STOCHASTIC EVOLUTION EQUATIONS
IN UMD BANACH SPACES
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ABSTRACT. We discuss existence, uniqueness, and space-time Holder regular-
ity for solutions of the parabolic stochastic evolution equation

dU(t) = (AU(¢t) + F(t,U(t))) dt + B(t,U(t)) dWg (t), t € [0, To],
U(0) = uo,

where A generates an analytic Cp-semigroup on a UMD Banach space E

and Wy is a cylindrical Brownian motion with values in a Hilbert space H.

We prove that if the mappings F : [0,7] x E — E and B : [0,T] x E —

Z(H, E) satisfy suitable Lipschitz conditions and ug is Fo-measurable and

bounded, then this problem has a unique mild solution, which has trajectories

in CA([0,T]; D((—A)?) provided A > 0 and 6 > 0 satisfy A + 0 < % Vari-

ous extensions of this result are given and the results are applied to parabolic
stochastic partial differential equations.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

In this paper we prove existence, uniqueness, and space-time regularity results
for the abstract semilinear stochastic Cauchy problem

dU(t) = (AU(t) + F(t,U())) dt + B(t,Ut)) dWx(t),  te[0, Ty,

Here A is the generator of an analytic Cy-semigroup (S(¢)):>0 on a UMD Banach
space E, H is a separable Hilbert space, and for suitable n > 0 the functions
F :[0,T] x D((-=A)") — E and B : [0,T] x D((-A)") — L(H, E) enjoy suitable
Lipschitz continuity properties. The driving process Wy is an H-cylindrical Brown-
ian motion adapted to a filtration (F;);>0. In fact we shall allow considerably less
restrictive assumptions on F' and B; both functions may be unbounded and may
depend on the underlying probability space.

A Hilbert space theory for stochastic evolution equations of the above type has
been developed since the 1980s by the schools of Da Prato and Zabczyk [10]. Much
of this theory has been extended to martingale type 2-spaces [2, 3]; see also the
earlier work [35]. This class of Banach spaces covers the LP-spaces in the range
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2 < p < oo, which is enough for many practical applications to stochastic partial
differential equations. Let us also mention an alternative approach to the LP-theory
of stochastic partial differential equations has been developed by Krylov [23].

Extending earlier work of McConnell [27], the present authors have developed
a theory of stochastic integration in UMD spaces [31, 32] based on decoupling
inequalities for UMD-valued martingale difference sequences due to Garling [14,
15]. This work is devoted to the application of this theory to stochastic evolution
equations in UMD spaces. In this introduction we will sketch in an informal way
the main ideas of our approach. For the simplicity of presentation we shall consider
the special case H = R and make the identifications L(R, F) = E and Wx = W,
where W is a standard Brownian motion. For precise definitions and statements of
the results we refer to the main body of the paper.

A solution of equation (SCP) is defined as an E-valued adapted process U which
satisfies the variation of constants formula

U(t) = S(t)uo + /0 S(t—s)F(s,U(s))ds + /0 S(t—s)B(s,U(s)) dW (s).

The relation of this solution concept with other type of solutions is considered in
[44]. The principal difficulty to be overcome for the construction of a solution, is
to find an appropriate space of processes which is suitable for applying the Banach
fixed point theorem. Any such space V should have the property that U € V
implies that the deterministic convolution

L /O S(t — $)F(s,U(s)) ds

and the stochastic convolution
t
t— / S(t—s)B(s,U(s)) dW (s)
0

belong to V again. To indicate why this such a space is difficult to construct we
recall a result from [30] which states, loosely speaking, that if E' is a Banach space
which has the property that f(u) is stochastically integrable for every E-valued
stochastically integrable function v and every Lipschitz function f : F — E, then
F is isomorphic to a Hilbert space. Our way out of this apparent difficulty is
by strengthening the definition of Lipschitz continuity to L?Y—Lipschitz continuity,
which can be thought of as a Gaussian version of Lipschitz continuity. From the
point of view of stochastic PDEs, this strengthening does not restrict the range of
applications of our abstract theory. Indeed, we shall prove that under standard
measurability and growth assumptions, Nemytskii operators are L%—Lipschitz con-
tinuous in LP. Furthermore, in type 2 spaces the notion of L?Y—Lipschitz continuity
coincides with the usual notion of Lipschitz continuity.

Under the assumption that F' is Lipschitz continuous in the second variable
and B is Lg,-Lipschitz continuous in the second variable, uniformly with respect
to bounded time intervals in their first variables, the difficulty described above is
essentially reduced to finding a space of processes V having the property that ¢ € V'
implies that the pathwise deterministic convolutions

t— /0 S(t—s)p(s)ds
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and the stochastic convolution integral

(1.1) tis /O S(t — s)o(s) dW (s)

define processes which again belong to V. The main tool for obtaining estimates
for this stochastic integral is y-boundedness. This is the Gaussian version of the
notion of R-boundedness which in the past years has established itself as a natural
generalization to Banach spaces of the notion of uniform boundedness in the Hilbert
space context and which played an essential role in much recent progress in the area
of parabolic evolution equations. The power of both notions derives from the fact
that they connect probability in Banach spaces with harmonic analysis.

From the point of view of stochastic integration, the importance of y-bounded
families of operators is explained by the fact that they act as pointwise multipliers
in spaces of stochastically integrable processes. This would still not be very useful
if it were not the case that one can associate y-bounded families of operators with
an analytic Cy-semigroup (S(t));>o with generator A. In fact, for all » > 0 and
€ > 0, families such as

{7 (= A)1S(t) : t € (0,Tp)}

are y-bounded. Here, for simplicity, we are assuming that the fractional powers of
A exist; in general one has to consider translates of A. This suggests to rewrite the
stochastic convolution (1.1) as

(12)  te /0 [(t — 8)"™ (= A)1S(t — )] (£ — )15 (—A) "b(s) AW (s).

By 7-boundedness we can estimate the LP-moments of this integral by the LP-
moments of the simpler integral

(1.3) - /0 (£ — 8) 1 (—A)"(s) ATV (s).

Thus we are led to define V2 ([0, Tp] x €; D((—A)")) as the space of all continuous
adapted processes ¢ : (0,Tp) x Q — D((—A)") for which the norm

[&llve . ((0.10) x2D((—A)m))

1 1
= (Bl oz + sup (BIE = 0O ca0.0.00-a)
€[0,T0)
is finite. Here, y(L?(0,t), F) denotes the Banach space of y-radonifying operators
from L?(0,t) into the Banach space F'; by the results of [33], a function f : (0,¢) — F
is stochastically integrable on (0,t) with respect to W if and only if it is the kernel
of an integral operator belonging to v(L?(0,t), F).
Now we are ready to formulate a special case of one of the main results (see
Theorems 6.2, 6.3, 7.3).

Theorem 1.1. Let E be a UMD space and let n > 0 and p > 2 satisfy n + % < %
Assume that:
(i) A generates an analytic Cy-semigroup on E;
(ii) F :[0,To] x D((—A)") — E is Lipschitz continuous and of linear growth in
the second variable, uniformly on [0, Tp];
(ili) B:[0,To] x D((—A)") — L(H, E) is L2 -Lipschitz continuous and of linear
growth in the second variable, uniformly on [0, To];
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(iv) uo € LP(Q, Fo; D((—A)")).
Then:
(1) (Existence and uniqueness) For all « > 0 such that n +% < a < ithe
problem (SCP) admits a unique solution U in VP ([0, To] x ;D((—A)")).
(2) (Hélder regularity) For all A > 0 and § > 1 such that A+ 6 < % the process
U — S(-)ug has a version with paths in C*([0, Tp]; D((—A)?)).

For martingale type 2 spaces E, Theorem 1.1 was proved by Brzezniak [3]; in
this setting the L?/—Lipschitz assumption in (iii) reduces to a standard Lipschitz
assumption. As has already been pointed out, the class of martingale type 2 spaces
includes the spaces LP for 2 < p < oo, whereas the UMD spaces include LP for
1 < p < co. The UMD assumption in Theorem 1.1 can actually be weakened
so as to include L'-spaces as well; see Section 9. The assumptions on F' and B
as well as the integrability assumption on uy can be substantially weakened; we
shall prove versions of Theorem 1.1 assuming that F' and B are merely locally
Lipschitz continuous and locally Lg/—Lipschitz continuous, respectively, and ug is
Fo-measurable.

Let us now briefly discuss the organization of the paper. Preliminary material on
~-radonifying operators, stochastic integration in UMD spaces, and y-boundedness
of families of operators, is collected in Section 2. In Sections 3 and 4 we prove
estimates for deterministic and stochastic convolutions. After introducing the no-
tion of L2-Lipschitz continuity in Section 5 we take up the study of problem (SCP)
in Section 6, where we prove Theorem 1.1. The next two sections are concerned
with refinements of this theorem. In Section 7 we consider arbitrary Fy-measurable
initial values, still assuming that the functions F' and B are globally Lipschitz
continuous and L%—Lipschitz continuous respectively. In Section 8 we consider the
locally Lipschitz case and prove existence and uniqueness of solutions up to an ex-
plosion time. In Section 9 we discuss how the results of this paper can be extended
to a larger class of Banach spaces including the UMD spaces as well as the spaces
L.

The final Section 10 is concerned with applications to stochastic partial differ-
ential equations. On bounded smooth domains S C R? we consider the parabolic
problem

Q1) = Als, D)ult, ) + f(t,5,u(t,))
+g(t, s,u(t, s)) %(t,s), se s, te(0,7T),
Bj(s,D)u(t,s) = 0, sedS, te(0,T],
u(0,s) = wo(s), se€S.

Here A is of the form

A(s,D) = Z aq(s)D

|| <2m

with D = —i(d1,...,0q) and for j =1,...,m,
Bj(s,D)= > bjs(s)D’

|B1<m;

where 1 < m; < 2m is an integer. As a sample existence result, we prove that if f
and ¢ satisfy standard measurability assumptions and are locally Lipschitz and of
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linear growth in the third variable, uniformly with respect to the first and second

variables, and if u € H?g@’p (S), then the above problem admits a solution with
J

paths in C*([0, T}; Hfgﬁp(S’)) for all 6 > ﬁ and A > 0 that satisfy 6+ A < £ — 4

and 2md — % # mj, for all j =1,...,m. Uniqueness results are obtained as well.

All vector spaces in this paper are real. Throughout the paper, H and E denote
a separable Hilbert space and a Banach space, respectively. We study the problem
(SCP) on a time interval [0,Tp] which is always considered to be fixed. In many
estimates below we are interested on bounds on sub-intervals [0, 7] of [0, Tp] and it
will be important to keep track of the dependence upon T of the constants appearing
in these bounds. For this purpose we shall use the convention that the letter C' is
used for generic constants which are independent of T" but which may depend on
Ty and all other relevant data in the estimates. The numerical value of C may vary
from line to line.

We write @1 <a @2 to express that there exists a constant ¢, only depending
on A, such that Q1 < cQ2. We write Q1 ~a @2 to express that Q1 <4 Q2 and

Q2 Sa Q1.

2. PRELIMINARIES

The purpose of this section is to collect the basic stochastic tools used in this
paper. For proofs and further details we refer the reader to our previous papers
[32, 33], where also references to the literature can be found.

Throughout this paper, (2, F,P) always denotes a complete probability space
with a filtration (F;);>0. For a Banach space F and a finite measure space (S, X, i),
LY(S; F) denotes the vector space of strongly measurable functions ¢ : S — F, iden-
tifying functions which are equal almost everywhere. Endowed with the topology
induced by convergence in measure, L°(S; F') is a complete metric space.

~v-Radonifying operators. A linear operator R : H — F from a separable Hilbert
space H into a Banach space E is called y-radonifying if for some (and then for
every) orthonormal basis (hy)n>1 of H the Gaussian sum ) -, v, Rh, converges
in L?(Q; F). Here, and in the rest of the paper, (v,)n>1 is a Gaussian sequence, i.e.,
a sequence of independent standard real-valued Gaussian random variables. The
space Y(H, F) of all y-radonifying operators from H to E is a Banach space with
respect to the norm
2) 1

This norm is independent of the orthonormal basis (hy),>1. Moreover, v(H, E) is
an operator ideal in the sense that if S; : H' — H and S, : E — E’ are bounded
operators, then R € v(H, E) implies SaRS; € y(H', E') and

(2.1) 1S2 RS ||yar 2y < IS2ll| Rl () 11 ]]-

IRl 1.y = (]EH S yuRhy,
n>1

We will be mainly interested in the case where H = L?(0, T’; H), where H is another
separable Hilbert space.

The following lemma gives necessary and sufficient conditions for an operator
from H to an LP-space to be ~-radonifying. It unifies various special cases in the
literature, cf. [4, 43] and the references given therein. In passing we note that
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by using the techniques of [25] the lemma can be generalized to arbitrary Banach
function spaces with finite cotype.

Lemma 2.1. Let (5,3, ) be a o-finite measure space and let 1 < p < oo. For an
operator T € L(H, LP(S)) the following assertions are equivalent:
(1) T e~(H, LP(S));
(2) For some orthonormal basis (h,)32, of H the function (Y, <, |Thnl|?)
belongs to LP(S);

(3) For all orthonormal bases (hy,)32, of H the function (3,71 [Thy|?)
longs to LP(S);

(4) There exists a function g € LP(S) such that for all h € H we have |Th| <
|l ar - g p-almost everywhere;

(5) There exists a function k € LP(S; H) such that Th = [k(-),h]lg p-almost
everywhere.

=

Nl=

be-

1
Moreover, in this situation we may take k = (Yo", [Thy|?)? and have

(> irnp)’
n=1

Proof. By the Kahane-Khintchine inequalities and Fubini’s theorem we have, for
all f17"'7fN € LP(S)a

N N
H(;UM) LP(S)
N 2\ 1 N oy L
:H(E‘;rynf") sy (]E‘nz_:l%f") Lr(S)
N . s N ) 1
- (]EH;%JC" LP(S)> ~p (EH;%JC" LP(S)) '

The equivalences (1)<(2)<(3) follow by taking f, := Thy,, n = 1,...,N. This
also gives the first part of (2.2).

(2)=(4): Let g € L?(S) be defined as g = (0%, |Thn|?)?. Forh = SN a,h,
we have, for u-almost all s € S,

N N 1 N 1
Th(s)| = | o anTha(s)] < (D lanl?)" (32 1TRa()?)" < o) Pl

The case of a general h € H follows by an approximation argument.

(4)=(5): Let Hy be a countable dense set in H which is closed under taking
Q-linear combinations. Let N € ¥ be a p-null set such that for all s € CN and for
all h € Hy, |Th(s)| < g(s)||fllg and h — Th(s) is Q-linear on Hy. By the Riesz
representation theorem, applied for each fixed s € CN, the mapping h — Th(s)
has a unique extension to an element k(s) € H with Th(s) = [h,k(s)]y for all
h € Hy. By an approximation argument we obtain that for all h € H we have
Th(s) = [h,k(s)]g for p-almost all s € S. For all s € CN,

k()= sup b k(s)]| = sup  [Th(s)| < g(s).
l7lla <1,heHo lhllz<1,hE€Ho

Putting k(s) = 0 for s € N, we obtain (5) and the last inequality in (2.2).

