
 
 

Delft University of Technology

Spectral multiplier theorems for abstract harmonic oscillators on UMD lattices

van Neerven, Jan; Portal, Pierre; Sharma, Himani

DOI
10.5802/crmath.370
Publication date
2023

Published in
Comptes Rendus Mathematique

Citation (APA)
van Neerven, J., Portal, P., & Sharma, H. (2023). Spectral multiplier theorems for abstract harmonic
oscillators on UMD lattices. Comptes Rendus Mathematique, 361(G5), 835-846.
https://doi.org/10.5802/crmath.370

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.

This work is downloaded from Delft University of Technology.
For technical reasons the number of authors shown on this cover page is limited to a maximum of 10.

https://doi.org/10.5802/crmath.370
https://doi.org/10.5802/crmath.370


Comptes Rendus

Mathématique

Jan van Neerven, Pierre Portal and Himani Sharma

Spectral multiplier theorems for abstract harmonic oscillators on UMD lattices

Volume 361 (2023), p. 835-846

Published online: 18 July 2023

https://doi.org/10.5802/crmath.370

This article is licensed under the
Creative Commons Attribution 4.0 International License.
http://creativecommons.org/licenses/by/4.0/

Les Comptes Rendus. Mathématique sont membres du
Centre Mersenne pour l’édition scientifique ouverte

www.centre-mersenne.org
e-ISSN : 1778-3569

https://doi.org/10.5802/crmath.370
http://creativecommons.org/licenses/by/4.0/
https://www.centre-mersenne.org
https://www.centre-mersenne.org


Comptes Rendus
Mathématique
2023, Vol. 361, p. 835-846
https://doi.org/10.5802/crmath.370

Functional analysis, Harmonic analysis / Analyse fonctionnelle, Analyse harmonique

Spectral multiplier theorems for abstract

harmonic oscillators on UMD lattices

Jan van Neervena, Pierre Portal∗, b and Himani Sharmab

a Delft Institute of Applied Mathematics, Delft University of Technology, P.O. Box 5031,
2600 GA Delft, The Netherlands

b The Australian National University, Mathematical Sciences Institute, Hanna
Neumann Building, Ngunnawal and Ngambri Country, Canberra ACT 2601, Australia

E-mails: J.M.A.M.vanNeerven@tudelft.nl, Pierre.Portal@anu.edu.au,
Himani.Sharma@anu.edu.au

Abstract. We consider operators acting on a UMD Banach lattice X that have the same algebraic structure as
the position and momentum operators associated with the harmonic oscillator− 1

2∆+ 1
2 |x|2 acting on L2(Rd ).

More precisely, we consider abstract harmonic oscillators of the form 1
2

∑d
j=1(A2

j +B2
j ) for tuples of operators

A = (A j )d
j=1 and B = (Bk )d

k=1, where i A j and i Bk are assumed to generate C0 groups and to satisfy the
canonical commutator relations. We prove functional calculus results for these abstract harmonic oscillators
that match classical Hörmander spectral multiplier estimates for the harmonic oscillator − 1

2∆+ 1
2 |x|2 on

Lp (Rd ). This covers situations where the underlying metric measure space is not doubling and the use
of function spaces that are not particularly well suited to extrapolation arguments. For instance, as an
application we treat the harmonic oscillator on mixed norm Bargmann–Fock spaces. Our approach is based
on a transference principle for the Schrödinger representation of the Heisenberg group that allows us to
reduce the problem to the study of the twisted Laplacian on the Bochner spaces L2(R2d ; X ). This can be
seen as a generalisation of the Stone–von Neumann theorem to UMD lattices X that are not Hilbert spaces.

Keywords. spectral multipliers, harmonic oscillator, twisted convolutions, canonical commutation relations,
Weyl pseudo-differential calculus, UMD spaces, transference, H∞-calculus, Hörmander calculus.
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1. Introduction

The harmonic oscillator

LHO =−1

2
∆+ 1

2
|x|2
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is a self-adjoint operator on L2(Rd ) whose functional calculus satisfies Mihlin–Hörmander spec-
tral multiplier estimates of the form

∥ f (LHO)u∥p ≲ max
k=1,...,⌊ d

2 ⌋+1
∥x 7→ xk f (k)(x)∥∞∥u∥p

for all f ∈C ⌊ d
2 ⌋+1(R+), p ∈ (1,∞), and u ∈ Lp (Rd )∩L2(Rd ) [28, 29]. More generally, such a spectral

multiplier theorem holds for operators L that are self-adjoint on L2(M) and such that −L gener-
ates a C0-semigroup (e−tL)t≥0 satisfying appropriate heat kernel bounds on L2(M), as long as M
is a doubling metric measure space [7]. In this paper we consider operators L acting on an ab-
stract UMD lattice X , assuming that L has the same algebraic structure as the harmonic oscilla-
tor. Examples of UMD lattices include the spaces Lp (M) with 1 < p < ∞ for a general measure
spaces M as well as the Bargmann–Fock spaces Ap,q (Cd ) with 1 < p, q <∞). Specialising to the
case X = Lp (M) with 1 < p <∞ for the moment, we will assume that L is of the form

