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Abstract

Road-induced vibrations dissipate energy through the bicycle structure and riderôs body beyond what
classical rolling resistance predicts. To measure this effect a laboratory apparatus is used that repro-
duces realistic road surface characteristics. This thesis presents the design, construction, and valida-
tion of such an apparatus and characterises the powerloss on a 3D-printed klinker road surface across
six speeds (5ï30 km/h) and five tire pressures (3.5ï5.5 bar).

The setup measures the total resistive force acting on an athlete and racing bicycle using two loadcells:
amain loadcell and an interface loadcell that captures the longitudinal force exerted by a two-bar linkage
stabilization mechanism, isolated from the vertical load by a parallelogram flexure. Multiplying this force
by the belt speed gives the powerloss. The force is measured with an expanded uncertainty of �0:41 N
at the 95% confidence level, corresponding to a powerloss uncertainty of at most 3.4 W at 30 km/h.

Powerloss increases approximately linearly with speed for all pressures, ranging from about 30 W at
5 km/h to 234 W at 30 km/h. Much of this loss is not classical rolling resistance: at 30 km/h the
classical term accounts for only about 82 W, so roughly 64% of the total powerloss is attributed to
vibrational losses. Tire pressure has a smaller effect: depending on the speed setpoint, an optimal
tire pressure can be identified, although at lower speeds the error bars overlap and no clear optimum
can be determined. The near-linear speed dependence shows that although the vibrational losses are
large, their speed-growing quadratic component remains weak on the relatively smooth klinker surface
(BRI � 40). A stiffer underlayer and a rougher surface are recommended before the apparatus can be
used to quantify vibration transmission from the road surface through the bicycle to the riderôs body.
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1
Introduction

Over the past decade, professional cyclists have increasingly shifted towards wider tyres at lower pres-
sures, driven by the recognition that road surface characteristics influence power loss beyond what
classical rolling resistance alone predicts. In stage races such as the Tour de France, teams continu-
ously optimise tyre choice and inflation pressure to minimise resistive losses on varying road surfaces.
This trend becomes most pronounced at races such as ParisïRoubaix, where competitors traverse
more than 50 km of cobblestone sectors, known locally as pav®, at race speeds exceeding 40 km/h.

Cycling is one of the most energy-efficient modes of transport, yet a significant portion of a cyclistôs
effort is lost to resistive forces at the tyreïroad interface. Classical rolling resistance describes the force
arising from viscoelastic deformation of the tyre at the contact patch and is expressed as Frr = Crr �FN ,
where Crr is the rolling resistance coefficient and FN is the normal force at the contact patch [1], [2]. On
smooth surfaces this term dominates tyre-related losses and is approximately independent of speed
[2]. On rough surfaces, however, road irregularities continuously excite oscillations in the tyreïbicycleï
rider system, dissipating additional energy through the bicycle structure and the riderôs body through
a mechanism that cannot be captured by Crr alone. This additional dissipation is referred to here as
vibrational power loss.

The magnitude of vibrational power loss is governed by the frequency response function (FRF) of the
bicycleïrider system. Louhghalam et al. [3] formalised this for vehicleïroad interaction, showing ana-
lytically that vibrational power loss scales quadratically with the FRF of the vehicle system. Because
bicycles lack dedicated suspension and the riderôs body is directly coupled to the frame through the
saddle, handlebars and pedals, the FRF of the bicycleïrider system differs fundamentally from that of
a car: it is nonlinear and highly rider-dependent [4], [5]. L®pine et al. [6] demonstrated experimentally
that changes in rider posture and hand position alone alter vibration transmissibility at the handlebar
and seatpost by several m=s2, meaning that two riders on identical equipment can experience substan-
tially different vibrational power losses on the same surface. Wilson and Schmidt [7] further showed
that the power absorbed by the rider scales with vibration amplitude squared and is especially sensitive
to excitation frequencies in the range of 9ï50 Hz, confirming that surface roughness can have a dis-
proportionately large effect on total power loss. Beyond competitive performance, prolonged exposure
to road-induced vibrations is associated with musculoskeletal fatigue and discomfort L®pine et al. [6],
and similar concerns extend to other vehicle types such as cargo bikes and strollers, where vibration
exposure affects vulnerable passengers DellôOrto et al. [8].

Since vibrational power loss manifests as an increase in the total rolling resistance force, measuring it
requires accurate experimental methods for quantifying rolling resistance. A variety of such approaches
have been developed in the literature. Indirect methods estimate rolling losses from other measurable
quantities:

Å The Chung method uses a power meter and virtual elevation data to simultaneously estimate

1



1.2. Theory 2

rolling resistance and aerodynamic drag [9]
Å The instrumented bicycle isolates rolling resistance through the power balance equation by mea-
suring and accounting for all other resistive forces directly [10]

Å The coast-down method derives rolling resistance and drag from the deceleration recorded after
the rider stops pedalling [11]

Å The Hill method places an eccentrically weighted wheel on the road surface and derives the rolling
resistance coefficient from the decay of the resulting pendulum oscillation [12]

Direct methods measure the resistive force at the tyre contact patch:

Å Drum testing presses the tyre against a rotating steel cylinder in a controlled laboratory environ-
ment [13]

Å Flat belt testing adapts this principle using a flat surface to avoid the curvature artefacts introduced
by a drum [14]

Å The tyre trailer measures resistance on actual road surfaces using a force transducer mounted
in a purpose-built trailer towed at constant speed [15]

A further category of methods targets rolling impedance specifically: acceleration measurements quan-
tify vibration levels at the riderïbicycle contact points via RMS or RMQ values, while the absorbed power
method measures the force and velocity at the saddle and handlebars simultaneously to determine how
much vibrational energy the riderôs body actually absorbs L®pine et al. [6].

Each of these approaches involves a trade-off between controllability and realism. Outdoor and trailer-
based methods preserve realistic surface conditions but cannot isolate the contribution of a single vari-
able. Drum and flat belt setups offer repeatability and speed control but cannot reproduce an arbitrary
road surface texture. None of the existing laboratory methods combines a replaceable, geometrically
faithful road surface with a direct force measurement capable of characterising vibrational power loss
as a function of both speed and tyre pressure. L®pine et al. [6], Dijkstra [16] and Fern§ndez [5] all
identify the need for a controlled, repeatable measurement setup that can isolate the effect of road
surface texture on power loss and vibration transmission, including measurements with instrumented
dummies to eliminate the variability introduced by human riders.

This thesis responds to that need by designing, building, and validating such an apparatus.

Figure 1.1: Forces on a bicycle [10]

The total resistive force acting on a moving bicycle can be decomposed into several components. Aero-
dynamic drag opposes the motion of the bicycle and rider through the air and scales with the square
of velocity, making it the dominant resistance at higher speeds. Gravitational forces act when riding on
a gradient, adding or reducing the required propulsive force depending on the slope direction. Braking
forces are applied intentionally by the rider and are not considered here. Internal friction arises from
the drivetrain (bearings, chain, and derailleur) and dissipates a small fraction of the propulsive power
before it reaches the contact patch. Finally, rolling resistance acts at the tyre contact patches and
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arises from energy dissipation in the tyre material as it deforms and recovers under load. Together
these forces determine the total power a cyclist must produce to maintain a given speed [10].

At cycling speeds below approximately 3 m/s, rolling resistance is the dominant resistive force, while
aerodynamic drag becomes the dominant term at higher speeds [7]. To put these magnitudes in per-
spective: for a bicycle-plus-rider mass of 80 kg, Crr values between 0.002 and 0.010 on a smooth, hard
surface produce a rolling drag of 1.5 N to 7.8 N (15 W to 78 W at 10 m/s), while aerodynamic drag in
low-wind conditions at typical riding speeds ranges from approximately 5 N to 30 N (50 W to 300 W
at 10 m/s) [7]. In a laboratory setting with a stationary bicycle on a treadmill, aerodynamic drag is ab-
sent and the drivetrain is not driven, leaving rolling resistance as the only active resistive mechanism.
Wheel bearing losses are present but Wilson and Schmidt [7] notes that these constitute a negligible
fraction of the total resistance and can therefore be disregarded. This makes the treadmill apparatus
well suited to studying the effect of road surface and tyre pressure on rolling resistance in isolation.

Rolling resistance arises primarily from hysteretic energy loss in the tyre material [2], [17]. As the tyre
deforms at the contact patch and recovers after leaving it, the viscoelastic rubber dissipates a fraction
of the deformation energy as heat [1]. The classical model expresses the rolling resistance force as:

Frr = Crr � N (1.1)

where Crr is the dimensionless rolling resistance coefficient and N is the normal force at the contact
patch [17]. In this modelCrr is treated as a constant, making Frr independent of speed and proportional
only to the normal load. In practice Crr has a weak dependence on speed due to increased deformation
frequency at higher speeds, but this effect is small within the speed range relevant to cycling [1].

On rough road surfaces, the tyre and bicycle are continuously excited by surface irregularities, generat-
ing vibrations that propagate through the bicycle frame and into the riderôs body [4], [7]. This vibrational
excitation dissipates additional energy beyond the classical rolling resistance term described in Equa-
tion 1.1, a component referred to here as vibrational loss FV L. The total resistive force acting on the
bicycle therefore combines both components [18]:

FT R = Crr � N + FV L (1.2)

Unlike classical rolling resistance, vibrational power loss depends on multiple variables. Louhghalam
et al. [3] show analytically that vibrational energy loss scales linearly with speed and quadratically with
the frequency response function of the bicycle-rider system. This means that both surface roughness
and the dynamic properties of the bicycle and rider have a disproportionately large influence on vibra-
tional power loss. Fern§ndez [5] confirmed this experimentally, finding a quadratic relationship between
vibrational power loss and speed on rough surfaces, and showing that tire pressure and rider posture
both affect the magnitude of vibrational losses. L®pine et al. [6] further demonstrated that rider pos-
ture alone produces substantially different frequency response functions between the road surface and
the riderôs body, meaning that two riders on identical equipment can experience significantly different
vibrational power losses on the same surface.

An important consequence of combining classical rolling resistance and vibrational power loss is that
an optimal tyre pressure is hypothesised to exist that minimises total power loss. As tyre pressure
increases, classical rolling resistance decreases due to reduced tyre deformation at the contact patch.
However, a stiffer tyre transmits more surface-induced impacts into the bicycle and rider, increasing
vibrational power losses. The balance between these two competing effects is expected to produce a
minimum in total power loss at an intermediate pressure, as illustrated in Figure 1.2.
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Figure 1.2: Hypothesised total power loss as a function of tyre pressure, showing the competing contributions of classical
rolling resistance and vibrational loss and the resulting optimal pressure. Figure produced by SRAM Corporation [18]; note that

this is a conceptual model from a commercial source and has not been independently validated.

The dependence of vibrational power loss on surface roughness, speed, tire pressure and rider posture
motivates a measurement apparatus in which all of these variables can be controlled independently.
This is the central design requirement of the apparatus developed in this thesis.

Road surface roughness is the primary driver of vibrational excitation in a bicycle, and quantifying it
correctly is essential for comparing surfaces and predicting power loss. Three main characterisation
frameworks are used in the literature.

The International Roughness Index (IRI) is the global standard for expressing road roughness as a
single scalar value. It is computed by simulating a quarter-car model travelling at 80 km/h over a
measured road profile and accumulating the relative displacement between the sprung and unsprung
masses [19]. While widely adopted, IRI was developed for motor vehicles and is dominated by long-
wavelength roughness, making it a poor descriptor of surfaces relevant to cycling.

The Power Spectral Density (PSD) provides a more complete description by decomposing the road
profile into its spatial frequency components, revealing how roughness energy is distributed across
wavelength scales [20]. This spectral content provides a mechanistic link between surface wavelength,
vibration frequency, and energy dissipation that IRI cannot. The ISO 8608 standard formalises this
approach by approximating the full PSD with a power-law function, characterised by a single roughness
coefficient Gq(n0) at a reference spatial frequency n0 = 0:1 m�1. Road surfaces are then classified
into eight roughness classes (AïH) based on the value of Gq(n0), ranging from high-quality highways
(Class A) to extremely rough terrain (Class H) [20].

The Bicycle Roughness Index (BRI) adapts the IRI quarter-car framework to bicycle dynamics by replac-
ing the car parameters with bicycle-specific values and reducing the reference speed to approximately
15 km/h [21]. As a result, BRI is more sensitive to shorter wavelength irregularities in the megatexture
range (50ï500 mm), which are the primary source of vibrational excitation for cyclists. Typical road
surfaces have BRI values around 40, while deliberately rough experimental surfaces can reach values
of 160 or higher [5].
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The objective of this thesis is to design and validate a laboratory measurement apparatus capable
of measuring the powerloss experienced by a cyclist on a controlled road surface. This apparatus is
intended to be modular and extensible, serving as a platform for future research into vibration trans-
mission from road surface to cyclist. The scope of this thesis is limited to performance-oriented mea-
surements on a single klinker road surface (klinker is the dutch word for road brick and will be used
throughout this thesis), characterising the effect of tire pressure and speed on rolling resistance and
powerloss. This leads to the following research question:

What is the design of a measurement apparatus capable of measuring the powerloss ex-
perienced by a cyclist on a variable roughness road surface with quantified accuracy, and
what is the effect of tire pressure and speed on powerloss for a klinker surface?