(2.2) I T\l e, (5)) ~p < llgllzr(s)-

P




STOCHASTIC EVOLUTION EQUATIONS 7

(5)=(3): Let (hy,)2; be an orthonormal basis for H. Let N € ¥ be a p-null
set such that for all s € CN and all n > 1 we have Th,,(s) = [hn,k(s)]. Then for

s € CN,
(S 1Tha()P) " = (3 1M k()™ = ()
n=1 n=1
This gives (3) and the middle equality of (2.2). O

Recall that for domains S C R? and A > ¢ one has H*?(S) < C,(S) (cf. [42,
Theorem 4.6.1]). Applying Lemma 2.1 with ¢ = C' - 1g we obtain the following
result.

Corollary 2.2. Assume S C R? is a bounded domain. If X > g, then for all
€ [1,00), the embedding I : H2(S) — LP(S) is y-radonifying.

From the lemma we obtain an isomorphism of Banach spaces
LP(S;H) ~~(H, L*(S)),
which is given by f +— (h +— [f(), h]g). The next result generalizes this observation:

Lemma 2.3 ([32]). Let (S,3, u) be a o-finite measure space and let p € [1,00) be
fixed. Then f +— (h+— f(-)h) defines an isomorphism of Banach spaces

LP(S;v(H, E)) ~~(H, LP(S; E)).

Stochastic integration. In this section we recall some aspects of stochastic inte-
gration in UMD Banach spaces. For proofs and more details we refer to our paper
[32], whose terminology we follow.

A Banach space E is called a UMD space if for some (equivalently, for all)
p € (1,00) there exists a constant 8, g > 1 such that for all LP-integrable E-valued
martingale difference sequences (d;)7_; and all {—1, 1}-valued sequence (¢;)}_; we
have

23) <EH§%H”)¢ <Bp (Euédju”)?

The class of UMD spaces was introduced in the 1970s by Maurey and Burkholder
and has been studied by many authors. For more information and references to
the literature we refer the reader to the review articles [5, 38]. Examples of UMD
spaces are all Hilbert spaces and the spaces LP(S) for 1 < p < oo and o-finite
measure spaces (5, %, u). If E is a UMD space, then LP(S; E) is a UMD space for
1<p<oo.

Let H be a separable Hilbert space. An H -cylindrical Brownian motion is fam-
ily Wg = (Wu(t))ieo,r) of bounded linear operators from H to L*(2) with the
following two properties:

(1) Wih = (Wg(t)h)iejo,r) is real-valued Brownian motion for each h € H,
(2) EWg(s)g- W (t)h) = (s At)[g, bl for all s,t € [0,T], g,h € H.

The stochastic integral of the indicator process 1(g x4 ® (h® x), where 0 < a <
b < T and the subset A of € is F,-measurable, is defined as

T
/ ]-(a,b}xA & (h ® {,C) dWH = ].A(WH(b)h - WH(a)h)x
0
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By linearity, this definition extends to adapted step processes ® : (0,T) x Q —
L(H, FE) whose values are finite rank operators.

In order to extend this definition to a more general class of processes we introduce
the following terminology. A process ® : (0,T) x Q — L(H, E) is called H -strongly
measurable if ®h is strongly measurable for all h € H. Here, (Ph)(t,w) := ®(¢,w)h.
Such a process is called stochastically integrable with respect to Wy if it is adapted
and there exists a sequence of adapted step processes ®,, : (0,7) x Q — L(H, E)
with values in the finite rank operators from H to FE and a pathwise continuous
process € : [0,T] x Q — E, such that the following two conditions are satisfied:

(1) lim,— oo @,k = ®h in LO((0,T) x ; E) for all h € H;
(2) lim ®,, dWy = ¢ in LY(Q;C([0,T); E)).
0

n—oo

In this situation, ¢ is determined uniquely as an element of L°(Q; C([0,T]; E)) and
is called the stochastic integral of ® with respect to Wy, notation:

C:/O@dWH.

The process ( is a continuous local martingale starting at zero. The following result
from [31, 32] states necessary and sufficient conditions for stochastic integrability.

Proposition 2.4. Let E be a UMD space. For an adapted H -strongly measurable
process ® : (0,T) x Q — L(H, E) the following assertions are equivalent:

(1) the process @ is stochastically integrable with respect to W ;

(2) for all z* € E* the process ®*x* belongs to L°(Q; L?(0,T; H)), and there
exists a pathwise continuous process ¢ : [0,T] x Q@ — E such that for all
z* € E* we have

<<,x*>=/0' Ozt dWy  in LO(Q: C(0,T));

(3) for all z* € E* the process ®*x* belongs to L°(Q; L*(0,T; H)), and there
exists an operator-valued random variable R : Q — ~(L?(0,T; H), E)) such
that for all f € L*(0,T; H) and x* € E* we have

T
(1.0t = [ 0.9 O N de in12(@).

In this situation we have { = [, ®dWy in L°(Q;C([0,T); E)). Furthermore, for
all p € (1,00),

¢ P
5 s | el <y BURL o
In the situation of (3) we shall say that R is represented by ®. Since ® is uniquely
determined almost everywhere on (0,7") x Q2 by R and vise versa (this readily follows
from [32, Lemma 2.7 and Remark 2.8]), in what follows we shall frequently identify
R and ®.
The next lemma will be useful in Section 7.

Lemma 2.5. Let ®: (0,T) x Q — L(H, E) be stochastically integrable with respect
to Wy . Suppose A € F is a measurable set such that for all x* € E* we have

O (t,w)x™ =0 for almost all (t,w) € (0,T) x A.
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Then almost surely in A, for all t € [0,T] we have fot S dWy = 0.

Proof. Let z* € E* be arbitrary. By strong measurability it suffices to show that,
almost surely in A, for all ¢ € [0,T] we have

t
0
For the quadratic variation of the continuous local martingale M we have
T
[M]r = / |®*(s)z*||*ds =0 a.s. on A.
0

Therefore, M = 0 a.s. on A. Indeed, let
7:=inf{t € [0,T] : [M]; > 0},

where we take 7 = T if the infimum is taken over the empty set. Then M7 is
a continuous local martingale with quadratic variation [M7] = [M]™ = 0. Hence
MT7™ =0 a.s. This implies the result. (I

R-Boundedness and y-boundedness. Let F; and Fs be Banach spaces and let
(rn)n>1 be a Rademacher sequence, i.e., a sequence of independent random variables
satisfying P{r, = —1} = P{r, = 1} = 1. A family .7 of bounded linear operators
from FE4 to Es is called R-bounded if there exists a constant C' > 0 such that for all
finite sequences (z,,))_; in Ey and (T,,)"_, in 7 we have

N 9 N
IEH Z rolnxnll < CZEH Z T'nn
n=1 n=1

The least admissible constant C' is called the R-bound of .7, notation R(.7). By the
Kahane-Khintchine inequalities the exponent 2 may be replaced by any p € [1,00).
This only affects the value of the R-bound; we shall use the notation R,(7) for
the R-bound of .7 relative to exponent p.

Upon replacing the Rademacher sequence by a Gaussian sequence we arrive at
the notion of a y-bounded family of operators, whose ~v-bound will be denoted by
v(7). A standard randomization argument shows that every R-bounded family
is «-bounded, and both notions are equivalent if the range space has finite cotype
(the definitions of type and cotype are recalled in the next section).

The notion of R-boundedness has played an important role in recent progress in
the regularity theory of parabolic evolution equations. Detailed accounts of these
developments are presented in [12, 24], where more about the history of this concept
and further references to the literature can be found.

Here we shall need various examples of R-bounded families, which are stated in
the form of lemmas.

Lemma 2.6 ([46]). If ® : (0,T) — L(E1,E>) is differentiable with integrable
derivative, the family

2

T = {CIJ(t) 1 te (O,T)}
is R-bounded in L(E1, Ey), with

T
R(Ts) < ||‘I>(0+)||+/0 12" (2] dt.
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We continue with a lemma which connects the notions of R-boundedness and
~-radonification. Let H be a Hilbert space and E a Banach space. For each h € H
we obtain a linear operator T}, : E — ~(H, E) by putting

Thr =h®ux, x € FE.
Lemma 2.7 ([17]). If E has finite cotype, the family
T —{Tn: Il <1}

is R-bounded in L(E,v(H, E)).

Following [21], a Banach space F is said to have property (A) if there exists

a constant Ca such that if (7/)2_, and (r”)N_, are Rademacher sequences on

probability spaces (€',P’) and (Q”,P") respectively, and (zmn)}y ,—; is a doubly
indexed sequence of elements of F, then

2

Anll4 2 2 IR S A/
E'E < CREE"| Y v rimn

N n

/ 11
E T"mTnTmn
= =1 n=1m=1

Every UMD space has property (A) [6] and every Banach space with property
(A) has finite cotype. Furthermore the spaces L(S) with (S, 3, u) o-finite have
property (A). The space of trace class operators does not have property (A) (see
21)).

The next lemma is a variation of Bourgain’s vector-valued Stein inequality for
UMD spaces [1, 6] and was kindly communicated to us by Tuomas Hytonen.

Lemma 2.8. Let Wy be an H-cylindrical Brownian motion, adapted to a filtration
(Ft)telo, ), on a probability space (2, P). If E is a Banach space enjoying property
(A), then for all 1 < p < co the family of conditional expectation operators

& =A{E(|F): te[0,T]}

is R-bounded, with R-bound Ca, on the closed linear subspace GP(Q; E) of LP(Q2; E)
spanned by all random variables of the form fOT & AWy with ® € v(L*(0,T; H), E).

Proof. Let 1 < p < oo be fixed and choose Eq,...,Ey € &,, say E,, = E(:|F,)
with 0 < ¢, < T. By relabeling the indices we may assume that ¢t; < --- < ty.
We must show that for all Fy,..., Fy € LP(Q; E) of the form F,, = foT @, dWy we
have

2

N 5 N
B> v B Fl| < CRE|| > 1, F,
n=1 n=1
We write E,, = 2?21 Dj, where D; := E; — E;_; with the convention that Eq =
0. The important point to observe is that if ¥; € v(L*(0,T;H),E) and G; :=
fOT V; dWy, the random variables D;G; are symmetric and independent. Hence,
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by a standard randomization argument,

GP(QE HZZT Dj "

n=1j=1

E/

— Gr(OE)

—E’||ZD Zrn »

N
Anl
Py GP(E) -BE HZ”

<02E]E//||Z //DZ r F,

n
Gr (G E)

2
GP(Q; E) AE/H ZD nz ’

GP(OLE)

2 2
=02E’||1ENZr;Fn o) S < CRE/| Zrn .
n=1

Gr(QE)
U

The next lemma, obtained in [20] for the case H = R, states that y-bounded
families act boundedly as pointwise multipliers on spaces of y-radonifying operators.
The proof of the general case is entirely similar.

Lemma 2.9. Let Fq, E> be Banach spaces and let H be a separable Hilbert space.
Let T > 0. Let M : (0,T) — L(Ey, Es) be function with the following properties:

(1) for all x € Ey the function M (-)x is strongly measurable in Es;
(2) the range A4 ={M(t): t € (0,T)} is y-bounded in L(E1, E2).

Then for all step functions ® : (0,T) — L(H, Ey) with values in the finite rank
operators from H to Fy we have

(2.4) M|y (L2 (0,1:m),22) < YA ®Plly(L20,1:1) 1) -

Here, (M®)(t) := M(t)®(t). As a consequence, the mapping ® — M®P has a unique
extension to a bounded operator from v(L?(0,T;H), Ey) to v(L*(0,T; H), E3) of
norm at most y(A).

In [20] it is shown that under slight regularity assumptions on M, the v-bounded-
ness is also a necessary condition.

3. DETERMINISTIC CONVOLUTIONS

After these preliminaries we take up our main line of study and begin with some
estimates for deterministic convolutions. The main tool will be a multiplier lemma
for vector-valued Besov spaces, Lemma 3.1, to which we turn first.

Let E be a Banach space, let I = (a,b] with —co < a < b < 0o be a (possibly
unbounded) interval, and let s € (0,1) and 1 < p,q < oo be fixed. Following [22,
Section 3.b], the Besov space B, ,(I; E) is defined as follows. For h € R and a
function f : I — E, we define T'(h)f : I — E as the translate of f by h, i.e.,

ft+h) ift+hel,
0 otherwise.

(T(R))(E) = {

Put
Ih):={tel: t+hel}
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and, for f € LP(I; E) and ¢t > 0,
op(fit) :== sup [[T(h)f — fllLe(rin;m)

|h|<t
Now define
B (I E) = {f € (I B) : | flls . rum) < o0},
where
! dt\ s
(31) 155 = Wiy + (| 0ent0.0)" F)°
with the obvious modification for ¢ = co. Endowed with the norm || - |5 (1;5),

By ,(I; E) is a Banach space.
The following continuous inclusions hold for all s,s1,s2 € (0,1), p,q,q1,¢2 €
[1700] with q1 S q2, S2 S S1:
By (I;E) — By (I, E), B! (I; E) — B2 (I; E).

p,q1

If I is bounded, then also
B (I;E)— B (I;E)

P1,q P2,q
for 1 < py < p; < o0.

The next lemma will play an important role in setting up our basic framework.
We remind the reader of the convention, made at the end of Section 1, that con-
stants appearing in estimates may depend upon the number T which is kept fixed
throughout the paper.

Lemma 3.1. Let 1 < g < p < o0, s >0 and o > 0 satisfy s < %—% and
a < % - % —s, and let 1 <r < oo. For all T € [0,T0] and ¢ € By .(0,T; E) the
function t — t=*¢(t)1(o,1)(t) belongs to B; .(0,To; E) and there exists a constant

C > 0, independent of T € [0, Tp], such that

[t = t7%0(t)L0,m) (D)l B3, (0,10:8) < CT+ 575" “Nollss.,.0,7:E)-

Proof. We prove the lemma under the additional assumption that a > 0; the proof
simplifies for case a = 0. We shall actually prove the following stronger result

[t = t7%(t) 10,1 (2)]

with a constant C' independent of T' € [0, Tp).
Fix u € [0,7] and |h| < u. First assume that h > 0. Then I[h] = [0,T — h] and,
by Holder’s inequality,

/H¢ (t+h)Lom(t+h)—dt)Lomr(t) H dt)%

(t+ h)e
1 T—h 1
(|t ([ O )’
T q %
(eI

< Cut ol + €T [ ot ) — ot )"

1_1_ 4
By, &E) < CT 22 0llp; (0,7:m)
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Again by Holder’s inequality,

/H¢ ©o,1)(t ¢(t) o) (t H dt)%

t+ h)> A

T a a _pq_ PI;IQ
< (/ |(t+ h)~* —t |p7q dt) 6l L 0,7:)
0
with

T _Pa_ T apgq apgq apg
/ [(t+h)~> =t~ 1 dt < / t7v—a — (t+h)"radt < Ch'"p=a < Cu'"v-a.
0 0

Combining these estimates with the triangle inequality we obtain

/HMM n)(t+h) 6B 1em®) | )s

t+h e
<CUE?57 91l e (0,7;2) +CT****O‘(/
I[h]

(e +h) = ()| dt)”.

