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Plain-Language Summary

When you take the average temperature inside a shrinking box, you expect that average to approach
the temperature at the centre of the box as the box becomes smaller and smaller. Mathematicians
call this idea a differentiation theorem. The integral, i.e. average, of a function returns the function’s
true value when the region over which we average decreases to a single point. This has been known
to be true for simple shapes like balls and cubes for over a century.

But what happens if these regions are not as nicely shaped as balls or cubes? What if the re-
gions look more like long and thin rectangles? The averaging property, as we described it earlier,
then fails and the average can even blow up to infinity. In the 1930s, the mathematicians Jessen,
Marcinkiewicz, and Zygmund discovered that there is a solution to this problem. Instead of re-
quiring the function f to be integrable, we require f(1 + log™ f)?~! to be integrable. This means
that we need the function to not grow too wildly; it is tamed by a logarithmic weight. With this
condition, the predictable averaging behaviour also holds for rectangles. This is an important result
in the mathematical field known as harmonic analysis and is even relevant in image smoothing and
parts of data analysis.

This thesis revisits that result and builds it starting from an undergraduate level. Beginning
with basic measure theory, we then introduce tools that can track “worst-case” local averages
across regions, and we prove the necessary intermediate results. Using this, we give a complete
proof of the result found by Jessen, Marcinkiewicz, and Zygmund. We also cover Zygmund’s later
extension of the result and his attempt to expand the theorem even further. Finally, we discuss
where his conjecture breaks down and discuss how this leaves room for future research.






Abstract

This thesis provides a modern and self-contained study of integral differentiation with respect to
axis—aligned rectangles. It focuses on the classical Jessen—Marcinkiewicz—Zygmund (JMZ) Theorem
and the later extension by Zygmund. Throughout, our aim is to make the underlying theory and
its results accessible to undergraduate—level readers. Every intermediate result is proved in full,
ensuring all the essential details are appreciated.

After a brief review of the preliminaries, including measure theory and LP, LP*> and L(log L)*
spaces, we then discuss dyadic intervals and the Hardy—Littlewood maximal operator. An important
intermediate result is the Lebesgue Differentiation Theorem (LDT). We provide a proof of the LDT
that avoids any covering lemmas and instead uses the properties of dyadic intervals. Both the weak—
L' and strong LP bounds for maximal operators are also presented. Together with the Lebesgue
Differentiation Theorem, they form the basis for the main part of the thesis.

A detailed and step—by—step reconstruction of the 1935 JMZ Theorem forms the core of this
thesis. The theorem extends the Lebesgue Differentiation Theorem from balls and cubes to the
more general axis—aligned rectangles. We give a complete proof of the theorem and also show that
the condition f € L(log™ L)4~(R?) is sharp.

Further, we revisit Zygmund’s 1967 extension, which considers rectangles with 1 < k < d distinct
side lengths. This naturally leads to a discussion of Zygmund’s Conjecture, which tries to push
the limits of Zygmund’s extension of the JMZ Theorem. We analyse the counterexamples by F.
Soria and G. Rey, and the examples by A. Cérdoba and F. Soria. Each step in the construction
of their examples and counterexamples is explained in detail. Finally, we close the thesis with a
few concluding remarks and an outlook for possible future research on the conditions under which
Zygmund’s Conjecture holds — or fails.
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Chapter 1

Introduction

The Fundamental Theorem of Calculus tells us that, in the pleasant setting of continuous functions
in one variable, integration and differentiation are each other’s inverses. While there is no arguing
that this is an enormously useful and important result within mathematics, it is in some cases a
bit limiting. In many fields of mathematics we do not deal solely with continuous functions in one
variable but with measurable functions in R?. This is where the Lebesgue Differentiation Theorem
(LDT) comes in. It states that for a measurable function f : R? — C such that f € L'(R?),

1
lim ———— fly)— f(x)|dy =0 for almost every z € R?, 1.1
10, )] Jau 1 I -y
where @, (z) denotes an open cube of radius r centred at z. Instead of using cubes @, we could
also use open balls B, and the theorem would still hold. [1} 2, 3]

Problems start to arise when we do not average over cubes or balls, which have only a single
size parameter, but average over axis—aligned rectangles instead. As it turns out, there are many
functions f for which the equality in does not hold. This discovery has led to a wide range of
mathematical papers in the fields of harmonic analysis and geometric measure theory.

Jessen, Marcinkiewicz, and Zygmund published their classical paper “Note on the Differentia-
bility of Multiple Integrals” [4] in 1935. They proved that if we impose a slightly more restrictive
condition on the measurable function f, then the averages taken over arbitrary axis—aligned rectan-
gles do converge to f(z). This result is called the Jessen-Marcinkiewicz—Zygmund (JMZ) Theorem
and forms the core of this thesis.

Zygmund later proved that if, instead of all axis—aligned rectangles with d distinct side lengths,
we consider only rectangles with k < d distinct side lengths, we can slightly loosen the restriction
on f. [5]

When averages of integrable functions recover the original function values, differentiation theo-
rems connect real and harmonic analysis, geometry, probability, and fields of applied mathematics.
Via maximal-operators, classical results like the Lebesgue Differentiation Theorem, the Jessen—
Marcinkiewicz—Zygmund Theorem, and Zygmund’s extension are able to turn questions about
geometric coverings and tilings into analytic convergence problems, and vice versa. This forms the
basis of modern results on singular integrals, PDE’s, and almost—sure limit laws. Even in more ap-
plied subjects the results are relevant. Averaging over rectangular—grids is used in many algorithms
in image processing, computer vision, and data analysis. By knowing when and where averages
converge or fail to converge helps improve how these grids are built and therefore advances algo-
rithms. So while the results by Lebesgue and Jessen, Marcinkiewicz, and Zygmund are not new,
they continue to be relevant today.

This thesis aims to provide a complete text on the Jessen—Marcinkiewicz—Zygmund Theorem
(1935), Zygmund’s Theorem (1967), and Zygmund’s Conjecture (1967). Chapter |2 provides a brief
review of the necessary background in measure theory and LP—spaces. We then develop the theory
of maximal functions and the Lebesgue Differentiation Theorem in Chapter The core result,
the Jessen—Marcinkiewicz—Zygmund theorem, is presented, followed by a proof of its sharpness
in Chapter [l We then cover Zygmund’s Theorem and Zygmund’s Conjecture in Chapter [f and
present some counterexamples to the conjecture. Finally, we end with some concluding remarks
and an outlook for future research in Chapter [6]



Chapter 2

Essential Preliminaries

In order to be able to say and discuss anything of value about the Lebesgue Differentiation Theorem
and the theorems that use its result, it is necessary to have a strong real analysis basis. In this
chapter, we briefly revisit the necessary concepts. Most of the theory that is discussed should be
familiar to the reader. The definitions, propositions, lemmas, and theorems that are mentioned
here are found in and based on the excellent texts [1, 2, |3, 6, |7].

2.1. Measures and Integration

We start at the beginning by stating some definitions and basic theorems concerning measurable
spaces, measures, measurable functions, and integration with respect to a measure.

2.1.1. o0—Algebras and Measurable Spaces

A natural place to start is with o-algebras. First, we let P(S) denote the collection of all subsets
of a set S, also called the power set of S.

Definition 2.1.1. Let S be a set. A collection A C P(S) is called a o-algebra if
i. 0,S € A,
. Ae A= A€ A,
iii. A1, Ag, ... € A= Uil Ak € A.
The pair (S, A) is called a measurable space. The sets A € A are called measurable sets.
The o—algebras that are of interest to us in the context of integration and differentiation, and
perhaps even the most important o—algebras, are the Borel c—algebras.

Definition 2.1.2 (Borel o—algebra). Let (M,d) be a metric space. Let B(M) be the o-algebra
generated by all the open sets in M, i.e. the smallest o—algebra that contains all open sets in M,
s0

B(M):=0({O C M : O is open}).

The o—algebra B(M) is called the Borel c—algebra of M. The elements of B(M) are called Borel
sets.

2.1.2. Measures and Measure Spaces

In order to actually do something with measure theory, we need to define what a measure is.
Measures provide us with a way to quantify the size of a set. This makes integration, as we define
it later, possible.

Definition 2.1.3. Let (S,.A) be a measurable space. A map pu: A — [0,00] is called a measure if
. M(@) =0,



it. if for all disjoint Ay, Aa, ... € A that satisfy Uy~ An € A, one has
H (U An) = Z/‘(An)
n=1 n=1

If v is a measure, the triple (S, A, ) is called a measure space. If additionally u(S) =1, then u
is called a probability measure and (S, A, ) is called a probability space.

Remark 2.1.4. A measure space (S, A, ) is called o—finite if there exists a sequence S,, € A with
1(Sp) < oo for all n > 1 such that S = Uy—; Sy.

Throughout this thesis we often require completeness of the measure space we consider to ensure
that functions behave properly under integration and convergence.

Definition 2.1.5 (Completeness). A measure space (S, A, ) is called complete if for every set
A e A with n(A) =0 and every E C A, one has E € A and u(E) = 0.

The following proposition is needed when we discuss integration, specifically multiple integrals, in
Subsection It gives us a natural way to define a measure on o—algebras in higher dimensions,
and this new product measure is used in Fubini’s Theorem (Thm. , which is introduced in
Subsection 2.1.41

Proposition 2.1.6. Let (S, A, pn) and (T,B,v) be o—finite measure spaces. Then there exists a
unique measure p X v : A x B — [0, 00] such that

(uxv)(Ax B)=u(A) -v(B), Ae A BeB,
and the measure space (A x B, A x B, u X v) is o—finite.

While general measures are certainly an interesting topic of study, for the sake of this thesis
we only work with the Lebesgue measure A because its translation invariance, simple behaviour
under scalar multiplication, and completeness of the Lebesgue o—algebra are crucial in the coming
chapters.

Before we proceed with the Lebesgue measure and o—algebra, we give a way to quantify the size
of a particularly simple set, the half-open rectangle. For any half-open rectangle I = (a,b] € R?
with a = (a1,...,0q) and b = (B1,...,Bq) and oj < B for j =1,...,d, we define its volume in the

natural way by
d

7)== T1(8; — o).
j=1
The Lebesgue measure is constructed using this definition of the volume of rectangles in R%. We
define the class of all Lebesgue-measurable sets in R? as the Lebesgue o-algebra denoted by £(R?).
The following theorem summarises the most significant properties of the Lebesgue measure. Here
uniqueness is due to Carathéodory’s Extension Theorem. The reader is referred to [3, Chap. 1] for
a proof of the completeness of £(R?) and details on the uniqueness of the measure.

Theorem 2.1.7 (Lebesgue Measure on £(R%)). There exists a unique measure X on (R%, L(R?))
such that N(I) = |I| for all half-open rectangles I. Moreover, for all h € R? and A € L(RY),
AMA+h) = A(A) and A(hA) = |h|XN(A). Here, A+ h:={x+h:x¢ec A} and hA:= {hz : z € A}.



2.1.3. Measurable Functions

Before we can move on to integration with respect to a measure, we need to cover measurable
functions. Measurable functions are those functions f : S — R for which the range can be discretised
by a measure. Without this property, integration of f would not make sense.

Definition 2.1.8. Let (S,.A) and (T, B) be two measurable spaces. A function f:S — T is called
measurable if for each B € B, we have f~1(B) € A. In words, pre-images of measurable sets are
measurable.

In many estimates, we allow functions to take the values oo and —oco. We therefore extend R to
include these values and denote

R := [—00,00] := RU {00} U {—00}.

We can naturally extend the Lebesgue o-algebra, £(R), to R for functions f : S — R. The spaces
R, R, and [0, oo] are always equipped with the corresponding Lebesgue o—algebras L(R), £L(R), and
L([0, 00]) unless specified otherwise.

Remark 2.1.9. Algebraic combinations, suprema, infima, limits superior, and limits inferior all pre-
serve measurability. The reader is referred to [6, 7], or any other undergraduate textbook on real
analysis, for the proofs.

Measurable functions need not be real-valued. We can have complex—valued functions as well.
Any function f : S — C can be written as f = u+iv, where u,v : S — R are the real and imaginary
parts. It immediately follows that a function f :.S — C is measurable if and only if the functions
u and v are measurable.

