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I. Introduction

This investigation is carried out in the framework of a research project

on morphological computations for large ranges of grainsizes. It is then

necessary to describc the transport of each sizefiaction seperately.

This paper shows some of the major efforts which have been made to develop

a bed-load formula for every fraction of the sediment mixture. The most

general farm of such a formula reads:

s. = f.(u, DI' "') D., ... D, PI' ..• , p., ... , p 1) (I)
i. i. J_ n ~ n-

in which: s. = bed-load rate of fraction i 1n volume (including pores) per~
unit time and unit wi.dth

u = flow velocity

D. = diameter of sediment fraction 1.
i.

p. = probability of sediment fraction i.
i.

n . - number of fractions.

All the bed-laad fOl~ulae per sediment fraction which are discussed here

are deduced from one of the classical bed-load formulae for uniform sedi

ment. These formulae, which have an empiricalor stochastical--empirical

eharaeter, are summarized below.

The formula of Kalinske (1947) results from stoehastical eonsiderations.

In order to ealculate the bed-load transport he uses parameters like the

particle velocity and the probability of apartiele being eroded froIDthc

bed.

Beeause of the turbulent watermovement he assumes a normally distributed

water veloeity at the bottom.

The bed-load formulae of Einstcin (1950) also has a stoehastical-empirieal

eharacter. He assumes a normal distribution of the liftforce working on

a sediment partiele and includes the intennittent movement of the sediment

particles in his considerations.

In bath the formula of Kalinske and Einstein appear several correetion

coeffieients wh ich have been determined empirically.

The bed-laad formula of Meyer-Peter and Müller ()948) gives the bed-]oad

transport: of uniform sediment in the farm of arelation between two

dimensionless parameters. The constants ~n this fonnula have been determined

out of many experiments. A general form of this formula is:



x f(Y)

- 2·

in whic.h: X :::dimensionless transportparameter

Y dimensionless flowparameter.

(2)

These three bed-laad formulae have been adapted more or less by other

investigators for heterogeneous sediment.

In Table 1 a review i.sgiven of the different investigators \-7110 carried

out these adaptions.

Basic

bed+Load formula

Kalinske (1947)

Einstein (1950)

Meyer-Peter &

Nüller (1948)

Tablè 1

Adaption for heterogeneolls

sediment by

Pantelopulos (1955,1957)

Ning Chien (1953)

Egiazaroff (1965)

Antsyferov (1973)

Ashida & Michiue (1973)

Suzuki (1976)

Remarks

"Large ranges of

grain sizes"

theoretical ana-

lysis of the c.ri

tical shear stress

of a fraction in

a sediment mixture

correction of

Egiazaroff's the

orie and experi

mental verification

of the bed-load

formula.

The basic bed-load formulae are compared in Fig. 1. The above-mentioned

bed-load formulae for heterogeneous sediment will be trented in the next

sections.
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Fig. 1 Comparison of basic bed-load formulae (after Paintal, 1971)

2. Kalinske and Pantelopulos

The bed-load formula of Kalinske (1947) can be derived in a simple way .

He eonsiders the toplayer of a plane bed and assumes that the sediment

particles are spheres with diameter D. Suppose P = pe.rcentage-af a bed

area occupi.edby grains. Then P/ (!TID2) = number of grains per unit of

bedarea. According ta Kalinske the water ~eloeity near the bottom is nor

mally distributed:

(u _ ~)2)
-2-- . exp (- . 2
TIau 20'

u

1n which: 0'2 var1ance of the water velocity near the bottom
u

f(u)

u = mean velocity near the bottom.

The probability of a grain, with critieal velocity uc' of being eroded

is:
00

f fCu) • ciu
uc



Thc number of grains that moves per unit of bedarea ~s then:

oop
f f (u) • du

lrD2/t. u c

Kalinske assumes an empirical relation for the grainvelocity during move

ment:

u - ëü-- u-)
p c bottom

The bed-load transport per unit time and \>]idth(reäl volume) becomes:

TID3
00

P f f(u)duqs = -6- u
p TID2/4 uc

Iqs 2/3 P D ~!'__I (3)

co

in.which: u u f f(u)du "mean gra~n.velocity"p p uc (including rest periods}

This exp ressi.ouHl combination with the normal distrLbut i.on c an be workcd

out to a general relationship:

~p/u = f(T /T ,0 /~)c e u (4)

r.nwh i.ch : T critical shear stress of the sediment particlec
T = effective shear stress acting on the particles.e

Combination of Eqs. (3), (4) and an empirical relation for T g~ves, for. c
different intensities of turbulence, the bedload formula of Kalinske.