A similar estimate holds for A < 0.
Next we split [0,1] = [0,T A1]U[T A1, 1] and estimate the integral in (3.1). For
the first we have

TAL
(/ u~ %" sup
0 |R|<u

TA1 L
= C(/o w [Trra sup [[¢(- + 1) = ¢C)ll e (rn)ie)

|h|<u

Pt + M)l (t+h) o)l (t) "
(t+ h)~ te

t—

dﬁ)%

LY(R;E) U

p—q _  du %
+u e a”QS”LP(O,T;E)} 7)

Qe /u[ sup 6+ 1) ~ 60 arae) )

|h|<u u

1

T
w—ar__du\r
v [ o 2 ol
0

u

< CTf_f_a||¢| B (0,1:E) T CT 7

TS e (0,1 E)-

In (i) we used the triangle inequality in L"(0,7 A 1, %) and in (ii) we noted that

11
Next,
ot + M)l (t+h)  o(t)lomr)(t) 7 B(t) :
(L] [far) " <o [ |52 )
t+ h te
11_q
< CTa™ vl Lr(o,7)-
Using this we estimate the second part:
( / o Ot + M)l (t+h)  ¢t)Lom) ()| du)%
U sup — haked
TAL |h|<u (t+h)« te La(I[h;E) U

1_1_, ! g du %
<crih ||¢HLP(0,T;E)(/ wer )
TA1

u

1_1 s o
<CTa v 10l e 0,7:)-
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Putting everything together and using Holder’s inequality to estimate the L?-norm
of t7*¢(t) we obtain
[t = t"*0() s, 0.1:E)
= [t = t7*¢() || Laco,7;E)
(/1 —sr Pt +h) o) (t+h) o)1) (t)
+ U sup —
0 |h|<u (t+h)> t
1.1 4 11 4 11 4
SCTa » ol oo,y + CT a2~ ||@l 55 (0,1m) + CT 17 9l L 0,7:2)-
([l

. d£>¢

Li(R;E) U

A Banach space F has type p, where p € [1,2], if there exists a constant C' > 0
such that for all z1,...,z, € E we have

n 2% n %
(B> ra|[ ) (D lwilr)".
j=1 j=1

Here (7;);>1 is a Rademacher sequence. Similarly E has cotype g, where g € [2, 00],
if there exists a constant C' > 0 such that for all z4,...,x, € E we have

(S lele) <] Sn])"
1 j=1

j=

In these definitions the Rademacher variables may be replaced by Gaussian variables
without changing the definitions; for a proof and more information see [13]. Every
Banach space has type 1 and cotype oo, the spaces LP(S), 1 < p < oo, have type
min{p, 2} and cotype max{p,2}, and Hilbert spaces have type 2 and cotype 2.
Every UMD space has nontrivial type, i.e., type p for some p € (1,2].

In view of the basic role of the space v(L?(0,T; H), E) in the theory of vector-
valued stochastic integration, it is natural to look for conditions on a function & :
(0,T) — L(H, E) ensuring that the associated integral operator I : L*(0,T; H) —
E

)

T
Isf ::/0 O(t) f(t) dt, feL?0,T;H),

is well-defined and belongs to ~v(L2(0,T; H), E). The next proposition, taken from
[31], states such a condition for functions ® belonging to suitable Besov spaces of
~v(H, E)-valued functions.

Lemma 3.2. If E has type 7 € [1,2), then ® — Ig defines a continuous embedding
BT?,;E(O, TO; ’Y(Ha E)) — 7(L2(07TO; H)v E)a
where the constant of the embedding depends on Ty and the type T constant of E.

11
Conversely, if ® — I defines a continuous embedding B7 ;- 2(0,Ty;v(H, E)) —
v(L?(0,Ty; H), E), then E has type 7 (see [19]); we will not need this result.

Lemma 3.3. Let E be a Banach space with type T € [1,2). Let « > 0 and ¢ > 2
be such that a < % - %. There exists a constant C > 0 such that for all T € [0, Tp]

and ® € Bi;%(O,T;'y(H, E)) we have

1 1
t—s5)"® . <CT2"a7%|® .
tes(léPT) s {6=9) (S)HV(Lz(O’t’H)’E) =¢ | ”Bq%:%((),T;’Y(H,E))
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Proof. Fix T € [0,Tp] and t € [0, T]. Then,

l[s = (t = 8)" ()l (L2(0,:m0), ) = I8 = 57t — 8) |y (L2(0.6:1). )
= HS — S_aq)(t — S)l(o,t)(3)||=y(L2(O,TO;H),E)
()
< —Ol® - 1 1 1
<Cls—s (t—s) (O’t)(S)HBE:é(O,To;A/(H,E))

1_

(i)
< Ct27a s> Pt —s)|| 1_1
BJ+ 2 (0,t;v(H,E))

<CT? 5 @] 1 s .
Bi- 2 (0,Tv(H,E))

In (i) we used Lemma 3.2 and (ii) follows from Lemma 3.1. O
In the remainder of this section we assume that A is the infinitesimal generator
of an analytic Cy-semigroup S = (S(¢))i>0 on E. We fix an arbitrary number w € R

such that the semigroup generated by A —w is uniformly exponentially stable. The
fractional powers (w — A)" are then well-defined, and for > 0 we put

E, :=D((w—-A)").
This is a Banach space with respect to the norm
e, = [zl + [l(w — A)7z].

As is well known, up to an equivalent norm this definition is independent of the
choice of w. The basic estimate

(32) ||S(t)||[,(E,En) S C’t*"]’ te [07T0]7

valid for n > 0 with C' depending on 7, will be used frequently.
The extrapolation spaces E_,, are defined, for > 0, as the completion of E
with respect to the norm

|

o)z, = [[(w = A)""x].

Up to an equivalent norm, this space is independent of the choice of w.

We observe at this point that the spaces F, and E_, inherit all isomorphic
Banach space properties of E, such as (co)type, the UMD property, and property
(A), via the isomorphisms (w — A)" : E;, ~ E and (w— A)™": E_,, ~ E.

The following lemma is well-known; a sketch of a proof is included for the con-
venience of the reader.

Lemma 3.4. Let g € [1,00) and 7 € [1,2) be given, and let n > 0 and 8 > 0 satisfy

n+6 < 2— L There exists a constant C > 0 such that for all T € [0,Ty] and

¢ € L>®(0,T; E_g) we have S x ¢ € Bi;%(O,T;En) and
[|S * ¢||Bi:%(0,T;En) < COTa||Bll o< 0,155 )
Proof. Without loss of generality we may assume that 1,6 > 0. Let € > 0 be such
that n+6 <3 — 1 —c. Then
1S ol 1

1 1
BI; %(O,T;En) < CTa||S * d)Hc%—%—f < CTe||¢llLo(0,1:5_4)-

([0, T];Ey) —

The first estimate is a direct consequence of the definition of the Besov norm, and
the second follows from [26, Proposition 4.2.1]. O
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From the previous two lemmas we deduce the next convolution estimate.

Proposition 3.5. Let E be a Banach space with type 7 € [1,2] and let 0 < o < %
Let > 0 and 0 > 0 satisfy n + 6 < % — % Then there is a constant C > 0 such
that for all0 <t <T <Ty and ¢ € L>*(0,T; E),
—a 1,
l[s = (£ =5)"*(S % d)(s)llyz20.0).8,) < CTZ" |0l Lo 0,1:8_0)-

Proof. First assume that 1 < 7 < 2. It follows from Lemmas 3.3 and 3.4 that for

3tnyq>2suchthabtol<%757

—a 1_1_,
s = (0= 8)75 % d(s)llaz 0., < CT NS %0l gy
l7@
< CT2"|@l| Lo (0,158_4)-

For 7 = 2 we argue as follows. Since E, has type 2, we have a continuous
embedding L?(0,t; E,)) — v(L*(0,t), E,); see [37]. Therefore, using (3.2),

s = (t—5)"*S*d(s)lly(z200,0),8,) < Clls = (t—=35)"*S*d(s)l22(0,6;,)
<Clls= (t—5)""Nr20.0l15 * ¢llL~(0,1:8,)
< CT T |6 L o.mi o)
O

The following lemma, due to Da Prato, Kwapieri and Zabczyk [9, Lemma 2] in
the Hilbert space case, gives a Holder estimate for the convolution

1 t o1
m/0 (t— $)*1S(t — 5)6(s) ds.

The proof carries over to Banach spaces without change.

Roo(t) :=

Lemma 3.6 ([9]
Adn+0<a-—
all ¢ € LP(0,T; E

Llet0<a<1,1<p<oo, A\>0,7>0, and 8 > 0 satisfy
Then there exist a constant C' > 0 and an € > 0 such that for
and T € [0, Tp],

[Rallcro,ryE,) < CTENllr0,1:8-0)-

RS =—

~

4. STOCHASTIC CONVOLUTIONS

We now turn to the problem of estimating stochastic convolution integrals. We
start with a lemma which, in combination with Lemma 2.9, can be used to estimate
stochastic convolutions involving analytic semigroups.

Lemma 4.1. Let S be an analytic Cy-semigroup on a Banach space E. For all
0<a<1ande>0 the family

{t**=S(t) e L(E,E,): t€[0,T)}
is R-bounded in L(E, E,), with R-bound of order O(T¢) as T | 0.

Proof. Let N : [0,T] — L(E,E,) be defined as N(t) = t**¢S(t). Then N is
continuously differentiable on (0,7) and N'(t) = (a + &)t*T=~1S5(t) + t2T AS(t),
where A is the generator of S. Hence, by (3.2),

IN' (Ol e, E.) < Cte=1 for t € (0,T).
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By Lemma 2.6 the R-bound on [0, 7] can now be bounded from above by

T
/ IN' ()| 2, e, dt < CT.
0
O

We continue with an extension of the Da Prato-Kwapien-Zabczyk factorization
method [9] for Hilbert spaces to UMD spaces. For deterministic ®, the assumption
that E is UMD can be dropped. A related regularity result for arbitrary Cpy-
semigroups is due to Millet and Smoleniski [28].

It will be convenient to introduce the notation

Sod(t) := /0 S(t—s)®(s) dWg(s)

for the stochastic convolution with respect to Wy of S and ®, where Wy is an
H-cylindrical Brownian motion.

Proposition 4.2. Let 0 < a < 5, A>0,1n7n2>0,0>0, and p > 2 satisfy
A4+n+60 < a-— %. Let A be the generator of an analytic Cy-semigroup S on a
UMD space E and let ® : (0,T) x Q — L(H,E_g) be H-strongly measurable and

adapted. Then there exist € > 0 and C > 0 such that

T
EHSQ(I)”CA(OT <C’1’T‘Ep/0 Ells — (t —s)"“®(s)|” dt.

322008, 2_9)

Here, and in similar formulations below, it is part of the assumptions that the
right-hand side is well-defined and finite. In particular it follows from the proposi-
tion there exist € > 0 and C' > 0 such that

E||S o |2 < OPTP sup El|s — (t — s)~®(s)|]”

([0, T];Ey) t€[0,T] H'y(LQ(O,t;H),E,g)

provided the right-hand side is finite.

Proof. The idea of the proof is the same as in [9], but there are some technical
subtleties which justify us to outline the main steps.
Let 8 € (0, %) be such that A\+n < 8 — % <a—0-— %. It follows from Lemmas
2.9 and 4.1 that, for almost all ¢ € [0, 7], almost surely we have
s = (t = 5)"7S(t = $)@(s)ll(L2(0,,11),)
< Cta—E—QHS — (t — 8) aq)(S)H'y(L?'(O,t;H),E_g)-
By Proposition 2.4, the process (g : [0,7] x Q — E,
1 t
Ca(t ::7/ t—35)7PS(t — 5)P(s) dWg(s),
o) = gy | () = )(s) W)

is well-defined for almost all ¢ € [0, T] and satisfies

(4.1)

(EI¢s(t)[P)? < Ot P~ (Ells — (t — 5)" (s ) L2 (0,00), 5 ))%

By Proposition A.1 the process (g is strongly measurable. Therefore, by Fubini’s
theorem,

T
”CBHLP(Q;LP(O,T;E)) < CTa_ﬁ_e/O E”S = (t - 5)_a(1)(s)Hg(p(o’t;[{)ﬂ_g) dt.
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By Lemma 3.6, the paths of Rz(s belong to C*([0,77; E,)) almost surely, and for
some ¢’ > 0 independent of T € [0, Ty] we have

HR/@<5 HLP(Q;CA([QT];E”))
(4.2) < OT% |Gpll e (oizr(o.:m))

T
< CTo P70 (/0 Ells — (t - 5)704(1)(5)”?;(Lz(o,t;H),E,e) dt) :

=

The right ideal property (2.1), (4.1), and Proposition 2.4 imply the stochastic
integrability of s — S(t —s)®(s) for almost all ¢ € [0, T]. The proof will be finished
(with e = a— 8 — 0+ ¢£’) by showing that almost surely on (0,7 x €,

Sod = RBCﬂ'
It suffices to check that for almost all t € [0,T] and z* € E* we have, almost surely,

1 t
(4.3) (S o B(t), ) = 7/ (t— )7~ 1(S(t — 5)Cs(s), 2") ds.

I'(B) Jo
This follows from a standard argument via the stochastic Fubini theorem, cf. [9],
which can be applied here since almost surely we have, writing (®(r),z*) =
O*(r)z*,

/0 [{(t = 5)°~1S(t —s)(s =) 775 (s — V() 10,61(), )| 20,0011 45
- /0 [{(s =) 77S(s = )D(:), (t — 8)" 15" (t - S)x*>||L2(0,t;H) ds

t
< /O (s =) 778 (s = VR )lyz2 0, | (E = 8)° 718 (t = 5)a™|| ds,
which is finite for almost all ¢ € [0, 7] by Holder’s inequality. O

Remark 4.3. The stochastic integral So® in Proposition 4.2 may be defined only for
almost all ¢ € [0, T]. If in addition one assumes that ® € LP((0,7) x Q;v(H, E_g)),
then S o ®(t) is well-defined in E,, for all ¢ € [0,T]. This follows readily from (4.3),
[32, Theorem 3.6(2)] and the density of E* in (E,)*. Since we will not need this in
the sequel, we leave this to the interested reader.

As a consequence we have the following regularity result of stochastic convolu-
tions in spaces with type 7 € [1,2). We will not need this result below, but we find
it interesting enough to state it separately.