Just like we extended R, we can extend C to allow functions to take the value co. This is denoted
as

C:=CU{o0}.

All properties of measurable functions carry over naturally when using the decomposition into real
and imaginary parts.

An important theorem regarding measurable functions is Lusin’s Theorem. It forms one of the
main pillars of measure—theoretic real analysis and creates a bridge between measurable and con-
tinuous functions. The intuition that “every measurable function is nearly continuous” is confirmed
by this theorem.

Theorem 2.1.10 (Lusin’s Theorem). Let (S, A,\) be a measure space where \ denotes the
Lebesque measure and S C R If f : S — C is a measurable function and S has finite mea-
sure, then for any € > 0, there exists a continuous function ¢ such that f = ¢ except on a set of
measure strictly less than €.

We come back to Lusin’s Theorem after we cover LP—spaces in Section to prove a very useful
approximation result that we use when proving the Jessen—-Marcinkiewicz—Zygmund Theorem.

2.1.4. Integration

Integration theory is built from approximating measurable functions by simple functions. These
simple functions are a linear combination of the most basic measurable functions: the characteristic
functions. Let (5,.4) be a measurable space, then for A C S, the characteristic function is defined

as
1 s€d
Lals):= {O s¢ A



Note that 14 is measurable if and only if A € A.

We do not go into the full details of constructing integration theory in this way. The important
things to mention are the definition of the Lebesgue integral for simple functions, how this extends
to measurable functions, and some basic properties.

Definition 2.1.11. Let (S,.A) be a measurable space and let f : S — [0,00) be a simple function.
Let z1,...,z, € [0,00) and let (Ag)p_, € A be disjoint sets such that

fzzxk-]lAk. (2.1)
k=1

For E € A we define
[ rdii= 3w (204,
E k=1

which is called the Lebesgue integral of f over the set E.

The Lebesgue integral of a general measurable function is defined by using the decomposition
into positive and negative parts of the function. The measurable function f : S — R is split into two
non—negative measurable functions as f = f*— f~, where f* := max{f,0} and f~ := max{—f,0}.

Definition 2.1.12 (Lebesgue Integral). The Lebesgue integral of the non-negative measurable
functions f*: S — [0,00] over E € A is defined as

/fidu = lim / fEdu in [0,00]
E n— oo E

where (f; )n>1 and (f; )n>1 are sequences of simple functions with 0 < fif + f+* and 0 < f7 1 f.
A measurable function f : S — R is called integrable when both [¢ f*dp and [¢ f~dp are
finite. In this case, the Lebesgue integral of f over E € A is defined as

[ran=[ rrap—[ 5

From the two given definitions, the following basic properties are readily deduced. For a more
detailed discussion on the construction of the Lebesgue integral and proofs of the properties men-
tioned here, we refer the reader to |6} 7] or similar textbooks.

Lemma 2.1.13. Let (S, A) be a measurable space and let f,g: S — R be integrable functions. The
following hold:

i. Forall E€ A, [pfdp= [¢1g- fdu,
“w. IfEc€Aand f<gonE, then [ fdu < [5gdp,
. For all E € A and o, € [0,00), [paf+ Bgdp=a [ fdp+ 5 [rgdu,
w. For all disjoint sets E,F € A, [pp fdp= [g fdu+ [ fdu,
v. f is integrable if and only if | f| is integrable, in this case for each E € A, |[5 fdp|< [g|f|dp.
Remark 2.1.14. For any continuous function f, the Lebesgue integral with respect to the Lebesgue
measure \ coincides with the Riemann integral. Moreover, any Riemann—integrable function is also

integrable with respect to the Lebesgue measure. This also holds for improper Riemann integrals
in the case that [*°_ f(z)dz < co.



We end this section by giving a very useful result: Fubini’s Theorem. This theorem provides us
with the conditions under which we can compute a double integral using iterated integrals. It also
states that, under those conditions, the order in which we use iterated integrals is irrelevant.

Theorem 2.1.15 (Fubini’s Theorem). Let (S, A, 1) and (T, B,v) be o—finite measure spaces. If
f:8 xT — R is integrable, then

/SXde('uX”):/T/SfdeVZ/S/deudu.

2.2. [P—, [»*— and L(log" L)*—spaces

When working with Lebesgue integrals and differentiation, we want to constrain ourselves to spaces
of functions with relatively nice properties. This is where the LP—, LP>— and L(log™ L)*spaces
come in. Throughout this section, (S,.A, 1) denotes a fixed o—finite, complete measure space in the
sense of Definition and p € (0, o0].

2.2.1. LP—spaces

Definition 2.2.1. For f : S — C a measurable function and p € (0, 00|, we define

1/p
11l = I levisy= (1917 du) ™", p € (0.00),
11l = 110w sy= s supl ()] p=s,

where esssupeg|f(s)|=1inf{r > 0:|f|<7r a.e.}.

We define LP(S) as the space of all complex—valued measurable functions f : S — C for which
|| fllp< co. Within LP(S)-spaces, the functions that are almost everywhere equal are identified. A
function f is called integrable if f € L'(S).

Given some p € [1,00], we define p’ € [1,00] such that ;1) + 1% = 1. This p’ is called the Holder

conjugate of p. The Holder conjugate gives rise to an important inequality.

Proposition 2.2.2 (Holder’s Inequality). Let p € [1,00], then for all measurable f,g: S — C

1 F gl < 11 f1lpllgllp-

Moreover, if (qj)7—1, q € (0,00] satisfy > 74 q%_ = % and (fj)j>1 are measurable functions, then

- Fulla< [ fillgr - - [ fallgn-

In general, not much can be said about how two LP—spaces are related: we have LP ¢ L9 and
LT Z LP. In the case that u(S) < oo or S is a discrete set with the counting measure, we can say
how the spaces are related. A useful result that follows from Holder’s Inequality is formulated in
the following proposition.

Proposition 2.2.3. Let 0 < p < g < co. If u(S) < oo, then L1(S) C LP(S) and for all measurable
f:5—=cC

1, < (S) 7| £]lg:



Proof. We use Holder’s Inequality with functions f and g where g(s) := 1. The case where
g = oo is straightforward. By assumption, we have ||f||co< co. Note that |f(s)|< ||f||eo for
almost every s € S. Integrating gives

Hf||£=/slf(8)lpdu(8) < [ f118os(S)-

If ¢ < 0o, then
1915= [1sraan) < ( [1reman)” ([1an) """ = isigusyoni o

Another famous result we use is Jensen’s Inequality. This inequality allows us to relate the convex
function of an integral to the integral of the convex function. Holder’s Inequality is a special case
of Jensen’s Inequality, where ¢ is taken to be ¢(t) = tP.

Theorem 2.2.4 (Jensen’s Inequality). Let (S, A, p) be a o—finite measure space. Let f : S — R
be a measurable function and let p : R — R be a convex function. Then

so(u(ls)/sfdu) sﬂ(ls)/sgo(f)dﬂ.

The next inequality deals with functions in two variables. The Minkowski Inequality is the
triangle inequality generalised to LP—spaces. The proof is based on Fubini’s Theorem (Thm. [2.1.15))
and Holder’s Inequality (Prop. [2.2.2]).

Proposition 2.2.5 (Minkowski’s Integral Inequality). Letp € [1, 00| and let (S, A, n), (T, B,v)
be o—finite measure spaces. Suppose that f : S x T — C is measurable. Then

Fetlav®] aue) < [ [1renrans)” we.
(LU KZCIREAY) )

Now that we have covered the essentials of LP—spaces, we briefly circle back to Lusin’s Theorem
(Thm. [2.1.10)). We can use this theorem to prove an approximation result that we need in Chapter
1]

Lemma 2.2.6. Let f € L'(S) and ¢ > 0, then there exists a continuous function ¢ € L*(S) such
that
JL17) = els) duts) < e.

Proof. We prove this only for real-valued functions f. In case that f is complex—valued, we
apply the result to the real and imaginary parts separately.

Note that f - 1ff>n) — 0 as n — oo and that [f - Ip>py| < [f]. It follows from the
Dominated Convergence Theorem that

lim ()] du(s) = 0.

RS B S{FTRY

Let 6 > 0 be arbitrary and choose some N such that ff']l{‘f|> }|f| dp < 9§ for all n > N. Now
define -



Let ¢ : S — R be the continuous function such that f = p on E C S and A(S\ E) < §/n. We
know such a function exists by Lusin’s Theorem.

We may assume that |p|< n almost everywhere, otherwise we redefine it by setting () =n
where earlier p(z) > n and setting ¢(z) = —n where earlier p(z) < —n. Now,

L1566 = el dn() < [ 1F = fuldu+ [ 15— ol

= ‘f_fn‘d:u"i_/ ‘fn_80|dﬂ
{If|>n} S\E

<[ Ifldut 2 (S \B)
{lf1=>n}
<420 = 390.

Setting € := %5 proves the lemma. O

2.2.2. [P*°—spaces

From LP-spaces we move on to LP**°—spaces, the weak LP—spaces. These spaces have a less restrictive
definition and, therefore, contain more functions.

Definition 2.2.7. For f : S — C a measurable function and p € (0,00), we define

1

Ipoo= 1 fllzroc(s)= sup tu{1f]> P,

Remark 2.2.8. || f||p,c0 is the smallest constant C' such that u({|f|> t}) < & for all ¢ > 0.

It should be noted that while convention dictates that we write ||-||,.0, this does not actually
define a norm; the triangle inequality fails.

The LP*°—space is defined as the space of all complex—valued measurable functions f : S — C
for which || f]|p,0o< 0o. We again identify functions that are equal almost everywhere.

An important result in both real— and harmonic analysis is Chebyshev’s Inequality. Tt relates the
LP and LP*° (quasi—)norms.

Proposition 2.2.9 (Chebyshev’s Inequality). Let p € (0,00). For every measurable function
f:8—C, we have
1 llp.oo< [ f]p-

Proof. Let t > 0 be arbitrary, then

a5 1) = [ 1400 dn < [1FOPL5 duls) < 11,

In particular, supyo "u({[f[> t}) < [|f][; and thus [|f{[p,00< || f1lp- O

2.2.3. L(log" L)*—spaces

To bridge the gap between L'(S)- and LP(S)-spaces, the L(log™ L)*(S)-spaces are introduced.
These spaces are used often when discussing the Jessen—Marcinkiewicz—Zygmund Theorem in Chap-
ter 4. We would expect that L(log™ L)*(S) is defined as the space of all complex—valued measurable
functions f : .S — C for which

[ 1£1C10g* 1) da < oo,



but this is not the case. If we were to use that definition, then L(log™ L)* would not be a vector
space; [q|f|(log™ |f )* du is not a norm. It is easily checked that not even multiplication with a
scalar works as we would expect. To work around this, it is common to use the following definition.

Definition 2.2.10. For f : S — C a measurable function and k > 0, we define L(log™ L)*(S) as
the space of all f for which

L1911 108" 1) g < .

where logt f := max (log™, 0).

Just like in LP— and LP-*°—spaces, we identify functions that are equal almost everywhere.

We started this subsection by stating that L(log" L)* spaces bridge the gap between the L!
and LP spaces. What we mean by this becomes clear when we consider a measure space with
finite measure. We already saw in Proposition that if u(S) < oo, then L4(S) C LP(S) when
0 < p < g < oo. This leads us to the following lemma.

Lemma 2.2.11. Let0 < ky < ks < 0o and 1 < p < oo. If u(S) < oo, then LP(S) C L(log™ L)*2(S) C
L{log* L)*1(S) € LI(S).

Proof.  We start by proving the inclusion LP(S) C L(log™ L)*2(S). Let f € LP(S) with
1 < p < oo. We split the integral over the sets {|f|< 1} and {|f|> 1}. On the set {|f|< 1},
we have log™|f(x)|= 0, so |f(z)|(1 + log*|f(x))** = |f(z)]. On the set {|f|> 1}, we have
log™ | f(z)|= log|f(2)|< [f(z)], so (1 +log™|f(x))** < C|f(z)|° for any € > 0 and some
constant C' depending on ko and . Thus,

/S FW)|(1 +log* | £(y))F> dy = [{|f|<1}|f(y)ldy + /{|f>l}|f(y)l(1 +log* | £(y)])* dy

1+
: /{|f|g1}|f(y)|dy+/{|f>1}0|f(y)| dy
- [{lﬂg}’f(y)’p dy+ [{|f>1} Clf(y)P dy < oc.