Remark: For relatively large T or water velocities and therefore large---- e
bedload transports this formula is incorrect, hecause Kalinske

only considers one grainlayer, whi:te in these circumstances more

layers can be rnoving at the same time (Fig. 1).

Pantelopulos (1955, 1957) extends with an identical derivation Kalinske's

formula to a bed-load formula per sedimentfraction.

In stead of Eq. (3) he finds for every fraction:

r-:--".. 2/3 p(D.) . llD .• D.• ü- (D.) IL~_~_. ~ 1. 1._ P 1.

(5 )
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10 which: p(D.).6D.
1. 1.

part of u unit bedarea occupied by graios with a

diameter between D. and D. + 6D.
1 J. 1

co

u (D.) == ~---;;-(D.»)" .
p 1 C 1. bottom J

u (D.)
c 1.

f(u).du

In the same way as Kalinske did Pantelopulos finds:

u . (D.) /~p 1.
f(T l : .',0 /~)c. e u

1.

(6)

was not available.

Now Pantelopulos only needs an empirical relation for T ~ which, howeve r ,c.
1.

He carries out same experiments and calculations and finds out that tbe

critical shear stress of partieles of a certain fraction in a sediment

mixture can be entirely different from the critical shear stress of thc

same partieles in the uniform case. (Fig. 2).

1.4 unitorm sediment

'<; 1::
( N / m2)

0.8

0.6

x~x
"--- -- '''trocti0t15 part of 0 mixture

0.4

0.2

2 4-' 6 B 10 -~Dilmm)

Fig. 2 Critical shear ~tresses of partieles, as weIl as part of a mixture

as in the uniform case (after Pantelopulos, 1957).
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It seems that in these expcr i.mcnt.a L circumo tances rhe crit ical shear stress

of the larger particles is dec re.asing and of the smaller partieles is in

creasing when compared with the uniform case.

The experimenta1 resu1ts show that the critical shear stresses of all the

fractions near1y have the same value. This value can be estimated by the

mean of the values ca1cu1ated with a fontlula of Kalinske-White, in which

the critica1 shear stress for uniform grains H linear1y dependent of thc

graindiameter (T = a(p - p)g D.).c S 1

The conc1usion that this procedure 18 correct for every sediment mixture

may not be justified. The sediment mixtures us ed by Pan telopu Los ar.e

shown in Fig. 3.

1.00

O.BO
0

LL. 0.60

I0.40

0.20

0

",- p-~-_..f-o--
f-' V A,

~','t7I.
111/
/ 11/
I l

1,1
fJ_

2 4 6 8 10-+-D(mm)

Eig. 3 Sediment mixtures used"by Pantelopulos

Remark: In the experiments Pantelopulos did not directly measurc the cri-

tica1 shear stress for every fraction. He only measured the bed

laad transport pcr fraction and then deterrnined T 1n such a way
c.
1that the bedload formu1a (Eqs. (5),(6» gave thc nght value.

Because of the restricted experimental verification it is hardly possible

to draw general conclusions about this bed-load formula per sediment

fraction of Pantelopulos.
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3. Einstein

The bed-load formula of _Einst~in C~950) is deri.vedby cqua Ii.ngthe number

of sediment partieles being deposited per unit time and bedarea Cn ) to
a

the number of partieles being eroded per unit time and bedarea (n ).
e

In the expression of nd Einstein uses the mean steplength of the partieles.

This is according to Einstein a constant times the grain diameter (ALDi)'

He finds an expression for this steplength by using a parameter p, which

is the probability of erosion. If this probability is large as aresuit

of hydraulic conditions the steplength of the partieles also will be large.

The parameter p ean also be found in the expression for n .
e

Next Einstein states that p 15 also the probability of the liftforce on

the partiele being larger than its weight (under water):

p probability of L/W > 1

3in whieh:"l-l g(ps - P)A2D. particle weight unde r water
I 2 2 .

L = CL.P.ï u AIDi = l~ft force

CL = lifteoeffieient.

