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Abstract
Purpose: Concomitant gradient fields have been extensively studied at clin-
ical field strengths. However, their effects have not yet been modeled for
low-field point-of-care (POC) systems. The purpose of this work is to character-
ize the effects associated with concomitant fields for POC Halbach-array-based
systems.
Methods: The concomitant fields associated with a cylindrical gradient coils
designed for a transverse B0 and a signal model including the tilting effect of the
effective magnetic field are derived. The formalism is used to simulate and pre-
dict concomitant field related distortions. A 46-mT Halbach-array-based system
with a maximum gradient strength of 15 mT/m is used to verify the model using
two-dimensional spin-echo sequences.
Results: The simulations and experimental results are in good agreement with
the derived equations. The fundamental characteristics of the concomitant field
equations are different to conventional MRI systems: Image distortions occur
primarily in the transverse directions and a cross-term only exists when applying
transverse gradient pulses simultaneously.
Conclusion: The level of image warping in the frequency encoding direction
is insignificant for the POC systems discussed here. However, when trying to
achieve short echo-times by using strong phase encoding and readout-dephasing
gradients, the combination can result in image warping and blurring which
should be accounted for in image interpretation.

K E Y W O R D S

concomitant fields, Halbach-array, image distortions, low-field

1 INTRODUCTION

Recently, there has been significant interest in low-field
point-of-care (POC) MRI systems1-4 which can be used in
environments where MRI is currently lacking: examples
include the intensive care unit,5,6 the emergency room,

and regions in low- and middle-income countries with
limited financial and infrastructural resources.7,8 These
low-field systems typically have magnetic fields between
approximately 40 and 80 mT, run on mains power
and do not use cooling. The gradient field strengths
are lower compared to conventional clinical systems
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and are typically on the order of 10–20 mT/m. These
magnetic field gradients have undesired but unavoidable
vector-components known as concomitant fields, since the
magnetic flux density must be divergence- and curl-free in
a source-free region under quasi-static conditions. These
components change the desired magnitude and direc-
tion of the magnetic flux density, potentially creating
pulse sequence-dependent image artifacts.9 The severity of
concomitant field effects can be characterized by a dimen-
sionless quantity 𝜖:10-12

𝜖 = GmaxL
B0

, (1)

where Gmax is the maximum gradient strength, and L
is the Field-of-View (FOV) in the direction of the gradi-
ent. This dimensionless quantity is useful when analyzing
the effects of concomitant fields for different systems. For
example, since POC systems typically operate at B0 values
30 times lower than 1.5 T, and have maximum gradient
strengths between three and five times less, the expecta-
tion is that concomitant gradient fields effects are much
more significant.

Artifacts created by concomitant fields, and artifact
reduction strategies, have been extensively studied at clin-
ical field strengths. Bernstein et al.13 gave an in-depth
analysis of concomitant field effects in phase contrast
angiography and first introduced the concept of con-
comitant field cross-terms, that is, the additional effects
occurring when two or more gradients are applied simul-
taneously. Using a Taylor series, they derived a general
expression for the magnitude of the magnetic flux density,
in which the desired phase is separated from the undesired
concomitant phase, a representation which is extensively
used. They demonstrated that concomitant fields create
shading artifacts in phase contrast MRI, using a FOV of
320 mm, B0 = 1 T and Gmax = 22 mT/m (𝜖 = 0.007). To
mitigate these effects, modifications to the pulse sequence
were proposed, which were effective but led to increased
echo and/or repetition time. They also demonstrated a
reconstruction method to predict the concomitant field
phase errors and correct for them during postprocessing.
Concomitant field effects have also been studied for non-
axial14 and axial echo planar imaging (EPI).15 In axial EPI,
concomitant fields created a displacement of the object in
the phase encoding direction, the magnitude of which is
quadratically dependent on the axial position. The shift
was visible in a slice 40 mm from iso-center using a field
strength of 1.5 T, an FOV of 260 mm and a readout gradi-
ent strength of 21.6 mT/m, (𝜖 = 0.0037).15 Image ghosting
was also observed for larger values of 𝜖. To remove the
parabolic shift, the receiver phase was adjusted; another
technique used compensation gradients to remove the

phase error. For nonaxial EPI a pixel-by-pixel correction
algorithm was demonstrated which corrects for the phase
errors before reconstruction.16 King et al.17 demonstrated
that concomitant fields can create blurring when using
spiral trajectories with the following system parame-
ters: B0 = 1.5 T, FOV = 200 mm and Gmax = 21 mT/m
(𝜖 = 0.0028). In-plane blurring corrections were per-
formed by adapting an algorithm used for chemical shift
and susceptibility offsets.18,19 Through-plane blurring was
corrected by dynamically shifting the receive frequency.
Zhou et al.20 demonstrated that fast spin echo sequences
with large FOV’s can result in ghosting artifacts. These
artifacts were visible imaging the spinal cord using a FOV
of 480 mm, B0 = 1.5 T, Gmax = 22 mT/m (𝜖 = 0.007). They
mitigated these effects by adding compensation pulses.

