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2 1. INTRODUCTION

1.1. BACKGROUND
Soft clays are commonly found in many parts of the world. As the population increases,
the demand for new land increases at a similar rate; therefore constructions on soft clay
soils with low hydraulic permeability and stiffness are inevitable. For example, in re-
cent years reclamation of coastal land for industrial use is becoming popular in Chinese
coastal areas. In order to prevent excessive settlements, increase bearing capacities and
control seepage, the need for soil improvement techniques becomes significant. Con-
ventional methods such as surcharge or preloading, a combination of preloading with
prefabricated vertical drains, and vacuum preloading have been used for many decades
to minimize this problem. However, when dealing with deposits of high clay content
a long time may be needed to complete the primary consolidation. Furthermore, the
clay may be too soft to apply preloading and the use of fill may not be economically
feasible. In view of these deficiencies a novel method to accelerate consolidation like
electro-osmosis is needed.

Electro-osmosis is found to be more effective in clayey soils because the electro-
osmosis permeability is independent of the grain size. Due to the existing negative charges
on the surface of the clay particles, the pore water adjacent to the clay particles would
have positive charges which move to the cathode when a direct current voltage is ap-
plied to the soil via electrodes. The movement of the pore water towards to the cathode
dragged by charged particles is known as electro-osmosis flow. If drainage is provided
at the cathode and prohibited at the anode, negative pore water pressures will be devel-
oped near the anode, resulting in an increase in the effective stress of the soil skeleton.
In addition, electro-chemical reactions associated with the electro-osmosis process alter
the physical and chemical properties of the soil and lead to further consolidation.

Electro-osmosis was first introduced into geotechnical engineering by Casagrande
(1949). Since then, successful field applications of electro-osmosis consolidation have
been reported in the literature, such as for improving friction pile capacity (Soderman
and Milligan, 1961; Milligan, 1995), strengthening soft sensitive clays (Bjerrum et al.,
1967), stabilizing excessive foundation deformations (Fetzer, 1967), strengthening and
stabilization of soft clays (Chappell and Burton, 1975; Casagrande, 1983; Burnotte et al.,
2004), consolidation of marine sediments for land reclamations (Lo et al., 2000; Chew
et al., 2004), and dewatering of mine tailings (Lockhart and Hart, 1988; Shang and Lo,
1997; Fourie et al., 2007). At the laboratory scale, there have been a lot of investigations
to study the suitability of its application, the anticipated effects of the treatment, its effi-
ciency and effectiveness, and different treatment costs (Casagrande, 1952; Nicholls and
Herbst, 1967; Gray, 1970; Wan and Mitchell, 1976; Chen et al., 1996; Veal et al., 2000; Mo-
hamedelhassan and Shang, 2001; Fourie et al., 2007; Chien and Ou, 2011; Karunaratne,
2011; Estabragh et al., 2014).

Esrig (1968) first developed a one dimensional analytical model to predict the de-
velopment of pore water pressure by electro-osmosis. Based on Esrig’s equation, many
analytical solutions of electro-osmosis consolidation have been developed (Wan and
Mitchell, 1976; Shang, 1998a,b). However, these analytical formulations have been for
limited boundary conditions and geometries. Moreover, the nonlinearity of the trans-
port parameters were not accounted for. Later, some numerical models (Lewis and Gar-
ner, 1972; Rittirong and Shang, 2008) were also developed, to simulate electro-osmosis
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consolidation problems with complicated geometries and boundary conditions. Although
these models were able to predict the coupling effects of the electric field and hydraulic
gradients during electro-osmosis consolidation, the force equilibrium for the soil was
still included implicitly in the formulation of the pore water transport, following Terza-
ghi’s consolidation approach, and no constitutive relationship was incorporated to ac-
count for the nonlinear stress–strain behaviour of the soil skeleton. Finally, large strain
has not been considered in the numerical modelling of electro-osmosis consolidation.
Large strain consolidation refers to an advanced method of modelling the consolidation
behaviour of soil experiencing large deformations. Soft clays are generally deposited at
low strength, high compressibility and with a high natural moisture content, and can
consolidate significantly thereafter. Small strain consolidation analysis is unsuitable
when considering very large deformations.

The purpose of this thesis is to develop a numerical model which can overcome the
above mentioned shortcomings. A fully coupled multi-physics finite element formula-
tion for electro-osmosis consolidation in multi-dimensional domains at large strains is
presented, in conjunction with elasto-plastic constitutive models for modelling nonlin-
ear stress–strain behaviour. Some empirical expressions are also incorporated to con-
sider the time dependency of the transport parameters.

1.2. MOTIVATION
The mechanical behaviour of the soil skeleton is the major concern when applying a
soil improvement method; however, the existing models of electro-osmosis consolida-
tion are not capable of simulating directly the force equilibrium to solve boundary value
problems. Moreover, only a linear elastic constitutive relationship for the soil at small
strain is included in the existing theories. Furthermore, a multi-dimensional model is
needed to simulate complicated geometries and boundary conditions and varying non-
linear material properties, and to optimize approaches, which are crucial points in the
engineering design of field applications. Previously, field applications were designed
based on laboratory experiments, which are both time and money consuming. There-
fore, this research is motivated by the desire to develop a more realistic numerical tool
which addresses the main features of electro-osmosis consolidation, and that has po-
tential use in the design and optimization of field applications.

1.3. AIMS AND OBJECTIVES
The overall aim of this research is to develop a numerical model for simulating multi-
dimensional and fully coupled multi-physics electro-osmosis consolidation, including
the elasto-plastic behaviour of soil and time dependent transport parameters at large
strain. As this constitutes a pioneering effort in the modelling of electro-osmosis con-
solidation, the research progresses from a linear elastic large strain model to a nonlinear
elasto-plastic large strain model.

The further objectives of this research are to:

• develop a finite element formulation for large strain electro-osmosis consolida-
tion;
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• incorporate elasto-plastic soil models, such as the Modified Cam Clay model for
saturated conditions and the Barcelona Basic Model for unsaturated conditions;

• incorporate nonlinear transport parameters (i.e. void ratio dependent conduc-
tivity and permeability for saturated conditions; and degree of water saturation
dependent conductivity and permeability for unsaturated conditions);

• implement the governing formulation and constitutive models within a finite ele-
ment code;

• verify and evaluate the numerical model against analytical solutions and data from
field case studies;

• identify and evaluate optimum electrode configurations, and approaches such as
current intermittence and current reversal, which are often used in laboratory and
field tests.

1.4. OUTLINE OF THE THESIS
The thesis contains 7 chapters.

Chapter 2 presents the literature review of the principles of electro-osmosis consol-
idation. In this chapter several analytical and numerical models for predicting electro-
osmosis consolidation, considering the coupling between hydraulic and electrical gradi-
ents, are introduced first. Then, field applications of electro-osmosis consolidation are
briefly reviewed. Finally, laboratory studies of electro-osmosis are summarized.

Chapter 3 presents the theoretical background of an elastic electro-osmosis consoli-
dation model for saturated soils at large strain. The model considers volumetric strains
induced by changes in both the hydraulic and electric driven pore water flows. The pro-
posed model is first verified against a one dimensional analytical solution for electro-
osmosis consolidation to demonstrate its accuracy. Then, various numerical examples
are investigated to highlight the differences between models based on small strain and
large strain theories.

In Chapter 4 the Modified Cam Clay model is employed to describe the elasto-plastic
behaviour of clay during a saturated electro-osmosis process at large strain, and some
empirical expressions are used to consider the time dependency of the transport pa-
rameters. The proposed model is verified via comparison with data from a large strain
electro-osmosis laboratory test. Various numerical examples are investigated to study
the deformation characteristics and time dependent evolution of the pore water pres-
sure. Finally, a well-documented field application of electro-osmosis is simulated to
provide further verification.

Chapter 5 describes a numerical model of elasto-plastic electro-osmosis consolida-
tion for unsaturated clays experiencing large strain. The gas generation at the anode
is considered in the governing equations, and the Barcelona Basic Model is employed
within the formulation to simulate the elasto-plastic mechanical behaviour of unsatu-
rated clays. The accuracy of the proposed model is evaluated by validating against two
well-known numerical examples. Two further examples are investigated to study the ca-
pability of the computational algorithm in modelling multiphase flow in electro-osmosis
consolidation.



1.4. OUTLINE OF THE THESIS

1

5

In Chapter 6, the numerical models developed in the previous chapters are used to
identify and evaluate optimum electrode configurations, and approaches such as cur-
rent intermittence and current reversal. The numerical results indicate the need to op-
timize each approach for a particular application according to the primary objective of
the project. Furthermore, the efficiency and economy of the intermittent and reversal
currents are shown to be better than that of the continuous current.

Chapter 7 gives a summary of the thesis, the main conclusions and recommenda-
tions for future research.





2
LITERATURE REVIEW

7



2

8 2. LITERATURE REVIEW

2.1. INTRODUCTION
In a porous medium, electro-osmosis is the water flow from the positive electrode to
the negative electrode when an electrical gradient is applied. Geotechnical and geo-
environmental engineers have been interested in electro-osmosis for many years as a
method of soil improvement, which includes electro-osmosis dewatering, ion injection,
contaminant removal, electro-bioremediation and electro-chemical remediation. In par-
ticular, electro-osmosis as a method of ground improvement for soft soil is receiving
much attention. When traditional ground improvement techniques, such as surcharge
pre-loading, vertical drains and vacuum pre-loading are not appropriate for a particular
situation, innovative techniques such as electro-osmosis need to be considered.

Following the pioneering work of Casagrande (1949) in the 1940s for accelerating the
consolidation of natural soft clays, electro-osmosis dewatering has generated much in-
terest in geotechnical engineering. Electro-osmosis dewatering provides a potentially
attractive alternative technique for dewatering. Traditional dewatering techniques for
soft clay, including vacuum preloading, preloading, well-point dewatering, and vibra-
tion compaction, are useful in some ordinary low permeability soft clays. But, when
dealing with soft clay with a permeability coefficient less than 10−9 m/s, or even less
than 10−10 m/s, these methods are ineffective. Because the electro-osmosis flow rate is
independent of the pore size, it can enhance the transport of water in a low permeability
soil. Hence electro-osmosis is a good choice as a kind of special soft ground treatment
method.

Electro-osmosis has been successfully applied in various fields as an economical and
time saving method, for example to improve friction pile capacity (Soderman and Mil-
ligan, 1961; Milligan, 1995), to control the pore water at excavation sites (Bjerrum et al.,
1967), to stabilize excessive foundation deformations (Fetzer, 1967), for the strengthen-
ing and stabilization of soft clays (Casagrande, 1983; Burnotte et al., 2004), for the con-
solidation of marine sediments for land reclamations (Lo et al., 2000), and for the dewa-
tering of mine tailings (Lockhart and Hart, 1988; Shang and Lo, 1997; Fourie et al., 2007).
At the same time, numerous laboratory studies have been conducted to understand the
suitability of its application, the anticipated effects of the treatment, its efficiency and
effectiveness, and different treatment costs. These papers include studies of the opti-
mal voltage gradient and current density (Casagrande, 1952; Nicholls and Herbst, 1967;
Veal et al., 2000), the effects of polarity reversal and current intermittence (Chappell and
Burton, 1975; Wan and Mitchell, 1976; Lockhart and Hart, 1988; Mohamedelhassan and
Shang, 2001), chemical treatment to improve electro-osmosis consolidation (Gray, 1970;
Alshawabkeh and Sheahan, 2003; Burnotte et al., 2004; Asavadorndeja and Glawe, 2005;
Chien and Ou, 2011), different electrode materials (Segall and Bruell, 1992; Mohamedel-
hassan and Shang, 2001; Bergado et al., 2003; Fourie et al., 2007; Jones et al., 2011) and the
effect of zeta potential (Chen et al., 1996; Shang and Lo, 1997; West and Stewart, 2000).

However, as noted by some researchers, despite the reporting of numerous success-
ful laboratory studies and case records, the results have generally been such that electro-
osmosis is today very seldom used in geotechnical engineering practice. This is mainly
because, during the electro-osmosis dewatering process, a larger voltage drop may be
generated near the electrode because of serious corrosion of the electrodes (particularly
the anode), so that little electrical energy is used on the soil itself. Sometimes, these
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factors have led to the electro-osmosis effect not being significant in engineering appli-
cations, and they also make electro-osmosis dewatering techniques highly power con-
suming and inefficient. Other obstacles to the widespread adoption of electro-osmosis
dewatering techniques are the limited area of improvement and lack of proven practical
implementations.

Compared to the laboratory studies and case records, the theoretical analysis and
numerical simulation of electro-osmosis dewatering are far less developed. Electro-
osmosis is a very complicated process; it is actually a combination of a series physi-
cal, chemical and electrical reactions. The mechanical behaviour, hydraulic and electric
properties of a soil are changing rapidly during the electro-osmosis process. This all
makes electro-osmosis hard to describe and simulate.

Figure 2.1: Schematic of Reuss’s experimental set-ups.

2.2. THE MECHANICS OF ELECTRO-OSMOSIS
In 1809, Reuss, a researcher from Russia, was the first to observe water flow in soils as
a result of a direct electric current passing through it (Mitchell, 1993). His experimental
set-ups are shown in Figure 2.1, and include a U shaped glass tube containing water and
quartz powder (Figure 2.1 left). After putting electrodes into the water and applying a di-
rect current for a moment, he found that the water in the left tube (with the cathode) rose
by 2.5 cm; the water in the right tube decreased by the same amount. The phenomenon
of pore fluid flow through a porous material due to the application of a direct current is
called electro-osmosis.

In the second experimental set-up, shown in the right side of Figure 2.1, Reuss in-
serted two glass tubes into clay; he then put a layer of sand at the bottom of the two
tubes and later filled the tubes with water. After putting electrodes into the water and
applying direct current for a moment, he found that the surface of the clay in the left
tube rose, and, at the same time, a lot of clay particles migrated into the water. The
phenomenon of the dispersed clay particles migrating under the electric field is called
electrophoresis. Electro-osmosis and electrophoresis occurred simultaneously, and is
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collectively referred to as electro-kinetic.

2.2.1. ELECTRICAL DOUBLE LAYER MODEL

Generally, the soil surface will possesses a fixed surface charge when it is brought into
contact with water. The major contribution to this surface charge in soil comes from clay
particles, whose faces can be charged as a result of several mechanisms, including iso-
morphic substitution, adsorption of charged ions, and proton association/dissociation
reactions. The first layer of cations is considered immobile, whereas the second layer
is composed of ions attracted to the surface charge via the Coulomb force, electrically
screening the first layer. This second layer is loosely associated with the surface, because
it is made of free ions which move in the fluid under the influence of electric attraction
and thermal motion, rather than being firmly anchored. It is considered mobile and
is thus called the diffuse layer. The charged solid–liquid interfacial region is called the
double layer. In this region the fluid possesses a charge density that balances the surface
charge on the solid (shown in Figure 2.2).

Figure 2.2: Schematic of electrical double layer model.

Since Quincke first described the electrical double layer model in 1861, many re-
searchers have done a lot of work to improve the model. Von Helmholtz (1879) treated
the double layer mathematically as a simple capacitor, based on a physical model in
which a single layer of ions is adsorbed at the surface and the surface charge is bal-
anced by a layer of oppositely charged ions. Later, Gouy (1910) and Chapman (1913)
made significant improvements by introducing a diffuse layer that can be described by a
Poisson-Boltzmann distribution, in which the electric potential decreases exponentially
away from the surface. However, the Gouy–Chapman model fails for highly charged dou-
ble layers. In order to resolve this problem Stern (1924) suggested the combination of the
Helmholtz and Gouy–Chapman models, giving an internal Stern layer and an outer dif-
fuse layer (shown in Figure 2.3).

The movement of liquid results from the applied electric field acting on the charged
interface between the water and the clay. As shown schematically in Figure 2.4, the ap-
plied electric field produces a force on the charged fluid in the double layer, which causes
the cations in the mobile parts of the double layer near the surface of the clay particles to
migrate to the cathode and drag water with them, causing water flow towards the cath-
ode.
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Figure 2.3: Schematic of Stern–Gouy double layer model.

Figure 2.4: Schematic of electro-osmosis in soil (Jones et al., 2011).

In 1879, Helmholtz demonstrated a model to describe the principle of electro-osmosis
flow in fine soil (Von Helmholtz, 1879). The electro-osmosis flow in a liquid filled capil-
lary can be expressed by

qe = EDr 2ζ

4η
(2.1)

where E is the electric field intensity (V/m), D is the permittivity of the pore water, η is
the liquid viscosity of water, r is the radius of the capillary and ζ is the zeta potential.

Smoluchowski (1921) developed the classical model to a more common situation; his
formulation of the problem being based on the assumption of a large electro-kinetic di-
ameter. The contribution due to the double layer thickness is neglected and the electro-
osmosis flow can then be expressed by

ve = EDζ

4πη
(2.2)

This is called the Helmholtz–Smoluchowski model (H–S model), and is a commonly ac-
cepted model for interpreting electro-osmosis in soils (Mitchell, 1993).
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2.2.2. ELECTRO-CHEMICAL REACTION
Some of the physico-chemical processes that take place during the electro-osmosis treat-
ment of clay include: simple ion exchange, ion diffusion, the buildup of osmotic and
pH gradients, desiccation, decomposition of primary soil minerals, precipitation of sec-
ondary minerals, electrolysis, hydrolysis, oxidation, reduction, physical and chemical
adsorption, and reorientation of clay particles or fabric changes. The electro-chemical
reactions during this process are quite complex, but the main reactions can be simplified
below. At the anode:

2H2O −4H++O2 +4e− (2.3)

The presence of anions in the soil–water electrolyte system can react with freed H+ to
form acids, and oxygen gas will also be generated. At the same time, high acidity and ox-
idation can cause rapid deterioration of the anodes, altering the anode to the aluminum
or iron form depending on the anode material as follows:

Fe −Fe2++2e− (2.4)

Then, iron precipitates are formed as follows (Segall and Bruell, 1992):

Fe2++2OH− = Fe(OH)2 (2.5)

4Fe(OH)2 +2H2O +O2 −4Fe(OH)3 (2.6)

Iron hydroxide is a kind of natural cementing agent, which will lead to cementation be-
tween soil particles strengthening the soil mass. Chlorine may also form in a saline en-
vironment and this is highly probable in local marine clay because of its contact with
seawater. The reaction is expressed by

2C l−−C l2 +2e− (2.7)

At the cathode, hydrogen gas is generated by hydrolysis:

2H2O +2e−−H2 +OH− (2.8)

The generated OH− will cause the pH value to rise and alkaline conditions will develop
in an area around the cathode. Some alumina and silica may go into solution in this high
pH environment. Note that the presence of extraneous ions such as Fe2+ or C l− may not
be favourable for environmental reasons.

2.2.3. MULTI-PHYSICAL COUPLED FLOWS IN ELECTRO-OSMOSIS
Mitchell (1991) described several types of direct and coupled flows though soil. When a
soil mass is subjected to various kinds of gradients, such as hydraulic, electrical, chemi-
cal and thermal gradients, things in the soil mass will move. Weak and compressible soil
skeletons can be deformed by gradients, while strong and incompressible soil skeletons
experience mass and energy flow through them. One type of gradient can cause flow of
the same type, for example, a hydraulic gradient can cause hydraulic flow; furthermore,
it is also well known that a gradient of one type may cause a flow of another type, such
as a hydraulic flow being caused by an electrical gradient. Electro-osmosis flow is a kind
of coupled flow.
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Figure 2.5: Four types of direct flow though a soil mass (Mitchell, 1993).

As mentioned in the previous sections, electro-osmosis consolidation is quite a com-
plex process. Some electro-physico-chemical reactions take place during the electro-
osmosis consolidation. There are at least four kinds of direct flow in the electro-osmosis
process; they are hydraulic flow, electric flow, thermal flow and chemical flow.

As shown in Figure 2.5, Darcy’s, Fourier’s, Ohm’s and Fick’s laws are used to describe
water, heat, electrical and chemical flows, respectively, due to gradients of the same type.
Assuming that the flow process does not change the state of the soil, each flow rate Ji is
linearly related to its corresponding driving force X j according to

Ji = Li j X j (2.9)

in which Li j is the conductivity coefficient for the flow. If i = j , it is direct flow and Eq.
(2.9) can be written as below:

for water flow
qw = kw iw (2.10)

for electrical flow
I = kσe ie (2.11)

for heat flow
qt = kt it (2.12)

for chemical flow
JD = Dic (2.13)

where qw , I , qt , JD are the water, electrical, heat and chemical flow rates, respectively.
The coefficients kw , kσe , kt and D are the hydraulic, electrical, and thermal conductivi-
ties, and the diffusion coefficient, respectively.

As discussed above, one type of gradient may cause another type of flow. Hence con-
sidering coupled flow, Eq. (2.9) can be written as

qw = L11∇H +L12∇E +L13∇T +L14∇C

I = L21∇H +L22∇E +L23∇T +L24∇C

qt = L31∇H +L32∇E +L33∇T +L34∇C

JD = L41∇H +L42∇E +L43∇T +L44∇C

(2.14)
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However, in the case of electro-osmosis, not all types of flow are necessarily influential,
and so some of the gradients may be considered not so important. For example, if simple
electro-osmosis under isothermal conditions and with no chemical reactions is consid-
ered, then Eq. (2.9) can be written as

qw = kw iw +keo ie (2.15)

I = kσw iw +kσe ie (2.16)

where keo is the electro-osmosis conductivity, kσw is the electrical conductivity due to
hydraulic flow, and some of the coupling flows may be significantly smaller than the
direct flow and therefore assumed to be zero. In this case, the coupling coefficient kσw

can be considered to be zero, since normally the electrical current caused by hydraulic
flow is extremely small, so Eq. (2.16) can be simplified as

I = kσe ie (2.17)

Eqs. (2.15) and (2.17) are the two most common equations in electro-osmosis, consid-
ering that the water flow is mainly caused by both the hydraulic gradient and electrical
potential gradient.

2.3. ELECTRO-OSMOSIS CONSOLIDATION OF SOIL
Due to its demonstrated practical significance, the electro-osmosis consolidation of soil
has received considerable interest in the past, and the consolidation theory of electro-
osmosis has been studied for several decades (Corapcioglu, 1991). A large part of the
early literature on electro-osmosis is associated with efforts to describe the performance
of field techniques used in soil stabilization processes; for example, Casagrande (1949)
was the first to apply electro-osmosis in soil consolidation.

Casagrande found, through a lot of experimental work, that the water flow towards
the cathode is proportional to the electrical gradient applied to the soil, so that the
electro-osmosis flow rate can be expressed by (Casagrande, 1952)

Qeo = keo
V

L
A (2.18)

where Qeo is the electro-osmosis flow rate under the voltage gradient, V /L is the electric
gradient and A is the cross-sectional area.

Based on Casagrande’s work, the theory of one dimensional (1D) electro-osmosis
consolidation was first developed by Esrig (1968), and Wan and Mitchell (1976) pre-
sented an analytical solution for 1D electro-osmosis consolidation with preloading. Feld-
kamp and Belhomme (1990) later derived a solution for large strain 1D electro-osmosis
consolidation. Lewis and his co-workers (Lewis and Garner, 1972; Lewis and Humphe-
son, 1973) presented a two dimensional (2D) finite element solution for modelling the
coupling effect of the electric and hydraulic gradients. Shang (1998a,b) developed a 2D
analytical model combining preloading and the electro-osmosis consolidation of clay
soils. Rittirong and Shang (2008) presented a 2D finite difference model to analyse in-
directly the subsurface settlement and undrained shear strength. Iwata and Jami (2010)
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presented a numerical model to simulate the combined electro-osmosis dewatering and
mechanical response, using the Terzaghi-Voigt combined model to consider creep defor-
mation.

In the following two sections, Esrig’s 1D analytical solution and the 2D finite element
solution developed by Lewis are introduced in detail.

2.3.1. ESRIG’S 1D CONSOLIDATION THEORY
Esrig (1968) developed a 1D electro-osmosis consolidation theory, based on the hypoth-
esis of a uniform electric field and that the flow of fluid due to electrical and hydraulic
gradients may be superimposed to obtain the total flow. Based on these assumptions,
the total fluid flux q can be expressed by

q = qw +qeo =−kw∇H −keo∇V (2.19)

where H is the hydraulic head and V is the voltage. The maximum negative pore wa-
ter pressure (assuming that the cathode and anode are at the same level) that can be
developed at the anode, u, is defined by

u = keo

kw
γw V (2.20)

where γw is the unit weight of water.
For the 1D case, the flow equation can be written as

q =−kw

γw

∂u

∂x
−keo

∂V

∂x
(2.21)

Introduction of this equation, in place of Darcy’s law, in the derivation of the diffusion
equation governing consolidation in one-dimensional flow, leads to

kw

γw

∂2u

∂2x
+keo

∂2V

∂2x
= mv

∂u

∂t
(2.22)

where mv is the coefficient of compressibility.

2.3.2. LEWIS’S 2D FEM SOLUTION
In the early 1970s, Lewis and his co-workers (Lewis and Garner, 1972; Lewis and Humph-
eson, 1973) presented a numerical solution for electro-osmosis consolidation, which
considers the coupling effect of the electric and hydraulic gradients.

The 2D flow of fluid in a porous medium is given by Darcy’s law as

qw x =−kw x
∂H

∂x

qw y =−kw y
∂H

∂y

(2.23)

where qw x and qw y are the two component discharge velocities caused by the hydraulic

gradients ∂H
∂x and ∂H

∂y respectively, and kw x and kw y are the hydraulic conductivities in
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the co-ordinate directions. Based on Casagrande’s work (Casagrande, 1952), the electro-
osmosis flow can be expressed by

qeox =−keox
∂V

∂x

qeoy =−keoy
∂V

∂y

(2.24)

where qeox and qeoy are the component discharge velocities caused by the electrical po-

tential gradients ∂V
∂x and ∂V

∂y respectively, and keox and keoy are the electro-osmosis con-
ductivities of the soil in the co-ordinate directions.

Based on the same assumptions as used by Esrig, the combined fluid flow can be
given by

qx =−kw x
∂H

∂x
−keox

∂V

∂x

qy =−kw y
∂H

∂y
−keoy

∂V

∂y

(2.25)

Assuming that, in a similar manner, the two dimensional flow of electric current is
governed by Ohm’s law, then

jex =−kσex
∂V

∂x

je y =−kσe y
∂V

∂y

(2.26)

where jex and je y are the current densities, and kσex and kσe y are the electric conductivi-
ties in the respective co-ordinate directions. As mentioned before, the hydraulic gradient
can also cause electric flow, as governed by Quincke’s law:

jw x =−Gx
∂H

∂x

jw y =−Gy
∂H

∂y

(2.27)

where jw x and jw y are the streaming currents produced due to the hydraulic gradients in
the respective co-ordinate directions. G may be expressed as the current flux produced
per unit hydraulic gradient.

