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Abstract. We consider operators acting on a UMD Banach lattice X that have the same algebraic structure as
the position and momentum operators associated with the harmonic oscillator — % A+ % |x|2 actingon 12 (Rd).
More precisely, we consider abstract harmonic oscillators of the form % Zj.izl (A? + B?) for tuples of operators
A=(A j)”.l: 1 and B = (Bk)‘]izl, where i A j and iBy are assumed to generate Cp groups and to satisfy the
canonica{ commutator relations. We prove functional calculus results for these abstract harmonic oscillators
that match classical Hormander spectral multiplier estimates for the harmonic oscillator —%A + %lez on
LP(R%). This covers situations where the underlying metric measure space is not doubling and the use
of function spaces that are not particularly well suited to extrapolation arguments. For instance, as an
application we treat the harmonic oscillator on mixed norm Bargmann-Fock spaces. Our approach is based
on a transference principle for the Schrodinger representation of the Heisenberg group that allows us to
reduce the problem to the study of the twisted Laplacian on the Bochner spaces I2(R24; X). This can be
seen as a generalisation of the Stone-von Neumann theorem to UMD lattices X that are not Hilbert spaces.

Keywords. spectral multipliers, harmonic oscillator, twisted convolutions, canonical commutation relations,
Weyl pseudo-differential calculus, UMD spaces, transference, H*°-calculus, Hérmander calculus.
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1. Introduction

The harmonic oscillator
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is a self-adjoint operator on L?(R%) whose functional calculus satisfies Mihlin-Hérmander spec-
tral multiplier estimates of the form

IfLuoyul, < max  flx— xFFEO ) aolul,
k=1,.,19]+1

forall fe CL%J“ (R4+), pe(1,00),and u € L"’([Rd)mL2 (Rd) [28,29]. More generally, such a spectral
multiplier theorem holds for operators L that are self-adjoint on L?(M) and such that — L gener-
ates a Cy-semigroup (e~ ‘L) ;5 satisfying appropriate heat kernel bounds on L?(M), as long as M
is a doubling metric measure space [7]. In this paper we consider operators L acting on an ab-
stract UMD lattice X, assuming that L has the same algebraic structure as the harmonic oscilla-
tor. Examples of UMD lattices include the spaces L” (M) with 1 < p < oo for a general measure
spaces M as well as the Bargmann-Fock spaces A”9(C%) with 1 < p, g < 00). Specialising to the
case X = LP (M) with 1 < p < oo for the moment, we will assume that L is of the form

d
L:%Z(A§+B]2.) M
j=1

for a pair of d-tuples A = (A,..., Ag) and B = (By, ..., By) of closed and densely defined operators
acting on both L?(M) and L” (M) such that the following assumptions hold (our statements are
informal; precise versions of the assumptions will be given below):

(1) the operators A; and B; are self-adjoint on L2(M) forall j=1,...,d.

(2) on both L?>(M) and L” (M), the operators i A j and iB; generate uniformly bounded Co-
groups (e'47) ;eg and (e'*8/) ;cp, respectively;

(3) the Weyl commutation relationshold forall s,feRand 1< j, k<d:

isAj eitAk — eitAkeisAj' isBj eitBk — eitBkeisBj,

e e

elSAj eltB;C — e*leijkelkae”Aj'

Here, § j is the usual Kronecker symbol.