In the last inequality, we used that we can choose € > 0 such that 1 4+ ¢ = p.
The inclusion L(log™ L)*2(S) C L(log™ L)*1(S) follows immediately from the fact that (1 +

log®|f(z))™ < (1 +log™|f(x)])™ for all 0 < n < m. Let f € L(log* L)*2(S), then

[0 +log 1 @))* dy < [ 1710+ log* | ) dy < o0
S S

and thus f € L(log™ L)*(S).
Lastly, let f € L(log™ L)*1(S). Note that (1+1logt|f(z)[)* > 1 for all f(x). It immediately
follows that

[y < [ 1711+ log 1)) dy < s,
S S

and thus f € L1(9).
Together, this shows that LP(S) C L(log™ L)*2(S) C L(log™ L)*1(S) C L'(S). O



2.3. The Fundamental Theorem of Calculus

In the last section of this chapter, we very briefly recall the two Fundamental Theorems of Calculus.
We expect that the reader is very familiar with these theorems, but we state them for completeness.
Chapter [3]builds on these notions to form the theory needed for the Jessen—-Marcinkiewicz—Zygmund
Theorem.

Theorem 2.3.1 (Fundamental Theorem of Calculus I). Let f be an integrable function on
[a,b]. For each x € |a,b], define

f%x>:3éxf@ody

Then F' is uniformly continuous on |a,b]. Moreover, if f is continuous at ¢ € [a,b], then F is
differentiable at ¢ and

Theorem 2.3.2 (Fundamental Theorem of Calculus II). Let f be differentiable on [a,b] and
1’ integrable on [a,b], then

b
| Fade=r0) - (@,
We can rewrite this as follows. For a continuous function f: R — C and zg € R, define

F@)i= [ f)dy, ver
Ty
Then for x € R, by the Fundamental Theorem of Calculus, we have
F — F(x — 1 et

Fla) = tim L& FN = Fle=r) _, /
10 2r rl0 2r Jo_p

This statement generalises to functions in R%. If f : R¢ — C is continuous, then for every z € R¢

li 1
im ———
rl0 |Br(7)| JB,(z)

[f(y) = f(x)|dy = 0.

Here B,(x) denotes the open ball centred at x with radius r and |B,(x)| denotes its Lebesgue
measure.

From this formulation, the question arises if we can say something similar for more general
functions than just continuous ones. The answer to this is positive and is formulated in the Lebesgue
Differentiation Theorem, which is discussed in Chapter

10



Chapter 3

Maximal Bounds and Integral Differentiation

Before proving the Jessen—Marcinkiewicz—Zygmund Theorem, we need some additional theory to
the preliminaries discussed in Chapter [2l The main result in this chapter is the Lebesgue Differen-
tiation Theorem. To prove this, we introduce the Hardy—Littlewood maximal operator and a useful
bound |1}, 2]. This bound relies on geometric arguments, which we build on the structure of dyadic
cubes. Dyadic cubes have a few very useful properties that we exploit, particularly their nesting
and disjointness [8]. Throughout this chapter, the Lebesgue measure of a set A C R? is denoted by

IA].

3.1. Dyadic Cubes

We start this chapter by introducing the dyadic cubes, a very useful tool in different areas of
analysis. Dyadic cubes slice R? into axis-aligned cubes whose side lengths are integer powers of
two. By doing this, a discrete and nested grid is obtained that removes the need for various covering
lemmas that would normally be present in some proofs.

Definition 3.1.1. A dyadic cube in R? is a set of the form
kom) [ ma+1 mg mg+ 1
R( m) = |:2k’2k> X ... X [2k,2k s
where k,mq,...,mq € Z. We denote D as the collection of all dyadic cubes and call this a dyadic
grid. We write D = Uyeg Di where Dy := {RF™ :m € Z}.

From the definition, it is easily seen that for any two dyadic cubes, one is contained in the other,
or they are disjoint. Also, for any k € Z, the subcollection D}, partitions R%. This leads to the first
result concerning dyadic cubes. [§]

Lemma 3.1.2. Let Ry,..., R, be a finite collection of dyadic cubes in R%. Then there exists a
subcollection of disjoint cubes Ry, ..., Ry, such that

RiU---UR, =Ry, U---URy,,.

Proof. Let Ry, denote those cubes in Ry, ..., R, that are not contained by any other cubes
in the collection, i.e. Ry, ¢ R; for all j = 1,...,n. The nesting property guarantees that these
Ry, are disjoint and their union covers the union of Ry, ..., R,. U

These nested and partitioning properties make dyadic cubes particularly useful. Any arbitrary
subset of Euclidean space can be replaced by some union of dyadic cubes that cover this subset. In
order to move from a Euclidean subset to a dyadic grid that covers it, we make use of the so—called
One-Third Trick. We first state it in the one-dimensional setting and then generalise it to R for
any d > 1. [9]

Lemma 3.1.3. Let D(O),D(é),D(%) be three shifted dyadic grids on R defined by

k k
(0) ._ m+ (—1)%o m—|—(—1)0—|—1). } { 12}
D {{ oF , oF ckkmeZ;, o€ 073,3 .

11



For every bounded, half-open interval I C R, there exists a shift o € {0, %, %} and a dyadic interval

J € D) such that
IcJand|I|<|J|<3|I).

Proof. Take I = [a,b) with length £ = b — a. Let k € Z be the unique integer such that

2-(h+1) < ¢ < 27% Consider the three intervals of length 2% in the three grids with left
endpoints
12
9~k ({2’% —o|+ a) where o € {O, 3 3}.
Exactly one of those three intervals contains the left endpoint a of I, we denote this interval
by J. Because |J|= 27% < 2¢ and the right endpoint of I lies a distance strictly less than ¢
from a, we must have I C J and |J|< 3|I|. O

The one-dimensional version of the One-Third Trick easily generalises to dyadic cubes in R? by
writing the axis—aligned cube R as a product of bounded intervals I; and applying Lemma to
each of these intervals.

Lemma 3.1.4 (One-Third Trick). Let D?) denote the shifted dyadic grids on R* defined by

o) . m+o1 m+o;+1 m+oqg m+og+ 1Y) 1 2)4
D().:{[ oF oF )x...x[ T oF ckkmeZ;, oc O,§,§

For every axis-aligned cube Q C R?, there exists a shift vector & = (04, ...,04) € {0, %, %}d and a
dyadic cube R € D9, such that

QCR and |Q|<|RI<3YQ).

3.2. Hardy—-Littlewood Maximal Operator

With the dyadic structure, we have a strong geometric basis for the differentiation results that follow
in the next section and chapters. To connect geometry and differentiation, an analytic concept, we
introduce the Hardy-Littlewood maximal operator. This operator and its weak—L' bound form the
foundation of the Lebesgue Differentiation Theorem and therefore of the Jessen—Marcinkiewicz—
Zygmund Theorem. We define the Hardy—Littlewood operator in the space of locally LP—integrable
functions. For open Q C R% and p € (0, 00), we define this space as

LP

loc

(Q):={f:Q—C : f is measurable and for all compact K C (2, / |f]dz < oo}.
K

Definition 3.2.1. For f € L. (R%) define M f : R — [0, 00] by

loc
MfG) =sup o [ 1) d.
Q3 Q

where the supremum is taken over all open, azis—aligned cubes Q C R? that contain x.

Remark 3.2.2. The Hardy—Littlewood maximal operator can just as well be defined by considering
open balls B instead of open, axis—aligned cubes ). The definitions are equivalent: all inequalities
and other properties carry over.

Remark 3.2.3. 1t is easily shown that M f > 0 a.e. if ||f|[1> 0 and that M f is measurable.

12



In order to use the Hardy—Littlewood operator, we need to know how it behaves. The weak
L'-boundedness of the Hardy Littlewood operator gives an upper bound that is essential in the
proofs of many results leading up to the JMZ Theorem. The proof that we give is based on dyadic
cubes, but the boundedness could also be proved by using a covering lemma like Vitali’s. Such an
alternative proof can be found in [1, p. 24-26] or |2, p. 14-17].

Theorem 3.2.4 (Weak L'-boundedness). For all f € L'(RY) and t > 0 one has

Sd
R N L

and thus || M f|[1,00< || f]]1-

Proof. We first prove the bound for the dyadic maximal operator. The proof is very straight-
forward and the dyadic bound can then be used to prove the bound for the standard maximal
operator.

Take the standard dyadic grid D := ]_[?:1 [kl ki“) where n, k; € Z. The dyadic maximal

2 gn
operator is then
1
Mp f(a) i=sup — [ |7(y)]dy
rep |R| /R
Rz

where R is a cube in the grid D. Fix t > 0 and define E; := {Mpf(z) > t}.
LetC,:={Re€D: ITl%\ Jr f(y)dy > t} be a collection of dyadic cubes. By Lemma there

exists a subcollection F; C C; of disjoint dyadic cubes such that Fy = Upee, B = Ugrer, B- We
estimate the measure of F; by

Bl= YR Y [ rway<g [

ReF: ReF:
Thus,
1
{Mpf >t 5 [ Fw)ldy.
{Mp f>t}

The weak L'-boundedness is easily proved for the dyadic Hardy Littlewood maximal op-
erator because of the properties of dyadic cubes. For the standard maximal operator we need
some extra steps to find a bound. This is where the One-Third Trick (Lem. [3.1.4]) comes in.

We can write
1
Mf) =swp i [ 1f@)dy <3 max Mpef(a),
@5z Q] Jg oef0,t,2ya” P
where D(?) is the shifted dyadic grid. Since we already have the bound |[{Mpf(z) > t}| <
2|[f||z1 for the dyadic maximal operator, it follows that

d 3¢
5@ > 0] <30 | max, Mo fa) > e} < S50 0

oe{0,5,2}4

The weak L'-boundedness of M f is used directly in the proof of the Lebesgue Differentiation
Theorem. For the proof of the Jessen—-Marcinkiewicz—Zygmund Theorem we need an additional
result: the LP-boundedness of the Hardy—Littlewood operator. In the proof of the LP—bound we
use the identity ||f||5= p [5° pt?~'u({|f|> t})dt, which follows directly from Fubini’s Theorem
(Thm. [2.1.15)) and holds for all measurable functions provided that the measure space is o—finite
and p € (0, 00).

13



Theorem 3.2.5 (LP—boundedness). Let p € (1,00]. Then for all f € LP(R?),

d
IM fllp< 3P| I,
where p' is the Holder conjugate of p.

Proof. The proof for p = oo is almost trivial: for all z € R%, M f(x) < supgs, ﬁ Jollflloo dy =

|| f|loo and thus || M f||eo< || f]]eo- Now let p € (1,00) and suppose that f € L'(R%)NL>(R?) C
LP(R%). By Theorem [3.2.4) M f € L»*°(R%) and by the first part of the proof, M f € L>®(R%).
By definition of these spaces, it follows that there exists an ry € R such that |M f|< ro a.e. so
{|M f|>t}| =0 for all ¢ > rg. We then write,

o] 1 T0 1 T0 710 0 _9
[T o> e = [ aaes [Cprt Sde=pe [C et < o
0 0 0 0

and thus, M f € LP(R?%). Using this,

gl =p [ et > ey at

oo d
< p/ tP=1. 3 / |f(x)|dx dt (Theorem |3.2.4)
{Mf>t}
= 3% / / tp 2| f(x)| dt dz (Fubini’s Theorem)

= M p—1
5[ gl
%HMng_leHp- (Holder’s Inequality)

Dividing by ||Mf||£*1< 00 gives HMprS 3dp/|!f||p.
If f € LP(R?), then define f, := 1_,, ,jall{jsj<n}f- This ensures f, € L'(RY) N L>(R?) and
|fn|1 |f]. Thus for all z € R,

Mf(x) = sup ]Q|/|f )| dy = Sup hm Q|/|fn |dy<11m1nfon( )

by the Monotone Convergence Theorem. Finally, from Fatou’s Lemma and the estimate ob-
tained earlier,

. . Aot 1o d
1M fllp< [[liminf M fo[p< lim inf|| M fo||, < 3% lim inf|| fu][,< 3°'|| f] - O

3.3. Lebesgue Differentiation Theorem

The Lebesgue Differentiation Theorem (LDT) is the last bit of theory we need to cover before
we can start discussing the Jessen—Marcinkiewicz—Zygmund Theorem. From the statement of the
LDT, it is immediately clear why we needed to introduce the Hardy-Littlewood maximal operator
and its weak L'-boundedness. To improve the readability of the LDT and its proof, we first define
the Lebesgue points of a function. We denote the cube with side lengths r and centre = by Q,(z).