L = 1

2

d∑
j=1

(A2
j +B 2

j ) (1)

for a pair of d-tuples A = (A1, . . . , Ad ) and B = (B1, . . . ,Bd ) of closed and densely defined operators
acting on both L2(M) and Lp (M) such that the following assumptions hold (our statements are
informal; precise versions of the assumptions will be given below):

(1) the operators A j and B j are self-adjoint on L2(M) for all j = 1, . . . ,d .
(2) on both L2(M) and Lp (M), the operators i A j and i B j generate uniformly bounded C0-

groups (e i t A j )t∈R and (e i tB j )t∈R, respectively;
(3) the Weyl commutation relations hold for all s, t ∈R and 1 ≤ j ,k ≤ d :

e i s A j e i t Ak = e i t Ak e i s A j , e i sB j e i tBk = e i tBk e i sB j ,

e i s A j e i tBk = e−i stδ j k e i tBk e i s A j .

Here, δ j k is the usual Kronecker symbol.

By the Stone–von Neumann uniqueness theorem (see, for example, [15, Chapter 14]), on L2(M),
the study of such an operator L can be reduced to the study of the harmonic oscillator LHO on
L2(Rd ) (see, e.g., the proof of Lemma 1 below). This by itself, however, does not imply spectral
multiplier results in Lp (Rd ) for exponents q ̸= 2. A striking example is given by the shifted
Ornstein–Uhlenbeck operator

LOU , d
2
=−∆+x∇+ 1

2
d

on L2(Rd ,γ) where γ denotes the standard Gaussian measure on Rd . By [24, Theorem 3.1]
and [25, Theorem 5.2], this operator is of the form (1). For p ̸= 2, f (LOU , d

2
) can only be bounded

in Lp (Rd ,γ) for functions f that have an holomorphic extension to a (shifted) sector of the
complex plane; see [12]. This example is extreme, however, in that the corresponding momentum
operators B j do not even generate C0-groups on Lp (Rd ,γ). Less extreme examples are given
in [25, Section 3], along with a conditional spectral multiplier theorem [25, Theorem 8.5], that
is, a result under an a priori boundedness assumption on the joint (Weyl) functional calculus of
(A,B).

The main contribution of this paper is that we are able to completely remove this a priori as-
sumption. To do so, we use the non-commutative Weyl functional calculus of (A,B) as a source
of inspiration rather than a technical tool, as is the case in recent work regarding the Ornstein–
Uhlenbeck operator; see [16, 24]. Our proof starts with an application of the transference princi-
ple [25, Proposition 6.3, Lemma 6.4]

∥ f (L)∥L (Lp (M)) ≲p,q ∥ f (L̃⊗ IX )∥L (L2(R2d ;Lp (M))), (2)
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where p ∈ [1,∞) and L̃ is the twisted Laplacian on Lp (R2d ) defined by

L̃ := 1

2

d∑
j=1

(Q̃2
j + P̃ 2

j ); (3)

here Q̃ j = − 1
2Q2, j − P1, j and P̃ j = 1

2Q1, j − P2, j , where the self-adjoint operators Q1, j ,Q2, j and
P1, j ,P2, j on L2(R2d ) are given by

Q1, j f (x, y) := x j f (x, y), Q2, j f (x, y) := y j f (x, y),

P1, j f (x, y) := 1

i

∂ f

∂x j
(x, y), P2, j f (x, y) := 1

i

∂ f

∂y j
(x, y),

(4)

for j = 1, . . . ,d . The rigorous definition of the operators − 1
2Q2, j −P1, j and 1

2Q1, j −P2, j as densely
defined closed operators on Lp (M) is provided by (5) below.

This result allows us to transfer the problem from L acting on Lp (M) to L̃ ⊗ ILp (M) acting on
L2(R2d ;Lp (M)). The transference principle we use is different from many transference results
available in the literature (such as the fundamental result of Coifman–Weiss [4]), in that it
is based on a non-abelian group (the Heisenberg group). Nevertheless, its proof is similar to
abelian analogues and follows the general approach presented in [14], with twisted convolutions
replacing convolutions to account for the non-abelian structure. Reducing the study of L to the
study of L̃ ⊗ ILp (M) can be seen as an Lp analogue of the Stone–von Neumann theorem, but one
should note that it involves the twisted Laplacian L̃ rather than the standard harmonic oscillator.
The transference only shows that results about the functional calculus of L̃ ⊗ ILp (M) acting on
L2(R2d ;Lp (M)) can be transferred to arbitrary abstract harmonic oscillators acting on Lp (M). The
operator f (L̃) is not a standard Calderón–Zygmund operator on L2(R2d ); rather, it is a special kind
of oscillatory singular integral operator.