Chapter 2 describes the design of the measurement apparatus, including the force measurement sys-
tem, road surface and stabilization mechanism. Chapter 3 describes the experimental method and
data analysis procedure. The results are presented in chapter 4, followed by a discussion in chapter 5
and conclusions in chapter 6.



2
Design of Measurement Apparatus

In order to measure the powerloss experienced by a cyclist on different road roughness surfaces, a
measurement apparatus is developed in this thesis. The apparatus is designedwith twomain objectives
in mind. The primary objective is to measure the powerloss of a cyclist on a controlled road surface,
isolating the effect of road surface and tire pressure from other variables such as wind that cannot be
controlled outdoors [16]. The second objective is to provide a modular and extensible platform for future
research. Follow-up studies include identifying how road-induced vibrations propagate through the
bicycle and into the riderôs body, and how this affects human health. These future research directions
place additional demands on the apparatus, particularly regarding vibration measurement capability,
and have therefore been incorporated into the design requirements from the outset.

The apparatus is built around a commercially available treadmill, which provides the controlled belt
speed needed to drive the bicycle tyre without requiring the rider to pedal. All other components of the
apparatus, including the road surface, the force measurement system, and the stabilization mechanism,
are designed to integrate with this treadmill.

This chapter describes the design process and final design of the measurement apparatus. section 2.1
introduces the design methodology followed throughout this chapter. section 2.2 describes the design
of the force measurement system. Section 2.3 describes the design of the road surface. Section 2.4
describes the design of the stabilization mechanism. Section 2.5 discusses the placement of the sen-
sors within the system. Section 2.6 describes the instrumentation and data acquisition chain, including
the uncertainty analysis. Finally, section 2.7 presents the completed apparatus.

The apparatus consists of three main components, each of which involves an independent design deci-
sion: the power loss measurement system, the road surface, and the bicycle stabilization mechanism.
Each component is designed following the same two-step process. First, a set of functional require-
ments is defined that the design must satisfy as a binary pass/fail condition, concepts that fail any
requirement are eliminated. Second, the surviving concepts are evaluated against a set of design crite-
ria using a three-level relative scoring system: good (+), neutral (�), or poor (�). The concept scoring
best against the criteria is then selected.

The core measurement objective of this measurement apparatus is to determine the power loss due to
rolling resistance for a bicycle tire rolling on a given surface. This section describes the requirements
and design criteria specific to the measurement system, followed by three conceptual approaches and
their evaluation.

6



2.2. Design of Measurement Apparatus 7

The following requirements apply specifically to the power loss measurement system:

Å The system must be capable of measuring the power loss due to rolling resistance.
Å The bicycle must not be structurally modified.
Å The system must be able to accommodate different types of bicycles without requiring changes
to the bicycle itself.

The following four criteria are used to evaluate the surviving concepts on a relative scale: good (+),
neutral (�), or poor (�).

Table 2.1: Design criteria for measurement apparatus.

Criterion Description
Low measurement uncertainty The concept should minimise the number of inde-

pendent measurements that contribute to the final
result.

Modifications needed to the bike and treadmill The fewer modifications are needed to the tread-
mill and bike, the easier it is to integrate a system
that fits both.

Ease of calibration The concept should require as few calibration
steps as possible. Each sensor or device in
the measurement chain must be individually cal-
ibrated, reducing complexity and potential error
sources.

Repeatability The concept should produce consistent results un-
der identical conditions. Concepts that depend on
human input such as pedalling are inherently less
repeatable than fully controlled mechanical sys-
tems.

The first concept uses power pedals mounted on the bicycle to measure the mechanical power input
at the crank. By simultaneously measuring the power absorbed by the treadmill motor, which acts as
a generator, the powerloss can be calculated as the difference between the two:

Ploss = Ppedals � Ptreadmill (2.1)

The second concept replaces the cyclist with a small electric motor mounted on the bicycle to drive
the rear wheel at a controlled speed. The power input to the motor is then compared with the power
consumed by the treadmill motor:

Ploss = Pmotor � Ptreadmill (2.2)

This approach offers better repeatability than Concept 1 since the input power is controlled rather than
human-driven. However, drivetrain losses between the motor and the tire contact patch introduce an
additional source of uncertainty.

The third concept measures the rolling resistance force directly using a loadcell, without any modifica-
tion to the bicycle or the treadmill. The bicycle is connected via a loadcell to a rigid frame while the
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treadmill belt moves underneath the tire at a controlled speed. The rolling resistance acts as a horizon-
tal drag force in the direction of belt travel, which is measured directly by the loadcell. The power loss
is then calculated as:

Ploss = Floadcell � vbelt (2.3)

where Floadcell is the rolling resistance force [N] and vbelt is the treadmill belt speed [m/s].

All three concepts are first evaluated against the requirements defined in section 2.2. As shown in
Table 2.2, all three concepts satisfy all requirements and the selection therefore proceeds to the design
criteria.

Table 2.2: Requirements review for measurement apparatus.

Requirement C1 C2 C3
Capable of measuring power loss 3 3 3
No structural modification to bicycle 3 3 3
Accommodates different bicycle types 3 3 3
No permanent changes to treadmill 3 3 3

The three surviving concepts are then scored against the design criteria, as shown in Table 2.3.

Table 2.3: Design criteria scoring for measurement apparatus.

Criterion C1 C2 C3
Low measurement uncertainty � � +
Modifications needed to the bike and treadmill � � +
Ease of calibration � � +
Repeatability � � +

Concept 3 scores best overall and was therefore selected. On measurement uncertainty, concepts 1
and 2 both measure power loss from the difference between two independently measured power values.
In Concept 1, additional drivetrain losses between the pedals and the tire contact patch are difficult to
predict and quantify, adding uncertainty to the result. In Concept 2, the treadmill motor is required to
act as a generator, a mode of operation it is not designed for, making accurate power measurement
unreliable. Concept 3 avoids both of these issues by measuring the rolling resistance force directly
with a single loadcell and multiplying by the belt speed, keeping the measurement chain short and
well-defined.

For modifications to the bike and treadmill, Concept 1 requires the treadmill motor to be converted to
operate as a generator, which is a significant modification to the existing treadmill. Concept 2 is worse
still, as it additionally requires the bicycle to be modified to host the electric drive motor. Concept 3
requires no modifications to either the bicycle or the treadmill.

Calibrating electric motors is inherently difficult, particularly when they are required to operate outside
their designed purpose as in Concepts 1 and 2. A loadcell as used in Concept 3 is straightforward to
calibrate using known reference weights, making it the least complex option in terms of calibration.

Concept 3 is fully repeatable, since the measurement depends only on the load cell and belt speed,
both of which are stable and controllable. Concept 2 scores neutrally because although the electric
motor provides a controlled input, the drivetrain losses between the motor and the tire contact patch
are difficult to predict and may vary between trials. Concept 1 scores poorly since the pedaling force
depends on the human operator, introducing variability between measurements.
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The road surfacemust represent a real-world cycling surface while remaining physically compatible with
the treadmill. The following requirements and design criteria govern the design of the road surface.

The following requirements apply specifically to the road surface:

Å The surface must be geometrically representative of a real-world cycling surface.
Å The surface must not damage or permanently deform the treadmill belt.
Å The surface must remain fixed relative to the treadmill belt during measurement, without shifting
(so the roadsurface is the same every revolution).

Å The surface must be replaceable, allowing different surfaces to be tested on the same apparatus
without modification to the treadmill.

Å A speed of 30 km=h needs to be achieved on the roadsurface by the cyclist.
Å The roadsurface needs to withstand a vertical load of 100kg while spinning at 30 km/h.

The following four criteria are used to evaluate the surviving concepts on a relative scale: good (+),
neutral (�), or poor (ï).

Table 2.4: Design criteria for road surface.

Criterion Description
Surface fidelity The manufactured surface should reproduce the geometry of the

real road surface as accurately as possible. Deviations in texture
or profile directly affect the rolling resistance measurement.

Ease of manufacturing The surface should be producible with available equipment and
within a reasonable timeframe. Complex manufacturing pro-
cesses increase lead time and limit the number of surfaces that
can be produced.

Replaceability Switching between surfaces should require minimal effort and no
modification to the treadmill. A surface that is difficult to swap
reduces the practical usability of the measurement apparatus.

Muliple surface One concept should allow muliple types of roadsurfaces, so the
same production method can be used, to simplify the production
of new roadsurfaces.

Structural integrity The surface must remain rigid and undamaged under repeated
loading from the bicycle tyre. Deformation or wear of the surface
over time would introduce variability between measurements.

The first concept reproduces the road surface geometry by 3D scanning actual klinker bricks in the field
using a professional handheld 3D scanner. The scanner captures the surface as a dense point cloud,
which is processed into a closed triangular mesh and subsequently 3D printed in PLA. The printed
bricks are glued onto aluminium slabs, which are bolted directly to the treadmill slats. This two-layer
attachment ensures that muliple orientations of the scanned bricks can be made, such as fishtail and
horizontal orientation.

The key advantage of this concept is geometric fidelity. Because the surface geometry is captured
directly from real bricks, all surface features (including broken edges, cracks and surface texture), are
reproduced as they exist in the real world.
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The second concept replaces the scanned geometry with a mathematically defined surface. Rather
than reproducing real brick geometry, rectangular slabs of uniform dimensions are used to approximate
the roadsurface, similiar to [5]. A real road surface is scanned and the pseudo PSD is formed by
changing the spacing between the rectangular slabs.

This concept is easier to manufacture since it doesnt require the scanning of individual bricks, meshing
them and printing many individual bricks. However, there is a limitation in spacing since the treadmill
has a set belt length.

All concepts are first evaluated against the requirements. As shown in Table 2.5, both concepts satisfy
all requirements and neither is eliminated at this stage. The final selection is therefore based on the
design criteria.

Table 2.5: Requirements review for road surface.

Requirement C1 C2
Geometrically representative of real surface 3 3
Does not damage treadmill belt 3 3
Remains fixed during measurement 3 3
Replaceable without treadmill modification 3 3
A speed of 30 km/h needs to be reached by the cyclist 3 3
The cyclist needs to withstand a vertical load of 100kg while spinning at 30 km/h 3 3

Table 2.6: Design criteria scoring for road surface.

Criterion C1 C2
Surface fidelity + �
Multiple surfaces possible + �
Ease of manufacturing � +
Replace ability � �
Structural integrity � +

Concept 1 was selected on the basis of surface fidelity and the possibility of having multiple surfaces.
The primary purpose of the road surface in this setup is to reproduce the rolling resistance charac-
teristics of a real klinker surface as accurately as possible. A mathematically defined surface can
approximate the macroscopic brick pattern but cannot capture the natural height variation between
bricks, worn edges, or surface roughness that are inherent to real klinkers and directly influence the
tyre contact mechanics. Concept 1 reproduces these features by construction. Although Concept 1 re-
quires more manufacturing effort due to the scanning and mesh processing pipeline, this is a one-time
cost per surface type and does not affect measurement quality once the surface is produced.

The final road surface is built from 6 individually scanned klinker bricks. Each brick was scanned on
both of its two opposing faces, yielding 12 unique surface scans in total. Each scan can additionally be
mounted in two orientations by rotating the brick 180� around the vertical axis, so that the tyre contacts
either the original or the flipped face of the same brick. This gives a total of 24 distinct surface configura-
tions from a single set of 6 bricks, providing a wide range of surface variation for future measurements
without requiring additional scanning or manufacturing. T

Each brick was placed on a turntable and scanned using a professional handheld 3D scanner, as
shown in Figure 2.1. The scanner projects structured light onto the surface and captures the reflected
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geometry as a dense point cloud. Both faces of each brick were scanned separately. The resulting
point clouds were processed to remove noise and merged into a single watertight mesh per face using
Meshmixer, where mesh errors and non-manifold geometry were repaired to produce a clean solid
body.

Figure 2.1: Handheld 3D scanning of a klinker brick on a turntable. The point cloud is visible in real time on the monitor in the
background.

The repaired mesh was exported as an OBJ file and imported into Meshmixer, where it was converted
into a printable solid. The model was then sliced in SolidWorks and exported for FDM printing. The
resulting CAD geometry, shown in Figure 2.2, reproduces the surface texture, edge wear and cracks
of the original klinker. The bricks were printed in PLA on a Bambu Lab X1-carbon printer. PLA was
selected for its low cost and wide availability, layersize was 0.2mm, the accuracy of the printer is 200
�m.