Early work regarding concomitant fields at low-field
was performed by Norris and Hutchison21 who used a
parallel plate, open, resistive magnet with a field strength
of 0.04 T and a single quadrupolar gradient coil. These
cylindrical coils are also used for Halbach-based systems
as they create a quadrupolar field, where the transverse
component can be used as a z-gradient when considering a
transverse B0 field. A bipolar gradient pulse was added to a
spin echo pulse sequence to create additional concomitant
phase, and it was demonstrated that this phase agrees with
the theory by imaging a disk phantom. Volegov et al.,22

created a signal model for a gradient echo pulse sequence
at very low-field strengths (B0 = 0.0001T, FOV = 300 mm
and Gmax = 0.05 mT/m (𝜖 = 0.15)) not only taking into
account the errors created by the phase differences but also
the errors created by the tilting of the effective magnetic
field. In simulations they demonstrated that the phase dif-
ferences caused blurring in the phase encoding direction,
and displacement in the readout direction. The tilt was
shown to cause additional blurring, shading, and a ghost-
ing artifact. Clarke et al.12 used a low-field system which
used prepolarization and superconducting quantum inter-
ference devices combined with B0 = 66 𝜇T, Gmax = 350
𝜇 T/m and a FOV of 175 mm (𝜖 = 0.15). Using spin-echo
images they showed distortions in a grid phantom. They
proposed a dewarping and phase correction model, not
including the tilting effect. A more general approach was
taken by Yablonskiy et al.,11 who studied the possible geo-
metric distortions different gradients, such as slice select,
phase encoding and readout can create due to concomi-
tant fields. More recently, Wang et al.23 demonstrated a
compensation scheme for dealing with concomitant gradi-
ent field effects in two-dimensional (2D) spiral TSE at 0.55
T using compensation pulses to eliminate the undesired
phase and comparing their results with a 1.5 T system.

The spatial distribution of concomitant fields depend
on the gradient coil geometry, influencing where the arti-
facts occur, which gradients can be used simultaneously
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830 DE VOS et al.

Conven�onal MRI Halbach-based MRI F I G U R E 1 Left: illustration of a
typical wire pattern for a z-gradient coil used
in conventional MRI systems. Right:
illustration of a typical z-gradient coil used
in Halbach-based MRI systems.
Corresponding coordinate systems are
displayed with each gradient coil.

without introducing a cross-term, and the artifact
correction scheme. Previous literature, surveyed above,
concentrates on cylindrical systems with the B0 parallel
to axis of the magnet bore or systems with a transverse
B0 combined with bi-planar gradient coils.9 However, the
equations defining the concomitant fields do not hold for
cylindrical gradient coils designed for a transverse B0 field,
which is the case for Halbach-array-based magnets.24-28

In this work the concomitant fields associated with
Halbach-based MRI systems are characterized. Further-
more, the distortions that these fields can potentially cre-
ate in low-field POC systems are analyzed and compared
to conventional systems. A general signal model is derived
which can be used to simulate the effects of concomitant
fields and includes the tilting effects. This model is verified
using spin-echo sequence on a 46-mT Halbach-based sys-
tem, with a maximum gradient strength of 15 mT/m and a
FOV of 250 mm (𝜖 = 0.082).

2 THEORY

The case is considered where three linear gradient fields
are used for spatial encoding and B0 is directed along the
z-direction. The z-component of the magnetic flux density
can then be expressed as

Bz = B0 + Gxx + Gyy + Gzz = B0 + gTr, (2)

where g = [Gx,Gy,Gz]T and r = [x, y, z]T . Under
quasi-static conditions, Maxwell’s equations require that
in a source-free region, the magnetic flux density must be
curl- and divergence-free. Given these requirements and
Equation (2), the components of the magnetic flux density
can be written in the form9

⎡
⎢
⎢
⎢
⎣

Bx

By

Bz − B0

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

− 𝛼Gz G⊥ Gx

G⊥ (𝛼 − 1)Gz Gy

Gx Gy Gz

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

x
y
z

⎤
⎥
⎥
⎥
⎦

, (3)

where G⊥ is the transverse gradient term which is zero for
both conventional MRI and Halbach-based systems. The

divergence-free requirement allows multiple solutions
regarding the concomitant fields associated with the
z-gradient, which is captured by the variable 𝛼 and is
specified by the gradient coil geometry. In conventional
MRI the B0 field is directed along the axis of the bore.
Figure 1 illustrates the associated Helmholtz type (finger-
print) coil, which creates an equal distribution of the con-
comitant components in the x- and y-direction, resulting
in 𝛼 = 1∕2. This value also holds for parallel plate gradi-
ent coils in an open C- or H-shaped magnet.9 In contrast,
a Halbach-array-based magnet creates a B0 field directed
transverse to the bore. The corresponding z-gradient has
a quadrupolar geometry29 and the magnetic flux density
associated with these coils has no x-component in the
linear region of interest (along the bore), leading to 𝛼 = 0.

