lower during an eclipse, because the cavity will have a lower
temperature. The real losses will also be lower because the estimated losses are based on the hottest
simulated temperature in a component, and the colder regions of a component will thus radiate less.

TES-01 assumes the worst case scenario where at least one thruster is burning the whole eclipse, thus
in this scenario the burn time during eclipse tb,ec = 900.0 s is equal to half the eclipse time tec = 1800 s.
To solve Equation 5.50 and determine the required TES material mass, the required power to heat the
propellant Q̇p,req is taken from the heat exchanger calculation. For the lowered chamber temperature
of Tc = 2239K and the mass flow ṁ = 2.039× 10−4 kg s−1, the required power is Q̇p,req = 6275W

The sizing of the TES container will now be done to minimise the system’s uninsulated outer surface
area instead of the surface area of the TES container. The cavity area is not influenced by the di-
mensions of the TES container and will thus be excluded. However, the effect of the surface area of
the material for the heat exchanger will now be included. Also, the effect of the thickness of the TES
container on the available volume will be taken into account. Based on the cavity being either shorter
or longer than the TES system, two sets of equations can be made. One set of equations is for the
case where the cavity is shorter than the TES system, and one set of equations is for the case where
the cavity is longer than the TES system. Because during the iteration process, both the cavity dimen-
sions and the required TES material can change, the correct set of equations will be selected for each
iteration.

If the cavity length Lcav is shorter than LTES , the volume removed in the TES container by the cavity
material is a cylinder with length Lcav and radius Rcav. The surface area to be minimised is the outer
cylindrical face, one circular face, and one circular face with a hole. The volume of the TES material is
thus the total volume minus the container material and the cavity volume:

VTES,mat = π (RTES − tTES)
2 (LTES − 2tTES)︸ ︷︷ ︸

outer cylinder volume

−π (Rcav + tTES)
2 Lcav︸ ︷︷ ︸

inner cavity volume

(8.1)

The outer surface area of the container with the heat exchanger around it is to be minimised to minimise
radiation losses:

Asur = 2π (RTES +D + twall)LTES︸ ︷︷ ︸
cylindrical face

+π (RTES +D + twall)
2︸ ︷︷ ︸

circular face

+π
(
(RTES +D + twall)

2 −R2
cav

)︸ ︷︷ ︸
annular circular face

(8.2)

Equation 8.1 can be rewritten to substitute for LTES in Equation 8.2:

LTES =
VTES,mat + π(Rcav + tTES)

2Lcav

π(RTES − tTES)2
+ 2tTES (8.3)
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Asur = 2π(RTES +D + twall)

(
VTES,mat + π(Rcav + tTES)

2Lcav

π(RTES − tTES)2
+ 2tTES

)
+ 2π(RTES +D + twall)

2 − πR2
cav

(8.4)

The only unknown in this equation is the TES container radiusRTES . Equation 8.4 can be differentiated
to find the minimum:

dAsur

dRTES
=

d

dRTES

(
2π(RTES +D + twall)

(
VTES,mat + π(Rcav + tTES)

2Lcav

π(RTES − tTES)2
+ 2tTES

))

+
d

dRTES

(
2π(RTES +D + twall)

2 − πR2
cav

)
= 2π

(
VTES,mat + π(Rcav + tTES)

2Lcav

π(RTES − tTES)2
+ 2tTES

)
−

4(RTES +D + twall)
(
VTES,mat + π(Rcav + tTES)

2Lcav

)
(RTES − tTES)3

+ 4π(RTES +D + twall) = 0

(8.5)

Setting the derivative equal to dA
dRTES

= 0 results in an equation that needs to be solved numerically to
determine the TES container radius RTES :

dAsur

dRTES
= 0 =⇒

2π

(
VTES,mat + π(Rcav + tTES)

2Lcav

π(RTES − tTES)2
+ 2tTES

)
−

4 (RTES +D + twall)
(
VTES,mat + π(Rcav + tTES)

2Lcav

)
(RTES − tTES)3

+ 4π(RTES +D + twall) = 0

(8.6)

Substituting the result in Equation 8.3 results in the TES container length LTES .

When Lcav is longer than LTES , the volume removed in the centre of the cylinder has the TES container
length LTES instead of the cavity length Lcav. The surface area to be minimised changes as well. It
now also includes the cylindrical face of the cavity material that extends beyond the TES container, with
radius Rcav and length Lcav − LTES . The volume of the TES material is thus the total volume minus
the container material and the cavity volume:

VTES,mat = π(RTES − tTES)
2 (LTES − 2tTES)︸ ︷︷ ︸

outer material volume of TES container

−π(Rcav + tTES)
2 LTES︸ ︷︷ ︸

cavity volume inside TES
(8.7)

The outer surface area that is to be minimised is defined as:

Asur = 2π(RTES +D + twall)LTES︸ ︷︷ ︸
cylindrical side of TES + heat exchanger

+2π
(
(RTES +D + twall)

2 −R2
cav

)︸ ︷︷ ︸
top and bottom circular faces

+2πRcav (Lcav − LTES)︸ ︷︷ ︸
inner cavity side

(8.8)

Equation 8.7 can be rewritten to substitute for LTES in Equation 8.8:
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LTES =
VTES,mat + 2π(RTES − tTES)

2 tTES

π ((RTES − tTES)2 − (Rcav + tTES)2)
(8.9)

Asur = 2π(RTES +D + twall)

(
VTES,mat + 2π(RTES − tTES)

2 tTES

π ((RTES − tTES)2 − (Rcav + tTES)2)

)
+ 2π

(
(RTES +D + twall)

2 −R2
cav

)
+ 2πRcavLcav − 2πRcav

(
VTES,mat + 2π(RTES − tTES)

2 tTES

π ((RTES − tTES)2 − (Rcav + tTES)2)

) (8.10)

The only unknown in this equation is the TES container radius RTES . Differentiating Equation 8.10 with
respect to RTES results in:

dAsur

dRTES
=

d

dRTES

(
2π(RTES +D + twall)

VTES,mat + 2π(RTES − tTES)
2 tTES

π ((RTES − tTES)2 − (Rcav + tTES)2)

)
+

d

dRTES

(
2π
(
(RTES +D + twall)

2 −R2
cav

))
+

d

dRTES
(2πRcavLcav)

− d

dRTES

(
2πRcav

VTES,mat + 2π(RTES − tTES)
2 tTES

π ((RTES − tTES)2 − (Rcav + tTES)2)

)
= 2

VTES,mat + 2π(RTES − tTES)
2tTES

(RTES − tTES)2 − (Rcav + tTES)2

− 4 (RTES +D + twall −Rcav)
(RTES − tTES)

(
VTES,mat + 2πtTES(Rcav + tTES)

2
)

((RTES − tTES)2 − (Rcav + tTES)2)
2

+ 4π(RTES +D + twall)

(8.11)

Setting the derivative equal to dA
dRTES

= 0 results in an equation that needs to be solved numerically to
determine the TES container radius RTES :

dAsur

dRTES
= 0 =⇒

2
VTES,mat + 2π(RTES − tTES)

2tTES

(RTES − tTES)2 − (Rcav + tTES)2

− 4 (RTES +D + twall −Rcav)
(RTES − tTES)

(
VTES,mat + 2πtTES(Rcav + tTES)

2
)

((RTES − tTES)2 − (Rcav + tTES)2)
2

+ 4π(RTES +D + twall) = 0

(8.12)

Substituting the result in Equation 8.9 results in the TES container length LTES .

8.4. Nozzle
The nozzle will be used during the iterations to adjust the mass flow ṁ for the simulated chamber
temperature Tc and chamber pressure pc, such that the thrust becomes F = 1N. To determine the
thrust F , Equation 5.66 will be used.

This also requires the pressure ratio pe

pc
, which is determined with Equation 5.67, and a set expansion

ratio of Ae

At
= 100. With the pressure ratio pe

pc
known, the exhaust velocity Ve can be determined with

Equation 2.3.
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The last missing variable to solve Equation 5.66 is the exit area Ae. This can be determined with the
determined expansion ratio Ae

At
= 100, and the throat area At from Equation 5.65. The mass flow is

needed for this equation as well, thus the mass flow ṁ influences both the momentum and pressure
thrust. This set of equations will thus be solved during the iteration process to update the mass flow ṁ.

8.5. Insulation
For the insulation, the same properties of the insulation material as in section 5.5 will be used, but now
including the effect of the insulation thickness and heat exchanger on the surface area. With the thin-
walled assumptions not being valid, the one-dimensional thermal conductivity also becomes invalid.
Due to the complex geometry, the insulation thickness will thus be adjusted based on the thermal
conduction and radiation simulation such that the maximum temperature of the insulation outer surface
becomes 1202K. If a higher temperature is simulated, the insulation thickness is increased, and if a
lower temperature is simulated, the insulation thickness is decreased.

The following sets of equations will be used for the initial estimation of the required insulation thickness.
Based on the cavity being shorter or longer than the TES system, two sets of equations can be made.
One set of equations is for the case where the cavity is shorter than the TES system, and one set of
equations is for the case where the cavity is longer than the TES system.

The heat exchanger will be included in the surface area of the TES system as it is part of its outer wall.
If the cavity becomes shorter than the TES container, the insulated surface area of the cavity Acav,ins

becomes:

Acav,ins = π
(
R2

cav −R2
ap

)︸ ︷︷ ︸
insulated area of the cavity opening

(8.13)

The insulated surface area of the TES container then becomes:

ATES,ins = π
(
(RTES +D + twall + tins,TES)

2 −R2
cav

)︸ ︷︷ ︸
annular circular face

+ π (RTES +D + twall + tins,TES)
2︸ ︷︷ ︸

circular face

+ 2π (RTES +D + twall + tins,TES) (LTES + 2 tins,TES)︸ ︷︷ ︸
cylindrical face

(8.14)

If the cavity is longer than the TES container, the insulated surface area of the cavity Acav,ins becomes:

Acav,ins = π
(
(Rcav + tins,cav)

2 −R2
ap

)︸ ︷︷ ︸
annular circular face

+ π (Rcav + tins,cav)
2︸ ︷︷ ︸

circular face

+ 2π (Rcav + tins,cav) ((Lcav + 2 tins,cav)− (LTES + 2 tins,TES))︸ ︷︷ ︸
cylindrical face

(8.15)

The insulated surface area of the TES container then becomes:

ATES,ins = 2π
(
(RTES +D + twall + tins,TES)

2 − (Rcav + tins,cav)
2
)︸ ︷︷ ︸

annular circular face

+ 2π (RTES +D + twall + tins,TES) (LTES + 2 tins,TES)︸ ︷︷ ︸
cylindrical face

(8.16)
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8.6. Dependencies
For the design, multiple parameters are chosen, but many variables have to be determined. Based on
the inputs and outputs used for the iteration process, the dependencies between the components and
simulations can be determined. These dependencies are shown in Figure 8.1.
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Channel diameter
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Channel diameter
Wall thickness
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Wall thickness
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Cavity Cavity radius
Cavity length

Cavity radius
Cavity length

Cavity radius
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Solar distribution
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TES System TES radius
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TES length
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TES length

Insulation Insulation thickness

Wall temperature Cavity temperature Thermal losses Insulation
temperature

Conduction &
Radiation
Simulation

Convection
Simulation

Chamber
temperature

Chamber pressure

Mass flow Mass flow Mass flow Nozzle

Figure 8.1: N2 Diagram of the system components

This diagram shows that for the first complete iteration, the mass flow ṁ and the cavity temperature
Tcav have to be estimated. Based on this, the sizing of the components except the nozzle can be done.
For the first iteration, an iteration cycle between the TES system and insulation has to be performed
to incorporate the estimated thermal losses Q̇loss into the TES material mass. When the TES system
and insulation results have converged, the system without the nozzle can be simulated. Based on the
convection simulation results, the mass flow for the nozzle can be determined that results in the desired
thrust. Based on the temperatures of the components determined with the radiation and conduction
simulation, the components can be adjusted during the next iteration. During the conduction and radi-
ation simulation, the input power is adjusted until the minimum temperature of the TES material is its
melting temperature. For the next iteration, the new mass flow can be used to update the sizing of the
components as well.

The calculations for the components and simulations are performed in the same order as the rows in
Figure 8.1. However, the TES System and insulation are updated after running the conduction and
radiation simulation until the temperatures converge before continuing with the convection simulation.
The insulation thickness is updated until the maximum temperature of the outer surface of the insulation
is Tins = 1202K. The TES material mass and input power are updated until the minimum temperature
of the TES material is TTES = 2349K. The flow of the order in which everything is updated is shown in
Figure 8.2.
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Cavity

Heat Exchanger

Insulation

TES System

Convection
Simulation

Conduction &
Radiation Simulation

Nozzle

Figure 8.2: The flow of the order in which the components and simulations are updated

8.7. Results
This section will discuss the outcome of the iteration process and findings during the process. Be-
cause the change in component sizes resulted in a different layout, a new coloured sketch is shown in
Figure 8.3 to distinguish the components more clearly.