Figure 2.2: Rendered CAD model of a scanned klinker brick after mesh repair and slicing. The surface texture and edge
geometry of the original brick are clearly visible.

The measurement apparatus is built around a Technogym Skill Run treadmill. Unlike conventional
treadmills, which use a single continuous rubber belt, the Skill Run uses a slatted belt construction in
which individual rigid slats are connected by a continuous loop, as shown in Figure 2.3. Each rubber
slat has a vertical crossbeam on its underside to provide structural rigidity, as visible in Figure 2.4. This
slatted construction was selected specifically because it allows mimicked road surface to be bolted
directly on top of the individual rubber slats, keeping them fixed relative to the belt during measure-
ment and making them straightforward to replace between test configurations without any permanent
modification to the treadmill.
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Figure 2.3: Top view of the Technogym Skill Run slatted belt, showing the individual rubber slats connected by a continuous
loop.

(a) Bottom view of a single rubber slat, showing the vertical crossbeam.

(b) Side view showing the rubber slat and its crossbeam.

(c) Side view showing the aluminium slat bolted on top of the rubber slat.

Figure 2.4: Close-up views of a single treadmill rubber slat and the aluminium slat mounted on top of it.

Each printed brick is glued onto an aluminium slat. The aluminium slat is then bolted on top of the
rubber treadmill slat through pre-drilled holes, as shown in Figure 2.5. This two-layer attachment en-
sures that each brick remains rigidly fixed to the belt during measurement and cannot shift or vibrate
independently.

Figure 2.5: Schematic overview of the road surface assembly, showing the relationship between the printed brick, aluminium
slat and treadmill slat.
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The complete assembled road surface, covering the full width of the treadmill, is shown in Figure 2.6.

During initial testing, the aluminium slats were found to deflect excessively at the point where the belt
transitions around the treadmill rollers, where the slat accelerates from the underside back to the top
surface. This deflection caused the slats to strike the rubber treadmill slabs hard at each transition.
Zipties were therefore added along the outer edges of each printed brick to constrain this deflection
and eliminate the impact. All the iterations of the roadsurfaces can be found in Appendix D.

Figure 2.6: Complete road surface assembled on the treadmill, showing all bricks mounted across the full belt width.

During a trial, the bicycle must remain in a controlled and repeatable position relative to the treadmill.
Without a stabilization mechanism, two practical problems arise. First, a human rider may gradually
drift or begin steering during a measurement, particularly over longer test durations. Any lateral or yaw
motion of the bicycle changes the contact geometry between the tire and the belt, introducing a tire
deformation component that is unrelated to the road surface under investigation. Since the goal of
this thesis is to isolate the effect of road surface texture on rolling resistance, this source of variability
must be eliminated. Second, future research on this measurement apparatus is intended to use an
instrumented dummy in place of a human rider. Unlike a human, a dummy cannot actively balance or
steer, making a passive stabilization mechanism a strict necessity for this use case.

The stabilization mechanism must therefore constrain the degrees of freedom that would affect the
measurement, while leaving free those that are physically necessary for the tire to roll naturally. Specif-
ically, yaw, roll, and lateral motion must be constrained, while pitch, longitudinal and vertical motion
remain free. It should be noted that the mass of the stabilization mechanism introduces an additional
vertical load on the tyrea beyond what the rider alone would generate, which increases the rolling re-
sistance at the contact patches. This effect is discussed further in subsection 5.1.2. Another important
consequence of any stabilization mechanism is that it introduces a longitudinal force component into
the system, regardless of concept. The placement of the loadcell to account for this effect is discussed
in section 2.5.

The following apply specifically to the stabilization mechanism:

Å The mechanism must constrain yaw, roll, and lateral motion of the bicycle while leaving pitch,
longitudinal and vertical motion free.

Å The mechanism must accommodate bicycle handlebar widths ranging from 240 mm to 780 mm
and wheel diameters ranging from 24 inch to 29 inch.

Å The mechanism must not permanently or structurally modify the bicycle.
Å The mechanism must withstand a roll moment force of at least 100 Nm, corresponding to the
maximum roll moment a rider can exert during a measurement.
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Å Themechanismmust not introduce ameasurable force in the longitudinal direction, as this directly
affects the loadcell reading.

The following criteria are used to evaluate the surviving concepts on a relative scale: good (+), neutral
(�), or poor (�).

Table 2.7: Design criteria for stabilization mechanism.

Criterion Description
Number of joints Each additional joint introduces play and potential friction.

Minimising the number of joints reduces cumulative imperfec-
tions and their effect on the free degrees of motion.

Joint friction in free directions Friction in joints that should allow free motion (pitch, vertical,
and longitudinal movement) should be as little as possible. Un-
necessary friction will restrict the natural movement of the bike
and negatively influence the rolling resistance measurement.

Stiffness in constrained directions The mechanism must be sufficiently rigid in the directions it
constrains: yaw, roll, and lateral. Play or bending in these
direction should be as limited as possible.

Mass of mechanism The mass of the mechanism adds to the total load on the tire
and changes the dynamic response of the bicycle. A lighter
mechanism minimizes its influence on the rolling resistance
measurement.

Ease of mounting different bicycles Themechanism should allow a different bicycle to bemounted
quickly and without extensive adjustment. A complex or
bicycle-specific mounting procedure increases test prepara-
tion time and the risk of inconsistent positioning between tri-
als.

Connection point robustness The connection between the mechanism and the bicycle must
reliably handle rider-induced loads without risk of slipping or
damaging the bicycle. The connection point must be struc-
turally suitable for lateral and vertical loads.

The first concept uses a two-bar linkage on each side of the bicycle, connected to the front fork via a
hinge joint, as shown in Figure 2.7. Each linkage consists of two links and three hinge joints, one fixed
to the treadmill frame, one intermediate joint, and one connecting to the front fork. The two linkages
on either side are connected by crossbeams. The in-plane motion of each two-bar linkage allows pitch,
vertical, and longitudinal movement, while the double-sided structure with crossbeams restricts roll,
yaw, and lateral motion.



2.4. Design of stabilization mechanism 15

Figure 2.7: Concept 1: Two-bar linkage connected to the front fork. Yellow dots indicate hinge joints. Green links form the
two-bar linkage, red link connects to the front fork.

The second concept uses two vertical cantilever beams, one on each side of the bicycle, connected to
the handlebars via a sliding joint, as shown in Figure 2.8. The sliding joint allows vertical motion, while
the cantilever beam allows for longitudinal movement. On the sliding a joint an additional hinge joint is
located to enable pitch movement. The two beams are connected by crossbeams, restricting roll, yaw,
and lateral motion. In the constrained directions, the beams act as rigid cantilevers, resisting lateral
and yaw loads through their bending stiffness.

Figure 2.8: Concept 2: Cantilever beams with sliding joint at the handlebars. Yellow dots indicate hinge joints, blue indicates
the sliding joint. Green beam is the cantilever member.

The third concept is kinematically identical to Concept 1,using a two-bar linkage on each side of the
bicycle connected by crossbeams. The key difference is the connection point, instead of the front fork,
the mechanism connects to the handlebars via a hinge joint, as shown in Figure 2.9. The handlebar
connection is more universal across different bicycle types and is structurally better suited to handling
the lateral and vertical loads compared to the front fork.
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Figure 2.9: Concept 3: Two-bar linkage connected to the handlebars. Yellow dots indicate hinge joints. Green links form the
two-bar linkage.

All three concepts are first evaluated against the requirements. As all three concepts satisfy the re-
quirements, none is eliminated and the selection proceeds to the design criteria.

Table 2.8: Requirements review for stabilization mechanism.

Requirement C1 C2 C3
Constrains yaw, roll, lateral; free in pitch, longitudinal, vertical 3 3 3
Accommodates different bicycle sizes 3 3 3
No permanent modification to bicycle 3 3 3
Withstands lateral rider forces 3 3 3
No measurable longitudinal force introduced 3 3 3

The three surviving concepts are scored against the design criteria in Table 2.9.

Table 2.9: Design criteria scoring for stabilization mechanism.

Criterion C1 C2 C3
Number of joints � � �
Joint friction in free directions + � +
Stiffness in constrained directions � + �
Mass of mechanism + � �
Ease of mounting different bicycles � � �
Connection point robustness � � �

Concept 3 scores best, scoring neutral on all criteria with one positive score, making it the most con-
sistent concept overall, and was therefore selected.

Concept 1 scores well on mass since its linkage connects low on the bicycle, requiring shorter members.
However, it scores poorly on both ease of mounting and connection point robustness. Connecting to
the front fork requires bicycle-specific adaptation, as fork geometries vary significantly between bicycle
types. Furthermore, carbon front forks (common on road bicycles) are not designed to handle the
lateral loads imposed by the stabilization mechanism, creating a risk of damage.

Concept 2 scores well on stiffness in the constrained directions, as the cantilever beams resist lateral
and yaw loads through their own rigidity without relying on joint stiffness. However, it scores poorly on
joint friction in the free directions. The sliding joint connecting the handlebars to the cantilever beam
introduces friction in the vertical direction, which resists the natural vertical motion of the bicycle during
rolling. More critically, sliding joints are prone to stick-slip behaviour, a phenomenon where static friction
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temporarily locks the joint before it suddenly releases. If the sliding joint jams, the vertical and pitch
motion of the bicycle are restricted, which could damage the bicycle or the mechanism.

Concept 3 avoids both of these issues. By connecting to the handlebars rather than the front fork, it is
compatible with a wide range of bicycle types without requiring adaptation, and the handlebar structure
is well suited to handling lateral and vertical loads. By using only hinge joints rather than a sliding joint,
it eliminates the risk of stick-slip behaviour. Although hinge joints introduce some friction, this friction
acts in the rotational direction and is small and reliable compared to the stick-slip forces of a sliding
joint. All three concepts introduce a longitudinal force component into the system due to the presence
of the mechanism, this effect is addressed in the loadcell placement in section 2.5.

The goal of the measurement system is to determine the total rolling resistance force acting on the
bicycle. As established in section 2.4, the stabilization mechanism introduces a longitudinal force com-
ponent into the system at the handlebar connection point. This force acts in the same direction as the
rolling resistance force and is therefore measured by the main load cell if not accounted for separately.
To correctly isolate the rolling resistance, both the main load cell force and the interface force must be
measured independently.

The free body diagram of the bicycle in the longitudinal direction is shown in Figure 2.10. Four horizontal
forces act on the system. The rolling resistance forces at the front and rear tire contact patches, Frrfront

and Frrrear , act in the direction of belt travel. These are opposed by two forces: the main load cell
force Fm, which connects the bicycle to a fixed reference frame. Secondly, the interface force Fi,
the longitudinal force introduced by the stabilization mechanism at the handlebar connection point.
Although the bicycle is connected to a fixed reference frame, a small longitudinal displacement remains
possible due to either a spring placed between the load cell and the bicycle, or slight elastic stretch in
the rope connecting the load cell to the bicycle.

Figure 2.10: A free body diagram of all the forces acting on the bicycle in longitudinal direction. The red boxes represent the
individual loadcells.

Applying Newtonôs second law in the longitudinal direction:

X
Fx = Frrfront + Frrrear � Fm � Fi = max (2.4)

This means that measuring only the main loadcell is insufficient; the interface force must also be mea-
sured and added to obtain the correct total resistive force. The two sensors share the reaction of the
rolling resistance: if the stabilization mechanism pulls the bicycle forward at the handlebars (a positive
Fi), it takes over part of the resistance that would otherwise be carried by the main loadcell, so the
value of Fm drops by the same amount. The reverse is also true, when the mechanism pushes back-
ward, Fm increases. In both cases the total resistive force is only recovered by summing the two. A
dedicated sensor is therefore required at the handlebar connection point to measure Fi, so that both
contributions are captured.



2.5. Sensor placement 18

When the bicycle pitches, for example when rolling over a bump, the angles of both the interface force
and the main loadcell rope deviate from the horizontal, introducing a cosine correction factor into the
force balance equation:

X
Fx = Frrfront + Frrrear � Fm cos(�) � Fi cos(�) = max (2.5)

Figure 2.11: Free body diagram of the bicycle in the longitudinal direction during pitch. � is the pitch angle of the stabilization
mechanism and  is the angle of the main loadcell rope from horizontal.

where � is the pitch angle of the stabilization mechanism and ɣ is the angle of the main loadcell rope
from horizontal. To assess the significance of this effect, a worst-case bump height of 2 cm is consid-
ered. With a bicycle wheelbase of 100 cm, the pitch angle of the bicycle is � = arctan(2=100) = 1:15,
giving cos(�) = 0:9998. With a main loadcell rope length of 30 cm, the rope angle is � = arctan(2=30) =
3:81, giving cos(�) = 0:9978. Both cosine factors are within 0.02% and 0.22% of 1, meaning the pitch-
induced error in the force measurement is negligible. The pitch motion of the bicycle can therefore
be ignored in the force balance, and the equation from Equation 2.4 remains valid. A single-axis hori-
zontal loadcell is therefore sufficient to measure the interface force. However, the vertical force at the
connection point must still be prevented from influencing the loadcell, which is addressed in the flexure
design in subsection 2.5.2.