To estimate the norm ∥ f (L̃)∥Lp (R2d ), we thus use the general spectral multiplier theorem [7,
Theorem 3.2] valid for operators L′ that are self-adjoint on L2(R2d ) and such that the semigroup
(exp(−tL))t≥0 satisfies Gaussian heat kernel bounds (the latter assumption being proven using
an explicit computation of the heat kernel from [25]). Since this scalar-valued estimate also holds
with Muckenhoupt weights, Rubio de Francia’s extrapolation principle from [11] then allows us
to prove the required estimate on the norm ∥ f (L̃⊗ ILp (M))∥L (L2(R2;Lp (M))).

Our approach works, more generally, with Lp (M) replaced by a UMD Banach lattice X . The
theory of UMD spaces and Banach lattices is presented in [18] and [23], respectively. By a
celebrated theorem of Rubio de Francia [11], every UMD lattice X is a complex interpolation
space between a Hilbert space H and a UMD space Y . In the example X = Lp (M) discussed above
one could take H = L2(M) and Y = Lq (M). Given a self-adjoint operator L on the Hilbert space H
satisfying analogues of the above conditions (1)–(3) we prove spectral multiplier results, that is,
we prove estimates of the form ∥ f (L)u∥X ≲ ∥u∥X for u ∈ H ∩Y , where f : [0,∞) →C is a bounded
measurable function, and f (L) is defined through the spectral theorem as a bounded linear
operator on H . Since H ∩Y is dense in X , this gives estimates for the operator norms ∥ f (L)∥L (X ).
For the special case when X = Lp (M , w), with M a doubling metric measure space and w ∈ Ap

a Muckenhoupt weight, powerful results of this type, generalising a myriad of special cases,
have been obtained in [7]. In the present paper we do not need to rely on a doubling measure
assumption; instead, we consider operators that have a specific algebraic structure coming from
the Heisenberg group.

To start with, we consider the H∞ class of functions f : (0,∞) → C that have a bounded
holomorphic extension to a sector of the complex plane. The theory of the functional calculus
associated with such functions is presented in [19, 22]. In applications, it is often important to
have a functional calculus for a wider class of functions which includes compactly supported
functions and provides estimates similar to those given by classical spectral multiplier theorems.
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A Hörmander calculus enjoying these properties can be obtained by abstract operator theoretic
method from the H∞ calculus, provided some refined estimates can be proven for the semigroup
generated by −L [21].

A subtle point in spectral multiplier theory is that results depend on the specific seminorms of
f used to estimate ∥ f (L)∥L (X ). This dependency involves a relationship between integrability
and smoothness parameters. See, for example, [21, Lemma 3.2], the difference between [7,
Theorem 3.1] and [7, Theorem 3.2], and the differences between Theorem 3, Corollary 7, and
Theorem 8 in the present paper. The amount of smoothness required in our results is discussed
at the end of Remark 11.

In section 3, we give a quintessential example of an operator L to which our results apply:
the harmonic oscillator on Bargmann–Fock spaces Ap,q (Cd ) (that is, the harmonic oscillator
arising from one of the most natural representations of the Heisenberg group). Although not
all results obtained in this setting are new (as explained in Remark 11, they can be obtained by
combining [2] and [10]), they are a good showcase for the method: Bargmann–Fock spaces are
mixed norm Lp (Lq ) spaces with respect to a non-doubling measure and hence not treatable by
general harmonic analytic results such as [7].

2. Main results

We consider the following setting. Let X be a UMD lattice. By [11, Corollary, p. 216], there exists
an interpolation pair (H ,Y ), with H a Hilbert space, Y a UMD space, and a parameter θ ∈ (0,1),
such that X = [Y , H ]θ , the complex interpolation space of order θ between Y and H . For later use
we recall that H ∩Y is dense in X ; see, for example, [18, Corollary C.2.8].

Let AH = (AH
1 , . . . , AH

d ) and B H = (B H
1 , . . . ,B H

d ) be two d-tuples of closed and densely defined
operators acting on H , and let AY = (AY

1 , . . . , AY
d ) and B Y = (B Y

1 , . . . ,B Y
d ) be two d-tuples of closed

and densely defined operators acting on Y , such that the following hold.

(1) For all j = 1, . . . ,d the operators AH
j and B H

j are self-adjoint on H .

(2) For all j = 1, . . . ,d the operators i AH
j and i B H

j generate uniformly bounded C0-groups

(e
i t AH

j )t∈R and (e
i tB H

j )t∈R, respectively, on H . Likewise, for all j = 1, . . . ,d the operators

i AY
j and i B Y

j generate uniformly bounded C0-groups (e
i t AY

j )t∈R and (e
i tB Y

j )t∈R, respec-
tively, on Y .