Corollary 4.4. Let E be a UMD space with type 7 € [1,2). Let p > 2, ¢ > 2,
A>0,17>0,0>0 be such that \+n+0 < %—%—%, Then there is an § > 0 such

that for all H-strongly strongly measurable and adapted ® : (0,T)xQ — L(H,E_yp),

P prdp P
(4'4> E”SO(I)HCA([O’T];E") 0T E”(I)”Bq%'r %(O,TW(H,Efe)).

Proof. By assumption we may choose « € (0, %) such that )\—&-n—|—6‘+% <a< %— %.
The result now follows from Proposition 4.2 and Lemma 3.3 (noting that F_y has
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type 7):

E||S ¢ (I)”]()J*([O,T];En) < CPT*P tesE%pT] E|ls+— (t —s)"*®(s)

< CrpG it g g
B

2
||7(L2(0,t;H),E,9)

0Ty (H,E_g))

1_
T
q,T

The main estimate of this section is contained in the next result.

Proposition 4.5. Let E be a UMD Banach space. Letn >0, 0 >0, a > 0 satisfy
0<n+6<a<sz. Lt®:(0,T)xQ— LH,E_g) be adapted and H-strongly
measurable. Then for all1 <p < oo and all 0 <t <T <Tp,

_ 1, _
E[[(t =) 7S 0 @O 20,1, 5,y < CPTE " PEIE =) RO 120,40, -
Proof. Fix 0 < t < T < Ty. As in Proposition 4.2 one shows that the finiteness
of the right-hand side implies that s — S(t — s)®(s) is stochastically integrable
on [0,t]. We claim that s — S(t — s)®(s) takes values in E, almost surely and is
stochastically integrable on [0, ¢] as an E,-valued process. Indeed, let € > 0 be such
that 8 :=n+ 60+ ¢ < a and put
Na(t) = t7(u — A5 (1)
It follows from Lemmas 2.9 and 4.1 that
ENS(t — VRO oy ) < CEING(E =t =) P BO a0y o)

< CTPE||(t — ')_ﬂq)(')Hz(LQ(O,t;H),Efe)’

and the expression on the right-hand side is finite by the assumption. The stochastic
integrability now follows from Proposition 2.4. This proves the claim. Moreover, by
Proposition A.1, the stochastic convolution process S ¢ ® is adapted and strongly
measurable as an E,-valued process.

Let GP(Q; E,) and GP(Q2 x (I;En) denote the closed subspaces in LP($); E,)
and LP () x ; E,,) spanned by all elements of the form fOT U dWy and fOT U dWy,

respectively, where WH is an independent copy of Wy and W ranges over all adapted
elements in LP(Q;(L?(0,T; H), E)). Since E,, is a UMD space, by Proposition 2.4
the operator

T T
Dp/O U dWy ::/0 U AWy,

is well defined and bounded from GP(€ x ; E,) to GP(Q; E,). Using the Fubini
isomorphism of Lemma 2.3 twice, we estimate

HS = (t—s)""Seo (I’(S)HLP(QW(m(o,t),En))

= s — t—s)"*S(s—7)®(r) dWg(r
/0 ( )~S( )& (r) dWi(r) Y(L2(0,t),GP (04 Ey))

t
_ Dy [ 1i0.0()(t = s)"*S(s — r)®(r)d H
PR p/o (0,6 (1)t — 8)"*S(s — 1)®(r) dWy (r) L0 Gr(E, )

A

t
Lo (1) (t — 8)~“S(s — ) B (r) dIV H _
s [ L0 =580 = ) dWu )| Lo

]

5 /Os(t — §)9S(s — 1)®(r) dWH(T)‘

Lo (Qy(L2(0,t),LP ()
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Rewriting the right-hand side in terms of the function Ng(t) = t%(u— A)"9S(t) in-
troduced above and using the stochastic Fubini theorem to interchange the Lebesgue
integral and the stochastic integral, the right-hand side can be estimated as

Hs - /Os(t — §)79S(s — 1)®(r) dWH(r)’

L (Qy(L2(0,1),LP (% Ey)))

~ 5»—>/Os(tS)Q(HA)U+GS(ST)(I)(T) dWH(T)’

LP(Q5v(L2(0,8),LP (G E_)))

e [t s

= s»—>/os(t—s)_a

X (s—r)"° /0 o N, (w)®(r) dw dWi (r)

L2 (Q;v(L2(0,t),LP (% E_)))

LP(Q5v(L2(0,t),LP (G E_)))

= H3|—>/0 Nj(w)
=) (s — )P (r) A d(
X/o (=8 s =) ") dWa(r) dw|l | o 12000 @-0)

t
=H8!—>/0 Né(w)l(oﬁs)(w)

Fuw /Os(t —8) (s — ) 2D (r) AWy (r) dw‘

L (7 (L2(0,t),LP (5 E_g)))

where Ez (§) = E(¢]F;) is the conditional expectation with respect to Fy =
U(WH(s)h : 0<s<t, he H}. Next we note that

t
/ N ()| dw < T°.
0

Applying Lemmas 2.8 and 2.9 pointwise with respect to w € £, we may estimate
the right-hand side above by

t
| s = 1006

XE]_:

s—w

/S(t )7 s =) P B(r) dWi ()|
0

L (Q7(L2(0,t),LP (9;E_g)))

ST°

s— Bz, /:(t —5) (s =) (r) dWN/H(r)‘

LP(Qy(L2(0,t),LP((5E—0)))

ST°

s —~—
s t—8)"%s—7r)Po(r)dW r’ _
'_)/0 ( )™ ) (r) u(r) LP(Q5v(L2(0,t),LP(E-p)))

STs = [re (8= 5) (s = 1) 10,0 ()@ (r)] HLP(QW(LQ(O,t),'y(Lz(O,t;H),E_g)))'

Using the isometry

Y(Hy,v(Ha, F)) ~ v(Hz,v(Hy; F)),
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and the Fubini isomorphism, the right hand side is equivalent to
e~ TEHS — [7“ = (t—8)"%(s— r)_ﬂl(o’s)(r)q)(r)}
= T‘EHr — [s — (t—s)"%(s— r)*ﬁl(oys)(r)@(r)]

HLP(Q;'Y(Lz(Oyt)”Y(Lz(07t;H)7E—e)))

||LP(Q;’Y(LQ(07t§H)7’Y(L2(0»t)7E—9)))'

To proceed further we want to apply, pointwise with respect to (2, Lemma 2.9
to the multiplier

M : (O,t) - E(E,gfy(Lz(O,t),E,g))
defined by
M(r)z = fri @z, se€(0,t), € E_y,
where f,; € L?(0,t) is the function
fri(s) = —7)%(t—s)"%(s— r)_ﬁl(m)(s).

We need to check that the range of M is y-bounded in L(E_g,vy(L?*(0,t), E_g)).
For this we invoke Lemma 2.7, keeping in mind that R-bounded families are always
~v-bounded and that UMD spaces have finite cotype. To apply the lemma we check
that functions f; are uniformly bounded in L?(0,t):

t t
[ o) ds = = [ (¢ =52 =) as
0 r
1
=(t— r)l_w/ (1 — )22 du
0
1
< Tlfw/ (1 —u)"2*u=28 du.
0
It follows from Lemma 2.9 that
|51 (t= )75 =) 10 ()00 )

< O+ | = (t = 1)~ (r)|

Lr(Qv(L2(0,t:H),v(L?(0,t),E_p)))

L (Q;v(L2(0,t;H),E_y))

_ oo

e (=)0

LP(Qy(L?(0,6:H),E_g))

Combining all estimates we obtain the result. O

5. L%—LIPSCHITZ FUNCTIONS

Let (S,X) be a countably generated measurable space and let p be a finite
measure on (S, ). Then L2(S, ) is separable and we may define

L2(S, 1 B) := y(L*(S, p); E) N L2(S, ; ).

Here, (L?(S,u); E) N L?(S,u; E) denotes the Banach space of all strongly u-
measurable functions ¢ : S — F for which

||¢||L?Y(S,M;E) = ||¢||'7(L2(S,u);E) + H¢||L2(S,N;E)

is finite. One easily checks that the simple functions are dense in L%(S, w; E).
Next let H be a nonzero separable Hilbert space, let E; and F> be Banach
spaces, and let f : S x By — L(H,Es) be a function such that for all x € E
we have f(-,z) € v(L%(S,u; H), E3). For simple functions ¢ : S — E; one easily
checks that s — f(s,d(s)) € Y(L*(S,u; H), Ez). We call f L2-Lipschitz function
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with respect to p if f is strongly continuous in the second variable and for all simple
functions ¢1,¢2 : S — Ei,
(51) ||f(a ¢1) - f(a ¢2)||V(L2(S,M;H),E2) < OH(bl - ¢2||L,2Y(S,M;E1)'
In this case the mapping ¢ — S, r¢ = f(-,¢(-)) extends uniquely to a Lipschitz
mapping from L%(S,u; E1) into v(L2(S, u; H), E3). Tts Lipschitz constant will be
denoted by L, ..

It is evident from the definitions that for simple functions ¢ : S — FEj, the
operator Sy(¢) € v(L*(S, u; H), E2) is represented by the function f(-,¢(-)) The
next lemma extends this to arbitrary functions ¢ € L,QY(S, w; En).

Lemma 5.1. If f : S x Ey — L(H,E>2) is an L%-Lipschitz function, then for
all ¢ € L2(S,p; E) the operator Sy, s¢ € v(L*(S,u; H), Ea) is represented by the
function f(-,¢(+)).

Proof. Let (¢n)n>1 be a sequence of simple functions such that ¢ = lim,,—, ¢, in
L,QY(S , 15 B1). We may assume that ¢ = lim,,—,« ¢, p-almost everywhere. It follows
from (5.1) that (f(-, n(-)))n>1 is a Cauchy sequence in y(L?(S, u; H), Eo). Let R €
Y(L2(S, u; H), Eo) be its limit. We must show that R is represented by f(-, #(-)).
Let 2* € Ej be arbitrary. Since R*z* = lim, oo f*(-, dn(-))x* in L2(S, u; H) we
may choose a subsequence (ng)r>1 such that R*z* = limg_ o f*(-, n, (-))* p-
almost everywhere. On the other hand since f is strongly continuous in the second
variable we have

klim F(s, P, (8))x™ = f*(s,p(s))x™ for p-almost all s € S.

This proves that for all h € H we have R*z* = f*(-,¢(:))z* p-almost everywhere
and the result follows. O

Justified by this lemma, in what follows we shall always identify S, ¢ with

If f is L2-Lipschitz with respect to all finite measures y on (S, %) and

L} :==sup{L, ;: pu is a finite measure on (S5, %)}
is finite, we say that f is a L%—Lipschitz function. In type 2 spaces there is the
following easy criterium to check whether a function is L%—Lipschitz.
Lemma 5.2. Let E> have type 2. Let f : S x Ey — v(H, E3) be such that for all
x € Ey, f(-,x) is strongly measurable. If there is a constant C such that
(5.2) 1f (s, o)y < CA+|zl), s€S, xe kb,
(5'3) Hf(s,x) - f(say)H'y(H,Eg) < CHJS - y||7 s€S, xy€ ki,

then f is a L?Y—Lipschitz function and L'} < CyC, where Cy is the Rademacher type
2 constant of Eo. Moreover, it satisfies the following linear growth condition

I Dy r2(s,msiy, m2) < C2O(1+ (|0l L2(s,54))-
If f does not depend on S, one can check that (5.1) implies (5.2) and (5.3).

Proof. Let ¢1,¢2 € L?(S,u; E1). Via an approximation argument and (5.3) one
easily checks that f(-,¢1) and f(-,¢2) are strongly measurable. It follows from
(5.2) that f(-,¢1) and f(-, ¢2) are in L%(S, u;y(H, F2)) and from (5.3) we obtain

(5.4) 1f(5 1) = Fs D2l L2(sumv(a,E2)) < Cllor — d2llL2 (s, E:)-



STOCHASTIC EVOLUTION EQUATIONS 23

Recall from [34] that L2(S, u;~y(H, Ey)) — v(L?(S,u; H), E;) where the norm of
the embedding equals Cy. From this and (5.4) we conclude that

I f(d1) = F( d2)lyr2(s,um),B) < CoClld1 — b2l 12(5 1581 )-

This clearly implies the result. The second statement follows in the same way. [

A function f : Fy — L(H, E5) is said to be L% -Lipschitz if the induced function
f:S%xE — L(H, E5), defined by f(s,x) = f(x), is L?Y—Lipschitz for every finite
measure space (S, X, ).

Lemma 5.3. For a function f : By — L(H,Es), the following assertions are
equivalent:
(1) f is L2-Lipschitz;
(2) There is a constant C such that for some (and then for every) orthonormal
basis (hm)m>1 of H and all finite sequences (x,)Y_1, (yn)N_1 in By we have

EH i Z'Ynm<f(mn)hm - f(yTL)hm)H2

n=1m2>1

2 N
+C? Z (e ynH2

n=1

N
S OQEH Z ’Yn(xn - yn)
n=1

Proof. (1) = (2): Let (hy)m>1 be an orthonormal basis and let (x,)Y_; and
(yn)N_, in E; be arbitrary. Take S = (0,1) and u the Lebesgue measure and
choose disjoint sets (S,,)2_; in (0,1) such that u(S,) = + for all n = 1,...,N.
Now define ¢ := ZnN:1 1ls, @z, and ¢y 1= Zﬁ;l 1s, @ yYn. Then (2) follows from
(5.1).

(2) = (1): Since the distribution of Gaussian vectors is invariant under or-
thogonal transformations, if (2) holds for one orthonormal basis (A, )m>1, then it
holds for every orthonormal basis (hy,)n>1. By a well-known argument (cf. [16,
Proposition 1]), (2) implies that for all (a,,)_, in R we have

EH XN: Zan'ynm(f(xn)hm - f(yn)hM)H2

n=1m2>1

N N
2
= CQEHZa"'Yn(xn_yn) +022ai”$n _yn||2'
n=1 n=1
Now (5.1) follows for simple functions ¢, and the general case follows from this by
an approximation argument. (I

Clearly, every L?Y—Lipschitz function f : Ey — ~v(H, E5) is a Lipschitz function.
It is a natural question whether Lipschitz functions are automatically L?Y—Lipschitz.
Unfortunately, this is not true. It follows from the proof of [30, Theorem 1] that
if dim(H) > 1, then every Lipschitz function f : Ey — ~(H, Ey) is L2-Lipschitz if
and only if F5 has type 2.

A Banach space E has property () if for all N > 1 and all sequences (2, )2

m,n=1
in F we have
N N 2
roon
EH § TmnTmn E T"mTnTmn
m,n=1 m,n=1

2
= E/E//
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Here, ("mn)m.n>1s (Thy)m>1, and (7,),>1 are Rademacher sequences, the latter two
independent of each other. By a randomization argument one can show that the
Rademacher random variables can be replaced by Gaussian random variables. It
can be shown using the Kahane-Khintchine inequalities that the exponent 2 in the
definition can be replaced by any number 1 < p < co.