• Blue Cavity

• Orange TES container

• Green TES liner

• Red TES material
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• Purple Heat exchanger (including piping)

• Brown Insulation

• Pink Nozzle

Figure 8.3: A coloured sketch of the iterated design to distinguish between the components

8.7.1. Parameters
The cavity shape with the minimum area but the maximum absorptivity found is a cavity that consists
only of the second cone. The first cone and the cylindrical part are thus not needed for the optimised
solution with the minimum area. The dimensions of the cavity are shown in Table 8.1.

Table 8.1: Cavity parameters

Parameter Value

Cavity length, Lcav 34.14mm
Cavity radius, Rcav 12.86mm
Cavity wall thickness, tcav 2.857mm
Aperture radius, Rap 10.0mm
Right cone half-angle, θ2 17.73◦

The resulting ray tracing for this cavity shape is shown in Figure 8.4.
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Figure 8.4: The ray tracing for the optimised cavity shape

Around the cavity, the TES system is placed with the dimensions shown in Table 8.2.

Table 8.2: Thermal Energy Storage system parameters

Parameter Value

TES system radius, RTES 52.95mm
TES system length, LTES 103.8mm
TES system thickness, tTES 0.60mm
TES material mass, mTES 1.618 kg
TES material volume, VTES 8.641× 105 mm3

Around the TES system, the spiral channel is placed, but with a longer length than estimated. Due to an
insignificant pressure drop, a spiral with one revolution around the container is chosen to have a better
thermal distribution. If the spiral runner was only spiralling around half the container, this side would
cool down more than the other side and induce additional thermal stress. The lowered wall temperature
Twall = 2349K lowered the local compression, resulting in a maximum pressure of 5.007MPa, and the
chamber temperature Tc = 2349K was equal to the wall temperature again Based on the maximum
temperature of the heat exchanger walls, a minimum required wall thickness of 5.834 × 10−2 mm was
found. For improved reliability, a wall thickness of 1.000×10−1 mm is used. The dimensions of the heat
exchanger channel are shown in Table 8.3.

Table 8.3: Heat exchanger parameters

Parameter Value

Wall thickness, twall 1.000× 10−1 mm
Channel, D 1.017mm
Channel cross-sectional area, Ac 8.122× 10−1 mm2

Channel length, Ltotal 352.6mm
Chamber temperature, Tc 2349K
Chamber pressure, pc 4.996K

Due to the larger expansion ratio, the mass flow could be halved, resulting in less power needed to
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heat the propellant and decreasing the overall system size and mass. The nozzle dimensions and
performance parameters are shown in Table 8.4.

Table 8.4: Nozzle geometry and performance parameters

Parameter Value

Throat area, At 1.093× 10−1 mm2

Exit area, Ae 10.93mm2

Throat diameter, Dt 3.730× 10−1 mm
Exit diameter, De 3.730mm
Nozzle length, L 6.264mm
Convergence half-angle, θ 30◦

Divergence half-angle, θ 15◦

Exit velocity, Ve 8340m s−1

Exit pressure, Pe 2.002× 10−3 MPa

Because the TES container became longer than the cavity length, only a small part of the cavity has to
be insulated. The required input power Q̇in is lower when the cavity insulation thickness is the same
as the TES system. Because only a small part of the cavity needs to be insulated, a thin part of the
insulation would stick out. The thin part sticking out negatively contributed to the surface area, increas-
ing the thermal losses. The insulation thickness of the TES system was large enough to also handle
the thermal energy of the cavity. The found insulation thickness was lower than the estimated thick-
ness, because the one-dimensional estimation overestimates the required thickness for the cylindrical
faces. Because the circular faces do not have an infinite radius, their insulation thickness could also
be reduced, as heat could also flow towards the insulation of the edges of the cylinder. The insulation
parameters are shown in Table 8.5.

Table 8.5: Insulation and material properties

Parameter Value

Cavity insulation thickness, tins,cav 70.0mm
TES insulation thickness, tins,TES 70.0mm
Porosity, ϕ 0.99

The general propulsion performance parameters of the complete system are shown in Table 8.6.

Table 8.6: Propulsion performance parameters

Parameter Value

Solar irradiation, Q̇in 1292W
Mass flow rate, ṁ 1.173× 10−4 kg s−1

Thrust, F 1.000N
Specific impulse, Isp 869.5 s

8.7.2. Simulations
The simulation of the converged results of the iteration process is shown in this subsection.

The results of the convection simulation of the iterated design are shown in Figure 8.5. This figure
shows the temperature and pressure within the system.
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(a) The temperature results

(b) The pressure results

Figure 8.5: The CFD results for the iterated design

The conduction and radiation simulation resulted in the thermal distribution shown in Figure 8.6.
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(a) The system with insulation

(b) The system without insulation

Figure 8.6: The resulting thermal distribution for the iterated design

A model of the iterated design, including a section view, is shown in Figure 8.7. The insulation is
transparent in the model.
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(a) An isometric view

(b) A section view

Figure 8.7: A model of the iterated design



9
Optimisation

This chapter will discuss a further optimisation of the design and the resulting final design. First, the
optimisation goals are discussed, followed by the results. To iterate and optimise the design to get to
the final design, the following research questions are identified:

7. What tools are the most suitable to analyse the design?

7.1 What are the best ways to model the design?
7.2 How can the models be used to optimise the design?

9.1. Goals
During the iteration process, simulations were used to analyse the system at its stable state. For this,
the conservative estimation was made that the thermal losses while receiving sunlight are equal to the
thermal losses during an eclipse. Part of the system, however, cools down during an eclipse. This
results in less radiation. The thermal losses can be determined when the TES material is solidifying
by simulating the transient behaviour of the iterated design while it is not receiving solar irradiation.
More accurate thermal losses can then be determined, allowing further reduction of the required TES
material mass.

After the lower thermal losses during the eclipse are determined, the required input power can be
increased again to heat the system and update the components according to the iteration process, but
with the lower thermal losses. Because the size of the TES system decreased, the outer surface area
of the system also decreased, reducing the thermal losses further. This causes a so-called snowball
effect that reduces the TES material mass again. The optimisation goal will thus be to optimise the
required TES material mass with the analysis of the transient state.

9.2. Optimized Results
The optimisation process based on the analysis of the transient behaviour of the system reduced the
TES system mass, insulation thickness, and input power. An overview of the changed parameters is
shown in Table 9.1. Based on the singular revolution of the spiral channel, the channel length was also
reduced. Because the input power decreased, the required concentrator area did as well:

Aconc =
Q̇in

ηopt G

=
1267W

0.575× 1361Wm−2
= 1.619m2
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Table 9.1: Updated parameters of the optimised design

Parameter Value

TES system radius, RTES 51.97mm
TES system length, LTES 101.8mm
TES system thickness, tTES 0.60mm
TES material mass, mTES 1.539 kg
TES material volume, VTES 8.219× 105 mm3

Channel length, Ltotal 345.8mm

Solar irradiation, Q̇in 1267W
Concentrator area, Aconc 1.619m2

Insulation thickness, tins 69.0mm
Specific impulse, Isp 869.5 s

The optimised design is thus a more accurate estimation of the required TES material mass and not
the absolute minimum TES material mass. This analysis determined the higher thermal losses during
an eclipse, but the system actually cools down further when part of the TES material has solidified.
An even more accurate estimation can be made by incorporating the heat flow to the propellant in the
simulation, and determining the overall thermal energy lost during the eclipse.

The coloured system model is shown in Figure 9.1.

• Blue Cavity

• Orange TES container

• Green TES liner

• Red TES material

• Purple Heat exchanger (including piping)

• Brown Insulation

• Pink Nozzle
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Figure 9.1: A coloured model of the system to distinguish between the components

9.2.1. Simulations
The main reduction in thermal losses is due to the cooling of the cavity. Because the size of the
system changed, the convection has also been simulated to verify if changes to the chamber conditions
occurred. Because the chamber temperature Tc and the chamber pressure pc did not change, the mass
flow did not have to be updated. The results of the simulated flow in the heat exchanger are shown in
Figure 9.2.
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(a) The temperature results

(b) The pressure results

Figure 9.2: The CFD results for the optimised design

The simulated thermal distribution of the system while receiving radiation is shown in Figure 9.3.
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(a) The system with insulation

(b) The system without insulation

Figure 9.3: The resulting thermal distribution for the optimised design

9.2.2. Render
A render of the optimised design with the selected materials, including a section view, is shown in
Figure 9.4. This figure shows a realistic appearance of the system.
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(a) An isometric view

(b) A section view

Figure 9.4: A render of the optimised design
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The thruster is large compared to the required cavity and the heat exchanger. Mostly, the insulation
contributes to the size of the system, but the TES system contributes significantly as well. This is due
to the high temperature of the system, which gives it a high specific impulse. The high specific impulse
means that a low mass flow is required to reach the desired thrust. The high temperature of the system,
however, also results in large thermal losses. To maintain the high temperature during an eclipse and
to compensate for the large thermal losses, a lot of TES material is needed. A lower heat exchanger
temperature would reduce the size of the system, at the cost of requiring more propellant.

If the required burn time for the complete mission duration is known, the propellant can be determined
as well. It could be possible that reducing the heat exchanger temperature, reduces the thruster size
more than it increases the volume or mass of the propellant due to the increased mass flow. In a later
stage of the design process for the Green SWaP mission, this should be considered to optimise for
either the overall system mass or volume. A different latent heat material should then be selected with
a lower melting temperature that it close to the new heat exchanger temperature.

9.3. Experimental Validation
This chapter discussed the required experimental validation of the system. This experimental validation
is based on the following research questions:

8. What are the goals of the experimental testing?

8.1 What are the goals of testing the materials?
8.2 What are the goals of testing the performance?

First, the testing of the selected materials is discussed. Then, the experimental validation of the perfor-
mance of the system is discussed, including the considerations for the high temperature of the hydrogen.
The chapter discusses the data to be collected, but not the detailed testing plan. The testing has to be
done for different categories: the testing of the individual materials, the testing of the components, and
the testing of the system.

9.4. High Temperature
To ensure that the system performs as required, the selected materials and the components need to
be experimentally tested at elevated temperatures. In the simulations, material properties such as the
thermal conductivity were assumed to be constant. However, they actually decrease with temperature.
This means that the real thermal distribution within the system can differ from the simulated values.
Components that become hotter than expected could fail, while lower temperatures influence the heat
transfer negatively, reducing overall performance.

9.4.1. Materials
First, the thermal and mechanical properties of the individual materials have to be tested. For an
accurate estimation of the thermal distribution within the system, the thermal conductivity and specific
heat have to be determined at temperatures across the operational range. This ensures that while the
system cools down or heats up, the thermal distribution does not differ catastrophically from what is
estimated. The mechanical strength of the materials must be verified at the relevant temperatures. If
the strength decreases more than assumed, the system could become structurally unstable, leading to
failure of critical components.

First, the thermal and mechanical properties of the individual materials have to be tested. To improve
the accuracy of the simulated thermal distribution within the system, the thermal conductivity and spe-
cific heat at different elevated temperatures need to be determined. It is important to know these
properties over the range of operating temperatures to ensure no issues occur while the system cools
down or heats up. The strength of the materials at elevated temperatures is also crucial to know. If the
materials behave more weakly than expected, the whole system could fail.

The cavity is responsible for absorbing the concentrated solar irradiation. Both the overall absorption
efficiency and the uniformity of the absorption need to be tested. Lower absorption than expected
would reduce the thermal power going to the heat exchanger, requiring changes in cavity shape or size.
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Non-uniform absorption could lead to local overheating and material degradation, even if the average
temperature is acceptable.

When the TES material melts, its heat transfer behaviour changes. The phase change and the void
for expansion of the material influence the effective thermal conductivity. It should be determined how
these effects influence the thermal distribution during heating and cooling cycles, and whether complete
melting is achieved. Furthermore, the reliability of the TES container should be validated. It must
be verified that the protective boron nitride layer prevents the boron from reacting with the rhenium
container. If insufficiently protected, the thickness or vapour pressure must be adjusted accordingly.

For the heat exchanger and the nozzle, experimental testing is required to analyse the effects of re-
peated thermal and pressure cycling. The components are exposed to large variations in temperature
and pressure due to the presence or absence of propellant flow. This can induce fatigue over many
cycles. Creep at high temperature must also be considered, as channel walls and the nozzle contour
may deform. Such deformation could lead to failure of the channel walls and would change the nozzle
geometry and affect the propulsion performance.