In finding an expreSSLon for the liftforce Einstein introduces a number

of correction eoeffieienrs and figures. The roughness of the bedsurface

and the frequency of a eertain fraetion are important parameters. Thc most

important eoefficient is the ~~~i~g_f~~!~E_~,whieh compensates the lift

force for the phenomenon of "hiding of smaller partieles behind larger

ones" .

Because of'earl ier experimental results Einstein assumes that the !~~!~~E~~
is fluetuating aeeording to a normal distribution.

This seems to contradiet the assumption of Kalinske that the water Y~!~~i~z
near the bottom is normally distributed. The bed-load formula of Einstein

whieh already gives the bedload transport per fraetion ean be written as

follows:

qs.
1--3/t,gD.
1

p.
1

Ax
(7)

For the probability of erQsion p Einstein finds the expression:

1 Bxl/Jx+l/no :3
p = 1 -!TI J exp(-t )dt

-nl/J-I/nx x 0

(8)
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According to Einstcin A , Band no are universal constants, whiçh have
" :K

to be determined empirically. As a result of exper~nents with ~~!~~E~
sediment he finds A - 27,0 and B_ = 0,156. tor n he finds: n = 0,5.x b 0 0

The dimensionless flow parameter ~ is defined as:x

~n which: ljJ
liD.

i.
Ri

with: i. energy slope

R hydraulic radius with respect ta the graLn

and: Y pressure correction in transition smooth-rough

BIB = (IOlog 10,6)/(10log 10,6Xlb')x
X = characteristic grain size of the mixture

lI' = apparent roughness diameter.

Einstein and Ning Chien (1953) carry out exp erirnenr.s w i th "large-range"

mixtures (= mixtures with a large range of grainsizes). In this way they

find empirically modified values of the hiding factor ~.

An important effect on ~ is caused by a phenomenon called ~~Ef~~~_~~gE~
g~!!~!];.'rhis is the accumulation of coarse particles underneath the fine

grains. Einstein and Ning Chien also find alternative fine and coarse

layers in the bed which they call ~~~_~!E~!!~i~~~i~g.
A disadvantage of Einstcin' s f ormula is the complex form i.n wh ich it app ears

after combination of Eqs. (7), (8) and (9). The formula includes many

correct ion coefficients wllich have to be f ound in different figures. Further

only the hiding factor is corrected for large-range mixtures. The other

coefficients A , TI , n > Y and lI' are determined in experiments with uni-
x " 0

farm sediment.

In the next chapter the simplest form of a bedload formula per size

fraction is given. which can be derived from the Einstein formula.

4. Basic-hypothesis

Under certain conditions a basic hypothesis can be derived from Eiustein's

bedload formula. Expression (7) can be written as:

3IlIgD.
1 p

- p

or
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qs. lAg))?
1. 1. Ps. = = p. ----

1. C 1 C .A I - P0 0 XL____ ____l

I

1n whi.cb : C = 1 - E with E = porosity of sediment.
0 0 0

With the assumption that the underlined tenn I is only a function of D.
1.

and u (but not of p.) the basic hypothesis results. If p. = I term I 1.S
1. 1.

equal to the sediment transport s. of fraction i in the uniform case. In
1.

a general form this basic hypothesis sounds:

s. = f. (uIDI"" ,D.,...D 'PI,'.".".',p.,...p I) = p .•f' (u~~l (10)1. 1.' 1. n 1. n- 1. ~

This simplified bedload formula per fraction assumes that the hedload

transport of fraction 1. is a linear function of the probability of fraction

1..It also means that the different fractions are transported indcpendently.

In Fig. 4 this basic hypothesis is shown in case of t,V'Osediment fractions

aod a constant flow velocity u.

Fig:_!! Basic hypothesis for two fractions

Despite the simplification of this fo~ula Antsyferov (1973) uses it 1.n

experiments with heterogeneous sediment (0.1 - 5.0 mm). According to the

exper~neutal results he substitutes for the function f'(u,D.) a formula
1.

similélf.'to the transport formuia of EngelUlld and Hansen.

Combination Of Eq , (10) w i.t.h the E.H.-formulD. gi.ves:
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s.~

The dimensionless form becomcs:

Si (1l~_i~5/2---- = p. x 0.084
/1::. D3 ~ L\D.v g i ~

~----~------~-----------
~n which: ~ = (C~/g)2/5

Ct = Chêzy-coefficient of bedforms and gralns.

(1 1)

The total shear stress multiplied by ~ gHes the.effective shear stress

(= the part of the total shear stress working on the grains).