Hence, the coupled equations of current flow are

jx =−kσx
∂V

∂x
−Gx

∂H

∂x

jy =−kσy
∂V

∂y
−Gy

∂H

∂y

(2.28)

For a fully coupled system the continuity equation gives

∇·q =−mvγw
∂H

∂t

∇· j =−∂Q

∂t

(2.29)
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where Q is the electric charge density. Combined with Eqs. (2.25), (2.28) and (2.29),
results in

∂

∂x
(kw x

∂H

∂x
+keox

∂V

∂x
)+ ∂

∂y
(kw y

∂H

∂y
+keoy

∂V

∂y
) = mvγw

∂H

∂t

∂

∂x
(Gx

∂H

∂x
+kσex

∂V

∂x
)+ ∂

∂y
(Gy

∂H

∂y
+kσe y

∂V

∂y
) =−∂Q

∂t

(2.30)

These two equations are the governing equations of the completely coupled fluid
flow and electrical flow in electro-osmosis consolidation, in which both the hydraulic
and electric properties are time dependent, and they may be solved by the finite element
method.

2.4. FIELD APPLICATIONS OF ELECTRO-OSMOSIS
Large-scale field applications of electro-osmosis are still very seldom, partly due to its
being economically impractical in some situations (primarily due to the high energy
consumption) and partly due to uncertainty in its practical effectiveness. This section
reviews several successful projects reported by researchers. They reflect the application
of electro-osmosis to problems of a varying nature, including the use of electro-osmosis
treatment in different soil types.

The first application of electro-osmosis to improve friction pile capacity in soft clay
and silt soils was reported in Soderman and Milligan (1961) and Milligan (1995). The
main problem encountered was founding the Big Pic River Bridge on around 100 m of
soft varved clay and loose silt deposits. Due to the presence of an excess hydrostatic
head at depth, the capacity of long friction piles was markedly less than that of short
piles. Consequently, it was decided to found the structure on short, steel H-section piles
within the upper clay and to apply electro-osmosis treatment.

Bjerrum et al. (1967) reported field electro-osmosis treatment as a measure to im-
prove Norwegian quick clay in a basement excavation for a sewage treatment plant. With
the low shear strength of the quick clay, it would have caused a bottom heave failure in
a deep excavation. In order to carry out the excavation, the shear strength of the clay
had to be increased; a total of 190 electrodes of 10 m length and 19 mm diameter were
installed to improve the quick clay, over 10 m depth and covering a test area of 200 m2.

Lo et al. (1991b) used fieldwork to assess the effectiveness of electro-osmosis in im-
proving soft sensitive clay with an original average shear strength of 20 kPa. Perforated
copper pipes had a varnish coating over the top 1.8 m were served as the electrodes.
Nine electrodes were installed to study the effect of spacing and polarity reversal on clay
treated by electro-osmosis, at two spacings of 6 m and 3 m. The experiment lasted for 32
days and the voltage was applied to the 1.8-5.8 m depth of soft clay. Ground settlement,
vane shear strength and voltage distributions were measured, before, during, and after
the electro-osmosis treatment.

Burnotte et al. (2004) considered the electro-osmosis treatment of soft clay, with
chemical treatment to improvement the soil–electrode contact, for a site in in Canada.
The large field demonstration test involved over 700 m3 of clay being treated by means of
24 electrodes. In order to improve the effectiveness of the electro-osmosis consolidation,
the 12 anodes were treated by chemical injection before the test. One of the purposes of
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the field test was to demonstrate that the clay foundation of an existing embankment
could be consolidated by electro-osmosis, to eliminate long-term settlements adjacent
to a bridge or overpass founded on piles.

Chew et al. (2004) reported a field trial for soft clay stabilization using electro-osmosis
consolidation in Singapore. A large area of dredge reclaimed marine soft clay land was
treated by installing electrical vertical drains (EVD), and the feasibility of electro-osmosis
on the consolidation of a soft marine clay was examined. The results illustrated that
the soft clay, beneath the 18 m of sand fill, could be reached effectively by EVD. The
shear strength improved significantly after electro-osmosis treatment. The time taken
by the conventional method (prefabricated vertical drains (PVD)) to achieve the equiva-
lent shear strength would have been 10 times longer compared to EVD.

2.5. LABORATORY STUDIES OF ELECTRO-OSMOSIS
Since the 1960s, laboratory devices have been constructed to measure electro-osmosis
in clays, although, due to their mechanical and hydraulic properties, clays are not easy
to work with. Numerous laboratory tests have been carried out to study the required
parameters or to provide necessary information for assessing the potential field appli-
cation. Fundamental studies of electro-osmosis include investigating the effects of elec-
tricity on the mechanical and physical-chemical properties of soil. The possibility for
cost savings in practice, through optimization of energy consumption with respect to
strength gain in soil by using the techniques of polarity reversal and current intermit-
tence, as well as varying the materials of the electrodes, have also been investigated.

2.5.1. VOLTAGE AND ELECTRIC CURRENT DENSITY

Voltage gradient and current density are the main factors that have affected the perfor-
mance of electro-osmosis dewatering. The electro-osmosis drainage volume is propor-
tional to the voltage gradient (Casagrande, 1952), and so some extremely high voltage
gradients were used in early laboratory research, e.g. 330 V/m (Esrig, 1968), 140 V/m
(Arnold, 1973), and also current densities up to 7.3 A/m2 (Bjerrum et al., 1967). As men-
tioned by Bjerrum et al. (1967), excessive current density tends to dry out the soil near
the anode very rapidly, thereby reducing the voltage gradient applied to the soil. Nicholls
and Herbst (1967) and Lockhart (1983) found that electro-osmosis is much more energy
efficient at lower voltage gradients. Moreover, a lower voltage gradient also reduces the
pH rise of the drainage water at the cathode (Veal et al., 2000). But, on the other hand, a
lower voltage gradient results in a lower rate of dewatering than at high voltage gradient.

2.5.2. INTERMITTENT CURRENT AND POLARITY REVERSAL IN ELECTRO-OSMOSIS

To improve the effectiveness of electro-osmosis treatment, polarity reversal and inter-
mittent current have been investigated. A clear benefit of intermittently switching off
the power supply for a short period was reported by Sprute and Kelsh (1976). Moreover,
Micic et al. (2001) reported that, during an electro-osmosis experimental programme
on marine sediment, the power consumption and electrode corrosion were reduced by
using intermittent current. However, as discussed by Lockhart and Hart (1988), intermit-
tent current will produce no real benefit if the free water near the cathode is not removed.
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As investigated by Mohamedelhassan and Shang (2001), with current intermittence a
higher electro-osmosis permeability was found than when a continuous current was ap-
plied. Glendinning et al. (2008) applied current intermittence in a field trial involving the
dewatering of sludge using electro-osmosis.

Shang et al. (1996) demonstrated an improvement in shear strength of 383 % when
using polarity reversal, compared with 363 % when not using polarity reversal. Wan and
Mitchell (1976) showed that, with polarity reversal, electro-osmosis consolidation was
much more uniform between the electrodes. Additional reported benefits include re-
duced soil desiccation and cracking at the anode (Abiera et al., 1999), reduced anode
corrosion (Shang et al., 1996) and the balancing of the water pH value at the electrodes
(Shang, 1997a).

2.5.3. CHEMICAL TREATMENT TO IMPROVE ELECTRO-OSMOSIS CONSOLI-
DATION

To enhance the effect of electro-osmosis improvement, the injection of chemical so-
lutions into the soil during electro-osmosis has been adopted. Gray (1970) used the
electro-osmotic technique to inject aluminum ions into mixes of silica flour with illitic
soils and montmorillonitic soils. The results showed the liquid limit of montmorillonite
dropping to about half its initial value, while the liquid limit for illite was not signifi-
cantly changed. Their results clearly indicate that it is possible to alter the clay proper-
ties and cause mineralization by electrochemical methods. Lefebvre and Burnotte (2002)
and Burnotte et al. (2004) used the initial electro-injection of a conductive solution to
maintain a good soil–anode contact during electro-osmosis treatment. Alshawabkeh
and Sheahan (2003) applied this technique to inject phosphoric acid at the cathode to
stabilize a marine illitic soil over a period of 14 days. The results showed that the shear
strength increased by 160% near the cathode. Asavadorndeja and Glawe (2005) applied
chemical injection using the anode depolarization method and the shear strength of the
soil was increased by interparticle cementation caused by the electro-chemical injec-
tion of phosphate into the soil under a DC field. Chien and Ou (2011) developed a novel
technique of installing a supply pipe (for the chemical injection) between the anode and
cathode, to expand the region of electro-osmosis improvement. The results showed that
electro-osmosis with injection through the relay pipe was superior to that with injec-
tion through the anode; nearly 1.5 times better in terms of cementation area and 2 times
better in terms of average cone resistance.

2.5.4. NEW ADVANCES IN ELECTRODE MATERIALS FOR USE IN ELECTRO-
OSMOSIS

Many attempts have been made to develop new materials for use as electrodes. Segall
and Bruell (1992) used graphite electrodes to evaluate the conditions that affect electro-
osmosis in the removal of soil contaminant. The results showed that, in order to generate
the same average flow rate, a graphite electrode consumes twice as much power than
that of an iron electrode because of the greater electrical resistance. Mohamedelhassan
and Shang (2001) used carbon-coated metal electrodes as anodes, but found that they
resulted in the largest voltage drop at the electrode. Bergado et al. (2003) reported on
the use of metal or carbon rod electrodes inserted into prefabricated vertical drains. The
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carbon electrodes performed better initially, but disintegrated with time, and the metal
anodes still had corrosion problems. Some of the newly developed materials include
electrically conductive geosynthetices (EKGs) and a polymeric electrical vertical drain
(EVD).

The EKGs have a great advantage over conventional metallic electrodes used in soil
improvement applications, because they overcome the difficulties of corrosion, while
maintaining sufficient electrical contact and physical removal of water from the system
(Lamont-Black, 2001). Nettleton et al. (1998) presented an electro-osmosis treatment
using EKG electrodes in two dimensions in the laboratory. Hamir et al. (2001) described
the development of these EKGs and, in comparative tests, they performed as well as cop-
per electrodes; a filter test showed no clogging of the EKGs or loss of material through
them. Fourie and his co-workers (Fourie et al., 2002, 2004, 2007; Fourie and Jones, 2010)
reported laboratory and field tank tests involving electro-osmosis dewatering of mine
tailings using EKGs. The EKGs showed no sign of corrosion, even after 2 months of ap-
plying a continuous current in a large outdoor experiment. The form of EKG used as
the cathode, being a conductive core enveloped by a geotextile sheet, also facilitated the
collection and removal of water. Glendinning and her co-workers (Glendinning et al.,
2005, 2007, 2008) studied the treatment of sludge using EKGs. Lamont-Black, Jones and
their co-workers (Jones et al., 2006; Lamont-Black et al., 2005; Jones et al., 2008; Lamont-
Black and Weltman, 2010; Jones et al., 2011; Lamont-Black et al., 2012) reported several
geotechnical case applications using EKGs.

Vertical drains manufactured with a conducting polymer, called electric vertical drains
(EVD), have been used in some laboratory and field tests in Singapore (Karunaratne
et al., 2002; Chew et al., 2004; Karunaratne, 2011). With EVDs installed for passing DC
voltage, the consolidation of soft clay can be further accelerated compared to conven-
tional prefabricated vertical drains (PVD). The effectiveness of the electro-osmosis con-
solidation depends on the EVD–soil system resistivity. Cumulative electric energy is
strongly correlated with the system resistance (Karunaratne, 2011). Besides electro-osmosis
consolidation, EVDs provide electrokinetic attraction of ions, and can also be used in
remediation work and dewatering of industrial waste. Electrical prefabricated vertical
drains (ePVD) consist of a galvanized steel pipe, a flexible drainage pipe and an insu-
lated soft copper wire, and have been used in the strength reclamation of soft clay in a
Chinese coastal area (Liu et al., 2014). The ePVD has huge potential for the application
of electro-osmosis consolidation due to the following traits: (1) high compressibility and
hydraulic conductivity; (2) good electric conductivity; (3) low cost and easy availabil-
ity (much cheaper than EKGs and EVD); (4) high strength for field installation in rough
conditions.

2.5.5. EFFECT OF ZETA POTENTIAL

Zeta potential is quite an important property in electro-osmosis dewatering, which is
defined as the electrical potential at the junction between the fixed and mobile parts
of the electrical double layer. According to the Helmholtz–Smoluchowski model, the
electro-osmosis permeability is dependent on the zeta potential.

As reported by Chen et al. (1996), the volume of water removed during the electro-
osmosis dewatering of fine gold tailings was directly proportional to the zeta poten-
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tial. Shang (1997b) also presented similar findings that the electro-osmosis permeabil-
ity is proportional to the zeta potential, based on 10 tests on 6 different soils. West and
Stewart (2000) found that electro-osmosis dewatering will lose effectiveness when meet-
ing highly saline soils because of the drop in the zeta potential. Although high salin-
ity (lower zeta potential) is detrimental to electro-osmosis, Lockhart (1992) suggested
that there was an accelerated dewatering rate for salinity rates up to a moderate level.
Mohamedelhassan and Shang (2002) also found there was an optimum salinity in the
electro-osmosis test. Asadi et al. (2009) reported that the zeta potential was also highly
related to the pH value in electro-osmosis tests on peat, and that the high degree of de-
composition also leads to a higher zeta potential in peat.

2.5.6. USING ELECTRO-OSMOSIS DEWATERING IN DIFFERENT KINDS OF MA-
TERIALS

Much early work on the use of electro-osmosis for the dewatering of different materi-
als was done by a number of researchers. Van Gassen and Sego (1991) carried out an
electro-osmosis experiment in frozen soil; the results showed that the electro-osmosis
conductivity of frozen soil is a function of temperature, and that, if the temperature is be-
low -0.4 C, the electro-osmosis conductivity decreases rapidly. The US Bureau of Mines
pioneered the research of electro-osmosis dewatering of mine tailings in the 1960s and
several successful field applications were reported (Stanczyk and Feld, 1964; Sprute et al.,
1982). The commonwealth Scientific and Industrial Research Organization in Australia
took the concept further, and studied water content reduction and power consumption
during electro-osmosis dewatering in coal washery tailings and sand washery tailings
(Lockhart and Stickland, 1984; Lockhart, 1992). Shang and Lo (1997) investigated an
electro-osmosis dewatering test on an extremely fine phosphatic clay waste and showed
that the solids content increased from 13% to 34%. Fourie and Jones (2010) reported
electro-osmosis dewatering tests at different scales on different mine tailings materials;
they found that the power consumption rate of a large outdoor tank test was up to 30
times lower than the laboratory test, and it was also shown in these experiments that not
all mine tailings will respond to electro-osmosis dewatering (Fourie et al., 2007).

Soils with an organic content greater than 20% are generally termed organic soils.
Electro-osmosis consolidation experiments on organic soil have been done in recent
years. Studies have shown the potential for the application in dewatering this type of
material. Asadi et al. (2009) investigated electro-osmosis phenomena in organic soils,
and found that the pH value and degree of decomposition strongly affect the electro-
osmosis in peat; it was also experimentally found that electro-osmosis flow in peat is
feasible. Kaniraj and Yee (2011) and Kaniraj et al. (2011) carried out a series of electro-
osmosis consolidation tests on organic soil. The influence of operational conditions,
such as voltage gradient, organic content, initial water content, electrode configuration
and the method of drainage were instigated. The results showed that electro-osmosis
was effective in the strengthening of soft peat. Some optimum approaches which are
used in normal clay, such as polarity reversal, are also useful in organic soils.
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2.6. SUMMARY
Since Casagrande first introduced electro-osmosis into civil engineering in the 1930s,
successful field applications have been reported in the dewatering, strengthening, and
stabilization of both soft clays and mine tailings. The success of these applications in-
creased the confidence in applying electro-osmosis to fieldwork in general. On the other
hand, a lot of laboratory investigations have also been done to improve the economics
and efficiency of electro-osmosis treatment. The technique of polarity reversal, inter-
mittent current and chemical solution injection were considered, and new materials like
EKGs were developed to prevent electrode corrosion. Different materials were subjected
to electro-osmosis with a view to extending the application of this technique.

So far, several numerical models of electro-osmosis consolidation have been devel-
oped; however, the mechanical behaviour and nonlinear properties of the soil were not
considered in these models. Electro-osmosis consolidation is a very complicated pro-
cess, as the mechanical behaviour, hydraulic and electrical properties of the soil are
changing rapidly during the treatment process. A new numerical model which considers
the nonlinear properties of hydraulic flow, electrical flow, and soil mechanical behaviour,
as well as, geometric nonlinearity, is needed, and this forms the basis of this thesis.
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LARGE STRAIN ELASTIC

ELECTRO-OSMOSIS

CONSOLIDATION OF CLAYS

This chapter presents the theoretical background of an elastic electro-osmosis consoli-
dation model for saturated soils experiencing large strains, which considers volumetric
strains induced by changes in both the hydraulic and electric driven pore water flows.
Three fully coupled governing equations, considering the soil mechanical behaviour, pore
water transport and electrical field, and their numerical implementation within an up-
dated Lagrangian finite element formulation, are presented. The proposed model is first
verified against a classical one-dimensional analytical solution for electro-osmosis con-
solidation to demonstrate its accuracy and efficiency. Then, various numerical examples
are investigated to study the deformation characteristics and time dependent evolution
of excess pore pressure. Finally, the importance of considering large strains in a consis-
tent and proper way is demonstrated, and differences compared to models based on small
strain theory are highlighted.

Parts of this chapter have been published in Computers and Geotechnics 54, 60-68 (2013) (Yuan and Hicks,
2013).
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3.1. INTRODUCTION
In geotechnical consolidation problems, the deformation is usually coupled with the
flow of pore fluids based on the consolidation theory of Biot (1941). Carter et al. (1977,
1979) presented a model for large deformation elastic and elastoplastic consolidation for
the first time, whereas Prévost (1980, 1982) proposed a generalized incremental form of
large deformation consolidation involving material nonlinearity under both static and
dynamic loadings. Zienkiewicz and Shiomi (1984) and Meroi et al. (1995) derived a nu-
merical model of dynamic large deformation consolidation in saturated and unsaturated
porous media. Borja and Alarcón (1995) and Borja et al. (1998) developed a mathemati-
cal model for large deformation elastoplastic consolidation of fully saturated soil media
and then implemented it into a finite element program. Li et al. (2004) presented a dy-
namic hyperelastic consolidation model under finite strain. Andrade and Borja (2007)
proposed an elastoplastic large deformation model for partially saturated consolidation.
Nazem et al. (2008) presented an arbitrary Lagrangian–Eulerian method for analysing
large deformation elastoplastic consolidation problems.

The electro-osmosis consolidation of soft clay is a coupled process involving me-
chanical behaviour, hydraulic flow and electrical flow under large deformation. The con-
ceptual basics and theory of electro-osmosis consolidation have been studied by many
of the above authors, but few analytical and numerical studies have considered the fully
coupled process of soil mechanical behaviour, pore water flow and electrical flow. Fur-
thermore, the geometric nonlinearity of the solid skeleton has not been considered in
the numerical modelling of electro-osmosis consolidation, although much of the previ-
ous experimental work mentioned in chapter 2 reported large scale deformations during
tests.

This chapter develops a numerical model for the finite element solution of hydro–
mechanical–electrical processes in fully saturated porous media, assuming isotropic elas-
tic soil skeleton behaviour at large strains. Three fully coupled governing equations con-
sidering force equilibrium, pore water transport and electrical current flow are presented
and solved, via the finite element method in the space domain and an implicit integra-
tion scheme in the time domain, and an updated Lagrangian (UL) method is employed
to solve for large deformations.

The chapter is organized as follows. In section 3.2 the governing equations of electro-
osmosis consolidation, as well as the kinematics and deformations for UL formulations,
are recalled. Furthermore, the Jaumann stress rates used in large deformation analysis
which consider the effect of rigid body rotations are discussed. Then the linearization
of weak formulations of the equilibrium condition is briefly introduced. Section 3.3 ad-
dresses the finite element procedure in detail, and the discretization of the governing
equations in space and time are briefly described. Thus a classical finite element for-
mulation is obtained, comprising increments of displacements, pore water pressure and
electrical potential as the primary variables. The nonlinear finite element equations are
solved using the modified Newton–Raphson scheme and the numerical algorithm has
been implemented into a finite element code. In section 3.4, the proposed methodol-
ogy is first validated against the analytical solution developed by Esrig (1968). This is
followed by a series of numerical examples, to investigate both the performance of large
strain electro-osmosis consolidation, as well as the differences between small and large
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strain solutions.

3.2. THEORETICAL AND GOVERNING FORMULATIONS
In this chapter, an isotropic fully saturated soil with an incompressible pore liquid and
soil particles is considered. The governing equations for the equilibrium of force, electric
potential and hydraulic head are derived based on the following assumptions: the tem-
perature in the soil is constant during the simulation; the effect of electrical–chemical
reactions is negligible; the current due to the electrophoresis of the fine grained particles
is negligible (Esrig, 1968); the flow of fluid due to the electrical and hydraulic gradients
may be superimposed to obtain the total flow (Esrig, 1968); Ohm’s law is valid; Darcy’s
law is valid; and the electrical gradient caused by the movement of ions is negligible com-
pared to the applied electrical field. Note that during the electro-osmosis process heat is
generated locally near the electrodes; however, heat generation has generally not been
observed during laboratory electro-osmosis consolidation due to large heat dissipation
at the boundaries of the specimen.

3.2.1. KINEMATICS AND DEFORMATIONS
To deal with large deformation problems, some assumptions and different configura-
tions need to be discussed first. If the initial (i.e. reference) configuration of a physical
body is denoted by Ω0, an arbitrary point in the body is often represented by its initial
coordinates Xi . Let Ω denote the current configuration of the body and xi represent the
current coordinates of the arbitrary point. The mapping function φ is a key relationship
between Ω0 and Ω, which relates the initial and current position vectors. Hence, for a
typical time-step, the updated configuration of the body at time t +∆t may be written as
a function of the configuration at time t and the incremental displacement during the
time-step ∆t , i.e. (Bathe, 1996)

x t+∆t
i =φi (Xi , t +∆t ) (3.1)

The current and fixed reference configurations are related to each other by the displace-
ment, so that an updated position vector can be written as

x t+∆t
i = Xi +ui = x t

i +∆ui (3.2)

whereas the increments in the displacement over the time steps are given by

∆ui = ut+∆t
i −ut

i = x t+∆t
i −x t

i (3.3)

During the motion of a body, its volume, surface area, stresses and strains are chang-
ing continuously. A fundamental measure of the deformation is given by the deforma-
tion gradient, defined as

Fi j = ∂φi

∂X j
= ∂xi

∂X j
= δi j + ∂ui

∂X j
(3.4)

where δi j is the Kronecker delta and the incremental deformation map is described as
φt+∆t

i +∆ui . Consequently, the deformation gradient at time t +∆t can be obtained as
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F t+∆t
i j = f t

i j F t
i j , where F t

i j is the deformation gradient at time t , and f t
i j is the incremental

deformation gradient from time t to t +∆t , defined as

f t
i j =

∂x t+∆t
i

∂x t
j

= δi j + ∂∆ui

∂x t
j

(3.5)

The volume change between the reference and current configurations can be established
as

dΩt+∆t = detF t+∆t dΩ0 = J t+∆t dΩ0 (3.6)

where J is the Jacobian determinant, which is the determinant of the deformation gra-
dient F . The Green strain tensor is given as (Bathe, 1996; Lewis and Schrefler, 1998)

Ei j = 1

2
(Fi k F j k −δi j ) =−1

2
(ui , j +u j ,i +uk,i ·uk, j ) (3.7)

With regard to the fluid phases, it is common to assume the motion of the solid as a
reference and to describe the fluid relative to the solid. Hence, the velocity of the pore
water and electrical particles can be written with reference to the current configuration
of the solid body (Meroi et al., 1995; Lewis and Schrefler, 1998). When doing this, some
care needs to be taken regarding changes in the permeability tensors due to rigid body
rotation (Carter et al., 1977, 1979; Nazem et al., 2008), when the material is anisotropic.

By employing the expressions above, the quantities of interest can be transferred to
a known configuration where the governing equations can be solved.

3.2.2. MECHANICAL EQUILIBRIUM AND EFFECTIVE STRESS CONCEPT
The stress equilibrium equation, at time t +∆t , can be expressed as∫

V t+∆t

σt+∆t
i j ·δεi j ·dV t+∆t = R t+∆t (3.8)

where δεi j is the variation of the strain tensor, V is the volume of the body, σi j is the
Cauchy stress tensor, and R is the external work resulting from the body forces and sur-
face tractions. In order to solve this equation, all quantities must be transferred to a
known configuration, which is the current configuration in this chapter. So the equilib-
rium equation can be expressed as∫

V t

S t+∆t
i j ·δE t+∆t

i j ·dV t+∆t = R t+∆t (3.9)

where Si j is the second Piola–Kirchhoff stress tensor and Ei j is the Green strain tensor.
The second Piola–Kirchhoff stress tensor is related to the Cauchy stress tenor by the de-
formation gradient Fi j as follows:

σt
i j =

1

J t F t
i k S t

kl F t
j l (3.10)
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Moreover, the incremental decompositions of the second Piola–Kirchhoff stress tensor
can be expressed as

S t+∆t
i j = S t

i j +∆Si j (3.11)

where S t
i j = σt

i j in updated Lagrangian formulations. The incremental decompositions

of the Green strain tensor can be written as

∆E t
i j =∆e t

i j +∆ηt
i j (3.12)

∆e t
i j =−1

2
(ui , j +u j ,i ) (3.13)

∆ηt
i j =−1

2
uk,i ·uk, j (3.14)

where ∆ei j and ∆ηi j are the linear and non-linear incremental Green strain tensors, re-
spectively. By substituting Eqs. (3.11) and (3.12) into Eq. (3.9) and ignoring the high
order terms, the linearized governing equation for the equilibrium of force is obtained
as (Bathe, 1996)∫

V t

C̄i j kl deklδei j dV t +
∫

V t

σt
i jδηi j dV t = R t+∆t −

∫
V t

σt
i jδei j dV t (3.15)

where C̄i j kl is the stress–strain matrix derived from the constitutive relationship dSi j =
C̄i j kl dEi j .