The effectiveness of the insulation of the system depends on the estimated thermal conductivity due
to the porous nature of the material. It should be verified what the actual effect of the porosity on the
thermal properties or the insulation are. On a system level, the maximum temperature of the insulation
on the outside has to be determined to ensure the low-emissivity layer does not melt.

Finally, the insulation needs to be validated. Its thermal resistance depends on the porous structure,
which determines the actual thermal conductivity. The assumed values must therefore be confirmed
experimentally. On a system level, it is also important to determine the maximum external temperature
of the insulation to verify that the low-emissivity layer does not melt during operation.

9.4.2. Hydrogen
In addition to the effects of the high temperatures on the system materials themselves, the interac-
tion with hydrogen at elevated temperatures requires experimental validation. Even though rhenium
showed great resistance against reactions with hydrogen or hydrogen embrittlement, this must be con-
firmed at high operating temperature and pressure. Degradation of the components could lead to
undesired leaks and a decrease in performance.

If degradation of the throat occurs, the throat area could increase gradually. This would affect the flow
conditions in the nozzle, potentially preventing the propellant from reaching critical conditions. This
would decrease the performance of the system unacceptably. Within the heat exchanger, degradation
due to hydrogen could weaken the channel walls and eventually lead to leaks within the system. The
relevant components should thus be exposed to hydrogen at a high temperature and pressure to ensure
system reliability.

The properties of hydrogen itself at high temperatures also need to be tested. The behaviour of the
propellant flow changes with temperature, as changes in specific heat capacity and viscosity affect
flow and heat transfer characteristics. Since these properties are uncertain in the high-temperature
range, they should be experimentally verified. Without this data, the behaviour of the system is more
unpredictable. Deviations between estimated and actual performance are better understood when the
characteristics of the propellant are known accurately.

9.5. Performance
To determine if and why the actual performance of the system differs from the estimated performance,
the quality factors have to be experimentally determined. These factors help determine where losses
occur and form the basis for adjusting the system accordingly.

A reduction in the cross-sectional areas of the system due to friction forces could reduce the mass flow
of the system. By measuring the actual mass flow, the discharge coefficient can be determined with
Equation 2.15.

Equation 2.4 shows that based on the measured chamber pressure, throat area and mass flow, the
real characteristic velocity can be determined. Equation 2.5 can then be used to determine the real



9.5. Performance 113

characteristic velocity with the chamber temperature and specific heat ratio. The heating quality can
then be determined with Equation 2.16 to see if the difference in performance occurs due to significant
energy losses.

Similarly, the real thrust coefficient can be determined with the measured chamber pressure, measured
thrust, and the throat area by using Equation 2.7. Then this can be compared with the ideal thrust
coefficient, determined with the specific heat ratio, the chamber and exit pressure, and the expansion
ratio, by using Equation 2.8. Comparing the two by using Equation 2.17 shows how well the energy is
changed into momentum.

9.5.1. Specific Impulse Dependencies
Combining Equation 2.2 and Equation 2.3 with Equation 5.66, results in the following equation:

Isp =
ve
g0

+
(pe − pa)Ae

ṁ · g0
(9.1)

Substituting ve for Equation 2.3 results in the following equation:

Isp =

√√√√ 2γ

γ − 1
· RA

M
· Tc

g20
·

(
1−

(
pe
pc

)( γ−1
γ )
)

+
(pe − pa)Ae

ṁ · g0
(9.2)

This equation shows that the momentum thrust contribution to the specific impulse increases with the
square root of the chamber temperature. When the nozzle does not expand the propellant ideally, the
momentum thrust decreases, but the pressure thrust increases. However, the change in momentum
thrust is more significant, making a low exit pressure preferred. The exit pressure and thus the pressure
ratio are dependent on the expansion ratio of the nozzle.

If the nozzle throat erodes, the expansion ratio decreases due to the smaller difference between the
throat and the exit. Equation 5.67 shows that a reduced expansion ratio results in a lower pressure ratio
as well. This decrease in the pressure ratio means that for a set chamber pressure, the exit pressure
thus reduces. Equation 5.65 shows that if the throat area increases too much, the flow will not reach
sonic conditions in the throat, leading to a subsonic flow in the divergent part of the nozzle.

Equation 5.65 shows that an increase in chamber temperature also leads to an increase in the critical
throat area. On the other hand, if the chamber pressure increases, a smaller critical throat area is
required. In the case of propellant contamination, a smaller critical throat area is required as well,
because the heavier-than-hydrogen particles increase the averagemolar weight. An increased average
molar weight also lowers the momentum thrust and thus specific impulse. When a different propellant
is used, the same effect of an increased molar weight occurs. If the throat area is smaller than the
critical throat area, the flow becomes choked before the throat, but the flow still becomes supersonic
after the throat.
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Conclusions & Recommendations

To conclude on the findings of this report, there will be a reflection on the research questions. Further,
recommendations for future work will be discussed as well.

10.1. Research Questions
The goal of this report is to design the secondary propulsion system for the Green SWaP mission. To
do this, three main research questions were defined:

1. What is the most suitable STP system for the Green SWaP mission?

This research question will be answered by using the information found during the literature review and
creating different design options. Then, based on what is required for the propulsion system, the most
suitable options are selected.

After creating a design, it has to be optimised for the Green SWaP mission, resulting in the following
research question:

2. How can the STP system be optimised for the Green SWaP mission?

The optimisation goal will be defined, together with the optimisation process itself.

Finally, the design will have to be validated to ensure the reliability of the system and that it meets the
requirements. This results in the following research question:

3. How can the STP system be experimentally validated?

To answer these research questions, additional questions are used that will be discussed. The dedi-
cated research questions for the requirements of the thruster were:

1. What performance characteristics are required for the thruster?

1.1 What is the required thrust of the thruster?
1.2 What is the required minimum specific impulse of the thruster?

2. What functionalities are required for the thruster?

These questions were answered by the imposed requirements of the Green SWaP mission. The mis-
sion required a thrust of 1.000N, a minimum specific impulse of 500 s and a burn time of 15min during
an eclipse. These requirements formed the basis for the design of the system.

Then, to support the concept selection, the following research questions were used:

3. What type of absorber is the most suitable for the mission?

3.1 What type of heating is the most suitable for the mission?

114
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3.2 What type of thermal energy storage is the most suitable for the mission?
4. What nozzle is the most suitable for the mission?

4.1 What nozzle shape is the most suitable for the mission?
4.2 What protection against hydrogen is the most suitable for the mission?

Based on the required thrust and specific impulse of the system, it was determined that indirect heating
methods were the best option. Due to their relatively simple design, they have a higher reliability than
direct heating methods. Direct heating methods can achieve better performance, but at the cost of
the complexity of the system. Because the possible performance with an indirect heating method was
sufficient for the mission, this method was the most suitable. More specifically, the windowless cavity
concept was selected due to the better reliability and performance than the windowed cavity concept.

It was determined that for lower Reynolds numbers and small nozzles, a conical nozzle is the most
suitable. With friction effects being more significant for small nozzles, the determination of the right bell
curve becomes more difficult. This can make conical nozzles outperform bell nozzles. This makes the
conical nozzle, even though its simple design, the best nozzle for this mission. To ensure the reliability
of the nozzle throughout its lifetime, a coating to protect against hydrogen or a hydrogen-resistant
structural material is needed.

To guide the preliminary design phase, the following research questions were used:

5. What materials are the best option for the thruster?

5.1 What material is the best option for the cavity?
5.2 What material is the best option for the heat exchanger?
5.3 What material is the best option for the nozzle?
5.4 What material is the best option for the insulation?

6. What are the key parameters of the design?

The trade-off for the cavity material showed that graphite, even though it has brittle behaviour, is the
best option due to its high absorptivity and thermal resistance. The cavity is the hottest part of the
thruster, and a high absorptivity results in a smaller area required to absorb the solar irradiation. The
highest temperature of the system results in a smaller required area, significantly reducing the thermal
radiation losses. For the heat exchanger, rhenium was identified as the best option due to its ductile
behaviour at high temperatures and its great resistance to hydrogen. Due to these characteristics,
this material is also the best option for the nozzle material. The hydrogen resistance is not relevant
for the insulation material, but the reliability at elevated temperatures makes it the best option for this
component as well. For the coating of the insulation to lower the emissivity, polished gold was identified
as the best option. This material balances between a high melting temperature and a low emissivity.

The design during the preliminary phase showed that the most important key parameters were the
achieved chamber temperature and pressure by the heat exchanger, the required input power, and the
thermal losses of the system. The conditions at the end of the heat exchanger influence how much
mass flow is required for the desired thrust. The required input power and thermal losses tell how
efficiently the system uses the solar radiation to heat the propellant.

To iterate and optimise the design to get to the final design, the following research questions were
identified:

7. What tools are the most suitable to analyse the design?

7.1 What are the best ways to model the design?
7.2 How can the models be used to optimise the design?

Due to the complexity of convective heat transfer, especially for turbulent flow. CFD was identified
as the best option to determine the effectiveness of the heat exchanger. To model the conduction
and radiation of the system, a simulation was created to apply the most realistic boundary conditions.
The results of the ray tracing of the solar irradiation were directly applied in this simulation to get the
most accurate predicted thermal distribution within the system. With the temperature of the materials
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affecting the sizing of the components, accurate estimations were important. This made a node-based
program to solve the thermal distribution within the solids the best option. Based on the determined
temperatures, the insulation thickness and input power could be minimised, lowering the system size.

The models could also be used to determine how the losses of the system change during the heating
and cooling of the system. Based on this analysis, the required thermal energy to be stored during
an eclipse could be determined more accurately. This analysis helped minimise the size of the TES
system, resulting in a lower outer surface temperature and thus the thermal losses. This snowball
effect helped decrease the system size and mass, while not influencing the concentrator negatively.
Indirectly, the required input power also reduced as it was easier for the smaller system to melt all the
TES material.

To validate the design, an experimental validation was proposed. This experimental validation is based
on the following research questions:

8. What are the goals of the experimental testing?

8.1 What are the goals of testing the materials?
8.2 What are the goals of testing the performance?

The proposed experimental validation focuses on the effects of high temperature and pressure, and
the interaction with hydrogen on the different components. By analysing the thermal and mechanical
properties of thematerials at the operating conditions, the design can be adjusted if necessary to ensure
reliability. Also, the properties of the propellant at high temperature and pressure need to be analysed,
as this directly influences the heat transfer in the heat exchanger.

Based on the specific heat ratio, mass flow, thrust, chamber and exit conditions, combined with the
nozzle geometry, the performance characteristic can be determined. By comparing the ideal and real
mass flow, characteristic velocity and thrust coefficient, it can be determined where the losses of the
system occur. This helps improve the systemwhere necessary to ensure the performance is as required
for the mission.

10.2. Recommendations
The simulations of themodelled design have been used to optimise the design, based onmore accurate
operating conditions than what was conservatively estimated. However, a few parameters were set to
be constant. For future work, it is therefore recommended to analyse the effect of a smaller or larger
cavity on the overall system efficiency. A larger cavity could potentially lower the required input power if
the limiting factor for the input power is the distance between the cavity and the coldest point of the TES
material. A smaller cavity could potentially lower the required input power if a smaller radiating surface
decreases the thermal losses more than the decreased absorptivity increases the required input power.

The cavity was optimised based on a set of identified shapes during the literature review. However,
it is recommended to study cavity shapes with a lower area but the same surface area and a better
uniformity score by having a variable half-angle along the shape. More complex cavity shapes could
potentially improve the system efficiency.

Another design parameter that can be analysed is the insulation outer temperature or thickness. A
larger system outer surface increases the radiating area, but a lower surface temperature decreases
the thermal radiation. If the thermal losses decrease, less TES material is required to store energy,
leading to a decrease in system size. It is recommended to analyse the balancing of these effects to
optimise the system further.

To improve the accuracy of the conduction and radiation simulation, it is recommended to determine
the actual radiation and reabsorption of the radiation. The current simulation uses estimated radiation
losses based on the area ratio, without simulating the reabsorption of radiation. This would improve
the uniformity of the cavity temperature, because the hotter nodes can distribute their heat over colder
nodes via radiation as well and not only via conduction. The thermal losses of the system would also
be more accurately determined.
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A
Component Scripts

This appendix contains the scripts used for the components of the propulsion system. The filled-in
parameters are the values of the final design.