Using this formula there are two possibilities:

(i) The righthandside of Eq. (11) except p. ~s independent of p.;
1 1

Expression (II) is in agreement with the basic hypothesis.

(ii) Factor ]J is a function of P.' A change in the cornposition of the bed
1

(p.) may change the bedform and the roughness of the grains and hence
1

]lwill be influenced. The form of this function ]l(p.) is unknown.
1.

Forrnula (11) then deviates from the basic hypothesis.

The basic hypothesis can also be combined with a typical bedload formula

like Meyer-Peter and Müller (19Lf8). This formula gives (like the formula

of Engelund and Hansen) arelation between two dimensionless parameters:

x = 13.3 (y-l - 0.047)3/2

in which: X s/ll::.gD3 = sediment .transportparameter

J = I::.D/]l~i= flow parameter

The inverse vaiue of y is sometimes called: the dimensioniess effective
-I

shear stress: T = Y .e
According to Mey~r-Peter and Mülier the value 0.047 must not be interpreted

as a dimensionless criticai shear stress. Factor ~ is now defined as:

CC /C )3/2
t g

1n which: Cg Ch~zy-coefficient of the grains.

The bedLo ad fonnula per fraetion becomes:

. f ~Rbi 3/?]
_l __ - P 3.3 CllD].,·-- 0.047) -gDi - j

(12)
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Just as before there are two possibiLiti.e's:
(i) )..ll.8 not a funclion of p. (basic hypothesis)

l.
(ii) )..ll.S a function of p ..

l.

The second pos~ibility - probably the hest,'one - has the disadvantage that

the relation )..l(p.)is unknown.
l.

Remé.rks

I. In practice the factor Jl 1S partly used to match measurements and

formula.

2. The next chapters will shmv that other investigators do not correct

via)..lor Te (= )..l~~i)but via the constant 0.047.

3. This bedloaa formula per fraction Eq. (12) has not been verified

experimentally.

5. Egiazaroff's theory

Starting from physical considerations Egiazaroff (1965) derives an expres

sion for the dimensionless critical shear stress of a grain (D = D.) which
l.

is part of a mixture (D = ~ p.D.).m l. l. l.

First of all he derives the same parameter for uniform sediment (Egiazaroff,

1957).

He considers the equilibrium of forces working on a spherical grain which

is on the threshold of movement (Fig. 5).

---...u

N ~

Ft 11' D,

77/"7'177//7
w

FiJi.:..2Forces working on a spherical sedimeut.grai.non the threshold of

movement.
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Here: Dr :::; Dragforce

FL :::; Liftforce

W :::; Weight of the par t i.c le under water

Ff == Friction force

N :::; Normal force -- rl - FL,

According to Egiazaroff:

Dr

in which: f friction coëfficient.

Equation (13) can be written ae'>J'

in which: cD = drag coefficient

cL == lift coefficient

u wa te r veloc.ity near the gral.n.
0

Egiazaroff introduces a factor ~ :o
~o u Juo

t.n wh i.ch u mean flow velocity.

For the crjtical shear stress he writes:

'Tc Ào
2! pu

( 13)

(14)

(15)

(16)

Combination of Eqs. (14), (15) and (16) gives an exp ressi.on for the di.meri+

sionless critical shear stress 'Tcx
2 f Ào
3 1 + f .cL!cD .-.-1:"2

cD''''o

Egiazaroff neglects the liftforce by stating that:

'Tc
'T = --o---~
C g(p - p)D
x s

wh ich g i.ve s as aresult:
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Lcx
( 18)

He assumes a 10garithmic velocity profile near the hattom 1n the (verti

cal) z-direction:

u (z) = u
o x

105.75 10g(30.2 z/k )s

in whi.ch: u := she ar velocity
x

k Nikuradse sand roughness = D.s

Eciazaroff defines the bot tom (z == 0) by assum1ng that for complete turbu-

lence (cD := 0.4) the dimensionless critical shear stress 1.Sequal to the

Shields-value (L 0.06). He finds then z = 0.63 D as the point of appl{-
c

cation of the fod~es on the particIe.

z

I
Z=O

Fig..:...2Point of application of the forces on the partic1e.