When dealing with large deformation effects, involving also large rotations, care must
be taken to ensure the material frame invariance of the model. To do that, a frame-
independent stress rate, such as the Jaumann stress rate, needs to be introduced (Carter
et al., 1977), i.e.

dσJ
i j = dσ′

i j −σ′
i k dΩk j −σ′

j k dΩki =Ci j kl ·dekl (3.16)

where Ci j kl is the stress–strain matrix derived from the constitutive relations in terms
of the Cauchy stresses and the linear strain. The Jaumann stress rate is related to the
Cauchy stress rate by the non-objective spin tensor Ωi j , which may be given by

Ωi j = 1

2
(
∂ui

∂x j
− ∂u j

∂xi
) (3.17)

According to the principle of effective stress, the incremental total stress can be written
as

dσi j = dσ′
i j +d pδi j (3.18)

Using Eq. (3.16), the incremental stress can be rewritten as

dσi j =Ci j kl ·dekl +σ′
i k dΩk j +σ′

j k dΩki +δi j d p (3.19)

Equation (3.19) implies that the total stress rate can be decomposed into a stress rate
(Jaumann) due to straining, a stress rate due to rigid body rotation and a contribution
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due to pore water pressure change. By substituting Eq. (3.19) into the virtual work equa-
tion, Eq. (3.15), the following equilibrium equation for the updated Lagrangian method
based on the Jaumann stress rate can be obtained:∫

V t

Ci j kl deklδei j dV t +
∫

V t

(σ′t
i k dΩk j +σ′t

j k dΩki )δei j dV t

+
∫

V t

δi j p tδηi j dV t +
∫

V t

σ′t
i jδηi j dV t +

∫
V t

δi j d pδei j dV t

= R t+∆t −
∫

V t

σ′t
i jδei j dV t −

∫
V t

δi j p tδei j dV t

(3.20)

3.2.3. PORE WATER TRANSPORT

The mass conservation of the pore water can be expressed by

∂vsi

∂t
+ ∂vi

∂xi
= 0 (3.21)

where vsi is the velocity of the soil particles and vi is the velocity of the pore water in
the soil, which comprises two components. One is the hydraulic flow caused by the
gradients of pore water pressure and the other is the electro-osmosis flow caused by
electrical potential gradients. From Darcy’s law, the hydraulic flow can be expressed as

vwi =−kwi j

γw

∂

∂x j
(p +γw z) (3.22)

where kw , γw and z are the coefficient of hydraulic conductivity, the unit weight of wa-
ter and the elevation, respectively. The fluid flux due to electro-osmosis is (Esrig, 1968;
Mitchell and Soga, 2005)

veoi =−keoi j
∂V

∂x j
(3.23)

where keo is the coefficient of electro-osmosis conductivity and V is the electrical poten-
tial. According to Esrig’s assumption, these two independent flows can be combined to
give the total flow:

vi = vwi + veoi =−kwi j

γw

∂

∂x j
(p +γw z)−keoi j

∂V

∂x j
(3.24)

Consequently, the equation of pore water mass conservation can be written in the fol-
lowing form by substituting Eqs. (3.24) into Eq. (3.21):

∂vsi

∂t
+ ∂

∂xi
(−kwi j

γw
(
∂p

∂x j
+γw z))+ ∂

∂xi
(−keoi j

∂V

∂x j
) = 0 (3.25)
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3.2.4. ELECTRICAL TRANSPORT
According to Ohm’s law, the flow of electrical current can be expressed by

ji =−kσei j
∂V

∂x j
(3.26)

where j is the electrical current density and kσe is the electrical conductivity of the soil.
By applying the conservation of charge and assuming the current is steady state:

− ∂ ji

∂xi
=Cp

∂V

∂t
(3.27)

where Cp is the electrical capacitance per unit volume. The electrical capacitance of
the soil can be considered negligible, and so Cp is assumed to be zero (Alshawabkeh
and Acar, 1996; Tamagnini et al., 2010). Substituting Eq. (3.26) into Eq. (3.27) gives the
governing equation of the electric current flow:

∂

∂xi
(kσei j

∂V

∂x j
) = 0 (3.28)

3.2.5. FINIAL GOVERNING EQUATIONS
The primary variables, namely the displacements, pore pressure and electrical potential,
are coupled through the governing equations at large strain for mechanical equilibrium,
pore water transport and electrical current transport, i.e. Eqs. (3.20), (3.25) and (3.28),
respectively.

3.3. APPLICATION OF FINITE ELEMENT METHOD

3.3.1. FINITE ELEMENT DISCRETIZATION
For a quantitative solution, Eqs. (3.20), (3.25) and (3.28) are discretized in space by finite
elements using a Galerkin procedure. The method starts by discretizing the unknown
dependent variables over the whole domain using the shape function matrices Nu , Np

and NV , as functions of the respective nodal value vectors ue , pe and Ve , i.e.

u = Nu ue

p = Np pe

V = NV Ve

(3.29)

where u, p and V are the respective dependent variables of displacement, excess pore
pressure and electrical potential. By introducing the shape functions, the equilibrium
Eq. (3.20) can be written as

[Ke +Kg ]u+Lp = Fext (3.30)

where Ke is the elastic stiffness matrix for small deformations, given by

Ke =
∫

V t

BL
TDBLdV t (3.31)
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in which D is the elastic strain–stress matrix, and Kg is the geometric stiffness matrix,
which is determined from the effective stresses σ′t and pore pressure p t at the beginning
of the load step:

Kg =
∫

V t

BL
Tσ̄t B̄LdV t +

∫
V t

BN L
Tpt BN LdV t +

∫
V t

BN L
Tσ̂t BN LdV t (3.32)

where BL , BN L and B̄L are the strain–displacement operators for the linear strain in-
crement ∆ei j , the nonlinear strain increment ∆ηi j and the spin increment ∆Ωi j , re-
spectively. Moreover, σ̄t , σ̂t and pt are the stress matrix caused by rotation, the initial
stress matrix and the pore pressure matrix, respectively, which are based on the effective
stresses and pore pressure at the beginning of the load step (Nazem et al., 2008), and are
given in Appendix A. L is the global coupling matrix given by

L =
∫

V t

BL
TINp dV t (3.33)

where I = [1,1,1,0,0,0]T and Fext is the external loads vector derived from the body loads
and surface tractions:

Fext =
∫
St

Nu
TtdS t +

∫
V t

Nu
TbdV t (3.34)

where t are the prescribed surface tractions and b are the body forces.
The continuity equation for pore water, Eq. (3.25), becomes

LTu̇+Kc p+Keo V = Qext
p (3.35)

where Kc is the hydraulic flow matrix, given by

Kc =−
∫

V t

γw
−1 ·Bp

Tkw Bp dV t (3.36)

and where γw is the unit weight of the pore fluid, Bp is the matrix containing the gra-
dients of the pore pressure shape functions Np , and kw is the hydraulic permeability
matrix. Also, Keo is the electro-osmosis flow matrix given by

Keo =−
∫

V t

Bp
Tkeo BV dV t (3.37)

where BV is the matrix of the gradients of the electric potential shape functions NV , and
keo is the electro-osmosis permeability matrix. Qext

p is the external fluid supply vector,
given by

Qext
p =

∫
St

Np
Tqw dS t (3.38)

where qw is the prescribed surface flux.
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The continuity equation for electric potential, Eq. (3.28), becomes

Kσe V = Qext
V (3.39)

where Kσe is the current flux matrix given by

Kσe =
∫

V t

BV
Tkσe BV dV t (3.40)

in which kσe is the electrical conductivity matrix and Qext
V is the external current supply

vector:

Qext
V =

∫
St

NV
Tqe dS t (3.41)

where qe is the prescribed surface current flux.
The discretized governing equation for the coupled system of deformation, fluid flow

and current flow can be written in rate form as Knl L 0
LT 0 0
0 0 Kσe


u̇
ṗ
V̇

 +
 0 0 0

0 Kc Keo

0 0 0


u
p
V

 =


Ḟext

Qext
P

Q̇ext
V

 (3.42)

where Knl = [Ke +Kg ].

3.3.2. TIME STEPPING AND SOLUTION PROCEDURE
The governing equation of the coupled system, Eq. (3.42), can be written as

CẊ+KX = Ẇext (3.43)

where

C =
 Knl L 0

LT 0 0
0 0 Kσe

, K =
 0 0 0

0 Kc Keo

0 0 0

, X =


u
p
V


Ẋ =


u̇
ṗ
V̇

 , Ẇext =


Ḟext

Qext
P

Q̇ext
V


Various time stepping schemes can be employed to solve Eq. (3.43) (Lewis and Schre-
fler, 1998; Sheng and Sloan, 2003), but in this study the commonly used θ method is
employed. Applying this method, the dependent state variable and force vector can be
defined as

X = θXn + (1−θ)Xn−1

Ẇext = θẆext
n + (1−θ)Ẇext

n−1

(3.44)

where n is the time step, θ is an integration parameter in the range 0 <= θ <= 1 and with
θ >= 0.5 for unconditional stability. Using the finite difference time stepping scheme,
the time derivative of the state variable is

Ẋ = Xn −Xn−1

∆t
(3.45)
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where ∆t is the time step size. Substituting Eqs. (3.44) and (3.45) into Eq. (3.43) gives

C{Xn −Xn−1}+∆tK{(1−θ)Xn−1 +θXn}

=∆t {θẆext
n + (1−θ)Ẇext

n−1}
(3.46)

If θ = 1.0 the method gives the classical backward Euler scheme, given by

C{Xn −Xn−1}+∆tKXn =∆tẆext
n (3.47)

Due to the geometric non-linearity in C, this equation must be solved by iteration.
Using the modified Newton–Raphson method, the residual vector of the coupled system
is defined as

R(Xn) =∆tẆext
n−1+θ− (C+∆tθK){Xn −Xn−1}−∆tKXn−1 (3.48)

The iterative updating scheme is then

δX j = (C(X j−1
n )+∆tθK(X j−1

n ))−1Rn(X j−1
n )

∆X j
n =∆X j−1

n +δX j

X j
n = Xn−1 +∆X j

n

(3.49)

where the superscript j indicates the iteration number. During the iteration process
within each time step, the displacement, pore pressure and electric potential are contin-
uously updated, but the matrices C and K are kept constant, i.e. these are only updated
for the very first iteration. The iterations are terminated once the unbalanced forces are
small enough. Moreover, due to the nonlinear geometric matrix and the electro-osmosis
permeability matrix, the matrix system to be solved is non-symmetric, so that a non-
symmetric matrix solver must be employed.

3.4. VALIDATION AND NUMERICAL EXAMPLES
In this section, the proposed large deformation model is first validated with respect to a
1D analytical solution for electro-osmosis consolidation. This is followed by 1D and 2D
plane strain examples, highlighting the difference between small and large deformation
analyses of fully saturated electro-osmosis consolidation. These examples emphasize
the importance of considering large deformation analyses for practical situations where
small deformation assumptions are not appropriate. For this purpose, two finite ele-
ment codes are used: one based on the small deformation electro-osmosis formulation,
in which geometric nonlinearities are ignored, and a second based on the proposed large
deformation model. Details of the small deformation electro-osmosis consolidation the-
ory are given by Yuan et al. (2012).

3.4.1. 1D VERIFICATION
It has been shown that, when the compression is small, both small and large deforma-
tion models predict essentially the same consolidation behaviour (Meroi et al., 1995; Li
et al., 2004; Lewis and Schrefler, 1998). Therefore, the proposed approach is first verified
against a classical 1D analytical solution for electro-osmosis consolidation.
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Esrig (1968) developed a 1D electro-osmosis consolidation theory, in which the gov-
erning equation can be expressed as

kw

γw

∂2p

∂x2 +keo
∂2V

∂x2 = mv
∂p

∂t
(3.50)

Analytical solutions of this equation have been obtained for several cases. For the 1D
case, assuming an open cathode and closed anode, the pore pressure is given by (Mitchell
and Soga, 2005)

p (x, t ) =−keo

kw
·γw ·V (x)+ 2keo ·γw ·V

kwπ2 ·
∞∑

n=0

(−1)n

m2 sin
(mπx

L

)
·exp(−m2π2Tv ) (3.51)

where m = n +1/2 is the time factor, mv is the coefficient of compressibility and L is the
distance between the anode and cathode. The average degree of consolidation U as a
function of time is (Mitchell and Soga, 2005)

U = 1− 4

π3

∞∑
n=0

(−1)n

m3 exp(−m2π2Tv ) (3.52)

Furthermore, the maximum negative excess pore pressure developed at the anode is
given by

pmax =−keo

kw
·γw ·V (3.53)

From Eq. (3.53), the effectiveness of electro-osmosis consolidation is controlled by the
ratio keo/kw , with the effect of electro-osmosis dewatering increasing with an increase in

Anode

Cathode

L

Drain

 Fixed, Impermeable

  x

Figure 3.1: 1D electro-osmosis consolidation.
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this ratio. To generate electro-osmosis consolidation effects of engineering significance,
the ratio keo/kw should be higher than 0.1 m/V.

The 1D model is shown in Figure 3.1 and is initially 1.0 m thick (i.e. L = 1.0 m). The
following material parameters are assumed: electro-osmosis permeability of 2.0×10−9

m2/V·s, hydraulic conductivity of 2.0×10−8 m/s, coefficient of compressibility of 1.0×10−6

Pa−1, electric conductivity of 0.1 S/m and Poisson’s ratio of 0.3. These have been used for
Esrig’s solution and for the presented finite element analysis. For the latter, a 2D plane
strain FEM model has been used, but with suitable boundary conditions to impose the
1D condition. The Young’s modulus E can be obtained from the 1D relationship

E = n(1−2ν)(1+ν)/(mv (1+ (n −2)ν)) (3.54)

where n =1 is the dimension of the consolidation problem, and where mv = 1.0×10−6

Pa−1 and ν= 0.3 for this problem. Hence the Young’s modulus for the FEM model is E =
7.4×105 Pa.
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Figure 3.2: Normalized pore pressure versus time factor and normalized distance for 1D consolidation by
electro-osmosis.

The initial excess pore pressure and initial electrical potential are set to zero through-
out the problem domain. The displacement boundary conditions are that the bottom of
the sample is fixed, whereas the left and the right boundaries are restrained only in the
horizontal direction, and the top of the sample is free. The hydraulic boundary con-
ditions are that there is free drainage at the top surface and that the remaining three
boundaries are impermeable. The cathode is the top boundary and the anode is the bot-
tom boundary, as seen in Figure 3.1. The electrical potential is maintained at 10 V at
the anode throughout the analysis. The left and right boundaries are impermeable with
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respect to electrical potential. An eight-node quadratic finite element is adopted for dis-
placements and this is coupled to a four node quadrilateral for modelling excess pore
water pressures and electrical potential. The gravity effect is neglected and 10 elements
with a uniform size of 0.1 × 0.1 m are used to discretize the domain.
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Figure 3.3: Average degree of consolidation versus time factor for one-dimensional consolidation by electro-
osmosis.

The analytical solution presented by Mitchell and Soga (2005) is used to verify the
numerical results. Profiles of normalized excess pore pressure (i.e. with respect to the
maximum negative excess pore pressure) between the two electrodes at time factors of
0.05, 0.1, 0.2, 0.4, 0.8, 1.0 and at the steady state, are shown in Figure 3.2. The average de-
gree of consolidation against time factor relationship is plotted in Figure 3.3. The figure
shows excellent agreement between the results of the proposed approach and the theo-
retical solution under small strain compression, indicating that the new formulation is
correctly modelling the coupling behaviour in electro-osmosis consolidation.

3.4.2. 1D ELECTRO-OSMOSIS CONSOLIDATION BEHAVIOUR
In order to study the time dependent behaviour of saturated clay under electro-osmosis
consolidation and the difference between small and large deformation theories, the 1D
FEM model from the previous section is subjected to a uniform surcharge load of q =
100 kPa for various voltage levels. The small deformation results are obtained using the
numerical model of Yuan et al. (2012). Hence the material parameters are as follows:
Young’s modulus E = 1.0 MPa, Poisson’s ratio ν= 0.3, electro-osmosis permeability keo =
5.0×10−9 m2/V·s and hydraulic permeability kw = 2.0×10−9 m/s.

Figures 3.4 and 3.5 show the numerical results obtained for small strain and large
strain models when applying a voltage of 0, 10, 20 and 30 V in the first time step. In
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Figure 3.4, the time behaviour of the excess pore pressure shows the difference between
the small and large deformation models increasing with voltage level. The excess pore
pressure develops faster in the large strain model compared to the small strain model,
although both models reach the same excess pore pressure at the steady state. This is
because the geometry change is accounted for in the large strain model, and so the elec-
trical gradient is greater than that in the small strain model in which it is constant. There-
fore, from Eq. (3.51) the pore water is driven out faster from the system, so that the pore
pressure develops faster in the large strain model than in the small strain model. How-
ever, the final pore pressure developed at the anode is controlled by the potential applied
according to Eq. (3.53), which is the same for both models when the system reaches the
steady state.
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Figure 3.4: Excess pore pressure at the anode versus time relationship for different voltage levels (0, 10, 20, 30
V) .

In Figure 3.5, the numerical results for vertical settlement are presented. The small
deformation model predicts the final settlements to be proportional to the magnitude of
the applied voltage, as expected for a linear elastic constitutive model. In contrast, the
large deformation model gives final settlements that are not proportional to the voltage
magnitude. The large deformation model gives lower absolute settlements at equilib-
rium compared to the small strain solution, due to the increasing geometric stiffness of
the soil skeleton, which is inherent in the large strain model. With increasing voltage
these differences become noticeable to such an extent that they cannot be neglected.
The vertical settlement at the equilibrium state for the various voltage levels, for both
small and large deformations, are listed in Table 3.1. It clearly shows the increasing dif-
ference in solution with growing voltage level.
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Figure 3.5: Vertical settlement versus time relationship for different voltage levels (0, 10, 20, 30 V).

Table 3.1: Vertical settlement at equilibrium state

Voltage (V) Small deformation (m) Large deformation (m) Difference (%)
0 0.074 0.072 2.8

10 0.165 0.151 9.3
20 0.256 0.222 15.3
30 0.347 0.285 21.8

3.4.3. 1D CONSOLIDATION AS A FUNCTION OF keo/kw
The ratio of electro-osmosis permeability and hydraulic permeability keo/kw is a key fac-
tor in electro-osmosis consolidation. The 1D FEM model discussed above is now sub-
jected to a uniform voltage and surcharge load for various ratios of keo/kw . In this exam-
ple, the electro-osmosis permeability keo = 2.0×10−8 m2/V·s, V = 10 V and a surcharge
load of q = 100 kPa is kept constant throughout the simulation, whereas ratios of keo/kw

of 0.1, 1.0 and 10 are considered. Moreover, Young’s modulus E = 1.0 MPa and Poisson’s
ratio ν= 0.3.

Figures 3.6-3.8 show the linear small deformation solution for the electro-osmosis
consolidation problem compared to the numerical results of the large deformation model,
for different ratios of keo/kw . In Figure 3.6 the excess pore pressure response of both
models is almost the same for small ratios of keo/kw (0.1, 1.0). As expected, the differ-
ence between the models increases with an increase in the ratio keo/kw . The excess pore
pressure develops quicker in the large strain model due to the strain dependent stiffness
of the soil skeleton and the greater electrical gradient. However, both models develop
the same amount of excess pore pressure at the steady state, since the development of
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the final excess pore pressure is controlled by the ratio of keo/kw .
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Figure 3.6: Excess pore pressure at the anode versus time relationship for different ratios of keo /kw (0.1, 1.0,
10 m/V).

 

0.0

0.1

0.2

0.3

0.4

0.5

0.01 0.10 1.00 10.00 100.00

S
et

tl
em

en
t 

 (
m

) 

Time (days) 

small deformation

large deformation

0.1 m/V 

1.0 m/V 

10 m/V 

Figure 3.7: Vertical settlement versus time relationship for different ratios of keo /kw (0.1, 1.0, 10 m/V).

The variation of surface settlement with time for different ratios of keo/kw is shown
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in Figure 3.7. As for the previous figure, the numerical results for the small and large de-
formation models deviate from each other with increasing ratio of keo/kw . As expected
from the strain dependent stiffness of the soil skeleton, the large deformation simula-
tion predicts smaller settlement values at equilibrium compared to the small deforma-
tion model. The increasing difference between results for increasing ratio of keo/kw il-
lustrates the necessity of the large deformation model. Table 3.2 compares the vertical
settlement at the equilibrium state for various ratios of keo/kw for large and small defor-
mation solutions.
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Figure 3.8: Average degree of consolidation versus time relationship for different ratios of keo /kw (0.1, 1.0, 10
m/V).

Figure 3.8 shows the average degree of consolidation versus time relationship. The
consolidation rate of the large deformation model is faster than the small deformation
simulation and this difference increases with increasing of ratio of keo/kw . As seen
from Figures 3.6-3.8, the difference between the small and large deformation solutions
increases with increasing strain (deformation) and, for high strains, the difference be-
comes large and should not be neglected.

Table 3.2: Vertical settlement at equilibrium state

Ratio of keo/kw Small deformation (m) Large deformation (m) Difference (%)
0.1 0.078 0.075 4.0
1.0 0.111 0.105 5.7

10.0 0.438 0.341 28.5
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3.4.4. 2D CONSOLIDATION BEHAVIOUR OF ELECTRO-OSMOSIS
A square domain of side length 1 m is presented in Figure 3.9. In order to investigate the
coupled soil behaviour, a surcharge load is applied on the top surface. The boundary
conditions are as follows: the anode is along the left edge, which is also set as imperme-
able and on rollers allowing only vertical movement; the right edge is the cathode, which
is also free draining and on rollers allowing only vertical movement; the bottom bound-
ary is impermeable and fixed; the top surface is free draining and a uniform surcharge
pressure, q = 100 kPa, is applied. An electric potential of 10 V is applied at the anode. The
material parameters are: Young’s modulus E = 1.0 MPa, Poisson’s ratio ν = 0.3, electro-
osmosis permeability keo = 5.0×10−9 m2/V·s and hydraulic permeability kw = 2.0×10−9

m/s. Quadrilateral elements with a uniform size of 0.1 × 0.1 m are used to discretize the
domain.
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Figure 3.9: 2D electro-osmosis consolidation model.

The excess pore pressure versus time relationship at the base of the anode is shown in
Figure 3.10. As for the 1D examples, both the small and large deformation models predict
the same final negative excess pore pressure. However, the large deformation model
predicts faster pore pressure development, especially for higher voltage magnitudes, due
to the larger stiffness of the soil skeleton. The computed surface settlement versus time
behaviour at the anode is shown in Figure 3.11. As for the 1D case, the large deformation
model predicts smaller final settlements, with the difference in final settlement between
the two models increasing with increasing voltage magnitude.

Figure 3.12 shows the final surface settlement as a function of the distance to the
anode for different voltage magnitudes. For a voltage of 0 V, the difference between the
small and large deformation models is small and the vertical settlement between the
electrodes is uniform. As the voltage increases, the difference between the models be-
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Figure 3.10: Excess pore pressure at the base of the anode versus time relationship for different voltage levels
(0, 10, 20, 30 V).
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Figure 3.11: Surface settlement at the anode versus time relationship for different voltage levels (0, 10, 20, 30
V).

comes larger. Since negative excess pore pressures are developed near the anode, the
vertical settlement at the anode is larger than at the cathode at the steady state, and this
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difference increases with the voltage level. Note that, due to the 2D effect, the settle-
ments are different at the cathode for different applied voltages, even though the excess
pore pressure remains at zero due to the boundary condition. The surface settlements
adjacent to the anode at the equilibrium state for various voltage levels, comparing small
and large deformation models, are listed in Table 3.3 and show noticeable differences be-
tween the two sets of results. Consequently, the results are a further demonstration that
the modelling of electro-osmosis consolidation has to be performed carefully and that
large deformation consolidation theory is often necessary.
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Figure 3.12: Final surface settlement relative to the anode for different voltage levels (0, 10, 20, 30 V).

Table 3.3: Surface settlement at equilibrium state (adjacent to top of anode)

Voltage (V) Small deformation (m) Large deformation (m) Difference (%)
0 0.074 0.072 2.8

10 0.125 0.119 5.0
20 0.175 0.163 7.4
30 0.225 0.205 9.8

3.5. CONCLUSIONS
A finite strain formulation is necessary to accurately predict the time dependent re-
sponse of electro-osmosis consolidation in soft soils, since large scale deformations (e.g.
strains over 10 %) have been observed during previous laboratory and field tests. Small
deformation models are not suitable for this purpose, since they do not account for the
changing configuration and rigid body rotation that could have a significant effect on
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predicted results. With this in mind, a formulation for considering the electro-osmosis
consolidation of a soil incorporating large deformation effects has been presented. In
developing the numerical model, attention has been restricted to linear elastic con-
stitutive behaviour for the soil. Three coupled governing equations for force equilib-
rium, pore water transport and electrical transport have been written in an updated La-
grangian form based on the current configuration. These have been approximated using
a finite element formulation and applied to a series of simple illustrative examples.

The numerical results for a 1D example of electro-osmosis consolidation show good
agreement with an analytical solution. In comparison to small deformation solutions,
the presented results of a second 1D example show the importance of considering large
deformation theory in a consistent way. Then, a third 1D example has been used to
show that an appropriate large deformation model is required (especially at high ratios of
keo/kw ). An idealized 2D electro-osmosis consolidation problem considering surcharge
load was then investigated. The numerical results for settlement and excess pore pres-
sure demonstrate that the effectiveness of electro-osmosis consolidation is significant
compared to the normal surcharge consolidation. The excess pore pressures develop
faster in the large deformation model than in the small deformation model, finally reach-
ing the same value at the steady state. On the other hand, the final settlements predicted
by the large deformation model are always smaller than those predicted by the small
deformation model. The noticeable differences between the two models illustrates the
necessity of using large deformation models.

Using the same general formulation, it is possible to extend the numerical model to
analyse the elasoplastic behaviour of clay during electro-osmosis consolidation. Fur-
thermore, the nonlinear variations in soil parameters can easily be incorporated into
the proposed approach by introducing a dependence of the absolute soil permeability
(hydraulic, electro-osmosis and electrical) on void ratio.