Property («) has been introduced by Pisier [36]. Examples of spaces with this
property are the Hilbert spaces and the spaces LP for 1 < p < oo.

The next lemma follows directly from the definition of property («) and Lemma
5.3.

Lemma 5.4. Let Ey be a space with property (). Then f: Ey — v(H, Eg) is L,QY—
Lipschitz if and only if there exists a constant C' such that for all finite sequences
(2,)N_; and (y,)N_, in E; we have

2 N
+C*Y an —yal®.

n=1

N 2 N
E| St = 1w, < P Dt =)
n=1 2 n=1

In particular, every f € L(F1,v(H, E2)) is L%-Lipschitz.

When H is finite dimensional, this result remains valid even if E5 fails to have
property («).

The next example identifies an important class of Li—Lipschitz continuous func-
tions.

Ezample 5.5 (Nemytskii maps). Fix p € [1,00) and let (S, 3, 1) be a o-finite mea-
sure space. Let b : R — R be a Lipschitz function; in case u(S) = oo we also assume
that b(0) = 0. Define the Nemytskii map B : LP(S) — LP(S) by B(z)(s) := b(x(s)).
Then B is L%—Lipschitz with respect to u. Indeed, it follows from the Kahane-
Khintchine inequalities that

N 2, 1 N » N
(EH Z:”"(B(x”) - B(y"))H )~ (/S (Z_: b(n(s)) = blya(s))?) " du(s))”
<n(/ (i 2a(s) = 1a(6))  dus))”
N

2)%

Zp Lb (]EH Z 771(37n - yn)

n=

—

Now we apply Lemma 5.3.

6. STOCHASTIC EVOLUTION EQUATIONS I: INTEGRABLE INITIAL VALUES

On the space E we consider the stochastic equation:
dU(t) = (AU(t) + F(t,U(t))) dt + B(t,U(t)) dWx(t), t €10, To],

(SCP) {U(O):uo

where Wy is an H-cylindrical Brownian motion. We make the following assump-
tions on A, F, B, ug, the numbers n,0p,0p > O:
(Al) The operator A is the generator of an analytic Cy-semigroup S on a UMD
Banach space E.
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(A2) The function
F:0,To) xQx E,— E_g,
is Lipschitz of linear growth uniformly in [0, Tp] X £, i.e., there are constants
Ly and CF such that for all t € [0,Tp],w € Q and z,y € E,,
|(F(t,w,z) = F(t,w, ), < Lrlz—ylle,
[F(tw,2)llp_y, <Cr+[zle,)
Moreover, for all z € E,, (t,w) — F(t,w,z) is strongly measurable and
adapted in E_g,..
(A3) The function

B:[0,To) xQx E, — L(H,E_g,)

is L?Y—Lipschitz of linear growth uniformly in €2, i.e., there are constants L}
and C} such that for all finite measures p on ([0, To], Bjo,1,)), for all w € Q,
and all ¢17 ¢2 € L?y((oa T0)7 5 E?])7

[(B(-;w, ¢1)— B(-,w, 92)) 5 (L2((0,T0),:H), B )
< Lyllér — b2l 2 (0,70) )

and
B(w, O)llyL2(0,10) sy B0 ) < CB(L+ 19 L2 ((0,70) :,))-
Moreover, for all z € E,, (t,w) — B(t,w,z) is H-strongly measurable and
adapted in E_g,.
(A4) The initial value ug : Q@ — E, is strongly Fo-measurable.
We call a process (U(t))e(0,1,] @ mild Ey-solution of (SCP) if

(i) U :[0,Tp] x Q — E, is strongly measurable and adapted,
(ii) for all t € [0, Tp], s — S(t — s)F(s,U(s)) is in LO(Q; L1(0,¢; E)),
(iii) for all ¢ € [0,Tp], s — S(t — s)B(s,U(s)) H-strongly measurable and
adapted and in y(L?(0,t; H), E) almost surely,
(iv) for all ¢ € [0,Tp], almost surely

U(t) = S(t)uo + S % F(U)(t) + S o B(, U)(2).

By (ii) the deterministic convolution is defined pathwise as a Bochner integral,
and since E is a UMD space, by (iii) and Proposition 2.4 the stochastic convolutions

is well-defined.

We shall prove an existence and uniqueness result for (SCP) using a fixed point

argument in a suitable scale of Banach spaces of E-valued processes introduced

next. Fix T € (0,Tp), p € [1,00), a € (0, 3). We define VZ _([0,T] x & E) as the
space of all continuous adapted processes ¢ : [0,T] x Q@ — E for which

9llve . 0,11x0:E)

1
= E10lE o) + sup (Blls = (t =)0 1200018 )

"=
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is finite. Similarly we define V2 ([0, 7] x Q; E) as the space of pathwise continuous
and adapted processes ¢ : [0,T] x Q@ — E for which

¢llve (0. 11x0:E)

1 T , 1
= @61 o)+ ([ Bl = €= 900 B 0. )

is finite. Identifying processes which are indistinguishable, the above norm on
V2 ,([0,T] x ; E) and V2 ([0, T] x ©; E) turn these spaces into Banach spaces.

The main result of this section, Theorem 6.2 below, establishes existence and
uniqueness of a mild solution of (SCP) with initial value uwy € LP(Q, Fo; E,;) in
each of the spaces V7 ([0, Tp] x ; E) and VP ([0, To] x €; E). Since we have a
continuous embedding VY ([0, To] x Q; E) — VP ([0,Tp] x ; E), the existence
result is stronger for V2 ([0, To] x Q; E) while the uniqueness result is stronger for
V2 ([0, To] x Q; E).

For technical reasons, in the next section we will also need the space f/;p([o, T] x
Q; E) which is obtained by ‘pathwise continuous’ replaced by ‘pathwise bounded and
Bjo, 1) ® F-measurable’ and C([0,T]; E) replaced by By,([0,T]; E) in the definition
of Voﬁp([QT] x ; E). Here By([0,T]; E) denotes the Banach space of bounded
strongly Borel measurable functions on [0,7] with values in E, endowed with the
supremum norum.

Consider the fixed point operator

Lr(¢) = [t = S(t)uo + S+ F(-,¢)(t) + S o B(,9)(t)].

In the next proposition we show that Ly is well-defined on each of the three spaces
introduced above and that it is a strict contraction for T small enough.

Proposition 6.1. Let E be a UMD space with type T € [1,2]. Suppose that (Al)-
(A4) are satisfied and assume that 0 < n+ 0p < % — % and 0 < n+0p < % Let
p>2and a € (0,3) be such that n+0p < o — %. If ug € LP(SY; Ey)), then the
operator Lt is well-defined and bounded on each of the spaces

Ve {VE (0,T] x % Ey), VE,([0,T] x 4 E,), VE,([0,T] x Q; E,)},

and there exist a constant Cr, with limr o Cr = 0, such that for all ¢1,¢2 €V,

(6.1) IL7(¢1) — Lr(d2)llv < Crll¢r — ¢2[lv.

Moreover, there is a constant C > 0, independent of ug, such that for all ¢ € V,
1

(6.2) IL7(d)llv < C(1 + (Elluollp, )¥) + Crllollv-

Proof. We give a detailed proof for the space V? ([0, 7] x €; E,). The proof for
V2 ,([0,T] x Q; E;) is entirely similar. For the proof for VO{”p([O,T] x Q; E,) one
replaces C([0,T7]; E) by Bp((0,7); E).

Step 1: Estimating the initial value part. Let € € (0, %) From Lemmas 2.9 and
4.1 we infer that

||5 — (t - 5)7QS(5)UO||7(L2(07t),En) < C”S — (t — S)iasiell{)|‘,Y(L2(O,t)7En)
=Clls— (t—5)""s " [|L2(0,0)lluoll &,
< Clluo

E,-
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For the other part of the V2 ([0, 7] x Q; E;)-norm we note that

1Suollcqo,);E,) < Clluollz, -
It follows that
||SU0||V£,OQ([0,T]><Q;E,7) < C||UO||LP(Q;E,7)~

Step 2: Estimating the deterministic convolution. We proceed in two steps.

(a): Fory € C([0,T]; E_g,.) we estimate the V ([0, T] x Q; E,)-norm of S *1).

By Lemma 3.6 (applied with o = 1 and A = 0) S * % is continuous in E,. Using
(3.2) we estimate:

t
1S * Yllego,m;E,) < C/O (t— )77 ds |¢lloqo.r1:2-0,)
< CT "% Yl eqo, i )-
Also, since F has type 7, it follows from Proposition 3.5 that
—o i_a
(6.4) s (t—5)"*S x(s)lly(r2(0,0),5,) < T *¥llcqorE_e,)-

Now let ¥ € LP(Q;C([0,T]; E—¢,)). By applying (6.3) and (6.4) to the paths
VU(-,w) one obtains that S+ ¥ € V2 _([0,T] x Q; E;) and

(6.3)

min{l—a,1—-n—
(6.5) 1S+ ¥llve _omxae,) < CT {z=el=m GF}H‘I’HLP(Q;C([O,T];E,GF))-

(b): Let ¢1,¢2 € VP ([0,T] x Q; Ey). Since F is of linear growth, F(-,¢;)
and F(-,¢2) belong to LP(Q;C([0,T]; E_g,)). From (6.5) and the fact that F is
Lipschitz continuous in its E,-variable we deduce that S (F (-, ¢1)), S*(F (-, ¢2)) €
V2 ([0, T] x ; E,) and

1S # (F(-,¢1) = F (-, 92)llve . (0.1)x2:2,)
(6.6) < ormin{E=al=n=0r}||(F(., ¢;) — F(., $2))lLr(@ic(0,11:E )
< C«Tmin{%*a,lfnfeF}LF”qbl _ ¢2||V£100([0’T}XQ;E").

Step 8: Estimating the stochastic convolution. Again we proceed in two steps.
(a): Let ¥ :[0,T) x Q — L(H,E_g,) be H-strongly measurable and adapted
and suppose that

(6.7) tes[tépT]EHs — (t— 3)704‘1’(5)Hs(LZ(o,t;H),E_gB) < 0.

We estimate the V2  ([0,T] x ©; E,))-norm of S o V.
From Proposition 4.2 we obtain an € > 0 such that

S

1
(EHSO\I’”g([O,T];EU))p < CT* sup (EHS s (t— 8) "W (s)

I 220,650, 80,,))
te[0,T) B

For the other part of the norm, by Proposition 4.5 we obtain that

1

(EHS — (t - 8)7QS<> \]:I(S))|‘5(L2(O,t;H),ET,)> !

=

1_p_ _
<CT=z7" 0B (]EHSI—) (t—s) aqj”g(L?(OJ;H),E,gB))
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Combining things we conclude that
1S o ¥llve _o,mx0:E,)

(68) < CTmin{%fnfeg,s}( sup

t€[0,T]

For t € [0,T] let ju¢,o be the finite measure on ((0,t), B(g)) defined by

ja(B) = /0 (t — 5)"2%1(s) ds.

Notice that for a function ¢ € C([0,t]; E) we have
6 € YLX((0,1), pr,0), B) = 5 = (t = 5)7"¢(s) € 1(L*(0,1), E).

S

(EHS = (t— 3)706\1](5)HZ(LZ(O,t;H),EfeB))

(b):

Trivially,
91l 22((0,6),p10.058) = (& = )" O 220,60 < Ct27 9l c(j0,7); E)-

Now let ¢1,¢2 € V2 ([0,T] x Q; E,). Since B is L2-Lipschitz and of linear

growth and ¢; and ¢- belong to L%((O,t), tt,o; Ey) uniformly, B(-, ¢1) and B(-, ¢2)
satisfy (6.7). Since B(-,¢1) and B(:, ¢3) are H-strongly measurable and adapted,

it follows from (6.8) that B(-,¢1), B(-,¢2) € VZ ([0, T] x Q; E,) and

(6.9)
[S o (B(+,¢1) — B(:, ¢2))HV£,OC([0,T]xQ;En)

B =

< Tmin{%fnfﬁg,s}
(Ells = (¢ = ) [B(s,61(5)) = Bls, 62D 20,0054, ))

X ( sup
t€(0,T]

3=

= 73009 sup (BJ|B(, 61) — B(,62)% 1 | )
te[0.7] ” ( 1) ( 2)||7(L ((0,8),1t,05H), E_o5)
1

N te[0,7T] ” ”Lf,((O,t)wt,a,En)

=

min{i—n— —«
< Lyrmin{i-n 93,5}[ sup (EHSH@—S) [¢1—¢2}||§(L2(07Mn))
t€[0,T]

+ T2 PE| ¢y — ¢2H%([0,T];En)) p}

min{i—n—
SLET™ 17055 16y — Gallve _orx0s8,)-
Step 4: Collecting the estimates. It follows from the above considerations that
Ly is well-defined on V2 _([0,T] x €; E,) and there exist constants C' > 0 and

B> 0 such that for all ¢1, és € V2 ([0, T] x ©; E,) we have

(6.10)  [|L7(61) — Lr(d2)llve o (o.1)x0:8,) < CT  lé1 = dallve _(jo.1)x:,)-
The estimate (6.2) follows from (6.10) and

1
LT (O)lve o 11x0:E,) < C(1+ (EHUOHI}]«;W)”
O

Theorem 6.2 (Existence and uniqueness). Let E be a UMD space with type T €
[1,2]. Suppose that (A1)-(A4) are satisfied and assume that 0 < n+0p < 2 — 1
1

=

1. Letp > 2 and a € (0,3) be such that n+0p < o —

and 0 < n+0p < 5
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If ug € LP(2, Fo; Ey), then there exists a mild solution U in VP ([0, To] x Q; Ey)
of (SCP). As a mild solution in V2 ([0,T] x Q; Ey), this solution U is unique.
Moreover, there exists a constant C > 0, independent of ug, such that

(6.11) 1Ulve . o,mo)x s, < C(1+( %,,,)5)~

Proof. By Proposition 6.1 we can find T € (0,7Tp], independent of ug, such that
Cr < % It follows from (6.1) and the Banach fixed point theorem that L has
a unique fixed point U € VP ([0,T] x Q; E;). This gives a continuous adapted

process U : [0,T] x Q — E,, such that almost surely for all ¢ € [0,7],
(6.12) U(t) = S{t)uo+ S* F(-,U)(t) +SoB(-,U)(t).
Noting that U = lim,, o L+(0) in V2 ([0,7] x ; Ey), (6.2) implies the inequality

1
1Ullve . qo.11x0:m,) < CA+ (Elluollz,)?) + CrllUllve . o11x0:8,):
and then Cp < % implies

1
(6.13) 1Ullve . o,rxa:m,) < C(A+ 11)3,,,)?)-
Via a standard induction argument one may construct a mild solution on each of
the intervals [T, 2T],...,[(n — 1)T,nT], [nT, Ty] for an appropriate integer n. The

induced solution U on [0,Tp] is the mild solution of (SCP). Moreover, by (6.13)
and induction we deduce (6.11).