By the Stone-von Neumann uniqueness theorem (see, for example, [15, Chapter 14]), on L?(M),
the study of such an operator L can be reduced to the study of the harmonic oscillator Lo on
L2(RY) (see, e.g., the proof of Lemma 1 below). This by itself, however, does not imply spectral
multiplier results in L”(R%) for exponents g # 2. A striking example is given by the shifted
Ornstein-Uhlenbeck operator

1
L —A+xv+§d

d =
ou,¢

on LZ(Rd,y) where y denotes the standard Gaussian measure on R4, By [24, Theorem 3.1]
and [25, Theorem 5.2], this operator is of the form (1). For p # 2, f(L,, 4) can only be bounded
’2

in LP ([R{d,y) for functions f that have an holomorphic extension to a (shifted) sector of the
complex plane; see [12]. This example is extreme, however, in that the corresponding momentum
operators B; do not even generate Cy-groups on L (Rd,y). Less extreme examples are given
in [25, Section 3], along with a conditional spectral multiplier theorem [25, Theorem 8.5], that
is, a result under an a priori boundedness assumption on the joint (Weyl) functional calculus of
(A, B).

The main contribution of this paper is that we are able to completely remove this a priori as-
sumption. To do so, we use the non-commutative Weyl functional calculus of (A, B) as a source
of inspiration rather than a technical tool, as is the case in recent work regarding the Ornstein—
Uhlenbeck operator; see [16,24]. Our proof starts with an application of the transference princi-
ple [25, Proposition 6.3, Lemma 6.4]

”f(L) ||$(LP(M)) gp,q ”f(z® IX)”DY(LZ(RM;LP(]VD))’ )
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where p € [1,00) and L is the twisted Laplacian on L” (R*?) defined by
L A2 5.
L= ) (Qj+Pp; 3)
j=1
here Q; = —3Qy,j — P1,j and Pj = 3Qi,; — P2 j, where the self-adjoint operators Qy,;,Q,,; and
Py j, Py, j on L*(R??) are given by

Qujify=xifx,y),  Qjfx,y):=yjfxy)

PLifxy) = %;—é(x, Vo Poifxy)i= %%(x, », @
for j =1,...,d. The rigorous definition of the operators —%szj - Pyjand %QL]- — P, ; as densely
defined closed operators on L” (M) is provided by (5) below.

This result allows us to transfer the problem from L acting on L” (M) to L® Izp acting on
L2(R%4; LP(M)). The transference principle we use is different from many transference results
available in the literature (such as the fundamental result of Coifman-Weiss [4]), in that it
is based on a non-abelian group (the Heisenberg group). Nevertheless, its proof is similar to
abelian analogues and follows the general approach presented in [14], with twisted convolutions
replacing convolutions to account for the non-abelian structure. Reducing the study of L to the
study of L ® I1»(ur) can be seen as an L” analogue of the Stone-von Neumann theorem, but one
should note that it involves the twisted Laplacian L rather than the standard harmonic oscillator.
The transference only shows that results about the functional calculus of L ® I;»(y) acting on
I2 (RZd ; LP (M) can be transferred to arbitrary abstract harmonic oscillators acting on LP (M). The
operator f(L) is not a standard Calderén—Zygmund operator on L?(R>?); rather, it is a special kind
of oscillatory singular integral operator.

To estimate the norm | f @I Lp(®2d), We thus use the general spectral multiplier theorem [7,
Theorem 3.2] valid for operators L’ that are self-adjoint on L?(R??) and such that the semigroup
(exp(—tL)) o satisfies Gaussian heat kernel bounds (the latter assumption being proven using
an explicit computation of the heat kernel from [25]). Since this scalar-valued estimate also holds
with Muckenhoupt weights, Rubio de Francia’s extrapolation principle from [11] then allows us
to prove the required estimate on the norm || f(L® I ) 22 @200 ) -