Having determined the gradient field structure for
Halbach-systems, the magnitude of the magnetic flux den-
sity can be described using a Taylor series

|B| ≈ B0 + gTr

+ 1
2B0

[
(G2

x + G2
y)z2 + G2

z y2 − 2GyGzyz
]
+ 1

2B2
0
(… ),

(4)

where for sufficiently large values of B0 only the 1
2B0

terms
of the expansion are taken into account. The general form
(including 𝛼 and G⊥) up to third order can be found in Ref-
erence 13. A shorter form of the above equation where the
desired part is separated from the concomitant fields is

|B(g)| ≈ B0 + gTr + gc(g), (5)

where, in this notation, it is explicitly indicated that |B|
depends on the gradient vector g, and gc describes the
contribution due to the concomitant fields. As mentioned
above, it is often sufficient to take

gc(g) ≈ 1
2B0

[
(G2

x + G2
y)z2 + G2

z y2 − 2GyGzyz
]

= 1
2B0

[(
Gyz − Gzy

)2 + G2
xz2

]
≥ 0, (6)
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as long as B0 is sufficiently large. In the first line of
expression three self-squared and a single cross-term can
be distinguished, where the cross-term only exists when
Gy and Gz are applied simultaneously. The first term in
Equation (6) is also present in the conventional9 con-
comitant field expression. However, the main difference
is that the quadrupolar field created by the z-gradient of
a Halbach-based system has a single concomitant com-
ponent in the region of interest (𝛼 = 0), and is there-
fore significantly different to its conventional counterpart
(𝛼 = 1∕2). This is why Halbach-based systems using a
quadrupolar z-gradient only have a single cross-term with
twice the strength which is independent of the spatial
coordinate x. The concomitant fields described here
are therefore independent of the conventional expres-
sion. Comparing the above equation to the concomitant
fields associated with conventional MRI,13 three distinct
differences can be observed:

1 There is only a single cross-term which is present when
simultaneously applying the transverse y and z gra-
dients. In conventional MRI, combining z and x also
results in a cross-term.

2 The cross-term has double the amplitude of a conven-
tional MRI cross-term.

3 whereas the concomitant fields increase with the
axial position for the conventional case, concomitant
field effects increase in the transverse directions for
Halbach-based MRI. There is no axial dependency in
the main term of this expansion, meaning there is little
to no dependency on the longitudinal x coordinate.

2.1 Signal model

A general signal model is derived to simulate the artifacts
created by concomitant fields. The solution of the Bloch
equations, not taking into account relaxation times, can be
written as (see Appendix)

m(g, t) = 𝜌(r′)Xe−j𝛾|B(g)|StXHm̃0, (7)

where m(g, t) = [Mx,My,Mz]T contains the components of
the magnetization and the initial magnetization is speci-
fied with m̃0 =

[
M0

x ,M0
y ,M0

z
]T , where the spin density 𝜌(r′)

is factored out. Furthermore, X = X(g) is a unitary matrix
with the eigenvectors of the Bloch system matrix (specified
in the appendix) as its columns. Furthermore, superscript
H denotes the hermitian transpose, S is a diagonal matrix
given by S = diag(−1, 0, 1), and j is the imaginary unit.

Subsequently, two gradient vectors are introduced.
Specifically, gpe = [Gpe

x ,G
pe
y ,G

pe
z ]T is the gradient vector

characterizing the gradients used during phase encoding

and gr = [Gr
x,Gr

y,Gr
z]T the gradient vector during frequency

encoded data-acquisition. Assuming that the phase encod-
ing gradients are applied for 𝜏 seconds, the resulting mag-
netization is given by

mpe ∶= m(gpe
, 𝜏) = 𝜌(r′) P e−j𝛾|B(gpe)|S𝜏 PHm̃0, (8)

with P = X(gpe). Furthermore, after the phase encoding
step, the magnetization during data-sampling can be writ-
ten as

mr(t) ∶= m(gr
, t) = Qe−j𝛾|B(gr)|St QHmpe, (9)

with Q = X(gr). Note that in most imaging sequences mr
remains constant between phase encoding steps, with only
mpe changing. The voltage induced in the coil during data
sampling is given by30

v(t) = −
∫r′∈V

bH 𝜕mr(t)
𝜕t

dV , (10)

where b = [𝛽x, 𝛽y, 𝛽z]T is the coil sensitivity. Subsequently,
this signal is demodulated with modulation frequency
𝜔0 = 𝛾B0 and low pass filtered to obtain the signal

s(t) = lowpass
{

v(t)e−j𝜔0t}
. (11)

Using the above expression for mr(t) this signal is given by

s(t) = −j
∫r′∈V

𝛾|B(gr)| (bHq−1) (qH
−1mpe) ej[𝛾|B(gr)|−𝜔0]t dV .