4
NUMERICAL SIMULATION OF

ELASTO-PLASTIC

ELECTRO-OSMOSIS

CONSOLIDATION AT LARGE STRAIN

In this chapter, a numerical solution for the electro-osmosis consolidation of clay in multi-
dimensional domains at large strains is presented, with the coupling of the soil mechan-
ical behaviour, pore water transport and electrical fields being considered. In particu-
lar, the Modified Cam Clay model is employed to describe the elasto-plastic behaviour
of clay, and some empirical expressions are used to consider the nonlinear variation of
the hydraulic and electrical conductivities of the soil mass during the consolidation pro-
cesses. The implementation of the theoretical model in a finite element code allows for
analysis of the evolution of the transient response of the clay subjected to electro-osmosis
treatment. The proposed model is verified via comparison with data from a large strain
electro-osmosis laboratory test, to demonstrate its accuracy and effectiveness. Various nu-
merical examples are also investigated to study the deformation characteristics and time
dependent evolution of the excess pore pressure. Finally, a well-documented field applica-
tion of electro-osmosis is simulated to provide further verification. The results show that
the numerical solution is effective in predicting the nonlinear behaviour of clay during
electro-osmosis consolidation.

Parts of this chapter have been published in Acta Geotechnica 10 (2015) (Yuan and Hicks, 2015).
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4.1. INTRODUCTION
In most of the previous approaches, the electro-osmosis consolidation is limited to the
consideration of 1D problems. Moreover, force equilibrium and a linear elastic con-
stitutive relationship for the soil are included implicitly in the formulation of the pore
water transport, following Terzaghi’s approach. As such, only two coupled/uncoupled
partial differential equations for pore water transport and electrical current transport
are solved, using either analytical approaches or numerical methods. In contrast, Yuan
et al. (2012) presented a fully coupled solution considering force equilibrium, pore wa-
ter transport and electrical transport, assuming that hydraulic and electrical properties
remain constant during the simulation. Tamagnini et al. (2010) presented a numerical
model for electro-osmosis processes in fine grained soils, accounting for gas generation
and transport under unsaturated conditions. Yuan and Hicks (2013) presented an elas-
tic electro-osmosis consolidation model for saturated soils experiencing large strains,
and considered volumetric strains induced by changes in both the hydraulic and electric
driven pore water flows. However, these approaches only incorporated an elastic con-
stitutive relationship for the soil. In contrast, Yuan et al. (2013) developed a numerical
model for electro-osmosis consolidation at small strain, coupling displacement, pore-
water flow and electrical field, and incorporated the Modified Cam Clay (MCC) model
for modelling nonlinear material behaviour.

The main objective of this chapter is to extend the theory of large strain elastic electro-
osmosis consolidation to elasto-plasticity, by employing the Modified Cam Clay model
to describe the elasto-plastic behaviour of clays. Moreover, some empirical expressions
are incorporated to consider the nonlinear variation, with void ratio, of the hydraulic
and electrical conductivities, and of the electro-osmosis permeability, of the soil mass, as
these are considered to be more realistic than constant transport properties for describ-
ing the highly nonlinear processes. Three fully coupled governing equations, consider-
ing force equilibrium, pore water transport and electrical conduction are presented, and
solved via the finite element method in the space domain and an implicit integration
scheme in the time domain. Since no suitable numerical solutions of simple problems
are available for validation purposes, a numerical simulation is compared with Feld-
kamp and Belhomme’s (1990) experiment of large strain electro-osmosis consolidation
of a vertical column. Furthermore, other numerical examples of electro-osmosis consol-
idation are presented. The results of these analyses suggest that the differences between
large and small strain models are noticeable and should not be neglected, and that con-
sidering the nonlinear variation of the soil properties, especially the elasto-plastic con-
stitutive relationships, has a significant impact on the deformation characteristics and
time dependent evolution of the process. Finally, a well-documented field application
of electro-osmosis treatment reported by Bjerrum et al. (1967) is simulated, for further
verification of the numerical model.

The chapter is organized as follows. In Section 4.2 the governing equations of electro-
osmosis consolidation, as well as the background of large strain theory, are recalled.
Section 4.3 addresses the constitutive laws for the stress tensor, hydraulic conductivity,
electro-osmosis permeability and electrical conductivity. In Section 4.4, several numeri-
cal examples are solved, which are used for validation of the code based on the outlined
approach. These examples demonstrate the importance of proper numerical modelling
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of the nonlinear soil behaviour during electro-osmosis consolidation.

4.2. THEORETICAL BACKGROUND AND GOVERNING EQUATIONS

4.2.1. MODELLING FRAMEWORK
The governing equations for the equilibrium of force, hydraulic head and electric po-
tential are derived based on the following assumptions: (1) an isotropic fully saturated
soil with an incompressible pore fluid and soil particles; (2) the coupled conduction pro-
cesses occur under isothermal conditions; (3) the effect of electrical–chemical reactions
is negligible; (4) electrophoresis and streaming currents are negligible (Esrig, 1968); (5)
the flow of fluid due to the electrical and hydraulic gradients may be superimposed to
obtain the total flow (Esrig, 1968); (6) Darcy’s law is valid; (7) Ohm’s law is valid.

The kinematics and deformations for large strain updated Lagrangian formulations
are provided in detail in Chapter 3 and therefore only summarized here. Consider an
arbitrary reference configuration X, which has position x at time t . The mapping func-
tion φ relates the initial and current position vectors. Hence, for a typical time step, the
updated configuration of the body may be written as

x =φ(X, t ) (4.1)

A fundamental measure of the deformation is given by the deformation gradient, defined
as

F = ∂φ

∂X
= ∂x

∂X
(4.2)

The change in volume between the reference and current configurations can be estab-
lished as

dV = JdV0 (4.3)

where V0 and V are the reference and current volumes respectively, and J is the Jacobian
determinant which is the determinant of the deformation gradient F. The Green strain
tensor is given as

E = 1

2
(FTF− I) (4.4)

where I is a unit tensor. In order to compute the Cauchy stress σ the second Piola–
Kirchhoff stress S measured at the reference configuration has to be computed first. The
Cauchy stress is related to the second Piola–Kirchhoff (PK2) stress by the deformation
gradient as follows:

σ= 1

J
FTSF (4.5)

The spatial velocity v of the material point x is given by

v = v(x, t ) = ∂x

∂t
(4.6)

For an arbitrary scalar valued function f π(x, t ), its material time derivative, relative to its
spatial description and referring to a moving particle of the πth phase, is defined by

Dπ f π

Dt
= ∂ f π

∂t
+∇ f π ·vπ (4.7)
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In a multiphase porous medium, it is common to take the motion of the solid con-
figuration as a reference and to describe the motion of, for example, the water (w) phase
particles relative to those of the solid (s). Hence the water relative velocity can be written
as

vw s=vw −vs (4.8)

By considering the above relative velocity, the material time derivative of f w with respect
to the moving solid phase is given by

Ds f w

Dt
= Dw f w

Dt
+∇ f w ·vsw (4.9)

4.2.2. MECHANICAL EQUILIBRIUM
The stress equilibrium equation can be expressed by

∇·σ+b = 0 (4.10)

where σ represents the total Cauchy stress vector and b represents the body force vector.
In an updated Lagrangian (UL) formulation, in order to solve the above equation, all
quantities must be transferred to the current configuration. So the equilibrium equation,
at time t +∆t , can be written in its weak form as (Bathe, 1996)∫

V t

St+∆t ·δEt+∆t dV t =
∫

V t

bt+∆t ·δut+∆t dV t +
∫
St

tt+∆t ·δut+∆t dS t (4.11)

where S is the PK2 stress tensor, δu is the virtual displacement, t are the boundary trac-
tion components and V is the volume of the body. Moreover, the incremental decompo-
sition of the PK2 stress tensor can be expressed as

St+∆t = St +∆S (4.12)

when referenced to the current configuration at time t , for which St =σt in the UL for-
mulations. The decomposition of the Green strain tensor can be written as

E = ε+η

ε=−1

2
(∇u+ (∇u)T)

η=−1

2
((∇u)T ·∇u)

(4.13)

where ε and η are the linear and nonlinear parts of the Green strain tensor. By substitut-
ing Eqs. (4.12) and (4.13) into Eq. (4.11), and ignoring the high order terms, the linearized
governing equation for equilibrium is obtained as∫

V t

D̄ ·dε ·δεdV t +
∫

V t

σt ·δηdV t =
∫

V t

bt+∆t ·δudV t +
∫
St

tt+∆t ·δudS t −
∫

V t

σt ·δεdV t
(4.14)

where D̄ is the stress–strain matrix derived from the constitutive relationship dS = D̄ ·dE
(Nazem et al., 2006).
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4.2.3. BALANCE OF WATER MASS
The mass balance law for the solid phase in the current configuration may be written as

Ds (1−n)ρs

Dt
+ (1−n)ρs∇·vs = 0 (4.15)

where n is the porosity and ρs is the density of the solid particles. By taking account of
the incompressibility of the solid particles, the mass balance equation becomes

− Ds n

Dt
+ (1−n)∇·vs = 0 (4.16)

The mass balance law for the water phase in the current configuration may be written as

Dw (nρw )

Dt
+nρw∇·vw = 0 (4.17)

By introducing the relative velocity from Eq. (4.8) and the material time derivative with
respect to the moving solid from Eq. (4.9), the water mass balance equation becomes

Ds (nρw )

Dt
+∇· (nρw vw s )+nρw∇·vs = 0 (4.18)

By taking account of the incompressibility of the water, and by substituting Eq. (4.16)
into Eq. (4.18), the material time derivative of n vanishes, so that

∇· (vs + v̄) = 0 (4.19)

where v̄ = nvw s is the filtration velocity of the water relative to the soil skeleton.

4.2.4. BALANCE OF ELECTRIC CHARGE
By applying the conservation of charge and assuming the current is steady state, the
governing equation for the electric field can be represented as follows:

−∇· j =Cp
∂V

∂t
(4.20)

where j is the electrical current density, Cp is the electrical capacitance per unit volume
and V is the electrical potential. As the electrical capacitance of the soil can be consid-
ered negligible, Cp = 0 is assumed.

4.3. CONSTITUTIVE EQUATIONS
The soil properties and electrical fields change during the electro-osmosis consolida-
tion. The elasto-plastic soil behaviour causes nonlinear deformation of the soil. More-
over, the flow of water causes a non-uniform decrease in the water content and void ratio
of the soil mass. These factors lead to changes in the hydraulic and electrical conductiv-
ities, and in the electro-osmosis permeability. Accordingly, the solution of the nonlinear
coupled system can be solved numerically if suitable constitutive relationships are cho-
sen.
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4.3.1. SOLID SKELETON
The Cam Clay model was developed in the 1960s and is intended to capture the basic
features of normally consolidated, as well as lightly over consolidated clay (Roscoe et al.,
1963; Roscoe and Burland, 1968). There are two well-known versions of this model. The
first is the so-called original Cam Clay model, while the other is the Modified Cam Clay
model. In this study, the Modified Cam Clay model is employed to simulate elasto-plastic
soil behaviour during electro-osmosis consolidation. It employs an associated flow rule,
and the yield ( f ) and plastic potential (g ) functions can be expressed by

f = g = q2 −M 2p ′(pc −p ′) (4.21)

where the stress invariants p ′ and q represent the mean effective stress and deviatoric
stress, respectively, M is the slope of the critical state line (CSL) in the p ′–q plane and pc

is the pre-consolidation pressure, which is the hardening parameter of the model that
can be expressed by

pc = pc0 exp

(
(1+e0)∆εp

v

λ−κ

)
(4.22)

where λ and κ are the plastic compression index and unloading–reloading index, re-
spectively, e0 is the initial void ratio, ∆εp

v is the increment of plastic volumetric strain
and pc0 is the pre-consolidation pressure at the beginning of plastic loading. According
to standard elasto-plastic theory, Dep is the elasto-plastic stress–strain matrix given by

Dep = De −
De

∂g
∂σ′

∂ f
∂σ′

T
De

H + ∂ f
∂σ′

T
De

∂g
∂σ′

(4.23)

where De is the elastic stress–strain matrix and noting that, when the Jaumman stress
rate is employed, Dep has an identical form to that encountered in small strain theory
(de Souza Neto et al., 2008). σ′ is the effective stress and H is the modulus of plastic
hardening/softening.

The coupling between the deformation and flow processes is established using the
principle of effective stress. Hence the total stress can be written as

σ=σ′+ Ip (4.24)

where p is the pore water pressure. When assuming large strain kinematics, involving
also large rotations, care must be taken to ensure the material frame invariance of the
model. To do that, a frame-independent stress rate such as the Jaumann stress rate needs
to be introduced, i.e. (Nazem et al., 2008)

dσJ = dσ′−dΩ ·σ′−σ′ ·dΩT = Dep ·dε (4.25)

where Dep is the stress–strain matrix derived from the constitutive relations in terms
of the Cauchy stress and linear strain tensor dε (Nazem et al., 2006), and the Jaumann
stress rate is related to the Cauchy stress rate by the non-objective spin tensor Ω, given
by

Ω= 1

2
[(∇u)− (∇u)T] (4.26)
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By substituting Eq. (4.25) into the effective stress equation, Eq. (4.24), the stress incre-
ment can be written as

dσ= Dep ·dε+dΩ ·σ′+σ′ ·dΩT + Id p (4.27)

In the large strain formulation based on the Jaumann stress rate, Eq. (4.25), the ef-
fective stress increment can be calculated by

σ′t+∆t =σ′t +
∫ ∆ε

0
Dep ·dε+

∫ ∆Ω

0
(dΩ ·σ′t +σ′t ·dΩT) (4.28)

Stress integration algorithms for large strain analysis have been discussed many times
before. It has been shown that stress transformation due to rigid body rotation can be
included in the equations before, after, or during the stress integration in each increment
(Nazem et al., 2009). It has also been shown that, with this method, stress integration
schemes used for small strain can be easily extended to large strain (Nazem et al., 2006).
An explicit stress integration scheme with automatic sub-stepping and error control for
large strain is implemented here to solve the elasto-plastic constitutive relationship.

4.3.2. PORE WATER TRANSPORT
The constitutive equation for the pore water flow velocity in electro-osmosis comprises
two components. One is the hydraulic flow caused by the gradients of pore water pres-
sure and the other is the electro-osmosis flow caused by electrical potential gradients.
From Darcy’s law, the hydraulic flow can be expressed as

vw =−kw

γw
∇(p +γw z) (4.29)

where kw , γw and z are the coefficient of hydraulic conductivity, unit weight of water
and elevation, respectively. The fluid flux due to electro-osmosis can be expressed as a
linear function of the applied electrical potential gradient:

veo =−keo∇V (4.30)

where keo is the coefficient of electro-osmosis permeability and V is the electrical poten-
tial. According to Esrig’s (1968) assumption, these two independent flows can be com-
bined to give the total flow:

v̄ = vw +veo =−kw

γw
∇(p +γw z)−keo∇V (4.31)

The Helmholtz–Smoluchowski model is widely used for explaining the electro-osmosis
phenomenon in soil (Mitchell and Soga, 2005). In this model, keo is derived from the bal-
ance between the electrical force causing the water flow and the frictional force between
the water and the wall of the capillary. It can be written as

keo =−ζεn

µ
(4.32)
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where ζ is the zeta potential, ε is the permittivity of the pore fluid and µ is the viscosity
of the pore fluid. In clayey soils, since the permittivity and viscosity of the pore water are
approximately constant over a fairly large range of salinity, keo is controlled primarily
by the zeta potential and soil porosity. As reported by Mohamedelhassan and Shang
(2002), keo is mainly controlled by porosity when the pore fluid salinities are smaller
than a certain value (8 g/L NaCl in their paper), and increases in magnitude with an
increase in the soil porosity. There is a linear relationship between the electro-osmosis
permeability and porosity, which can be expressed as

keo = An +B (4.33)

where A and B are material constants that can be determined experimentally.

The hydraulic conductivity is one of the crucial parameters in the electro-osmosis
process and it greatly influences the rate of consolidation and negative pore water pres-
sure development. Although, in most electro-osmosis theories, the coefficient of hy-
draulic conductivity is assumed to be constant, in reality it is a function of the porosity
or void ratio. A relationship between hydraulic conductivity and void ratio, e, has been
reported by many researchers (Mitchell and Soga, 2005; Mohamedelhassan and Shang,
2002). Such a relationship is typically obtained by curve-fitting experimental data and
depends on the type of soil. For clays, a logarithmic equation may be used:

logkw =Ce +D (4.34)

where C and D are material constants.

4.3.3. ELECTRIC CHARGE TRANSPORT

According to Ohm’s law, the electrical current flow can be expressed by

j =−kσe∇V (4.35)

where kσe is the electrical conductivity of the soil. The electrical conductivity is a func-
tion of the soil mineralogy and pore fluid composition. However, it is evident from exper-
iments on marine clay that the electrical conductivity of the pore water is greater than
that of the bulk soil. The electrical conductivity of a saturated porous medium can be
represented by the following model (Mohamedelhassan and Shang, 2002):

kσe = kσs kσw (1+e)

kσw +ekσs
(4.36)

where kσs is the surface conductivity of the clay particles and kσw is the conductivity
of the pore water. Mohamedelhassan and Shang (2002) reported that the surface con-
ductivity of the soil solid increases with pore water salinity and is independent of the
void ratio of the bulk soil. They found that the soil bulk conductivity is proportional to
the pore fluid salinity and soil void ratio. However, this soil conduction model is only
suitable for describing the conductivity of marine sediments.
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4.3.4. VOID RATIO AND CONDUCTIVITY/PERMEABILITY UPDATES
The nonlinear relationship between conductivity or permeability and void ratio has been
accounted for in the above formulation. However, the method for updating the void ratio
or porosity needs to be introduced here. First, let e t represent the void ratio at time t . As
the volume changes during soil deformation, the relationship for the incremental void
ratio at time t +∆t may be given by

e t+∆t = J (1+e t )−1 (4.37)

where J is the Jacobian determinant of the deformation gradient tensor. In an updated
Lagrangian approach where time step increments ∆t are assumed to be small enough
to justify neglecting the contribution from the second-order strain components during
each step, the volume strain increment may be approximated by the trace of the linear
strain tensor, so that J ≈ 1+ trε. The void ratio, which is updated and stored at each
integration point, can then be expressed as (Lewis and Schrefler, 1998; Meroi et al., 1995)

e t+∆t = (1+ trε)(1+e t )−1 = e t + (1+e t )trε (4.38)

Note that, when dealing with large deformation and rotation, some care needs to be
taken regarding changes in the conductivity and permeability tensors due to rigid body
rotation, if the material is initially anisotropic. This effect is expressed as

kt+∆t
π = RT ·kt

π ·R (4.39)

where kπ represents the conductivity or permeability matrices of the hydraulic, electro-
osmosis and electrical components, and R is the local rotation matrix which corresponds
to the appropriate rotations of the coordinate axes (Carter et al., 1977; Lewis and Schre-
fler, 1998; Nazem et al., 2008).

4.3.5. FINAL GOVERNING EQUATIONS
By taking account of the constitutive equations, Eqs. (4.27), (4.31) and (4.35), the primary
variables, namely the displacements, pore pressure and electrical potential, are coupled
through the governing equations at large strain. The mechanical equilibrium, mass bal-
ance of water and mass balance of electric charge, i.e. Eqs. (4.10), (4.19) and (4.20), can
then be recast in weak form as follows:∫

V t

Dep ·dε ·δεdV t +
∫

V t

(dΩ ·σ′t +σ′t ·dΩT) ·δεdV t

+
∫

V t

Id pδεdV t +
∫

V t

σt ·δηdV t =
∫

V t

bt+∆t ·δudV t

+
∫
St

tt+∆t ·δudS t −
∫

V t

σt ·δεdV t

∫
V t

∇·vsδpdV t +
∫

V t

(
kw

γw
∇(p +γw z)+keo∇V

)
·∇δpdV t = 0

∫
V t

(kσe∇V ) · (∇δV )dV t = 0

(4.40)
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where δu, δp and δV are the virtual displacements, virtual pore water pressure and vir-
tual electric potential, respectively. The global governing equations are solved using the
classical finite element method (Smith and Griffiths, 2004), and the spatial and time dis-
cretization of the governing equations are the same as presented in Section 3.3 of Chap-
ter 3.

4.4. NUMERICAL SIMULATIONS
In this section, the proposed formulation is validated and tested in the analysis of sev-
eral numerical examples. Firstly, the proposed large strain model is validated against ex-
perimental data. As mentioned previously, no suitable numerical solutions exist for the
problem of large strain electro-osmosis consolidation, and few analytical solutions and
documented experiments have been developed or performed. However, one example
is the 1D electro-osmosis consolidation cell test reported by Feldkamp and Belhomme
(1990). The experimental cell contained a colloidal silica column that was subjected to
large strain electro-osmosis consolidation. The numerical results of an elasto-plastic
simulation at large strain, with evolving hydraulic conductivity and electro-osmosis per-
meability, are here validated through comparison with the experimental results.

In a second numerical test, another large strain 1D model is investigated. This exam-
ple highlights the difference between small and large strain analyses of elastic electro-
osmosis consolidation. Then, in a third numerical test, the elasto-plastic behaviour of a
2D plane strain model employing the Modified Cam Clay constitutive model, as well as
void ratio dependent hydraulic conductivity, electro-osmosis permeability and electri-
cal conductivity, is investigated for a large strain electro-osmosis consolidation problem.
The results illustrate the importance of the elasto-plastic formulation and void ratio de-
pendent electrical conductivity in the simulation of electro-osmosis consolidation. Fi-
nally, a field test of electro-osmosis treatment is simulated for further verification; this
example demonstrates that the current intermittence and current reversal which were
used during the field test can be simulated by the proposed approach.

In all examples, an eight-node quadrilateral finite element is adopted for displace-
ments, and this is coupled to a four node quadrilateral element for modelling excess
pore water pressure and electrical potential. The flow due to gravity is neglected in the
first three examples, since the problem size is small in each case.

4.4.1. ELECTRO-OSMOSIS TEST ON A COLLOIDAL SILICA COLUMN

Feldkamp and Belhomme’s (1990) experiment comprised a column of Plexiglas, 30.5 cm
in length and of 7.5 cm internal diameter, packed with colloidal silica. Figure 3.1 is repre-
sentation of a cross-section through the silica specimen, as well as the assumed bound-
ary conditions used for the present analysis. The domain is divided into 100 elements
with a size of 1.5×1.525 cm. Displacements are prevented at the bottom of the sam-
ple, the left and right boundaries are restrained only in the horizontal direction, and
the top of the sample is free. The hydraulic boundary conditions are free drainage at
the top surface, whereas the remaining boundaries are impermeable. The cathode is
the top boundary, the anode is the bottom boundary, and the left and right boundaries
are impermeable with respect to electrical potential. As in the experiment, the electric
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current is fixed at 0.104 A (corresponding to a current density of 23.5 A/m2), although
it was reported that the applied voltage dropped from around 44 V to 39.5 V during the
experiment which lasted approximately 50 minutes. From the known current and initial
voltage, the initial electrical conductivity is calculated to be 0.163 S/m. Also, as in the
experiment, a back pressure of 179 kPa is applied throughout the test to avoid possible
cavitation issues during negative pore pressure development.
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Figure 4.1: Numerical results and experimental measurements of excess pore pressure at the anode versus
time.

With regard to the material properties, the hydraulic conductivity and electro-osmosis
permeability of the colloidal silica were reported to be (Feldkamp and Belhomme, 1990):

kw = 1.4×10−11 e2.54

1+e

keo = 3.0×10−8
(

1+e

15.89

)1.36 (4.41)

in which e = 15.0 at the start of the test. Feldkamp and Belhomme (1990) obtained the
relationship for kw through direct experimentation, whereas the relationship for keo was
derived by curve fitting against the experimental results. The Modified Cam Clay model
is used here to describe the constitutive relationship and the following parameters are
used: plastic compression index, λ= 3.87, which has been back-calculated from the test
results; unloading–reloading index, κ= λ/5 = 0.774; friction constant, M = 0.772, which
corresponds to an assumed friction angle of 20◦; and Poisson’s ratio, ν= 0.3.

The computed development of negative excess pore pressure at the anode, during
electro-osmosis consolidation, is compared with the experimental results of Feldkamp
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and Belhomme (1990) in Figure 4.1. There is excellent agreement, indicating that the
proposed numerical model is correctly modelling the coupled problem.

4.4.2. 1D ELECTRO-OSMOSIS CONSOLIDATION
The second example involves the 1D elastic consolidation of a vertical soil column due
to an applied electrical potential at the bottom boundary. This is presented to further
verify the proposed numerical model, by comparing the simulation results with small
strain results. The soil column is 1 m high and is subjected to an electrical potential of
10 V at the anode. The boundary conditions are the same as for the first example (Figure
3.1). The material parameters used for the large strain and small strain models are listed
in Table 4.1, and are based on the initial conditions for Mohamedelhassan and Shang’s
(2002) tests.

Table 4.1: Material parameters used in second example (after Mohamedelhassan and Shang (2002))

Initial void ratio e 3.95
Young’s modulus E 2.0×105 Pa

Poisson’s ratio ν 0.3
Hydraulic conductivity kw 1.72×10−8 m/s

Electro-osmosis permeability keo 1.47×10−8 m2/(V·s)
Electric conductivity kσe 0.802 S/m
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Figure 4.2: Average degree of consolidation versus time factor for 1D consolidation by electro-osmosis.

Figure 4.2 shows the average degree of consolidation versus the time factor, defined
by Tv = kw · t/(γw ·mv ·L2), in which mv is the coefficient of compressibility and L is the
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drainage path length. The large strain model predicts a faster rate of consolidation than
the small strain model, partly due to it considering the geometric stiffness matrix which
makes the stiffness strain dependent, but mainly because geometry changes are taken
into account so that the drainage path length reduces with time (i.e. in contrast to the
small strain model in which it remains constant).
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Figure 4.3: Excess pore pressure versus normalized depth for various time factors.

The excess pore pressure distributions with depth (where the deformed mesh has
been normalized against the current column height), for various time factors, are pre-
sented in Figure 4.3. The large strain model predicts a faster development of the excess
pore water pressure than the small strain model. This is due to both the strain dependent
stiffness of the large strain model and the geometry change accounted for in the large
strain model that makes the electrical gradient greater than in the small strain model (in
which the geometry is constant). As can be seen in Figure 4.3, although the pore pres-
sure distributions for both models are similar near the start of the consolidation (i.e. Tv =
0.05), as the consolidation progresses the large strain results deviate from the small strain
model (i.e. Tv = 0.2, 0.6). However, both models predict the same excess pore pressure
profile at the steady state, since, as explained by Yuan and Hicks (2013), the final excess
pore pressure is controlled only by the voltage applied if the hydraulic conductivity and
electro-osmosis permeability remain constant. Moreover, because of this both models
predict a linear final pore pressure distribution between the electrodes.