14



Definition 3.3.1 (Lebesgue Point). For a function f : R — € in LL .(R?), define wy : R? — R
by
£ (y) — f ()| dy, (3.1)

wi(x) :=limsup ——

r]0 |Qr(z)] Qr(z)
Then the points x € R? for which wy(x) =0 are the Lebesgue points of f. The set Ly := {x € RY :
wy(x) = 0} denotes the set of Lebesgue points of f.

Remark 3.3.2. Recall that functions that are equal almost everywhere are identified in LP—spaces,
and thus also in Llloc. It should be noted that identified functions do not necessarily have the same
Lebesgue points: whether or not a point is a Lebesgue point depends on the specific version chosen

for f.
Theorem 3.3.3 (Lebesgue Differentiation Theorem (LDT)). Let f : R? — C be a function
such that f € Li (R%), then almost every x € R is a Lebesgue point of f. That means ‘]R{d \ Lf‘ =
0, and

1
'riO ‘Q,,,( )‘ O (o |f(y)—f(x)|dy=0, JJELf (32)
In particular,
T¢0 |Qr1( N o f(?/)dy = f(x), and |f(x)|< M f(x) for all x € Ly. (3.3)

Proof. The proof is based on the boundedness of the Hardy—Littlewood maximal operator,
Theorem Since wy > 0 for all z € RY, we need to prove that [{w; > 0}|= 0. Define the

cubes Ij, := (—k, k)? and note that [{ws > 0}|= limy_00|{ws > 0} N I}| and for each k > 1,
{wp>0}nI, = {wnlkf >0}NI; C {w]ljkf > 0}.
It follows that it is enough to prove that {wy, > 0} = 0. Since f € Li (R%) and the cubes

I, are open, we can suppose that f € L'(RY) when considering {w; Wf> 0}.

Let ¢ > 0 be arbitrary. Since C.(R?) is dense in L'(R%), there exists a function g € C.(R%)
such that ||f — g||1< €. Hence, wy = 0 and by the triangle inequality

wp Swigt+wg <[f —gl+M(f —g).
Take t > 0, then by Proposition and Theorem [3.2.4

wa>t}’S‘{‘f—g\>t/2}\+\{M(f_g)>t/2}‘Si 230 <2(1t+3d)

for all ¢ > 0. Since ¢ is arbitrary, this implies that [{w; > t}| = 0. Now we find [{wy > 0}| =
limy, 00 [{wy > 1/n}| =0
Finally, to prove (3.3]), we note that

€,

1 1
10~ G ey TV = om |‘/r<w> )y
1
— dy.
<|Qr(x)| - If(w) f(y)|dy
Since z is a Lebesgue point,
. 1 . 1 B
hngfoup‘f( z) — @@ Jorw f(y)dy‘ Slln;;up NE )|/T )!f(ﬂf)—f(y)!dy—o
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and the first part of |i follows. Also, mf@(x)\f(y)\ dy < Mf(z) for all x € R? by

definition of M f. Thus, replacing f with |f| in the first part of (3.3)), gives the inequality in
the second part of (3.3)). O

In words, the Lebesgue Differentiation Theorem (LDT) states that, for any function that is
locally integrable (i.e. f € LL ), the average of that function over any open cube (or ball) centred
at x converges to f(z) for almost every x. This is a generalisation of the Fundamental Theorem
of Calculus in the sense that it applies to locally integrable functions instead of only to continuous

functions.
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Chapter 4

Jessen—Marcinkiewicz—Zygmund Theorem

After covering all the necessary theory, we can now present the Jessen—Marcinkiewicz—Zygmund
(JMZ) Theorem, which forms the core of this thesis. As mentioned in Section the Lebesgue
Differentiation Theorem (LDT) tells us that:

The average of a locally integrable function f over any open cube (or ball) centred at x converges

to f(x) as the radius shrinks to zero.
Jessen, Marcinkiewicz, and Zygmund extended this result in their paper “Note on the differentiabil-
ity of multiple integrals” [4]. Their main finding was that the cubes or balls used in the LDT can be
replaced by the much more general collection of axis-aligned rectangles. While a cube or a ball in
R? is determined by a single size parameter — its side length or radius — an axis-aligned rectangle
I can have d independent edge lengths. Because of this added flexibility compared to cubes or
balls, the conditions imposed on f must be stronger to ensure that averages over the rectangles still
converge to f almost everywhere as the diameter of I shrinks to zero. Throughout this chapter,
I C S is an axis-aligned rectangle and S C R% denotes a bounded measurable set. We consider
the set S instead of all of R? because we require the measures of S and the rectangles I C S to
be finite for many of the arguments we use. Moreover, the JMZ Theorem is a local statement, just
like the LDT, so it is enough to prove it only for all bounded measurable sets.

4.1. Definitions in JMZ Theorem

We use the set S C R? and the axis-aligned rectangles I C S. The diameter of I is denoted by
d(I) := sup{d(z1,x2) : x1,22 € I}. Asin Chapter the Lebesgue measure of a set A € R? is
denoted by |A|. Any two sides of the rectangles I are assumed to have a finite ratio, i.e. the
rectangles are of finite eccentricity. Throughout the text, we frequently use the following two
definitions.

Definition 4.1.1. We say that the integral of a measurable function f : R — C is strongly differ-

entiable at a point v € I C R?, if
1
lim — d 4.1
s m/lf(y) y (4.1)

exists and is finite. The limit in 1s called the strong derivative of the integral of f at x.

Definition 4.1.2. For a function f € L'(S) and avis-aligned rectangles I C S that contain the
point x,

M f(x) = sup / 7w dy. (+2)
ms f(x) = 131&18:15 7 /!f ) dy. (4.3)
I>x

Remark 4.1.3. The operator Mg f is the Hardy—Littlewood maximal operator (3.2.1) taken over all
axis—aligned rectangles instead of just axis—aligned cubes. Because of this, Mg f is called the strong
maximal operator; the subscript S indicates this.

17



4.2. Lemmas for JMZ Theorem

Before we can give the full proof of the JMZ Theorem, we need to establish a few intermediate
results. As indicated in the Introduction and Chapter [3| the proof of the JMZ Theorem relies
heavily on maximal operators and their properties. Those properties are given and proved in this
section.

We start with a very useful result which follows from the LP—bound for the Hardy-Littlewood
operator M f (Thm. [3.2.5). The result was first found by Hardy and Littlewood back in 1930 [10].

Lemma 4.2.1. Let f : S — C be a measurable function with S C R. If f € L(logt L)'(S), then
Mgsf € LY(S), and

| Msfwdy < 4 [ 1711 +1og" |(w)]) dy + B.
S S

where A and B are absolute constants.

Proof. We may assume that f > 0 since Mg f(x) = Mg|f|(x) and split f into dyadic intervals.
For each kK =1,2,..., we define

Ep:={2Ft<f<of fr=f 15,

For k =0 we define Ey := {f < 1} and fo = f - 1g,. Then f = >"72, fr and by subadditivity,

Mg f < >0 Ms [k
By Theorem with d =1,

1/p . 1/p 3p Y
[ an < ([ ospwra)” <s( [ awra) " <o,
where p’ is the Holder conjugate of p. Set p =1+ k%rl for k=0,1,..., then ﬁ =k+1and
thus
/SMsfk(y) dy < 3(k + 2)2F| |1/ (2,

Summing over k yields

/S Msf(y)dy < 3 (k + 1)28 B D/ (+2) (4.4)
k=0

Since 28~1 < f < 2% on E}, we have f(y)(1+log™ f(y)) > 2¥=1(k —1)(1 +1og2) on Ej. Thus

B 00 . 1 . 0o - N
[ a0t 1w ay =32 ([ 70 +108" S ) > 5(1+iog2) S5 D2 (49

In order to be able to compare 1} and 1) we need to relate \Ekl(kﬂ)/(kﬁ) to |Ex|. We
split the indices into two classes, one for which the measure of the set is large, |Ex| > 37%, and
one for which the measure is small, |Ex| < 37%. For k where |Ej| > 37% we have

|Ek’(k+1)/(k+2) — |Ek”Ek’71/(k+2) < 3 |Ek‘
If |Ex| < 37%, then

The sum of (k-+ 1)2k]Ek|(k+1)/(k+2) over all k for which |Ej| < 37 is finite and can be estimated
by some constant.
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Combining the two classes we obtain, with finite constants A and B,

O3 (k + 1)28| By B0/ (:42) < A( S (k- 1)2’nyk|) +B.
k=0 k=0

We can now relate (4.4) and (4.5)) to find

/ Msf(y)dy < C 3" (k + 1)2k| B | FHD/(E2)
s

k=0
< A( Sk 1)2’f|Ek|) + B
k=0
gAAf@ﬂ+b€f@ﬁw+B- 0

The result holds for S C R? and functions f € L(log™ L)!(S). In order to generalise this, we first
need to take a step back to S C R and prove a comparable result for functions f € L(log™ L)"(S)
with r € N.

Lemma 4.2.2. Let f : S — C be a measurable function with S C R. If f € L(log™ L)"(S), with
r €N, then Msf € L(log™ L)"1(S), and

LMﬁ@@H@wth*@smémmuﬂwwwww+&, (4.6)

where A, and B, depend only on r.

Proof. We start this proof by stating that it is sufficient to prove the result for non—negative
and non—increasing functions f. The details of this are beyond the scope of this thesis and can
be found in [11, p. 291].

Let ©(t) := t(1 + log*t)"~! and assume f is non-negative and non-increasing. Then

o(f(@)) = |f(x)|(1 + log™|f(z)])" is a non-increasing function of z since ¢ is convex. We
can write the left—hand side of (4.6) as

1 v 1 Y
[ettsswnas= [ o5 [(roa)a< [ oy [eso)a, (4.7)
S S Yy Jo SY 0
by applying Jensen’s Inequality (Thm. .
We have that |f|(1 4 log™t|f|)" is integrable and thus ¢(f(z)) is integrable, since f is non—

negative by assumption. We can apply Lemma to ¢(f(x)). This allows us to write, for
the right-hand side of (4.7)),

[ [soae [ [oora)o

0
— [ Msp()dy
S

SALMUMLH%ﬂMﬁWm+B
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Using the definition of ¢ and the bound log™ (1 +log™ f) < 1+ log™ f we then expand and
rewrite this as:

A [Nl +log*le(P) dy+ B = A [ [ (1+1og" £~ (1+ log* (f [1+1og" f1"")) dy+ B
= A [ 17 (L log" 171+ log” (1) + log* (1 +log™ /1) dy + B
<A [[F(1+1og" £))+ (£ +1o" £ 7] (r = 1) (1 +1og" f)dy + B
:Ar/s[f(l+log+ £ dy + B.

Recalling that it sufficed to show that (4.6]) holds for non-negative and non-increasing f, we
indeed find that [q Mg f(y)(1 + log* Msf(y) tdy < A, Jslf()| (X +log™|f(y)|)" dy + B,.O

4.3. The Jessen—Marcinkiewicz—Zygmund Theorem

Finally, we reach the main result of [4], the Jessen—-Marcinkiewicz—Zygmund Theorem. The theorem
is a generalisation of the Lebesgue Differentiation Theorem. Instead of being restricted to taking
the average of a measurable function f : R* — C over only cubes or balls, the JMZ Theorem takes
averages over arbitrary axis—aligned rectangles with positive side lengths.

Theorem 4.3.1 (Jessen—Marcinkiewicz—Zygmund, 1935). Let f : S — C be a measurable
function and S C RY. If f € L(log™ L)4=1(S), then the integral of f(x) is strongly differentiable at
almost every x € S, and the derivative is equal to f(x).