(3) For all j = 1, . . . ,d , t ∈R, and x ∈ H ∩Y one has e
i t AH

j x = e
i t AY

j x and e
i tB H

j x = e
i tB Y

j x.
(4) The Weyl commutation relations hold both in H and Y : for all j ,k = 1, . . . ,d and s, t ∈ R,

for Z ∈ {H ,Y } we have

e
i s AZ

j e i t AZ
k = e i t AZ

k e
i s AZ

j , e
i sB Z

j e i tB Z
k = e i tB Z

k e
i sB Z

j ,

e
i s AZ

j e i tB Z
k = e−i stδ j k e i tB Z

k e
i s AZ

j ,

where δ j k is the usual Kronecker symbol.

Condition (3) states that both the groups (e
i t AH

j )t∈R and (e
i t AY

j )t∈R, and the groups (e
i tB H

j )t∈R and

(e
i tB Y

j )t∈R, are consistent on H and Y in the sense of [8]. By complex interpolation we obtain
bounded C0-groups (e i t A j )t∈R and (e i tB j )t∈R on X . On the dense subspace H ∩ Y of X these
groups agree with the ones on H and Y , and hence they satisfy the same Weyl commutation
relations as in condition (4).

In what follows we will omit the superscripts H and Y ; it will be clear from the context in which
spaces the various groups are considered.
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Motivated by the Baker–Campbell-Hausdorff formula, in H , Y and X we define, for x,ξ ∈Rd ,

exp(i (x A+ξB)) := exp
(1

2
i x jξkδ j k

)
exp(i

d∑
j=1

x j A j

)
exp

(
i

d∑
j=1

ξ j B j

)
= exp

(
−1

2
i x jξkδ j k

)
exp

(
i

d∑
j=1

ξ j B j

)
exp

(
i

d∑
j=1

x j A j

)
.

Here we write x A = ∑d
j=1 x j A j and ξB = ∑d

j=1 ξ j B j ; likewise we will write xξ = ∑d
j=1 x jξ j and

A2 =∑d
j=1 A2

j and B 2 =∑d
j=1 B 2

j .
As is shown in [25, Proposition 3.13], the operators

Tx,ξ(t ) := exp(i t (x A+ξB)), t ∈R,

define uniformly bounded C0-groups on H , Y , and X , and on each of these spaces the intersected
domains D(A)∩D(B) form a core for its generator Gx,ξ. Moreover, on this core, the generator is
given by

Gx,ξ f = i x A f + iξB f , f ∈D(A)∩D(B). (5)

This provides a rigorous interpretation of the operator u A + vB as a closed and densely defined
operator.

As proven in [25, Theorem 5.2], the operator

−L :=−1

2
(A2 +B 2)

with domain D(L) =⋂d
j=1 D(A2

j )∩D(B 2
j ) generates a uniformly bounded C0-semigroup (e−tL)t≥0

on each of the spaces H , Y , and X .
We will use the notation introduced in (3) and (4).

Lemma 1. For every bounded, measurable, compactly supported function f : [0,∞) → C there
exists a Schwartz function g ∈ S (R2d ) such that for the operators f (L) and f (L̃), considered as
operators on H and L2(R2d ), respectively, we have

f (L) = 1

(2π)d

∫
R2d

ĝ (x,ξ)exp(i (x A+ξB))dx dξ,

f (L̃) = 1

(2π)d

∫
R2d

ĝ (x,ξ)exp(i (xQ̃ +ξP̃ ))dx dξ,
(6)

where

ĝ (x,ξ) := 1

(2π)d

∫
R2d

g (u, v)exp(−i (ux + vξ))du dv

is the Fourier transform of g . The first identity of (6) also holds when A, B, and L are considered as
(tuples of) operators acting in X .

Proof. We consider f (L) as acting on H and f (LHO) as acting on L2(Rd ), where LHO = − 1
2∆+

1
2 |x|2. By a result of Peetre [26] (see also Thangavelu’s book [29, Theorem 1.36]) we have

f (LHO) = 1

(2π)d

∫
R2d

ĝ (x,ξ)exp(i (xQ +ξP ))dx dξ,

where Q = (Q1, . . . ,Qd ) and P = (P1, . . . ,Pd ) are the d-tuples of standard position and momentum
operators on L2(Rd ) given by