(12)
Finally, substituting Equation (8) in the above expression
results in

s(t) = −j
+1∑

𝓁=−1
∫r′∈V

𝜌(r′) 𝛾|B(gr)|w𝓁 ej𝜑𝓁(t) dV , (13)

with phases given by

𝜑𝓁(t) = [𝛾|B(gr)| − 𝜔0]t − 𝛾|B(gpe)|𝜏 𝓁, (14)

and weights

w𝓁 = (bHq−1)(qH
−1p𝓁)(pH

𝓁 m̃0), (15)

for 𝓁 = −1, 0, 1, similar to Volegov.22 The weighting can
be split up in three parts: (bHq−1) describes the relation-
ship between the readout frequency encoding gradient and
the receive sensitivity of the coil, while the term (qH

−1p𝓁)
describes the interaction between phase encoding and
readout field. Finally, (pH

𝓁 m̃0) represents the interaction
between the phase encoding field and the initial mag-
netisation. If concomitant fields effects in the weighting
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832 DE VOS et al.

are not considered, only mode 𝓁 = −1 remains, leaving
only the concomitant field phase errors in the exponential,
simplifying the model significantly.

2.1.1 Simplified model including phase
errors only

If concomitant field effects in the weighting are not con-
sidered, that is, the tilting effect is ignored, the elements
of the Bloch matrix U shown in Appendix are ux = uy = 0
and uz = 1, leading to P = Q and

w−1 = bHq−1qH
−1m̃0, w0 = w+1 = 0.

Furthermore, q−1 = (1∕
√

2)[j,−1, 0]T and consequently

w−1 = 𝛽+M̃−
0 , (16)

where 𝛽+ = 𝛽x + j𝛽y and M̃−
0 = M̃0

x − jM̃0
y . The other sim-

plification to be made is that concomitant field effects in
𝛾|B(gr)| only play a part in the phase. This leads to the final
equation for the simplified model

s(k) = −j
∫r′∈V

𝜌(r′) 𝜔0𝛽
+M̃−

0 ej [kT r′+𝜑c(t)+𝜑0] dV , (17)

where k = 𝛾(grt + gpe
𝜏), the concomitant phase 𝜑

c(t) =
𝛾

[
gc(gr)t + gc(gpe)𝜏

]
and the phase offset 𝜑0 = 𝛾B0𝜏. If all

concomitant field effects are ignored 𝜑
c(t) = 0 and the

conventional signal model remains. Simply taking the
inverse Fourier transform of the above expression results
in the effective spin-density s(r), which can be written as
the original spin density convolved with a point spread
function (PSF)

s(r) =
∫r′∈V

𝜌(r′) P(r − r′)dV , (18)

where

P(r − r′) = −
j

(2𝜋)3 ∫k∈R3
𝜔0𝛽

+M̃−
0 e−j [kT (r−r′)−𝜑c(t)−𝜑0] dk.

(19)

2.2 Image artifacts

In this work spin-echo sequences are used as an example
to characterize concomitant field effects. The frequency
encoding gradient creates a phase error which is constant
for each phase encoding line, but is spatially and gradient
dependent. The undesired phase translates to a distorted
spatial position. Taking a z-gradient as an example this can

be shown by considering the resonance frequency with no
distortions:

𝜔(r) = 𝛾(B0 + Gzz), (20)

and substituting Equations (5) and (6). This can then be
rewritten to obtain

zc = z +
Gzy2

2B0
. (21)

where zc is the distorted position, and z the intended loca-
tion. This equation describes a parabolic shift in the direc-
tion of the readout gradient with the direction dependent
on the polarity of the gradient.

In phase encoding the different amplitudes corre-
sponding to each step translate to a summation of phase
errors which leads to spatially and gradient dependent
blurring. The position of this blurring can also be deter-
mined using Equation (6).

Gradients applied simultaneously can create a
cross-term, with the associated distortions depending on
the particular combination of gradients. If a constant gra-
dient such as a dephasing frequency encoding gradient
is simultaneous with the phase encoding gradient this
creates blurring, as well as a warping effect. This warping
effect for a z-gradient dephasing gradient, combined with
a y-phase encoding gradient leads to

Δy = −
Gzyz
B0

. (22)

Note the factor-of-two difference compared to the
parabolic readout warp and the dependency on the sign
of the y and z spatial coordinates. Therefore, the effect of
the cross-term warping is more evident than the readout
warping and also differs spatially.

The weighting w𝓁 creates multiplicative errors and is
responsible for the distribution of the modes 𝓁 = −1, 0,+1.
The mode 𝓁 = +1 create a phase opposing that of the
dominant mode 𝓁 = −1 mode, which can create a mir-
rored ghosting artifact. The mode 𝓁 = 0 only creates a
multiplicative error.