To allow a single-axis loadcell to measure only the horizontal interface force without being influenced
by the vertical force, a flexure is used. A flexure is a compliant mechanical element that achieves
controlled motion through elastic deformation rather than sliding or rolling joints [22] . In this application,
the flexure consists of two parallel thin plates oriented vertically. Under a horizontal load, the plates
bend slightly, allowing a small longitudinal displacement �x, as can be seen in Figure 2.12. In all
other directions (vertical translation, lateral translation, and rotation in pitch, roll and yaw) the two-
plate configuration is effectively rigid, as any such motion would require one plate to extend and the
other to compress simultaneously. The flexure therefore transmits vertical and lateral forces without
displacement, meaning these force components are not transferred to the loadcell. Only the horizontal
force component passes through to the loadcell, as can be seen in Figure 2.13.
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Figure 2.12: Explanation of the
parallelogram flexure principle.

Figure 2.13: Schematic of the flexure assembly at the handlebar connection
point. The green bars represent the beams of the stabilization mechanism,
connected by yellow hinge joints. The blue component is the handlebar
mount, the pink components are rod end bearings, the black trapezium
represents the flexure, and the grey component represents the loadcell.

The flexure and load cell act as a parallel spring system between the handlebar and the stabilization
mechanism, as shown in Figure 2.14. When a force is applied to this system, the total force is shared
between the flexures and the load cell in proportion to their stiffnesses. To maximise measurement
resolution, the load cell must be allowed to deflect through its full rated range under the expected loads.
This requires the flexure to be significantly more compliant than the load cell: if the flexure were stiffer,
it would carry the majority of the applied force and prevent the load cell from deflecting sufficiently,
leaving only a small fraction of its rated range utilised and resulting in a poor signal-to-noise ratio. By
designing the flexure to be more compliant than the load cell, the load cell deflects through its full range
and the measurement resolution is maximised.

Figure 2.14: Schematic of the parallel spring system between the stabilization mechanism (top bar) and the handlebars
(bottom bar). The applied force is distributed across two flexures and one loadcell. Since the flexures are significantly more
compliant than the loadcell, the loadcell is free to deflect through its full rated range, maximising measurement resolution.

The loadcell used has a measurement range of 0ï25 kg and a maximum deflection of 0.3mm at full
load. The flexure is therefore designed to deflect 1mm under the same 25 kg load, making it approxi-
mately three times more compliant than the loadcell and ensuring the loadcell deflects through its full
rated range. The loadcell was calibrated by applying known reference weights, confirming the linearity
(R2 = 0:9996) and sensitivity (0.0971V/N) of the flexure/loadcell combination. More information on the
calibration procedure can be found in Appendix B.

Two flexure devices are used in parallel at the handlebar connection point (one on the left side of the
handlebars, the other on the right), each consisting of two parallel thin plates. The physical assembly
is shown in Figure 2.15 and Figure 2.16. The vertical load at the handlebar connection point was
estimated at 4 kg, representing the assumed fraction of the total 13 kg stabilization mechanism mass



�������� �7�I�R�W�S�V �T�P�E�G�I�Q�I�R�X ����

�D�F�W�L�Q�J �R�Q �W�K�H �K�D�Q�G�O�H�E�D�U�V�� �7�K�L�V �H�V�W�L�P�D�W�H �Z�D�V �O�D�W�H�U �Y�H�U�L�I�L�H�G �E�\ �G�L�U�H�F�W �P�H�D�V�X�U�H�P�H�Q�W�� �Z�K�L�F�K �\�L�H�O�G�H�G �D �Y�D�O�X�H
�R�I ������ �N�J�� �$�V�V�X�P�L�Q�J �D �S�H�D�N �D�F�F�H�O�H�U�D�W�L�R�Q �R�I ��g �D�Q�G �D�S�S�O�\�L�Q�J �D �V�D�I�H�W�\ �I�D�F�W�R�U �R�I ���� �W�K�L�V �J�L�Y�H�V �D �Y�H�U�W�L�F�D�O
�G�H�V�L�J�Q �O�R�D�G �R�I ������ �1 �D�W �W�K�H �F�R�Q�Q�H�F�W�L�R�Q �S�R�L�Q�W�� �7�K�H �K�R�U�L�]�R�Q�W�D�O �G�H�V�L�J�Q �O�R�D�G �R�I ������ �1 �Z�D�V �F�K�R�V�H�Q �V�X�F�K
�W�K�D�W �W�K�H �U�H�V�X�O�W�L�Q�J �I�O�H�[�X�U�H �V�W�L�I�I�Q�H�V�V �L�V �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �O�R�Z�H�U �W�K�D�Q �W�K�D�W �R�I �W�K�H �O�R�D�G�F�H�O�O�� �H�Q�V�X�U�L�Q�J �W�K�H �O�R�D�G�F�H�O�O
�F�D�Q �G�H�I�O�H�F�W �W�K�U�R�X�J�K �L�W�V �I�X�O�O �U�D�W�H�G �U�D�Q�J�H�� �Z�K�L�O�H �U�H�P�D�L�Q�L�Q�J �V�X�I�I�L�F�L�H�Q�W�O�\ �V�W�L�I�I �W�R �D�Y�R�L�G �H�[�F�H�V�V�L�Y�H �G�H�I�R�U�P�D�W�L�R�Q
�X�Q�G�H�U �Q�R�U�P�D�O �R�S�H�U�D�W�L�Q�J �F�R�Q�G�L�W�L�R�Q�V�� �7�K�H�V�H �O�R�D�G�V �D�U�H �G�L�Y�L�G�H�G �H�T�X�D�O�O�\ �E�H�W�Z�H�H�Q �W�K�H �W�Z�R �I�O�H�[�X�U�H �G�H�Y�L�F�H�V��
�J�L�Y�L�Q�J ���� �1 �Y�H�U�W�L�F�D�O �D�Q�G ���� �1 �K�R�U�L�]�R�Q�W�D�O �S�H�U �G�H�Y�L�F�H��

�)�L�J�X�U�H �����������7�R�S �Y�L�H�Z �R�I �W�K�H �I�O�H�[�X�U�H �D�V�V�H�P�E�O�\ �D�W �W�K�H �K�D�Q�G�O�H�E�D�U �F�R�Q�Q�H�F�W�L�R�Q �S�R�L�Q�W�� �7�K�H �E�O�D�F�N �W�X�E�H �U�H�S�U�H�V�H�Q�W�V �W�K�H �K�D�Q�G�O�H�E�D�U�� �W�K�H
�W�Z�R �R�X�W�H�U �F�R�P�S�R�Q�H�Q�W�V �D�U�H �W�K�H �I�O�H�[�X�U�H �G�H�Y�L�F�H�V�� �D�Q�G �W�K�H �U�H�G �F�R�P�S�R�Q�H�Q�W �O�R�F�D�W�H�G �E�H�W�Z�H�H�Q �W�K�H�P �L�V �W�K�H �O�R�D�G�F�H�O�O��

�)�L�J�X�U�H �����������%�R�W�W�R�P �Y�L�H�Z �R�I �W�K�H �I�O�H�[�X�U�H �D�V�V�H�P�E�O�\ �D�W �W�K�H �K�D�Q�G�O�H�E�D�U �F�R�Q�Q�H�F�W�L�R�Q �S�R�L�Q�W�� �7�K�H �E�O�D�F�N �W�X�E�H �U�H�S�U�H�V�H�Q�W�V �W�K�H �K�D�Q�G�O�H�E�D�U��
�W�K�H �W�Z�R �R�X�W�H�U �F�R�P�S�R�Q�H�Q�W�V �D�U�H �W�K�H �I�O�H�[�X�U�H �G�H�Y�L�F�H�V�� �D�Q�G �W�K�H �U�H�G �F�R�P�S�R�Q�H�Q�W �O�R�F�D�W�H�G �E�H�W�Z�H�H�Q �W�K�H�P �L�V �W�K�H �O�R�D�G�F�H�O�O��

�6�L�Q�F�H �W�K�H �H�Q�W�L�U�H �I�O�H�[�X�U�H �D�Q�G �O�R�D�G �F�H�O�O �D�V�V�H�P�E�O�\ �L�V �F�R�Q�Q�H�F�W�H�G �W�R �W�K�H �K�D�Q�G�O�H�E�D�U �P�R�X�Q�W�V ���E�O�X�H �P�R�X�Q�W
�L�Q�)�L�J�X�U�H ���������D���� �W�K�H �P�H�D�V�X�U�H�P�H�Q�W �L�V �L�Q�V�H�Q�V�L�W�L�Y�H �W�R �W�K�H �U�R�W�D�W�L�R�Q �R�I �W�K�H �K�D�Q�G�O�H�E�D�U �F�O�D�P�S�� �,�I �W�K�H �F�O�D�P�S
�U�R�W�D�W�H�V �D�U�R�X�Q�G �W�K�H �K�D�Q�G�O�H�E�D�U �W�X�E�H �G�X�U�L�Q�J �D �P�H�D�V�X�U�H�P�H�Q�W�� �D�Q�\ �U�R�W�D�W�L�R�Q �D�F�W�V �D�E�R�X�W �W�K�D�W �V�L�Q�J�O�H �F�R�Q�Q�H�F�W�L�R�Q
�S�R�L�Q�W�� �7�K�L�V �L�V �D �G�H�J�U�H�H �R�I �I�U�H�H�G�R�P �W�K�H �V�W�D�E�L�O�L�]�D�W�L�R�Q �P�H�F�K�D�Q�L�V�P �D�O�U�H�D�G�\ �D�F�F�R�P�P�R�G�D�W�H�V �W�K�U�R�X�J�K �L�W�V �K�L�Q�J�H
�M�R�L�Q�W ���W�K�H �W�R�S �K�L�Q�J�H �M�R�L�Q�W �L�Q�)�L�J�X�U�H ������������ �7�K�H �I�R�U�F�H �P�H�D�V�X�U�H�P�H�Q�W �L�V �W�K�H�U�H�I�R�U�H �X�Q�D�I�I�H�F�W�H�G��



�������� �-�R�W�X�V�Y�Q�I�R�X�E�X�M�S�R �E�R�H �H�E�X�E �E�G�U�Y�M�W�M�X�M�S�R ����

���D���6�F�K�H�P�D�W�L�F �R�I �W�K�H �I�O�H�[�X�U�H �D�V�V�H�P�E�O�\�� �7�K�H �J�U�H�H�Q �E�H�D�P�V �U�H�S�U�H�V�H�Q�W
�W�K�H �V�W�D�E�L�O�L�]�D�W�L�R�Q �P�H�F�K�D�Q�L�V�P�� �W�K�H �E�O�D�F�N �U�H�F�W�D�Q�J�O�H �L�V �W�K�H �I�O�H�[�X�U�H�� �W�K�H
�E�O�X�H �V�S�U�L�Q�J �U�H�S�U�H�V�H�Q�W�V �W�K�H �O�R�D�G�F�H�O�O�� �D�Q�G �W�K�H �U�H�G �D�U�U�R�Z �L�Q�G�L�F�D�W�H�V �W�K�H

�D�O�O�R�Z�H�G �G�L�V�S�O�D�F�H�P�H�Q�W� x ��

���E���3�K�R�W�R�J�U�D�S�K �R�I �W�K�H �I�O�H�[�X�U�H �D�V�V�H�P�E�O�\ �I�U�R�P �W�K�H �V�D�P�H �Y�L�H�Z�S�R�L�Q�W �D�V
�W�K�H �V�F�K�H�P�D�W�L�F�� �7�K�H �E�O�D�F�N �F�L�U�F�O�H �L�V �W�K�H �K�D�Q�G�O�H�E�D�U�� �W�K�H �U�H�G �F�R�P�S�R�Q�H�Q�W
�L�V �W�K�H �O�R�D�G�F�H�O�O�� �D�Q�G �W�K�H �U�R�G �H�Q�G �E�H�D�U�L�Q�J�V �F�R�Q�Q�H�F�W�L�Q�J �W�K�H �O�R�D�G�F�H�O�O �D�U�H