Now Egiazaroff extends his theory to non-uniform partieles. Important

assumptions are:

(i) The point of application 1S now z := 0.63 D.
1

(ii) The value of k is equal to the mean grain diameter of the mixture:
s

k := D .s m

For complete turbulence Egiazaroff's result is:

(19)
LCi

:= -e----=---(p - p)gD.
S 1

0,1=

in wh i.ch: TcHi critical dimeusionless shear stress of fraction 1.

. ',"''''' ... '~,.'~



Egiazaroff verifies thi s reLat ionship wi th experimental results of Pante

lopulos (1957, see page 5) and others.

0.5

)(

0.2 .~

-r
Vc'W'i,.

t
0.02

0.01
0.1 1.0 .JO 50

--+ 1)./n....

Fi~ Experimental verification of equation (19)

Egiazaroff concludes that experimental results and Eg. (19) are ln good

agreement.

Remarks:

1. Comparison of Tc__. (cal.cu l.at.ed, Egiazaroff) and Tc . (measured, Pante-
~1 ~1

lopulos (1957) shows that Egiazaroff must have multiplied the measured

values with a !~E!~E_~to get a good agreement. Egiazaroff does not

mention this and it is unclear whether the definition of the "threshold

of mOV2ment" has anything ta do with this.

2. The way Egiazaroff chose the dimensionless variables along the axl.S

in Fig. 7 includes the.danger of a spurious correlation. A better com

parlson takes place in Fig. 8; here the non-dimensionless values of

Tc· are shown as a function of D. in the particular case of the experi-
1. 1.

ments of Pantelopulos (1957).

In Fig. 8 it is also possible to compare the differences between Egiaza-

roff's calculated and Pantelopulos' measured values of LCi with those in

the uniform case.

These last values are determined in two ways :

I. calculated according Kalinske-White (see page 5)

2. measured by Pantelopulos (1957).
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uniform sediment
fPanteLop ulos )

cclculo ted
mixtu re
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2
o - rneo sur ed

mixtu re
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o~------------__~ ~ _
0.1 1 10 -~

Fig~ Comparison between measured and calculated values of T
c,
1

for non-

uniform and uniform sediment

The factor 5, mentioned above, has been used for all the values in Fig. 8,

except fo~ the theoretical ones of Egiazaroff. It can be seen in this

figure that Egiazaroff's theory has only been tested in a restricted area.

Egiazaroff's line is steeper than the nearly constant measured values of

Pantelopulos (per fraction).

However, the smaller steepness 1n the non-uniform case seems to be a

general trend which is found in the measurements of Pantelopulos as weIl

as in the calculated values of Egiazaroff.

The next step of Egiazaroff is the substitution of the new expression (19)

in his own sediment The resült is:transport formula.
~.1

(-ï.;n- - TcHi)

T c~i
(20)K.~o
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This formula which shows some resernbLance w ith the f ormu Ia of Meyer

Peter and Müller (H-P & M) bas not been verif i.ed (experimen tally or with

r1ver measurements) by Egiazaroff.

6. Ashida & Michiue using Egiazaroff's theory

Ashida & Michiu.e (A & M, 1973) develop a bedload formula per fraction by

combination of their mm bedload formula (uniform sediment), the Lheory

of Egiazaroff and the basic hypothesis.

This hedload formula for uniform sediment lS as follows:

qs
17 3/2 (I /T )(1 /u )T - T - ti

l~gD3 e " x c x.....x ::< x

in wóich: T/(p - p)gD 2 - p)gDT pu /(px s ,. s
T total shear stress on the bed

(21)

T = ~T = effective shearstresse
T critical shearstress of the gra~nsc

This formula a1so shows a large resemblance \oJiththe bedloadformula of M-P & M.

The bedload formula per fraction ean be found by multiplying the righthand

side of Eq. (21 ) by p. (basic hypothesis) and by substituting fo!"T the
i. c

theoretieal expression of Egiazaroff: x

- 17 • p. • T3/2 (I _. T fT)( I
~ e c xx X.

1

~ u /u)
c xx

(22)

But first A & M verify Egiazaroff' s theory. From the results of ~!!.!Y...É~~E
~~J2'::E~~!:g!~they find a good agreement exeept in the range D./D < 0.4.~ m
In this area they give a eorrection on Egiazaroff's theory based on only

one measurement (Fig. 9).