3 METHODS

To verify the model and demonstrate the potential effects
concomitant fields have on spin-echo images, a 46 mT
Halbach-based system is used, similar to Reference 24. The
system has a maximum gradient strength of 15 mT/m. At
low B0 fields, readout bandwidths rarely exceed 50 kHz
(∼4.5 mT/m using a 250 mm FOV), as high bandwidths
degrade the signal-to-noise ratio. Therefore, concomitant
effects will predominantly occur for the phase encoding
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DE VOS et al. 833

F I G U R E 2 Two-dimensional brain phantoms corresponding to transverse, sagittal and coronal brain slabs. With relaxation parameters
of the compartments approximately equal to in vivo data at 50 mT.31 The dimensions are indicated in the figure and the thickness of the slabs
are 20 mm. The phantoms where fabricated in-house using a three-dimensional printer and modeled using CAD software and 3T brain images.

and frequency encoding dephasing gradients which have
high values to achieve short echo-times.

To verify Equation (6), specific for Halbach-array-
based gradient coils, and show the effect of different encod-
ing directions, 2D spin-echo images of the brain phantoms
shown in Figure 2 were acquired and represent transverse,
sagittal, and coronal slabs of the brain. As shown later,
using the maximum gradient strength of 15 mT/m leads
to very subtle distortions difficult to depict. To experimen-
tally simulate the effects of higher gradient strengths a
bipolar pulse was added as was done in Reference 21. This
creates concomitant phase due to the quadratic depen-
dency shown in Equation (6). The length of the bipo-
lar pulse was determined to produce effects equivalent
to those from a unipolar gradient field strength of 25
mT/m. The spin-echo sequences shown in Figure 3 were
used, (A) shows the reference sequence, (B) the high gra-
dient strength version including simultaneous gradients
to demonstrate the cross-term effect, (C) the reference
sequence with the addition of a bipolar phase encoding
pulse and (D) the same sequence but with simultaneous
phase and frequency dephasing gradients. The sequences
were run for the three orthogonal planes on the cor-
responding brain phantoms. For each plane a reference
image was acquired using the sequence of Figure 3A and
a maximum gradient strength of 3.3 mT/m. These are
compared to images obtained using Figure 3C,D with a
simulated gradient strength of 25 mT/m. This was done
twice for each plane to illustrate the effect on the distor-
tions when switching the frequency and phase encoding
axis. This leads to 2 × 12 images.

To verify that adding the bipolar pulse results in similar
effects and to quantify the amount of warping, 2D
spin-echo images of a tube phantom were acquired. The
tube phantom consists of 37 tubes all with a diameter of
15 mm, separated 28 mm from each other and filled with
doped water. To visualize the warping effect, images in the
transverse yz-plane were acquired, since cross-term warp-
ing is expected to be observable in this plane. To show
the effects, sequence (B) was used with the maximum
possible gradient strength of 15 mT/m, and compared to
the reference (using sequence (A) and 4 mT/m gradi-
ents). In addition, sequence (D) was used to simulate the
gradient strength of 15 mT/m. The phantom was also sim-
ulated to verify the model. The simplified model shown
in Equation (17) was used. The drawing of the phantom
holder was used to create a binary mask for the spin density
𝜌(r′), each k-space line, including the concomitant field
phases was created with the scan parameters used for the
measurements. Taking the inverse Fourier transform of
the simulated k-space results in the spin density including
concomitant field distortions.

Another way of visualizing the concomitant field error
is to look at the effects on the phase of the signal. A mea-
surement was performed following a similar approach as
Bernstein et al.13 A bottle with a diameter of 110 mm,
filled with CuSO4 doped water, was used as the phan-
tom. As there is no flow in the phantom, a phase differ-
ence measurement using anti-symmetric bipolar pulses
should not result in any phase variation throughout the
phantom. However, concomitant field effects can create a
residual phase. The self-squared terms cancel out, but the
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(A)

(B)

(C)

(D)

F I G U R E 3 Sequence diagrams of the two-dimensional
spin-echo sequences used to separately study the effects of the
self-squared and cross-term from Equation (6). Red corresponds to
the frequency encoding, blue the phase encoding and purple the
additional bipolar pulses used to simulate the concomitant field
phase effects of higher gradient strengths. (A) is used for the
reference images, both the phase encoding and readout gradient use
a maximum gradient strength of 4 mT/m. (B) is used to demonstrate
the maximum concomitant field effects associated with this system,
15 mT/m gradients are used for the read-dephasing and maximum
phase encoding strength. The read-dephasing and phase encoding
are performed simultaneously. Pulse-squence (C) is the same as (A)
but a bipolar pulse is added to simulate the concomitant field effects
of stronger phase encoding gradient strengths. Finally, (D) is
equivalent to (C) but now the dephasing is simultaneous with the
phase encoding and the additional bipolar pulses are added to
increase the cross-term effects.

cross-terms do not. Measurements were performed with
gradient lobes applied sequentially and simultaneously to
show this effect.