Our approach works, more generally, with LP (M) replaced by a UMD Banach lattice X. The
theory of UMD spaces and Banach lattices is presented in [18] and [23], respectively. By a
celebrated theorem of Rubio de Francia [11], every UMD lattice X is a complex interpolation
space between a Hilbert space H and a UMD space Y. In the example X = LP (M) discussed above
one could take H = L2(M) and Y = L9(M). Given a self-adjoint operator L on the Hilbert space H
satisfying analogues of the above conditions (1)-(3) we prove spectral multiplier results, that is,
we prove estimates of the form || f(L)ullx < |ullx for ue HnY, where f: [0,00) — C is a bounded
measurable function, and f(L) is defined through the spectral theorem as a bounded linear
operator on H. Since HNY is dense in X, this gives estimates for the operator norms || (L) || & ().
For the special case when X = L” (M, w), with M a doubling metric measure space and w € AP
a Muckenhoupt weight, powerful results of this type, generalising a myriad of special cases,
have been obtained in [7]. In the present paper we do not need to rely on a doubling measure
assumption; instead, we consider operators that have a specific algebraic structure coming from
the Heisenberg group.

To start with, we consider the H* class of functions f : (0,00) — C that have a bounded
holomorphic extension to a sector of the complex plane. The theory of the functional calculus
associated with such functions is presented in [19, 22]. In applications, it is often important to
have a functional calculus for a wider class of functions which includes compactly supported
functions and provides estimates similar to those given by classical spectral multiplier theorems.
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A Hoérmander calculus enjoying these properties can be obtained by abstract operator theoretic
method from the H* calculus, provided some refined estimates can be proven for the semigroup
generated by —L [21].

A subtle point in spectral multiplier theory is that results depend on the specific seminorms of
f used to estimate | f(L)|l #x)- This dependency involves a relationship between integrability
and smoothness parameters. See, for example, [21, Lemma 3.2], the difference between [7,
Theorem 3.1] and [7, Theorem 3.2], and the differences between Theorem 3, Corollary 7, and
Theorem 8 in the present paper. The amount of smoothness required in our results is discussed
at the end of Remark 11.

In section 3, we give a quintessential example of an operator L to which our results apply:
the harmonic oscillator on Bargmann-Fock spaces AP4(C%) (that is, the harmonic oscillator
arising from one of the most natural representations of the Heisenberg group). Although not
all results obtained in this setting are new (as explained in Remark 11, they can be obtained by
combining [2] and [10]), they are a good showcase for the method: Bargmann-Fock spaces are
mixed norm LP(L9) spaces with respect to a non-doubling measure and hence not treatable by
general harmonic analytic results such as [7].

2. Main results

We consider the following setting. Let X be a UMD lattice. By [11, Corollary, p. 216], there exists
an interpolation pair (H, Y), with H a Hilbert space, Y a UMD space, and a parameter 0 € (0, 1),
such that X = [Y, H]y, the complex interpolation space of order 6 between Y and H. For later use
we recall that HN Y is dense in X; see, for example, [18, Corollary C.2.8].

Let A¥ = (Af,..., Ay and BY = (BH,...,Bé'I) be two d-tuples of closed and densely defined

operators actingon H, and let A = (A{,..., A7) and BY = (B ,..., B)) be two d-tuples of closed
and densely defined operators acting on Y, such that the following hold.

(1) Forall j=1,...,d the operators A}q and B;I are self-adjoint on H.
(2) Forall j =1,...,d the operators iA}q and iB]H generate uniformly bounded Cy-groups

: H : H
(eltAf )ter and (e”Bf ) ter, respectively, on H. Likewise, for all j = 1,...,d the operators
LAY .o nY
i A}/ and iB]Y generate uniformly bounded Cy-groups (e”Ai )ter and (e”Bi ) teRr, T€SpEC-
tively,on Y.
. itAH Y itBH itBY
(3) Forallj=1,...,d,teR,andxe HnY onehase "/ x=e Jxande Jx=e Jx.
(4) The Weyl commutation relations hold both in H and Y: forall j,k=1,...,dand s,f € R,
for Z € {H, Y} we have

A itA

iSAZ itAZ itAZ isAZ isBZ itB? itBZ isB%
e i eztAk :eltAke i, el eltBk :eltBke i

iSAZ itBZ _ _istd itBZ JisA?
e ie'Pk =e jke'* Pk e

where § j is the usual Kronecker symbol.