The settlements show similar changes with time factor to the excess pore pressure,
due to the coupling of the pore water and soil skeleton; that is, the decrease in pore pres-
sure coincides with an increase in effective stress and so to an increase in soil deforma-
tion. As shown in Figure 4.4, the large strain model gives smaller final settlements than
the small strain model, because the large strain model takes account of the geometry
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Figure 4.4: Settlement versus normalized depth for various time factors.
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Figure 4.5: Void ratio versus normalized depth for various time factors.

dependent nonlinear stiffness as reported by Yuan and Hicks (2013).

The changes in void ratio result from the increase in effective stress in the soil sample.
Figure 4.5 shows that the void ratio decrease occurs mainly near the anode, as this is
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where the largest negative pore pressures develop. Notice that the final void ratios are
the same in both models, due to the final pore pressure profiles being the same for the
two models.
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Figure 4.6: 2D electro-osmosis consolidation model.

4.4.3. 2D ELASTO-PLASTIC ELECTRO-OSMOSIS CONSOLIDATION
A square domain of side length 1 m is presented in Figure 4.6 and is used here to inves-
tigate elasto-plastic clay behaviour during electro-osmosis consolidation. The domain
is descretized into 100 elements with a uniform size of 0.1 × 0.1 m. The boundary con-
ditions are as follows: the left edge is impermeable and on rollers allowing only vertical
movement; the right edge is free draining and on rollers allowing only vertical move-
ment; the bottom boundary is impermeable and fixed; and the top surface is free drain-
ing. In terms of electric boundary conditions: the anode is along the left edge, the right
edge is the cathode, and the horizontal boundaries are impermeable to electric current.
An electric potential of 5 V is applied at the anode. The material parameters are selected
from laboratory tests on the electro-osmosis of a marine sediment, carried out by Mo-
hamedelhassan and Shang (2002), including the following empirical expressions:

logkw = 1.1075e −11.297

keo = 3.27×10−8n −1.14×10−8

kσe = 0.42(1+e)

1.29+0.33e

(4.42)

The material parameters for the Modified Cam Clay model are listed in Table 4.2, and
are also derived from Mohamedelhassan and Shang’s (2002) laboratory tests. The initial
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effective stresses have been assigned using the effective unit weight of the soil and the
coefficient of earth pressure at rest. However, to avoid potential numerical problems at
very low stresses, a minimum effective stress of 1 kPa is assumed. The initial yield sur-
face location is then determined according to the effective pressure and assumed over-
consolidation ratio (OCR). Finally, the electric potential is applied at the anode and the
displacements and pore water pressure changes due to the consolidation processes are
computed.

Table 4.2: Material parameters for the Modified Cam Clay model (after Mohamedelhassan and Shang (2002))

void ratio at p ′ = 1 kPa e 3.95
Poisson’s ratio ν 0.3

Plastic compression index λ 0.547
Unloading–reloading index κ 0.064

Critical stress ratio M 1.172
Over-consolidation ratio OC R 1.0

Coefficient of earth pressure at rest K0 1.0
Total unit weight of soil γ 14 kN/m3
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Figure 4.7: Excess pore pressure versus time at the base of the anode.

The excess pore pressure versus time relationship at the base of the anode is shown
in Figure 4.7. (Note that the current model formulation does not set a limit on the ten-
sile pore pressures generated; for example, to account for the effects of cavitation.) The
development of negative pore pressure changes results in an increase in the effective
stress, which causes a decrease in the void ratio. Theoretically, the magnitude of the
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Figure 4.8: Settlement versus time at the top of the anode.
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Figure 4.9: Surface settlement relative to the anode at different times.

electro-osmosis consolidation is governed by the ratio of the electro-osmosis perme-
ability and hydraulic conductivity (keo/kw ) of the soil, it being greater for larger values
of keo/kw . Normally, the decrease of hydraulic conductivity is much faster than the de-
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crease of electro-osmosis permeability with void ratio. Therefore, the ratio keo/kw in-
creases with the decrease in void ratio, so that larger excess pore pressures develop (al-
beit more slowly) than for a constant keo/kw .
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Figure 4.11: Electric current versus time relationship.
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Figure 4.8 illustrates the evolution of settlement at the top of the anode. It shows that
large settlements are observed, even though the equilibrium state has not been reached
after 60 days, demonstrating that large strain theory is necessary for electro-osmosis
consolidation. Figure 4.9 shows the settlement profiles of the top surface for different
times. The settlements are mainly developed near the anode and, as the time increases,
the difference in settlement between the locations of the two electrodes becomes larger.
As already mentioned, the deformation is controlled by the excess pore pressure due to
the coupling behaviour between the pore water and soil skeleton, and the largest neg-
ative excess pore pressures are developed near the anode. Similarly, Figure 4.10 shows
that the void ratio decrease mainly occurs near the anode. In contrast, the void ratio de-
crease near the cathode is negligible. Note that the initial void ratio is larger at the top of
the domain than at the middle and bottom, and that the final void ratios at the middle
and bottom of the layer near the anode are almost the same. This is because the region
with the maximum negative excess pore pressure extends from the bottom to the middle
of the soil domain, in the region near the anode, which means that the effective stresses
are almost the same in that region.
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Figure 4.12: Voltage profile along the bottom boundary relative to the anode.

The electric current through the sample is plotted as a function of time in Figure 4.11,
revealing that the current reduces from around 3.9 A to less than 2.8 A during the sim-
ulation period. This is due to the void ratio decrease, during consolidation, causing an
increase in the sample’s resistance to the flow of electrical current. Figure 4.12 shows the
initial and final voltage distributions along the bottom boundary between the two elec-
trodes. The voltage drop near the anode is due to the electrical conductivity decreasing
with the increase of effective stress and is consistent with the findings of laboratory in-
vestigations (Mohamedelhassan and Shang, 2001; Lefebvre and Burnotte, 2002). How-
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ever, the voltage loss is not that significant, because, according to Eq. (4.42), the electric
conductivity does not decrease rapidly with decreasing void ratio.
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Figure 4.13: Pre-consolidation pressure distributions: initial (left) and final (right).

Figure 4.13 presents the initial and final pre-consolidation pressure distributions, in
which the pre-consolidation pressure is defined by pc in Eq. (4.22). It is seen that the gain
in pre-consolidation pressure is much higher near the bottom of the anode than else-
where. As the total vertical stress was kept constant during the electro-osmosis consoli-
dation, the increase in pre-consolidation pressure is approximately equal to the negative
excess pore pressure developed. It is also noted that the increase in pre-consolidation
pressure near the top of the anode is much bigger than near the cathode, where only a
slight increase is observed. It is found that, by applying electro-osmosis consolidation,
the strength improvement is not uniform; in this illustration, it is very efficient near the
anode, but has almost no effect near the cathode.

4.4.4. NUMERICAL STUDY OF A FIELD TEST
A field test involving the electro-osmosis treatment of a Norwegian quick clay, reported
by Bjerrum et al. (1967), is simulated using finite element analysis to further verify the
proposed numerical model. The test site was located in As, 30 km south of Oslo, Oslofjord,
Norway. The test involved the installation of electrodes, of 10 m length and 19 mm diam-
eter, arranged in 10 rows spaced 2 m apart. In each row, the electrodes (anodes or cath-
odes) were positioned at a spacing of 0.6-0.65 m. They were pushed into the ground to
a depth of about 9.6 m, leaving 0.4 m above the ground, and three displacement gauges
(S1, S2 and S3) were installed between the 4th and 5th electrode rows at depths of 1, 4
and 8 m, respectively. The DC voltage was applied for 120 days, but with current inter-
mittence and polarity reversal.

The entire treatment area was subdivided into isolated repetitive areas, and so a 2D
plane strain model is here adopted to simulate one repetitive area, as shown in Figure
4.14. Note that the consolidation in the weathered crust making up the top 2 m is ne-
glected, since it is a fairly stiff layer due to drying and weathering effects. Therefore, a
rectangular domain of 2 m width and 7.6 m depth is simulated, with one impermeable
anode and one drained cathode, as seen in the figure. The geotechnical properties of
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Figure 4.14: Geometry and boundary conditions of the 2D model.

the soft clay, given in Table 4.3, are obtained directly from Bjerrum et al. (1967), as are
the electro-osmosis and hydraulic properties. Although Modified Cam Clay parameters
were not stated in the paper, the plastic compression index λ has been back-calculated
from the given compression index, Cc = 0.4, using the relationship λ = Cc /2.3 = 0.174.
Moreover, the ratio λ/κ generally varies in the range 5 to 10; in this analysis 6 is chosen,
so that κ = 0.029. For triaxial compression, the friction constant M is calculated from
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the relationship M = 6sinϕ/(3-sinϕ); by assuming a friction angle of 15◦, M = 0.567. The
Poisson’s ratio is assumed be 0.3, whereas the initial effective stress and approximated
preconsolidation pressure were given by Bjerrum et al. (1967), and are shown in Figure
4.15.

Table 4.3: Properties of soft clay (after Bjerrum et al. (1967))

Natural water content w 31%
Plastic limit wp 14%
Liquid limit wL 19%
Plastic index Ip 5%

Clay content < 2 µm 37%
Content of organic matter 0.9%

Specific gravity Gs 2.75
Compression index Cc 0.4

Hydraulic conductivity kw 2×10−10 m/s
Electro-osmosis permeability keo 2×10−9 m2/(V·s)

Electric conductivity kσe 0.0213 S/m
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Figure 4.15: Approximated initial effective stress and preconsolidation pressure profiles (after Bjerrum et al.
(1967)).

The applied voltage was not constant during the field test, since current intermit-
tence and polarity reversal were considered. The applied voltage in the field test and
the approximated input voltage are shown in Figure 4.16. The voltage between the elec-
trodes was measured on days 8, 52 and 80, and revealed a considerable potential drop
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Figure 4.16: Applied field and approximated input voltages versus time (after Bjerrum et al. (1967)).
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Figure 4.17: Computed and measured settlement versus time at different depths.

within 10 cm of the electrodes. During the numerical simulation, the efficiency of the in-
put voltage is considered to be approximately 75 % before day 52, and 50 % during days
52 to 120, based on the field measurements. This has been implemented by reducing the
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input voltage to the relevant value during these periods.
The settlements at depths of 1, 4 and 8 m, computed in the large strain and small

strain numerical analyses, as well as the field data from settlement gauges S1, S2 and
S3 installed half way between the anode and cathode, are shown in Figure 4.17. The
results show that consideration of geometrical nonlinearity causes a reduction in the
settlements relative to the small strain simulation, and that this effect increases with time
as the consolidation progresses. However, the differences between the two solutions is
relatively small in this example. This is because, although the settlements are as high as
0.6 m, the strains are only moderate (≈ 8%) due to the overall thickness of the layer.

Figure 4.17 shows excellent agreement between the computed and measured settle-
ments, especially for the first 70 days of the treatment period, at depths of 1 m and 8
m. However, the computed settlement at 4 m depth is smaller than the measured settle-
ment. The computed settlements are larger than the measured values between days 70
and 120, at both 1m and 8 m depth. Finally, current intermittence and current reversal
are considered in the analysis. As can be seen in Figure 4.17, the impact of the current in-
termittence between days 37 and 43, and the current intermittence and reversal between
days 51 and 58, have been well reproduced by the numerical simulation.

4.5. CONCLUSIONS
A formulation for the consideration of large strain elasto-plastic electro-osmosis con-
solidation has been presented. Three coupled governing equations for force equilib-
rium, pore water transport and electrical transport are derived and solved using finite
elements. The elasto-plastic behaviour of clay is considered by employing the Modified
Cam Clay constitutive model and nonlinear variations in soil transport parameters are
incorporated by introducing a dependence of the absolute soil conductivity or perme-
ability (with respect to hydraulic, electro-osmosis and electrical model components) on
void ratio.

The proposed approach has been verified against a 1D large strain electro-osmosis
consolidation test and the numerical results show good agreement with the experimen-
tal data. Following the verification, the performance and applicability of the approach
has been demonstrated via three further numerical examples. A simple 1D numerical
simulation was conducted and evaluated, to highlight the influence of considering large
strain during electro-osmosis consolidation. An idealized 2D electro-osmosis consol-
idation problem, using the Modified Cam Clay constitutive relationship, was then in-
vestigated. Changes in void ratio, and consequent changes in the coefficients of hy-
draulic conductivity and electro-osmosis permeability during the electro-osmosis con-
solidation, could not be neglected, because the coefficients of hydraulic conductivity
and electro-osmosis permeability are two of the dominating factors in the consolida-
tion process. Furthermore, the voltage and current distributions were investigated, by
considering the change in the electrical conductivity. It was demonstrated that the volt-
age drop near the anode, and the current decrease during electro-osmosis which has
been found in many laboratory tests, can be simulated by the proposed model. More-
over, the strength improvement in the clay during the electro-osmosis was quantified.
A significant improvement in the pre-consolidation pressure was found in the vicinity
of the anode. Finally, a field test of electro-osmosis treatment was analyzed, to further
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demonstrate the capability of the proposed numerical model. The computed settlement
at different depths showed good agreement with the measured data.

The presented numerical examples have demonstrated that the modelling of electro-
osmosis consolidation has to be performed carefully, according to realistic conditions.
Hence the consideration of large strain elasto-plastic mechanical behaviour and nonlin-
ear soil transport properties is often necessary.
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LARGE STRAIN ELASTO-PLASTIC

ELECTRO-OSMOSIS

CONSOLIDATION OF UNSATURATED

CLAYS

This chapter presents a numerical model for the elasto-plastic electro-osmosis consolida-
tion of unsaturated clays experiencing large strains, by considering electro-osmosis and
hydro-mechanical flows in a deformable multiphase porous medium. The coupled gov-
erning equations involving the pore water flow, pore gas flow, electric flow and mechani-
cal deformation in unsaturated clays, are derived within the framework of averaging the-
ory and solved numerically using finite elements. The displacements of the solid phase,
the pressure of the water phase, the pressure of the gas phase and the electric potential
are taken as the primary unknowns in the proposed model. The nonlinear variation
of transport parameters during electro-osmosis consolidation are incorporated into the
model using empirical expressions that strongly depend on the degree of water saturation,
whereas the Barcelona Basic Model is employed to simulate the elasto-plastic mechanical
behaviour of unsaturated clays. The accuracy of the proposed model is evaluated by vali-
dating it against two well-known numerical examples, involving electro-osmosis and un-
saturated soil behaviour, respectively. Two further examples are then investigated to study
the capability of the computational algorithm in modelling multiphase flow in electro-
osmosis consolidation. Finally, the effects of gas generation at the anode, the deformation
characteristics, the degree of saturation and the time dependent evolution of the excess
pore pressure are discussed.
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5.1. INTRODUCTION
For the approximation of large strain geotechnical consolidation, Biot first developed
the classical theory of large strains in an elastic porous medium (Biot, 1941). There then
followed a number of large strain models in the literature (Carter et al., 1977, 1979; Borja
and Alarcón, 1995; Borja et al., 1998; Li et al., 2004; Nazem et al., 2008), in which the
majority of papers focused on fully saturated conditions. Fewer numerical solutions ex-
ist for unsaturated soils, although coupled analyses for unsaturated soil under dynamic
loading were presented by Meroi et al. (1995) and Sanavia et al. (2002) formulated an un-
saturated model for a porous medium undergoing large inelastic strains. These unsat-
urated models were based on the common assumption that the gas pressure is uniform
and at atmospheric pressure in the unsaturated zone. Recently, Uzuoka and Borja (2012)
went one step further in incorporating unsaturation into their formulation, by treating
pore gas pressure as a primary variable at large strain.

The analytical and numerical models for electro-osmosis consolidation usually as-
sumed that the soil is saturated during the consolidation process. However, Tamagnini
et al. (2010) recently presented a numerical model for electro-osmosis consolidation,
accounting for gas generation and transport under unsaturated conditions. Laboratory
tests and field applications are usually performed on saturated soil, to study the trans-
port parameters as well as the mechanical properties of electro-osmosis consolidation.
In contrast, unsaturated soil conditions have seldom been investigated, although de-
saturation is often found near the anode, caused by, for example, negative pore water
pressure development and gas generation and transport. Under unsaturated conditions,
soil transport parameters involving electro-osmosis changes are strongly dependent on
the degree of water saturation, as has been reported in some pilot electro-osmosis ex-
periments under unsaturated conditions (Mattson et al., 2002a,b; Wieczorek et al., 2005;
Chang et al., 2006). This influence may be significant and should not be ignored.

This chapter develops a numerical model for the finite element solution of the cou-
pled multiphase system in unsaturated porous media at large strain. The novel feature
of the proposed approach is the consideration of unsaturated elasto-plastic mechanical
behaviour. The fully coupled governing field equations considering force equilibrium,
pore water transport, pore gas transport and electrical current flow are derived based
on averaging theory and solved, via the finite element method in the space domain and
an implicit integration scheme in the time domain. Moreover, for the fluids, various re-
lationships between the transport parameters, degree of water saturation and selected
experimentally determined suction function are incorporated into the proposed model.
A Bishop type effective stress is used to establish the coupling between the deforma-
tion and flow processes in unsaturated conditions. The Barcelona Basic Model (BBM)
(Alonso et al., 1990) is introduced into the proposed formulation to simulate the me-
chanical behaviour of unsaturated clays.

The chapter is organized as follows. Section 5.2 gives a brief description of the gov-
erning equations for the constitutive relationships of the different phases, as well as the
background to large strain theory. Then, a detailed discretization procedure, including
the governing equations in matrix form and their time integration, is introduced in Sec-
tion 5.3. Finally, in Section 5.4, the proposed computational algorithm is first validated
by solving two idealized examples and comparing the numerical results with analytical
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solutions. These are followed by further numerical examples to investigate and demon-
strate the performance of the proposed model.

5.2. GOVERNING EQUATIONS AT LARGE STRAIN

5.2.1. BASIC ASSUMPTIONS
The governing equations for the equilibrium of force, hydraulic head, pore gas pres-
sure and electric potential are derived based on the following assumptions: (1) the gov-
erning balance equations for multiphase flow are based on averaging theories; (2) an
isotropic unsaturated soil with incompressible soil particles; (3) the coupled conduc-
tion processes occur under isothermal conditions; (4) the effect of electrical–chemical
reactions is negligible except for electrolysis at the electrodes; (5) electrophoresis and
streaming currents are negligible; (6) the flow of fluid due to the electrical and hydraulic
gradients may be superimposed to obtain the total flow; (7) Darcy’s law is valid; (8) Ohm’s
law is valid.

5.2.2. KINEMATIC AND DEFORMATION EQUATIONS
In a multiphase porous medium, consider an arbitrary reference configuration for the π

phase with coordinates Xπ, which has position xπ at time t . The mapping function φπ

relates the initial and current position vectors. Hence, for a typical time step, the updated
configuration of the body may be written as

xπ =φπ(Xπ, t ) (5.1)

The current and fixed reference configurations are related to each other by the displace-
ment uπ, via the equation

xπ = Xπ+uπ (5.2)

A fundamental measure of the deformation is given by the deformation gradient, defined
as

Fπ = ∂φπ

∂Xπ
= ∂xπ

∂Xπ
(5.3)

The change in volume between the reference and current configurations can be estab-
lished as

dV π = JπdV π
0 (5.4)

where V π
0 and V π are the reference and current volumes respectively, and Jπ is the Jaco-

bian determinant which is the determinant of the deformation gradient Fπ. The Green
strain tensor is given as

E = 1

2
(FTF− I) (5.5)

where I is a unit tensor. In order to compute the Cauchy stress σ, the second Piola–
Kirchhoff stress S measured at the reference configuration has to be computed first. The
Cauchy stress is related to the second Piola–Kirchhoff (PK2) stress by the deformation
gradient as follows:

σ= 1

J
FTSF (5.6)
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The spatial velocity vπ of the material point xπ is given by

vπ = vπ(xπ, t ) = ∂xπ

∂t
(5.7)

For an arbitrary scalar valued function f π(xπ, t ), its material time derivative, given in its
spatial description and referring to a moving particle of the π phase, is defined by

Dπ f π

Dt
= ∂ f π

∂t
+∇ f π ·vπ (5.8)

In a multiphase porous medium, it is common to assume the motion of the solid config-
uration as a reference and to describe the motion of the π phase particles relative to the
solid. So, the water relative velocity can be written as

vw s=vw −vs (5.9)

where superscripts w and s refer to the water and solid phases, respectively. Similarly,
the relative velocity of the pore gas can be expressed as

vg s=vg −vs (5.10)

where superscript g refers to the gas phase. By considering the above relative velocities,
the material time derivative of f π with respect to the moving solid phase is written as

Ds f π

Dt
= Dπ f π

Dt
+∇ f π ·vsπ (5.11)

5.2.3. BALANCE LAWS
The mass balance law for the solid phase in the current configuration may be written as

Dsρs

Dt
+ρs∇·vs = 0 (5.12)

For the π phase material, the partial density of that phase is defined as the averaged
density for the volume fraction ηπ, i.e.

ρπ = ηπρπ (5.13)

where ρπ is the average density and ρπ is the intrinsic density in the current configu-
ration. The volume fraction is related to porosity n, degree of water saturation Sw and
degree of gas saturation Sg as follows:

ηs = 1−n

ηw = nSw

ηg = nSg

(5.14)

with the saturation constraint, Sw +Sg = 1. Substituting Eqs. (5.13) and (5.14) into the
mass balance equation of the solid skeleton (5.12) gives,

Ds (1−n)ρs

Dt
+ (1−n)ρs∇·vs = 0 (5.15)
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Taking account of the incompressibility of the solid particles, partial differentiation of
the mass balance equation leads to

− Ds n

Dt
+ (1−n)∇·vs = 0 (5.16)

The mass balance laws for the fluid and gas phases (π = w, g ) can be expressed as
follows:

Dπρπ

Dt
+ρπ∇·vπ = 0 (5.17)

5.2.4. EQUILIBRIUM EQUATIONS
The equilibrium equation for the multiphase porous medium can be written as

∇·σ+ρb = 0 (5.18)

where σ is the total Cauchy stress vector, b is the body force vector and ρ is the average
density of the multiphase medium defined as ρ = (1−n)ρs +n(Swρw +Sgρ

g ).
The stress relationship in the mechanics of unsaturated porous media is expressed

through the concept of the modified effective stress, to take account of the coupling be-
tween the deformations of the soil skeleton and the pore pressures. Some review articles
are available on this topic (Jommi, 2000; Gens et al., 2006; Sheng et al., 2008; Nuth and
Laloui, 2008; Gens, 2010). One of the best known and commonly used definitions is
Bishop’s stress, which is expressed as

σ=σ′+ Ip̄ (5.19)

where σ′ is the effective stress, I is the identity vector and p̄ is the mean or averaging
pore pressure, given by

p̄ = Sw pw +Sg pg (5.20)

where pw and pg are the pore water pressure and pore gas pressure, respectively. Fur-
thermore, the suction or capillary pressure, s = pg −pw , is introduced as the second con-
stitutive variable for describing unsaturated soil behaviour in the Barcelona Basic Model
(BBM). Bishop’s expression was originally thought to serve as a single stress parameter
concept, although, in unsaturated conditions, it fails when describing certain wetting
and drying phenomena, e.g. the collapse of the soil upon wetting under constant ef-
fective stress. However, it does not require additional assumptions to take account of
the shear strength increase with suction and the elastic volumetric strain due to change
in suction. Moreover, the major advantage is that Bishop’s stress provides a straightfor-
ward description of the transition between unsaturated and fully saturated conditions,
without the need to change the global numerical formulation.

When assuming large strain kinematics, involving also large rotations, care must be
taken to ensure the material frame invariance of the model. Based on the hypoelastic-
ity framework, a frame-independent stress such as the Jaumann stress rate needs to be
introduced, i.e (Nazem et al., 2008)

dσJ = dσ′−dΩ ·σ′−σ′ ·dΩT = Dep ·dε+Wep d s (5.21)
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where Dep is the elasto-plastic stress–strain matrix, Wep is the elasto-plastic suction–
strain vector and ε is the strain vector. The Jaumann stress rate is related to the Cauchy
stress rate by the non-objective spin tensor Ω, which may be given by

Ω= 1

2
[(∆u)− (∆u)T] (5.22)

By substituting Eq. (5.21) into the effective stress equation, Eq. (5.19), the stress rate can
be written as

dσ= Dep ·dε+Wep d s +dΩ ·σ′+σ′ ·dΩT + Id p̄ (5.23)

In the large strain formulation based on objective stress rates (i.e. Jaumann stress rates),
the basic rate evolution law for the stress increment is (Nazem et al., 2006, 2009)

σ′t+∆t =σ′t +
∫ ∆ε

0
Dep ·dε+

∫ ∆s

0
Wep d s +

∫ ∆Ω

0
(dΩ ·σ′t +σ′t ·dΩT) (5.24)

The hypoelasticity framework is adopted in this paper, as it has been proven that a Jau-
mann rate formulation is effectively equivalent to a multiplicative decomposition ap-
proach based on a hyperelasticity framework (de Souza Neto et al., 2008; De Borst et al.,
2012), when the elastic strains remain small. If the increments are very small, the inte-
gration of the resulting rate equations should be close to the results of formulations that
are based on multiplicative decomposition. This is exactly the case for the explicit stress
integration scheme, where small increments are maintained by imposing a strict error
control. An explicit stress integration scheme with automatic sub-stepping and error
control for large strain is implemented here to solve the BBM unsaturated elasto-plastic
constitutive model (Sheng et al., 2003a; Nazem et al., 2009; Solowski and Gallipoli, 2010).

5.2.5. MASS BALANCE EQUATIONS
The mass balance equations for the water and gas phases, based on the assumptions
presented in Section 5.2.1, are derived in this section. They are augmented by the con-
stitutive relationships that relate degree of water saturation to suction via a functional
expression and relative velocities to pressure gradients via the generalized Darcy law.