For small T € (0, Tp], uniqueness on [0, T'] follows from the uniqueness of the fixed
point of Ly in V¥ ([0, 7] x €; E,). Uniqueness on [0, Tp] follows by induction. [

In the next theorem we deduce regularity properties of the solution. They are
formulated for U — Swuy; if ug is regular enough, regularity of U can be deduced.

Theorem 6.3 (Regularity). Let E be a UMD space with type T € [1,2] and suppose
that (A1)-(A4) are satisfied. Assume that 0 < n+6p < 3—% and 0 < n+6p < l—l
with p > 2. Let A\ > 0 and § > n satisfy A + 6 < min{3 — 5 0,1 —6r}. Then
there exists a constant C' > 0 such that for all ug € LP($; Ey),

1

(6.14) (BIU = SuollZ o 1155)) " < CO+ (Eluoll, )7
Proof. Choose r > 1 andO <a<j L such that A\ +6 < 1— ~—0p,n+0p <a-—
and A\+0+0g <a—1 LetUe V2 ([0, To] x ; Ey) be the mild solution from

Theorem 6.2. It follows from Lemma 3.6 (with @ = 1) that we may take a version
of S* F(-,U) with

E”S*F( )”C*(OTD] Es) —C]EHF(’ )HpTOTD,E 0p)

< CEIFC, D) omyys o

Similarly, via Proposition 4.2 we may take a version of S % B(-,U) with
ENIS 0 B, 0)2 o1

<C sup E|s— (t—5)""B )
te[0,To) | ( ) B UE)I Y(L2(0,t:H),E—op)

Define U : [0,Tp] x Q — E,, as
U(t) = S(tyuo + S * F(-,U)(t) + S o B(-, U)(1),
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where we take the versions of the convolutions as above. By uniqueness we have
almost surely U = U. Arguing as in (6.9) deduce that

E|IU — Suol o g0y < CL+ (U

;Es) 00 ([0, To] X% B, ))

Now (6.14) follows from (6.11). O

7. STOCHASTIC EVOLUTION EQUATIONS II: MEASURABLE INITIAL VALUES

So far we have solved the problem (SCP) for initial values ug € LP(Q, Fo; Ey).
In this section we discuss the case of initial values ug € L%(2, Fo; E,)).

Fix T € (0,Tp). For p € [1,00) and a € (0, ) we define V) ([0, 7] x Q; E) as the
linear space of continuous adapted processes qb [0,T] x Q — E such that almost
surely,

T 1
I¢lleo,ry:e) + (/O s = (¢ = )3 200,00, dt) " < oo

As usual we identify indistinguishable processes.

Theorem 7.1 (Existence and uniqueness). Let E' be a UMD space of type T € [1,2]

and suppose that (Al)- (A4) are satisfied. Assume that 0 < n —l— Op < 2 -1 and

n+0p < s. If a € (0, ) and p > 2 are such that n+0p < o= , then there exists
a unique mzld solution U € V) ([0, To] x ; E,) of (SCP).

For the proof we need the following uniqueness result.

Lemma 7.2. Under the conditions of Theorem 6.2 let Uy and Uy in VP ([0, T] x
Q; E,) be the mild solutions of (SCP) with initial values u; and ug in LP(2, Fo; Ey).
Then almost surely on the set {u; = us} we have Uy = Us.

Proof. Let T' = {u; = us}. First consider small T' € (0, Tp] as in Step 1 in the proof
of Theorem 6.2. Since I' is Fp-measurable we have

|Ui1r — Ualr|lve o 11x:8,) = L7 (U1)1r — Lr(U2)1rllve _o,rx0:E,)
(L7 (Uilr) — Lr(U21r))1rllve _o.m1x0:E,)

UL = Ualrllve _oixeiE,)

IA

hence almost surely Ut |jo,71x1r = Uz|jo, 7)<
To obtain uniqueness on the interval [0, 7] one may proceed as in the proof of
Theorem 6.2. (Il

Proof of Theorem 7.1. (Existence): Define (uy)n>1 in LP(Q, Fo; E;)) as

U 2= 1{jjug|| g, <n}U0-

By Theorem 6.2, for each n > 1 there is a unique solution U, € V2 ([0, T] xQ; E;))
of (SCP) with initial value u,,. By Lemma 7.2 we may define U : (0,Tp) x Q — E,,
as U(t) = limy, oo Up(¢) if this limit exists and 0 otherwise. Then, U is strongly
measurable and adapted, and almost surely on {||lug||, < n}, for all t € (0,Tp) we
have U(t) = Uy (t). Hence, U € V ([0,T] x Q; Ey). It is routine to check that U
is a solution of (SCP).

(Uniqueness): The argument is more or less standard, but there are some sub-
leties due to the presence of the radonifying norms.
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Let U,V € V2 ([0, Ty] x €; E,) be mild solutions of (SCP). For each n > 1 let
the stopping times U and vY be defined as

To
W =it {r e (0,7;) / Is = (¢ = ) U)o ) 20,05, 4 = 0,
WU = inf{r e [0,7]: |U)||g, > n}

This is well-defined since

To
” o / s = (t = )" U(s) Lo ()7 2 0.0y, At

is a continuous adapted process by [32, Proposition 2.4] and the dominated conver-
gence theorem. The stopping times pY and vV are defined in a similarly. For each
n>1let

Tn:ug/\ug/\u,‘:/\yv

n

and let U, = Ul and V,, = V1. Then for all n > 1, U,, and V,, are in
f/ogp([o, To] x Q; E,). One easily checks that

Un = 1[0,77,](LT(Un))TH and V, = 1[0,7'n](LT(Vn))T"a

where Ly is the map introduced preceding Proposition 6.1 and (Lr(Uy,))™ () :
(L7(Uy))(t A 7,). By Proposition 6.1 we can find 7' € (0, Tp] such that Cp < 1.
routine computation then implies

>l

1
1Un = Valloz  oryxa:z,) < 21Un = Vallvz, qo.01x0:m,)-

We obtain that U,, =V, in f/(f’p([O,T] x Q; E,), hence P-almost surely, U,, = V,,.
Letting n tend to infinity, we may conclude that almost surely, U = V on [0,T].
This gives the uniqueness on the interval [0, T]. Uniqueness on [0, Tp] can obtained
by the usual induction argument. [

Note that in the last paragraph of the proof we needed to work in the space
f/(f,p([o, T x Q; E,) rather than in V2 ([0,T] x Q; E,) because the truncation with
the stopping time destroys the pathwise continuity.

By applying Theorem 6.3 to the unique solution U,, with initial value u, :=
l{HuoIIEn <n}Uo, the solution U := lim, .. U, constructed in Theorem 7.1 enjoys
the following regularity property.

Theorem 7.3 (Holder regularity). Let E be a UMD space and type 7 € [1,2]
and suppose that (A1)-(A4) are satisfied. Assume that 0 < n+6p < 2 — L1 and
0<n+6p < % Let A > 0 and § > n satisfy A+ < min{%—9371—0F},
Then the mild solution U of (SCP) has a version such that almost all paths satisfy

U — Sug € C*([0, Ty]; Es).

Proof of Theorem 1.1. Part (1) is a the special case of Theorem 6.2 corresponding
to7 =1 and 6p = 05 = 0. For part (2) we apply Theorem 7.3, again with 7 = 1
and 9F = 93 =0. [l



32 J.M.A.M. VAN NEERVEN, M.C. VERAAR, AND L. WEIS

8. STOCHASTIC EVOLUTION EQUATIONS III: THE LOCALLY LIPSCHITZ CASE

Consider the following assumptions on F' and B.
(A2)" The function F : [0,Tp] x Q x E,, — E_g,, is locally Lipschitz, uniformly in
[0,Tp] x Q, i.e., for all R > 0 there exists a constant L% such that for all
t€[0,To], we Qand ||z||g,, [|yle, <R,

IF(t,w,2) = F(t,w,9) -0, <Lile—yle

Ey-
Moreover, for all € E,, (t,w) — F(t,w,z) € E_g, is strongly mea-
surable and adapted, and there exists a constant Cro such that for all
t €10,7Tp] and w € Q,

HF(t7w7O)”E79F < CYF',O-

(A3)" The function B : [0,Ty] x Q x E, — L(H,E_g,) is locally L2-Lipschitz,
uniformly in €2, i.e., there exists a sequence of L%-Lipschitz functions B,
[0, To] x Qx By — L(H, E_g,) such that B(-,z) = By(-,z) for all ||z|| g, <
n. Moreover, for all z € E,, (t,w) — B(t,w,xz) € E_g, is H-strongly
measurable and adapted, and there exists a constant Cp ¢ such that for all
finite measures p on ([0, To], Bjo,7;)) and all w € €,

[t = B(t,w, 0)lly(L2((0,T0) 1), E_o,,) < CB0-

One may check that the locally Lipschitz version of Lemma 5.2 holds as well. This
gives an easy way to check (A3)’ for type 2 spaces E.
Let ¢ be a stopping time with values in [0, Tp]. For ¢ € [0, Tp] let

Qo) ={weQ:t <o)},
[0,0) x Q={(t,w) €[0,Tp] x 2:0 <t < p(w)},
[0,0] x Q= {(t,w) € [0,Tp] x 2:0<t < p(w)}.
A process ( : [0,0) xQ — E (or (¢(t)):e[o,0)) is called admissible if for all ¢ € [0, To],
Q(0) 2 w — ((t,w) is Fi-measurable and for almost all w € Q, [0, o(w)) > t
¢(t,w) is continuous.
Let £ be a UMD space. An admissible E,-valued process (U(t)).c[o,0) is called
a local solution of (SCP) if ¢ € (0,Tp] almost surely and there exists an increasing
sequence of stopping times (g,,)n>1 with ¢ = lim,,_ 0, such that
(i) for all t € [0, 0], s — S(t — $)F (-, U(5))1(g,,1(s) € LY (2 L} (0,t; Ep)),
(ii) forallt € [0, Ty, s — S(t—s)B(-,U(5))10,0,](8 s)€ LY (;~v(L%(0,t; H), Ey)),
(iii) almost surely for all ¢ € [0, p,],
U(t) = S{t)ug+ S« F(-,U)(t)+SoB(-,U)t).
By (i) the deterministic convolution is defined pathwise as a Bochner integral.
Since E is a UMD space, by (ii) and Proposition 2.4 we may define the stochastic
convolution as

So B(- /St—s (5, U()) 10,001 (5) AW (s), ¢ € [0, p].

A local solution (U(t)).e(o,) is called marimal for a certain space V' of E;-valued
admissible processes if for any other local solution (ﬁ(t))te[o 5) in V, almost surely

we have ¢ < p and U=U lj0,5)- Clearly, a maximal local solution for such a space
V is always unique in V. We say that a local solution (U(t)):e[o,o) of (SCP) is
a global solution of (SCP) if p = Ty almost surely and U has an extension to a
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solution U : [0, Tp] x Q@ — E, of (SCP). In particular, almost surely “no blow” up
occurs at t = T1p.
We say that ¢ is an explosion time if for almost all w € Q with o(w) < Tp,

lim sup ||U (¢, w)]
tTo(w)

E, = Q.

Notice that if o = Ty almost surely, then o is always an explosion time in this
definition. However, there need not be any “blow up” in this case.

Let o be a stopping time with values in [0,7p]. For p € [1,00), a € [0,3)
and n € [0,1] we define Vg:;,oc([o, 0) X §); E) as all E-valued admissible processes
(é())te[0,0) such that there exists an increasing sequence of stopping times (0n)n>1

with ¢ = lim,, .o 0» and almost surely

T
o, + / s = (6 = )00 0 (I g oy 1) " < .
In the case that for almost all w, g, (w) =T for n large enough,
0,1 . — /0 .
Va,p“([o, 0) x4 E) = Va’p([O,T] x ; F).

Theorem 8.1. Let E be a UMD space with type T € [1,2] and suppose that (A1),
(A2)', (A3)', (A4) are satisfied, and assume that 0 <n+0p < 3 — 1.

T

==

(1) For all « € (0, %) and p > 2 such that n+60p < a— % there exists a unique
mazimal local solution (U(t))(,0) in V,S”ZI,OC([O, 0) X 5 Ey) of (SCP).

(2) For all A >0 and 6§ > n such that A+ 6 < min{ — 05,1 — 0p}, U has a
version such that for almost all w € €,

t = U(t,w) = S(t)uo(w) € Cioe ([0, 0(w)); Es),
If in addition the linear growth conditions of (A2) and (A3) hold, then the above
function U is the unique global solution of (SCP) in VI ([0,To] x Q; Ey) and the
following assertions hold:
(3) The solution U satisfies the statements of Theorems 7.1 and 7.3.
(4) Ifa € (0,1) andp > 2 are such that o > 77—|—03—|—% and ug € LP(Q, Fo; Ey),
then the solution U is in VI ([0, To] x§; Ey) and (6.11) and the statements
of Theorem 6.3 hold.

Before we proceed, we prove the following local uniqueness result.

Lemma 8.2. Suppose that the conditions of Theorem 8.1 are satisfied and let
(UL(0)se10.01) i Va2 ([0, 01) x Qs Ey) and (Ua(t))refo,00) in Va ([0, 02) x s Ey)
be local solutions of (SCP) with initial values ul and ug. Let I' = {u} = u2}. Then
almost surely on T', Ut|(0,0,n0s) = U2l[0,0,002)- Moreover, if o1 is an explosion time
for Uy, then almost surely on T, o1 > 02. If 01 and oo are explosion times for Uy
and Us, then almost surely on T, o1 = 02 and Uy = Us.

Proof. Let o = p1A\o2. Let (in)n>1 be an increasing sequences of bounded stopping
times such that lim, .. p, = ¢ and for all n > 1, Uil ,, and U1y ,,) are in

V2 ([0, Tp) x Q4 E,). Let
vy =inf{t € [0,Tp] : |Us(t)||g, = n} and v2 = inf{t € [0,Ty] : ||U2(t)|| &, > n}

and let 0}, = pin, Avj, and let 0, = 0}, Aoz, On [0, Tp] x Q@ x {z € By, : ||z| g, <n}
we may replace F' and B by F,, (for a possible definition of Fj,, see the proof of
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Theorem 8.1) and B,, which satisfy (A2) and (A3). As in the proof of Theorem 7.1
it follows that for all 0 < T < Tj,

107" L0,0,x = U3 " Ljo,o, )1l Ve 0,77 x5, )
= [(Lr(U{" 1,0, 1xT) — L1 (U3 1[007L]><F))1[Oan]><FHVP ([0,T]x % E)
S NLr (U7 Lo,0,1x1) — L (U3 Lo .01 x0) V2 (0,77 %0255,
< CrllU7" Yo,0,xr — Us" 1,0 xT 92, ((0,71x 02, )

where Cr satisfies limp o Cr = 0. Here 19, )xr should be interpreted as the
process (t,w) = 19,5, (w)xT(t,w). For T'small enough it follows that U7 1,5, jx =
U3"1[0,0,]xT in XN/L{’J,([O7 T] x§; Ey). By an induction argument this holds on [0, Tp]
as well. By path continuity it follows that almost surely, Uy = Us on [0,0,] x T.
Since g = lim,,_,o 0, Wwe may conclude that almost surely, U; = U on [0, ) x T.