. itAl itAY itBH
Condition (3) states that both the groups (e "7 );cg and (e” "/ ) ter, and the groups (e 7 ) ;e and
(eitBJl'/ )ter, are consistent on H and Y in the sense of [8]. By complex interpolation we obtain
bounded Cj-groups (e”Af)teR and (e”Bi),E[R on X. On the dense subspace HN Y of X these
groups agree with the ones on H and Y, and hence they satisfy the same Weyl commutation
relations as in condition (4).

In what follows we will omit the superscripts H and Y; it will be clear from the context in which
spaces the various groups are considered.



Jan van Neerven, Pierre Portal and Himani Sharma 839

Motivated by the Baker-Campbell-Hausdorff formula, in H, Y and X we define, for x, ¢ € RY,

d
exp(i(xA+¢B)) —exp( zx]g‘kéjk)exp(le] )exp(iijBj)
j=1

= eXp(—Eixj€k6jk) exp(i Z ijj) exp(i i xjAj).
j=1 =1

Here we write xA = Zd 1XjAj and {B = Z;.izlijj; likewise we will write x¢ = Z;.izl x;j¢; and
zd A% and B = zd BZ.
As is shown in [25, Proposmon 3.13], the operators
Tye(f):=exp(it(xA+¢B)), teR,

define uniformly bounded Cy-groups on H, Y, and X, and on each of these spaces the intersected
domains D(A) n D(B) form a core for its generator G, ;. Moreover, on this core, the generator is
given by

Gyef =ixAf+iéBf, feD(A)ND(B). 5)

This provides a rigorous interpretation of the operator uA + vB as a closed and densely defined
operator.
As proven in [25, Theorem 5.2], the operator

1
-L:= —E(A2+Bz)

with domain D(L) =N?_, D(A?) n D(B?) generates a uniformly bounded Cy-semigroup (e~‘L) ;>
on each of the spaces H, Y, and X.
We will use the notation introduced in (3) and (4).

Lemma 1. For every bounded, measurable, compactly supported function f : [0,00) — C there
exists a Schwartz function g € . (R*%) such that for the operators f(L) and (L), considered as
operators on H and L*([R*%), respectively, we have

fin) = e — | Exeplicea+ ) dxde,
(6)
D= [ B eplieQ+EP) e,
where
g(x, &)= on )df gu, v)exp(—i(ux+vé))dudv

is the Fourier transform of g. The first identity of (6) also holds when A, B, and L are considered as
(tuples of) operators acting in X.

Proof. We consider f(L) as acting on H and f(Lgo) as acting on LZ([Rd), where Lo = —%A +
%lez. By a result of Peetre [26] (see also Thangavelu’s book [29, Theorem 1.36]) we have

f(Luo) = f 8(x, &) exp(i(xQ+¢P))dxde,

@md
where Q = (Qy,...,Qg4) and P = (Py,..., Py) are the d-tuples of standard position and momentum
operators on L? R%) given by

10
Qif):=x;f(x), Pjf(x):= —%(x), xeR?,
J

and the Schwartz function g € .%/ ([l'\PZd) isgiven by g =Y ,en f (1) Ly, where
L (x,&) = LYV ((x,&)1*12) exp(—|(x, &) [*/4)
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with L(nd_l) the n-th Laguerre polynomial of type d — 1 (see [29, p. 7 and 19-22]). The result now
follows from the Stone-von Neumann uniqueness theorem (see [15, Theorem 14.8]). Indeed, the
Hilbert space H can be written as a countable orthogonal direct sum of Hilbert spaces (Hi) kek,
and there are unitary operators Uy : Hy — L?(R%) that establish a unitary equivalence between
exp(i(xA+¢B)) g, and exp(i(xQ +¢P)), as well as f(L)y, and f(Z). We thus have, forall k € K,

fW, =U fFD U =

2n )df gx, Uy exp(i(xQ +¢P) U dxdg

(Zﬂ)df g(x, &) exp(i(xA+¢B))jp, dxde.