1

1
Dm = 2.1,7 mm

- ~-

v/~..0'-,0 ..oy_._~
1\ -s-, ----V\;../ .
f-·-O-,~ I-- U

--- ----r--rnodifiedo
10 2 4 6 8 1 2 4 6 S 10

----.. D./D
I m

Y..~~ Experimen taI verification of Eg i.az arof f ' s theory (A & H, 1973)
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The final form of the bcdload formuIa per fJ;"3ction(A & M, 1973) 1.S:

!qs'
._----

"[3/21. = 17 ( 1 - T fT ) (1 - /ux). Pi . u3 e c x cIÖgD. x x. X.
1. 1. 1.

in which: l
0,1

for D. /D :>- 0.4c (J 010g 19 D. /D )2 1. ID-
X.
1. 1. m

l ._ 0)0519 D /D. for D. /D < 0.4c m 1. 1. mx.
1.

(23)

Remarks:

I: The verification of Egiazaroff's theory ",ith four experiments and the

correction of it on tha basis of on1y one measurecient seems arbitrary.

Moreover A & M on1y use ane grainsize mixture (D == 2.47 mm; grainsize
rn

distribution sec Fig ..10 - 1) so that it seems irnpossib1e to draw gene-

ral conc1usions trom these experirnents.

2. Figure 10-2 ,shows a comp ar i.s on between t.he s e expe r i.men t s , those of

Pante10pu10s (factor 5) and the calcu1ated critical shearstresses ac

cording to Egiazaroff's theory (D as a parameter).
m

Especia11y the steep part of Egiazaroff's theory (small D.) 1S verified
1.

insufficient1y.

In the same paper A & H verify the new bedload formu La per fraction , Eq .

(23). The expcrimental conditions were chosen in such a way that there

existed no bedforms. This means that the total shear stress l is equal

to the effective shearstress l . In Fig. 11 a comparison between formulae
and experiments is shown.

Ashida , Michiue conclude from this figure that the bedload transport

per fraction is sufficiently described by Eq. (23) except for the 1arger

fractions (D./D > 1); in this area they recomrnend further investigations.
1. m
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Fig. 11 Comparison between the bedload formula per fraction of A & N aud

experimental results.

7. Suzuki using Egiazaroff's theory

Suzuki (1976) follows the principle ideas of A & M; The difference is that

he does not use the bedload formula (uniform sediment) of A & H but that

of H-P & M:

]lR.. i I= 8 (Tv, - 0.047)3 2 (24)

The correction for non-uniform sediment does not take place VJ_a the di.men-:

sionless effective shear stress T
e.

He replaces this value by a consta~t times the dimensionless critical

(or via 11),but via the value 0.047.

shear stress per fraction from Egiazaroff. (A . Tc ). The constant A is
=;

chosen in such a way that substituting D. = D in this expression gives
~ m

0.047 again. According to the basic hypothesis he multiplies the righthand

side of Eq. (24) by p .. The bedload formula per fraction becomes now:~
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(25)
\Ir\, i,.., D ? /?

e, 8 . p. . (-:;:-'- - 0."18 T ) -' -
~ uD. c)_ x.

~

1n which: l' =cx.
i.

O. 1

Suzuki çarries out sorne experi.ments but is fcrced to use ~.gf~E~g!:_y~.!~~.ê.
~!_g for the different fractions. Obviously, the correct ion for non-uniform

sediment v~a Egiazaroff's theory is insufficieut.

However, the number of experiments is too small to get a real verific:ation

of Eq. (25).

Remark:

Suzuki carries out two experiments, .each with two sediment fractions

(DJ"" 0.6 nnn, D2 = J.O mm).
In both experiments he has to use a larger u+value for fraction J (smaller

particles) and a smaller ll-value for fraction 2 to get agreement between

formula (25) and experimental results. This means that the bedload trans

port of fraction I is larger ànd of fraction 2 is smaller than according

to Eq ..(25). In bothexperiments bedforms were preseut .

8. Summary

Some of the major conclusions of this investigation are that the number

of available concepts for a bedload formula per sediment fraction is small

and that generally there is a Lack of experirnent.aL verification.

The stochastical-empirical approaches (PanteLopulos, Einstein) are, becau'se

of the large number of correction coefficients and figures, more compli

cated than the empirical formulas (M-P & M, A & M, E & H).

The basic-hypothesis is the simplest transport fonnula per fraction. It is

assumed that the different fractions move independently and that the factor

II (H-P & Hand E & H) is not a function of p .. Antsyferov uses the basic-
).

hypothesis in combination with a formula similar to that of Engelund and

Hansen.