Q j f (x) := x j f (x), P j f (x) := 1

i

∂ f

∂x j
(x); x ∈Rd ,

and the Schwartz function g ∈S (R2d ) is given by ĝ =∑
n∈N f (n)Ln , where

Ln(x,ξ) = L(d−1)
n (|(x,ξ)|2/2)exp(−|(x,ξ)|2/4)
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with L(d−1)
n the n-th Laguerre polynomial of type d −1 (see [29, p. 7 and 19–22]). The result now

follows from the Stone–von Neumann uniqueness theorem (see [15, Theorem 14.8]). Indeed, the
Hilbert space H can be written as a countable orthogonal direct sum of Hilbert spaces (Hk )k∈K ,
and there are unitary operators Uk : Hk → L2(Rd ) that establish a unitary equivalence between
exp(i (x A+ξB))|Hk and exp(i (xQ +ξP )), as well as f (L)|Hk and f (L̃). We thus have, for all k ∈ K ,

f (L)|Hk =U−1
k f (L̃)Uk = 1

(2π)d

∫
R2d

ĝ (x,ξ)U−1
k exp(i (xQ +ξP ))Uk dx dξ

= 1

(2π)d

∫
R2d

ĝ (x,ξ)exp(i (x A+ξB))|Hk dx dξ.

This gives the first identity in (6). The second identity is proven in the same way. The final
assertion follows from the fact that H ∩ X is dense in X ; this is a trivial consequence of the fact
that H ∩Y is contained in X and is dense in this space. □

Remark 2. Lemma 1 is also valid for certain functions that are not compactly supported. For
instance, [25, Theorem 5.2] gives that

exp
(
−t (L− d

2
)
)
= 1

(2π)d

∫
R2d

ât (x,ξ)exp(i (x A+ξB))dx dξ,

for at (x,ξ) := (1 + λt )d exp(−λt (|x|2 + |ξ|2)) with λt = 1−e−t

1+e−t . In particular, for the harmonic
oscillator LHO =− 1

2∆+ 1
2 |x|2 this gives

exp
(
−t (LHO − d

2
)
)
= 1

(2π)d

∫
R2d

ât (x,ξ)exp(i (xQ +ξP ))dx dξ.

The Laguerre transform formula of Peetre used in the proof of Lemma 1 sheds some light on
this formula. Indeed, assuming d = 1 for simplicity, one has

exp
(
−t

(
LHO − 1

2

))
u = ∑

n∈N
exp(−nt )Pnu, u ∈ L2(R),

where Pnu = 〈u, Hn〉Hn and Hn is the n-th normalised Hermite function (see [29, p. 1–6]). By [29,
Theorem 1.3.6], we have

Pn = 1

2π

∫
R2

Ln(
1

2
(|x|2 +|ξ|2))exp(−1

4
(|x|2 +|ξ|2))exp(i (xQ +ξP ))dx dξ.

This leads to the identity∫
R2d

ât (x,ξ)exp(i (xQ +ξP ))dx dξ

= ∑
n∈N

exp(−nt )
∫
R2

Ln(
1

2
(|x|2 +|ξ|2))exp(−1

4
(|x|2 +|ξ|2))exp(i (xQ +ξP ))dx dξ.

Hence, by the inversion formula for the Weyl transform [29, Theorem 1.2.1],

ât (x,ξ) = ∑
n∈N

exp(−nt )Ln(
1

2
(|x|2 +|ξ|2))exp(−1

4
(|x|2 +|ξ|2)). (7)

On the other hand, for all a >−1 and r ≥ 0 one has

exp(−ar ) = ∑
n∈N

an

(a +1)n+1 Ln(r ) = 1

a +1

∑
n∈N

1

(1+a−1)n Ln(r )

(see, e.g., [9]). For a−1 = e t −1 this gives

exp
(
−(e t −1)−1r

)
= (1−e−t )

∑
n∈N

exp(−nt )Ln(r ).
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Taking r = 1
2 (|x|2 +|ξ|2) and substituting the resulting identity into (7), after some computations

we obtain

ât (x,ξ) = 1

1−e−t exp
(
−1

4

1+e−t

1−e−t (|x|2 +|ξ|2)
)

and hence, inverting the Fourier transform, for d = 1 we arrive at

at (x,ξ) =
(
1+ 1−e−t

1+e−t

)
exp

(
−1−e−t

1+e−t (|x|2 +|ξ|2)
)

as desired.

Theorem 3. Let s > d and f : [0,∞) →C be a bounded, measurable, compactly supported function
such that

sup
t>0

∥η ·δt ( f )∥W ∞
s (0,∞) <∞,

where (δt ( f ))(x) = f (t x) and η ∈ C∞
c (0,∞) is a fixed non-zero cut-off function. Then f (L) is

bounded on X and we have the estimate

∥ f (L)∥L (X ) ≤C
(
sup
t>0

∥η ·δt ( f )∥W ∞
s (0,∞) +| f (0)|

)
,

for a constant C independent of η and f .