4 RESULTS

Figure 4 shows images of the tube phantom in the
yz-plane. The y-gradient (down-up) used for frequency

encoding and the z-gradient (left-right) for the phase
encoding, The one-dimensional profiles obtained from
the tubes, shown at the bottom of the figure, confirm
that the displacement created with sequence (B) and (D)
is identical with respect to the reference figure (A). The
maximum difference with respect to the reference tube is
1.4 mm. Considering Equation (22), a field strength of 46
mT, a gradient strength of 15 mT/m and the tubes being
at spatial position: y = 83 and z = 56 mm, a 1.5 mm maxi-
mum displacement is expected. Considering the blurring
which makes the border of the tube difficult to measure,
this result is within expectations. The simulated experi-
ments are created with the simplified model (Equation 17)
and are in close correspondence with the measured pro-
files. This indicates that the effect of the modes 𝓁 = +1
and 𝓁 = 0 can be disregarded for this measurement setup
as will be further shown in the discussion. note that the
off-resonance effects created by inhomogeneities in the B+1
and B0 fields create a visible difference in signal-to-noise
ratio at the outer regions of the tube phantom. These
differences are however constant between experiments
and are therefore not associated with concomitant
field effects.

Figure 5 shows the images resulting from the sequence
of Figure 3A,C. Each row shows a different orientation
in which a reference image using a maximum value
of 3.3 mT/m for the phase encoding gradients is com-
pared to a simulated gradient strength of 25 mT/m. Using
Equation (6), blurring can be predicted and is indicated by
the red arrow, while the green arrows indicate where no
blurring should occur. The concomitant fields are expected
to be constant in the x-direction, this is visible from the
absence of distortions in the xy-plane (second row). The
first row shows that changing the phase encoding gradient
from z to y changes the blurring location in the phantom.
The third row confirms that blurring only occurs when
using the x-gradient for phase encoding in the zx-plane.
The regions where blurring occurs are enlarged and com-
pared to the reference scan. The figure shows that blurring
gets worse for larger FOV’s, this is most clear in the trans-
verse plane (yz) where the top of the phantom shows
significantly more blurring when compared to the sides
of the phantom. The PSF in Equation (19) can be evalu-
ated to quantify the amount of blurring. Using the scan
parameters, the PSF at the edge of the phantom can be
compared to the PSF at the center of the phantom. The
result is shown in the Figure S1. It can be observed that the
PSF at y = 90 mm is broadened by 2 mm.

The effect of simultaneous read-dephasing and phase
encoding is shown in Figure 6, where the first row shows
that simultaneously using the y- and z-gradients adds
a warping effect with respect to the reference image,
confirming the single cross-term. A difference image of
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DE VOS et al. 835

F I G U R E 4 Comparison of tube phantom images with simulated data. The yz-plane is shown using the sequences of Figure 3 (A,B,D).
Readout direction: y (down-up), phase encoding: z (left-right). A 1D profile through the top and bottom left tube demonstrates the blurring
and displacement with respect to the simulation. The vertical yellow line is placed to help observe the warping effect. Acq param: FOV:
300x300 mm, Data Matrix: 300x300, TR/TE = 300/45 ms, BW = 50 kHz, 𝜏d = 11 ms, NA = 4.
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Gmax= 3.3 mT/m Gmax=  25 mT/m Gmax=  25 mT/m

xread yphaseyread xphase

zread xphase

yread xphase

yread zphase

xread zphase

Gmax= 3.3 mT/m

zread yphase zread yphase

x
y

xread zphase zread xphase

yread zphase

xread yphase

y

z

x
z

F I G U R E 5 Phantom images obtained with the two-dimensional SE sequence shown in 3(A,C), used to show the self-squared term
effects. Blurring is visible in certain orientations at the outer regions of the phantoms. red arrows show where blurring is expected, green
where no distortions should occur according to Equation 6. Acq param: FOV: 280x280 mm, Data Matrix: 280x280, TR/TE = 900/65 ms, BW =
40 KHz, 𝜏d = 21 ms, NA = 6.

the reference and strong gradient image is shown at
the bottom of the figure. The location of the warping
rotates 90-degrees when interchanging frequency and

phase encoding axis as is to be expected. From the other
rows it becomes clear that the other gradients can be used
simultaneously without additional effects.
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Gmax= 3.3 mT/m Gmax=  25 mT/m Gmax=  25 mT/m

xread yphaseyread xphase

zread xphase

yread xphase

yread zphase

BB

yread zphase

A

y

z

A A B

xread zphase

x
z

C C D

zread yphase

C D

zread yphase

xread yphase

x
y

xread zphase zread xphase

Gmax= 3.3 mT/m

F I G U R E 6 Phantom images obtained with the 2D SE sequence shown in 3(A,D), used to show the effects of the self-squared combined
with the cross-term. Warping with respect to the reference image is visible in the top row. At the bottom of the figure the warped images are
subtracted from the reference image to create a difference image. Here the green shows the reference and purple the warped image. Acq
param: FOV: 280x280 mm, Data Matrix: 280x280, TR/TE = 900/65 ms, BW = 40 KHz, 𝜏d = 21 ms, NA = 6.

