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We investigate the nature of the phase transitions in the quantum Ashkin-Teller chain in the presence of chiral
perturbations. We locate the Lifshitz line separating a region of direct chiral transitions from the region where
the transition is through an intermediate floating phase. Furthermore, we identify a small region in the vicinity of
the four-state Potts point where chiral perturbations are irrelevant and where the transition remains conformal.
Implications to Rydberg atom experiments are briefly discussed.
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I. INTRODUCTION

The theory of quantum phase transitions in low-
dimensional systems plays a central role in modern condensed
matter physics [1,2]. One of the most challenging and
longstanding problems is the commensurate-incommensurate
(C-IC) melting of a period-p phase originally formulated in
the context of absorbed monolayers [3–8]. Huse and Fisher
noticed that domain walls between different ordered domains
[3,7], for instance, A|B and B|A, might have different free
energy contributions, introducing chiral perturbations into the
problem. For the period-2 phase these chiral perturbations
are irrelevant and the transition is in the Ising universality
class. For period-p phases with p � 5 the transition is al-
ways through an intermediate critical phase separated from
the ordered phase by a Pokrovsky-Talapov [9] and from the
disordered phase by a Kosterlitz-Thouless [10] transition.

The most interesting cases, however, are transitions out of
the period-3 and period-4 phases. In the absence of chiral
perturbations the transition out of the p = 3 phase is in the
three-state Potts universality class that, as the Ising transition,
can be described by a corresponding minimal model of the
conformal field theory [11]. For strong chiral perturbations,
the transition is a two-step process via an intermediate crit-
ical phase, as for p � 5. However, in the presence of weak
chiral perturbations, the transition is believed to be a direct
one in a new chiral universality class [7]. The melting of the
p = 4 phase, encapsulated by the physics of the Ashkin-Teller
model, is even more complicated. Again, in the absence of
chiral perturbation, the transition belongs to the Ashkin-Teller
universality class that can be described by a conformal field
theory with central charge c = 1 [11]. However, in this case
weak chiral perturbations may or may not give rise to a
direct chiral transition [12] depending on the properties of
the Ashkin-Teller point itself. For instance, in the limit of
the Ashkin-Teller model equivalent to two decoupled Ising
chains, a chiral perturbation immediately opens up an interme-
diate incommensurate Luttinger liquid phase with a diverging
correlation length—a phase known as a floating phase [13,14].
In the opposite limit equivalent to the symmetric four-state

Potts model, field theory arguments predict that weak chiral
perturbations are irrelevant and that the transition remains
direct and conformal [5]. But what happens between these two
limits? According to Huse and Fisher [7] there might be room
for a chiral transition and numerical results in the context of
Rydberg atoms have given the first evidence that this is indeed
the case [15]. This scenario is further supported by numerical
simulations of the classical symmetric two-dimensional (2D)
Ashkin-Teller model on a square lattice where the Lifshitz
line—the boundary of chiral transition—was accurately lo-
cated with a corner transfer matrix renormalization group
(CTMRG) algorithm [16]. Yet another feature of the melting
out of a p = 4 phase—the possibility of a conformal transition
for a nonvanishing chiral perturbation—remains unexplored.
If the transition remains conformal even in the presence of chi-
ral perturbations, the dynamical critical exponent z must keep
its value z = 1, and there must be a quantitative correspon-
dence between the classical 2D chiral Ashkin-Teller model on
a square lattice and its quantum 1D version on a chain.