The formula of Kalinske-Pantelopulos is not right in case of iarge shear

stresses. An experimental verification is missing. Pantelopulos carried

out sorneexperiments in which he determined critical shear stresses per

f ract i.on (in a sediment mixture); these vaLue s appeared to be nearLy con

stant, in contrast with those for the uniform case. Thc bedload formula
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of Einstein is alreadv ,..ritten 1.11 the fonn of a bedlaad f ormula per

fraction. However, some of thc correetion coefficients and constants are

determined in eonditions with uniform sediment. For large-range mixtures

Ning-Chien gives a correction for the hiding-factor ç and he investigates

effeets as surface segregation and bedstratification. Egiazaroff derives

a theoretieal expression for the eritical shear stress per fraetion Tc
In the derivation remain some uncertainties: xi

1. The friction coefficient f is taken equal to unity.

2. The neglection of the-liftforce.

Egiazaroff verifies his theory with experiments of Pantelopulos and others.

A question which arises is: Why did Egiazaroff multiply Pantelopulos' re

sults with a factor 5? The general trend of Egiazaroff's theory appears

to be in agreement with Pantelopulos' measurements.

Egiazaroff substitutes his theoretical expression ~n his own transport

formula. A verification with experiments of river measurements did not

take place.

Ashida & Michiue give a correction of Egiazaroff's theory; this seems ar

bit rary because it is based on only one measurement. They combine their

own bedload formula with the basic hypothesis and the corrected theory of

Eg i.az aroff . Experimental resu]ts \ are in reasonable agreement with the nex..

bedload formula per fraction, except for D./D > 1.~ m
Despite of some uncertain~ies, which are still present ~n this formula,

it:has some adyantages:

1. It has been verifiéd experimentally

2. It is written in a relativély simple analytical form.

3. It takes into account the mutual influences of the different fractions.

Suzuki combines in the same way as A & M did the bedload formula of M-P & M,

the basic-hypothesis and the theoretical expression of Egiazaroff (no

correction). The resulting formula is insufficiently experimentally veri

[ied. In the two experiments of Suzuki it was found neeessary to use

different factors p for both fractions, to get the caleulated bedload

transport per fraction in agreement with the measured one.

In 'I'abLe 2 a summary i.sgiven of the bedload formulas per fraction \..h i.ch

have been treated in this report.



Investigator Sediment transport formula

per fraction

Remarks

"Basic Hypothesis"

Antsyferov (1973)

I
I
I Einstcb (1950)

Pantelopulos (1955)

Egiazaroff (1965)

Ashida nnd Michiue (1973)

Suz uk i, (1976)

s. - q Ic - p. x f!(u,D.)~ s. 0 ~ ~ ~~

s.iI6gD~ - p. x 0.084 (~R i/6D.)5/2
~ ~ 1. -0 ~

3 l-!~i 3/2s.llogD. u p. x :3.3 (~- 0.047)
~ 1. 1. U>J.~

q I' 3' p.s , vogD. h ~
1. ~ A.. '_P_

p - I

B Ijl + Jinx x 0 2
! exp(-t )dt

-B Ijl - l/nx x 0

(S/s)2. Ijl

with: p -
1

-77r

Ijl - ~ • y •x

q a 2/3 p(D.) • oD..D..ü (D.)Si 1. a 1. P 1.

with: ~(D.)/~ m f(, IT ,cr I~)p::.. • c~ e U
Rb~ ~

<"D' - r, .)
11i."Kr: ~qs. q ~o ,

1. c~i

'Ci 0.1with: ,
c'x.~

(1010g 19 D.ÎD )2
~ m

(p - p)gD.s ~

3 312q 1/0gD.• p. X 17 r (1 -... /-c) (I - U lu)s • 1. 1. e c:;: Cr. • X
1. X x. 'l

l.

with 'c - according to Egiazaroff
7:' -~
~ ~R i .,'2

,j '-0 JI
q IvogD. - p. ~ 3 (-~D - 0.78 T )s . ~ 1. DU. C

~ 1.~.
1.

with , according to :giazaroffc.,..

Large simplification; independent movement

of the different fractions

Similar to Engelund and Hansen.

Two possibilities:

(i) ~;' jJ([l.,) - "basic hypothesis"
1.

