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A B S T R A C T

This paper presents a hybrid model of an energy storage system including thermal and electrical energy storage
systems in the building with thermal and electrical loads. Building receives its energy from electrical grid and
purpose is to reduce the daily energy cost by optimal operation of hybrid energy storage system. Load forecast
error is included as uncertainty and both thermal and electrical loads are modeled by Gaussian probability
distribution function. The proposed problem for optimal cooperation of hybrid thermal-electrical storage sys-
tems is mathematically expressed as mixed integer binary linear programming. The scenario-based stochastic
modelling is also included to deal with uncertainty in loading. The expressed stochastic optimization pro-
gramming minimizes the daily energy cost in building and determines the optimal charging-discharging pattern
for both thermal and electrical storage systems at the same time. The results demonstrate that electrical energy
storage system reduces the cost about 15%, the thermal energy storage system decreases the cost about 17%, and
coordinated thermal-electrical energy storage system reduces the cost about 34%. As a result, the best operation
is achieved by the coordinated thermal-electrical energy storage system.

1. Introduction

The energy storage systems (ESSs) are the technologies can store
energy during off-peak or low-cost time intervals and then send the
energy back to the system when the energy price is high or during on-
peak time periods [1]. The energy may be stored in different forms [2].
The mechanical ESS stores the energy in the mechanical form. The most
common mechanical ESS may be the pumped-storage hydroelectricity
(PSH). In the PSH, the water is pumped into a reservoir at times of peak
demand and then it is released through hydro-turbine to generate
electricity during on-peak loading [3]. The other main types of me-
chanical ESSs may be referred as compressed air ESS and flywheel ESS.
The compressed air is proper for long-term, high-capacity, and low-
speed operations and the flywheel is useful for short-term, low-capa-
city, fast-speed operations [4].

The electrochemical ESSs store energy in the form of electro-
chemical process. The common electrochemical ESSs are batteries such
as lead-acid battery, nickel–cadmium battery, lithium-ion battery, and
flow battery [5]. The supercapacitor is also one of the main methods to
store energy in the form of electrochemical process [6].

The chemical storage methods often store energy in the form of
chemical gases such as hydrogen, nitrogen, or methane [7]. The process

to convert energy to gas is known as power to gas (P2G) [8]. In this
method, the electricity is converted to hydrogen through water elec-
trolyzer and it is stored as hydrogen form in hydrogen storage systems.
The hydrogen can be combined with carbon dioxide to produce the
methane [9]. ESSs often store energy in the form of the electrical field
(e.g., capacitors) or magnetic field (e.g., Superconducting magnetics)
[10].

Thermal ESSs are also one of the useful technologies to store energy
in the form of heat [11] or cold [12]. The molten-salt technology is one
of the most common methods that is used in solar power plants [13].
The heat storage in tanks and hot rocks are the other types that store
thermal energy in the form of heat. One of the recent technologies is the
electric thermal storage heaters that are proper for home energy man-
agement [14]. It can supply the heating energy of the home during on-
peak time intervals for bill saving [15]. The pumped-heat electricity
storage may also be used for home energy management [16]. The cold
storage systems such as ice-based technology are often applied for
cooling the system during on-peak time intervals for bill saving [17].

Together with the development of different ESSs, the hybrid storage
methods are also developed and designed. In the hybrid ESS, often two
different ESSs are applied; one slow-speed and high-capacity ESS to
deal with energy issues such as energy shifting, and one high-speed and
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low-capacity ESS to deal with power issues such as power quality [18].
The different combinations of hybrid ESSs have been developed such as
battery-capacitor, superconducting magnet-battery, compressed air-ca-
pacitor, and battery-flywheel [19]. The three-level hybrid storage
method is also presented to shift energy over the months [20].