This gives the first identity in (6). The second identity is proven in the same way. The final
assertion follows from the fact that Hn X is dense in X; this is a trivial consequence of the fact
that HNY is contained in X and is dense in this space. g

Remark 2. Lemma 1 is also valid for certain functions that are not compactly supported. For
instance, [25, Theorem 5.2] gives that

d 1 - .
exp(—t(L— E)) = anw a:;(x,&)exp(i(xA+¢B))dxdé,

for a;(x,8) := (1 +At)dexp( Ae(x]? + [€%) with A, =
oscillator Lgo = 2A +3 1| x|2 this gives

m In particular, for the harmonic
1
@m4

The Laguerre transform formula of Peetre used in the proof of Lemma 1 sheds some light on
this formula. Indeed, assuming d = 1 for simplicity, one has

d
exp(—t(LHo - —)) = f @ (x,) exp(i(xQ +EP)) dxd¢.
2 R2d

exp(—t(LHo— %))u: Y exp(-nf)P,u, ueI*®),

neN
where P,u = (u, H,) H, and H, is the n-th normalised Hermite function (see [29, p. 1-6]). By [29,
Theorem 1.3.6], we have
1

1 1
P,= e Ln(5(|x|2 + |rf|2))exp(—z(|x|2 +1E1%) exp(i(xQ + EP)) dxdé.

This leads to the identity

[ @t espiico+epydxa

1 1
=Y exp(-nt) Ln(E(IXI2+|<f|2))eXp(—Z(IXI2+Iflz))eXp(i(xQ+fP))dxd5-

neN

Hence, by the inversion formula for the Weyl transform [29, Theorem 1.2.1],

@(x68) = ) exp(=ndla(; L 16 Nexp(-7 (2 + 1212). )
neN
On the other hand, for all 2 > —1 and r = 0 one has

n

a 1 1
exp(—ar)= ) el = > T a

neN a+1 neN

-1

(see, e.g., [9]). For a™! = e’ — 1 this gives

exp(~(e'~D7'r) = (1—e™) 3 exp(=nnLa(n.

neN
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Taking r = %(le2 +1¢12) and substituting the resulting identity into (7), after some computations
we obtain

1+
l —
and hence, inverting the Fourier transform, for d = 1 we arrive at

Jesp(4 55

1 11+e™!
@i(x,8) = T exp( 5 Ty (2 +1E%)

-t

1-— t
a(x,& =1+ (1 +181%)

l1+et
as desired.

Theorem 3. Lets>d and f :[0,00) — C be a bounded, measurable, compactly supported function
such that

suplIn-6¢(flwee,00) <00,
>0

where (6:(f))(x) = f(tx) and n € C(0,00) is a fixed non-zero cut-off function. Then f(L) is
bounded on X and we have the estimate

1 D200 = C(sup 181 (Dlwsei00 + 11 O],
>
for a constant C independent ofn and f.

Proof. By Lemma 1, we can apply the transference principle [25, Proposition 6.3] to obtain that
f(L) is bounded on X and

IF Iz SIFD 8 Ixll g2 @ x)- ®)

By Rubio de Francia’s extrapolation theorem from [11, Theorem 5] (see also [1, Theorem 1.1]), we
have

1D ® Ixll 2 a0y < (Sup -6 (Dllwe,00 + 1 O)1)
t>0
aslong as

1D g 22,0 S (5uP 1081 llwei0.00 + £ O]
>0

for all Muckenhoupt weights w € A,. Such weighted bounds hold for spectral multipliers f(A)
as long as A generates a semigroup with pointwise Gaussian heat kernel bounds, thanks to [7,
Theorem 3.2] (where D = 0 as we work on R>?). We thus only need to prove these heat kernel
bounds [7, Assumption (GE)], i.e., to show that there exist ¢,C > 0 such that for all £ > 0 and
xy,&neRr?,
_ |x— &>+ 1y —nl?
Ik (x, y,¢,mI < Ct dem(—% ,

where exp(—tL)f(x,y) = Jgea ke(x, y,&,m) f(&,m)dEdn, This follows from (5.2) and Lemma 6.4
in [25] (or from Remark 2), which give that, for all u € LP ([Rz‘i),