,(ii) u > p(p.)~
Similar to Meyer-Peter and Müller

(i) u f fj(Pi)

(H) u '" l.1(p.)
1

eives in his or i.ginaI foI'1l1_directly the

bedload transport per fràction •

Hany correction coefficients. Only the

hiding~factor ~ is adapted to large-range

mixtures (Ning-Chien, 1953).

Similar to thc concept of Kalinske.

Incorrect for relatively lárge transports

No analytical expression ior T
ei

Egiazaroff Is 0...zn transport fo rmula with

an analytical expression forel •c.
Only an experime~tal verificati~n of Tc
with results of Pantèlopulos and others~i

Large r'esemblance with formula of M-P & M

Experimental verification of

as the totaI formula.
'ex i as weU

Similar to M-P & M.

Unsufficient experimental veriÏication

I
I
I
i

i
l

Tohle 2



Lite.rature

Antsyferov, S.M., (1973), Comrutation of tbe transport of sediment of

non-uniform particle-size composition, Oceunology J3 (1973), 3,

pp. 394-40I•

Ashida, K. and Michiu.e, M., (1972), Study on hydrauIic resistance and

bedload transportrate in alluvial streams , Trans. JSCE, Vol. Lf•

AshiJa, K. and Michiu.e, M. > (1973), Studies on bedload transportrate r.n

open channel flOHS, Symp. lAHR Bangkok, Jan. 1973.

Egiazaroff, Par. 1., (1957), L I équation générale du transport des alluvi

ons non-cohesives par un courant fluide, Proc. lAHR, Paris, 1957.

Egiazaroff, Par. l., (1965), Calculation of non-uniform sediment concen

trations, Proc. ASCE, HY 4, July 1965.

Einstein, H.A. (1950), The bedload function for sediment transportation

in open-channel flows, US Soil Conservation Service, Tech. Bulletin

no. 1025, Sept. 1950.

Einstein, H.A. and Ning Chien, (1953), Transport of sediment mixtures with

large ranges of grain sizes, Univ. of California, Miss. Riv. Division,

Sediment Series no. 2.

Kalinske, A.A., (1947), Movement of sediment as bed-laad ln rivers, Trans.

Am. Geophysical Dnion, vol. 28, no. 4, 1947.

Meyer-Peter, E. and Müller, R., (1948), FOl~lulas for bedlaad transport,

Proc. lAHR, Stockholm, 1948.

Paintal, A.S., (1971), A stochastic model of bed-laad transport, Journ.

of Hydr. Research (lAHR) 9, no. 4, pp. 527-554, 1971.

Pantalopulos, J., (1955), Note sur la granulornetrie de charriage et la

loi du debit solide par charriage de fond d'un mélange de materiaux,

Proc. lAHR, The Hague, 1955.

Pantalopulos, J., (1957), Etude experimentale du mouvement par charriage

de fond d'un mélange de materiaux; recherches sur la sirnilitude du

charriage, Proc. lAHR, Lissabon, 1957.

Suzuki, K. (1976), On the propagation of a disturbance ln the bcd-composi

t ion of an open channel, report R 1976/09/L, Fluid--Mechanics, Dept.

of Civ. Engineering, T.H. Delft, sept. 1976.

Î



Hain Symbols

a waterdepth

Chézy-coefficient of the grains

total Chézy-coefficient

grain diameter of sediment fraction i

mean grain diameter of a sediment mixture

Cg
Ct
D.~
Dm

(= r p.D.)~ ~ ~
bottom slope

probability of sedimentfraction i

sedimenttransport in volume (real) per unit

time and width

sediment transport of fraction ~ Ln volume (real)

per unit time and width

hydraulic radius

sediment transport Hl volume (including po res)

per unit time and width

sediment transport of fraction L in volume

(including pores) per unit time and width

mean flow velocity

mean grain velocity (including restperiods)

transport parameter (= s/l~gD3)

f low par ame ter (= ~D/)l~ib)

relative density «ps - p)/p)

bedformfactor

s

s.
1.

u

up
X

Y

~

l-I

T total shear stress on the bed

T
C

Te

critical shearstress of sediment

Tx

effective shear stress on the bed

dimensionless shear stress (=t/(p - p)gD)
s

[LT-) J
[L~T-)]

[L~T-I]

r L]
[ L]

[ LT-]]

[LT-I]

[ -J
[ -]
[ .,.]

[-]
[HL-1T",",2]

[HL-')T-2]

[HL-)T-2]

[ -]