ESSs have different applications in the buildings [21] and electrical
grids [22]. In the electrical network, the ESSs can be applied for a
variety of applications ranging from short to long term functions such
as voltage control, reliability improvement, loss reduction, cost saving,
making profit, congestion relief, or renewable energy smoothing [23].
In the buildings, ESSs are used through a home energy management
system (HEMS) [24]. The HEMS is an optimization tool that optimizes
energy consumption in buildings considering different purposes such as
cost, reliability, technical constraint, resiliency, self-healing, con-
tingency, renewable energies, and ESSs [25]. ESSs are one of the useful
technologies in the HEMS and they make significant positive impacts on
the energy management tools [26].

This paper models hybrid ESS including thermal-electrical storage
in a building. The hybrid storage is optimally operated to manage en-
ergy in building. The uncertainties of the thermal and electrical loads
are modeled through Gaussian probability distribution function. The
results demonstrate that the proposed methodology can properly utilize
the hybrid thermal-electrical ESS to minimize the operational cost of
the building.

The main contributions of the paper are highlighted as follows:

• The hybrid ESS including thermal-electrical storages is utilized in
the building to reduce the energy cost (bill saving) during 24-h.

• The building is connected to the electrical grid and electrical-
thermal loads are modeled.

• The uncertainty in the loading is modeled by Gaussian probability
distribution function and scenario-based stochastic modelling is in-
cluded to deal with the uncertainty.

• The stochastic programming minimizes the daily energy cost in the

Nomenclature

Variables and parameters Definition
Cd daily operational cost ($/day)
Cegy

t cost of electricity ($/kWh)
Dti

t duration of time interval (Hour)
Ets

t energy of thermal storage (BTU-hour)
Ets

r rated capacity of thermal storage (BTU-hour)
Ees

t energy of electrical storage (kWh)
Ees

r rated capacity of electrical storage (kWh)
Kte coefficient for converting electrical energy to thermal en-

ergy
Pnet

s t, total received power from grid (kW)
Pnet

s t
1

, received power from grid for electrical demand (kW)
Pnet

s t
2

, received power from grid for thermal demand (kW)
Pde

s t, electrical demand (kW)
Pces

t charged power to electrical storage (kW)
Pdes

t discharged power from electrical storage (kW)
Pnett

s t, thermal energy produced by electrical energy (BTU)

Pdt
s t, thermal demand (BTU)

Pcts
t charged power to thermal storage (BTU)

Pdts
t discharged power from thermal storage (BTU)

Pnet
r limit of power between system and grid (kW)

Pts
r rated power of thermal storage (BTU)

Pes
r rated power of electrical storage (kW)

Rr
s probability of scenario

s S, index of scenarios, set of scenarios
t T, index of time intervals, set of time intervals
Ucts

t binary variable showing charging state for thermal storage
Udts

t binary variable showing discharging state for thermal
storage

Uces
t binary variable showing charging state for electrical sto-

rage
Udes

t binary variable showing discharging state for electrical
storage

η η,ts es efficiency of thermal and electrical storages (%)

Electrical Grid

Electrical Energy storage

Electrical Load

Thermal Load

Electricity to thermal 
energy

Thermal Energy storage

Fig. 1. The proposed model for including electrical and thermal storages.
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building and determines the optimal charging-discharging pattern
for both the thermal and electrical ESSs.

• Coordinated operation of thermal and electrical storage systems is
optimized.

2. Case study model

The schematic of the proposed model is given in the Fig. 1. In the
model, electrical and thermal loads are supplied by the electrical grid.
The electrical load is directly connected to the grid, but the electrical
ESS is operated in associated with the electrical load. The electrical ESS
stores electrical energy during off-peak loading and the electrical load
can get its energy from the electrical ESS when the energy price is high.
The thermal load is also supplied through an interfacing device for
converting the electrical energy to the thermal energy. The thermal ESS
is also operated together with thermal load. Thermal ESS can supply
thermal energy of load during on-peak time intervals. The operation
patterns of both electrical and thermal ESSs are optimized by the pro-
posed planning and the energy cost is minimized.