~ 1 1 _ i
exp(—t(L— Ed))u(x,y) = @fﬂw ai(x=§,y-n) exp(i(fy—nx))u(f,n) dédn,

where, as in Remark 2,
ai(x,y)=(1+ /h)deXp(—ﬂtt(lxlz + Iylz))

-t

and A; = %, and thus

td __ i
IeXp(—7)at(x—<f,y—n) exp(g(éy—nx))l

_Ix—fI2+|y—n|2)

td
< exp(—;))t;d exp( N
t
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Remark 4. The transference estimate (8) more generally holds in the form

”f(L)u”X s ”f(z) ®IX||j(Lp(R2d;X)) ”u”X

In the most common situation where X = LP (M) with p € (1,00), by working with this estimate
one can avoid Rubio de Francia’s extrapolation theorem. Indeed, a simple application of Fubini’s
theorem (see [18, Proposition 2.2]) now gives

”f(L)u”LI’(M) s ”f(z) ® ILP(M) ”‘iﬂ(Lp([RZd;Lp(M))) Il u”LP(M)
= 1 F D oo gy Nl o -

The L” estimates for f (L) then follow from [7, Theorem 3.2] (or even older results without
weights).

Theorem 5. The operator L— %I has a bounded H* functional calculus of zero angle on X.

Proof. The proof uses the R-sectoriality of L — %I proven in [25, Theorem 7.1] and the abstract
square function characterisation for boundedness of the H* calculus (see [19, Theorem 10.4.9])
exactly as in the proof of [25, Theorem 8.1], up to the crucial estimate

N " 2
Y eibyi(ABu| Slul?, ueX,

j=1

sup suplk
se(1,2] N=1

where Et =1+ AZt)’dagt -1+ At)’dat. In [25], this estimate is proven using an a priori
assumption on the S%-boundedness of the Weyl calculus of the Weyl pair (A, B). Here, we use
transference as in the proof of Theorem 3 instead. Let s € [1,2], N € N\ {0}, and (Ej);.‘[:1 € (+1}V. By
the transference principle [25, Proposition 6.3] and [11, Theorem 5] (see also [1, Theorem 1.1]), it
suffices to show that

N

Y e,-((l + Ay ii1g) Cexp(-27 D) — (1 + Ay )¢ exp(—z‘f“si)) H <C,

s L (LR, w))

for all Muckenhoupt weights w € A,, and a constant C = 0 independent of s, N and (¢ j)?’: 1 This
follows from [7, Proposition 6.8], and the fact that

N ' |
2 Y e (A4 Agp ) exp(-277412) = (14 Ay ) exp(-27 1 2)
j=1

belongs to H®(X,) :={ze€ C\ {0} : |arg(z)| < w} for all w € (0, %n), with a norm independent of N

and (3j)§-vzp by [19, Proposition H.2.3]. O

With the same proof as [25, Theorem 8.5], using Theorem 5 and [21], we can upgrade the
holomorphic calculus to a Hérmander calculus.

1
Corollary 6. The operator L— g[ has an R-bounded %”22(“ > -Hormander calculus on X.

As proven recently in [6, Theorem 1.1], this calculus can be further upgraded to give the
following maximal function estimates.