Proof. By Lemma 1, we can apply the transference principle [25, Proposition 6.3] to obtain that
f (L) is bounded on X and

∥ f (L)∥L (X ) ≲ ∥ f (L̃)⊗ IX ∥L (L2(R2d ;X )). (8)

By Rubio de Francia’s extrapolation theorem from [11, Theorem 5] (see also [1, Theorem 1.1]), we
have

∥ f (L̃)⊗ IX ∥L (L2(R2d ;X )) ≲
(
sup
t>0

∥η ·δt ( f )∥W ∞
s (0,∞) +| f (0)|

)
as long as

∥ f (L̃)∥L (L2(R2d ,w)) ≲
(
sup
t>0

∥η ·δt ( f )∥W ∞
s (0,∞) +| f (0)|

)
,

for all Muckenhoupt weights w ∈ A2. Such weighted bounds hold for spectral multipliers f (A)
as long as A generates a semigroup with pointwise Gaussian heat kernel bounds, thanks to [7,
Theorem 3.2] (where D = 0 as we work on R2d ). We thus only need to prove these heat kernel
bounds [7, Assumption (GE)], i.e., to show that there exist c,C > 0 such that for all t > 0 and
x, y,ξ,η ∈Rd ,

|kt (x, y,ξ,η)| ≤C t−d exp

(
−|x −ξ|2 +|y −η|2

ct

)
,

where exp(−t L̃) f (x, y) = ∫
R2d kt (x, y,ξ,η) f (ξ,η)dξdη, This follows from (5.2) and Lemma 6.4

in [25] (or from Remark 2), which give that, for all u ∈ Lp (R2d ),

exp

(
−t

(
L̃− 1

2
d

))
u(x, y) = 1

(2π)d

∫
R2d

ât (x −ξ, y −η)exp(
i

2
(ξy −ηx))u(ξ,η)dξdη,

where, as in Remark 2,

at (x, y) = (1+λt )d exp
(
−λt (|x|2 +|y |2)

)
and λt = 1−e−t

1+e−t , and thus

|exp(− td

2
)ât (x −ξ, y −η)exp(

i

2
(ξy −ηx))|

≲ exp(− td

2
)λ−d

t exp

(
−|x −ξ|2 +|y −η|2

λt

)
. □
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Remark 4. The transference estimate (8) more generally holds in the form

∥ f (L)u∥X ≲ ∥ f (L̃)⊗ IX ∥L (Lp (R2d ;X ))∥u∥X .

In the most common situation where X = Lp (M) with p ∈ (1,∞), by working with this estimate
one can avoid Rubio de Francia’s extrapolation theorem. Indeed, a simple application of Fubini’s
theorem (see [18, Proposition 2.2]) now gives

∥ f (L)u∥Lp (M) ≲ ∥ f (L̃)⊗ ILp (M)∥L (Lp (R2d ;Lp (M)))∥u∥Lp (M)

= ∥ f (L̃)∥L (Lp (R2d ))∥u∥Lp (M).

The Lp estimates for f (L̃) then follow from [7, Theorem 3.2] (or even older results without
weights).

Theorem 5. The operator L− d
2 I has a bounded H∞ functional calculus of zero angle on X .

Proof. The proof uses the R-sectoriality of L − d
2 I proven in [25, Theorem 7.1] and the abstract

square function characterisation for boundedness of the H∞ calculus (see [19, Theorem 10.4.9])
exactly as in the proof of [25, Theorem 8.1], up to the crucial estimate

sup
s∈[1,2]

sup
N≥1

E

∥∥∥∥ N∑
j=1

ε j b̃2− j s (A,B)u

∥∥∥∥2

≲ ∥u∥2, u ∈ X ,

where b̃t := (1 + λ2t )−d a2t − (1 + λt )−d at . In [25], this estimate is proven using an a priori
assumption on the S0-boundedness of the Weyl calculus of the Weyl pair (A,B). Here, we use
transference as in the proof of Theorem 3 instead. Let s ∈ [1,2], N ∈N\{0}, and (ε j )N

j=1 ∈ {±1}N . By
the transference principle [25, Proposition 6.3] and [11, Theorem 5] (see also [1, Theorem 1.1]), it
suffices to show that∥∥∥∥ N∑

j=1
ε j

(
(1+λ2− j+1s )−d exp(−2− j+1sL̃)− (1+λ2− j s )−d exp(−2− j+1sL̃)

)∥∥∥∥
L (L2(R2d ,w))

≤C ,

for all Muckenhoupt weights w ∈ A2, and a constant C ≥ 0 independent of s, N and (ε j )N
j=1. This

follows from [7, Proposition 6.8], and the fact that

z 7→
N∑

j=1
ε j

(
(1+λ2− j+1z )−d exp(−2− j+1z)− (1+λ2− j z )−d exp(−2− j+1z)

)
belongs to H∞(Σω) := {z ∈ C \ {0} : |arg(z)| <ω} for all ω ∈ (0, 1

2π), with a norm independent of N
and (ε j )N

j=1, by [19, Proposition H.2.3]. □

With the same proof as [25, Theorem 8.5], using Theorem 5 and [21], we can upgrade the
holomorphic calculus to a Hörmander calculus.