If oy is an explosion time, then as in [40, Lemma 5.3] this yields g1 > g2 on T’
almost surely. Indeed, if for some w € T', p1(w) < g2(w), then we can find an n such
that 01(w) < 12(w). We have U (t,w) = Us(t,w) for all 0 <t < v} 4 (w) < o1(w).
If we combine both assertions we obtain that

n+1=Ui(vn W) w)lle, = 10204 (@), 0)] s, <n.

This is a contradiction. The final assertion is now obvious. O

Proof of Theorem 8.1. We follow an argument of [3, 40].

Forn > 1let T'y, = {|luo|| < %} and u,, = uglr, . Let (B,)n>1 be the sequence of
L2-Lipschitz functions from (A3)'. Fix an integer n > 1. Let F, : [0, To] xQx E,) —
E_y, be defined by

F,(-,x) = F(,,z) for ||

and F,(-,z) = F(,, ﬁ) otherwise. Clearly, F,, and B, satisfy (A2) and (A3).
n
It follows from Theorem 6.2 that there exists a solution U, € V2 ([0, To] x ; Ey))

of (SCP) with ug, F and B replaced by u,, F, and B,. In particular, U, has a
version with continuous paths. Let g,, be the stopping time defined by

on(w) = inf{t € [0, T0] : |Un(t,w)| &, > n}.

It follows from Lemma 8.2 that for all 1 < m < n, almost surely, U,, = U, on
[0, 0m A 0n] X Ty By path continuity this implies g, < g,,. Therefore, we can
define ¢ = lim,,—, o, 0, and on T',,, U(t) = U,(t) for ¢ < g,. By approximation and
Lemma 2.5 it is clear that U € V,27°¢([0, 0) x €; E,) is a local solution of (SCP).
Moreover, g is an explosion time. This proves the existence part of (1). Maximality
is a consequence of Lemma 8.2. Therefore, (U(t)).c[0,) is @ maximal local solution.
This concludes the proof of (1).

We continue with (2). By Corollary 6.3, each U,, has the regularity as stated by
(2). Therefore, the construction yields the required pathwise regularity properties
of U.

Turning to (4), let (U,)n>1 be as before. As in the proof of Proposition 6.1 one
can check that by the linear growth assumption,

1Unllve qomxaie,) = ILr(Un)llve o, 11x05E,)
< CrllUnllve o, r1x058,) + C + CllunllLr:,)
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where the constants do not depend on n and ug and we have limr o Cr = 0. Since
lunllLe(;e,) < luollLr(@;E,), it follows that for 7" small we have

1Unllve o0 11x0:8,) < C(L+ [luollLr(0:k,))
where C' is a constant independent of n and ug. Repeating this inductively, we
obtain a constant C' independent of n and ug such that |Unllve _(jo,10)x0;E,) <
C(1+ |luollzr(;5,))- In particular,

E sup [[Un(s)l, < CP(L+ lluollzr(oiE,))"-

s€1[0,To]
It follows that
P( sup ||Un(s)l|g, =n) < CPn~P.
s€[0,T0]

Since ), ~, n7P < oo, the Borel-Cantelli Lemma implies that

P(NU{ s 10605, > n}) =0

k>1n>k - $€0,T0]

This gives that almost surely, o, = Tp for all n large enough, where g,, is as before.
In particular, o = Ty and by Fatou’s lemma

Ul (o101 x s,y < Hminf [Unllve _omixase,) < OO+ [luollzroie,))-

Via an approximation argument one can check that U is a global solution. The
final statement in (4) can be obtained as in Theorem 6.3.

For the proof of (3) one may repeat the construction of Theorem 7.1, using
Lemma 8.2 instead of Lemma 7.2. ]

9. GENERALIZATIONS TO ONE-SIDED UMD SPACES

In this section we explain how the theory of the preceding sections can be ex-
tended to a class of Banach spaces which contains, besides all UMD spaces, the
spaces L'

A Banach space E is called a UMD -space if for some (equivalently, for all)
p € (1,00) there exists a constant ﬁ; g = 1such that for all F-valued LP-martingale

n
j=1

Emal)’ < ElS o)

where (r;)7_; is a Rademacher sequence independent of (d;)7_;.
called a UMD~ space if the reverse inequality holds:

EI o) <o ElSral)’

Both classes of spaces were introduced and studied by Garling [15]. By a standard
randomization argument, every UMD spaces is both UMD™ and UMD, and con-
versely a Banach space which is is both UMD and UMD~ is UMD. At present, no
examples are known of UMD -spaces which are not UMD. For the UMD ~property
the situation is different: if £ is UMD, then also L!(S; E) is UMD™. In particular,
every L'-space is UMD~ (cf. [29]).

difference sequences (d;)"_; we have

The space FE is
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Assume that (F;);>0 is the complete filtration induced by Wy. If E is a UMD -
space, condition (3) still gives a sufficient condition for stochastic integrability of
®, and instead of a norm equivalence one obtains the one-sided estimate

T
p
B [ o awal Sop BIRI a0

for all p € (1,00), where we use the notations of Proposition 2.4. The condition
on the filtration is needed for the approximation argument used in [14]. By using
Fubini’s theorem it is obvious that the result also holds if the probability space has
the following product structure 2 = Q1 X Qs, F = F® G, P = P; ® Py, and the
filtration is of the form (F; ® G)¢>o.

Mutatis mutandis, the theory presented in the previous sections extends to
UMD~ spaces E, with two exceptions: (i) Proposition 4.5 relies, via the use of
Lemma 2.8, on the fact that UMD spaces have property (A); this property should
now be included into the assumptions. (ii) One needs the above assumption on the
filtration. We note that it follows from [7] that for E = L! the assumption on the
filtration is not needed.

10. APPLICATIONS TO STOCHASTIC PDESs

Case of bounded A. We start with the case of a bounded operator A. By putting
F := A+ F it suffices to consider the case A = 0.
Let E be a UMD~ space with property (a) (see Section 5). Consider the equation

dU(t) = F(t,U(t)) dt + BU(t)) dWg(t), t € [0,T],
U(O) = Uo,

where Wg is an E-valued Brownian motion. With every E-valued Brownian motion
WE one can canonically associate an H-cylindrical Brownian motion Wy, where
H is the so-called reproducing kernel Hilbert space associated with Wg(1) (see the
proof of Theorem 10.1 below). Using this H-cylindrical Brownian motion Wy, the
problem (10.1) can be rewritten as a special instance of (SCP).
We make the following assumptions:

(1) F:[0,T] x Q x E — E satisfies (A2) with a = 0p = 0;

(2) B e L(E, L(E));

(3) wo : 2 — E is Fo-measurable.

(10.1)

Theorem 10.1. Under these assumptions, for all « > 0 and p > 2 such that

a < % — % there exists a unique strong and mild solution U : [0,T] x & — E of

(10.1) in V2 ([0, T] x Q; E). Moreover, for all 0 < X < 1. U has a version with
paths in C*([0,T); E).

Proof. Let H be the reproducing kernel Hilbert space associated with Wg(1). Then
H is a separable Hilbert space which is continuously embedded into ¥ by means of
an inclusion operator i : H — E which belongs to v(H, E). Putting Wy (t)i*a* :=
(Wg(t),z*) (cf. [33, Example 3.2]) we obtain an H-cylindrical Brownian motion.
Assumption (A1) is trivially fulfilled, and (A2) and (A4) hold by assumption.
Let B € L(E,~(H, E)) be given by B(z)h = B(x)ih. Using Lemma 5.4 one checks
that B satisfies (A3) with a = 05 = 0. Therefore, the result follows from Theorems
7.1 and 7.3 (applied to B and the H-cylindrical Brownian motion Wg). Here we
use the extension to UMD™ space as explained in Section 9. (]
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Elliptic equations on bounded domains. Below we will consider an elliptic
equation of order 2m on a domain S C R%. We will assume the noise is white in
space and time. The regularizing effect of the elliptic operator will be used to be
able to consider the white-noise in a suitable way. Space-time white noise equations
seem to be studied in the literature in the case m =1 (cf. [3, 11]).

Let S C R? be a bounded domain with C* boundary. We consider the problem

ou

E(t’ s) = A(s,D)u(t, s) + f(t,s,u(t,s))
(10.2) +g(t,s,u(t,s)) %—Qf(t,s), se S, te(0,T],
Bj(s,D)u(t,s) =0, s€dS, te(0,T],
(0, 8) = ug(s), s€S.

Here A is of the form

A(s,D)= > aq(s)D"

lal<2m

where D = —i(01,...,0y) and for j =1,...,m,

Bj(s,D)= > bz(s)D’
|B|<m;

where 1 < m; < 2m is an integer. We assume that a, € C(S) for all |a| = 2m. For
|a| < 2m the coefficients aq are in L>°(S). For the principal part ., _s,, da(s)D
of A we assume that there is a x > 0 such that

(—1)m+t Z aa(8)E™ > K|E]P™, s€ S, £ € R
|a|=2m

For the coefficients of the boundary value operator we assume that for j =1,...,m
and |3| < m; we have bjg € C*°(S). The boundary operators (Bj)jL, define a
normal system of Dirichlet type, i.e. 0 < m; < m (cf. [41, Section 3.7]). The
C*° assumption on the boundary of S and on the coefficients bjsz is made for
technical reasons. We will need complex interpolation spaces for Sobolev spaces
with boundary conditions. It is well-known to experts that one can reduce the the
assumption to S has a C?™-boundary and b,z € C?™~™i(S). However, this seems
not to be explicitly contained in the literature.

The functions f,g:[0,7] X Q@ x S x R — R are jointly measurable, and adapted
in the sense that for each t € [0,T1], f(¢,-) and g(¢,-) are F; ® Bg ® Br-measurable.
Finally, w is a space-time white noise (see, e.g., [45]) and ugp : S x @ — R is an
Bs ® Fp-measurable initial value condition. We say that u : [0,T] x Q2 xS — Risa
solution of (10.2) if the corresponding functional analytic model (SCP) has a mild
solution U and u(t, s,w) = U(t,w)(s).

Consider the following conditions:

(C1) The functions f and g are locally Lipschitz in the fourth variable, uniformly
on [0,T] x Q x S, ie., for all R > 0 the exist constants L and L} such
that

‘f(tvwa S,.’ﬂ) - f(t,w,s,y)| S L?kﬂ - y|7
\g(t,w,s,x) - g<t7wasay)| S L§|.’E - y|’
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forall t € [0,T], w € Q, s € S, and |z|,|y| < R. Furthermore, f and g
satisfy the boundedness conditions
sup |f(t,w, s,0)| < oo, sup |g(t,w, s,0)| < oo,
where the suprema are taken over t € [0,7T], w € Q, and s € S.
(C2) The functions f and g are of linear growth in the fourth variable, uniformly
in [0,T] x ©Q x S, i.e., there exist constants Cy and Cj such that
(w50 S CrA+ D), lgltw,s,2) < Cyl1+ ),
forallt € [0,7T],weQ,s€ S, and z € R.
Obviously, if f and g are Lipschitz and f(-,0) and g(-,0) are bounded, i.e., if (C1)
holds with constants Ly and L, not depending on R, then (C2) is automatically
fulfilled.

The main theorem of this section will be formulated in the terms of the spaces
By B,-}(S)' For their definition and further properties we refer to [42, Section

4.3.3] and references therein. For p € [1,00], ¢ € [1,00] and s > 0, let
s s 1
Higj}(S) = {f € H*P(S): Bjf =0 for m, <$—];7 j=1,...,m},

CfBj}(g) ={feC*S): Bjf=0form; <s, j=1,...,m}.

For p € (1,00) let A, be the realization of A on the space L?(S) with domain
H?gjf(S’) In this way —A, is the generator of an analytic Cy-semigroup (Sp(t))i>0-
Since we may replace A and f in (10.2) by A — w and w + f, we may assume
that (Sp(t))e>0 is uniformly exponentially stable. From [39, Theorem 4.1] and [42,
Theorem 1.15.3] (also see [8]) we deduce that if § € (0,1) and p € (1, 00) are such
that

1
(10.3) 2m9—§7émj7f0r allj=1,...,m,

then
m, mo,
(L2(8), D(A)lo = [E7(), HEL (S = H2L0(S)
isomorphically.
Theorem 10.2. Assume that (C1) holds, let % < 2, and let p € (1,00) be such
that 572 < 1 — 4

2mp 4m *
(1) Ifne (ﬁ7 1 — 4 is such that (10.3) holds for the pair (n,p) and if ug €
H?gj”}’p(S) almost surely, then for allr > 2 and o € (n+ 1%, % — 1) there

exists a unique mazimal solution (u(t))icpo,) of (10.2) in V5°¢([0, 0) x
QG HypP(S)).
(2) Moreover, if § > % and A > 0 are such that § + A < & — % and (10.3)
_d
holds for the pair (d,p), and if ug € H?;j}z’p(S) almost surely, then u has
. md,
paths in C.([0,7); HfBj}p(S)) almost surely.
Furthermore, if condition (C2) holds as well, then:
(3) Ifn € (5%, L — L) is such that (10.3) holds for the pair (n,p) and if ug €

2mp? 2 4m

H{Qgﬁ’p(S) almost surely, then for all 7 > 2 and o € (n+ 1%, 3 — 1) there

exists a unique global solution u of (10.2) in V) ([0,T] x Q;H{Zgﬁp(,ﬂ)).
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(4) Moreover, if § > 5% and A > 0 are such that § + A < & — 4 and (10.3)

2mp 4m
m—%,p

holds for the pair (8,p), and if ug € H{Bj} (S) almost surely, then u has

paths in C([0,T7; H?;;ﬁp(S)) almost surely.

Remark 10.3.

(i) For p € [2,00) the uniqueness result in (1) and (3) can be simplified. In
that case one obtains a unique solution in
2mn, 2mn,
LO(: C([0, T): H257(9))) € V2, (0.T] x 5 H2R2(S)).
For this case on could also apply martingale type 2 integration theory from
[3] to obtain the result.
(ii) By the Sobolev embedding theorem one obtains Holder continuous solutions
med —
in time and space. For instance, assume in (4) that ug € Cip,y (S) almost
surely. It follows from
d __ n—e

Clp,; (8) = H[E\(S) = [B,D(=Ap)] n. — D((—=4,) =)

for all p € (1,00) and n < m — % and ¢ > 0, that ¢t — S(t)up is in
CAM[0,T7; D((—A4,)%) for all §, A > 0 that satisfy § + A < 1 — ;2. Since

4m

m(d—e),
D((=4,)°) = [E, D(=4y)]s- = H{3 {7 (S)
for all p € (1,00) and € > 0, by Sobolev embedding we obtain that the
solution u has paths in C*([0,T]; C4™(S)) for all 6,A > 0 that satisfy
f+A<i— 2

am

Proof of Theorem 10.2. Let p € (1,00) be as in the theorem and take E := L?(S).
For b € (0,1) let E; denote the complex interpolation space [E,D(A,)],. Note
that we use the notation Ej for complex interpolation spaces instead of fractional
domain spaces as we did before. This will be more convenient, since we do not
assume that A, has bounded imaginary powers, and therefore we do not know the
fractional domain spaces explicitly. Recall (cf. [26]) that E, < D((—A)") and that
D((—A)*) < Ey for all a € (b,1) for all b € (0,1).
If b > ﬁ, then by [42, Theorem 4.6.1] we have

[E,D(Ap)]s — C(5).