Corollary 7. Assume that X = LP(Q; Z), with p € (1,00) and Z a UMD lattice, and let Q) a o -finite
measure space. Let s > (2d + 3) + max{%,r;lz - c;lz}, where T, 7 and cp, 7 are the type and cotype

of LP(Q; Z), and let f € WSZ((), oo) satisfy f(0) =0 and
Z ”7] 61 (f) [ W2(0,00) <09,

nez
where (6:(f))(x) = f(tx), n € C(0,00) is a fixed cut-off function constantly equal to 1 on the

interval (1,2). Then
[supirenyul| | <C Y ISPl ez, uel?©2),
>0

P2 neZ
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for a constant C independent ofn and f.

For compactly supported symbols, we can also obtain the following Hérmander type spectral
multiplier estimates under less stringent assumptions on the regularity parameter s. Recall that
X =[Y, H]y for some UMD space Y. For instance, when X = LP (M) for some arbitrary measure
space M (not necessarily doubling), we may take H = L2(M)and Y = L9(M) with 1 < g < p (when
1 < p < 2), respectively p < g < oo (when 2 < p < 00).

Theorem 8. Lets > (1-0)d + % and let f : [0,00) — C be a bounded, measurable, compactly
supported function such that

sup ”77 : 5t(f) I W2(0,00) <09,

>0

where (6:(f))(x) = f(tx) andn € C([0,00)) is a fixed non-zero cut-off function. Then we have the
estimate

|0 = C[sup In-8: (Dl 2o + 1F O
>0
for a constant C independent ofn and f.
Proof. Applying Theorem 5 to L® Ix, we have L ® Iy has a bounded H® calculus in L?(R%; X).
By [5, Theorem 1.2], we thus have the result for L ® Ix acting on L2(R%; X) instead of L acting on

X. An application of Lemma 1 (this is where the compact support assumption is used) and the
transference theorem [25, Proposition 6.3] complete the proof. 0

3. Application to Bargmann-Fock space

In this section we show that our result can be applied to the harmonic oscillator on the
Bargmann-Fock spaces of entire functions in C¢ defined by

. qlp
Ap’q(q:d):{fentire:\[d(fd|f(x+iy)|pe—l)|X+lJ/\2/2dx) dy<00}, (9)
R R

for 1 < p,q < co. When p = g = 2, A>?(C%) is the Hilbert space used for the Bargmann represen-
tation of the Heisenberg group. We recall its construction below. This example is natural from a
representation theory/mathematical physics point of view, but is quite challenging from a har-
monic analysis point of view, because the measure e~?*+17"/2 dxdy is not doubling (and hence
results such as [7] do not apply).

One defines the raising and lowering operators a}f and a; by

* 0
af(2):=2zf(2), a;f(2):= a—zjf(z), fe A% (Y,
and the position and momentum operators as follows:

1 *
Aj= —(aj +aj),

\éz (10)
Bj = z(a;‘ - aj).

It is easy to check that the operators A; and B; are self-adjoint, and that the pair (4, B), where
A= (A, A,...,Ay) and B = (By,By,...,By), satisfies the canonical commutations relations. We
shall now see that iA; and iB; generate uniformly bounded Cp-groups on APA(CY), for all
1<p,g<oo.

For a € C%, define operators T, by the formula

e
(Tuf)@=e 7 e flz+a) an

where a~b:2j ajbj,forany a,be c4.
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Lemma 9. Let1 < p,q < oco. For each a € C%, the operator T, defined above is an isometry of
AP4(CY), and the map a— T, is strongly continuous.

Proof. For f e Ap"’(Cd) we have (cf. [15, Theorem 14.16] for the special case p = g =2)

-plzl?

_ m‘z B q/p
IITaflli’,p,quRdURde e PR@D | f(x iyt a)Pe T dx) dy

= e—§Iz+a‘2|f(x+i +a)|Pdx Wd
= Jeal Jea y y

=119,

It can also be verified easily that T,T, = eiS(@b) T4+p, which implies T,T_, = I. The strong
continuity of T, can be verified on the set of polynomials, which are dense in AP4(C%) (see [13,
Proposition 5]). U

Proposition 10. Let1 < p, g <oo. The tuples of operators A= (A;) ?:1 andB = (B j)?zl form a Weyl
pair in AP9(C9).