Listing A shows the script for the required channel length of the heat exchanger.
1 # ============================================================
2 # Imports
3 # ============================================================
4

5 import CoolProp.CoolProp as CP # Thermophysical properties
6 import numpy as np
7 from scipy.optimize import brentq, root_scalar # Root-finding
8 import matplotlib.pyplot as plt # Plotting
9

10 # ============================================================
11 # Parameters
12 # ============================================================
13

14 N = 1
15 m_dot = 0.1173-3 / N # Mass flow rate [kg/s]
16 T_in = 273.15 # Inlet temperature [K]
17 T_c = 2249 # Channel temperature [K]
18 T_wall = 2349 # Wall temperature [K]
19 n = 1000 # Number of temperature steps
20 dT = (T_c - T_in) / n # Temperature increment [K]
21 P_in = 50e5 # Inlet pressure [Pa]
22

23 R = 8.314 # Gas constant [J/mol·K]
24 M_H2 = 2.016e-3 # Molar mass H2 [kg/mol]
25

26 epsilon = 1 - np.pi / (3 * np.sqrt(2)) # Porosity factor
27 d_p = 1.548e-3 # Particle diameter [m]
28 a_s = 2.860e3 # Specific surface area [m²/m³]
29

30 # ============================================================
31 # CoolProp Property Functions
32 # ============================================================
33

34 def dynamic_viscosity(T, P):
35 """Return dynamic viscosity [Pa·s]"""
36 return CP.PropsSI('VISCOSITY', 'T', T, 'P', P, 'Hydrogen')
37

38 def prandtl_number(T, P):
39 """Return Prandtl number [-]"""
40 return CP.PropsSI('PRANDTL', 'T', T, 'P', P, 'Hydrogen')
41

42 def enthalpy(T, P):
43 """Return specific enthalpy [J/kg]"""
44 return CP.PropsSI('H', 'T', T, 'P', P, 'Hydrogen')
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45

46 def density(T, P):
47 """Return density [kg/m³]"""
48 return CP.PropsSI('D', 'T', T, 'P', P, 'Hydrogen')
49

50 def specific_heat_ratio(T, P):
51 """Return Cp/Cv ratio [-]"""
52 cp = CP.PropsSI('CPMASS', 'T', T, 'P', P, 'Hydrogen')
53 cv = CP.PropsSI('CVMASS', 'T', T, 'P', P, 'Hydrogen')
54 return cp / cv
55

56 # ============================================================
57 # Heat Transfer Calculations
58 # ============================================================
59

60 def required_heating_power(T, P):
61 """Compute required power to heat gas over dT [W]"""
62 h1 = enthalpy(T, P)
63 h2 = enthalpy(T + dT, P)
64 return m_dot * (h2 - h1)
65

66 def lmtd(T):
67 """Logarithmic mean temperature difference [K]"""
68 return dT / np.log((T_wall - T) / (T_wall - (T + dT)))
69

70 def heat_transfer_coefficient(T, P, Nu, L_c):
71 """Convective heat transfer coefficient [W/m²·K]"""
72 k = CP.PropsSI('L', 'T', T, 'P', P, 'Hydrogen')
73 return Nu * k / L_c
74

75 def heat_transfer_coefficient_porous(T, P, Nu):
76 """Porous media heat transfer [W/m³·K]"""
77 h = heat_transfer_coefficient(T, P, Nu, d_p)
78 return a_s * h
79

80 def transferred_heating_power(T, P, Nu, D, L):
81 """Compute heating power transferred through smooth channel [W]"""
82 h = heat_transfer_coefficient(T, P, Nu, D)
83 return h * np.pi * D * L * lmtd(T)
84

85 def transferred_heating_power_porous(T, P, Nu, A_c, L):
86 """Compute heating power in porous channel [W]"""
87 h_v = heat_transfer_coefficient_porous(T, P, Nu)
88 return h_v * A_c * L * lmtd(T)
89

90 # ============================================================
91 # Flow Calculations
92 # ============================================================
93

94 def reynolds_number(D, mu):
95 """Reynolds number for smooth tube"""
96 return (4 * m_dot) / (np.pi * D * mu)
97

98 def reynolds_number_porous(A_c, mu):
99 """Reynolds number for porous media"""

100 return (m_dot * d_p) / (epsilon * A_c * mu)
101

102 def friction_factor_t(Re):
103 """Turbulent friction factor"""
104 return (0.790 * np.log(Re) - 1.64)**-2
105

106 def nusselt_number_t(f, Re, Pr):
107 """Turbulent Nusselt number"""
108 numerator = (f / 8) * (Re - 1000) * Pr
109 denominator = 1 + 12.7 * (f / 8)**0.5 * (Pr**(2/3) - 1)
110 return numerator / denominator
111

112 def friction_factor_l(Re):
113 """Laminar friction factor"""
114 return 64 / Re
115
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116 def nusselt_number_l(D, x, Re, Pr):
117 """Laminar Nusselt number (entry region)"""
118 term = (D / x) * Re * Pr
119 numerator = 0.0668 * 0.04 * (2 / 3) * term**(5/3)
120 denominator = (1 + 0.04 * term**(2/3))**2
121 return 3.66 + numerator / denominator
122

123 def nusselt_number_porous(Re, Pr):
124 """Nusselt number for porous media"""
125 Nul = 0.664 * Pr**(1/3) * Re**0.5
126 Nut = (0.037 * Re**0.8 * Pr) / (1 + 2.443 * Re**-0.1 * (Pr**(2/3) - 1))
127 return 2 + np.sqrt(Nul**2 + Nut**2)
128

129 # ============================================================
130 # Pressure Drop
131 # ============================================================
132

133 def pressure_drop(T, P, f, L, D):
134 """Pressure drop in smooth tube [Pa]"""
135 rho = density(T, P)
136 A = np.pi * D**2 / 4
137 v = m_dot / (rho * A)
138 return f * (L / D) * 0.5 * rho * v**2
139

140 def pressure_drop_porous(T, P, mu, L, A_c):
141 """Pressure drop in porous media [Pa]"""
142 rho = density(T, P)
143 v_s = m_dot / (rho * A_c)
144 term_viscous = (150 * (1 - epsilon)**2 * mu * v_s) / (epsilon**3 * d_p**2)
145 term_inertial = (1.75 * (1 - epsilon) * rho * v_s**2) / (epsilon**3 * d_p)
146 return (term_viscous + term_inertial) * L
147

148 # ============================================================
149 # Channel Length Calculations
150 # ============================================================
151

152 def channel_length(D, tol=1e-16, max_iter=100000):
153 """Compute channel length and flow regimes for smooth tube"""
154 L_total = 0
155 P_total = P_in
156 laminar_total = 0
157 turbulent_total = 0
158 transition_total = 0
159

160 for T in np.linspace(T_in, T_c - dT, n):
161 L_estimate, P_estimate = 0.1, 1e3
162 for _ in range(max_iter):
163 x = L_total + 0.5 * L_estimate
164 P = P_total - 0.5 * P_estimate
165 Q_dot_r = required_heating_power(T, P)
166 mu = dynamic_viscosity(T + dT/2, P)
167 Pr = prandtl_number(T + dT/2, P)
168 Re = reynolds_number(D, mu)
169

170 # Select flow regime
171 if Re >= 3000:
172 f = friction_factor_t(Re)
173 Nu = nusselt_number_t(f, Re, Pr)
174 elif Re <= 2300:
175 f = friction_factor_l(Re)
176 Nu = nusselt_number_l(D, x, Re, Pr)
177 else: # Transition
178 f_lam = friction_factor_l(Re)
179 f_turb = friction_factor_t(Re)
180 Nu_lam = nusselt_number_l(D, x, Re, Pr)
181 Nu_turb = nusselt_number_t(f_turb, Re, Pr)
182 weight = (Re - 2300)/(3000 - 2300)
183 f = (1 - weight)*f_lam + weight*f_turb
184 Nu = (1 - weight)*Nu_lam + weight*Nu_turb
185

186 # Solve for local length
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187 def find_L(L):
188 return Q_dot_r - transferred_heating_power(T, P, Nu, D, L)
189 L_solution = brentq(find_L, 1e-10, 10)
190 P_solution = pressure_drop(T + dT/2, P, f, L_solution, D)
191

192 # Convergence check
193 if abs(L_solution - L_estimate) < tol and abs(P_solution - P_estimate) < 1e-6:
194 break
195 L_estimate, P_estimate = L_solution, P_solution
196

197 L_total += L_solution
198 if Re >= 4000: turbulent_total += L_solution
199 elif Re <= 2300: laminar_total += L_solution
200 else: transition_total += L_solution
201 P_total -= P_solution
202

203 rho = density(T + dT, P)
204 A = np.pi * D**2 / 4
205 v = m_dot / (rho * A)
206 M = v / CP.PropsSI('A', 'T', T + dT, 'P', P, 'Hydrogen') # Mach number
207 return L_total, laminar_total/L_total, turbulent_total/L_total, transition_total/L_total,

P_total, M
208

209 def channel_length_porous(A_c, tol=1e-16, max_iter=100000):
210 """Compute channel length and flow regimes for porous medium"""
211 L_total = 0
212 P_total = P_in
213 laminar_total = 0
214 turbulent_total = 0
215 transition_total = 0
216 for T in np.linspace(T_in, T_c - dT, n):
217 L_estimate, P_estimate = 0.1, 1e3
218 for _ in range(max_iter):
219 P = P_total - 0.5 * P_estimate
220 mu = dynamic_viscosity(T + dT/2, P)
221 Pr = prandtl_number(T + dT/2, P)
222 Q_dot_r = required_heating_power(T, P)
223 Re = reynolds_number_porous(A_c, mu)
224 Nu = nusselt_number_porous(Re, Pr)
225

226 def find_L(L):
227 return Q_dot_r - transferred_heating_power_porous(T, P, Nu, A_c, L)
228 L_solution = brentq(find_L, 1e-10, 10)
229 P_solution = pressure_drop_porous(T + dT, P, mu, L_solution, A_c)
230

231 if abs(L_solution - L_estimate) < tol and abs(P_solution - P_estimate) < 1e-6:
232 break
233 L_estimate, P_estimate = L_solution, P_solution
234

235 L_total += L_solution
236 if Re >= 4000: turbulent_total += L_solution
237 elif Re <= 2300: laminar_total += L_solution
238 else: transition_total += L_solution
239 P_total -= P_solution
240

241 rho = density(T + dT, P)
242 v = m_dot / (rho * A_c * epsilon)
243 M = v / CP.PropsSI('A', 'T', T + dT, 'P', P, 'Hydrogen')
244 return L_total, laminar_total/L_total, turbulent_total/L_total, transition_total/L_total,

P_total, M

Listing A shows the script for the cavity design.
1 # ============================================================
2 # Imports
3 # ============================================================
4

5 import numpy as np
6 import matplotlib.pyplot as plt
7 import matplotlib.cm as cm
8 from scipy.optimize import differential_evolution
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9 from scipy.optimize import root_scalar
10 from matplotlib.patches import Rectangle
11

12 # ============================================================
13 # Parameters
14 # ============================================================
15

16 numerical_aperture = 0.48 # NA determines maximum acceptance angle for rays
17 num_rays = 1000 # Total number of rays to trace
18 num_rays_to_plot = 50 # Number of rays to plot for visualization
19 absorptivity = 0.84 # Fraction of energy absorbed per wall hit
20 segment_length_const = 1.0 # Fixed segment length for wall discretization
21 max_bounces = 4 # Maximum number of ray reflections
22 bin_width = 1 # Bin width for histogram analysis (if used)
23 aperture_radius = 10 # Radius of the input aperture
24 area_ratio = 3.284 # Ratio of total cavity surface to aperture area
25

26 first_cone = True # Boolean flag indicating if left cone exists
27

28 emission_angle_deg = np.degrees(np.arcsin(numerical_aperture)) # Maximum emission angle [deg
]

29 max_absorption = 1-(1-absorptivity)**max_bounces # Maximum achievable absorption after all
bounces

30

31 # ============================================================
32 # Geometry and Surface Area Functions
33 # ============================================================
34

35 def total_surface_area(rc, theta1_deg, theta2_deg, cylinder_length_ratio):
36 """Compute total internal surface area for a cavity (cones + cylinder)"""
37 theta1 = np.radians(theta1_deg)
38 theta2 = np.radians(theta2_deg)
39

40 if first_cone:
41 L1 = (rc - aperture_radius) / np.tan(theta1) # Axial length of left cone
42 l1 = np.sqrt((rc - aperture_radius)**2 + L1**2) # Slant height of left cone
43 S_cone1 = np.pi * (aperture_radius + rc) * l1 # Surface area of left cone
44 else:
45 L1 = 0
46 S_cone1 = 0
47