Corollary 6. The operator L− d
2 I has an R-bounded H

2d+ 1
2

2 -Hörmander calculus on X .

As proven recently in [6, Theorem 1.1], this calculus can be further upgraded to give the
following maximal function estimates.

Corollary 7. Assume that X = Lp (Ω; Z ), with p ∈ (1,∞) and Z a UMD lattice, and letΩ a σ-finite
measure space. Let s > (2d + 3

2 )+max{ 1
2 ,τ−1

p,Z − c−1
p,Z }, where τp,Z and cp,Z are the type and cotype

of Lp (Ω; Z ), and let f ∈W 2
s (0,∞) satisfy f (0) = 0 and∑

n∈Z
∥η ·δ2n ( f )∥W 2

s (0,∞) <∞,

where (δt ( f ))(x) = f (t x), η ∈ C∞
c (0,∞) is a fixed cut-off function constantly equal to 1 on the

interval (1,2). Then∥∥∥sup
t>0

| f (tL)u|
∥∥∥

Lp (Ω;Z )
≤C

∑
n∈Z

∥η ·δ2n ( f )∥W 2
s (R)∥u∥Lp (Ω;Z ), u ∈ Lp (Ω; Z ),
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for a constant C independent of η and f .

For compactly supported symbols, we can also obtain the following Hörmander type spectral
multiplier estimates under less stringent assumptions on the regularity parameter s. Recall that
X = [Y , H ]θ for some UMD space Y . For instance, when X = Lp (M) for some arbitrary measure
space M (not necessarily doubling), we may take H = L2(M) and Y = Lq (M) with 1 < q < p (when
1 < p < 2), respectively p < q <∞ (when 2 < p <∞).

Theorem 8. Let s > (1 − θ)d + 1
2 and let f : [0,∞) → C be a bounded, measurable, compactly

supported function such that
sup
t>0

∥η ·δt ( f )∥W 2
s (0,∞) <∞,

where (δt ( f ))(x) = f (t x) and η ∈C∞
c ([0,∞)) is a fixed non-zero cut-off function. Then we have the

estimate
∥ f (L)∥L (X ) ≤C

(
sup
t>0

∥η ·δt ( f )∥W 2
s (0,∞) +| f (0)|

)
,

for a constant C independent of η and f .

Proof. Applying Theorem 5 to L̃ ⊗ IX , we have L̃ ⊗ IX has a bounded H∞ calculus in L2(Rd ; X ).
By [5, Theorem 1.2], we thus have the result for L̃ ⊗ IX acting on L2(Rd ; X ) instead of L acting on
X . An application of Lemma 1 (this is where the compact support assumption is used) and the
transference theorem [25, Proposition 6.3] complete the proof. □

3. Application to Bargmann–Fock space

In this section we show that our result can be applied to the harmonic oscillator on the
Bargmann–Fock spaces of entire functions in Cd defined by

Ap,q (Cd ) =
{

f entire :
∫
Rd

(∫
Rd

| f (x + i y)|p e−p|x+i y |2/2 dx

)q/p

dy <∞
}

, (9)

for 1 < p, q <∞. When p = q = 2, A2,2(Cd ) is the Hilbert space used for the Bargmann represen-
tation of the Heisenberg group. We recall its construction below. This example is natural from a
representation theory/mathematical physics point of view, but is quite challenging from a har-
monic analysis point of view, because the measure e−p|x+i y |2/2 dx dy is not doubling (and hence
results such as [7] do not apply).

One defines the raising and lowering operators a∗
j and a j by

a∗
j f (z) := z j f (z), a j f (z) := ∂

∂z j
f (z), f ∈ A2,2(Cd ),

and the position and momentum operators as follows:

A j = 1p
2

(a∗
j +a j ),

B j = ip
2

(a∗
j −a j ).

(10)

It is easy to check that the operators A j and B j are self-adjoint, and that the pair (A,B), where
A = (A1, A2, . . . , Ad ) and B = (B1,B2, . . . ,Bd ), satisfies the canonical commutations relations. We
shall now see that i A j and i B j generate uniformly bounded C0-groups on Ap,q (Cd ), for all
1 < p, q <∞.

For a ∈Cd , define operators Ta by the formula

(Ta f )(z) = e
−|a|2

2 e−ā·z f (z +a) (11)

where a ·b =∑
j a j b j , for any a,b ∈Cd .
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Lemma 9. Let 1 < p, q < ∞. For each a ∈ Cd , the operator Ta defined above is an isometry of
Ap,q (Cd ), and the map a 7→ Ta is strongly continuous.