Recent progress in Rydberg atom experiments [17,18]
brings this old problem into the main focus of theoretical
research now in the context of quantum 1D chains. The phase
diagram of a Rydberg atom array is dominated by lobes
of integer periodicities p = 2, 3, 4, 5, . . . [18,19], while the
distance-dependent van der Waals interaction makes the dis-
order phase surrounding these ordered lobes incommensurate.
This makes a 1D array of Rydberg atoms an ideal playground
to probe quantum commensurate-incommensurate melting
[15,20–25]. Numerical simulations of quantum phase transi-
tions out of the period-4 lobe in Rydberg chains show that
they are qualitatively very similar to the transition out of the
period-3 phase [15]: the conformal transition is realized at
a single point and is surrounded by a direct chiral transition
before the floating phase opens. The new developments in
Rydberg atoms open the way to tune the conformal point
within the Ashkin-Teller family and, in principle, can bring it
to the point where the floating phase opens up immediately or
to the point where the conformal transition extends to a finite
interval.
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FIG. 1. Nature of the quantum phase transition between the
ordered phase with a fourfold degenerate ground state and the dis-
ordered phase of the quantum Ashkin-Teller model defined by the
Hamiltonian (2) as a function of λ and δ. Along δ = 0 the transition
is in the Ashkin-Teller universality class. For λ � 0.5 we observe an
intermediate floating phase (green) for any nonzero value of chiral
coupling δ. For λ � 0.5 the transition is direct in the chiral univer-
sality class (light blue) below the Lifshitz line (red) and through the
floating phase above it. For λ � 0.977 we find that the transition
remains direct and conformal in the Ashkin-Teller universality class
(dark blue) for δ � 0.04.

In the present paper we provide numerical evidence that a
conformal transition can be realized even in the presence of
weak chiral perturbations and define a scale on which inter-
actions can be treated as weak for the quantum Ashkin-Teller
model. We also locate the Lifshitz line, i.e., the position in the
phase diagram where the direct chiral transition is replaced
by the floating phase. Our main results are summarized in the
phase diagram presented in Fig. 1. The rest of the paper is
organized as follows. In Sec. II we define the Ashkin-Teller
model and provide the details of the numerical algorithm. In
Sec. III we present our results including the detailed overview
of the phase diagram and we provide numerical evidence in
favor of a conformal transition in the presence of nonzero
chiral perturbations. In Sec. IV we summarized the results and
put them into perspective.

II. MODEL AND METHODS

1. Quantum Ashkin-Teller model

In the quantum Ashkin-Teller model two Ising spins per
site, σ̂i and τ̂i, are introduced and embedded into a Hamilto-
nian of the form

Ĥ0 = −
∑

i

(
σ̂ x

i + τ̂ x
i + λσ̂ x

i τ̂ x
i

)

− β
∑

i

(
σ̂ z

i σ̂ z
i+1 + τ̂ z

i τ̂
z
i+1 + λσ̂ z

i σ̂ z
i+1τ̂

z
i τ̂

z
i+1

)
. (1)

This model displays Kramers-Wannier self-duality at β = 1.
This point corresponds to a quantum phase transition be-
tween an ordered phase at large β and a disordered phase at
small β [26]. It is in the Ashkin-Teller universality class with
exponents that vary continuously with λ.

A chiral perturbation can be introduced by complementing
(1) with a term −δ

∑
i(σ̂

z
i τ̂ z

i+1 − τ̂ z
i σ̂

z
i+1) [5] to give

Ĥ = Ĥ0 − δ
∑

i

(
σ̂ z

i τ̂ z
i+1 − τ̂ z

i σ̂
z
i+1

)
. (2)

At nonzero δ the model is no longer self-dual and the location
of the quantum phase transition as a function of β is not
known exactly. Regarding the nature of the transition, on
theoretical grounds it is known that the crossover exponent
φ for the chiral perturbation is given by [5]

φ = 3ν

2
+ 1

4
− ν2

2ν − 1
. (3)

Here, ν is the correlation length critical exponent which, in the
case of vanishing chiral perturbation δ = 0, is known exactly
as a function of the parameter λ,

ν = 1

2 − π
2 [arccos (−λ)]−1 . (4)

The chiral perturbation δ is relevant if φ > 0, which is the case
for ν > νc = (1 + √

3)/4 � 0.683. This leads to a critical
value of λ [26,27],

λc = − cos
π (

√
3 + 1)

4(
√

3 − 1)
� 0.9779, (5)

below which the chiral perturbation δ is always relevant. In the
aforementioned numerical simulation of the Rydberg chain, it
was found that, away from the commensurate line, the melting
of the period-four phase immediately occurs in the chiral
universality class [15] introduced by Huse and Fisher [3]. It is
found that the conformal transition along the commensurate
line is of the Ashkin-Teller type with a critical exponent of
ν � 0.78 [15,25], i.e., with a value well into the regime where
the chiral perturbation is relevant. Consistently it is found that,
away from the commensurate line, the chirality of the problem
immediately drives the transition into the chiral universality
class. Considering the Ashkin-Teller model, however, there
should be a region in the phase diagram (λc < λ � 1) where δ

is nonvanishing, but the C-IC transition remains in the Ashkin-
Teller universality class. The phase diagram is presented in
Fig. 1.