4.4. Proof of the JMZ Theorem

We want to apply Lemma [4.2.2] but this lemma is only stated for measurable functions in S C R
and we are now considering measurable functions in S € R?. We work around this by applying

the lemma coordinate—wise. For i = 0,1,...,d — 1 define the iterated one—dimensional Hardy—
Littlewood maximal operators,

Fo(y) :=1f(v)]

Fi(y) == M[Fo(-, @2, ..., wa)](21)

Fy(y) := M[Fi(x1,-,x3,...,24)](z2)

Fd_l(y). = M[Fd_g(ml, ey g9, ,xd)](:ﬁd_l),

where the M operator is similar to the Hardy—Littlewood maximal operator in Definition but
instead of the cube ) we take a one—dimensional interval that contains z;. Note that for all ¢:
F; >0, F; <ooa.e.,and F; > F;_.

Lemma is applied successively to each coordinate until we reach an inequality containing
Fy 1. Take r = d — 1. Since we know that f € L(log™ L)?1(S), we can apply Lemma and
then integrate over all remaining variables:

AmumyﬂwﬁmmM@mHMfmwwwﬂﬂ
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This implies that |F1|(1+logt|Fi)¥ % = Fy(14log® F1)*? € L(S) so we can now apply Lemma
with 71 = d — 2 and again integrate over all remaining variables:

[ a1+ 108" o'y < gy [ JR(1+ 1og" Fi)* 2 dy + B

Now we know that |Fy|(1+log®|F)* € L'(S). The process is performed a total of (d — 1) times
such that in the end we have an exponent of 0 on the left-hand side:

/SFdil(l + 10g+ Fdfl)d_d dy S Ad,dfl /S|Fd72|(1 + 10g+|Fd,2|)1 dy + Bd,dfl.

Combining all the inequalities results in the relation

/S Fyidy < Ag /S £1(1 +log™ [ £))* " dy + B, (4.8)

where Ay and By are constants that only depend on d.

Let [ ;=11 x Is x ... x I; € S be an arbitrary axis—aligned rectangle that contains the point
u = (ur,ug,...,uq). We can rewrite the d—multiple integral as an iterated integral by Fubini’s
Theorem (Thm. [2.1.15]),

1 1 1
’I‘/I|f(l~/)\dy—“—2’“_’%’/[0!“'/12 <\I1’ Il’f(t,x%---,xd)\dt>d$2“'d$d

iR
< — — Fi(uq,t,...,xzq dt)dx3~-dxd
A A A A )

1
= |l 1,
Since this holds for arbitrary I,

ms ) = timoup oo 17 dy

Fa1(u1,. .., ug—1,2q) dzq.

Iau
<limsup — [ Fy_1(u1,...,uqg—1,2q)dxy (4.9)
5(I3)—0 \Lal J1,
Ig>zq
=Fy_1(u) for a.e. P €S,

where the last equality is due to the one-dimensional Lebesgue Differentiation Theorem (Thm.

3.3.3). Combining (4.8]) and (4.9):

/Smsf(y) dy < /SFdfl(y) dy < Ad/S!f(y)!(l +log*|f(y))*~" dy + By, (4.10)
for all f € L(logt L)?1(S). Apply (4.8) to the function \f, where A > 0 is a constant, to find
/SAme(y) dy < /S)\Fd_ldy < Ad/S|)\f\(1 + log*Af)™ dy + Ba. (4.11)

Let € > 0 be arbitrary and choose A so large that Bg/A < %s. By Lemma f can be
decomposed as f(y) = ¢(y) + ¥ (y) where ¢ is continuous and ¢ := f — ¢ satisfies

[lvwlay <, (4.12)

Aa [ [0+ o o)) dy + 5 < (1.13)

21



Note that (4.13) can be satisfied as a result of Lemma since we defined L(log™ L)4~1(S) as
the space of functions g for which [q]g|(1 + log™|g)¥"*dy < oo, i.e. those functions g for which

l91(1 +log™[g])?~" € L!(S).
We apply (4.10) to A\ and divide by A,

sty < Aa (10011 + log D)) dy + 22 < e (1.14)
S S

For the last steps of the proof, we need to define two sets, Eq(¢) := {y € S : |¢(y)|> e} and
Es(e) :={y € S : mgip(y) > /e}, and denote their union by E(g). We apply Chebyshev (Prop.

2.2.9) with p =1 to these sets. Recall that || f||pco= sup;~o t|{|f|> t}*P. Then,

B (@) = {lb@)I> Ve < ;E/Sw(yndy <<=

Similarly for Es(e),

1 €
|E2(e)] = [{mst(y) > Vel < 7 s (y) dy NG Ve
Thus, |B(e)| < |B1(2)] + [Ea(e)] < 25,
With the decomposition of f, and I 5 x any axis—aligned rectangle, we write,

II\/f dy —flo {|I|/SO dy — (@ }+w|/]¢(y)dy—w(x).

For n € N set ¢, := 47" and E,, := E(eg;,). Then
|En’ < 2@ =2-27"
and thus Y 02 | |E),| < co. Define
So:=5\ ﬂ U En—S\hmsupE
k=1n>k
The Borel-Cantelli Lemma tells us that

|limsup E,| =0,

n—o0

so Sp has full measure.
By definition of limsup E,,, if there exists an = ¢ limsup E,,, then we can choose an N = N(z)
such that = ¢ E,, for all n > N. Let N be such an index. Because = ¢ E,, for all n > N,

0 1w - 1@

Recall that ¢ is continuous and therefore (ﬁ J;e(P)dP — (p(Po)) — 0 as I shrinks to x. Since
the right—hand side of (4.15 m ) tends to zero as n — oo, we find that

lim sup
6(I)—0

< msp(e) + ()< 26 = 227" (4.15)

hm sup T /f dy — f(x)| = for every x € Sp.
In words: the integral of f is strongly differentiable on a set of full measure, i.e. almost everywhere,
and the derivative is equal to f. O
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4.5. Sharpness

The restriction in the condition f € L(log™ L)*1(S) for S C R? is necessary and cannot be
weakened without the theorem failing for some f. We can formally prove this sharpness using the
lemma stated below.

First, let d > 2 and take a measurable and increasing function ¢ : [0, 00) — [0, c0) such that

t
©(0) =0, lim inf So:i) > 0. (4.16)

t—o00

This limit inferior indicates that as t — oo, ¢ grows at least linearly. Define the class of measurable
functions,

9= {f:5 >R :/go(]f\)d:v < o).
S
The Jessen—Marcinkiewicz—Zygmund Theorem tells us that the integrals of functions f € L¥(S)
with o(t) := t(1 + log™ )%~ are strongly differentiable.

Lemma 4.5.1. Let ¢ be as defined in and let L¥(S) be the corresponding space of measurable
functions. For a bounded measurable set E C S and a parameter 0 < o < 1 define

oo(E):={zeS: I3z |[ENI|>alll},

where I C S are azis—aligned rectangles. If the Jessen—Marcinkiewicz—Zygmund Theorem (Thm.

holds for every f € L¥(S), then

1
7a(B) < Ca (5 ) 1B} (4.17)
hold for all E and all a. The constant C' only depends on d and .

Proof. We prove the lemma by assuming that inequality (4.17)) is false and then show that
there exists a function f € L¥(S) for which the JMZ Theorem fails.

Let constants C,, > 0 be chosen such that

3 4 < el
n>1 "

By assumption, for every n € N there exists a bounded and measurable set F, and a constant
an € (0,1) such that

700 (Bn)l > Cup (- ) IEl. (4.18)

Because of the properties of the Lebesgue measure, both sides of (4.18) scale in the same way.
Rescale and/or translate every E,, such that

E, CQo:=10,1% 6&(E,) <27

Fix an n. Let D, be the collection of all dyadic cubes with side lengths 27" in ()y. Because
d(Ey) < 27" each cube Q € D, Q and E,, are either disjoint or E,, C Q. Set

Ry :={Q € Dy, : |En|> an|Q|}.
All Q € R,, are pairwise disjoint, satisfy

U Q = 0a,(En),

QERR

23



and thus the union has measure |0, (E,)| by construction. For each Q € D, let EQ be the
translated version of Ej, such that it is contained in Q. Set F), := Ugep, EQ and define the
simple function

1
fn = E]]-Fn .

Set f :=sup,>1 fn- Then, using (4.18) and the choice for constants Cy,
o0
/ o(f)dy < Z/ o(fn)dy
0 n=1"Qo
> 1
= Z ¥ <> ’Fn|
n=1 Qn

[eS) . L
=Y 2B, (L) (4.19)
n=1

Hence f € L¥(Qo).

Fix n and a point x € (Qg. Because the dyadic cubes tile Qg, = lies in some @) € D,,, and
thus in the translated and scaled set EX. Inside that same cube @ there is a subcube R C Q
for which |EQ N R| > ay|R|. Therefore,

1

1 1
— dy > — (y)dy = ECNR|>1.

Because §(R) < 6(EY) <27 — 0 as n — oo, the Jessen-Marcinkiewicz—Zygmund Theorem
would force f(x) > 1 for a.e. z. But then

p(f)dy = ¢(1) Qo] = ¢(1),

Qo
contradicting the bound found in (4.19)). This contradiction implies that the assumption in
(4.18) must be false. This proves the lemma. O

With Lemma established, we can now prove sharpness of the condition f € L(log™ L)?~1(S)
in the JMZ Theorem. The following theorem formally states this sharpness.

Theorem 4.5.2. Let f : S — C be a measurable function and S C R?. If for every f € L¥(S),
where @ is as in , the integral of f is strongly differentiable almost everywhere, then ¢(t) >
ct(1+log™ t)?1 for some ¢ > 0. In other words, f € L(log* L)?~1(S).

Proof. We prove the theorem for the unit cube ). Note that this is sufficient since, due to
properties of the Lebesgue measure, Lemma is scale— and translation—invariant, so the
inequality automatically propagates to every translate and every dilate of the unit cube, and
therefore to any bounded measurable set S C R%.

Let Q@ = [0,1]4, |Q|= 1, fix a € (0,1). For every u = (u1,...,u4_1,uq) with u; > 1 and
- ug1 <= forj=1,...,d—1and 0 < ug < m Denote the set of all these u € R?
by Sa.

1
a
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For u € S, define the axis—aligned rectangle

[(u) = (O,ul] X -oe X (O,Udfl] X (O,ud],

then |I(u)|=uy -+ ug_q1uqg < é Because u; > 1 for 5 =1,...,d — 1 while 0 < ug < 1, the slice
of I(u) that sits inside the unit cube Q is J(u) := [0, 1]t x [0, uq] with |J(u)|= uq. Hence,
|EﬂI(u)|: Ug _ 1 > a.
|1 (w)] UL Ug—1Ug UL - Ug—1
Therefore, u € 04(Q) as in Lemma [£.5.1] so
50 € 0a(Q). (4.20)

Let So(u1, ..., ug—1) :={(u1,...,uqg—1) : u; € S, 1 =1,...,d—1} Since ug € [0,1/(cuy -+ ug_1)],
Fubini (Thm. [2.1.15) yields
1
|Sal :/ ——duy - - dug—1
Sa(tteta_1) QUL "~ U1
1 1

= — —duq - - dug_1 .
A JSo(ugyeug—q) UL " " Ud—1

Set v; :=logwu; foralli=1,...,d— 1. Then u; = e, with v; > 0 and du; = e"*dv;. Thus,
1

——duq - -dug—1 =dvg---dog_q .
ul..'udfl

The inequality u; - - - ug—1 < 1/ becomes v1 + - -+ +vg—1 < log £. Hence

1 1 (log&)?!
Sl = 5 oo v = SRR

Combining this with (4.20]) gives the lower bound for o,(Q):

1 (log &)™

’Ua(Q)‘ > QW’

O<a<l.