By introducing the material time derivative with respect to the solid phase, the mass
balance equation, Eq.(5.17), becomes

Dsρπ

Dt
+vπs ·∇ρπ+ρπ∇·vπs +ρπ∇·vs = 0 (5.25)

Using the vector identity ∇·(ρπvπs ) = vπs ·∇ρπ+ρπ∇·vπs , and by introducing the intrinsic
density with volume fraction via Eqs. (5.13) and (5.14), Eq. (5.25) may be transformed
into

Ds (nSπρ
π)

Dt
+∇· (nSπρ

πvπs )+nSπρ
π∇·vs = 0 (5.26)

The mass balance of the pore water can be derived from Eq. (5.26) as follows:

Swρw Ds n

Dt
+nρw Ds Sw

Dt
+nSw

Dsρw

Dt
+∇· (nSwρw vw s )+nSwρw∇·vs = 0 (5.27)
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Substituting Eq. (5.16) into Eq. (5.27) gives

nρw Ds Sw

Dt
+nSw

Dsρw

Dt
+∇· (nSwρw vw s )+Swρw∇·vs = 0 (5.28)

Similarly, the mass balance equation for the gas phase can be written as

nρg Ds Sg

Dt
+nSg

Dsρg

Dt
+∇· (nSgρ

g vg s )+Sgρ
g∇·vs = 0 (5.29)

The constitutive equation for the pore water flow velocity in electro-osmosis com-
prises two components. One is the hydraulic flow caused by the gradients of pore water
pressure and the other is the electro-osmosis flow caused by electrical potential gradi-
ents. The generalized Darcy’s law gives

nSw vw s =−kw kr w

γw
(∇pw −ρw g)−keokr eo∇V (5.30)

where γw is the unit weight of the pore water, kw is the intrinsic hydraulic conductivity
matrix, kr w is the relative hydraulic conductivity coefficient, keo and kr eo are the abso-
lute and relative electro-osmosis permeability, respectively, and V is the electric poten-
tial. Similarly, the constitutive equation for the relative gas flow velocity results in the
generalized Darcy’s law,

nSg vg s =−kg kr g

γg
(∇pg −ρg g) (5.31)

where γg is the unit weight of the pore gas, kg is the intrinsic gas conductivity matrix,
and kr g is the relative gas conductivity coefficient.

The state equation for the compressible phases (π= w, g ), under isothermal condi-
tions, leads to the constitutive law for compressibility based on the material time deriva-
tive with respect to the solid skeleton as

Dsρπ

Dt
= ρπ

Kπ

Ds pπ

Dt
(5.32)

where Kw and Kg are the bulk modulus of the water and gas, respectively. The material
time derivative of the water saturation with respect to the solid skeleton can be expressed
as

D s Sw

Dt
= ∂Sw

∂s

Ds s

Dt
= ∂Sw

∂s
(

Ds pg

Dt
− Ds pw

Dt
) (5.33)

where ∂Sw /∂s is the specific moisture capacity defined by the soil–water characteristic
curve (SWCC), which represents the relationship between suction and relative perme-
ability as a function of the degree of water saturation. In literature, there are various
empirical formulations for the SWCC. One popular model proposed by Van Genuchten
(1980) is used here, which is given as

Se = (1+ (
s

p0
)n)−m (5.34)

where Se denotes the effective or normalized water saturation, p0 is the air entry pres-
sure defining the suction or capillary pressure at which air starts to flow into the pore
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volume, and n and m are material parameters which are determined by curve fitting
against experimental data. The effective degree of water saturation Se is defined as

Se = Sw −Smi n

Smax −Smin
(5.35)

where Smi n is the minimum or residual degree of water saturation and Smax is the maxi-
mum degree of water saturation. In the van Genuchten model, the relative permeability
coefficients of water and air are expressed as

kr w =
√

Se

[
1− (1−Se

1/m)
m

]2

kr g =
√

Se
[
1−Se

1/m]2m
(5.36)

In order to avoid numerical instability when the model switches from the fully saturated
to the partially saturated condition, or from the partially saturated to the dry condition,
a lower limit for the relative permeability coefficients of the fluids equal to 0.0001 is as-
sumed. However, for the relative permeability coefficient of electro-osmosis in unsat-
urated conditions, only a few tests have been reported. Based on the laboratory data
in literature, Tamagnini et al. (2010) suggest that the relative permeability coefficient of
electro-osmosis can be given as a function of the degree of saturation as

kr eo = aSw
b (5.37)

where a and b are material parameters.
Finally, by introducing suitable constitutive equations Eqs. (5.30), (5.32) and (5.33),

and neglecting the gradients of the water and gas densities, the continuity equation for
pore water, Eq. (5.28), with respect to the current configuration of the solid skeleton, can
be obtained as

(
nSw

Kw
−n

∂Sw

∂s
)
∂pw

∂t
+n

∂Sw

∂s

∂pg

∂t
+Sw∇·vs +∇· ( kw kr w

γw
(−∇pw +ρw g)−keokr eo∇V ) = 0

(5.38)
Similarly, by considering DsSg/Dt = – DsSw/Dt and substituting Eqs. (5.31), (5.32) and
(5.33) into the mass balance equation of the pore gas, Eq. (5.29), and by neglecting the
gradients of the water and gas densities, the continuity equation for the pore air with
respect to the current configuration of the solid skeleton can be written as

(
n(1−Sw )

Kg
−n

∂Sw

∂s
)
∂pg

∂t
+n

∂Sw

∂s

∂pw

∂t
+(1−Sw )∇·vs+∇·( kg kr g

γg
(−∇pg +ρg g)) = 0 (5.39)

5.2.6. ELECTRIC CURRENT DENSITY BALANCE EQUATION
According to Ohm’s law, the electrical current flow can be expressed by

j =−kσe∇V (5.40)

where kσe is the electrical conductivity of the soil. The electrical conductivity is a func-
tion of the soil mineralogy and pore fluid composition. However, it is evident from ex-
periments that the electrical conductivity of the pore water is greater than that of the
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bulk soil. The effective electrical conductivity of an unsaturated porous medium can be
represented by

kσe = krσe kσw +kσs (5.41)

where kσs is the electric conductivity of the solid skeleton, kσw is the electric conductiv-
ity of the pore water under saturated conditions, and krσe is the relative electric conduc-
tivity. It is related to the degree of water saturation and can be described by the power
law

krσe = cSw
d (5.42)

where c and d are material parameters.
By applying the conservation of charge and assuming the current is steady state, the

governing equation for the electric field can be represented as

−∇· j =Cp
∂V

∂t
(5.43)

where Cp is the the capacitance per unit volume, and Cp = 0 is assumed. Substituting
Eq. (5.40) into Eq. (5.43) gives the electric current density balance equation,

∇· (kσe∇V ) = 0 (5.44)

5.2.7. FINAL GOVERNING EQUATIONS
The primary variables, namely the displacements, pore water pressure, pore gas pressure
and electrical potential, are coupled through the governing equations at large strain for
mechanical equilibrium, mass balance of the pore fluids (water and gas) and electric
current density, i.e. Eqs. (5.18), (5.38), (5.39) and (5.44), respectively. The governing
equations may be solved by the finite element method, and the discretizations in space
and time are presented in the following section.

5.3. FINITE ELEMENT FORMULATION

5.3.1. WEAK FORMS
The discretization process for the coupled multiphase flow problem starts by applying
the Galerkin weighted residual method to the governing equations. The governing equa-
tions are thereby weighted over the domain by the test functions δu, δpw , δpg and δV ,
corresponding to the virtual displacements, virtual water pressure, virtual gas pressure
and virtual electric potential, respectively.

In an updated Lagrangian (UL) formulation, the virtual work equation for a deformable
body of volume V t at the current configuration, bounded by surface S t , is written as
(Bathe, 1996):∫

V t

St+∆t ·δEt+∆t dV t =
∫

V t

bt+∆t ·δut+∆t dV t +
∫
St

tt+∆t ·δut+∆t dS t (5.45)

where S is the PK2 stress tensor, b is the body force and t are the boundary traction com-
ponents. Moreover, the incremental decomposition of the PK2 stress tensor can be ex-
pressed as

St+∆t = St +∆S (5.46)
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when referenced to the current configuration at time t , and assuming St =σt in the UL
formulation. By substituting Eqs. (5.46) into Eq. (5.45), and ignoring the high order
terms, the linearized governing equation for equilibrium is obtained as∫

V t

D̄ ·dε ·δεdV t +
∫

V t

σt ·δηdV t =
∫

V t

bt+∆t ·δudV t

+
∫
St

tt+∆t ·δudS t −
∫

V t

σt ·δεdV t
(5.47)

where D̄ is the stress–strain matrix derived from the constitutive relationship dS = D̄ ·
dE (Nazem et al., 2006). ε = − 1

2 (∇u+ (∇u)T) and η = − 1
2 ((∇u)T · ∇u) are the linear and

nonlinear parts of the Green strain tensor, respectively. Introducing the Jaumann stress
rate (Eq. (5.23)) into the virtual work equation, the following equilibrium equation at the
current configuration can be obtained:∫

V t

Dep ·dε ·δεdV t +
∫

V t

Wep d s ·δεdV t +
∫

V t

(dΩ ·σ′t +σ′t ·dΩT) ·δεdV t

+
∫

V t

Id p̄δεdV t +
∫

V t

σt ·δηdV t =
∫

V t

bt+∆t ·δudV t

+
∫
St

tt+∆t ·δudS t −
∫

V t

σt ·δεdV t

(5.48)

The method of weighted residuals provides the weak form of the continuity equation for
water flow, Eq. (5.38), as

∫
V

(
nSw

Kw
−n

∂Sw

∂s
)
∂pw

∂t
δpw dV +

∫
V

n
∂Sw

∂s

∂pg

∂t
δpw dV +

∫
V

Sw∇·vsδpw dV

+
∫
V

∇· (
kw kr w

γw
(−∇pw +ρw g)−keokr eo∇V )δpw dV = 0

(5.49)

In order to eliminate second order derivatives, partial differentiation and Green’s theo-
rem are used here, so that, with suitable boundary conditions, Eq. (5.49) can be rewritten
as ∫

V

(
nSw

Kw
−n

∂Sw

∂s
)
∂pw

∂t
δpw dV +

∫
V

n
∂Sw

∂s

∂pg

∂t
δpw dV +

∫
V

Sw∇·vsδpw dV

+
∫
V

(
kw kr w

γw
(∇pw −ρw g)+keokr eo∇V ) ·∇(δpw )dV = 0

(5.50)

Similarly, the weak form of the continuity equation for gas flow (Eq. (5.39)) is obtained
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as ∫
V

(
n(1−Sw )

Kg
−n

∂Sw

∂s
)
∂pg

∂t
δpg dV +

∫
V

n
∂Sw

∂s

∂pw

∂t
δpg dV +

∫
V

(1−Sw )∇·vsδpg dV

+
∫
V

∇· (
kg kr g

γg
(−∇pg +ρg g))δpg dV = 0

(5.51)
The weak form of the mass balance equation for pore gas flow is obtained in the current
configuration as∫

V

(
n(1−Sw )

Kg
−n

∂Sw

∂s
)
∂pg

∂t
δpg dV +

∫
V

n
∂Sw

∂s

∂pw

∂t
δpg dV +

∫
V

(1−Sw )∇·vsδpg dV

+
∫
V

(
kg kr g

γw
(∇pg −ρg g)) ·∇(δpg )dV = 0

(5.52)
Finally, the weak form of the continuity equation for electric current density, Eq. (5.44),
is obtained as ∫

V

(∇· (kσe∇V ))δV dV = 0 (5.53)

The weak form of the electric current density balance is obtained in the current config-
uration as ∫

V

((kσe∇V ) ·∇(δV ))dV = 0 (5.54)

5.3.2. SPATIAL AND TIME DISCRETIZATION
The finite element method (Lewis and Schrefler, 1998; Smith and Griffiths, 2004) has
been used to solve the coupled system of weak form equations, Eqs. (5.48), (5.50), (5.52)
and (5.54). The following system matrix equations can be derived:

CẊ+KX = Ẇext (5.55)

where

C =


Knl Csw Csg 0
Cw s Cw w Cw g 0
Cg s Cw g

T Cg g 0
0 0 0 Kσe

, K =


0 0 0 0
0 Kw w 0 Keo

0 0 Kg g 0
0 0 0 0

, X =


u

pw

pg

V


Ẋ =


u̇

ṗw

ṗg

V̇

 , Ẇext =


Ḟext

Qext
w

Qext
g

Q̇ext
V


and where the definitions of the coefficient matrices and the load and flow vectors are
given in Appendix B. The time integration and Newton–Raphson method, presented in
Section 3.3 of Chapter 3, is used here to solve the coupled governing equation system.
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5.4. VALIDATION AND NUMERICAL SIMULATIONS
In this section, numerical examples are presented to demonstrate the capability of the
proposed large strain model to accurately simulate a coupled multiphase, electro-osmosis
problem. The model was first validated with respect to a 1D analytical solution for the
electro-osmosis consolidation of a saturated soil under small strain conditions, which
has already been presented in Chapter 3. Currently, there are no analytical solutions
for solving the unsaturated flow problem. Thus, the model is then verified by compar-
ing computational results with experimental data from a sand column desaturation test
conducted by Liakopoulos (1964). This is followed by 1D and 2D examples that highlight
the importance of considering the elasto-plastic mechanical behaviour of unsaturated
clays in electro-osmosis consolidation. Furthermore, these examples also emphasize
the significance of the multiphase formulation in simulating the electro-osmosis con-
solidation of unsaturated clays.

In all examples, an eight-node quadratic finite element is adopted for displacements,
and this is coupled to a four node quadrilateral element for modelling pore water pres-
sure, pore air pressure and electrical potential.

5.4.1. VALIDATION OF THE NUMERICAL MODEL
Two 1D numerical examples have been used in the validation. The first considers electro-
osmosis consolidation for electro-osmosis and hydraulic coupling under saturated con-
ditions (Esrig’s (1968) problem), to illustrate the accuracy of the proposed model in mod-
elling electro-osmosis, as seen in Figure 3.1. This is the same example as discussed in
Section 3.4.1 of Chapter 3, so it is not repeated here. The second example describes the
desaturation of a sand column under the effect of gravity. The simulation results are
compared with those presented in literature, to demonstrate the accuracy of the pro-
posed model in simulating three phase flow during unsaturated consolidations.

No analytical solution exits for the problem of multiphase flow in a partially satu-
rated soil. Therefore, the three phase flow model has been validated by re-analysing
a laboratory test (Liakopoulos, 1964) that has been used as a benchmark for partially
saturated soil models by previous researchers (Lewis and Schrefler, 1998; Schrefler and
Zhan, 1993; Schrefler and Scotta, 2001; Laloui et al., 2003). A sand column, of 1 m height,
is considered to be initially fully saturated, but is left to slowly dewater from its base
due to gravity. The column is divided into 20 elements with a size of 0.1×0.05 m. The
boundary conditions are as follows: the air pressure at the top and base of the column,
and the water pressure at the base are equal to zero (atmospheric pressure); the side
walls are impermeable to water and gas; the bottom boundary is fixed with respect to
displacement, whereas the lateral boundaries are restrained only in the horizontal direc-
tion. The material properties of the sand used in the test are summarized in Table 5.1.
In order to describe unsaturated flow, the following saturation–capillary pressure and
relative permeability–saturation relationships are adopted (Lewis and Schrefler, 1998):

Sw = 1.0−1.9722×10−11s2.4279

kr w = 1.0−2.207(1.0−Sw )1.0121
(5.56)

In addition, the relative permeability of the pore gas saturation relationship is assumed
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to be

kr g = (1.0−Se )2(1.0−Se
5/3)

Se = Sw −Sr w

1.0−Sr w

(5.57)

where the residual water saturation is Sr w = 0.2 and Se is the effective water saturation.

Table 5.1: Material properties for the analysis of Liakopoulous’s (1964) test

Young’s Modulus E 1.3 MPa
Poisson’s ratio ν 0.4

Porosity n 0.2975
Solid grain density ρs 2000 kg/m3

Water density ρw 1000 kg/m3

Air density ρg 1.2 kg/m3

Bulk modulus of water Kw 2×109 Pa
Bulk modulus of air Kg 0.1×106 Pa

Intrinsic permeability k 4.5×10−12m/s
Dynamic viscosity of water µw 1×10−3 Pa·s

Dynamic viscosity of air µg 1.8×10−5 Pa·s
Gravitational acceleration g 9.806 m/s2

Atmosphere pressure patm 0 Pa

Figure 5.1 ((a)-(e)) shows the numerical results of the three phase model for the wa-
ter pressure, gas pressure, capillary pressure and water saturation, as a function of height
and time. The curves are plotted at 10, 30, 60 and 120 minutes. The water flows out of
the column through the bottom boundary due to gravity; when a negative pore water
pressure equal to the original weight of the water has been established at the top of the
column, the water flow stops as indicated in Figure 5.1(a). Figure 5.1(b) shows that gas
is sucked into the column due to the water outflow, resulting in a negative pore gas pres-
sure which reaches a maximum at around 30 minutes, after which it starts to decrease.
The development of capillary pressures (i.e. suction) spreads from the top to the bottom
of the column, as shown in Figure 5.1(c), and, after 120 minutes, the water saturation has
reduced to 0.91 at the top of the column (Figure 5.1(d)). The surface settlement after 120
minutes is approximately 0.0016 m, as shown in Figure 5.1 (e). Figure 5.1(f) shows the
water outflow rate as a function of time. There is excellent agreement between the nu-
merical results of the proposed approach and those from previous numerical research
(Lewis and Schrefler, 1998). The numerical results predict a much lower water flow rate
than the measurements, due to the impermeable gas boundary condition being applied
on the lateral surface; however, they can be improved by considering a permeable gas
boundary condition (Hu et al., 2011). Overall, the presented computational results agree
with the literature (Lewis and Schrefler, 1998; Schrefler and Zhan, 1993; Schrefler and
Scotta, 2001; Laloui et al., 2003).
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Figure 5.1: Numerical results of Liakopoulos’s sand column test
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5.4.2. NUMERICAL EXAMPLES AND PARAMETRIC STUDY

Two further examples are discussed. The first studies the 1D elastic consolidation of a
partially saturated clay due to an electrical potential applied at the top boundary. The
differences between two-phase and three-phase analyses of coupled electro-osmosis
consolidation are highlighted, and the effect of different parameters on the electro-osmosis
response are also investigated. The second example studies the elasto-plastic behaviour
of a 2D plane strain model. In this example, the behaviour of clay during electro-osmosis
consolidation is examined, using the fully coupled multiphase approach with the un-
saturated elasto-plastic BBM constitutive relationship to capture the nonlinear stress–
strain behaviour of the clay. Note that the flow due to gravity is neglected in the following
two examples, since the problem size is small in each case.

1D ELASTIC UNSATURATED ELECTRO-OSMOSIS CONSOLIDATION

In order to study the time dependent behaviour of unsaturated soft clay during electro-
osmosis consolidation, as well as to consider the difference between small and large
strain models, and the effect of including gas generation and gas transport, the 1D FE
model from Section 3.4 is subjected to an electrical potential of 10 V at the bottom bound-
ary. The domain is divided into 20 elements with a size of 0.1×0.05 m. The displacement
and other boundary conditions are the same as for the problem illustrated in Figure 3.1,
and an initial state of mechanical equilibrium is assumed for the initial displacement. An
initial back pressure of 400 kPa is assumed in the entire sample, to avoid cavitation when
the pore water pressures become negative due to electro-osmosis. The pore gas pressure
is also assumed to be initially 400 kPa and the pore gas boundary conditions are as fol-
lows: the cathode is open for gas flow; at the anode, the production of gas arising from
the electrolysis of water is simulated by relating the inward gas flow to the instantaneous
electric current density (Tamagnini et al., 2010), i.e.

qg = J
RT

4F pg
η (5.58)

where qg is the gas inflow, J is the applied electric density, R is the universal gas con-
stant, T is the absolute temperature, F is Faraday’s constant, and η is the efficiency pa-
rameter that is introduced to account for possible losses at the electrode due to chemical
reactions. In this numerical example, in order to study the effect of gas generation, nu-
merical simulations are performed assuming saturated conditions, or unsaturated con-
ditions induced by gas generation at the anode, assuming an efficiency η= 0.1. To study
the effect of gas generation efficiency, different values of η = 0.0, 0.1, 0.2 and 0.4 are
also considered and discussed in the second part of the numerical example. The fol-
lowing material parameters are assumed: Young’s modulus E = 7.4 ×105 Pa, Poisson’s
ratio ν= 0.3, electro-osmosis permeability keo = 5.0×10−9 m2/V·s, electric conductivity
kσe = 0.1 S/m, hydraulic conductivity kw = 2.0×10−9 m/s and pore gas permeability kg =
1.33×10−10 m/s. Moreover, for the dependence of the relevant parameters on the degree
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of saturation, the suggestions given by Tamagnini et al. (2010) have been followed, i.e.

Sw = (1+ (αs)n)−m

kr w = aw (Sw )bw

kr g = ag (Sg )bg

kr eo = aeo(Sw )beo

kσe = ae (Sw )be

(5.59)

in which n = 1.31, m = 11/n, α= 0.00851 kPa−1, aw = 1, bw = 5, ag = 1, bg = 5, aeo = 1,
beo = 3.2, ae = 1 and be = 2, are material constants.

Figure 5.2: Pore water pressure at anode versus time factor for 1D electro-osmosis.

By considering the gas generation efficiency parameter to be η= 0.1, the evolution
of the pore water pressure and the settlements for large and small strain models are pre-
sented. Figure 5.2 shows the pore water pressure at the anode versus time factor, defined
by Tv = kw · t/(γw ·mv ·L2), in which mv is the coefficient of compressibility and L is the
drainage path length. It is seen that the pore water pressure drop develops faster at the
anode for the large strain analysis than for the small strain analysis, because of the strain
dependent stiffness and the geometry change accounted for in the large strain analysis
that makes the electrical gradient greater and the drainage path length shorter than in
the small strain analysis (in which the geometry is constant). Figure 5.3 shows the time
dependent behaviour of the surface settlement for the small and large strain models. As
expected, the small strain model predicts a larger final absolute settlement than the large
strain model, due to the consideration of geometrical changes in the latter.
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Figure 5.3: Surface settlement versus time factor for 1D electro-osmosis.

Figure 5.4: Pore water pressure versus depth for various time factors under saturated conditions (no gas gen-
eration).

The pore water pressure distributions with depth for saturated and unsaturated con-
ditions (η=0.1), at various times, are presented in Figures 5.4 and 5.5, respectively. It
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Figure 5.5: Pore water pressure versus depth for various time factors in unsaturated conditions.

Figure 5.6: Pore gas pressure versus depth for various time factors in unsaturated conditions.

can be seen that, near the start of the analysis (Tv = 0.05 and Tv = 0.2), both saturated
and unsaturated analyses predict almost the same pore water pressure profiles, but, as
the gas produced by hydrolysis accumulates and the pore water pressure decreases near



5.4. VALIDATION AND NUMERICAL SIMULATIONS

5

89

Figure 5.7: Capillary pressure versus depth for various time factors.

Figure 5.8: Degree of water saturation versus depth for various time factors.

the anode, the region around the anode becomes increasely unsaturated, and signifi-
cant additional pore water pressure decreases near the anode are predicted compared
to the saturated case (Tv = 0.6, Tv = 1.0 and Tv = 4.0). Theoretically, the magnitude
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of the pore water pressure developed by electro-osmosis is governed by the ratio of the
electro-osmosis permeability and hydraulic conductivity of the soil (keo/kw ), it being
greater for larger values of keo/kw . Under unsaturated conditions, the transport coeffi-
cients involved in electro-osmosis consolidation are strongly influenced by the degree of
water saturation. As can be seen in Eq. (5.59), the decrease of hydraulic conductivity is
much faster than the decrease of electro-osmosis permeability, so that the ratio keo/kw

increases with a decrease in the degree of water saturation. Hence, a larger decrease in
pore water pressure is predicted when there is sample desaturation near the anode. Be-
yond the anode region, in Figure 5.5, a smaller decrease in pore water pressure is found
(Tv = 0.6, Tv = 1.0 and Tv = 4.0) compared to the saturated case (Figure 5.4), due to the
pore water pressure decrease being hindered by the pore gas pressure in this area.

Figure 5.9: Pore water pressure at anode versus time factor for different gas generation efficiency parameters.

The distributions of the pore gas pressure versus depth for various times are shown
in Figure 5.6. It is shown that the pore gas pressure in the sample initially decreases
with time. The gas produced at the anode flows towards the cathode. However, it cannot
escape easily from the sample and accumulates near the anode, making the sample more
unsaturated. Figures 5.7 and 5.8 show the numerical results for the capillary pressure
and degree of water saturation, respectively, with depth, for various time factors. As seen
in the figures, the desaturation process starts at the anode where the gas is generated
and spreads to the cathode.

To study the effect of the gas generation efficiency parameter η, a sensitivity analy-
sis has been performed to illustrate the evolution of pore water pressure and pore gas
pressure at the anode and surface settlement at the cathode, as shown in Figures 5.9-
5.11. It is shown that the pore water pressure drop at the anode becomes greater with
the increase of η, as explained previously, since gas generated by the electrolysis of water
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Figure 5.10: Pore gas pressure at anode versus time factor for different gas generation efficiency parameters.

Figure 5.11: Surface settlement versus time factor for different gas generation efficiency parameters.

accumulates in the anode region and makes the sample partially desaturate. The water
pressure drop tends to increase as the degree of water saturation decreases. Figure 5.10
shows the pore gas pressure evolution at the anode for different η, demonstrating that
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overall the pore gas pressure in the anode region increases significantly as gas produc-
tion increases. It can be seen that, when the gas production is zero or small (η=0.0, 0.1)
the pore gas pressures at the anode tend to decrease and are lower than the initial back
pressure. By increasing the gas production ratio (η=0.2, 0.4) at the anode, a peak in the
pore gas pressure can be observed at the beginning of the simulation, and the final pore
gas pressures are higher than the initial back pressure. Figure 5.11 shows that, the higher
the amount of gas generated at the anode, the smaller the final surface settlement. This
is because partial saturation due to gas generation could make the sample "stiffer" ac-
cording to the Bishop effective stress. Note that the surface of the soil tends to swell due
to the increase of pore gas pressure in the last stage of the simulation.

2D UNSATURATED ELASTO-PLASTIC ELECTRO-OSMOSIS CONSOLIDATION

The square domain previously shown in Figure 4.6, of side length 1 m, is now used to
investigate unsaturated elasto-plastic clay behaviour during electro-osmosis consolida-
tion. The domain is divided into 100 square elements of size 0.1×0.1 m. The boundary
conditions are as follows: the left edge is impermeable to both water and gas, and is on
rollers allowing only vertical movement; the right edge is free for both water and gas and
it is also on rollers allowing only vertical movement; the bottom boundary is imperme-
able to both water and gas, and is fixed with respect to displacements; the top surface
is free for both water and gas. In terms of electric boundary conditions: the anode is
along the left edge, the right edge is the cathode, and the horizontal boundaries are im-
permeable to electric current. An electric potential of 20 V is applied at the anode, and
the efficiency parameter is assumed to be η = 0.1. An initial back pressure of 600 kPa is
assumed for both water and gas, in order to avoid cavitation issues.