Originally, the Ashkin-Teller model was introduced as a
classical model in statistical physics [28]. Via the well es-
tablished 2D classical to 1D quantum correspondence, the
Hamiltonian of the quantum Ashkin-Teller model can be ob-
tained by considering the highly anisotropic limit of the 2D
classical model on a square lattice [26]. Numerical results
on the classical ferromagnetic chiral Ashkin-Teller model on
the square lattice obtained with a CTMRG algorithm [16] are
in qualitative agreement with the phase diagram presented in
Fig. 1. In this paper we explore the vicinity of the four-state
Potts point where the main field theory prediction that chi-
ral perturbations are irrelevant is still waiting for numerical
verification.

2. Algorithm

We address the problem numerically with a state-of-the-
art density matrix renormalization group algorithm [29–32].
To obtain the ground state in MPS form we use a two-site
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FIG. 2. Example of (a) the logarithm of Cσ
i j as a function of the distance of two sites |i − j| including a fit for the “crest” of the oscillations

and of (b) the corresponding rescaled correlation function, which is then used to extract q.

DMRG algorithm; see, for instance, Ref. [32]. The fact that
we are dealing with a local Hilbert space of dimension d = 4
significantly increases the complexity of the algorithm and
in turn limits the maximum bond dimension D that we can
reach to Dmax = 200–500. To ensure convergence both in
bond dimension and in the number of sweeps, the bond di-
mension was increased after every half sweep in steps of 20 to
arrive at Dmax. We treat the wave function as converged when
the ground-state energy does not change more than by 10−6

during one sweep.
A boundary term −ε(σ̂ z

1 + σ̂ z
1 τ̂ z

1 + σ̂ z
N + σ̂ z

N τ̂ z
N ), where N

is the system size and epsilon some positive constant of the
order of the ground state energy density per site, was intro-
duced to break the fourfold degeneracy of the ground state
and to make sure one ends up in a state with nonvanishing
local magnetization 〈σ̂ z

i 〉.
With this DMRG algorithm we could simulate quantum

chains with sufficient accuracy to distinguish chiral and con-
formal transitions in the vicinity of the four-state Potts point
and in the presence of chiral perturbations.

3. Distinguishing chiral transition and floating phase

To distinguish the different types of phase transitions, one
needs a quantity that reliably sets the transitions apart from
one another. Huse and Fisher argue that such a quantity is pro-
vided by the product of the incommensurability wave vector
q and the correlation length ξ . Generally it is expected that
the wave vector q approaches the commensurate value 0 with
an exponent β̄. While this exponent is not exactly known in
the case of the Ashkin-Teller model, it is argued that β̄ > ν

as soon as the transition is conformal. This implies that upon
approaching the transition the product q × ξ will decay to
0. In contrast, for a chiral transition β̄ = ν and the product
q × ξ remains finite upon approaching the transition. Since
the chiral transition is direct, the exponent ν should be the
same coming from either side of the transition. In the case of
a floating phase, the system is critical, i.e., it has a diverging
correlation length, while q is still nonvanishing. This implies
that on the incommensurate side one will observe q × ξ to be
diverging towards the transition. Coming from the commen-
surate side, the transition will occur via a Pokrovsky-Talapov
transition, implying a correlation length diverging with an
exponent ν = 1

2 [9].

4. Extraction of the correlation length and of the wave vector

Using the notation introduced in Eq. (1), we consider the
connected correlation function of the operators σ z

i :

Cσ
i j = 〈

σ̂ z
i σ̂ z

j

〉 − 〈
σ̂ z

i

〉〈
σ̂ z

j

〉
, (6)

where i and j denote the different sites. The correlation length
ξ as well as the wave vector q are extracted by fitting the
correlation function to the Ornstein-Zenicke form [33],

Cσ
i j ∝

exp
(−|i− j|

ξ

)
√|i − j| cos (q|i − j| + ϕ). (7)

This is attained by first fitting the correlation length, as is
indicated in Fig. 2(a). When considering log(Cσ

i j ), one easily
sees that, within the bulk, the maxima of the oscillations decay
linearly as a function of |i − j|, with a slope of − 1

ξ
. Making

use of this, one can then rescale Cσ
i j with a factor exp( |i− j

ξ
|),

which then allows one to fit the wave vector q, as indicated in
Fig. 2(b).