Proof. For j = 1,...,d, define U;(z) := Titej/

that {U;(#)}ter and {V;(£)}ser are uniformly bounded Cy-groups in AP4(C%). The infinitesimal
generator of these groups are iA; and iB; respectively. Indeed, if f lies in the domain of the
infinitesimal generator of U;(-), the limit

vz and Vj(1) := Ttej/\@. By Lemma 9, we have

(iAjN)(2):= %in&%[et2/4eitzf/\/§f(z+ itej/\/z) —f(z)]

must exist in A”*9(C%) and coincide with the pointwise limit giving,

0
iAjf(2)= é(z,ﬂz) +—[)
]

By dominated convergence theorem, the limit exists in A?9 for polynomials and hence by the
density argument, for functions in the domain of A. The same analysis work for B; as well. Thus,
(A, B) forms a Weyl pair on AP7 (c9). O

All the spectral multiplier results proven in Section 2 thus apply to the harmonic oscillator
L= %27:1(14? + BJZ-) acting on AP9(C9).

Remark 11. It is shown in [10] that A9 can be identified with the modulation space M”79,
This identifies L with the standard harmonic oscillator L@ for which spectral multiplier results
have been proven in [2]. For p # q Theorem 8 recovers [2, Theorem 3.1]. However, for p = g, [2,
Theorem 3.3] is a better result, as it only requires the optimal level of regularity s > d/2. The
present paper and [2] share a similar philosophy: to use transference as a replacement for the
Stone-von Neumann uniqueness theorem when proving L? estimates for representations of the
Heisenberg group. The paper [2] focuses on concrete representations to reduce the problem
to Fourier multipliers on the Heisenberg group. Here we take a more general approach that
allows us to treat any representation on any UMD lattice. At this level of generality, we do not
reach the optimal order of smoothness one could hope for in our assumptions. This is to be
expected because our transference principle doubles the dimension (for example, if X = LP ([Rd),
we transfer to L2(R2%; LP ([RY)). However, it is interesting to note that, even for the standard
harmonic oscillator on MP'7 for p # g, the result in [2] features the exact same loss in the order
of smoothness as in our Theorem 8 (s > d + % rather than s > d/2). One can also note that
Corollary 7 gives maximal function estimates for the harmonic oscillator on modulation spaces
(or on Bargmann-Fock spaces). Such maximal function estimates appear to be new, and could
be useful in PDE applications, in the spirit of the recent paper [3].
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4. Open problems

In this paper, we have partially solved the open problems from [25], by proving appropriate
functional calculi results for L under the sole assumption that (A, B) is a Weyl pair on a UMD
lattice. This leaves open many interesting questions that can be divided into four categories:

(1) Extending this transference approach to other nilpotent Lie groups (beyond the Heisen-
berg group).

(2) Treating more general UMD spaces (in particular non-commutative L” spaces).

(3) Obtaining a full pseudo-differential calculus rather than just spectral multiplier results
for Laplace like operators (that is, a joint functional calculus for (A, B) rather than a
functional calculus for L).

(4) Determining the optimal order of smoothness required for general spectral multiplier
theorems.

In the fourth direction, Remark 11 suggests that the order s > d + % may not be as bad as it
looks, and may even be optimal if one wants to treat any UMD lattice. In the second direction,
Lukas Hagedorn (personal communication) has made substantial progress using UMD valued
Fourier multipliers directly on the Heisenberg group. To make progress on the first and second
directions, it would be highly interesting to extend the theory of oscillatory singular integral
operators from [27] to the UMD valued setting (as it is done in [17, Tb Theorem 3] for standard
singular integral operators) or to the semicommutative L” setting (as it is done in [20, Section 4.1]
for standard singular integral operators).
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