Table 5.2: Material properties used for 2D analysis (after Sheng et al. (2003b))

MCC parameters BBM parameters
Plastic compre-

λ= 0.25 Reference stress pr = 1.0 kPa
ssion index

Elastic compre-
κ= 0.05

Rate of increase of soil
β= 0.012 kPa−1

ssion index stiffness with suction

Poisson’s ratio ν= 0.3
Parameter defining

r = 0.75
maximum soil stiffness

Friction constant M = 0.772
Rate of cohesion

ks = 0
increase with suction

Initial void ratio e0 = 3.0
Elastic compression

κ= 0
index of suction

Over consoli-
OC R = 1.0

Degree of non-associativity
α= 0.376

dation ratio of the flow rule

The transport parameters are the same as for the previous 1D electro-osmosis exam-
ple. The Barcelona Basic Model proposed by Alonso et al. (1990), based on the Modified
Cam Clay (MCC) model, is employed, although the BBM version considered in this paper
neglects the possibility of yielding on the suction increase line. This simplifies treatment
with little loss of generality, as, for most applications of the BBM, soil paths never in-
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Figure 5.12: Evolution of surface settlement at the anode with time, for large and small strain analyses.

Figure 5.13: Pore water pressure at the base of the anode versus time relationship for different analyses.

tersect the SI locus (Solowski and Gallipoli, 2010). Typical material parameters for the
BBM with Bishop’s effective stress have been adopted, based on Sheng et al. (2003b),
and are listed in Table 5.2. The initial effective stresses have been assigned by using the
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Table 5.3: Details of 3 types of analyses used in 2D example

Analysis type Constitutive model Gas generation
Case 1 BBM Yes
Case 2 MCC No
Case 3 MCC Yes

Figure 5.14: Surface settlement relative to the anode at various times for different analyses.

effective unit weight of the soil (γ′ = 900 kN/m3) and the coefficient of earth pressure at
rest (K0 = 1.0). However, to avoid potential numerical problems at very low stresses, a
minimum vertical effective stress of 1 kPa is assumed. The initial yield surface location
is then determined according to the initial effective pressure distribution and assumed
over-consolidation ratio (OCR). Finally, the electric potential is applied at the anode, and
the displacements and pore water pressure changes due to the consolidation processes
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are computed.
In order to study the elasto-plastic mechanical behaviour of the clay and the effect

of gas generation at the anode, three groups of analyses are carried out, as indicated
in Table 5.3. Case 1 uses the BBM constitutive relationship with gas generation. Case
2 uses the MCC constitutive relationship without gas generation.Case 3 uses the MCC
constitutive relationship with gas generation.

Figure 5.15: Pore water pressure (Case 1) relative to the anode for various times at different depths.

Figure 5.12 illustrates the evolution of settlement at the top of the anode for the dif-
ferent analyses, considering both large and small strain. As expected, the large strain
model predicts smaller final settlements for all three Cases, due the strain dependent
geometric stiffness. The difference between large and small strain results is approxi-
mately 10%, demonstrating that large strain may often be necessary in the modelling of
electro-osmosis consolidation.

Focusing only on the large strain analyses in Figure 5.12, Case 1, which uses the BBM,
predicts lower absolute final settlements compared to Case 3, which uses MCC, even
though gas generation at the anode is considered in both analyses. This is because the
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generated gas at the anode is trapped in the soil mass, making it unsaturated. When the
BBM is employed, the suction is considered to be a state variable and the clay becomes
stiffer as the suction increases. However, in the MCC analysis the suction is neglected.
Although MCC is employed for Cases 2 and 3, gas generation is only considered in Case
3. It is shown that Case 2 predicts larger absolute final settlements compared to Case
3, indicating that the gas generated at the anode hinders the development of surface
settlement.

Figure 5.16: Pore gas pressure (Case 1) relative to the anode for various times at different depths.

The pore water pressure versus time relationship at the base of the anode for the
three analyses is shown in Figure 5.13. The development of pore water pressure in Case 2
is much smaller than in Cases 1 and 3, due to partial saturation being considered in Cases
1 and 3 (caused by gas developed at the anode). As mentioned in the previous section,
the ratio keo/kw increases with a decrease in the degree of water saturation. Therefore,
as the magnitude of the developed pore water pressure is governed by keo/kw , as the clay
desaturates, the excess pore water pressure drop at the anode increases.

Figure 5.14 shows the surface settlement as a function of the distance to the anode at
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various times for the different analyses. At day 5, the difference between the analyses is
small and the vertical settlement is mainly developed near the anode. As time increases,
the difference between Case 1 and Cases 2 and 3 becomes larger. Since the BBM is em-
ployed in Case 1, when the clay desaturates the soil becomes much stiffer, so that the soil
settles less near the anode than in Cases 2 and 3 in which the MCC model is used.

Figure 5.17: Degree of water saturation (Case 1) relative to the anode for various times at different depths.

Special attention is paid to the numerical results of Case 1, in which the BBM consti-
tutive model and gas generation are considered. Figure 5.15 shows the pore water pres-
sure profiles between the electrodes for various times and different depths. As expected,
the pore water pressure changes mainly develop near the anode, although the extent of
the pore water pressure decrease is increasing with time. Moreover, the middle (h = 0.5
m) and bottom (h = 1.0 m) of the layer have almost the same pore water pressure profile,
and both show larger decreases than the top of the layer (h = 0.1 m) due to the drainage
condition imposed at the surface. The pore gas pressure profiles between the electrodes
for various times and different depths are shown in Figure 5.16. The pore gas pressure
should have a similar profile to the pore water pressure if there is no gas generation at
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the anode. The pore gas pressure near the anode increases for all three depths, because
of the gas production at the anode. There is a drop of pore gas pressure a bit further from
the anode region, and this drop of pore gas pressure moves towards cathode with time,
due to the gas migrating to the cathode. The degree of water saturation shows similar
trends to the pore water pressure. Figure 5.17 shows that the desaturation process starts
at the anode and spreads to the cathode. The final degree of water saturation developed
at the base of the anode is around 0.6, which indicates that the desaturation near the
anode can be significant. The final unsaturated zone has spread 0.8 m from the anode.

Figure 5.18: Voltage (Case 1) profile along the bottom boundary relative to the anode for various times.

Finally, the voltage profiles along the bottom boundary between the electrodes, for
different times, are presented in Figure 5.18. There is an electrical potential drop near
the anode with increasing time, which is consistent with the findings of laboratory ob-
servations (Mohamedelhassan and Shang, 2001). Due to the flow of water toward the
cathode and the gas developed near the anode, the soil mass becomes unsaturated near
the anode and remains fully saturated near the cathode. Consequently, the electrical
conductivity of the soil is not uniform, but decreases near the anode, resulting in a non-
linear electrical potential distribution. The voltage drop at the soil-electrode interface
may be more significant, although this is not considered in the model.

5.5. CONCLUSIONS
In this chapter, a formulation for considering large strain elasto-plastic electro-osmosis
consolidation under unsaturated conditions has been presented, which simulates the
coupling of the water flow, gas flow and electrical transport in the deformable porous
medium. Four coupled governing equations are derived and solved using finite ele-
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ments. The elasto-plastic behaviour of clay under unsaturated conditions is considered
by employing the Barcelona Basic Model (BBM), and degree of water saturation depen-
dent constitutive relationships are employed to describe the nonlinearity of the trans-
port parameters. The novel feature of the proposed numerical model is the possibility
to account for, within a single framework, the effects of gas generation, the unsaturated
elasto-plastic constitutive relationship and large strain.

In order to demonstrate that the proposed model is effective in modelling partially
saturated electro-osmosis consolidation, the fully coupled governing equations have
been successfully applied to a series of numerical examples. Two numerical examples
have been chosen to illustrate the accuracy of the proposed approach. A 1D example of
electro-osmosis consolidation showed good agreement with an analytical solution. In
the second example, the experiment conducted by Liakopoulos (1964) has been used
as a benchmark problem to further verify the proposed approach in modelling unsat-
urated flow. Following the verification, a simple elastic 1D numerical simulation has
been conducted and evaluated, to highlight the influence of considering large strain and
gas generation during elastic electro-osmosis consolidation. A sensitivity analysis has
been conducted, to evaluate the influence of the gas generation efficiency. An idealized
elasto-plastic 2D electro-osmosis consolidation problem, using the BBM constitutive re-
lationship, has then been investigated.

Under unsaturated conditions, the transport coefficients involved in electro-osmosis
consolidation are strongly dependent on the degree of water saturation. Changes in the
degree of water saturation result in changes in the coefficients of electro-osmosis per-
meability and hydraulic conductivity. These should not be neglected, because electro-
osmosis consolidation is governed by the ratio of the electro-osmosis permeability to the
hydraulic conductivity of the soil. Moreover, the generated gas at the anode could hinder
the soil deformation. By considering suction as a state variable in the BBM, it has been
shown that the soil becomes significantly stiffer due to desaturation at the anode, result-
ing in much less settlement in this region, for example, compared to results obtained
using the MCC model. The electrical potential distribution between the electrodes has
also been investigated, by considering the change in the electrical conductivity with de-
gree of water saturation. It was demonstrated that the electrical potential drop near the
anode, which has been observed in many laboratory tests, can be simulated by the pro-
posed model.





6
NUMERICAL EVALUATION OF

OPTIMAL APPROACHES FOR

ELECTRO-OSMOSIS

CONSOLIDATION

Numerical simulations are used to identify and evaluate optimum electrode configura-
tions, as well as approaches such as current intermittence and current reversal, which
have been proven, experimentally, to be helpful in improving the efficiency of electro-
osmosis consolidation of soft clays. A newly developed numerical model that considers
coupled electro-osmosis flow, hydraulic flow, and electric density flow, in a deformable
porous medium at large strain, is used to simulate the electro-osmosis consolidation. The
governing equations of the model are summarized first. Then, various electrode configu-
rations are studied numerically. The results indicate that, with more anodes installed, one
can expect more water to drain out and more uniform surface settlement; but, on the other
hand, more energy consumption is required. Current intermittence allows more water to
be drained out and has a lower energy index compared to a continuous current, although
it consumes more energy than the latter. Polarity reversal is also shown to be more efficient
than a continuous current supply; moreover, it results in more settlement at the original
cathode.
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6.1. INTRODUCTION
The consolidation of soft clay creates a lot of problems in foundation engineering. In
particular, because of the very low permeability of clay, primary consolidation takes
a long time to complete. To shorten this consolidation time, traditional dewatering
techniques such as surcharge or preloading, a combination of preloading with prefabri-
cated vertical drains (PVD), and vacuum preloading have been used for many decades
(Hansbo et al., 1981; Bergado et al., 2002; Shang et al., 1998; Chu et al., 2000; Indraratna
et al., 2011). However, when dealing with materials with low rates of consolidation,
low bearing capacity or shear strength, or high compressibility, such as with mine tail-
ings, dredged costal sediments and municipal sludge, new technologies such as electro-
osmosis consolidation are often needed. Electro-osmosis is a process that induces the
flow of pore fluid in a soil mass from the anode to the cathode, in response to the ap-
plication of a direct current electric field. The electrodes are generally installed in pairs
in the soil mass, between which the direct current forces ions in the mobile part of the
electric double layer (EDL) to move to the cathode, dragging water flow with them. Be-
cause of this, electro-osmosis permeability is independent of grain size, in contrast to
hydraulic permeability which is dependent on grain size. As the flow caused by an elec-
tric field is often much greater than that caused by a hydraulic gradient, this means that
electro-osmosis has an advantage over conventional treatment, because it accelerates
the consolidation process.

Numerous laboratory studies have been conducted, to gain insight and to improve
the performance of electro-osmosis consolidation. In particular, the influence of the
electrode materials and the voltage loss at the soil–electrode interfaces has been stud-
ied (Mohamedelhassan and Shang, 2001), with results indicating that the voltage drop
is less in metallic anodes than in anodes made of other materials. However, metallic
electrodes have corrosion problems which reduces their efficiency. Hence many at-
tempts have been made to develop new electrode materials, with newly developed prod-
ucts such as electric-kinetic geosynthetics (EKG) (Fourie et al., 2007; Glendinning et al.,
2008; Jones et al., 2011) and polymeric electrical vertical drains (EVD) (Chew et al., 2004;
Karunaratne, 2011) having been recently used as electrodes for electro-osmosis consol-
idation. On the other hand, chemical treatments have been introduced to improve soil-
electrode contacts, as chemical injection at the electrodes has been demonstrated to
enhance the transfer of electric potential to the soil (Burnotte et al., 2004; Lefebvre and
Burnotte, 2002; Asavadorndeja and Glawe, 2005; Ou et al., 2009).

The area of influence of an electric field for electro-osmosis remediation, for different
electrode configurations, was studied numerically by Alshawabkeh and Sheahan (2003),
with the analysis identifying the relationship between the minimum cost and electrode
spacing. A field trial on sludge using electro-osmosis was reported by Glendinning et al.
(2008), in which the treatment time and power consumption of two electrode configura-
tions were studied. Recently, Hu and Wu (2014) studied the settlement of three electrode
configurations using a finite element model.

The continuous application of electric current can induce excessive electrode cor-
rosion and high heat generation, which results in an ineffective use of electro-osmosis
consolidation. Lockhart and Hart (1988) found that the use of current intermittence in
laboratory tests improved the efficiency of electro-osmosis consolidation with respect
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to continuous current application. Micic et al. (2001) conducted an experimental inves-
tigation into the electro-osmosis strengthening of a marine sediment, with the results
demonstrating that the power consumption and electrode corrosion were reduced by
using current intermittence. Mohamedelhassan and Shang (2001) reported that, in their
experimental research, higher electro-osmosis flow was generated with current intermit-
tence than with a continuous current. Bjerrum et al. (1967) reported the application of
current reversal (also known as polarity reversal) in a field test. Wan and Mitchell (1976)
found that current reversal can produce a more uniform water content decrease, and
thereby strength increase, between electrodes. Shang (1997a) found that current reversal
can balance the pH of water at the electrodes, thereby reducing the electrode corrosion.

The aim of this chapter is to numerically investigate various factors for achieving an
optimal dewatering effect during electro-osmosis. The first objective is to determine the
best electrode configuration for effective dewatering. Further objectives are to demon-
strate the efficiency of current intermittence and current reversal, compared to continu-
ous current, during electro-osmosis consolidation. The paper starts by summarizing the
numerical model used in the simulations, and then the details of the numerical analy-
ses are presented. The settlement, pore water pressure, outflow rate of water, accumu-
lated volume of water, and electric current, as well as the power consumption of different
setups, are illustrated through these numerical examples. The criterion of energy con-
sumption per unit volume of water discharged is employed to evaluate the efficiency
of the electro-osmosis consolidation. Moreover, the coefficient of variation of surface
settlement is introduced, to evaluate the uniformity of consolidation between the elec-
trodes after electro-osmosis treatment. Hence the numerical simulations provide a strat-
egy for assessing future field applications.

6.2. METHODOLOGY

6.2.1. MODELLING FRAMEWORK

A finite strain numerical model (Yuan and Hicks, 2013; Yuan et al., 2013; Yuan and Hicks,
2014), which considers coupled electro-osmosis flow under hydraulic and electric po-
tential gradients in a deformable porous medium, is used to conduct the numerical ex-
periments in this chapter. The model incorporates elasto-plasticity to describe soil me-
chanical behaviour under both saturated and unsaturated conditions, using the Modi-
fied Cam Clay (MCC) model (Roscoe and Burland, 1968) and the Barcelona Basic Model
(BBM)(Alonso et al., 1990), respectively. Void ratio dependent transport and degree of
saturation dependent empirical expressions are employed to consider the nonlinear vari-
ation of the transport parameters. The governing equations of the finite strain numerical
model were provided in Chapter 4 and Yuan and Hicks (2014), and are therefore not rein-
troduced here.

6.2.2. POWER CONSUMPTION AND ENERGY INDEX

The efficiency of electro-osmosis consolidation can be evaluated by several performance
metrics, such as the power consumption, the settlement achieved or volume of water
drained out, or the time elapsed to achieve a certain settlement. The two key outputs
of the consolidation process are the power consumption and water drained out, as they
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determine the feasibility of the application. The optimal application is to discharge a
sufficiently high volume of water out of the soil, given a relatively small energy consump-
tion and short elapsed time. A more meaningful criterion, the energy index (kWh/m3)
is introduced here to evaluate the economic efficiency of electro-osmosis consolidation.
This is the power consumption to drain one cubic meter of water out of the soil mass,
and is a function of the voltage applied and current, i.e.

E = W

vol
= 1

vol

∫
V I d t (6.1)

where W is the power, in kWh, vol is the volume of water discharged from the soil, in m3

and I is the current, in A.

6.3. NUMERICAL EXAMPLES
This section comprises three numerical simulations: an assessment of the optimization
of the electrode configuration; a comparison between intermittent current and contin-
uous current approaches; and a comparison between current reversal and continuous
current. Each simulation is based on different material properties and model domains
(either 2D or 3D), and is conducted under large strain conditions. The simulations con-
sider both saturated soil and unsaturated soil, by employing the MCC or BBM constitu-
tive models, respectively. In all examples, the initial effective stresses have been assigned
by using the effective unit weight of the soil and the coefficient of earth pressure at rest.
The initial yield surface location is determined according to the effective pressure and
assumed over-consolidation ratio. The model domains, adopted material properties and
other details are described as follows.

6.3.1. EXAMPLE 1: ELECTRODE CONFIGURATIONS
3D models are used to investigate the efficiency of various electrode configurations. The
main focus is to find the optimized anode configuration; that is, the one with the lowest
energy index. The domain is a 1 m cube and the electrodes are assumed to be 0.02 m in
diameter and 0.75 m long. Figure 6.1 shows a plan view of the four electrode configura-
tions considered. In configuration A, one pair of electrodes is installed in the middle of
the domain, with a spacing of 0.3 m between the anode and cathode. In configuration B,
one cathode with two anodes are installed at 0.3 m spacing, in a single row located in the
middle of the domain. In configuration C, one central cathode is surrounded by four an-
odes, with a spacing of 0.3 m between the cathode and each anode. In configuration D,
a central cathode is surrounded by eight anodes, to form a regular grid of 0.3 m spacing.

The transport parameters are selected from laboratory tests on the electro-osmosis
of a marine sediment, carried out by Mohamedelhassan and Shang (2002), including the
following empirical expressions:

logkw = 1.1075e −11.297

keo = 3.27×10−8n −1.14×10−8

kσe = 0.42(1+e)

1.29+0.33e

(6.2)
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Cathode Anode
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C D

Figure 6.1: Plan view of analysed electrode configurations.

Saturated conditions are considered in this example. The material parameters for the
MCC model are listed in Table 6.1, and are also derived from Mohamedelhassan and
Shang’s (2002) tests.
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A B

C D

Figure 6.2: 3D finite element meshes for analysed electrode configurations.
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Table 6.1: Material parameters for the MCC model (based on Mohamedelhassan and Shang (2002))

Void ratio at p ′ = 1 kPa e 3.95
Poisson’s ratio ν 0.3

Plastic compression index λ 0.547
Unloading–reloading index κ 0.064

Critical stress ratio M 1.172
Over-consolidation ratio OC R 1.0

Coefficient of earth pressure at rest K0 1.0
Total unit weight of soil γ 19 kN/m3

3D analyses are carried out to simulate the conditions imposed on the cubic domain,
although only 1/2, 1/4, 1/8 and 1/8 of the problem are considered, due to the planes of
symmetry for configurations A, B, C and D, respectively. Figure 6.2 shows the geometries
of the meshes used in the analyses. The mesh boundary conditions are that the vertical
sides are prevented from moving in the horizontal plane, whereas the bottom bound-
ary is fixed. In terms of hydraulic boundary conditions, the top surface is open and free
draining, whereas the remaining boundaries are impermeable; in order to maintain a
draining condition, a hydraulic conductivity of 1.0×10−4 m/s is assumed at the cath-
ode. For the electrical boundary conditions, voltages of 5 V and 0 V are maintained at
the anode and cathode, respectively, whereas all other boundaries are assumed to be
impermeable to electric current. Note that an electrical conductivity of 1.0×106 S/m is
assumed for the steel electrodes. A four-node tetrahedron finite element is adopted for
displacements, pore water pressure and electrical potential.

6.3.2. EXAMPLE 2: CURRENT INTERMITTENCE

Current intermittence is the application of a pulse voltage at predetermined on/off in-
tervals during the electro-osmosis consolidation. Recent experimental research has in-
dicated that an intermittent current is beneficial to electro-osmosis consolidation com-
pared to a continuous current (Mohamedelhassan and Shang, 2001; Micic et al., 2001). A
2D square domain of 1 m side length (see Figure 4.6) is used to investigate the use of cur-
rent intermittence for an unsaturated clay. The boundary conditions are as follows: the
left edge is impermeable and on rollers allowing only vertical movement; the right edge
is free draining and on rollers allowing only vertical movement; the bottom boundary
is impermeable and fixed; and the top boundary is free draining. In terms of electrical
boundary conditions: the anode is along the left edge, the right edge is the cathode, and
the horizontal boundaries are impermeable to electric current.

For both simulations (continuous and intermittent current), the power-on time is
5×106 seconds. For the intermittent current analyses, the total simulation time is 9×106

seconds and there are four intermittences in the applied input voltage, each lasting for
1×106 seconds, as shown in Figure 6.3. Unsaturated conditions are considered in this
example; hence the same material parameters as used in the previous example for satu-
rated conditions are employed here, plus additional material parameters that are needed
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Figure 6.3: Applied input voltage for current intermittence simulation.

Table 6.2: Material parameters for the Barcelona Basic Model (after Sheng et al. (2003b))

Reference stress pr 1.0 kPa
Rate of increase of soil stiffness with suction β 0.012 kPa−1

Parameter define the maximum soil stiffness r 0.75
The rate of cohesion increase with suction ks 0

Elastic compression index with respect to suction κs 0
The degree of non-associativity of the flow rule α 0.437

for the BBM with Bishop’s effective stress. These are adopted from Sheng et al. (2003b)
and are listed in Table 6.2. Moreover, to model the dependence of relevant parameters
on the degree of saturation, the following empirical expressions have also been adopted
(Tamagnini et al., 2010):

Sw = (1+ (αs)n)−m

kr w = aw (Sw )bw

kr g = ag (Sg )bg

kr eo = aeo(Sw )beo

kσe = ae (Sw )be

(6.3)

in which n = 1.31, m = 11/n, α = 0.00851 kPa−1, aw = 1, bw = 5, ag = 1, bg = 5, aeo =
1, beo = 3.2, ae = 1 and be = 2, are material constants. In this example, an eight-node
quadrilateral finite element is adopted for displacements, and this is coupled to a four
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node quadrilateral element for modelling pore water pressure and electrical potential.
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Figure 6.4: Applied input voltage for current reversal simulation.

6.3.3. EXAMPLE 3: CURRENT REVERSAL
In order to study the effects of current reversal during electro-osmosis consolidation,
the 2D model is subjected to a voltage of 5 V, with a voltage reversal mid-way through
the simulation (Figure 6.4). Once again, unsaturated conditions are considered, and the
same material properties as in the previous simulation are used. The boundary con-
ditions are the same as in the previous simulation for the first 2.5×106 seconds, before
the polarity reversal. The current is reversed at 2.5×106 seconds and, at this time, the
hydraulic boundary conditions are also reversed: that is, the left edge (former anode) is
now free draining and the right edge (former cathode) is now impermeable. The remain-
ing boundary conditions are the same as before the polarity reversal.

6.4. RESULTS AND DISCUSSION

6.4.1. ELECTRODE CONFIGURATIONS
The water outflow rates through the cathode, for the four electrode configurations, are
shown in Figure 6.5. The water outflow rates decrease with time, due to the negative pore
water pressure developed near the anode causing a hydraulic flow which is opposite to
the direction of electro-osmosis flow. Hence, when the hydraulic flow equals the electro-
osmosis flow the system reaches the steady state. The figure shows that, with more an-
odes installed around the cathode, a higher water outflow rate is achieved. However,
the nonlinear response between water outflow rate and the number of anodes indicates
that there is an optimum anode number. Figure 6.6 shows the accumulated volume of
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Figure 6.5: Influence of various electrode configurations on evolution of water outflow rate through the cath-
ode.

water exiting through the cathode; as expected, with more anodes installed around the
cathode, there is a greater outflow of water. Configuration B gives an outflow that is
about 50% greater than that of configuration A, whereas configurations C and D indicate
a rather modest additional outflow of water.

Figure 6.7 shows the evolution of electric current through the cathode. Note that,
since the electrical conductivity is decreasing with void ratio, as described in Eq. (6.2),
the electric current is also decreasing with time. The time evolution of the energy con-
sumption, for the various electrode configurations, is shown in Figure 6.8. The inves-
tigated electrode configurations show that, with more anodes installed, more water is
draining out and the time required to reach a certain accumulated volume of water is
less, although the increase in the number of anodes results in a greater energy consump-
tion. So, the energy index introduced in Section 6.2 is used as a criterion to evaluate and
compare the consolidation effects of the various configurations. As shown in Figure 6.9,
configuration A has the lowest energy index; moreover, the energy indices for one (A)
and two (B) anodes around the cathode are significantly less than for four (C) and eight
(D) anodes, indicating that they are more energy efficient. The coefficients of variation
of surface settlement for the various electrode configurations are shown in Figure 6.10,
in which the coefficient of variation is equal to the standard deviation of the surface set-
tlement divided by the mean. It is seen that configurations C and D have much smaller
coefficients of variation than configurations A and B, which indicates that, although con-
figurations C and D have the higher energy indices, the obtained surface settlement be-
tween the electrodes is more uniform for these cases.

Considering all the results illustrated in this section, configurations C and D give a
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Figure 6.6: Influence of various electrode configurations on evolution of accumulated volume of water exiting
through the cathode.
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Figure 6.7: Influence of various electrode configurations on evolution of electric current current through the
cathode.

larger volume of drained water and a much more uniform surface settlement profile
than configurations A and B, but they also have greater energy indices. Configuration
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Figure 6.8: Influence of various electrode configurations on evolution of energy consumption.
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Figure 6.9: Influence of various electrode configurations on energy index.

A is the most efficient electrode installation, from the economic point of view, but re-
sults in the largest differential settlement. Configuration C has a slightly smaller energy
index than configuration D, but requires only half as many installed anodes to achieve
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Figure 6.10: Influence of various electrode configurations on coefficient of variation of settlement.

almost the same volume of water drained out and gives a similar (low) coefficient of vari-
ation of the surface settlement. This suggests that, if reducing the volume of water in the
soil mass and having more uniform consolidation between the electrodes are the pri-
mary objectives of the electro-osmosis consolidation, then this can best be achieved by
an increased number of anodes (configuration C), although it will come at the cost of
increased energy consumption. If a low cost of consolidation is the objective, but with a
reasonably uniform consolidation between the electrodes, then electrode configuration
B is recommended.