This procedure works very well for most of the points of
the phase diagram. A problem arises when q is very small,
which is the case at the points close to the Ashkin-Teller line.
The problem is due to the fact that, for small q, the corre-
lation function reaches machine precision before the elapse
of a whole period, making it very difficult to properly fit the
oscillations with a wave vector q. The way this issue was dealt
with was by approaching the transition from a direction in
parameter space where the oscillation period was smaller.

5. Identifying the Lifshitz line

As already mentioned, the estimate of the Lifshitz line was
obtained by scanning the phase diagram along the δ axis for
given values of λ. The estimate was then made by considering
the behavior of ξ and q × ξ at the transition for different
values of δ. We know that, at a chiral transition, the critical
exponents for the correlation length coming from either the
commensurate or the incommensurate phase (νleft and νright)
should match. Also if there is an intermediate floating phase
there should be a change in curvature on the 1

ξ
plot due to the

scaling of the correlation length ξ ∼ exp( c√
β−βc

), as well as
diverging behavior in q × ξ close to criticality. Figure 3 shows
two plots along the δ axis for λ = 1. Whereas in Figs. 3(a)
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FIG. 3. Plots of 1
ξ

and q × ξ around criticality at λ = 1 and δ = 1.1 [(a) and (b)], as well as at δ = 1.0 [(c) and (d)] and δ = 0.7 [(e) and
(f)]. The simulations were carried out on three different system sizes: N = 400, N = 700, and N = 1000. In (a) and (b) one can see indications
of an intermediate floating phase, namely the mismatch of the critical exponents νleft and νright as well as a tendency to a convex behavior close
to the criticality coming from the left. There is also a clear increase in q × ξ close to the critical point. In (c) and (d) the results can be seen
to be inconclusive as to whether the transition occurs in the chiral universality class or via a floating phase. In (e) and (f) everything points
towards a chiral transition.

and 3(b) everything points toward a critical floating phase
at λ = 1, δ = 1.1, Figs. 3(e) and 3(f) point towards a chiral
transition at λ = 1, δ = 0.7. Considerations like these enable
one to map out the different phases and put an estimate, albeit
a very approximate one, for the Lifshitz point.

III. RESULTS

1. Phase diagram

The qualitative phase diagram we found is presented in
Fig. 1. This diagram should be understood as follows. For ev-
ery pair of parameters (λ, δ) displayed in the two-dimensional
plot there is a particular value of the parameter β, introduced
in (1), where the C-IC transition occurs. One can understand
Fig. 1 as the depiction of the nature of phase transitions
occurring on a two-dimensional critical surface embedded in a

three-dimensional parameter space. This is further illustrated
in Fig. 4.

Around λ � 0.5 we find that a nonvanishing value of δ

immediately causes a floating phase to open up, whereas
for 0.5 � λ � 0.98 the transition remains direct but in the
chiral universality class once a nonvanishing chiral perturba-
tion is introduced. Furthermore, we identify a small region
λc < λ � 1 in which the transition occurs in the Ashkin-Teller
universality class for small but nonzero values of δ.

2. λ = 1

At λ = 1 it is conjectured that, with increasing δ, different
phase transitions can be observed. As mentioned above, for
0.9779 � λ � 1 it is expected that, when introducing a small
but finite perturbation δ, the incommensurate-commensurate
transition still occurs in the Ashkin-Teller universality class.

184425-4
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FIG. 4. Qualitative sketch of the nature of the quantum phase
transitions between the ordered phase with a fourfold degenerate
ground state and the disordered phase of the quantum Ashkin-Teller
model defined by the Hamiltonian of Eq. (2) as a function of λ, β,
and δ.