48 L2 = rc / np.tan(theta2) # Axial length of right cone
49 l2 = np.sqrt(rc**2 + L2**2) # Slant height of right cone
50 S_cone2 = np.pi * rc * l2 # Surface area of right cone
51

52 Lc = cylinder_length_ratio * rc # Cylinder axial length
53 S_cyl = 2 * np.pi * rc * Lc # Surface area of cylinder
54

55 return S_cone1 + S_cyl + S_cone2 # Total surface area
56

57 def find_rc_for_target_surface(theta1_deg, theta2_deg, cylinder_length_ratio):
58 """Find cavity radius that meets target surface area based on area_ratio"""
59 aperture_area = np.pi * aperture_radius**2
60 target_area = area_ratio * aperture_area
61

62 def func(rc):
63 return total_surface_area(rc, theta1_deg, theta2_deg, cylinder_length_ratio) -

target_area
64

65 rc_guess_min = aperture_radius * 1.0001
66 rc_guess_max = aperture_radius * 100
67

68 try:
69 sol = root_scalar(func, bracket=[rc_guess_min, rc_guess_max], method='brentq')
70 if sol.converged:
71 return sol.root
72 except (ValueError, RuntimeError):
73 return None
74

75 return None
76
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77 def geometry(theta1_deg, theta2_deg, cylinder_length_ratio):
78 """Compute cavity wall coordinates and total length"""
79 if not first_cone:
80 rc = aperture_radius # Fixed radius if left cone is not present
81 aperture_area = np.pi * aperture_radius**2
82 target_area = area_ratio * aperture_area
83

84 # Solve theta2 that meets target area
85 def func(theta2_rad):
86 L2 = rc / np.tan(theta2_rad)
87 l2 = np.sqrt(rc**2 + L2**2)
88 S_cone2 = np.pi * rc * l2
89 Lc = cylinder_length_ratio * rc
90 S_cyl = 2 * np.pi * rc * Lc
91 return (S_cyl + S_cone2) - target_area # Exclude left cone
92

93 try:
94 sol = root_scalar(func, bracket=[np.radians(0.0001), np.radians(89.9)], method='

brentq')
95 if not sol.converged:
96 return None, None, None, None
97 theta2_rad = sol.root
98 except (ValueError, RuntimeError):
99 return None, None, None, None

100

101 else:
102 rc = find_rc_for_target_surface(theta1_deg, theta2_deg, cylinder_length_ratio)
103 if rc is None:
104 return None, None, None, None
105 theta2_rad = np.radians(theta2_deg)
106

107 # Compute axial lengths
108 theta1_rad = np.radians(theta1_deg)
109 L1 = (rc - aperture_radius) / np.tan(theta1_rad) if first_cone else 0
110 L2 = rc / np.tan(theta2_rad)
111 Lc = cylinder_length_ratio * rc
112

113 total_length = L1 + Lc + L2
114 print(total_length)
115

116 # Compute wall coordinates
117 x0 = 0.0
118 x1 = x0 + L1
119 x2 = x1 + Lc
120 x3 = x2 + L2
121

122 walls = []
123 if first_cone:
124 walls += [
125 [(x0, aperture_radius), (x1, rc)], # Left top cone
126 [(x0, -aperture_radius), (x1, -rc)], # Left bottom cone
127 ]
128

129 walls += [
130 [(x1, rc), (x2, rc)], # Cylinder top
131 [(x1, -rc), (x2, -rc)], # Cylinder bottom
132 [(x2, rc), (x3, 0.0)], # Right top cone
133 [(x2, -rc), (x3, 0.0)], # Right bottom cone
134 ]
135

136 vertical_wall = [(0, -rc), (0, rc)] # Central vertical wall for ray termination
137

138 return walls, rc, total_length, vertical_wall
139

140 # ============================================================
141 # Ray Tracing Functions
142 # ============================================================
143

144 def ray_segment_intersection(ray_origin, ray_dir, p1, p2):
145 """Compute intersection point of ray with line segment"""
146 p1, p2 = np.array(p1), np.array(p2)
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147 v1 = ray_origin - p1
148 v2 = p2 - p1
149 v3 = np.array([-ray_dir[1], ray_dir[0]])
150 dot = np.dot(v2, v3)
151 if abs(dot) < 1e-10:
152 return None, None
153 t1 = np.cross(v2, v1) / dot
154 t2 = np.dot(v1, v3) / dot
155 if t1 > 1e-10 and 0 <= t2 <= 1:
156 return ray_origin + t1*ray_dir, (p1, p2)
157 return None, None
158

159 def reflect(ray_dir, normal):
160 """Reflect ray about surface normal"""
161 return ray_dir - 2*np.dot(ray_dir, normal)*normal
162

163 def wall_normal(p1, p2):
164 """Compute normal vector for a wall segment"""
165 vec = np.array(p2) - np.array(p1)
166 n = np.array([-vec[1], vec[0]])
167 return n / np.linalg.norm(n)
168

169 # ============================================================
170 # Simulation Core
171 # ============================================================
172

173 def simulate(theta1_deg, theta2_deg, cylinder_length_ratio , plot_density=False):
174 """Simulate ray tracing and wall energy deposition"""
175 walls, rc, total_length, vertical_wall = geometry(theta1_deg, theta2_deg,

cylinder_length_ratio)
176

177 if walls is None or rc is None:
178 print("Invalid␣geometry␣—␣skipping␣simulation.")
179 return 0.0, None, 0.0, None
180

181 if not first_cone:
182 theta2_deg = np.degrees(np.arctan(rc / (total_length - cylinder_length_ratio * rc)))
183 print(f"Simulating␣|␣�2␣=␣{theta2_deg:.5f}°,␣L_cyl/r_cyl␣=␣{cylinder_length_ratio:.5f

}")
184 else:
185 print(f"Simulating␣|␣�1␣=␣{theta1_deg:.2f}°,␣�2␣=␣{theta2_deg:.2f}°,␣L_cyl/r_cyl␣=␣{

cylinder_length_ratio:.2f}")
186

187 # ----------------- Initialize Wall Segments -----------------
188 wall_lengths = [np.linalg.norm(np.array(p2) - np.array(p1)) for p1, p2 in walls]
189 segments_per_wall = [max(1, int(np.ceil(L / segment_length_const))) for L in wall_lengths

]
190 wall_energy = [np.zeros(n) for n in segments_per_wall]
191

192 # ----------------- Initialize Rays -----------------
193 ray_origin = np.array([0.0, 0.0])
194 theta_max = np.arcsin(numerical_aperture)
195 u = np.linspace(0, 1, num_rays)
196 theta = np.arcsin(np.sin(theta_max) * (2 * u - 1))
197 ray_dirs = np.stack([np.cos(theta), np.sin(theta)], axis=1)
198

199 total_initial_energy = 100.0
200

201 if plot_density:
202 plt.figure(figsize=(8, 5))
203 plot_indices = set(np.linspace(0, num_rays - 1, num_rays_to_plot, dtype=int))
204

205 # ----------------- Trace Rays -----------------
206 for i, ray_dir in enumerate(ray_dirs):
207 energy = total_initial_energy / num_rays
208 ray_pos = ray_origin.copy()
209

210 for bounce in range(max_bounces):
211 closest_pt, hit_idx = None, -1
212 min_dist = np.inf
213
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214 for idx, wall in enumerate(walls):
215 hit, _ = ray_segment_intersection(ray_pos, ray_dir, *wall)
216 if hit is not None:
217 d = np.linalg.norm(hit - ray_pos)
218 if d < min_dist:
219 min_dist = d
220 closest_pt = hit
221 hit_idx = idx
222

223 if vertical_wall is not None:
224 hit_v, _ = ray_segment_intersection(ray_pos, ray_dir, *vertical_wall)
225 if hit_v is not None:
226 d_v = np.linalg.norm(hit_v - ray_pos)
227 if d_v < min_dist:
228 if plot_density and i in plot_indices:
229 cmap = cm.get_cmap("autumn")
230 color = cmap(bounce / max_bounces)
231 plt.plot([ray_pos[0], hit_v[0]], [ray_pos[1], hit_v[1]], color=

color, alpha=0.6)
232 break
233

234 if closest_pt is None:
235 break
236

237 if plot_density and i in plot_indices:
238 cmap = cm.get_cmap("autumn")
239 color = cmap(bounce / max_bounces)
240 plt.plot([ray_pos[0], closest_pt[0]], [ray_pos[1], closest_pt[1]], color=

color, alpha=0.6)
241

242 p1, p2 = walls[hit_idx]
243 seg_vec = np.array(p2) - np.array(p1)
244 rel = np.dot(closest_pt - p1, seg_vec) / (np.linalg.norm(seg_vec) ** 2)
245 seg_idx = min(max(int(rel * segments_per_wall[hit_idx]), 0), segments_per_wall[

hit_idx] - 1)
246

247 absorbed = energy * absorptivity
248 wall_energy[hit_idx][seg_idx] += absorbed
249 energy -= absorbed
250

251 normal = wall_normal(*walls[hit_idx])
252 ray_dir = reflect(ray_dir, normal)
253 ray_pos = closest_pt
254

255 # ----------------- Normalize by 3D Area ------------------
256 segment_areas = []
257 for (p1, p2), n in zip(walls, segments_per_wall):
258 seg_vec = np.array(p2) - np.array(p1)
259 for s in range(n):
260 start = np.array(p1) + (s / n) * seg_vec
261 end = np.array(p1) + ((s + 1) / n) * seg_vec
262 y_avg = (abs(start[1]) + abs(end[1])) / 2
263 seg_length = np.linalg.norm(end - start)
264 area = np.pi * y_avg * seg_length
265 segment_areas.append(area)
266

267 all_energy_density = []
268 top_half_energy_data = []
269

270 for i in range(len(walls)):
271 p1, p2 = walls[i]
272 seg_vec = np.array(p2) - np.array(p1)
273 n_segments = segments_per_wall[i]
274

275 for j in range(n_segments):
276 idx_flat = sum(segments_per_wall[:i]) + j
277 start = np.array(p1) + (j / n_segments) * seg_vec
278 end = np.array(p1) + ((j + 1) / n_segments) * seg_vec
279 center = (start + end) / 2
280

281 energy_density = wall_energy[i][j] / segment_areas[idx_flat]
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282 all_energy_density.append(energy_density)
283

284 if center[1] > 0:
285 top_half_energy_data.append([center[0], center[1], 2*wall_energy[i][j]])
286

287 all_energy_density = np.array(all_energy_density)
288 top_half_energy_data = np.array(top_half_energy_data)
289

290 # ----------------- Compute Uniformity Score -----------------
291 total_energy = all_energy_density.sum()
292 if total_energy > 0:
293 p_raw = all_energy_density / total_energy
294 entropy = -np.sum(p_raw[p_raw > 0] * np.log(p_raw[p_raw > 0]))
295 max_entropy = np.log(len(p_raw))
296 uniformity_score = entropy / max_entropy
297 else:
298 uniformity_score = 1.0
299

300 total_absorbed_energy = sum(all_energy_density[i] * segment_areas[i] for i in range(len(
segment_areas)))

301 print(f"Uniformity␣Score:␣{uniformity_score:.4f}")
302 print(f"Absorbed␣Power␣(%):␣{total_absorbed_energy:.4f}%")
303

304 # ----------------- Optional Plot -----------------
305 if plot_density:
306 wall_density = []
307 for i in range(len(walls)):
308 densities_i = []
309 for s in range(segments_per_wall[i]):
310 idx_flat = sum(segments_per_wall[:i]) + s
311 densities_i.append(wall_energy[i][s] / segment_areas[idx_flat])
312 wall_density.append(np.array(densities_i))
313 all_nd = np.concatenate(wall_density)
314 norm = plt.Normalize(vmin=0, vmax=all_nd.max() if all_nd.max() > 0 else 1)
315 cmap = cm.get_cmap("inferno")
316

317 for idx, wall in enumerate(walls):
318 p1, p2 = np.array(wall[0]), np.array(wall[1])
319 seg_vec = p2 - p1
320 for s in range(segments_per_wall[idx]):
321 start = p1 + (s / segments_per_wall[idx]) * seg_vec
322 end = p1 + ((s + 1) / segments_per_wall[idx]) * seg_vec
323 plt.plot([start[0], end[0]], [start[1], end[1]],
324 color=cmap(norm(wall_density[idx][s])), linewidth=4)
325

326 # Add representation of input cylinder
327 block_x = -20
328 block_width = 20
329 block_height = 10
330 block_bottom = -5
331

332 block = Rectangle(
333 (block_x, block_bottom),
334 block_width,
335 block_height,
336 facecolor="lightblue",
337 edgecolor="black",
338 linewidth=1
339 )
340 plt.gca().add_patch(block)
341