Assume now that n € (5%, 2 — L) Let F,G : [0,T]x Q x E, — L>(S) be defined

2mp’?
as

(F(t,w,2))(s) = [(t,w,s,2(s)) and G(t, w,2))(s) = g(t,w, s, 2(s)).
We show that F' and G are well-defined and locally Lipschitz. Fix z,y € F, and
let

R := max{esssup |z(s)]|, esssup |y(s)|} < oo.
ses s€S

From the measurability of x,y and f it is clear that s — (F(t,w,x))(s) and s —
(F(t,w,y))(s) are measurable. By (C1) it follows that for almost all s € S, for all
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t €1[0,7] and w € Q we have
[(F(t,w, x))(s) = (F(t,w,y))(s)| = |[f(t,w,5,2(5)) = f(t,w,5,y(s))|
< Lfla(s) = y(s)|
< L?H% = YllLe(s)
<o Lz —yle,.
Also, by the second part of (C1), for almost all s € S, for all t € [0,7] and w € Q

we have
|(F(t,w,0))(s)] = | f(t,w,s,0)] < sup |f(t,w,s,0)] < oo.

Combing the above results we see that F' is well-defined and locally Lipschitz. In a
similar way one shows that F' has linear growth (see (A2)) if (C2) holds. The same
arguments work for G.

Since L>*(S) — LP(S) = E we may consider F' as an E-valued mapping. It
follows from the Pettis measurability theorem that for all z € E,, (t,w) — F(t,w, )
is strongly measurable in F and adapted.

To model the term g(t, x, u(t, s)) awa(?s), let H := L*(S) and let Wy be a cylin-
drical Brownian motion. Define the multiplication operator function I' : [0,7] x

QO x E, — L(H) as
(T(t,w,2)h)(s) := (G(t,w,x))(s)h(s), s€S.
Then I is well-defined, because for all ¢ € [0,T], w € 2 we have G(t,w, z) € L>(S).
Now let 6 > 0 > ;4 be such that 6 + 1 < & and (10.3) holds for the pair
(05,2). Define (—A)~2B:[0,T] x Q x E,, — v(H, E) as
(_A)ieBB(ta w, I)h = i(_A)ieBG(tW‘% I)h7
where i : H*"52(S) — LP(S) is the inclusion operator. This is well-defined,

because (—A)~5 : H — H?*"¥5:2(8) is a bounded operator and therefore by the
right-ideal property and Corollary 2.2 it follows that

. _0 _0 .
||7’(_A) B”’Y(H,E) < ”(_A) ? H,C(LZ(S),H2MSIB’2(S))||ZH‘Y(H2m9/B’2(S)7LP(S)) < 0.
Moreover, B is locally Lipschitz. Indeed, fix z,y € E,, and let

R := max{esssup |z(s)|,esssup |y(s)|} < oo.
sES s€S

It follows from the right-ideal property that
Hi(_A)eB (B(tv w, l‘) - B(ta W, y)) H’Y(H,E)

< Ni(=A) 7" o, T (E, w, @) = Tt w0, 9) | 2y
< Ni(=A)°7 |y, m) IG(t w, ) = Gt w0, y) || L s)
< Ni(=A)"2 |y, Ly 12 =yl poes)

; 0 1
Sap 11(=4)"7 ly,m Lgllz =yl e,

In a similarly way one shows that B has linear growth. Notice that B is H-strongly
measurable and adapted by the Pettis measurability theorem.

If p € [2,00), then E has type 2 and it follows from Lemma 5.2 that (—A)~%2 B
is locally L2-Lipschitz and B has linear growth in the sense of (A3) if (C2) holds.
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In case p € (1,2) the above result holds as well. This may be deduced from the
previous case. Indeed, for each n define (—A)~%2B,, : [0,7] x Q x E,, — v(H,E)
as (—A)7%2B,(z) = (~A)~%2B(z) for all lz|lz, < n and (—A)~%2B,(z) =
(—=A)72 B, ({4) otherwise. Define (—A)~2 B¢+ [0,T] x @ x L>(S) — ~v(H, H)
as (—A)7%2B®(z) = (~A)~2B,,(z). Replacing E with L?(S) in the above cal-
culation it follows that By° is a Lipschitz function uniformly on [0,7] x . Since
H has type 2, (—A)~2B> is L2-Lipschitz. Fix a finite Borel measure p on (0,7)
and fix ¢1, ¢ € L2((0,T), 11; E ) Since H — E continuously, it follows that

[(=A) =2 (Bn(t,w, $1) = Bn(t,w, $2))ly(22((0.7) yus0). )
< Cl(=A)~ (B (t,w, d1) — B2 (t,w, 62)) (2 ((0,1) s ), 1)
< Cllpr — PallL2((0,1), 1L (5))
< Cllgr — Pall2((0,1) )5

where C' also depends on n. In a similarly way one shows that B has linear growth
in the sense of (A3) if g has linear growth.

If ug € H*"2P(S) almost surely, where 3 € (52,1 — 1=] is such that (10.3)

{B;} 2mp? 2
holds for the pair (8,p), then w — wuo(-,w) € H{zgi’p(S) = Ep is strongly Fo-

measurable. This follows from the Pettis measurability theorem.

(1): It follows from Theorem 8.1 with 7, 05 as above and with n+ 65 < 3 and
0r = 0, 7 = p A 2 that there is a unique maximal local mild solution (U(t))¢co,)
in V210¢([0, 0) x Q; Ey) for all v > 0 and r > 2 satisfying n+6p < a < 5 — 1. In
particular U has almost all paths in C([0, p), E,)). Now take u(t,w,s) = U(t,w)(s)
to finish the proof of ( ).

(2): Let5f77>—and)\>0besuchthat)\+5<ff— Choose g > %

such that A+6 < 3 —9 5. It follows from Theorem 8.1 that almost surely, U — Suo 6

CR.([0, o(w)); H{zgé}’p(S)). First consider the case that (3 — ;% p) satisfies (10.3).

Since ug € H?}B f’p(S) =E1_ a4 C Es almost surely and A 40 < i- & we have
Sug € CA([0,T); H*"**(S)) almost surely. Therefore, almost all paths of U are in

{B;}
CR ([0, o(w)); {2;?5}”)(5)). In the case (3 — 1%, p) does not satisfy (10.3) one can
redo above argument with 1 — ;& — ¢ for € > 0 small. This proves (2).
(3), (4): This follows from Theorems 8.1 and parts (3), (4) of 8.1. O

Remark 10.4. The above approach also works for systems of equations.

Laplacian in L?. Let S be a open subset (not necessarily bounded) of R¢. Consider
the following perturbed heat equation with Dirichlet boundary values:

ou
57 (t:5) = Bu(t,s) + f (¢, 5, u(t, 5))

—|—ants u(t, s) 3V[(/3t()7 se s, te(0,T],
n>1

u(t,s) =0, s €98, te (0,T],
(0, s) = uo(s), seSs.

The functions f,b, : [0,T] x Q2 x S x R — R are jointly measurable, and adapted in
the sense that for each ¢t € [0,T], f(¢,-) and b,(t,-) are F; ® Bs ® Br-measurable.
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We assume that (W,,),,>1 is a sequence of independent standard Brownian motions
on ) and ug : S x 2 — R is an Bg ® Fp-measurable initial value condition. We say
that u : [0,7] x Q x S — R is a solution of (10.4) if the corresponding functional
analytic model (SCP) has a mild solution U and (¢, s,w) = U(t,w)(s).

Let p € [1,00) be fixed and let E := LP(S). It is well-known that the Dirichlet
Laplacian A, generates a uniformly exponentially stable and analytic Cp-semigroup
(Sp(t))e>0 on LP(S), and under a regularity assumption on 9S one can identify
D(A,) as W2P(S) N WP (S). Consider the following p-dependent condition:

(C) There exist constants Ly and L, such that

|f(t,w,s,2) — f(t,w,s,y)| < Lgle —yl,
|bn(t,w,s,x) - bn(t,w,s,y)\ < Lbn|x - y‘v

forallt € [0,T],w € Q, s € S, and z,y € R. Furthermore, f satisfies the
boundedness condition

sup Hf(tawv K O)HLP(S) < 00,

where the supremum is taken over all ¢ € [0,7] and w € Q, and the b,
satisfy the following boundedness condition: for all finite measures u on
(0,7),

< 00,
Lr(S)

supH(/OTZ|bn(t,w,~,0)Zdu(t));

n>1
where the supremum is taken over all w € €.

Theorem 10.5. Let S be an open subset of R% and let p € [1,00). Assume that
condition (C) holds with }-, -, Ly < oo. If ug € LP(S) almost surely, then for all
a >0 andr > 2 such that o < % — %, the problem (10.4) has a unique solution
U e V2.([0,T] x Q; LP(S)). Moreover, for all A >0 and § > 0 such that A\+6 < 3
there is a version of U such that almost surely, t — U(t) — Sp(t)ug belongs to

CAM([0, T [L(8), D(Ap)]s)-

Remark 10.6. Under regularity conditions on 9 and for p € (1, 00) one has
1
[LP(S), D(Ay)]s = {z € H*®?(S): 2 =0 on S if 26 — > 0}

provided ¢ € (0,1) is such that 2 — % # 0.

Proof. We check the conditions of Theorem 7.1 (for p = 1 we use the extensions of
our results to UMD~ spaces described in Section 9, keeping in mind that L'-spaces
have this property). It was already noted that (A1) is fulfilled. Let E := L?(S) and
define F : E — FE as F(t,z)(s) := f(t,s,z(s)). One easily checks that F' satisfies
(A2) with 6 = n = 0. Let H := [? with standard unit basis (e;),>1, and let
B :[0,T] x Q x E — L(H, E) be defined as (B(t,w,z)e,)(s) := by (t,w, s, z(s)).
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Then for all finite measures p on (0,7) and all ¢1, ¢ € v(L2((0,T), u; H), E),
I1B(-, ¢1) — B 02)llv(22((0,1), ), E)

( / > 1bulty - 61(0)() = balts b2() () diu(t))

Nl

~p

E

1
2

([ S rIe@0 - sa00P )

~p Lo = d2llyz20,1) .10, 2)

where L = (3, -, LEH)%. Moreover,

1
2

T
IBC Ol ez % || ([ 3 1ot O ditt)
n>1

< 00.
E

From these two estimates one can obtain (A3). O

APPENDIX A. MEASURABILITY OF STOCHASTIC CONVOLUTIONS

In this appendix we study progressive measurability properties of processes of
the form

¢
t— / O(t,s) dWr(s)
0
where ® is a two-parameter process with values in L(H, E).

Proposition A.1. Let E be a UMD space. Assume that ® : Ry x Ry x Q —
L(H,E) is H-strongly measurable and for each t € Ry, ®(t,-) is adapted and has
paths in v(L?(Ry; H), E) almost surely. Then the process ¢ : Ry x Q — E,

() = / B(t, ) AW (s),

has a version which is adapted and strongly measurable.

Proof. Tt suffices to show that ¢ has a strongly measurable version C~ , the adapt-
edness of f being clear. Below we use strong measurability for metric spaces as in
[43].

Let LY(Q;v(L*(R4; H), E)) denote the closure of all adapted strongly measur-
able processes which are almost surely in v(L?(R; H), E). Note that by [32] the
stochastic integral mapping extends to LY(Q;v(L*(Ry; H), E)).

Let G C Ry x Q be the set of all (¢,w) such that ®(¢,-,w) € v(L*(Ry; H), E).
Since ® is H-strongly measurable, we have G € Bgr, ® A. Moreover, letting
Gi = {w € Q: (t,w) € G} for t € Ry, we have P(G;) = 1 and therefore
Gt € Fy. Define the H-strongly measurable function ¥ : Ry x Ry x Q — B(H, E)
as WU(t,s,w) = ®(t,s,w)ljgy(s)la(t,w). It follows from [32, Remark 2.8] that
the map R, x Q 3 (t,w) — V(t,-,w) € y(L?*(Ry; H), E) is strongly measurable.
Hence, the map Ry 3¢t — U(t,-) € LO(Q;v(L*(Ry; H), E)) is strongly measurable.
Since it takes values in LY(;v(L*(R4; H), E)) it follows from an approximation
argument that it is strongly measurable as an LY (;v(L*(R4; H), E))-valued map.
Since the elements which are represented by an adapted step process are dense in
LY v(L3(Ry; H), E)), it follows from [43, Proposition 1.9] that we can find a
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sequence of processes (¥,),>1, where each U, : Ry — LY(Q;v(L*(Ry; H), E)) is
a countably valued simple function of the form
n=Y 1@}, with By € Bg, and @} € L3(~(L*(Ry; H), E)),
k>1
such that for all t € Ry we have ||U(t) — Wy, (¢)| oy (L2 (R, 1), E)) < 27", where
with a slight abuse of notation we write

€l o;py == E([I€]lm A1)
keeping in mind that this is not a norm. Notice that by the Chebyshev inequality,

for a random variable £ : Q — F, where F is a normed space, and ¢ € (0, 1], we
have

P(llgllr > €) = P(([€]lr A1) > &) < e IEllLogair).
It follows from [32, Theorems 5.5 and 5.9] that for all ¢ € Ry, for all n > 1 and for
all e,6 € (0,1],

IP’(H /]R+ U(t,s) — Wy(t,s) dWH(s)H > 5) < 0?52 + 52%

Taking ¢ € (0,1] arbitrary and § = %, it follows from the Borel-Cantelli lemma
that for all t € Ry,

*(N U H/ (t,5) ~ Walt, ) dWn(s)|| > <}) =0
N>1n>N

Since € € (0, 1], was arbitrary, we may conclude that for all ¢ € R, almost surely,
¢(t,) = / U(t,s)dWpg(s) = lim U, (t,s)dWg(s).
Ry

/ n(,8) AW (s
Ry E>1

has a strongly Br, ® Fo-measurable version, say Cn : R+ xQ — E. Let C C Ry %)
be the set of all points (¢,w) such that (Cn(t w))n>1 converges in E. Then C €
Br, ® Foo and we may define the process Cas ¢ = lim,_ oo Cnle. It follows that ¢ is
strongly Br, ® Foo-measurable and for all t € R, almost surely, Ct, )y =<¢(t,-). O

Clearly,

Acknowledgment — We thank Tuomas Hytonen for suggesting an improvement
in Proposition 4.5.
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