It follows from Lemma [£.5.] that
1 (log £)%1 1
=R P <C - .
T < 176(Q) < Cuge (5 )1Q
Setting ¢t = é yields

o(t) > t(1+1logt)t =ct(1+logt)?t, t>1. O

1
(d—=1)! Cyp
The Jessen-Marcinkiewicz-Zygmund Theorem proved that the condition f € L(log™ L)?~! is

sufficient for strong differentiability of the integral of f. Theorem proves that f € L(log™ L)3~1
is also a necessary condition. Together, these results show that the condition is optimal: it is sharp.
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Chapter 5

Zygmund’s Conjecture

Thirty years after the publication of the original article by Jessen, Marcinkiewicz, and Zygmund [4],
Antoni Zygmund published an article in which he extended the original result [5]. He showed that
if we assume k size parameters for the rectangles I in the Jessen—-Marcinkiewicz—Zygmund (JMZ)
Theorem, the theorem holds for f € L(log™ L)¥~1(S). From this, he then conjectured that if the
rectangles were determined by positive functions depending on k variables, the theorem would also
hold for f € L(log™ L)*~1(S). This was shown to be false by F. Soria in [12]. In this section, we
present the extended result by Zygmund and discuss his conjecture and the counterexamples that
disprove it.

Throughout this chapter, we use the familiar conditions on S C R% and I C S. This means that
S is again a bounded measurable set and that the rectangles I C S are axis—aligned.

5.1. Generalisation by Zygmund

In 1967, Antoni Zygmund published a postscript, [5], to [4] in which he extended the JMZ Theorem.
To prove this, we need three lemmas as intermediate results. Throughout this section, unless stated
otherwise, we use p € (1,00). We consider axis—aligned rectangles I with at most k different side
lengths, where 1 < k < d. The operators Mgf(x) and mgf(z) are defined as in and (4.3),
respectively, but keep in mind that the rectangles are now more restricted.

When considering rectangles with 1 < k < d distinct side lengths, we can sharpen the factors in
the inequalities in Theorem [3.2.5] and Lemma [£.2.1]

Lemma 5.1.1. Let f : S — C be a measurable function and S C RY. If f € LP(S), and I C S has
1 < k < d distinct side lengths, then Mgf € LP(S) and
A
Ms fllp< —% 1 fllps
1M £l (p—1)k’H |l

where A depends on d and p, but is bounded over any finite range of p.

Proof. We may assume that f > 0 and perform induction on k. Suppose that k£ > 1 and that
the statement holds for kK — 1. Denote the k distinct side lengths of I by hi, ho, ..., hr. We
may assume that these sizes correspond to groups of coordinates x1,za, ..., x4.

Define x = (2/, 2”") where 2’ denotes all coordinates corresponding to the side length hy and
z” denotes the remaining coordinates. Set

S = {2 (2/,2") € S}
S" = {a": (2',2") e S}

Similarly, we write I = Q' x I"” where Q' is a cube in the space of 2’ and I"” is a rectangle in
the space of 2. Note that I” has (k — 1) different size parameters, not k. The condition I > x
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implies that 2’ € Q' and 2” € I"” and if we set

ROy CROLTR (5.1)
f**(x/,l‘/,) = Q/ax |Q’|/ f y l‘ dy, (52)
then from )
L roon " /
\I\/f |Q’| Q/(‘M I“f(y,y)dy>dy,
we find that

Msf(z) < f~(a',2").
Hence, by applying Theorem and then Lemma with (k— 1), we obtain using Fubini
(Thm [2.1.15),

[otst@yrass [ ([, )]pdx>dx”
<(5) L (/ )
( ) J. </ e de”) w

- (@_Al)k)p\lﬂ\ﬁ-

Taking powers of 1/p gives the desired result. O

With the analogy for Theorem [3.2.5] we can prove our next result. It follows from Lemma [5.1.1]
and, as expected from the statement, the proof is analogous to the proof of Lemma [£.2.1] Because
the proof is just a repetition of steps already performed when proving Lemma [4.2.1] we do not
state it explicitly and refer the reader to Appendix

Lemma 5.1.2. Let f : S — C be a measurable function and S C R%. If f € L(log"™ L)¥(S) and
I C S has 1 <k <d distinct side lengths. Then Msf € L'(S) and

[ Msf@dy < 4 [ @I+ log 1)) dy + B,
S S

where A and B depend only on d.

Using Lemmawe can now prove an upper bound for mg f(x) when f € L(log™ L)¥~1(S). We
need it when proving Zygmund’s slightly generalised version of the Jessen—-Marcinkiewicz—Zygmund
Theorem because we need to eventually bound a limit. In the proof of the JMZ Theorem, this lemma
would roughly correspond to the steps taken up to and including .

Lemma 5.1.3. Let f: S — C be a measurable function and S C R%. If f € L(log™ L)*~(S) and
I C S has1 <k <d distinct side lengths. Then mgf € LI(S) and

[mssw)ay < A [ @10 +1og* 1)) dy+ BIS|
S S

where A and B depend only on d.
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Proof. The initial setup is the same as in the proof of Lemma We also again set

1
Fat) = sp [ gy ay

I”B.’L’”

We may suppose that f > 0. Under the hypotheses of the lemma, f(z) = f(2/,2"), as a
function of z”, is in L(log™ L)*~1(S") for almost every x’ € S’. For such a fixed 2’ consider

the function f*(z/,2").

* / /,
S//f (.T,LU

By Lemma with (k —1),

Nda" < A | f(@,2")(A +1logT f(z',2")  da” + B.
S//

Integrating over 2’ € S’ gives

/ (2, 2")da’ da” = / (2, 2")da’ da” < A/ f(@)(1+1log® f(2)Vdz + B|S]. (5.3)
S'x.S" S S

It follows that for almost every z”” € §” the function f*(z’,2") is integrable in 2’ over S’. Fix
such an 2. If z = (2/,2") C I = Q" x I", then since,

1 1 1
m /I f(y) dy N |Ql| Q' <|IH| I f(y/’ y,/) dy//> dy/7

we find that

Thus, by the Lebesgue

1 / 1 Kol N
[ Msf(y)dy < / [ 2")dy'
1] Jr Q' Jer
Differentiation Theorem (Thm. [3.3.3),
msf(z) < f*(a', ") (5.4)

for almost all 2’. Tt follows that ([5.4]) holds for almost all € S and thus by (5.3)),

[omst@dy <A [ f@)+1ogt f@) " do s BIS. 0
S S

These three lemmas natu

rally lead to Zygmund’s extended version of the Jessen—Marcinkiewicz—

Zygmund Theorem (Thm. |4.3.1)). The proof of the theorem stated next follows exactly the same

steps as the proof of the JM

Z Theorem, starting from (4.11), if we replace Lemma by Lemma

(.12l An explicit proof is given in Appendix [A1]
Theorem 5.1.4 (Zygmund, 1967). Let f : S — C be a measurable function and S C R%. If

f € L(log™ L)*=1(S) and I C S has 1 < k < d distinct side lengths, then the integral of f(x) is
strongly differentiable with respect to I at almost every x € S, and the derivative is equal to f(x).

5.2. Zygmund’s Co

Based on the theorem he p
the averages are taken are
parameters, then the integ
everywhere.

To simplify notation, we

njecture

roved in 1967, Zygmund conjectured that if the rectangles over which
constructed from positive functions depending on 1 < k < d positive
ral of f € L(log™ L)*~! would still be strongly differentiable almost

denote the d-dimensional rectangle with side lengths

UL X U2 X =+ X Uqg
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as the bounded and measurable set
[ug, ug, ..., uq] C R
The collection of all d—dimensional rectangles with such side lengths is then defined as
B:={[ui,...,uq] : v e R forall 1<i<d}.

In the context of this thesis, a collection of bounded measurable sets is called a basis. So, B is a
basis of d—-dimensional rectangles.
Conjecture 5.2.1 (Zygmund’s Conjecture). Let f € L(log™ L)*~1(S) with S € R? and 1 <

k < d. Let there be d positive functions p; : RF — R that are non-decreasing in each variable.
Define the basis

B = {[(,01(751,...,tk),...,god(tl,...,tk)] Sty e > 0}
If p1,..., 04 can take arbitrarily small values, then for I € B

1
6(1})rgo|l|/llf(y)]dy = f(z) for almost all =z € §.
I>x

Remark 5.2.2. If this convergence holds with I € B, we say that the basis B differentiates the space
L(log™ L)¥=1(9).

Clearly, if k = d, the conjecture is just the Jessen—Marcinkiewicz—Zygmund Theorem as stated
in its original form (Thm. so we are really only interested in if the conjecture holds for
1<k<d.

If, for every ¢ = 1,...,d, we let o;(t1,...,t5) = t; for some 1 < j < k, then by Zygmund’s
Theorem (Thm. the conjecture holds. Antonio Cérdoba presented the first non-trivial result
in the direction of the conjecture [13]|. In his article, he showed that the conjecture holds for the
collection of rectangles B := {[s,t, p(s,t)] : s > 0,t > 0}.

5.3. Counterexamples by F. Soria

The first counterexamples to Zygmund’s conjecture were constructed by F. Soria [12]. He starts by
constructing counterexamples in R and later extends them to higher dimensions. The main idea
of Soria’s counterexample in R? is constructing a basis B in the bounded measurable set S C R3
that uses only two parameters but behaves “as badly” as the whole collection of rectangles in S;
the basis Bs := {[z,y, 2] € S}.

We start by introducing a variant on the Hardy—Littlewood maximal operator (3.2.1)). For each
basis B we define the maximal operator Mpf.

Definition 5.3.1. For a function f € L (R?) and a basis B in R%, define M f : R? — [0, 0] by

1
Maf(e) = sup J 17wy,

where the supremum is taken over all rectangles I € B that contain x.

The first counterexample is restricted to R3 and is then readily generalised to RY. We need the
following result to start our construction.
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Proposition 5.3.2. Let B be a collection of rectangles in R®. Given I € B, denote the side lengths
of I in the x, y, and z directions by 17, 25, and 3y, respectively. Assume that there exists a
fized direction, say the x—direction, with the following property: If I and I' are elements of B and
17 > 1p, then either 27 > 21 or 37 > 3. In that case

{Mgf(z) >a}| < C/ /(@] (1 + log™ ’f(x)’) dz, (5.5)
R3 o
where the constant C' depends only on the dimension.

Proof.  Write x = (t,u) with t € R and u = (y,2) € R%. Let By be the collection of all
intervals on the t—axis and define Mp, f as in Definition Let R be the collection of all

axis—aligned rectangles in the u—plane and let Mg f(u) be as in (4.2)).
For a fixed point (¢,u) € R3, choose a rectangle I € B that contains (¢,u) and has side
lengths that satisfy 1; > 27 > 3;. Project I onto the t—axis and the u—plane: the interval

A C R of length 17 through the point ¢, and a rectangle B C R? with side lengths 27,3;
through the point u. Hence I = A x B and |I|= |A||B|. For fixed s € A

|B\/ |f(s,v)|dv < Mg f(s,u)

since B is one of the rectangles over which Mg f, as a function of u, takes its supremum. By
Fubini (Thm. [2.1.15]) we write, for arbitrary I € B,

‘11|/I|f(g;)dx:’;|/ <|113/ |f(s,v)|dv>ds

’A|/Mgfsu)ds
:MB1[MSf('7 )]()

Taking the supremum over I 3 (t,u) =z

Mpf(z) < Mg, [Msf(-,u)](t) for ae. (t,u)€R3. (5.6)
For a > 0 set E, := {Mpf > a}. Applying and Theorem
|Eal < [{(t,0) « Mg, [Mrf(- w)])(t) > &} < 7/ /MRf (t,u) dt du. (5.7)
By Lemma [£.2.7]
/ Mg f(t,u)dt < CQ/ |f(t,u)|(1 4 log™ |f(t,u)])dt for a.e. u € R?,
R R

where we take Cy so large that B is irrelevant. Integrating this bound in u yields, by Fubini

(Thm. 2.1.15),
L, [ Mrstudtau= [ Mrpwden < [ 1@+ [f@)hde. (5.8
R2 JR R3 R3
For a > 0 we have

W11 4 sog7 ) = \f|<1+1 +|f|> Wit
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Since for every t > 0, t < 2t (1 + log™ t), we find that

] ¢ (4 g Y,

a

Combining 1) and 1) then replacing |f| by %

Fal < 2 [ 1@ +10g” @) da

< C1CQ/RS f(a)’(l—i—log*' @ )dx+log o /RS ‘f(oif)’ da
§C1C2(1—|—210g+a)/ ‘f(:v)’( T log* |f(z )’)
AL TCLIC )

The idea for the construction is based on finding a basis where Proposition does not hold.
Cérdoba already showed that the conjecture holds for the basis {[s,t, p(s,t)] : s > 0, > 0} so we
need to make the basis more complicated if we want to find a counterexample.