342 sm = cm.ScalarMappable(norm=norm, cmap=cmap)
343 sm.set_array([])
344 plt.colorbar(sm, label="Relative␣heat␣flux␣[%␣�mm²]")
345 plt.axis('equal')
346 plt.xlabel("Length␣[mm]")
347 plt.ylabel("Radius␣[mm]")
348 plt.grid(True)
349 plt.tight_layout()
350 plt.show()
351
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352 absorption_ratio = (total_absorbed_energy / 100) / max_absorption
353

354 return uniformity_score, top_half_energy_data , absorption_ratio, theta2_deg
355

356 # ============================================================
357 # Optimization Functions
358 # ============================================================
359

360 def optimize_geometry():
361 """Optimize cavity geometry using differential evolution"""
362 def objective(params):
363 if first_cone:
364 theta1, theta2, cyl_len_ratio = params
365 else:
366 cyl_len_ratio, = params
367 theta1 = 1e-5 # placeholder
368 theta2 = 1e-5 # solved inside geometry
369

370 score, _, _, _ = simulate(theta1, theta2, cyl_len_ratio, plot_density=False)
371 return -score if score is not None else 1e6 # penalize invalid
372

373 if first_cone:
374 bounds = [
375 (0.00001, 89.9999), # �1
376 (0.00001, 89.9999), # �2
377 (0.00001, 10.0), # L_cyl/R_cyl
378 ]
379 else:
380 bounds = [
381 (0.00001, 10.0), # L_cyl/R_cyl only
382 ]
383

384 result = differential_evolution(
385 objective,
386 bounds,
387 strategy='best1bin',
388 popsize=20,
389 tol=1e-4,
390 seed=42,
391 updating='deferred',
392 )
393

394 if first_cone:
395 best_theta1, best_theta2, best_length_ratio = result.x
396 else:
397 best_length_ratio, = result.x
398 best_theta1 = 1e-5
399 best_theta2 = 1e-5
400

401 best_score = -result.fun
402 print("Best␣configuration␣found:")
403 if first_cone:
404 print(f"␣␣�1␣=␣{best_theta1:.2f}°")
405 print(f"␣␣�2␣=␣{best_theta2:.2f}°")
406 print(f"␣␣L_cyl/R_cyl␣␣=␣{best_length_ratio:.2f}")
407 print(f"␣␣Score␣=␣{best_score:.4f}")
408

409 _, _, _, best_theta2 = simulate(best_theta1, best_theta2, best_length_ratio, plot_density
=True)

410

411 def min_area(area_min=1.0, area_max=18, tol=1e-5, target_absorption=0.99999):
412 """Lowest cavity area with maximum absorption"""
413 global area_ratio
414

415 class TargetReached(Exception):
416 pass
417

418 best_config = None
419 best_area = None
420 low, high = area_min, area_max
421
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422 while high - low > tol:
423 mid = (low + high) / 2
424 area_ratio = mid
425 print(f"\nTesting␣area_ratio␣=␣{mid:.6f}")
426

427 best_found = {"absorption": -float('inf'), "params": None}
428

429 if first_cone:
430 bounds = [
431 (0.00001, 89.9999), # �1
432 (0.00001, 89.9999), # �2
433 (0.00001, 10.0), # L_cyl/R_cyl
434 ]
435 else:
436 bounds = [
437 (0.00001, 10.0), # L_cyl/R_cyl only
438 ]
439

440 def objective(params):
441 if first_cone:
442 theta1, theta2, cyl_len_ratio = params
443 else:
444 cyl_len_ratio, = params
445 theta1 = 1e-5
446 theta2 = 1e-5
447

448 _, _, absorption_ratio, _ = simulate(theta1, theta2, cyl_len_ratio, plot_density=
False)

449

450 if absorption_ratio is None:
451 return 1e6 # invalid geometry
452

453 if absorption_ratio > best_found["absorption"]:
454 best_found["absorption"] = absorption_ratio
455 best_found["params"] = params
456

457 if absorption_ratio >= target_absorption:
458 raise TargetReached
459

460 return -absorption_ratio
461

462 try:
463 differential_evolution(
464 objective,
465 bounds,
466 seed=42,
467 popsize=20,
468 tol=1e-4,
469 updating='deferred',
470 polish=False,
471 )
472 except TargetReached:
473 high = mid
474 best_area = mid
475 best_config = (*best_found["params"], best_found["absorption"])
476 print(f"Absorption␣=␣1␣reached␣at␣area_ratio␣=␣{mid:.6f}")
477 continue
478

479 low = mid
480 print(f"Absorption␣=␣{best_found['absorption ']:.4f}␣at␣area_ratio␣=␣{mid:.6f}")
481

482 print("\nMinimal␣area_ratio␣found:")
483

484 if best_config:
485 if first_cone:
486 best_theta1 = best_config[0]
487 best_theta2 = best_config[1]
488 best_length_ratio = best_config[2]
489 best_absorption = best_config[3]
490 else:
491 best_length_ratio = best_config[0] # optimized L_cyl/R_cyl
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492 # Get theta2 from simulate()
493 _, _, best_absorption, best_theta2 = simulate(1e-5, 1e-5, best_length_ratio,

plot_density=False)
494

495 print("\nBest␣configuration␣found␣for␣minimal␣area:")
496 print(f"␣␣area_ratio␣=␣{best_area:.6f}")
497 if first_cone:
498 print(f"␣␣�1␣=␣{best_theta1:.2f}°")
499 print(f"␣␣�2␣=␣{best_theta2:.2f}°")
500 print(f"␣␣L_cyl/R_cyl␣=␣{best_length_ratio:.2f}")
501 print(f"␣␣Absorption␣ratio␣=␣{best_absorption:.4f}")
502

503 # Run simulation with density plot
504 _, _, _, _ = simulate(
505 best_theta1 if first_cone else 1e-5,
506 best_theta2,
507 best_length_ratio,
508 plot_density=True
509 )
510 return best_config
511 else:
512 print("No␣configuration␣found␣achieving␣absorption␣ratio␣=␣1")
513 return None
514

515 np.savetxt("energy_data.csv", export, delimiter=",", header="z,r,energy_percent", comments=''
)



B
System Scripts

This appendix contains the scripts used for the complete propulsion system. The filled-in parameters
are the values of the final design.

Listing B shows the script for the radiation and conduction simulation.
1 # ============================================================
2 # Imports
3 # ============================================================
4

5 import numpy as np
6 import matplotlib.pyplot as plt
7 from matplotlib.path import Path
8 import matplotlib.colors as mcolors
9 import random

10 from numba import njit, prange
11 import matplotlib.patches as mpatches
12

13 # ============================================================
14 # Input files
15 # ============================================================
16 energy_data = np.loadtxt("energy_data.csv", delimiter=",", skiprows=1)
17 T_final = np.load("T_final.npy")
18

19 # =========================
20 # === 1) GLOBAL CONSTANTS
21 # =========================
22

23 sigma = 5.67e-8 # Stefan-Boltzmann constant [W/�m²K]
24

25 # --- Geometry constants (all in mm; we will convert to meters later) ---
26 t_cav = 2.857 # cavity wall thickness [mm]
27 R_cav = 10.0 + t_cav # max inner cavity radius [mm]
28 aperture_r = 10.0 # ‐smallend tip radius at entrance [mm]
29 theta1_deg = 0 # left cone ‐halfangle [deg]
30 theta2_deg = 17.73 # right cone ‐halfangle [deg]
31 L_cav = 31.28 + t_cav # total inner cavity length [mm]
32

33 alpha = 0.84
34 area_ratio=3.284
35

36 t_wall = 0.10 # [mm]
37 D = 1.017 # [mm]
38

39

40 R_TES = 51.97 # [mm]
41 L_TES = 101.84 # [mm]
42 t_liner = 0.5 # [mm]
43 t_TES = t_wall+t_liner# # TES layer thickness [mm]
44 container_start = 0 # ‐zstart of TES cylinder [mm]

132
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45

46 t_ins_cav = 69.0 # [mm]
47 t_ins_TES = 69.0 # [mm]
48

49 k_s_TES = 29.1 # solid
50 k_v_TES = 0.0 # void (air)
51 phi_TES = 0.2
52

53 k_s_ins = 48.6 # solid
54 k_v_ins = 0.0 # void (air)
55 phi_ins = 0.99
56

57 def effective_conductivity(k_s, k_v, phi):
58 numerator = 2 * k_s + k_v - 2 * phi * (k_s - k_v)
59 denominator = 2 * k_s + k_v + phi * (k_s - k_v)
60 k_eff = k_s * (numerator / denominator)
61

62 return k_eff
63

64 # --- Material properties (SI units) ---
65 material_props = {
66 0: {"k": 0.0, "epsilon": 1.0, "rho": 0.0, "cp": 0.0}, # void
67 1: {"k": 168.0, "epsilon": 0.81, "rho": 2260.0, "cp": 717.0}, # cavity shell
68 2: {"k": k_s_ins, "epsilon": 1.0, "rho": 21020.0, "cp": 140.0}, # TES container (

example values)
69 3: {"k": 751, "epsilon": 1.0, "rho": 21000.0, "cp": 720.0}, # TES liner
70 4: {"k": effective_conductivity(k_s_TES, k_v_TES, phi_TES), "epsilon": 1.0, "rho":

2450.0*(1-phi_TES), "cp": 960.0*(1-phi_TES)}, # TES material (example values)
71 5: {"k": k_s_ins, "epsilon": 1.0, "rho": 21020.0, "cp": 140.0}, # heat exchanger
72 6: {"k": effective_conductivity(k_s_ins, k_v_ins, phi_ins), "epsilon": 0.03, "rho":

21020.0*(1-phi_ins), "cp": 140.0*(1-phi_ins)}, # Insulation
73 }
74

75 # Define latent heat only for TES material (mask == 2)
76 latent_heat_value = 4.644e6 # J/kg for TES
77 melt_temp_value = 234 # K midpoint of melting transition
78 delta_T_melt = 1.0 # melting range [K]
79

80 # --- Power input on inner cavity [W] ---
81 P_in_total = 1267 # total constant power delivered to the inner cavity surface
82

83 # --- Ambient temperature (K) ---
84 T_ambient = 0.0
85 T_start = 2000
86 initial_temperatures = {
87 0: T_ambient, # void
88 1: 2349*1.1, # cavity shell (example)
89 2: 2349, # TES container (example)
90 3: 2349, # TES liner (example)
91 4: 2349, # TES material
92 5: 2349, # Heat exchanger
93 6: (1202+2349)/2 # Insulation
94 }
95

96 Nr = 200 # number of radial nodes
97 Nz = 350 # number of axial (z) nodes
98

99 dt = 0.94e-4 # [s] – reduce if unstable
100 t_total = 100.0 # [s]
101 Nt = round(t_total/dt) # number of time steps
102

103 rad_escape = 1 / (1 + alpha*area_ratio)
104

105 tol = 1.0e-5 # tolerance for convergence (adjust as needed)
106

107 # ============================
108 # === 2) SHAPE DEFINITIONS (in mm)
109 # ============================
110

111 def cavity_polygon():
112 t = t_cav # wall thickness�
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113

114 1 = np.radians(theta1_deg)�
115 2 = np.radians(theta2_deg)
116

117 # Cone lengths
118 # L1 = (R_cav - t - aperture_r) / np.tan�(1)
119 L1 = 0
120 L2 = (R_cav - t) / np.tan�(2)
121

122 # Cylinder length
123 Lc = L_cav - (L1 + L2 + t)
124 if Lc < 0:
125 raise ValueError("L_cav␣too␣short␣for␣given␣angles␣and␣radii.")
126

127 # Axial positions
128 z0 = 0.0
129 z1 = z0 + L1
130 z2 = z1 + Lc
131 z3 = z2 + L2
132 z4 = L_cav
133

134

135 # Inner cavity profile
136 z_in = np.array([z0, z1, z2, z3])
137 r_in = np.array([aperture_r, R_cav-t, R_cav-t, 0.0])
138

139 # Outer shell: straight back wall, up radially, forward to aperture
140 z_out = np.array([z4, z4, z0])
141 r_out = np.array([0.0, R_cav, R_cav])
142

143 # Combine to form full polygon
144 Z = np.concatenate((z_in, z_out, [z0]))
145 R = np.concatenate((r_in, r_out, [aperture_r]))
146

147 return Z, R
148

149

150 def TES_material_polygon():
151 z0 = container_start + t_TES
152 z1 = container_start + L_TES - t_TES
153 z2 = L_cav + t_TES
154