6.4.2. CURRENT INTERMITTENCE
Figure 6.11 shows the water outflow rate through the cathode for continuous and inter-
mittent applied currents. (In order to better compare the results, the current-off times
are not included in the following figures; therefore, both simulations have the same x
axis length.) There is a gradual reduction in the overall flow rate as the consolidation
progresses, with a peak in the flow rate observed when the current is reapplied after
each period of zero current (i.e. in the intermittent case). This is because, during the no
current period, the negative pore water pressure will partially dissipate due to the pore
water redistributing in the domain, so that after the current is reapplied the outflow rate
is much bigger than in the continuous current approach. Note that the small drop in
outflow rate at the beginning of the simulation is due to the hydraulic conductivity be-
ing very small. Hence, the bulk of the water cannot flow out immediately, but remains in
the middle of the domain causing a positive pore water pressure; this makes the water
outflow rate drop temporarily, but, as the positive pore water pressures dissipate, the wa-
ter outflow rate recovers. The evolution of accumulated volume of water exiting through
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Figure 6.11: Influence of current intermittence on evolution of water outflow rate through the cathode.
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Figure 6.12: Influence of current intermittence on evolution of accumulated volume of water existing through
the cathode.

the cathode, for intermittent and continuous currents, is shown in Figure 6.12. It is seen
that, before 2×106 seconds, the accumulated volume of water for both simulations is
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Figure 6.13: Influence of current intermittence on evolution of electric current current through the cathode.
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Figure 6.14: Influence of current intermittence on evolution of energy consumption.

almost the same. However, as the consolidation progresses, the volume of water accu-
mulated from the intermittent current is greater than that from the continuous current,
due to the increase in the outflow rate each time the current is reapplied.
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Figure 6.15: Comparison of energy index for continuous and intermittent currents.

The evolution of electric current through the cathode has a similar trend to the water
outflow rate. As shown in Figure 6.13, a brief peak in the current is found when the
voltage is reapplied; indeed, this is a common observation during laboratory tests of
electro-osmosis (Glendinning et al., 2008). As explained before, the negative pore water
pressures developed near the anode will dissipate as the water redistributes within the
domain, and the soil deformation will rebound slightly, when the current is off. Due
to the degree of water saturation and soil void ratio both increasing, according to Eqs.
(6.2) and (6.3), the electric conductivity will therefore increase when the current is off.
Hence when the voltage is reapplied after a period of zero voltage, the electric current
will peak. As a higher current is obtained after the current is intermitted, a slightly higher
energy consumption compared to a continuous current is apparent, as seen in Figure
6.14. However, the volume of water drained out of the soil is also greater compared to
the continuous current. Hence in order to evaluate the efficiency of both methods, the
energy index is plotted in Figure 6.15. It is seen that the energy index for the intermittent
current is around 16% smaller than that for the continuous current, which indicates that
current intermittence can reduce the power consumption required to drain a certain
volume of water, thereby enhancing the effectiveness of electro-osmosis treatment.

6.4.3. CURRENT REVERSAL

The impact of reversing the electric current (at 2.5×106s) is compared to the case of no
current reversal in Figures 6.16-6.21. The simulation results suggest that soil samples
tested using current reversal have a higher cathode surface settlement than those con-
ducted using a continuous current. With current reversal, there is only a slight settlement
rebound found at the top of the original anode, but a much higher surface settlement is
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Figure 6.16: Influence of current reversal on evolution of surface settlements at original anode and cathode.
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Figure 6.17: Influence of current reversal on evolution of water outflow rate through the cathode.

obtained at the top of the original cathode (even higher than the settlement at the anode
without current reversal), as shown in Figure 6.16.

The effect of current reversal is that the water outflow rate is decreased to almost zero
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Figure 6.18: Influence of current reversal on evolution of accumulated volume of water existing through the
cathode.
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Figure 6.19: Influence of current reversal on evolution of electric current through the cathode.

immediately after the reversal and then it increases rapidly to a value which is greater
than that for the continuous current (Figure 6.17), resulting in a greater volume of water
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Figure 6.20: Influence of current reversal on evolution of energy consumption.
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Figure 6.21: Comparison of energy index for continuous and reversal currents.

accumulated through the cathode after 3×106 seconds compared to when a continuous
current is applied (Figure 6.18). This is because, after current reversal, the negative pore
water pressures near the former anode are not dissipated immediately, which causes a
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local hydraulic flow that is in the opposite direction to the electro-osmosis flow; hence
the water outflow rate decreases to zero at the new cathode. However, when the cur-
rent is reversed the hydraulic boundary conditions are also reversed and so the left edge
becomes open for free drainage; hence the negative pore water pressure can dissipate
rapidly, while, at the same time, the outflow rate increases rapidly. Because of the wa-
ter redistribution within the domain after the current is reversed, the soil becomes more
saturated, resulting in an enhanced water outflow rate compared to the case with no
current reversal, as seen in Figure 6.17.

Figure 6.19 shows the electric current through the cathode versus time, for both the
continuous and current reversal cases, showing that the current decreases gradually as
the consolidation progresses. However, there is a slight increase in the current to a peak
value immediately after the current is reversed, followed by a reduction of the current
at a rate that is greater than that for a continuous current. The evolution of energy con-
sumption is shown in Figure 6.20. It is seen that current reversal results in no noticeable
increase in energy consumption, due to the current decreasing more rapidly after the
initial peak current, as seen in Figure 6.19. However, the simulation with electric current
reversal requires less energy consumption per volume of water drained out of the soil, as
seen in Figure 6.21, despite the energy consumption being almost the same, due to the
greater volume of water being drained compared to the continuous current case. Hence
the energy index is around 15% smaller for the case of current reversal.

6.5. CONCLUSIONS
Various electrode configurations, as well as current intermittence and current reversal
approaches for electro-osmosis consolidation have been investigated using numerical
simulation. 3D and 2D domains have been analyzed to simulate the time dependent be-
haviour of the settlement, pore water pressure, outflow rate of water, accumulated vol-
ume of water and electric current, as well as the power consumption of different setups.
In particular, the combination of a nonlinear elasto-plastic constitutive model and re-
lationships for hydraulic conductivity, electro-osmosis permeability and electrical con-
ductivity as a function of the void ratio and degree of water saturation, have allowed the
model to capture the coupled nonlinear response during electro-osmosis consolidation
at large strain.

Four electrode configurations have been analyzed using a 3D model domain, with
the simulation results indicating that a greater number of anodes installed around the
central cathode leads to expedited consolidation and an increased settlement, albeit
with greater energy consumption. The often nonlinear response between the energy in-
dex and surface settlement indicates the need to optimize each approach for a particular
application.

2D simulations comparing the performance of intermittent and continuous currents
have shown that, in general, intermittent current leads to a greater volume of water be-
ing drained out from the soil than for a continuous current. However, the analyses have
also shown that the energy consumption for an intermittent current is greater than that
for a continuous current. By computing the energy index of both simulations, it is con-
cluded that the efficiency of electro-osmosis consolidation is greater when using current
intermittence than when a continuous current is applied.
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The results of a numerical simulation using current reversal have shown that the re-
versal of the electric field enhances consolidation between the electrodes, as indicated
by a higher surface settlement at the original cathode when current reversal was used.
Moreover, the numerical results have illustrated that the efficiency of consolidation with
current reversal is greater than with a continuous current.

The findings of the numerical simulations for current intermittence and reversal are
consistent with those reported in previous laboratory tests. In general, the results of the
numerical simulations have shown that the process of electro-osmosis consolidation is
enhanced by an increase in the number of anodes, as well as by an intermittent current
and current reversal. Due to the considerations of consolidation time, energy consump-
tion and uniformity of consolidation for a particular site, the use of numerical modelling
has a potential use in optimizing the design of field applications using electro-osmosis
consolidation.
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7.1. CONCLUSIONS
Electro-osmosis is a novel technique to consolidate soft clays. Electro-osmosis is one
of the electro-kinetic phenomena, and is the movement of water under the influence
of a direct current electric field. Electro-osmosis flow is a function of voltage gradient
and is independent of grain size; this means that electro-osmosis can generate flow
rates that are 100 to 1000 times greater than hydraulic flows in fine grained soft clays,
because the value of electro-osmosis permeability is greater than that of the hydraulic
conductivity. Therefore, electro-osmosis treatment has been applied in the field in nu-
merous applications (Casagrande, 1952; Bjerrum et al., 1967; Lo et al., 1991a; Burnotte
et al., 2004). Consolidation theory of electro-osmosis was first conducted by Esrig (1968).
Many researchers then developed various analytical and finite element models (Wan and
Mitchell, 1976; Lewis and Garner, 1972; Feldkamp and Belhomme, 1990; Shang, 1998a),
although such models are limited and cannot fully handle problems with complicated
boundary conditions and geometries; or directly consider the force equilibrium; or are
incorporated with an elasto-plastic constitutive relationship; or consider large strain.

In this thesis, numerical models for the electro-osmosis consolidation of soft clays in
multi-dimensional domains at large strain are presented, which consider the full cou-
pling of the soil mechanical behaviour, pore water transport, pore gas transport and
electric flow. In particular, elasto-plastic constitutive models (i.e. the Modified Cam
Clay model and Barcelona Basic Model) are employed to describe the mechanical be-
haviour of the clay. The presented formulations are written in an Updated Lagrangian
form based on the current configuration and implemented in a finite element code. The
proposed models have been verified against analytical/numerical solutions and also
evaluated with results obtained form laboratory and field experiments. Overall, excel-
lent agreement has been found, which demonstrates the accuracy and efficiency of the
proposed models. In addition, further numerical examples have been carried out, in-
vestigating the time dependent evolution of degree of consolidation, settlement, pore
water pressure, and electric current during the electro-osmosis consolidation process,
and differences between models based on small and large strain theory are highlighted.

The specific conclusions drawn from this research are summarized as follows:

(i) The developed numerical models for electro-osmosis consolidation, considering
elasto-plastic constitutive models and nonlinear transport parameters at large de-
formation, can capture the main features of electro-osmosis and well predict the
time dependent nature of the problem.

(ii) Excellent agreement between the results of the proposed model and the analytical
solution of Esrig (1968) are found. Moreover, the numerical results of the unsatu-
rated code are in excellent agreement with Lewis and Schrefler (1998) in modelling
the draining of a sand column, thereby demonstrating the accuracy of the proposed
model in simulating three phase unsaturated consolidation.

(iii) Large deformation is considered in this research. Updated Lagrangian formula-
tions are employed to account for the geometric nonlinearity, and the differences
between large strain and small strain are highlighted, demonstrating that large de-
formation consolidation theory is often necessary. The numerical results indicate
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that the excess pore water pressures develop faster in the large strain model than in
the small strain model, finally reaching the same value at the steady state. In terms
of deformation, the final settlements predicted by the large strain model are always
smaller than those predicted by the small strain model.

(iv) The deformation is the key concern during consolidation behaviour. However, most
previous theories do not directly consider the soil deformation, with the force equi-
librium of the soil being included implicitly in the formulation of the pore water
transport based on Terzaghi’s consolidation theory. Moreover, a linear elastic con-
stitutive relationship is often employed by previous theories. In contrast, in this
research the force equilibrium is directly considered in the governing equations.
Furthermore, this study has focused on the elasto-plastic mechanical behaviour of
soil, which has not been done before. The numerical results for settlement and
excess pore water pressure demonstrate that the effectiveness of electro-osmosis
consolidation may be significant compared to the normal surcharge consolidation.

(v) The ratio of electro-osmosis permeability and hydraulic permeability keo/kw is a
key factor in electro-osmosis consolidation. In engineering design, in order to gen-
erate electro-osmosis consolidation effects, the ratio keo/kw should be higher than
0.1 (Mohamedelhassan and Shang, 2001). Generally, electro-osmosis permeabil-
ity and hydraulic permeability decrease with the decrease in void ratio and degree
of water saturation, but the decrease in hydraulic conductivity is much faster than
the decrease of electro-osmosis permeability, so the ratio keo/kw increases dur-
ing the consolidation process. Therefore, previous theories of electro-osmosis con-
solidation that considered constant transport parameters have some limitation. A
field test of electro-osmosis consolidation (Bjerrum et al., 1967) has been analysed,
showing excellent agreement between the computed and measured settlements.
The results show that consideration of geometrical nonlinerity causes a reduction
in the settlements relative to small strain simulations, and this effect increases with
time as the consolidation progresses. However, the differences between the two so-
lutions is relatively small in this example due to the strains being only moderate (≈
8%). The impact of the current intermittence and reversal on settlement during the
field test have been well repoduced by the numerical simulation.

(vi) The unsaturated conditions caused by the development of both negative pore wa-
ter pressures and gas generated at the anodes are considered in the proposed model.
The Barcelona Basic Model is employed within the formulation to simulate the
elasto-plastic mechanical behaviour of unsaturated clays. Under unsaturated con-
ditions, the transport parameters of the soil are strongly dependent on the degree
of water saturation, with changes in the degree of water saturation resulting in
changes in the ratio of keo/kw , which is the governing factor for electro-osmosis
consolidation. Furthermore, the efficiency of the gas production η is studied, show-
ing that the pore water pressure drop at the anode becomes greater with an increase
of η. On the other hand, the higher the amount of gas generated at the anode,
the smaller the final surface settlement. The pore gas pressure near the anode in-
creases due to the gas generation. The increase of pore gas pressure moves towards
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the cathode with time. By employing the BBM, it has been shown that the soil be-
comes much stiffer due to desaturation at the anode, resulting in significantly less
predicted settlement in this region compared to results obtained using the MCC
model.

(vii) The proposed governing equations are implemented into a finite element code
based on the finite element programming strategy of Smith and Griffiths (2004).
This numerical tool is able to simulate field applications with complicated bound-
ary and geometry conditions, as well as practical applications such as current in-
termittence and polarity reversal, which are often employed in the field to achieve
efficient and economical consolidation. This numerical tool also has potential use
in engineering designs to identify and evaluate optimum approaches for field ap-
plications. Various electrode configurations, as well as current intermittence and
current reversal approaches for electro-osmosis consolidation have been investi-
gated using this numerical tool. 3D numerical simulation results indicate that a
greater number of anodes installed around the central cathode leads to expedited
consolidation and an increased settlement, albeit with greater energy consump-
tion. From 2D simulations comparing the performance of intermittent and contin-
uous currents, it is concluded that the efficiency of electro-osmosis consolidation
is greater when using current intermittence than a continuous current. The results
of numerical simulations have shown that, although the efficiency of consolida-
tion with current reversal is only slightly greater than with continuous current, it
enhances consolidation between the electrodes.

7.2. RECOMMENDATIONS FOR FUTURE WORK
There are many issues which have not been covered in this research. Some recommen-
dations for further studies are listed as follows :

(i) The proposed model is only validated against one analytical solution and one large
strain experimental test. Laboratory tests of electro-osmosis need to carried out to
further verify the proposed numerical models.

(ii) Although numerous field and laboratory tests of electro-osmosis consolidation have
been reported in the literature, most of them were carried out under saturated con-
ditions. However, formation of gas due to electrolysis at the electrodes leaves the
soil unsaturated. More laboratory studies should be carried out under unsaturated
conditions to understand electro-osmosis flow in unsaturated soil.

(iii) Electro-osmosis is a complicated process involving electro-chemical reactions, and
complex micro-structural behaviour of different clay minerals and chemical species
under hydraulic, chemical and electrical gradients. For example, due to electrolysis
at the electrodes, the pH value changes rapidly near the electrodes and this will
affect the electro-osmosis permeability significantly. Therefore, a similar model
should be developed for electro-osmosis consolidation to account for chemical
species reaction and transport, in order to predict the modification of soil chemo-
mechanical properties.
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(iv) The numerical model developed in this research assumes isothermal conditions.
However, when current flows through the soil, thermal energy generated by resis-
tive heating causes the soil temperature to rise. The magnitude of the heat energy
generated is a function of the soil’s electrical conductivity and the gradient of the
electric potential. Although it is likely that heat could be dissipated quickly in a
small scale laboratory test with limited current density, it is not true for field ap-
plications. Therefore, thermal effects should be accounted for in the numerical
model.

(v) Several changes in soil initial conditions (water content, initial stress, etc.), elec-
trode spacing, processing time, levels of voltage or current, and optimization strat-
egy can be examined through the numerical tool. Furthermore, numerical studies
of electro-osmosis consolidation, combined with conventional consolidation tech-
niques such as surcharge loading and vacuum preloading, are worth carrying out.
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For two dimensional plane strain, the shape function related matrices at the i th node
in a finite element are defined as

NL =
[

Ni 0
0 Ni

]
(A.1)

BL =


∂Ni
∂x 0

0 ∂Ni
∂y

∂Ni
∂y

∂Ni
∂x

 (A.2)

BN L =
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∂x 0
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∂y 0

0 ∂Ni
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∂y

 (A.3)

B̄L =


0 0

0 0

1
2
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2
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 (A.4)

The stress matrices for geometric stiffness are defined as

σ̂=


σ′

11 σ′
12 0 0

σ′
21 σ′

22 0 0
0 0 σ′

11 σ′
12

0 0 σ′
21 σ′

22

 (A.5)

σ̄=
2σ′

11 0 2σ′
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12

σ′
12 σ′

12 σ′
22 −σ′

11

 (A.6)

p =


p 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

 (A.7)

The internal nodal force vector, used in the Newton–Raphson iteration, is given by

Fi nt =
∫

V t

BL
Tσ′dV t +

∫
V t

BL
TIpdV t (A.8)
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The coefficient matrices in the set of discretized governing equations, Eq. 5.55, are
definied as follows:

Knl =
∫
V

BL
TDep BLdV +

∫
V

BL
Tσ̄B̄LdV +
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V

BN L
Tp̄BN LdV +
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SUMMARY

Consolidation of soft clay creates a lot of problems in foundation engineering, because
of the very low clay permeability and high compressibility. Primary consolidation takes
a long time to complete if the material is left consolidating under atmospheric evap-
oration, and traditional dewatering techniques, such as surcharge preloading, vacuum
preloading or vertical drains, have been used for decades to shorten the consolidation
time. Among new soft ground improvement technologies, electro-osmosis consolida-
tion is receiving much attention as a possible time efficient solution. Electro-osmosis is
a novel technique to consolidate soft clays, and involves the flow of pore fluid in a soil
mass in response to an applied electrical field. The electrodes (positive and negative) are
installed in pairs in the soil mass; the direct current then forces ions in the mobile part
of the electric double layer (EDL) to move from the anode towards the cathode, caus-
ing water flow. Electro-osmosis is found to be more effective in clayey soils because the
electro-osmosis permeability is independent of the grain size. This means that electro-
osmosis can generate flow rates that are 100 to 1000 times greater than hydraulic flows
in fine grained soft clays.

The purpose of this thesis is to develop a numerical model for simulating multi-
dimensional and fully coupled multi-physics electro-osmosis consolidation, including
the elasto-plastic behaviour of soil and time dependent transport parameters at large
strain. Special attention is paid to the simulation of complicated geometries and bound-
ary conditions, and to the inclusion of more advanced elasto-plastic constitutive models.
The overall goal is to develop a more realistic numerical tool which addresses the main
features of electro-osmosis consolidation, and that has potential use in the design and
optimization of field applications.

In this thesis, numerical models for the electro-osmosis consolidation of soft clays in
multi-dimensional domains at large strain are presented, which consider the full cou-
pling of the soil mechanical behaviour, pore water transport, pore gas transport and
electric flow. In particular, elasto-plastic constitutive models (i.e. the Modified Cam
Clay model and Barcelona Basic Model) are employed to describe the mechanical be-
haviour of the clay, and some empirical expressions are employed to describe the non-
linear transport parameters. The proposed models have been verified against analyti-
cal/numerical solutions and also evaluated with results obtained form laboratory exper-
iments. Overall, excellent agreement has been found, which demonstrates the accuracy
and efficiency of the proposed models. Updated Lagrangian formulations are employed
to account for the geometric nonlinearity. The importance of considering large strains
in a consistent and proper way is demonstrated, and differences with models based on
small strain theory are highlighted.

As deformation is the key concern during consolidation behaviour, various numer-
ical examples are investigated to study the deformation characteristics. The ratio of
electro-osmosis permeability to hydraulic permeability keo/kw is a key factor in electro-
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osmosis consolidation. Generally, electro-osmosis permeability and hydraulic perme-
ability decrease with a decrease in the void ratio and degree of water saturation, but the
decrease in hydraulic conductivity is much faster than the decrease of electro-osmosis
permeability, so the ratio keo/kw increases during the consolidation process. A field test
of electro-osmosis consolidation has been analysed, showing excellent agreement be-
tween the computed and measured settlements. Various electrode configurations, as
well as current intermittence and current reversal approaches for electro-osmosis con-
solidation have also been investigated using the proposed model.

The particular contribution of this thesis is that it introduces a realistic numerical
tool for the simulation of electro-osmosis consolidation. It is able to simulate field ap-
plications with complicated boundary and geometry conditions, as well as practical ap-
plications such as current intermittence and polarity reversal, which are often employed
in the field to achieve efficient and economical consolidation. Feasibility studies and a
proper design are important for the field application of electro-osmosis consolidation.
Hence this numerical tool has potential use in the design and analysis of electro-osmosis
consolidation, including the assessment of factors for achieving optimal dewatering ef-
fects and estimating the cost.



SAMENVATTING

De consolidatie van slappe klei kan tot problemen leiden in de funderingstechniek. Dit
komt omdat klei een zeer lage doorlatendheid en een hoge samendrukbaarheid heeft.
Primaire consolidatie duurt erg lang als het materiaal alleen consolideert onder atmos-
ferische druk. Om dit proces te versnellen wordt al jarenlang gebruik gemaakt van ver-
scheidene ontwateringstechnieken zoals voorbelasten met een bovenbelasting of va-
cuüm consolidatie en verticale drains. Onder de nieuwste technologieën voor grond-
verbetering van slappe grond, wordt electro-osmose consolidatie gezien als een veelbe-
lovende tijd besparende oplossing. Elektro-osmose is een nieuwe techniek om slappe
klei te consolideren door poriënvloeistof in de ondergrond te laten stromen door een
elektrisch veld toe te passen. De elektroden (positief en negatief) zijn als paren in de
bodem geïnstalleerd. Door gelijkstroom verplaatsen de ionen in het mobiele gedeelte
van de elektrische dubbele laag (EDL) van de anode naar de kathode waardoor het water
gaat stromen. Elektro-osmose is erg effectief in kleilagen omdat de doorlatendheid door
elektro-osmose los staat van de korrelgrootte. Hierdoor kan elektro-osmose een 100 tot
1000 keer grotere stroming genereren dan grondwaterstroming in slappe klei.

Het doel van deze thesis is om een numeriek model te ontwikkelen om multidimen-
sionaal en volledig gekoppelde multi-fysische electro-osmose consolidatie te simuleren,
inclusief het elasto-plastisch gedrag van de ondergrond en de tijdsafhankelijke trans-
portparameters bij grote vervormingen. Speciale aandacht is besteed aan de simulatie
van ingewikkelde geometrieën, grenswaarden en meer geavanceerde elasto-plastische
constitutieve modellen. Het algemene doel is om een realistischer numeriek model te
ontwikkelen dat de belangrijkste kenmerken van elektro-osmose consolidatie bevat en
potentieel gebruikt kan worden voor het ontwerp en optimalisatie van toepassingen in
de praktijk.

In deze thesis worden numerieke modellen gepresenteerd voor elektro-osmose con-
solidatie van slappe klei in multidimensionale domeinen onder hoge belasting. Deze
modellen bevatten een volledige koppeling van het mechanische gedrag van de onder-
grond, transport van poriënwater en -gas, en elektrische stroming. In het bijzonder zijn
elasto-plastische constitutieve modellen (zoals het Modified Cam Clay Model en het Bar-
celona Basic Model) gebruikt om het mechanische gedrag van klei te beschrijven. Ook
zijn empirische relaties gebruikt om niet-lineaire transport parameters te beschrijven.
De voorgestelde modellen zijn gevalideerd tegen analytische/numerieke oplossingen en
vergeleken met resultaten uit laboratoriumexperimenten. De uitstekende overeenkom-
sten tonen de nauwkeurigheid en efficiëntie van de voorgestelde modellen. Aangepaste
Lagrangian formuleringen worden gebruikt om rekening te houden met geometrische
niet-lineariteit. Er wordt aangetoond dat het belangrijk is om grote rekken consistent en
realistisch te beschouwen en verschillen met modellen gebaseerd op de veronderstelling
van kleine rekken worden belicht.

Omdat vervorming een essentiële zorg is tijdens consolidatie zijn er verscheidene
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numerieke voorbeelden onderzocht om vervormingskarakteristieken te bestuderen. De
ratio van elektro-osmose permeabiliteit en hydraulische permeabiliteit keo/kw blijkt een
sleutelfactor in elektro-osmose consolidatie. Normaal nemen elektro-osmose doorla-
tendheid en hydraulische doorlatendheid af met afnemend poriëngetal en verzadigings-
graad, maar omdat de hydraulische geleidbaarheid veel sneller afneemt dan de elektro-
osmose doorlatendheid neemt de keo/kw ratio toe tijdens consolidatie. Een veldproef
van elektro-osmose consolidatie is geanalyseerd en laat uitstekende overeenkomsten
zien tussen de berekende en afgemeten zettingen. Tevens zijn verschillende elektrode
configuraties zoals geschakelde stroom en ompoling onderzocht met het voorgestelde
model.

De bijdrage van deze thesis is dat het een realistisch numeriek model presenteert
voor de simulatie van electro-osmose consolidatie. Met dit model is het mogelijk om
toepassingen in de praktijk te simuleren met complexe grensvoorwaarden en geome-
trieën, en daarnaast ook praktische applicaties zoals welke vaak toegepast worden in de
praktijk voor efficiënte en economische consolidatie. Haalbaarheidsstudies en een goed
ontwerp zijn belangrijk voor het toepassen van electro-osmose consolidatie in het veld.
Daarom heeft dit numeriek model de potentie om gebruikt te worden voor het ontwerp
en de analyse van electro-osmose consolidatie. Tevens kan het model gebruikt worden
voor onderzoek naar optimalisatie van het consolidatieproces en het schatten van kos-
ten.
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