Let B = {[s, tp(s), tyo(s)] : s,t > 0} be a basis where ¢ and v are two positive, continuous,
and increasing functions. Note that B satisfies the conditions in Zygmund’s Conjecture. Set z = s,

y=tp(s), and H(z,y) =y Eg then

B=A{lz,y, Hz,y)] : x,y > 0}.

Since H is clearly increasing in y, Proposition applies in all regions where H is monotone
in . The proposition would then apply globally if the monotonicity in x changes only finitely
many times. To see this, suppose that H(-,y) changes from increasing to decreasing (or vice—
versa) only at the xz—points 0 < ¢; < -+ < ¢y < 0o. Then the positive x—axis splits into N + 1
disjoint intervals (0, c1], (¢1,¢2], ..., (cny,00), on each of which H is monotone in x. Denote the
corresponding subcollections of rectangles by By, Bi,...,Bx. Proposition then applies to
each B;. Note that Mpf = maxo<;<n Mp, f and thus that

N
{Mpf >a} = {orgniag%MBif>a} :iL:JO{MBif>a}.

By subadditivity of the Lebesgue measure,

\Msf>a}|<z|{MBf>a}\<(N+1 c/ <1+10g+|f§v)|>dx7

=0

and thus Proposition [5.3.2] holds globally.

This suggests the next step in constructing a counterexample to Zygmund’s Conjecture. We
want to find functions ¢ and v such that H changes monotonicity infinitely many times. To this
end, Soria presents the following lemma.

Lemma 5.3.3. Let p(s) = e %/5, s > 0. Fork € Z, let (2F) = P(32%) = (2%) and define 1 (s)
by linear interpolation from these points. Then, given 0 < x < a < 1, there exists s € [z, 2x]| such

that 1(s)/¢(s) =
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Proof.  Define g(s) := (s)/¢(s). Then, g(2¥) = 1 and g(32F) = exp(—1/2k_1) < 2k=1
where we used the estimation e™* < % forall z > 0. Given 0 <z < a < 1, let j be the unique

non-positive integer such that 2/-! < z <27, Set I; = [32771,27] and I, = [27, 327]. We then
have two possibilities: either I C [z,2z] or Iz C [z, 2x]. In either case, since

. . 3. 3
g2y =1>a>2>2"" 29(2?) >g(22j_1>,

the result follows from the Intermediate Value Theorem. O

We have now almost constructed Soria’s counterexample. The only thing remaining is showing
that Zygmund’s Conjecture fails for the basis

B :={[s, te(s), ty(s)] : t,s > 0}, (5.9)

where @ and v are as defined in Lemma [5.3.3] To do this, we use the concept of one basis majorising
another.

Definition 5.3.4. Given two bases, By and By, we say that By majorises Bs if there exists a
constant C' such that for all R € By we can find R’ € By with R C R’ and |R'|< C|R)|.

Remark 5.3.5. Let By and Ba be two bases such that B; majorises Bs. It immediately follows from
Definition and the definitions of Mg, f and Mg, f, that Mg, f(z) < C Mg, f(x) for all z € RY,
for all f € Ly..

Take the basis B as in (5.9)) and define
B = {[z,y,2] : 0<2<2<y<1} (5.10)

We want to show that B majorises B’. Let R’ be an element of B’ with dimensions z x y X z.
Set @« = z/y < 1. Then, x < a < 1 and from Lemma we can pick r < s < 2x such that
P(s)/e(s) = z/y. We now take t = y/p(s). Thus, ti)(s) = z. With the choice, s =z, t = y/¢(s),
and 1(s)/¢(s) = z/y, we find that the rectangle R with dimensions s x tp(s) x ti(s) contains R’
since side s of R has length s = z, side ty(s) has length to(s) = %gp(s) =y, and side t1(s) has

length t)(s) = (Py ¥(s) = yZ = 2. In particular, R’ C R and |R|= [R/| so the bases B and B’

S

satisfy Definition with equality and constant C' = 1. This means that we have

|R,/f |R,‘ L fW)dy. (5.11)

It now remains to show that we can relate W [r f(y) dy for some R’ € B’ to the same expression

for some R" € B" where we define

"=z, y, 2] z,y, 2 € 0,13}, (5.12)

There are two important observations to be made when relating these integrals. The first is
that, for any I” € B”, there exists a coordinate reordering, 7(I") : [0,1]*> — [0,1]3, such that
I:=7(I") € B and that if x € I”, then 7(x) € I. The second is that such a re-ordering 7, is a
permutation and is therefore measure—preserving under the Lebesgue measure.

There are six possible re-orderings between B” and B’. We denote them as 7;, where 1 < ¢ < 6.
Let R” € B” and set R’ = 7;(R"). Because each 7; is measure-preserving,

’R,,‘/ \du—‘R,’/ f o (v)]do.
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We know from sharpness of the JMZ Theorem that if we let S = [0,1]® and B” as defined
in , then there exists a function f € L(log™ L)!(S) such that the integral of f fails to
be strongly differentiable almost everywhere. This means that there must also exist a function
g:= for € L(log"™ L)}(S) such that, if we let B’ as in , the integral of g fails to be strongly
differentiable almost everywhere.

In turn, this implies that, even though B depends on only two parameters, there exists a function
in L(log™ L)!(S) such that its integral fails to be strongly differentiable almost everywhere, with
respect to the basis B. This concludes the counterexample to Conjecture [5.2.1

The counterexample constructed for R? can now easily be generalised to R? for d > 4. There are

multiple ways to do this, but the most obvious one would be to take ¢ and ¢ as in Lemma [5.3.3
and define the basis

B :={[s,to(s),t(s), ta, ts, ..., tq] : s, t, t; > 0}.

From the arguments used earlier, we know that B behaves as the basis of all rectangles in R?, even
though it depends only on d — 1 parameters. This contradicts Zygmund’s Conjecture for d > 4.
Together these constructions conclude the counterexamples to Zygmund’s Conjecture for d > 3 and
show that, in its most general form, the conjecture does not hold.

5.4. Counterexamples by G. Rey

Where some counterexamples were already found by F. Soria in 1984, Guillermo Rey found addi-
tional counterexamples much more recently. In 2020, Rey published an article in which he builds
on Soria’s work to construct more counterexamples to Zygmund’s conjecture [14]. Specifically, he
shows that the bases of rectangles

B ={[271(D)  ovalsh] g ¢ > 0}

for all dimensions d > 3 do not differentiate L(log™ L)% C L(log* L)'. This means that Zyg-
mund’s Conjecture (Conj. does not hold for kK = 2 in all dimensions d > 3.

The construction of Rey’s counterexamples is based on dyadic intervals (see Section so the
statement of the conjecture needs to be slightly modified.

Conjecture 5.4.1 (Zygmund’s Conjecture, Dyadic). Let f € L(log™ L)*~1(S) with S C R?
and 1 < k < d. Define the basis B := {[271(") ... 29¢(M)] . € ZF}, where each ; : ¢ — 7 is
non—decreasing in each variable. Then, for I € B,

1
6(111)n_1>0m/1]f(y)]dy = f(x) for almost all z € S.
I3z

To see that this statement is equivalent to Conjecture we need the One-Third Trick (Lem.
. If we let the shifted dyadic grid D) be as in Lemma then by similar arguments the
One-Third Trick can be applied to axis—aligned rectangles I.

First note that any rectangle Iy € By := {[2#1(") ... 2¢a(™] . n € Z*} in the dyadic version of
Zygmund’s Conjecture is automatically also a rectangle in some B as defined in Conjecture [5.4.1
Hence, By C B and thus if Conjecture is true, then so is Conjecture [5.4.1]

Second, every shifted dyadic grid D) is contained in the basis of dyadic rectangles By. The only
step that remains is applying the One-Third Trick. For every I € B, there exists an R € D@ C B,
such that I C R and |R|< Cy|I|, i.e. I is contained in a dyadic set of comparable size. Assume
that Conjecture holds. By the argument we just gave,

’/If(y)dy—f(x) < ’/If(y)dy—/Rf(y)dy’—|—‘/Jf(y)dy_f(x) _
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The second term goes to zero as §(J) — 0 by assumption. The first term is controlled since I C R
and their sizes differ only by a finite constant factor; as both diameters go to zero, their averages
converge together. Thus, if Conjecture holds, then so does Conjecture Putting the two
implications together yields the equivalence of the two statements of Zygmund’s Conjecture.

The following simple lemma is needed for the construction of Rey’s counterexamples.
Lemma 5.4.2. For any function ® : Z — Z, there exists a function o : Z> — Z that satisfies
i. o(n,—n) = ®(n) for alln € Z,

1.  1s non—decreasing in each variable.

Proof.  We split the grid of integers, Z2, into two regions. We consider all points on the
right—hand side of the line (n,—n), also called the anti-diagonal, as one region, and all points
on the left—-hand side of this line as the other region.

Take ny,ng € Z where ny > —no, then (nq, ng) is on the right—hand side of the anti-diagonal,
and set

o(ni,n2) = max P(n).
n€[—na,n1]

As n1 or ny increases, so does the set over which the maximum is taken, and thus ¢, on the
right—hand side of the anti—diagonal, is a non—decreasing function in each variable.
On the left-hand side of the anti—diagonal, so for ny < —ns, we set

o(n1,n2) = min P(n),
n€[ni,—na]

and by a similar argument, ¢ is also a non—decreasing function in both variables on the left—
hand side of the anti-diagonal. Thus, the function ¢ : Z?> — Z, as we have constructed it,
exactly satisfies the conditions in the lemma. O

With Lemma we can prove that for k& = 2 there exist functions ¢; : ZF — Z for 1 <i < d
that are non—decreasing in each variable such that, if we take I € B, then there exists a function
f € L(log™ L)?=2 for which the integral fails to be strongly differentiable almost everywhere.

Define the basis
B(2) := {[2¢1(mm2) | gwa(min2)] o) ny e 7).

Choose any bijection 9 : Z — Z¢ and set for 1 <i < d
®;(n) =1(n) forall n € Z,
where ®; : Z — Z. Now apply Lemma to ®; and denote the resulting function by ¢;, then
@i 1 2% — 7 and @;(n, —n) = ®;(n) = ¥;(n) for every n € Z. By construction we have, for every
integer n € Z,
(p1(n,—n),...,04(—n,n)) = (P1(n),...,P4(n)) = ¥(n).

Because ) is a bijection from Z to Z%, the set of all d-tuples (¢1(n, —n),...,pq(—n,n)) as n ranges
over Z is exactly the whole grid z¢:

{le1(n, —n),...,pa(n,—n)] : n €2} =2,

Take an arbitrary dyadic rectangle [2™,...,2™4] with (m1,...,mg) € Z% Because of the above
equality, there exists an integer n such that

(p1(n,—n),...,pq(—n,n)) = (my,...,mq) .
Setting n1 = n and no = —n we obtain

[2¢1(n1,n2)’ L 72¢d(n17n2)] = [2m17 .. ,2md]
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and thus the basis B(2) is the collection of all dyadic rectangles in R%. Tt follows directly from sharp-
ness of the Jessen-Marcinkiewicz—Zygmund Theorem that there exists a function f € L(log™ L)4~2,
for which the integral of f fails to be strongly differentiable almost everywhere. And thus, the con-
structed basis is a counterexample to Zygmund’s Conjecture for k = 2.

The result for kK = 2 can be generalised to 2 < k < d. Define the basis
B(k) := {[21(M) .. 2%a()] . p e ZF}, (5.13)

where each ¥; is dependent on k variables. For k > 2 we can just define

Yi(ni, ..., ng) = pi(ni, na), Niy...,ng €2,

where ; is as we constructed earlier. This yields the same result as before; the basis B(k) as defined
in is the collection of all dyadic rectangles in R?%. It again follows directly from sharpness of
the Jessen-Marcinkiewicz-Zygmund Theorem, that there exists a function f € L(log™ L)¥~2, for
which the integral of f fails to be strongly differentiable almost everywhere if we take I € B(k).