155 r0 = R_cav + t_TES
156 r1 = R_TES - t_TES
157 r2 = 0
158

159 # Rectangle (closed loop)
160 # Z = np.array([z0, z1, z1, z0, z0])
161 # R = np.array([r0, r0, r1, r1, r0])
162 Z = np.array([z0, z2, z2, z1, z1, z1, z0, z0])
163 R = np.array([r0, r0, r2, r2, r1, r1, r1, r0])
164 return Z, R
165

166

167 def TES_container_polygon():
168 z0 = container_start
169 z1 = container_start + L_TES
170 z2 = L_cav
171

172 r0 = R_cav
173 r1 = R_TES
174 r2 = 0
175

176 t = t_TES - t_liner
177

178 # Outer loop (counter-clockwise)
179 # z_outer = np.array([z0, z1, z1, z0, z0])
180 # r_outer = np.array([r0, r0, r1, r1, r0])
181 z_outer = np.array([z1, z1, z0, z0, z2, z2])
182 r_outer = np.array([r2, r1, r1, r0, r0, r2])
183
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184 # Inner loop (clockwise)
185 # z_inner = np.array([z0+t, z0+t, z1-t, z1-t, z0+t])
186 # r_inner = np.array([r0+t, r1-t, r1-t, r0+t, r0+t])
187

188 z_inner = np.array([z2+t, z2+t, z0+t, z0+t, z1-t, z1-t])
189 r_inner = np.array([r2, r0+t, r0+t, r1-t, r1-t, r2])
190

191 # Combine into one polygon: outer CCW, then inner reversed (CW)
192 Z = np.concatenate((z_outer, z_inner, [z_outer[0]]))
193 R = np.concatenate((r_outer, r_inner, [r_outer[0]]))
194 return Z, R
195

196 def TES_liner_polygon():
197 z0 = container_start + t_TES - t_liner
198 z1 = container_start + L_TES - t_TES + t_liner
199 z2 = L_cav + t_TES - t_liner
200

201 r0 = R_cav + t_TES - t_liner
202 r1 = R_TES - t_TES + t_liner
203 r2 = 0
204

205 t = t_liner
206

207 # Outer loop (counter-clockwise)
208 # z_outer = np.array([z0, z1, z1, z0, z0])
209 # r_outer = np.array([r0, r0, r1, r1, r0])
210 z_outer = np.array([z1, z1, z0, z0, z2, z2])
211 r_outer = np.array([r2, r1, r1, r0, r0, r2])
212

213 # Inner loop (clockwise)
214 # z_inner = np.array([z0+t, z0+t, z1-t, z1-t, z0+t])
215 # r_inner = np.array([r0+t, r1-t, r1-t, r0+t, r0+t])
216

217 z_inner = np.array([z2+t, z2+t, z0+t, z0+t, z1-t, z1-t])
218 r_inner = np.array([r2, r0+t, r0+t, r1-t, r1-t, r2])
219

220 # Combine into one polygon: outer CCW, then inner reversed (CW)
221 Z = np.concatenate((z_outer, z_inner, [z_outer[0]]))
222 R = np.concatenate((r_outer, r_inner, [r_outer[0]]))
223 return Z, R
224

225 def insulation_polygon():
226 t1 = t_ins_cav
227 t2 = t_ins_TES
228

229 z0 = 0.0
230 z1 = container_start
231 z2 = container_start + L_TES
232 z3 = L_cav
233

234 r0 = 0.0
235 r1 = aperture_r
236 r2 = R_cav
237 r3 = R_TES+D+t_wall
238

239 # Outer loop
240 # z_outer = np.array([z3+t1, z3+t1, z2+t2, z2+t2, z1-t2, z1-t2, z0-t1, z0-t1])
241 # r_outer = np.array([r0, r2+t1, r2+t1, r3+t2, r3+t2, r2+t1, r2+t1, r1])
242

243 z_outer = np.array([z2+t2, z2+t2, z0-t1, z0-t1, z0-t1, z0-t1])
244 r_outer = np.array([r0, r3+t2, r3+t2, r2, r2, r1])
245

246

247 # Inner loop
248 # z_inner = np.array([z0, z0, z1, z1, z2, z2, z3, z3])
249 # r_inner = np.array([r1, r2, r2, r3, r3, r2, r2, r0])
250

251 z_inner = np.array([z0, z0, z0, z0, z2, z2])
252 r_inner = np.array([r1, r2, r2, r3, r3, r0])
253

254 # Combine into one polygon: outer CCW, then inner reversed (CW)
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255 Z = np.concatenate((z_inner, z_outer, [z_inner[0]]))
256 R = np.concatenate((r_inner, r_outer, [r_inner[0]]))
257 return Z, R
258

259 def heat_exchanger_polygon():
260 z0 = container_start
261 z1 = container_start + L_TES
262

263 r0 = R_TES
264 r1 = R_TES + D + t_wall
265

266 # Rectangle (closed loop)
267 Z = np.array([z0, z1, z1, z0, z0])
268 R = np.array([r0, r0, r1, r1, r0])
269 return Z, R
270

271

272 # === Convert all polygons from mm → m ===
273 scale = 1e-3
274 Z_cav2d, R_cav2d = cavity_polygon()
275 Z_cav2d *= scale; R_cav2d *= scale
276

277 Z_mat2d, R_mat2d = TES_material_polygon()
278 Z_mat2d *= scale; R_mat2d *= scale
279

280 Z_cont2d, R_cont2d = TES_container_polygon()
281 Z_cont2d *= scale; R_cont2d *= scale
282

283 Z_liner2d, R_liner2d = TES_liner_polygon()
284 Z_liner2d *= scale; R_liner2d *= scale
285

286 Z_ins2d, R_ins2d = insulation_polygon()
287 Z_ins2d *= scale; R_ins2d *= scale
288

289 Z_heat2d, R_heat2d = heat_exchanger_polygon()
290 Z_heat2d *= scale; R_heat2d *= scale
291

292 # Build Path objects for ‐‐pointinpolygon tests
293 cav_path = Path(np.vstack((Z_cav2d, R_cav2d)).T)
294 mat_path = Path(np.vstack((Z_mat2d, R_mat2d)).T)
295 cont_path = Path(np.vstack((Z_cont2d, R_cont2d)).T)
296 liner_path = Path(np.vstack((Z_liner2d, R_liner2d)).T)
297 ins_path = Path(np.vstack((Z_ins2d, R_ins2d)).T)
298 heat_path = Path(np.vstack((Z_heat2d, R_heat2d)).T)
299

300 #===============================
301 # === 3) GENERATE FINITE-DIFF GRID
302 # =================================
303

304 # 3.1) DOMAIN EXTENTS (all in meters now)
305 r_max = (R_TES + D + t_wall + t_ins_TES) * scale # outermost radius in meters
306

307 z_min = (-t_ins_cav) * scale
308 z_max = (L_TES + t_ins_TES) * scale
309

310 # 3.2) DISCRETIZATION
311 dr = r_max / Nr
312 dz = (z_max-z_min) / Nz
313 print(dr*1000)
314 print(dz*1000)
315 # 3.3) BUILD (r, z) MESH
316 r_vals = np.linspace(dr/2, r_max - dr/2, Nr) # radial coordinates [m]
317 z_vals = np.linspace(z_min+dz/2, z_max - dz/2, Nz) # axial coordinates [m]
318 R_mesh, Z_mesh = np.meshgrid(r_vals, z_vals, indexing='ij')
319

320 # 3.4) MASK ARRAY (0=void, 1=cavity shell, 2=TES material, 3=TES container shell)
321 mask = np.zeros((Nr, Nz), dtype=int)
322

323 # 3.5) INITIALIZE TEMPERATURE FIELD
324 T = np.zeros((Nr, Nz), dtype=float)
325
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326 # 3.6) VECTORIZE ‐‐POINTINPOLYGON TESTS
327 # Build a (Nr*Nz, 2) array of points in meters (to match cav_path, mat_path, cont_path)
328 points = np.vstack((Z_mesh.ravel(), R_mesh.ravel())).T # shape = (Nr*Nz, 2), in meters
329

330 # Flatten mask for assignment
331 mask_flat = np.zeros(points.shape[0], dtype=int)
332

333 # Use vectorized contains_points (all in meters now!)
334 mask_flat[cav_path.contains_points(points)] = 1
335 mask_flat[cont_path.contains_points(points)] = 2
336 mask_flat[liner_path.contains_points(points)] = 3
337 mask_flat[mat_path.contains_points(points)] = 4
338 mask_flat[heat_path.contains_points(points)] = 5
339 mask_flat[ins_path.contains_points(points)] = 6
340

341 # Reshape back to (Nr, Nz)
342 mask = mask_flat.reshape(Nr, Nz)
343

344 r_phalf_vals = np.zeros(Nr) # radius at r+½ face of cell i
345 r_mhalf_vals = np.zeros(Nr) # radius at −r½ face of cell i
346

347 area_array_r_plus = np.zeros(Nr)
348 area_array_r_minus = np.zeros(Nr)
349 area_array_z = np.zeros(Nr)
350

351 volume_array = np.zeros(Nr)
352 for i in range(Nr):
353 r_i = r_vals[i]
354 r_phalf_vals[i] = r_i + 0.5 * dr # radius at i+1/2 face
355 r_mhalf_vals[i] = max(r_i - 0.5*dr, 0.0) # radius at i-1/2 face
356

357 area_array_r_plus[i] = 2.0 * np.pi * r_phalf_vals[i] * dz
358 area_array_r_minus[i] = 2.0 * np.pi * r_mhalf_vals[i] * dz
359

360 area_array_z[i] = 2.0 * np.pi * r_vals[i] * dr
361

362 volume_array[i] = 2.0 * np.pi * r_i * dr * dz
363

364 rad_loss_array = np.zeros((Nr, Nz))
365 rad_input_array = np.zeros((Nr, Nz))
366 energy_change_array = np.zeros((Nr, Nz))
367

368 for region in np.unique(mask):
369 T[mask == region] = initial_temperatures[region]
370

371 k_array = np.zeros_like(mask, dtype=float)
372 epsilon_array = np.zeros_like(mask, dtype=float)
373 rho_array = np.zeros_like(mask, dtype=float)
374 cp_array = np.zeros_like(mask, dtype=float)
375

376 for region in np.unique(mask):
377 region_mask = (mask == region)
378 k_array[region_mask] = 1.0*material_props[region]["k"]
379 epsilon_array[region_mask] = material_props[region]["epsilon"]
380 rho_array[region_mask] = material_props[region]["rho"]
381 cp_array[region_mask] = material_props[region]["cp"]
382

383 void_r_minus = np.zeros((Nr, Nz), dtype=bool)
384 void_r_plus = np.zeros((Nr, Nz), dtype=bool)
385 void_z_minus = np.zeros((Nr, Nz), dtype=bool)
386 void_z_plus = np.zeros((Nr, Nz), dtype=bool)
387

388 # Check r-1 (radial inward)
389 void_r_minus[1:, :] = (mask[:-1, :] == 0)
390

391 # Check r+1 (radial outward)
392 void_r_plus[:-1, :] = (mask[1:, :] == 0)
393

394 # Check z-1 (axial down)
395 void_z_minus[:, 1:] = (mask[:, :-1] == 0)
396
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397 # Check z+1 (axial up)
398 void_z_plus[:, :-1] = (mask[:, 1:] == 0)
399

400 # At lowest r (i=0), no void inward (outside domain)
401 void_r_minus[0, :] = 0 # or False
402

403 # At highest r (i=Nr-1), outside domain => void present
404 void_r_plus[-1, :] = 1 # or True
405

406 # At lowest z (j=0), outside domain => void present
407 void_z_minus[:, 0] = 1 # or True
408

409 # At highest z (j=Nz-1), outside domain => void present
410 void_z_plus[:, -1] = 1 # or True
411

412 k_array_r_minus = np.zeros_like(k_array)
413 k_array_r_plus = np.zeros_like(k_array)
414 k_array_z_minus = np.zeros_like(k_array)
415 k_array_z_plus = np.zeros_like(k_array)
416

417 for i in range(Nr):
418 for j in range(Nz):
419 k_ij = k_array[i, j]
420

421 # Radial minus (i-1, j)
422 if i > 0 and not void_r_minus[i, j]:
423 k_nbr = k_array[i - 1, j]
424 denom = k_ij + k_nbr
425 k_array_r_minus[i, j] = 2 * k_ij * k_nbr / denom
426 else:
427 # At lowest r (or void), use k_ij
428 k_array_r_minus[i, j] = k_ij
429

430 # Radial plus (i+1, j)
431 if i + 1 < Nr and not void_r_plus[i, j]:
432 k_nbr = k_array[i + 1, j]
433 denom = k_ij + k_nbr
434 k_array_r_plus[i, j] = 2 * k_ij * k_nbr / denom
435 else:
436 # At highest r (or void), use k_ij
437 k_array_r_plus[i, j] = k_ij
438