�Y�L�V�L�E�O�H �R�Q �H�L�W�K�H�U �V�L�G�H��

�)�L�J�X�U�H �����������)�O�H�[�X�U�H �D�V�V�H�P�E�O�\ �D�W �W�K�H �K�D�Q�G�O�H�E�D�U �F�R�Q�Q�H�F�W�L�R�Q �S�R�L�Q�W��

�7�K�H �V�F�K�H�P�D�W�L�F �G�H�V�L�J�Q �R�I �D �V�L�Q�J�O�H �I�O�H�[�X�U�H �G�H�Y�L�F�H �L�V �V�K�R�Z�Q �L�Q�)�L�J�X�U�H ���������D�� �7�K�H �I�O�H�[�X�U�H �L�V �P�D�Q�X�I�D�F�W�X�U�H�G
�I�U�R�P �V�W�H�H�O �'�,�1 �������������� �D �V�W�D�L�Q�O�H�V�V �V�S�U�L�Q�J �V�W�H�H�O �F�R�P�P�R�Q�O�\ �X�V�H�G �I�R�U �I�O�H�[�X�U�H �D�S�S�O�L�F�D�W�L�R�Q�V �G�X�H �W�R �L�W�V �K�L�J�K
�H�O�D�V�W�L�F �O�L�P�L�W �D�Q�G �I�D�W�L�J�X�H �U�H�V�L�V�W�D�Q�F�H�� �7�K�H �P�D�W�H�U�L�D�O �K�D�V �D �K�D�U�G�Q�H�V�V �R�I ������ �+�% �D�Q�G �D �I�D�W�L�J�X�H �V�W�U�H�Q�J�W�K �R�I
������ �0�3�D�� �$ �V�W�D�W�L�F �D�Q�G �I�D�W�L�J�X�H �D�Q�D�O�\�V�L�V �Z�D�V �S�H�U�I�R�U�P�H�G �L�Q �6�R�O�L�G�:�R�U�N�V �W�R �Y�H�U�L�I�\ �W�K�H �G�H�V�L�J�Q�� �D�V �V�K�R�Z�Q �L�Q
�)�L�J�X�U�H ���������� �7�K�H �P�D�[�L�P�X�P �Y�R�Q �0�L�V�H�V �V�W�U�H�V�V �X�Q�G�H�U �W�K�H �F�R�P�E�L�Q�H�G �O�R�D�G�L�Q�J �F�R�Q�G�L�W�L�R�Q �L�V ������ �0�3�D�� �Z�K�L�F�K
�L�V �E�H�O�R�Z �W�K�H �I�D�W�L�J�X�H �O�L�P�L�W �R�I ������ �0�3�D�� �7�K�H �I�O�H�[�X�U�H �L�V �W�K�H�U�H�I�R�U�H �G�H�V�L�J�Q�H�G �I�R�U �L�Q�I�L�Q�L�W�H �I�D�W�L�J�X�H �O�L�I�H �X�Q�G�H�U �W�K�H
�H�[�S�H�F�W�H�G �R�S�H�U�D�W�L�Q�J �O�R�D�G�V��

�)�L�J�X�U�H �����������)�O�H�[�X�U�H �V�W�U�H�V�V �S�U�R�I�L�O�H

�$ �P�R�U�H �H�[�W�H�Q�V�L�Y�H �G�H�V�F�U�L�S�W�L�R�Q �R�I �W�K�H �I�O�H�[�X�U�H �G�H�V�L�J�Q�� �L�Q�F�O�X�G�L�Q�J �G�L�P�H�Q�V�L�R�Q�D�O �G�U�D�Z�L�Q�J�V �D�Q�G �I�X�O�O �D�Q�D�O�\�V�L�V
�U�H�V�X�O�W�V�� �L�V �S�U�R�Y�L�G�H�G �L�Q�$�S�S�H�Q�G�L�[ �$��

���������-�R�W�X�V�Y�Q�I�R�X�E�X�M�S�R �E�R�H �H�E�X�E �E�G�U�Y�M�W�M�X�M�S�R
�7�K�H �L�Q�V�W�U�X�P�H�Q�W�D�W�L�R�Q �V�H�W�X�S �F�R�Q�V�L�V�W�V �R�I �I�R�X�U �V�H�Q�V�R�U�V�� �W�Z�R �V�L�J�Q�D�O �F�R�Q�G�L�W�L�R�Q�H�U�V�� �D�Q�G �D �G�D�W�D �D�F�T�X�L�V�L�W�L�R�Q
�V�\�V�W�H�P�� �7�Z�R �6�F�D�L�P�H �=�)�$ �O�R�D�G�F�H�O�O�V ���V�F�D�L�P�H�� �-�X�Y�L�J�Q�\�� �)�U�D�Q�F�H�� �D�U�H �X�V�H�G �W�R �P�H�D�V�X�U�H �W�K�H �I�R�U�F�H�V �L�Q �W�K�H
�V�\�V�W�H�P�� �2�Q�H �O�R�D�G�F�H�O�O �P�H�D�V�X�U�H�VFm �D�Q�G �W�K�H �R�W�K�H�U �P�H�D�V�X�U�H�VFi �Y�L�D �W�K�H �I�O�H�[�X�U�H �D�V�V�H�P�E�O�\�� �%�R�W�K �O�R�D�G�F�H�O�O�V



�������� �-�R�W�X�V�Y�Q�I�R�X�E�X�M�S�R �E�R�H �H�E�X�E �E�G�U�Y�M�W�M�X�M�S�R ����

�K�D�Y�H �D �P�H�D�V�X�U�H�P�H�Q�W �U�D�Q�J�H �R�I ���±������N �D�Q�G �D�U�H �F�D�S�D�E�O�H �R�I �R�S�H�U�D�W�L�Q�J �L�Q �E�R�W�K �F�R�P�S�U�H�V�V�L�R�Q �D�Q�G �W�H�Q�V�L�R�Q��
�7�K�H �F�D�S�D�E�L�O�L�W�\ �R�I �P�H�D�V�X�U�L�Q�J �E�R�W�K �F�R�P�S�U�H�V�V�L�R�Q �D�Q�G �W�H�Q�V�L�R�Q �L�V �S�D�U�W�L�F�X�O�D�U�O�\ �L�P�S�R�U�W�D�Q�W �I�R�U �W�K�H �L�Q�W�H�U�I�D�F�H �O�R�D�G��
�F�H�O�O�� �V�L�Q�F�H �I�R�U�F�H�V �R�F�F�X�U �L�Q �E�R�W�K �G�L�U�H�F�W�L�R�Q�V�� �(�D�F�K �O�R�D�G�F�H�O�O �L�V �F�R�Q�Q�H�F�W�H�G �W�R �D �G�H�G�L�F�D�W�H�G �6�F�D�L�P�H �&�3�- �V�W�U�D�L�Q
�J�D�X�J�H �F�R�Q�G�L�W�L�R�Q�H�U�� �Z�K�L�F�K �R�X�W�S�X�W�V �D �� �W�R� ���� �9 �V�L�J�Q�D�O �S�U�R�S�R�U�W�L�R�Q�D�O �W�R �W�K�H �D�S�S�O�L�H�G �O�R�D�G�� �$�Q �$�'�;�/������
�D�F�F�H�O�H�U�R�P�H�W�H�U �L�V �P�R�X�Q�W�H�G �R�Q �W�K�H �K�D�Q�G�O�H�E�D�U �V�W�H�P �W�R �P�H�D�V�X�U�H �U�R�D�G���L�Q�G�X�F�H�G �Y�L�E�U�D�W�L�R�Q�V�� �D�G�G�L�W�L�R�Q�D�O�O�\ �W�R
�P�H�D�V�X�U�H �O�R�Q�J�L�W�X�G�L�Q�D�O �D�F�F�H�O�H�U�D�W�L�R�Q�� �7�K�H �F�R�Q�G�L�W�L�R�Q�H�G �V�L�J�Q�D�O�V �D�U�H �U�H�F�R�U�G�H�G �X�V�L�Q�J �D �1�D�W�L�R�Q�D�O �,�Q�V�W�U�X�P�H�Q�W�V
�8�6�%���������� �G�D�W�D �D�F�T�X�L�V�L�W�L�R�Q �G�H�Y�L�F�H ���1�D�W�L�R�Q�D�O �,�Q�V�W�U�X�P�H�Q�W�V�� �$�X�V�W�L�Q�� �8�6�$���� �Z�K�L�F�K �F�D�Q �V�D�P�S�O�H �D�O�O �F�K�D�Q�Q�H�O�V
�D�W ������ �+�] �D�Q�G �W�U�D�Q�V�I�H�U�V �W�K�H �G�D�W�D �W�R �D �O�D�S�W�R�S �I�R�U �S�U�R�F�H�V�V�L�Q�J�� �'�D�W�D �L�V �V�W�R�U�H�G �L�Q �D �&�6�9 �I�L�O�H �X�V�L�Q�J �I�O�H�[�O�R�J�J�H�U
���1�D�W�L�R�Q�D�O �,�Q�V�W�U�X�P�H�Q�W�V�� �$�X�V�W�L�Q�� �8�6�$���� �V�R�I�W�Z�D�U�H �X�V�H�G �W�R �F�R�Q�I�L�J�X�U�H �D�Q�G �X�V�H �W�K�H �1�, �8�6�%������������ �7�K�H �W�U�H�D�G��
�P�L�O�O �E�H�O�W �V�S�H�H�G �L�V �U�H�D�G �P�D�Q�X�D�O�O�\ �I�U�R�P �W�K�H �W�U�H�D�G�P�L�O�O �G�L�V�S�O�D�\ �L�Q �N�P���K �D�Q�G �F�R�Q�Y�H�U�W�H�G �W�R �P���V �I�R�U �X�V�H �L�Q �W�K�H
�S�R�Z�H�U �O�R�V�V �F�D�O�F�X�O�D�W�L�R�Q�� �$ �I�X�O�O �R�Y�H�U�Y�L�H�Z �R�I �W�K�H �V�H�Q�V�R�U �G�D�W�D�V�K�H�H�W�V �L�V �S�U�R�Y�L�G�H�G �L�Q�$�S�S�H�Q�G�L�[ �&��

�7�K�H �V�D�P�S�O�L�Q�J �U�D�W�H �R�I ������Hz �Z�D�V �V�H�O�H�F�W�H�G �E�D�V�H�G �R�Q �W�K�H �1�\�T�X�L�V�W �F�U�L�W�H�U�L�R�Q �>���� �@�� �7�K�H �U�H�O�H�Y�D�Q�W �I�U�H�T�X�H�Q�F�\
�U�D�Q�J�H �I�R�U �U�R�O�O�L�Q�J �U�H�V�L�V�W�D�Q�F�H �P�H�D�V�X�U�H�P�H�Q�W�V �L�V �S�U�L�P�D�U�L�O�\ �J�R�Y�H�U�Q�H�G �E�\ �W�K�H �Y�L�E�U�D�W�L�R�Q���L�Q�G�X�F�H�G �S�R�Z�H�U �O�R�V�V
�P�R�G�H�O �R�I �:�L�O�V�R�Q �D�Q�G �6�F�K�P�L�G�W �>���@�� �Z�K�L�F�K �L�G�H�Q�W�L�I�L�H�V ���±����Hz �D�V �W�K�H �F�U�L�W�L�F�D�O �U�D�Q�J�H �I�R�U �H�Q�H�U�J�\ �G�L�V�V�L�S�D�W�L�R�Q
�L�Q �F�\�F�O�L�V�W�V�� �7�K�H ������Hz �V�D�P�S�O�L�Q�J �U�D�W�H �S�U�R�Y�L�G�H�V �D �1�\�T�X�L�V�W �O�L�P�L�W �R�I ����Hz �� �Z�K�L�F�K �L�V �V�X�I�I�L�F�L�H�Q�W �W�R �F�D�S�W�X�U�H
�W�K�L�V �U�D�Q�J�H�� �+�L�J�K�H�U �I�U�H�T�X�H�Q�F�\ �F�R�P�S�R�Q�H�Q�W�V �D�V�V�R�F�L�D�W�H�G �Z�L�W�K �W�L�U�H �W�U�H�D�G �L�P�S�D�F�W�V ���������±������Hz �� �>���� �@ �D�U�H
�R�X�W�V�L�G�H �W�K�H �V�F�R�S�H �R�I �W�K�L�V �P�H�D�V�X�U�H�P�H�Q�W �D�Q�G �D�U�H �Q�R�W �F�D�S�W�X�U�H�G�� �,�W �V�K�R�X�O�G �E�H �Q�R�W�H�G �W�K�D�W �V�L�Q�F�H �H�D�F�K �W�U�L�D�O �L�V
�U�H�G�X�F�H�G �W�R �D �V�L�Q�J�O�H �P�H�D�Q �Y�D�O�X�H �R�IFT R �R�Y�H�U ���� �V�H�F�R�Q�G�V�� �W�K�H �V�D�P�S�O�L�Q�J �U�D�W�H �G�R�H�V �Q�R�W �Q�H�H�G �W�R �U�H�V�R�O�Y�H
�L�Q�G�L�Y�L�G�X�D�O �Y�L�E�U�D�W�L�R�Q �F�\�F�O�H�V �W�R �D�F�K�L�H�Y�H �D �V�W�D�E�O�H �P�H�D�Q�� �)�H�Q�U�H �>���� �@ �V�K�R�Z�V �W�K�D�W �D �� �+�] �V�D�P�S�O�L�Q�J �U�D�W�H �L�V
�V�X�I�I�L�F�L�H�Q�W �W�R �R�E�W�D�L�Q �D �S�U�H�F�L�V�H �P�H�D�Q �U�R�O�O�L�Q�J �U�H�V�L�V�W�D�Q�F�H �H�V�W�L�P�D�W�H �S�U�R�Y�L�G�H�G �H�Q�R�X�J�K �V�D�P�S�O�H�V �D�U�H �F�R�O�O�H�F�W�H�G��
�Z�L�W�K �D �S�U�H�F�L�V�L�R�Q �R�I �“���������� �D�O�U�H�D�G�\ �D�F�K�L�H�Y�H�G �D�W ���� �V�D�P�S�O�H�V�� �$ �P�X�F�K �O�R�Z�H�U �V�D�P�S�O�L�Q�J �U�D�W�H �Z�R�X�O�G �W�K�H�U�H�I�R�U�H
�E�H �D�G�H�T�X�D�W�H �I�R�U �W�K�H �S�X�U�S�R�V�H �R�I �R�E�W�D�L�Q�L�Q�J �D �V�W�D�E�O�H �P�H�D�Q�� �7�K�H ������ �+�] �U�D�W�H �Z�D�V �U�H�W�D�L�Q�H�G �W�R �S�U�H�V�H�U�Y�H
�W�K�H �W�L�P�H���U�H�V�R�O�Y�H�G �I�R�U�F�H �V�L�J�Q�D�O �I�R�U �S�R�W�H�Q�W�L�D�O �I�X�W�X�U�H �D�Q�D�O�\�V�L�V �R�I �G�\�Q�D�P�L�F �O�R�D�G �Y�D�U�L�D�W�L�R�Q�V �D�Q�G �Y�L�E�U�D�W�L�R�Q
�P�H�D�V�X�U�H�P�H�Q�W�V��

�������������9�R�G�I�V�X�E�M�R�X�] �E�R�E�P�]�W�M�W
�7�K�H �P�H�D�V�X�U�H�P�H�Q�W �X�Q�F�H�U�W�D�L�Q�W�\ �L�V �H�Y�D�O�X�D�W�H�G �I�R�O�O�R�Z�L�Q�J �W�K�H�*�X�L�G�H �W�R �W�K�H �(�[�S�U�H�V�V�L�R�Q �R�I �8�Q�F�H�U�W�D�L�Q�W�\ �L�Q �0�H�D��
�V�X�U�H�P�H�Q�W���*�8�0�� �>���� �@�� �,�Q �W�K�L�V �I�U�D�P�H�Z�R�U�N�� �H�Y�H�U�\ �U�H�O�H�Y�D�Q�W �V�R�X�U�F�H �R�I �X�Q�F�H�U�W�D�L�Q�W�\ �L�V �L�G�H�Q�W�L�I�L�H�G�� �T�X�D�Q�W�L�I�L�H�G �D�V
�D �V�W�D�Q�G�D�U�G �X�Q�F�H�U�W�D�L�Q�W�\�� �D�Q�G �S�U�R�S�D�J�D�W�H�G �L�Q�W�R �D �V�L�Q�J�O�H �F�R�P�E�L�Q�H�G �V�W�D�Q�G�D�U�G �X�Q�F�H�U�W�D�L�Q�W�\ �I�R�U �W�K�H �P�H�D�V�X�U�D�Q�G��
�7�K�H �*�8�0 �G�L�V�W�L�Q�J�X�L�V�K�H�V �W�Z�R �Z�D�\�V �R�I�H�Y�D�O�X�D�W�L�Q�J�D�Q �X�Q�F�H�U�W�D�L�Q�W�\ �F�R�P�S�R�Q�H�Q�W�� �U�H�I�H�U�U�H�G �W�R �D�V �7�\�S�H �$ �D�Q�G
�7�\�S�H �%�� �%�R�W�K �\�L�H�O�G �V�W�D�Q�G�D�U�G �X�Q�F�H�U�W�D�L�Q�W�L�H�V �D�Q�G �D�U�H �W�U�H�D�W�H�G �L�G�H�Q�W�L�F�D�O�O�\ �R�Q�F�H �T�X�D�Q�W�L�I�L�H�G��

�8�]�T�I �% �Y�R�G�I�V�X�E�M�R�X�]
�7�\�S�H �$ �X�Q�F�H�U�W�D�L�Q�W�\ �L�V �H�Y�D�O�X�D�W�H�G �V�W�D�W�L�V�W�L�F�D�O�O�\ �I�U�R�P �D �V�H�U�L�H�V �R�I �U�H�S�H�D�W�H�G �P�H�D�V�X�U�H�P�H�Q�W�V�� �,�W �F�D�S�W�X�U�H�V �W�K�H
�U�D�Q�G�R�P �H�I�I�H�F�W�V �L�Q �W�K�H �P�H�D�V�X�U�H�P�H�Q�W �F�K�D�L�Q�� �V�X�F�K �D�V �H�O�H�F�W�U�L�F�D�O �Q�R�L�V�H �D�Q�G �U�R�D�G���L�Q�G�X�F�H�G �Y�L�E�U�D�W�L�R�Q�� �D�Q�G �L�V
�T�X�D�Q�W�L�I�L�H�G �K�H�U�H �D�V �W�K�H �V�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q �R�I �W�K�H �P�H�D�Q �R�I �W�K�H �U�H�S�H�D�W�H�G �W�U�L�D�O�V��

�8�]�T�I �& �Y�R�G�I�V�X�E�M�R�X�]
�7�\�S�H �% �X�Q�F�H�U�W�D�L�Q�W�\ �L�V �H�Y�D�O�X�D�W�H�G �I�U�R�P �V�R�X�U�F�H�V �R�I �L�Q�I�R�U�P�D�W�L�R�Q �R�W�K�H�U �W�K�D�Q �U�H�S�H�D�W�H�G �R�E�V�H�U�Y�D�W�L�R�Q�� �S�U�L�P�D�U�L�O�\
�P�D�Q�X�I�D�F�W�X�U�H�U �V�S�H�F�L�I�L�F�D�W�L�R�Q�V �D�Q�G �F�D�O�L�E�U�D�W�L�R�Q �G�D�W�D�� �,�W �F�D�S�W�X�U�H�V �W�K�H �V�\�V�W�H�P�D�W�L�F �H�I�I�H�F�W�V �R�I �W�K�H �L�Q�V�W�U�X�P�H�Q�W�D��
�W�L�R�Q�� �V�X�F�K �D�V �V�H�Q�V�R�U �D�F�F�X�U�D�F�\ �D�Q�G �U�H�V�R�O�X�W�L�R�Q��

�0�D�Q�X�I�D�F�W�X�U�H�U �V�S�H�F�L�I�L�F�D�W�L�R�Q�V �W�\�S�L�F�D�O�O�\ �T�X�R�W�H �D �W�R�O�H�U�D�Q�F�H �D�V �D �V�\�P�P�H�W�U�L�F �L�Q�W�H�U�Y�D�O� a�� �I�R�U �H�[�D�P�S�O�H �D �S�H�U��
�F�H�Q�W�D�J�H �R�I �I�X�O�O �V�F�D�O�H�� �6�X�F�K �D �I�L�J�X�U�H �L�V �D �E�R�X�Q�G�� �L�W �V�W�D�W�H�V �W�K�D�W �W�K�H �W�U�X�H �Y�D�O�X�H �O�L�H�V �V�R�P�H�Z�K�H�U�H �Z�L�W�K�L�Q
[� a; + a]�� �E�X�W �J�L�Y�H�V �Q�R �L�Q�I�R�U�P�D�W�L�R�Q �D�E�R�X�W �Z�K�H�U�H �L�Q�V�L�G�H �W�K�D�W �L�Q�W�H�U�Y�D�O �L�W �L�V �P�R�U�H �O�L�N�H�O�\ �W�R �I�D�O�O�� �$ �V�W�D�Q�G�D�U�G
�X�Q�F�H�U�W�D�L�Q�W�\�� �E�\ �F�R�Q�W�U�D�V�W�� �L�V �D �V�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q�� �D�Q�G �W�K�H �W�Z�R �F�D�Q�Q�R�W �E�H �F�R�P�E�L�Q�H�G �X�Q�W�L�O �W�K�H�\ �D�U�H �H�[��
�S�U�H�V�V�H�G �L�Q �W�K�H �V�D�P�H �I�R�U�P�� �7�K�H �E�R�X�Q�G �P�X�V�W �W�K�H�U�H�I�R�U�H �I�L�U�V�W �E�H �F�R�Q�Y�H�U�W�H�G �L�Q�W�R �D �V�W�D�Q�G�D�U�G �X�Q�F�H�U�W�D�L�Q�W�\��
�Z�K�L�F�K �U�H�T�X�L�U�H�V �D�V�V�X�P�L�Q�J �D �S�U�R�E�D�E�L�O�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�Q �D�F�U�R�V�V �W�K�H �L�Q�W�H�U�Y�D�O�� �,�Q �W�K�H �D�E�V�H�Q�F�H �R�I �D�Q�\ �I�X�U�W�K�H�U
�L�Q�I�R�U�P�D�W�L�R�Q�� �D �U�H�F�W�D�Q�J�X�O�D�U ���X�Q�L�I�R�U�P�� �G�L�V�W�U�L�E�X�W�L�R�Q �L�V �D�V�V�X�P�H�G�� �U�H�I�O�H�F�W�L�Q�J �W�K�D�W �Q�R �Y�D�O�X�H �Z�L�W�K�L�Q �W�K�H �L�Q�W�H�U�Y�D�O
�L�V �F�R�Q�V�L�G�H�U�H�G �P�R�U�H �S�U�R�E�D�E�O�H �W�K�D�Q �D�Q�R�W�K�H�U�� �7�K�H �V�W�D�Q�G�D�U�G �X�Q�F�H�U�W�D�L�Q�W�\ �L�V �W�K�H�Q �W�K�H �V�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q �R�I
�W�K�D�W �G�L�V�W�U�L�E�X�W�L�R�Q��

uB =
a

p
3

; ����������



�������� �-�R�W�X�V�Y�Q�I�R�X�E�X�M�S�R �E�R�H �H�E�X�E �E�G�U�Y�M�W�M�X�M�S�R ����

�'�S�Q�F�M�R�I�H �W�X�E�R�H�E�V�H �Y�R�G�I�V�X�E�M�R�X�]
�7�K�H �7�\�S�H �$ �D�Q�G �7�\�S�H �% �F�R�P�S�R�Q�H�Q�W�V �D�U�H �F�R�P�E�L�Q�H�G �L�Q�W�R �D �V�L�Q�J�O�H �F�R�P�E�L�Q�H�G �V�W�D�Q�G�D�U�G �X�Q�F�H�U�W�D�L�Q�W�\uc��
�$�V�V�X�P�L�Q�J �W�K�H �F�R�Q�W�U�L�E�X�W�L�Q�J �V�R�X�U�F�H�V �D�U�H �L�Q�G�H�S�H�Q�G�H�Q�W�� �W�K�H�\ �D�U�H �F�R�P�E�L�Q�H�G �D�V �W�K�H �U�R�R�W �V�X�P �R�I �V�T�X�D�U�H�V��

uc =
q

u2
A + u2

B : ����������

�)�\�T�E�R�H�I�H �Y�R�G�I�V�X�E�M�R�X�]
�7�R �U�H�S�R�U�W �W�K�H �U�H�V�X�O�W �Z�L�W�K �D �V�W�D�W�H�G �O�H�Y�H�O �R�I �F�R�Q�I�L�G�H�Q�F�H�� �W�K�H �F�R�P�E�L�Q�H�G �V�W�D�Q�G�D�U�G �X�Q�F�H�U�W�D�L�Q�W�\ �L�V �P�X�O�W�L�S�O�L�H�G
�E�\ �D �F�R�Y�H�U�D�J�H �I�D�F�W�R�Uk �W�R �R�E�W�D�L�Q �W�K�H �H�[�S�D�Q�G�H�G �X�Q�F�H�U�W�D�L�Q�W�\��

U = k uc: ����������

�7�K�H �P�H�D�V�X�U�H�P�H�Q�W �U�H�V�X�O�W �L�V �W�K�H�Q �H�[�S�U�H�V�V�H�G �D�VY = y� U�� �$�V�V�X�P�L�Q�J �W�K�H �R�X�W�S�X�W �T�X�D�Q�W�L�W�\ �L�V �D�S�S�U�R�[�L�P�D�W�H�O�\
�Q�R�U�P�D�O�O�\ �G�L�V�W�U�L�E�X�W�H�G�� �W�K�H �F�R�Y�H�U�D�J�H �I�D�F�W�R�U �F�R�U�U�H�V�S�R�Q�G�V �W�R �W�K�H �F�R�Q�I�L�G�H�Q�F�H �O�H�Y�H�O�V �O�L�V�W�H�G �L�Q �7�D�E�O�H����������

�&�R�Y�H�U�D�J�H �I�D�F�W�R�Uk �&�R�Q�I�L�G�H�Q�F�H �O�H�Y�H�O

�� ���� ��
�� ���� ��
�� ���� ��

�7�D�E�O�H �����������&�R�Y�H�U�D�J�H �I�D�F�W�R�Uk �D�Q�G �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �F�R�Q�I�L�G�H�Q�F�H �O�H�Y�H�O �I�R�U �D �Q�R�U�P�D�O�O�\ �G�L�V�W�U�L�E�X�W�H�G �R�X�W�S�X�W �T�X�D�Q�W�L�W�\��

�8�]�T�I �% �� �V�I�T�I�E�X�E�F�M�P�M�X�]
�7�K�H �7�\�S�H �$ �X�Q�F�H�U�W�D�L�Q�W�\ �L�V �H�Y�D�O�X�D�W�H�G �V�W�D�W�L�V�W�L�F�D�O�O�\ �I�U�R�P �D �V�H�U�L�H�V �R�I �U�H�S�H�D�W�H�G �P�H�D�V�X�U�H�P�H�Q�W�V�� �I�R�O�O�R�Z�L�Q�J
�W�K�H �P�H�W�K�R�G �G�H�V�F�U�L�E�H�G �E�\ �3�D�S�D�L�R�D�Q�Q�R�X �D�Q�G �.�R�X�O�R�F�K�H�U�L�V �>���� �@�� �7�H�Q �W�U�L�D�O�V ��N = 10�� �Z�H�U�H �F�R�Q�G�X�F�W�H�G �D�W
15�N�P���K �Z�L�W�K �D20�N�J �O�R�D�G �X�Q�G�H�U �L�G�H�Q�W�L�F�D�O �F�R�Q�G�L�W�L�R�Q�V�� �7�K�H �V�W�D�Q�G�D�U�G �X�Q�F�H�U�W�D�L�Q�W�\ �L�V �W�K�H�Q �R�E�W�D�L�Q�H�G �W�K�U�R�X�J�K
�W�K�H �I�R�O�O�R�Z�L�Q�J �V�W�H�S�V��

���� �5�0�6 �S�H�U �W�U�L�D�O�)�R�U �H�D�F�K �W�U�L�D�Oi �� �W�K�H �U�R�R�W �P�H�D�Q �V�T�X�D�U�H �R�I �W�K�H �U�R�O�O�L�Q�J �U�H�V�L�V�W�D�Q�F�H �V�L�J�Q�D�O �L�V �F�R�P�S�X�W�H�G
�R�Y�H�U �L�W�Vn �V�D�P�S�O�H�V��

Y�5�0�6;i =

vu
u
t 1

n

nX

j =1

F 2
T R : ����������

�7�K�H �5�0�6 �L�V �X�V�H�G �D�V �D �U�H�S�U�H�V�H�Q�W�D�W�L�Y�H �P�H�D�V�X�U�H �R�I �W�K�H �V�L�J�Q�D�O �P�D�J�Q�L�W�X�G�H �E�H�F�D�X�V�H �L�W �F�D�S�W�X�U�H�V �E�R�W�K
�W�K�H �P�H�D�Q �O�H�Y�H�O �D�Q�G �W�K�H �G�\�Q�D�P�L�F �F�R�Q�W�H�Q�W �G�X�H �W�R �U�R�D�G���L�Q�G�X�F�H�G �Y�L�E�U�D�W�L�R�Q�V��

���� �0�H�D�Q �5�0�6 �D�F�U�R�V�V ���� �W�U�L�D�O�V���7�K�H ���� �S�H�U���W�U�L�D�O �5�0�6 �Y�D�O�X�H�V �D�U�H �D�Y�H�U�D�J�H�G��

�Y�5�0�6 =
1
N

NX

i =1

Y�5�0�6;i : ������������

���� �6�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q �R�I �W�K�H ���� �5�0�6 �Y�D�O�X�H�V�7�K�H �V�D�P�S�O�H �V�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q �R�I �W�K�H �S�H�U���W�U�L�D�O �5�0�6
�Y�D�O�X�H�V �T�X�D�Q�W�L�I�L�H�V �W�K�H �W�U�L�D�O���W�R���W�U�L�D�O �V�F�D�W�W�H�U��

� Y�5�0�6 =

vu
u
t 1

N � 1

NX

i =1

�
Y�5�0�6;i � �Y�5�0�6

� 2
: ������������

���� �6�W�D�Q�G�D�U�G �X�Q�F�H�U�W�D�L�Q�W�\�'�L�Y�L�G�L�Q�J �E�\ �W�K�H �V�T�X�D�U�H �U�R�R�W �R�I �W�K�H �Q�X�P�E�H�U �R�I �W�U�L�D�O�V �J�L�Y�H�V �W�K�H �7�\�S�H �$ �V�W�D�Q��
�G�D�U�G �X�Q�F�H�U�W�D�L�Q�W�\��

uA =
� Y�5�0�6p

N
: ������������

�7�K�L�V �U�H�S�U�H�V�H�Q�W�V �K�R�Z �P�X�F�K �W�K�H �5�0�6���P�H�D�Q �U�H�V�X�O�W �Z�R�X�O�G �E�H �H�[�S�H�F�W�H�G �W�R �Y�D�U�\ �L�I �W�K�H �H�Q�W�L�U�H �V�H�W �R�I
�W�U�L�D�O�V �Z�H�U�H �U�H�S�H�D�W�H�G��

�7�K�H �U�H�V�X�O�W�V �D�U�H �V�X�P�P�D�U�L�V�H�G �L�Q�7�D�E�O�H ���������� �D �I�X�O�O �H�[�S�O�D�Q�D�W�L�R�Q �R�I �W�K�H �F�R�G�H �X�V�H�G �L�V �J�L�Y�H�Q �L�Q�$�S�S�H�Q�G�L�[ �(��



�������� �-�R�W�X�V�Y�Q�I�R�X�E�X�M�S�R �E�R�H �H�E�X�E �E�G�U�Y�M�W�M�X�M�S�R ����

�7�D�E�O�H �����������7�\�S�H �$ �X�Q�F�H�U�W�D�L�Q�W�\ �U�H�V�X�O�W�V �I�R�UF �5�5 �D�W ���� �N�P���K�� ���� �N�J �O�R�D�G�� �I�R�O�O�R�Z�L�Q�J �W�K�H �*�8�0 �P�H�W�K�R�G��

�4�X�D�Q�W�L�W�\ �'�H�V�F�U�L�S�W�L�R�Q �9�D�O�X�H

N �1�X�P�E�H�U �R�I �W�U�L�D�O�V ����
�Y�5�0�6 �0�H�D�Q �R�I �5�0�6 �Y�D�O�X�H�V ������������ �1
� Y�5�0�6 �6�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q �R�I �5�0�6 �Y�D�O�X�H�V ������������ �1
uA �6�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q �R�I �W�K�H �P�H�D�Q ������������ �1

�8�]�T�I �& �-�R�W�X�V�Y�Q�I�R�X �M�R�G�I�V�X�E�M�R�X�]
�7�\�S�H �% �X�Q�F�H�U�W�D�L�Q�W�\ �L�V �H�Y�D�O�X�D�W�H�G �I�R�U �H�D�F�K �F�R�P�S�R�Q�H�Q�W �L�Q �W�K�H �P�H�D�V�X�U�H�P�H�Q�W �F�K�D�L�Q �X�V�L�Q�J �P�D�Q�X�I�D�F�W�X�U�H�U
�V�S�H�F�L�I�L�F�D�W�L�R�Q�V�� �:�K�H�U�H �D �V�S�H�F�L�I�L�F�D�W�L�R�Q �L�V �J�L�Y�H�Q �D�V �D �V�\�P�P�H�W�U�L�F �U�D�Q�J�H� a�� �D �U�H�F�W�D�Q�J�X�O�D�U �S�U�R�E�D�E�L�O�L�W�\ �G�L�V�W�U�L��
�E�X�W�L�R�Q �L�V �D�V�V�X�P�H�G�� �J�L�Y�L�Q�J �D �V�W�D�Q�G�D�U�G �X�Q�F�H�U�W�D�L�Q�W�\ �R�IuB = ap

3
��

�7�K�H �U�R�O�O�L�Q�J �U�H�V�L�V�W�D�Q�F�H �I�R�U�F�H �L�V �J�L�Y�H�Q �E�\��

FT R = Fm + Fi + max ������������

�7�K�H �X�Q�F�H�U�W�D�L�Q�W�\ �S�U�R�S�D�J�D�W�L�R�Q�� �D�V�V�X�P�L�Q�J �D�O�O �V�R�X�U�F�H�V �D�U�H �U�D�Q�G�R�P �D�Q�G �L�Q�G�H�S�H�Q�G�H�Q�W�� �J�L�Y�H�V��

uFT R =
q

u2
Fm

+ u2
F i

+ ( m � uax )2 + ( ax � um )2 ������������

�)�U�R�P �W�K�H �F�D�O�L�E�U�D�W�L�R�Q �L�Q�$�S�S�H�Q�G�L�[ �%�W�K�H �P�D�L�Q�O�R�D�G�F�H�O�O �K�D�V �D�Q �X�Q�F�H�U�W�D�L�Q�W�\ �R�I �����������1�� �W�K�H �L�Q�W�H�U�I�D�F�H �O�R�D�G��
�F�H�O�O �K�D�V �D�Q �X�Q�F�H�U�W�D�L�Q�W�\ �R�I ���������1�� �7�K�H �$�'�;�/������ �D�F�F�H�O�H�U�R�P�H�W�H�U �K�D�V �D ������ �V�H�Q�V�L�W�L�Y�L�W�\ �W�R�O�H�U�D�Q�F�H�� �7�K�H
�W�R�W�D�O �P�D�V�V �D�F�W�L�Q�J �R�Q �W�K�H �V�\�V�W�H�P �L�V ���� �N�J�� �F�R�P�S�U�L�V�L�Q�J �W�K�H �U�L�G�H�U�� �E�L�F�\�F�O�H�� �D�Q�G �V�W�D�E�L�O�L�]�D�W�L�R�Q �P�H�F�K�D�Q�L�V�P
�F�R�P�E�L�Q�H�G ������ �N�J���� �N�J���� �N�J���� �$�W �W�K�H �P�H�D�V�X�U�H�G �S�H�D�N �D�F�F�H�O�H�U�D�W�L�R�Q �R�I ��������m=s2�� �W�K�H �D�F�F�H�O�H�U�R�P�H�W�H�U �X�Q��
�F�H�U�W�D�L�Q�W�\ �F�R�Q�W�U�L�E�X�W�H�Vm � uax = 87 � 0:05 = 4:35 �1 �W�R �W�K�H �I�R�U�F�H �X�Q�F�H�U�W�D�L�Q�W�\�� �7�K�H �X�Q�F�H�U�W�D�L�Q�W�\ �R�I �W�K�H �V�F�D�O�H
�X�V�H�G �W�R �G�H�W�H�U�P�L�Q�H �W�K�H �P�D�V�V �L�V �Q�R�W �L�Q�F�O�X�G�H�G�� �D�V �L�W�V �F�R�Q�W�U�L�E�X�W�L�R�Q �L�V �Q�H�J�O�L�J�L�E�O�H �U�H�O�D�W�L�Y�H �W�R �W�K�H �D�F�F�H�O�H�U�R�P�H�W�H�U
�W�H�U�P�� �7�K�H �I�X�O�O �F�R�P�E�L�Q�H�G �7�\�S�H �% �X�Q�F�H�U�W�D�L�Q�W�\ �L�V �W�K�H�U�H�I�R�U�H��

uB;F T R =
q

u2
B;F M

+ u2
B;F i

+ ( m � uax )2 =
p

0:0752 + 0 :192 + 4 :352 � 4:36�1 ������������

�'�S�Q�F�M�R�I�H �W�X�E�R�H�E�V�H �Y�R�G�I�V�X�E�M�R�X�]
�7�K�H �7�\�S�H �$ �D�Q�G �7�\�S�H �% �F�R�Q�W�U�L�E�X�W�L�R�Q�V �D�U�H �F�R�P�E�L�Q�H�G �Z�L�W�K�(�T�X�D�W�L�R�Q ��������

uc =
q

u2
A + u2

B =
p

0:02382 + 4 :362 � 4:36�1: ������������

�7�K�H �F�R�P�E�L�Q�H�G �V�W�D�Q�G�D�U�G �X�Q�F�H�U�W�D�L�Q�W�\ �L�V �G�R�P�L�Q�D�W�H�G �D�O�P�R�V�W �H�Q�W�L�U�H�O�\ �E�\ �W�K�H �7�\�S�H �% �F�R�Q�W�U�L�E�X�W�L�R�Q�� �W�K�H �7�\�S�H
�$ �U�H�S�H�D�W�D�E�L�O�L�W�\ �W�H�U�P �L�V �P�R�U�H �W�K�D�Q �W�Z�R �R�U�G�H�U�V �R�I �P�D�J�Q�L�W�X�G�H �V�P�D�O�O�H�U �D�Q�G �K�D�V �Q�R �P�H�D�Q�L�Q�J�I�X�O �H�I�I�H�F�W �R�Quc��

�)�\�T�E�R�H�I�H �Y�R�G�I�V�X�E�M�R�X�]
�)�L�Q�D�O�O�\�� �W�K�H �F�R�P�E�L�Q�H�G �V�W�D�Q�G�D�U�G �X�Q�F�H�U�W�D�L�Q�W�\ �L�V �V�F�D�O�H�G �E�\ �D �F�R�Y�H�U�D�J�H �I�D�F�W�R�U �Z�L�W�K�(�T�X�D�W�L�R�Q �������W�R �H�[�S�U�H�V�V
�W�K�H �U�H�V�X�O�W �D�W �D �G�H�I�L�Q�H�G �F�R�Q�I�L�G�H�Q�F�H �O�H�Y�H�O�� �8�V�L�Q�Jk = 2 �� �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �D �F�R�Q�I�L�G�H�Q�F�H �O�H�Y�H�O �R�I �D�S�S�U�R�[�L��
�P�D�W�H�O�\ ���� ����

U = k uc = 2 � 4:36 � 8:72�1: ������������

�7�K�H �U�R�O�O�L�Q�J �U�H�V�L�V�W�D�Q�F�H �P�H�D�V�X�U�H�P�H�Q�W �L�V �W�K�H�U�H�I�R�U�H �U�H�S�R�U�W�H�G �D�VF�5�5 � 8:72�1 �D�W �W�K�H ���� �� �F�R�Q�I�L�G�H�Q�F�H �O�H�Y�H�O��

�������������7�T�V�M�R�K �Z�W�� �R�S �W�T�V�M�R�K
�7�K�H �H�[�S�D�Q�G�H�G �X�Q�F�H�U�W�D�L�Q�W�\ �R�I� 8:72�1 �G�H�U�L�Y�H�G �D�E�R�Y�H �L�V �X�Q�D�F�F�H�S�W�D�E�O�\ �O�D�U�J�H �U�H�O�D�W�L�Y�H �W�R �W�K�H �P�H�D�V�X�U�H�G
�U�R�O�O�L�Q�J �U�H�V�L�V�W�D�Q�F�H �I�R�U�F�H �D�Q�G �L�V �G�R�P�L�Q�D�W�H�G �D�O�P�R�V�W �H�Q�W�L�U�H�O�\ �E�\ �W�K�H �D�F�F�H�O�H�U�R�P�H�W�H�U �W�H�U�P�� �5�H�G�X�F�L�Q�J �L�W �W�K�H�U�H��
�I�R�U�H �U�H�T�X�L�U�H�V �H�O�L�P�L�Q�D�W�L�Q�J �W�K�Hm ax �F�R�Q�W�U�L�E�X�W�L�R�Q�� �Z�K�L�F�K �L�V �R�Q�O�\ �S�U�H�V�H�Q�W �E�H�F�D�X�V�H �R�I �W�K�H �D�F�F�H�O�H�U�R�P�H�W�H�U��

�7�K�H �D�F�F�H�O�H�U�R�P�H�W�H�U �Z�D�V �L�Q�W�U�R�G�X�F�H�G �W�R �F�R�P�S�H�Q�V�D�W�H �I�R�U �W�K�H �O�R�Q�J�L�W�X�G�L�Q�D�O �P�R�Y�H�P�H�Q�W �G�X�H �W�R �D �V�S�U�L�Q�J �S�O�D�F�H�G
�E�H�W�Z�H�H�Q �W�K�H �P�D�L�Q �O�R�D�G�F�H�O�O �D�Q�G �W�K�H �I�L�[�H�G �U�H�I�H�U�H�Q�F�H �I�U�D�P�H�� �7�K�H �V�S�U�L�Q�J �Z�D�V �L�Q�W�H�Q�G�H�G �W�R �N�H�H�S �W�K�H �P�D�L�Q



�������� �*�M�R�E�P �H�I�W�M�K�R ����

�O�R�D�G�F�H�O�O �U�R�S�H �L�Q �W�H�Q�V�L�R�Q �D�W �D�O�O �W�L�P�H�V�� �W�K�H �F�R�Q�F�H�U�Q �E�H�L�Q�J �W�K�D�W �K�H�D�Y�\ �U�R�D�G���L�Q�G�X�F�H�G �Y�L�E�U�D�W�L�R�Q�V �F�R�X�O�G �P�R�P�H�Q��
�W�D�U�L�O�\ �F�D�X�V�H �W�K�H �U�R�S�H �W�R �J�R �V�O�D�F�N �D�Q�G �S�U�R�G�X�F�H �D �F�R�U�U�X�S�W�L�Q�J �]�H�U�R���I�R�U�F�H �U�H�D�G�L�Q�J�� �7�R �W�H�V�W �Z�K�H�W�K�H�U �W�K�L�V �Z�D�V
�D �U�H�D�O �U�L�V�N�� �P�H�D�V�X�U�H�P�H�Q�W�V �Z�H�U�H �W�D�N�H�Q �Z�L�W�K�R�X�W �W�K�H �V�S�U�L�Q�J�� �$�V �V�K�R�Z�Q �L�Q�)�L�J�X�U�H ���������� �W�K�H �P�D�L�Q �O�R�D�G�F�H�O�O
�V�L�J�Q�D�O �V�W�D�\�V �S�R�V�L�W�L�Y�H �W�K�U�R�X�J�K�R�X�W �W�K�H �H�Q�W�L�U�H �P�H�D�V�X�U�H�P�H�Q�W�� �H�Y�H�Q �X�Q�G�H�U �K�H�D�Y�\ �Y�L�E�U�D�W�L�R�Q�� �7�K�H �U�R�S�H �Q�H�Y�H�U
�J�R�H�V �V�O�D�F�N�� �V�R �W�K�H �V�S�U�L�Q�J �L�V �Q�R�W �U�H�T�X�L�U�H�G �D�Q�G �F�D�Q �E�H �U�H�P�R�Y�H�G��

�)�L�J�X�U�H �����������0�D�L�Q �O�R�D�G�F�H�O�O �V�L�J�Q�D�O �G�X�U�L�Q�J �P�H�D�V�X�U�H�P�H�Q�W �Z�L�W�K�R�X�W �D �V�S�U�L�Q�J �S�U�H�V�H�Q�W�� �7�K�H �V�L�J�Q�D�O �U�H�P�D�L�Q�V �S�R�V�L�W�L�Y�H �W�K�U�R�X�J�K�R�X�W��
�F�R�Q�I�L�U�P�L�Q�J �W�K�D�W �W�K�H �U�R�S�H �Q�H�Y�H�U �J�R�H�V �V�O�D�F�N��

�:�L�W�K �W�K�H �V�S�U�L�Q�J �U�H�P�R�Y�H�G�� �W�K�H �P�H�D�V�X�U�H�P�H�Q�W �F�K�D�L�Q �L�V �U�L�J�L�G �D�Q�G �W�K�H �P�D�V�V �Q�R �O�R�Q�J�H�U �X�Q�G�H�U�J�R�H�V �V�L�J�Q�L�I��
�L�F�D�Q�W �D�F�F�H�O�H�U�D�W�L�R�Q�� �V�R �W�K�H �L�Q�H�U�W�L�D�O �F�R�U�U�H�F�W�L�R�Qm ax �E�H�F�R�P�H�V �Q�H�J�O�L�J�L�E�O�H �D�Q�G �W�K�H �D�F�F�H�O�H�U�R�P�H�W�H�U �F�D�Q �E�H
�U�H�P�R�Y�H�G �D�V �Z�H�O�O�� �7�K�L�V �K�D�V �D �G�H�F�L�V�L�Y�H �H�I�I�H�F�W �R�Q �W�K�H �X�Q�F�H�U�W�D�L�Q�W�\�� �7�K�H �G�R�P�L�Q�D�Q�W �7�\�S�H �% �W�H�U�P�� �W�K�H4:35�1
�D�F�F�H�O�H�U�R�P�H�W�H�U �F�R�Q�W�U�L�E�X�W�L�R�Q�� �G�L�V�D�S�S�H�D�U�V �H�Q�W�L�U�H�O�\�� �D�Q�G �W�K�H �F�R�P�E�L�Q�H�G �7�\�S�H �% �X�Q�F�H�U�W�D�L�Q�W�\ �U�H�G�X�F�H�V �W�R �W�K�H
�O�R�D�G�F�H�O�O �F�R�Q�W�U�L�E�X�W�L�R�Q�V �D�O�R�Q�H��

uB;F T R =
q

u2
B;F M

+ u2
B;F i

=
p

0:0752 + 0 :192 � 0:20�1; ������������

�D �U�H�G�X�F�W�L�R�Q �R�I �P�R�U�H �W�K�D�Q �D�Q �R�U�G�H�U �R�I �P�D�J�Q�L�W�X�G�H��

�7�R �F�R�Q�I�L�U�P �W�K�D�W �U�H�P�R�Y�L�Q�J �W�K�H �D�F�F�H�O�H�U�R�P�H�W�H�U �G�R�H�V �Q�R�W �G�H�J�U�D�G�H �U�H�S�H�D�W�D�E�L�O�L�W�\�� �W�K�H �7�\�S�H �$ �D�Q�D�O�\�V�L�V �Z�D�V
�U�H�S�H�D�W�H�G �Z�L�W�K�R�X�W �L�W �X�Q�G�H�U �L�G�H�Q�W�L�F�D�O �F�R�Q�G�L�W�L�R�Q�V�� �7�K�H �U�H�V�X�O�W�V �D�U�H �V�X�P�P�D�U�L�V�H�G �L�Q�7�D�E�O�H ���������� �7�K�H �7�\�S�H �$
�X�Q�F�H�U�W�D�L�Q�W�\ �F�K�D�Q�J�H�V �R�Q�O�\ �P�D�U�J�L�Q�D�O�O�\�� �I�U�R�P0:0238�1 �W�R0:0217�1��

�7�D�E�O�H �����������7�\�S�H �$ �X�Q�F�H�U�W�D�L�Q�W�\ �U�H�V�X�O�W�V �I�R�UF �5�5 �D�W ���� �N�P���K�� ���� �N�J �O�R�D�G�� �Z�L�W�K�R�X�W �D�F�F�H�O�H�U�R�P�H�W�H�U��

�4�X�D�Q�W�L�W�\ �9�D�O�X�H

�Y�5�0�6 ������������ �1
� Y�5�0�6 ������������ �1
uA ������������ �1

�&�R�P�E�L�Q�L�Q�J �W�K�H �W�Z�R �V�R�X�U�F�H�V �J�L�Y�H�V �D �F�R�P�E�L�Q�H�G �V�W�D�Q�G�D�U�G �X�Q�F�H�U�W�D�L�Q�W�\ �R�I

uc =
q

u2
A + u2

B =
p

0:02172 + 0 :202 � 0:20�1; ������������

�D�Q�G �D�Q �H�[�S�D�Q�G�H�G �X�Q�F�H�U�W�D�L�Q�W�\ �R�IU = k uc � 0:41�1 �D�W �W�K�H ���� �� �F�R�Q�I�L�G�H�Q�F�H �O�H�Y�H�O�� �5�H�P�R�Y�L�Q�J �W�K�H �V�S�U�L�Q�J��
�D�Q�G �Z�L�W�K �L�W �W�K�H �D�F�F�H�O�H�U�R�P�H�W�H�U�� �W�K�H�U�H�I�R�U�H �O�R�Z�H�U�V �W�K�H �U�H�S�R�U�W�H�G �X�Q�F�H�U�W�D�L�Q�W�\ �I�U�R�P� 8:72�1 �W�R� 0:41�1��
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