Figure 7 shows the results of the phase measurements
on the stationary phantom. The left-hand side shows the
result when simultaneously playing the y and z gradients,

the cross-term creates a phase difference with a yz spa-
tial dependency. Measurements of the other orientations
show no phase error confirming the single cross-term. The
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Cross-term Self-squared

y

z

F I G U R E 7 Phase measurements of a stationary phantom
using anti-symmetric bipolar pulses of 5 ms with a gradient
strength of 5 mT/m. The left figure shows the phase introduced by
concomitant field cross-term when playing the bipolar pulse
simultaneously with the readout dephasing. In the right figure the
same sequence is used but with the gradient lobes applied
sequentially.

same measurements but without overlap of the gradient
lobes result in no phase difference within the phantom.
The figure shows that the phase error is not sufficient to
create visible spatial warping in the image, but does result
in multiple phase wraps.

5 DISCUSSION AND
CONCLUSIONS

Concomitant fields and their effects on images are sig-
nificantly different for Halbach-based systems when com-
pared to conventional MRI systems. Distortions appear
mainly in the outer parts of the transverse plane, as
opposed to at the extremities in the head-foot direction.
Another major difference is the single cross-term which is
only evident when simultaneously using transverse gradi-
ents. This term causes warping if a dephasing frequency
gradient is applied simultaneously with the phase encod-
ing gradient. Simultaneously applying two-phase encod-
ing gradients for 3D imaging was not discussed in this
work, however simulations reveal additional blurring with
spatial dependency yz. The cross-term is gradient polar-
ity dependent, and therefore the warping can also appear
mirrored to that demonstrated here in the phantom study.

To investigate when the concomitant modes 𝓁 = +1
and 𝓁 = 0 play a role the absolute value of the coupling
term (qH

−1p𝓁) can be displayed as a function of 𝜖. It turns
out that the other modes become significant only for 𝜖 >
0.2 (for a 46 mT system and a 250 mm FOV, 37 mT/m gra-
dients would be required). This is beyond the capabilities
of the system used in this work and it suffices to consider
the simplified model of Equation (17). In the Figure S2 the
behavior of these modes can be found.

The expected maximum displacement of a pixel caused
by the cross-term as created with the sequences shown in
Figure 3B,D, and calculated using Equation (21), is dis-
played as a function of 𝜖 for a 250 mm Diameter Spherical
Volume (DSV) in Figure 8. The red curve corresponds to
the Halbach-based MRI cross-term, which leads to dou-
ble the displacement of a conventional MRI cross-term
shown with the blue curve. Typical MRI systems, and their
expected maximum warping are indicated in the figure.
For the Halbach system a maximum displacement of 2.5
mm is expected. However, this effect appears at the edges
of a 250 mm DSV. The tube phantom images in Figure 4
shows that the warping is very subtle using the pulse
sequences demonstrated here.

In previous work it was deemed sufficient to only use
the 1

2B0
terms of the Taylor series to approximate |B|. How-

ever, this only holds for small values of 𝜖. In Figure 9 the
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F I G U R E 8 Maximum displacement created by cross-term
warping within a 250 mm DSV as a function of 𝜖. The red curve
indicates warping corresponding to a Halbach-based systems while
the blue curve corresponds to conventional systems. In the figure
different systems and their corresponding maximum warping are
indicated.
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F I G U R E 9 Maximum error made using the Taylor expansion
to approximate |B| against values of 𝜖, different systems are
indicated in the figure. Blue shows the error when only considering
the 1

2B0
terms, red when also considering the 1

2B2
0

terms.
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F I G U R E 10 Maximum error made using the Taylor
expansion to approximate |B| against values of B0. A 250 mm field
of view and constant gradient of 20 mT/m are considered. Blue
shows the error when only considering the 1

2B0
terms, red when also

considering the 1
2B2

0
terms.

maximum error with respect to the ground truth is dis-
played for different values of 𝜖. As an example a range
of MRI systems are indicated in the figure. Systems oper-
ating at an 𝜖 > 0.05 should consider taking into account
higher orders or the exact expression when using correc-
tion methods. In Figure 10 these curves are reproduced
for field strengths in the range 10–100 mT, using a 250
mm FOV and a typical maximum gradient strength of 20
mT/m.

An additional bipolar pulse was used to simulate the
concomitant field effects corresponding to strong phase
encoding and dephasing gradients. It can however also
be used to mitigate concomitant field effects by placing
the bipolar pulse on the opposing side of a 180-degree
RF-pulse and tuning it such that it cancels the unwanted
phase.20,23 However, this only works under the assumption
that Equation (6) represents the concomitant fields, which
does not hold for large 𝜖 as was demonstrated in Figure 9.
This is also important to consider when applying postpro-
cessing correction schemes such as References 10,12, and
16. At lower field strengths it becomes more important to
use the exact description of |B| to correct for phase errors.