To examine this, simulations were carried out at λ = 1 for
different values of δ. For a given pair of λ and δ, the critical
point βc was identified and in its proximity the incommen-
surability wave vector q as well as the correlation length ξ

were extracted in order to consider the quantity q × ξ close to
the transition. For λ = 1 simulations across the critical surface
were carried out for a multitude of values of δ. Each critical
point was approached at three different angles and the scaling
of q × ξ of the different cuts was compared. The value of
q × ξ for each cut at the transition (intercept) was extracted.
The average intercept for the three cuts was then computed.

As can be seen in Fig. 5(a), as δ decreases, so does the
value of the intercepts. Taking the errors into consideration,

FIG. 5. q × ξ at the C-IC transition as a function of chiral cou-
pling δ for (a) λ = 1, (b) λ = 0.98, and (c) λ = 0.8. The dashed
lines in (a) and (b) indicate the value of δc associated with the point
where q × ξ vanishes and below which the transition is conformal.
The dotted line is a linear fit.

FIG. 6. Scaling of the quantity q × ξ with the distance to the
C-IC transition at (a) λ = 0.98, δcrit = 0.04 and at (b) λ = 1,
δcrit = 0.04.

this suggests that q × ξ goes to zero around δ � 0.05.
This would suggest that, for δ smaller than this value, the
incommensurate-commensurate transition actually occurs via
an Ashkin-Teller type transition. In Fig. 6(b) we can see q × ξ

going to zero at the transition at λ = 1 and δ = 0.04.

3. λ = 0.98

The same procedure was carried out for λ = 0.98. As for
λ = 1, we find q × ξ going to zero around δ � 0.05, Fig. 5(b).
Figure 6(a) seems to confirm that the incommensurate-
commensurate transition for λ = 0.98 and δ = 0.04 occurs
in the Ashkin-Teller universality class. As a comparison, we
carried out the same procedure for λ = 0.8, where we know
the chiral perturbation to be immediately relevant. In Fig. 5(c)
we see that, by contrast to λ = 1 and λ = 0.98, the quantity
q × ξ at the transition only vanishes for δ = 0.

4. Chiral transition

It is conjectured that for λ and δ large enough there will
be a region in the phase diagram where the IC-C transition
occurs via a chiral transition, characterized by the conver-
gence of q × ξ upon approaching the transition. Indeed, the
results of Sec. 1 seem to confirm this conjecture in the region
of the phase diagram with λ � 1 and δ � 0.05. This can be
exemplified by considering the value δ = 0.4 at λ = 1. This
δ value is considerably larger than δ = 0.05, but still small
enough that the transition does not occur via a floating phase.

184425-5
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FIG. 7. (a) q × ξ as the IC-C transition is approached at λ =
1, δ = 0.4. Every cut stands for a different direction in the plane
spanned by the parameters (δ, β) at which the transition is ap-
proached. (b) The inverse of the correlation length across the IC-C
transition at λ = 1, δ = 0.4. For the fit, the two exponents νleft and
νright as well as the point βcritical, at which the transition occurs, were
fitted simultaneously.

The results of the simulation for q × ξ of three different cuts
are shown in Fig. 7(a). Independent of the angle at which
the transition was approached in parameter space, q × ξ ap-
proaches the same value.

To further substantiate the nature of this transition as chiral,
the behavior of the correlation length was considered on both
sides of the transition. Figure 7(b) shows that the critical
exponents ν of the correlation length for both sides of the
transition match, as predicted by Huse and Fisher.

5. Lifshitz line

For any value of λ there is a δ large enough to open up
a floating phase. Since every point where the floating phase
opens up stands at the boundary of three different phases, we
refer to the set of those points as Lifshitz line. An accurate
location of the Lifshitz line is an extremely challenging task
and the Lifshitz line presented in Fig. 1 is defined up to an
error δ ± 0.05. In agreement with classical results, we ob-
serve that for λ � 0.5 a floating phase opens up immediately
once a chiral perturbation δ is introduced. Also, the diagram
indicates the small region close to λ = 1, where we observe
an Ashkin-Teller transition for finite δ.

To obtain a qualitative idea of the phase diagram including
the Lifshitz line, simulations were also carried out for values
of λ smaller than 1. The exact determination of the Lifshitz
point for a given λ is virtually impossible with the methods
we used. One can however end up with a reasonable estimate
by simply scanning the phase diagram.

In Fig. 1 one can see a qualitative diagram indicating the
range in parameter space of the different types of transitions.