To see how these constructions form counterexamples to Zygmund’s Conjecture, we reason as
follows. For 2 < k < d, note that k — 1 < d — 2 and thus that L(logt L)?2 C L(log™ L)¥~!. This
means that any f € L(logt L)%, f must also be in L(log™ L)*~!. We know that, if we let I € B(k)
as defined in , then there exists a function f € L(log™ L)%~2 such that its integral fails to
be strongly differentiable almost everywhere. Taking this same function f, it follows that if we let
I € B(k), then there exists a function f € L(logt L)¥~! such that its integral fails to be strongly
differentiable almost everywhere. This proves that the conjecture, in its most general form, fails
foralld >3 and 2 <k < d.

5.5. Examples by Coérdoba and Soria

Although F. Soria and G. Rey showed in [12} [14] that Zygmund’s Conjecture does not hold in its
most general form, there might be conditions that we can place on the non—decreasing functions
; in the basis B, such that the conjecture does hold.

As we stated at the start of this chapter, there are bases for which the conjecture does in fact hold.
The first examples were constructed by A. Cérdoba [13]. He showed that the conjecture holds in
R3 for B:= {[s, t, ¢(s,t)] : s, t > 0}, where ¢(s,t) is any positive function that is non-decreasing
in each variable separately.

Soria extends this result in [12] to some bases of the form

B = {[¢1(s,t), pa(s,t), w3(s,t)] : s,t>0}. (5.14)

For the conjecture to hold for such bases, it is necessary to impose some relationships between the
different ;. Soria does this as follows.

Let i1(s,t), wa(s,t), ¢3(s,t) be three smooth functions that increase in each variable sepa-
rately. Define F(s,t) := (¢1(s,t), p2(s,t)) and assume that F is one-to—one in some region
A C (0,00) x (0,00). For (z,y) € F(A) we can define H(x,y) = ¢3(F~!(z,y)) so that p3(s,t) =
H(pi(s,t), pa2(s,t)). By the chain rule, and denoting the gradient by V, we obtain

91 91

_ | Os ot
Vs =VH 90y 0py
Js ot

We assumed that each ¢; increased on each variable, so the partial derivatives are all positive.
Therefore, at each point, at least one partial derivative of H must be non—negative. If we choose
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the set A C (0,00) x (0,00) so that the partial derivatives of H do not change their signs on A,
then we can apply Proposition to the basis B := {[¢1(s, 1), @a(s,t), @3(s,t)] : (s, t) € A}.

Constructing an explicit example from this proposition can be very straightforward. We could,
for instance, let ¢; be monomials, i.e. let p;(s,t) := s B for some constants ag, 8; > 0. To see
this, we compute the Jacobian:

dpi  Op; » -
oy TP ; §YitPiT 1 BB
J (i, pj) = det 3(?;]' a(?;j = det (a; s@i—14B; g;sajtﬂjl) = (aifj — Bicyj) s titpL
s Ot

Thus the Jacobian J(y;, ;) only vanishes in the first quadrant when «; 3; — a; §; = 0. For the ¢
and j where the Jacobian does vanish, there exists a constant m > 0 such that ¢;(s,t) = [p;(s,t)]™.
This means that the i—side of every rectangle in B is a fixed monotone function of the j—side. If we
have a basis for which that is the case, we reason as follows.

Suppose that there are 1 < 7 < j < 3 such that o; 8; — a; 3; = 0. Let m > 0 be such that
wi(s,t) = [p;(s,t)]™. Let R = R(s,t) and R' = R(s',t') both be rectangles in B as defined
in . Assume that we have p;(s,t) > ;(s/,t') and note that the map = /™ is non—
decreasing for m > 0. Since p;(s,t) = [pi(s,)]'/™ for some m > 0 and arbitrary s,t € A, we have
©i(s,t) > ¢;(s',t'). In words; whenever R is longer than R’ in the i-direction, it is also longer
in the j—direction. Hence, the ordering condition in Proposition is satisfied and Zygmund’s
Conjecture holds for the basis B with the functions p;(s,t) := s 7.

This chapter summarises results regarding Zygmund’s Conjecture. While we have to conclude
that the conjecture does not hold when it is stated in its most general form, there is still a good
chance that a slightly more specific statement holds. There are simply too many bases for which
we do not know whether or not they satisfy the conjecture. The example given by Soria in [12]
indicates that with some conditions on the functions ¢; that determine the sides of the rectangles
in B, the conjecture may very well hold.

So even though we cannot end this chapter by providing an exhaustive list of bases that do and
do not differentiate the space L(log™ L)*, we can end on the positive note that it is likely that the
current list of bases will continue to grow and that we might even end up with a version of the
conjecture that does hold.
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Chapter 6

Concluding Remarks and Outlook

The aim of this thesis was to provide a complete and consistent text on the Jessen—Marcinkiewicz—
Zygmund (JMZ) Theorem, and the later extension due to Zygmund, at a level accessible to advanced
undergraduates. We began by recalling the essential measure—theoretic background, then developed
the Hardy-Littlewood maximal operator and the Lebesgue Differentiation Theorem (LDT).

After this, we covered the JMZ Theorem and the results leading up to it. Where most details
were omitted in the original 1935 article [4], we gave complete proofs to all intermediate results. In
addition, we provided a proof of the sharpness of the JMZ Theorem for all d > 2.

We continued by covering Zygmund’s 1967 extension [5] of the JMZ Theorem. Here we again
filled gaps whose details are often omitted in research papers, to ensure that an undergraduate
reader can follow the logic without having to rely on external sources. Moving on to Zygmund’s
Conjecture [5], we reconstructed the counterexamples by F. Soria [12] and G. Rey [14], providing
the details of the reasoning behind each step. We ended the discussion of Zygmund’s work by
presenting positive results on the conjecture.

Overall, this thesis offers a thorough presentation of the Jessen—Marcinkiewicz—Zygmund Theo-
rem and the extension found by Zygmund. These deep results and their details are often scattered
across specialist papers, which use varying notation. By providing the necessary preliminaries, com-
plete proofs, and unified notation, we make the material fully accessible to undergraduate students
and other interested mathematicians. We expect this to offer a way to bridge the gap between a
course in real analysis and the available research regarding differentiation theorems and maximal
operators.

The discussion of Zygmund’s Conjecture showed us that, even though the conjecture is known
to fail when stated in its most general form, there is hope that a more precise re—statement of the
conjecture might hold. The area remains open to research and while it was first conjectured by
Zygmund in 1967, the 2020 article by Rey [14] indicates that many questions are still unsolved.
Finding more examples and counterexamples to the Zygmund Conjecture is an interesting topic
for future research as it helps us better understand the precise geometry behind maximal operators
and their applications.
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Appendix A

Omitted Proofs

A.1. Explicit Proofs for Zygmund 1967

Lemma

Let f: S — C be a measurable function and S C RY. If f € L(log™ L)*(S) and I C S has1 < k <d
distinct side lengths. Then Msf € L*(S) and

| Msf(@)dy < 4 [ 17)I0 +log* | F@))* dy + B,
S S

where A and B depend only on d.

Proof. We may assume that f > 0 since Mg f(x) = Mg|f|(x) and split f into dyadic intervals.
For each m =1,2,..., we define

Ep:={2"1<f<2™, fo=7f-1g,.

For m = 0 we define Ey := {f <1} and fo = f-1g,. Then f =3 °_, fm and by subadditivity,

Ms f <3 =0 Msfm-
By Lemma [5.1.1

sty < ([ oasiwra) " < A [mwra) < oA amm,
| Ms fm(y) dy | (Msfm(y))" dy p-1)F  (fm())" dy L |
Setp:l—i—#ﬂforsz,l,...,thenﬁ:m+1andthus
/ Ms fn(y) dy < 3(m + 2)k2|E,,|(mH/(m+2),
s

Summing over m yields

/Msf y)dy < C Z (m 4 1)k2m| B, (m+D/(m42) (A1)

m=0

Since 21 < f < 2™ on E,,, we have f(y)(1 +logt f(y))* > 2" 1 (m — 1)*(log2)* on E,,.
Thus

[e.9]

[ e ) ay= 3 ([ 50108 10 ay) = 0082 mfjo 152" B,

(A.2)

In order to be able to compare (A.1) and (A.2), we need to relate ]Em|(m+1)/(m+2) to |Ep.
We split the indices into two classes, one for which the measure of the set is large, |E,,| > 37™,
and one for which the measure is small, |E,,| < 37™. For m where |E,,| > 37 we have

‘E ’(m-‘rl/(m-‘rQ) |E HE ’ 1/(m+2) <3’E ‘
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If |E,,| < 37™, then
(m + 1)k2m|Em|(m+1)/(m+2) < (m + 1)k2m3—m < 0(2/3)m
The sum of (m + 1)¥2m|E,,|"™*D/(M+2) yer all m for which |E,,| < 37™ is finite and can be

estimated by some constant. ~ ~
Combining the two classes we obtain, with finite constants A and B,

C N (m+ 1)k2m B, D/ m ) < A( S (m - 1)k2m]Em|> +B.
m=0 m=0

We can now relate (A.1]) and (A.2]) to find

/ Mgf(y)dy < C 3" (m+ 1)k2m| B, | ™D/ (m+2)
S

m=0
< A( S (m — 1)k2m|Emy) + B
m=0
< A/Sf y)(1+log" f(y)* dy+ B. 0

Theorem

Let f : S — C be a measurable function and S C R?. If f € L(log™ L)*1(S) and I C S has
1 < k < d distinct side lengths, then the integral of f(x) is strongly differentiable with respect to I
at almost every x € S, and the derivative is equal to f(x).

Proof. Apply (4.3) to the function \f where f € L(log" L)*~1(S), and A > 0 is a constant,
then by Lemma

[msf@)ay < A 1710 +1og" M) dy+ 5
S S

Let € > 0 be arbitrary and choose A so large that B/A < %5. By Lusin’s Theorem (Thm.
2.1.10)), f can be decomposed as f(y) = ¢(y) + ¢ (y) where ¢ is continuous and v satisfies

[lwldy <. (A3)
S
A [ o)l +log n))*dy + 5§ <= (A4)
S
We apply Lemma [5.1.3 to Ay and divide by A,
[msvay < 4 [0 +log* nwl)) " dy+ 5 < (A5)
S S

For the last steps of the proof, we need to define two sets, Fi(¢) := {y € S : |¢(y)|> e}
and Fy(e) := {y € S : mgy(y) >/}, and denote their union by E(e). We apply Chebyshev

(Prop. [2.2.9) with p = 1 to these sets. Recall that || fllp.co= sups~g tI{|f]> £}, Then,

)] = K> VA < = [ewldy < = = V&
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Similarly for Es(e),

[Bx(e)] = [{msth(y) > vE}| < } [msvtway < -

Thus, |E(g)| < |E1(e)| + |E2(e)| < 2v/e. With the decomposition of f, and I 5 z any axis-
aligned rectangle with at most k£ different side-lengths, we write,

II\/f - fla {|I|/SO dy —o(z }+L1],/I¢(y)dy—w<m).

For n € N set ¢, := 47" and E,, := E(e;,). Then
|En| < 2y/ep=2-27",

and thus >0 |Ey| < co. Define

o

So =5\ ﬂ U E, = S\limsup E,, .

k=1n>k nreo
The Borel-Cantelli Lemma tells us that

|limsup E,| =0,

n—oo

so Sy has full measure.

By definition of lim sup E,,, if there exists an x ¢ limsup E,,, then we can choose an N =
N (x) such that z ¢ E,, for all n > N. Let N be such an index. Because = ¢ E, for alln > N,

< msih(a) + [h(@)|< 2y/E = 227" (A.6)

lim sup
6(I)—0

0 1wy - 1@

Recall that ¢ is continuous and therefore (m J;e(P)dP — go(Po)) — 0 as I shrinks to z. Since
the right-hand side of (A.6)) tends to zero as n — oo, we find that

\I!/f )dy — f(x)| =

hm sup for every x € .5p. O
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