As discussed strong readout gradients are not consid-
ered here due to their corresponding signal-to-noise ratio
penalty. If they are used, the |B(gr)| term shown as a mul-
tiplication of k-space in Equation (13) is expected to also
create an undesired weighing of the signal intensity and
should be considered.

The relevance of the modes 𝓁 = −1 and 𝓁 = 0 is shown
to be insignificant for the range of POC low-field sys-
tems that are now being designed, making it sufficient
to consider only the phase errors. However, for exper-
imental micro-tesla MRI or diffusion weighted imaging
using strong gradients these modes might well come

into play. The model described here can be used iden-
tify the potential artifacts and phase errors and correct
for them.

The results discussed here can be extrapolated to other
sequences. The simplest translation would be toward a
conventional gradient echo sequence, which will have very
much the same effects as shown here. The only differ-
ence being the 180-degree pulse which can balance out
or change the direction of the distortions of the artifacts
due to the inversion of the phase. Sequences which are
potentially more susceptible to concomitant field effects
are accelerated sequence such as EPI14,15 and fast spin
echo,20,23 but also sequences which use spiral trajecto-
ries.17,18,23 These have been shown to display distortions
at lower values of 𝜖. With fast spin echo the effect is
expected to be dependent on the chosen trajectory (in-out,
out-in, etc.) as this will effect how the phase propagates
through successive echoes. Partial signal cancelation can
also occur due to the inversion of the phase after each
180-degree pulse. For EPI this is, however, not the case
and the error will increase with each echo, creating sig-
nificant distortions which need to be corrected. Low-field
POC systems intrinsically have a much less homogeneous
B0 field compared to a full body system. This makes the
use of EPI and spiral trajectories not (yet) feasible on these
scanners. In the future advanced sequence development
on low-field POC systems may require concomitant field
corrections. This work gives the initial equations for a
Halbach-array-based system and shows that in the current
state minimal warping and blurring is to be expected when
using basic sequences.
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SUPPORTING INFORMATION
Additional supporting information may be found in the
online version of the article at the publisher’s website.

Figure S1. The normalized PSF shown in Equation 19
evaluated at two positions representing the center and
edge of the brain phantom, using the scan parameters
described in Figure 5.
Figure S2. The absolute value of the coupling term dis-
played against values of epsilon. The blue curve shows the
main mode which is dominant for small values of epsilon.
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APPENDIX

We start with the Bloch equation

dM(t)
dt

+ 𝛾|B|û ×M = 0, (A1)

where the magnetic flux density is written as B = |B|û,
with |B| the magnitude of B and û = B∕|B| a unit vector.
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Writing this equation out in components and storing the
components of the magnetization vector in the 3-by-1 array
m = [Mx,My,Mz]T , the Bloch equation can be written in
matrix-vector form as

dm(t)
dt

+ 𝛾|B|Um = 0, (A2)

where

U =
⎡
⎢
⎢
⎢
⎣

0 −uz uy

uz 0 −ux

− uy ux 0

⎤
⎥
⎥
⎥
⎦

(A3)

and ui = Bi∕|B|, i = x, y, z. With m0 = [M0
x ,M0

y ,M0
z ]T the

3-by-1 array containing the components of the magnetiza-
tion at t = 0, the solution of the Bloch equation for t > 0
can be written in terms of a matrix-exponent as

m(t) = e−𝛾|B|Utm0. (A4)

Note that since relaxation effects are ignored, the
matrix-exponent is a rotation matrix and, consequently,
||m(t)||2 = ||m0||2 for t > 0, that is, the magnitude of the
magnetisation is constant and equal to the magnitude of
the initial magnetization.

Determining the eigendecomposition of matrix
U, we have UX = XΛ, with Λ = diag(−j, 0, j) a diago-
nal matrix with the eigenvalues of U on its diagonal
and X a unitary matrix (XHX = XXH = I) with the
eigenvectors of U as its columns. Explicitly, this can
be written as X = (x−1, x0, x+1), with eigenvectors
given by

x−1 = n
⎛
⎜
⎜
⎜
⎝

uxuy + 𝑗uz

− (u2
x + u2

z)
uyuz − 𝑗ux

⎞
⎟
⎟
⎟
⎠

, x0 =
⎛
⎜
⎜
⎜
⎝

ux

uy

uz

⎞
⎟
⎟
⎟
⎠

, (A5)

and x+1 = x∗−1, where n = 1∕
√

2(u2
x + u2

z) and the asterisk
denotes complex conjugation.

Having the eigendecomposition of matrix U available,
the solution of the Bloch equation can be written as

m(t) = Xe−j𝛾|B|StXHm0, (A6)

where the diagonal eigenvalue matrix is written as Λ = jS,
with S = diag(−1, 0, 1). Finally, since the initial magne-
tization is proportional to the spin density 𝜌,30 we write
m0 = 𝜌(r′)m̃0 and obtain

m(t) = 𝜌(r′)Xe−j𝛾|B|StXHm̃0. (A7)
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