439 # Axial minus (i, j-1)
440 if j > 0 and not void_z_minus[i, j]:
441 k_nbr = k_array[i, j - 1]
442 denom = k_ij + k_nbr
443 k_array_z_minus[i, j] = 2 * k_ij * k_nbr / denom
444 else:
445 # At lowest z (or void), use k_ij
446 k_array_z_minus[i, j] = k_ij
447

448 # Axial plus (i, j+1)
449 if j + 1 < Nz and not void_z_plus[i, j]:
450 k_nbr = k_array[i, j + 1]
451 denom = k_ij + k_nbr
452 k_array_z_plus[i, j] = 2 * k_ij * k_nbr / denom
453 else:
454 # At highest z (or void), use k_ij
455 k_array_z_plus[i, j] = k_ij
456

457 latent_heat_array = np.zeros_like(mask, dtype=float) # J/kg
458 melt_temp_array = np.zeros_like(mask, dtype=float) # K
459 latent_heat_array[mask == 4] = latent_heat_value
460 melt_temp_array[mask == 4] = melt_temp_value
461

462

463 # ====================================
464 # === 4) BOUNDARY CONDITIONS SETUP
465 # ====================================
466

467 # …(previous geometry code …unchanged)
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468

469 # 4.0) … [same as before: compute L1,L2,Lc; z_in, r_in; etc.] …
470

471 # Initialize ‐zeroflux map
472 q_flux_plus_r = np.zeros((Nr, Nz))
473 q_flux_minus_r = np.zeros((Nr, Nz))
474 q_flux_z = np.zeros((Nr, Nz))
475

476

477 # Build list of all ‐cavitywall cells (mask == 1)
478 cavity_nodes = []
479 cavity_coords = []
480 for i in range(Nr):
481 for j in range(Nz):
482 if mask[i, j] == 1:
483 if (void_r_minus[i, j] or
484 void_r_plus[i, j] or
485 void_z_minus[i, j] or
486 void_z_plus[i, j]):
487

488 cavity_nodes.append((i, j))
489 cavity_coords.append((z_vals[j], r_vals[i]))
490

491 epsilon_orig = epsilon_array.copy()
492

493 for row in energy_data:
494 z_pt_mm, r_pt_mm, flux_val = row # mm, mm, W
495 z_pt = z_pt_mm * scale # convert to meters
496 r_pt = r_pt_mm * scale # convert to meters
497

498 # Find closest (z, r) cell center
499 distances = [np.hypot(z_pt - zc, r_pt - rc) for (zc, rc) in cavity_coords]
500 closest_idx = np.argmin(distances)
501

502 i, j = cavity_nodes[closest_idx]
503

504 area_r_plus = area_array_r_plus[i]
505 area_r_minus = area_array_r_minus[i]
506 area_z = area_array_z[i]
507

508 # --- Apply epsilon scaling only once ---
509 if (void_r_minus[i, j] or void_r_plus[i, j] or
510 void_z_minus[i, j] or void_z_plus[i, j]) and epsilon_array[i, j] == epsilon_orig[i, j

]:
511 epsilon_array[i, j] *= rad_escape
512

513 exposed_area = (
514 void_r_minus[i, j] * area_r_minus + void_r_plus[i, j] * area_r_plus +
515 (void_z_minus[i, j] + void_z_plus[i, j]) * area_z
516 )
517

518 assigned_flux = flux_val / 100 * P_in_total / exposed_area
519 q_flux_plus_r[i, j] += assigned_flux*void_r_plus[i, j]
520 q_flux_minus_r[i, j] += assigned_flux*void_r_minus[i, j]
521 q_flux_z[i, j] += assigned_flux*(void_z_minus[i, j] + void_z_plus[i, j])
522

523

524 print(f"␣␣Assigned␣‐raytraced␣flux␣to␣{len(energy_data)}␣‐wallcells.")
525

526

527 # =============================
528 # === 5) ‐TIMESTEPPING LOOP (Explicit Euler)
529 # =============================
530

531 @njit(parallel=True)
532 def time_step_explicit_euler(
533 T, T_new, mask, q_flux_plus_r, q_flux_minus_r, q_flux_z, r_vals,
534 k_array_r_plus, k_array_r_minus, k_array_z_plus, k_array_z_minus,
535 epsilon_array, rho_array, cp_array,
536 T_ambient, dr, dz, dt, Nr, Nz,
537 latent_heat_array, melt_temp_array, delta_T_melt,
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538 void_r_minus, void_r_plus, void_z_minus, void_z_plus,
539 sigma,
540 rad_loss_array, rad_input_array, energy_change_array,
541 r_phalf_vals, r_mhalf_vals, area_array_r_plus, area_array_r_minus, area_array_z,

volume_array
542 ):
543 T_ambient_2 = T_ambient * T_ambient
544 T_ambient_4 = T_ambient_2 * T_ambient_2
545

546 inv_dr = 1.0 / dr
547 inv_dz = 1.0 / dz
548

549 for i in prange(Nr):
550 r_i = r_vals[i]
551 r_iphalf = r_phalf_vals[i]
552 r_imhalf = r_mhalf_vals[i]
553

554 area_r_plus = area_array_r_plus[i]
555 area_r_minus = area_array_r_minus[i]
556 area_z = area_array_z[i]
557 volume = volume_array[i]
558

559 inv_r = 1.0 / r_i if r_i > 0.0 else 0.0
560

561 for j in range(Nz):
562 if mask[i, j] == 0:
563 T_new[i, j] = T_ambient
564 continue
565

566 T_ij = T[i, j]
567 T_ij_2 = T_ij * T_ij
568 T_ij_4 = T_ij_2 * T_ij_2
569

570 qij_r_plus = q_flux_plus_r[i, j]
571 qij_r_minus = q_flux_minus_r[i, j]
572 qij_z = q_flux_z[i, j]
573

574 rho_ij = rho_array[i, j]
575 cp_ij = cp_array[i, j]
576 epsilon_ij = epsilon_array[i, j]
577

578 k_r_plus = k_array_r_plus[i, j]
579 k_r_minus = k_array_r_minus[i, j]
580 k_z_plus = k_array_z_plus[i, j]
581 k_z_minus = k_array_z_minus[i, j]
582

583 # latent heat tweak
584 if latent_heat_array[i, j] > 0.0:
585 melt_T = melt_temp_array[i, j]
586 if abs(T_ij - melt_T) <= 0.5 * delta_T_melt:
587 cp_ij += latent_heat_array[i, j] / delta_T_melt
588

589 q_rad = epsilon_ij * sigma * (T_ij_4 - T_ambient_4)
590

591 #Net radiative loss at each face (W)
592 rad_loss_array[i, j] = (
593 void_r_minus[i, j] * q_rad * area_r_minus +
594 void_r_plus[i, j] * q_rad * area_r_plus +
595 void_z_minus[i, j] * q_rad * area_z +
596 void_z_plus[i, j] * q_rad * area_z
597 )
598

599 rad_input_array[i, j] = (
600 void_r_minus[i, j] * qij_r_minus * area_r_minus +
601 void_r_plus[i, j] * qij_r_plus * area_r_plus +
602 void_z_minus[i, j] * qij_z * area_z +
603 void_z_plus[i, j] * qij_z * area_z
604 )
605

606

607 Ts_r = T_ij
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608 Ts_z = T_ij
609

610 # Radial minus face
611 T_int = T[i-1, j] if i > 0 and not void_r_minus[i, j] else T_ij
612 T_r_minus = (1.0 - void_r_minus[i, j]) * T_int + void_r_minus[i, j] * Ts_r
613 q_cond_r_minus = k_r_minus * (T_ij - T_r_minus) * inv_dr
614 q_surf_r_minus = (q_rad - qij_r_minus) * void_r_minus[i, j]
615 q_r_minus = q_cond_r_minus + q_surf_r_minus
616

617 # Radial plus face
618 T_int = T[i+1, j] if (i + 1 < Nr and not void_r_plus[i, j]) else T_ij
619 T_r_plus = (1.0 - void_r_plus[i, j]) * T_int + void_r_plus[i, j] * Ts_r
620 q_cond_r_plus = k_r_plus * (T_r_plus - T_ij) * inv_dr
621 q_surf_r_plus = (q_rad - qij_r_plus) * void_r_plus[i, j]
622 q_r_plus = q_cond_r_plus - q_surf_r_plus
623

624 # Axial minus face
625 T_int = T[i, j-1] if (j > 0 and not void_z_minus[i, j]) else T_ij
626 T_z_minus = (1.0 - void_z_minus[i, j]) * T_int + void_z_minus[i, j] * Ts_z
627 q_cond_z_minus = k_z_minus * (T_ij - T_z_minus) * inv_dz
628 q_surf_z_minus = (q_rad - qij_z) * void_z_minus[i, j]
629 q_z_minus = q_cond_z_minus + q_surf_z_minus
630

631 # Axial plus face
632 T_int = T[i, j+1] if (j + 1 < Nz and not void_z_plus[i, j]) else T_ij
633 T_z_plus = (1.0 - void_z_plus[i, j]) * T_int + void_z_plus[i, j] * Ts_z
634 q_cond_z_plus = k_z_plus * (T_z_plus - T_ij) * inv_dz
635 q_surf_z_plus = (q_rad - qij_z) * void_z_plus[i, j]
636 q_z_plus = q_cond_z_plus - q_surf_z_plus
637

638 # Finite differences
639 radial_div = (r_iphalf * q_r_plus - r_imhalf * q_r_minus) * inv_r * inv_dr
640 axial_div = (q_z_plus - q_z_minus) * inv_dz
641

642 dT_dt = (radial_div + axial_div) / (rho_ij * cp_ij)
643 T_new[i, j] = T_ij + dt * dT_dt
644

645 C_node = rho_ij * cp_ij * volume # [J/K]
646 energy_change_array[i, j] = dT_dt * C_node # [W] (rate of change of internal

energy)
647

648 def run_until_convergence():
649 T_local = T_final.copy()
650 T_new = T_local.copy()
651 T_local += -0.00
652 E_internal_old = np.sum(rho_array * cp_array * T_local * volume_array[:, None])
653

654 for step in range(Nt):
655 # zero per-step arrays
656 rad_loss_array.fill(0.0)
657 rad_input_array.fill(0.0)
658 energy_change_array.fill(0.0)
659 time_step_explicit_euler(
660 T_local, T_new, mask, q_flux_plus_r, q_flux_minus_r, q_flux_z, r_vals,
661 k_array_r_plus, k_array_r_minus, k_array_z_plus, k_array_z_minus,
662 epsilon_array, rho_array, cp_array,
663 T_ambient, dr, dz, dt, Nr, Nz,
664 latent_heat_array, melt_temp_array, delta_T_melt,
665 void_r_minus, void_r_plus, void_z_minus, void_z_plus,
666 sigma,
667 rad_loss_array, rad_input_array, energy_change_array,
668 r_phalf_vals, r_mhalf_vals, area_array_r_plus, area_array_r_minus, area_array_z,

volume_array
669 )
670

671 max_diff = np.max(np.abs(T_new - T_local))/dt
672

673 T_local, T_new = T_new, T_local
674

675 E_internal_new = np.sum(rho_array * cp_array * T_local * volume_array[:, None])
676 dE_dt = (E_internal_new - E_internal_old) / dt
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677 E_internal_old = E_internal_new
678

679 if step % 1000 == 0:
680 T_TES = np.ma.masked_where((mask != 4), T_local)
681 print(np.min(T_TES)/2349.545378820166)
682 total_rad_loss = np.sum(rad_loss_array) # W
683 total_rad_input = np.sum(rad_input_array) # W
684 total_dE_nodes = np.sum(energy_change_array) # W (should equal dE_dt within

numerical noise)
685 print(f"Time␣=␣{step␣*␣dt:.3f}␣s,␣max_diff␣=␣{max_diff:.5e}␣K/s")
686 print(f"Radiation␣loss␣=␣{total_rad_loss:.4f}␣W,␣Radiation␣input␣=␣{

total_rad_input:.4f}␣W")
687 print(f"Energy␣residual␣=␣{total_rad_input␣-␣total_rad_loss␣-␣dE_dt:.4f}␣W")
688 print(f"dE/dt␣(global)␣=␣{dE_dt:.4f}␣W,␣sum␣nodes␣energy␣change␣=␣{total_dE_nodes

:.4f}␣W")
689

690 if max_diff < tol:
691 print(f"Converged␣after␣{step}␣steps␣with␣max_diff␣=␣{max_diff:.5e}")
692 break
693

694 return T_local
695

696 T = run_until_convergence()
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