Proof. For f ∈ Ap,q (Cd ) we have (cf. [15, Theorem 14.16] for the special case p = q = 2)

∥Ta f ∥q
Ap,q =

∫
Rd

(∫
Rd

e
−p|a|2

2 e−pℜ(ā·z)| f (x + i y +a)|p e
−p|z|2

2 dx

)q/p

dy

=
∫
Rd

(∫
Rd

e−
p
2 |z+a|2 | f (x + i y +a)|p dx

)q/p

dy

= ∥ f ∥q
Ap,q .

It can also be verified easily that TaTb = e iℑ(ā·b)Ta+b , which implies TaT−a = I . The strong
continuity of Ta can be verified on the set of polynomials, which are dense in Ap,q (Cd ) (see [13,
Proposition 5]). □

Proposition 10. Let 1 < p, q <∞. The tuples of operators A = (A j )d
j=1 and B = (B j )d

j=1 form a Weyl

pair in Ap,q (Cd ).

Proof. For j = 1, . . . ,d , define U j (t ) := Ti te j /
p

2 and V j (t ) := Tte j /
p

2. By Lemma 9, we have

that {U j (t )}t∈R and {V j (t )}t∈R are uniformly bounded C0-groups in Ap,q (Cd ). The infinitesimal
generator of these groups are i A j and i B j respectively. Indeed, if f lies in the domain of the
infinitesimal generator of U j ( · ), the limit

(i A j f )(z) := lim
t→0

1

t

[
e t 2/4e i t z j /

p
2 f (z + i te j /

p
2)− f (z)

]
must exist in Ap,q (Cd ) and coincide with the pointwise limit giving,

i A j f (z) = ip
2

(
z j f (z)+ ∂

∂z j
f (z)

)
By dominated convergence theorem, the limit exists in Ap,q for polynomials and hence by the
density argument, for functions in the domain of A. The same analysis work for B j as well. Thus,
(A,B) forms a Weyl pair on Ap,q (Cd ). □

All the spectral multiplier results proven in Section 2 thus apply to the harmonic oscillator
L = 1

2

∑d
j=1(A2

j +B 2
j ) acting on Ap,q (Cd ).

Remark 11. It is shown in [10] that Ap,q can be identified with the modulation space M p,q .
This identifies L with the standard harmonic oscillator L(d) for which spectral multiplier results
have been proven in [2]. For p ̸= q Theorem 8 recovers [2, Theorem 3.1]. However, for p = q , [2,
Theorem 3.3] is a better result, as it only requires the optimal level of regularity s > d/2. The
present paper and [2] share a similar philosophy: to use transference as a replacement for the
Stone–von Neumann uniqueness theorem when proving Lp estimates for representations of the
Heisenberg group. The paper [2] focuses on concrete representations to reduce the problem
to Fourier multipliers on the Heisenberg group. Here we take a more general approach that
allows us to treat any representation on any UMD lattice. At this level of generality, we do not
reach the optimal order of smoothness one could hope for in our assumptions. This is to be
expected because our transference principle doubles the dimension (for example, if X = Lp (Rd ),
we transfer to L2(R2d ;Lp (Rd )). However, it is interesting to note that, even for the standard
harmonic oscillator on M p,q for p ̸= q , the result in [2] features the exact same loss in the order
of smoothness as in our Theorem 8 (s > d + 1

2 rather than s > d/2). One can also note that
Corollary 7 gives maximal function estimates for the harmonic oscillator on modulation spaces
(or on Bargmann–Fock spaces). Such maximal function estimates appear to be new, and could
be useful in PDE applications, in the spirit of the recent paper [3].
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4. Open problems

In this paper, we have partially solved the open problems from [25], by proving appropriate
functional calculi results for L under the sole assumption that (A,B) is a Weyl pair on a UMD
lattice. This leaves open many interesting questions that can be divided into four categories:

(1) Extending this transference approach to other nilpotent Lie groups (beyond the Heisen-
berg group).

(2) Treating more general UMD spaces (in particular non-commutative Lp spaces).
(3) Obtaining a full pseudo-differential calculus rather than just spectral multiplier results

for Laplace like operators (that is, a joint functional calculus for (A,B) rather than a
functional calculus for L).

(4) Determining the optimal order of smoothness required for general spectral multiplier
theorems.

In the fourth direction, Remark 11 suggests that the order s > d + 1
2 may not be as bad as it

looks, and may even be optimal if one wants to treat any UMD lattice. In the second direction,
Lukas Hagedorn (personal communication) has made substantial progress using UMD valued
Fourier multipliers directly on the Heisenberg group. To make progress on the first and second
directions, it would be highly interesting to extend the theory of oscillatory singular integral
operators from [27] to the UMD valued setting (as it is done in [17, T b Theorem 3] for standard
singular integral operators) or to the semicommutative Lp setting (as it is done in [20, Section 4.1]
for standard singular integral operators).
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