IV. DISCUSSION

In the present paper we have investigated the critical prop-
erties of the quantum Ashkin-Teller model on a 1D chain with
chiral perturbations. The resulting phase diagram is in quali-
tative agreement with the previously reported phase diagram
of the classical symmetric 2D chiral Ashkin-Teller model on
the square lattice. We find clear evidence of the presence
of a region where the C-IC transition occurs in the chiral
universality class predicted by Huse and Fisher. Consistent

with the underlying theory we find that for λ � 0.98 a chiral
perturbation immediately drives the C-IC transition out of the
Ashkin-Teller universality class into either the chiral univer-
sality class (0.5 � λ) or the melting via a critical floating
phase (λ � 0.5). We map out the location of the Lifshitz line
indicating the boundary between the chiral transition and the
floating phase.

Furthermore, our methods allowed us to examine the effect
of a chiral perturbation in the region 0.98 � λ � 1, where,
on theoretical grounds, it is known that the perturbation is
irrelevant. Indeed we are able to identify a small domain in
the phase diagram where we observe a C-IC transition in the
Ashkin-Teller universality class for finite perturbations up to
the value δ � 0.04. This region has so far not been observed
in the 2D classical chiral Ashkin-Teller model. It would be
interesting to see if the boundary of this phase indeed cor-
responds to the critical value ν = νc = (1 + √

3)/4 � 0.683,
but with our current algorithm the precision on ν is not suffi-
cient to check this prediction and this point is left for future
investigation.

Finally, let us briefly comment on possible experimental re-
alizations of this phase diagram with arrays of Rydberg atoms
trapped in optical tweezers. As stated above, the conformal
point at the boundary of the period-4 lobe in the simplest array
of Rydberg atoms is characterized by the critical exponent
ν ≈ 0.78 [15,25]. However, recent proposals on multicom-
ponent and multispecies Rydberg arrays [34–38] add new
independent parameters that can be individually controlled in
experiments. This opens a way to tune the conformal critical
point and the Ashkin-Teller asymmetry parameter λ and in
turn to manipulate the appearance of the chiral transition at
the boundary of the period-4 phase. A priori, it should be
possible to realize the Ashkin-Teller critical point with λ �
0.98 followed by a finite interval of conformal transitions.
Kibble-Zurek experiments should in principle be able to check
this scenario, but this will require one to reach a much higher
accuracy than that currently available.
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APPENDIX: APPROACHING A TRANSITION FROM
DIFFERENT ANGLES IN PARAMETER SPACE

The behavior of the order parameters across the transition
should not depend on the direction in parameter space along
which the transition is approached. An illustrative example is
given by the transition at λ = 1, δ = 0.12. First, the point of
the C-IC transition in β space, labeled βc, is determined by
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FIG. 8. (a) Determining βc, i.e., the value in β space where the
C-IC transition occurs, by fitting the (inverse of the) correlation
length with a power law. (b) The extracted wave vector q for the three
different cuts listed in Table I. The inset shows an enlarged version
of cuts 1 and 2 close to the transition.

performing simulations at constant λ and δ on the commen-
surate side and then fitting the diverging correlation length,
Fig. 8(b).

Once βc has been determined, the transition is then ap-
proached from different angles in the β − δ plane. Table I

TABLE I. Points that were simulated to examine the behavior
around the transition at λ = 1, δ = 0.12, and β = 1.001. Each triplet
in a row denotes a point that was simulated. As one can see from the
bottom line in the table, each cut aims at the point of the transition,
but it is approached from three different angles in the β − δ plane. λ

is always kept at 1.

Cut 1 Cut 2 Cut 3

λ β δ λ β δ λ β δ

1 0.651 0.47
1 0.701 0.42

1 0.976 0.32 1 0.976 0.37 1 0.751 0.37
1 0.981 0.28 1 0.981 0.32 1 0.801 0.32
1 0.986 0.24 1 0.986 0.27 1 0.851 0.27
1 0.991 0.2 1 0.991 0.22 1 0.901 0.22
1 0.996 0.16 1 0.996 0.17 1 0.951 0.17
1 1.001 0.12 1 1.001 0.12 1 1.001 0.12

shows the three different cuts that were carried out in this
particular example. The corresponding plots of q are shown
in Fig. 8(a).
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