Electrical and thermal loads are uncertain parameters in the system
and their uncertainty is modeled by Gaussian probability distribution
function. The Gaussian function is the most common function to model
the uncertainty of the loads. This function has been widely and suc-
cessfully applied to model uncertainty related to the loads [20,27].

2.1. Numerical data of the model

In the proposed model, the initial energy of both the thermal and
electrical ESSs is set to zero and the efficiency for both of them is set to
85% [28]. The daily time is divided into 24 time periods and each time
interval is equal to one hour. The electrical and thermal loading profiles
are listed in Table 1 [26]. The peak of electrical loading is 5 kW and
thermal loading is 17,060 BTU. Each kWh is equal to 3412 BTU. The
rated power of thermal ESS is 27,296 BTU and its rated capacity is
170,600 BTU-hour. The rated power of electrical ESS is 5 kW and its
rated capacity is 50 kWh. The electricity price is listed in Table 1 [24].

The rating of ESS is often selected based on the system requirements
and depended on system loading. ESS is assumed to supply peak
loading and as a result, the best selection for rating of ESS is equal to
the peak-loading. In this paper, the peak of electrical loading is 5 kW
and the rating of ESS is therefore taken as 5 kW to deal with peak
loading.

3. Mathematical modelling

The proposed model for coordination of electrical and thermal ESSs
is expressed through an optimization programming. The optimization
problem aims to minimize the daily energy cost of the system as shown
by (1). The cost of the received power from the grid is minimized in (1).
The received power from the grid is divided into two terms as specified
by (2), the first term for supplying the electrical demand and the second
term supplying the thermal demand. All the mentioned variables are
positive as modeled through (3)–(5).

∑ ∑= × ×
∈ ∈

C P C R{( ) }d
s S t T

net
s t

egy
t

r
s,

(1)

= + ∀ ∈ ∈P P P s S t T,net
s t

net
s t

net
s t,

1
,

2
, (2)

⩾ ∀ ∈ ∈P s S t T0 ,net
s t, (3)

⩾ ∀ ∈ ∈P s S t T0 ,net
s t

2
, (4)

⩾ ∀ ∈ ∈P s S t T0 ,net
s t

1
, (5)

The received power from the grid to supply electrical demand is
modeled by (6). It includes the charged and discharged power of
electrical ESS. The variables are positive as shown by (7) and (8).

= + − ∀ ∈ ∈P P Pc Pd s S t T,net
s t

de
s t

es
t

es
t

1
, , (6)

⩾ ∀ ∈Pc t T0es
t (7)

⩾ ∀ ∈Pd t T0es
t (8)

The received power from the grid to supply thermal demand is
converted to thermal energy as modeled by (9) and the thermal energy
balance in the system is explained by (10). The charged and discharged
power of thermal ESS are modeled in (10). The variables are positive as
indicated through (11)–(13). The traded power between system and
electrical grid may also be limited by line capacity as shown in (14).

= × ∀ ∈ ∈P P K s S t T,net
s t

nett
s t

te2
, , (9)

= + − ∀ ∈ ∈P P Pc Pd s S t T,nett
s t

dt
s t

ts
t

ts
t, , (10)

⩾ ∀ ∈ ∈P s S t T0 ,nett
s t, (11)

⩾ ∀ ∈Pc t T0ts
t (12)

⩾ ∀ ∈Pd t T0ts
t (13)

⩽ ⩽ ∀ ∈ ∈P P s S t T0 | | ,net
s t

net
r, (14)

3.1. Thermal energy storage modelling

The thermal ESS is modeled through (15)–(22). The thermal ESS
charges and discharges the thermal energy. Both the charged and dis-
charged powers are limited by rated power of thermal ESS as shown by
(15) and (16).

⩽ ∀ ∈Pc P t Tts
t

ts
r (15)

⩽ ∀ ∈Pd P t Tts
t

ts
r (16)

The thermal ESS can only operate on one of the charging or dis-
charging states at each time period as modeled through (17)–(19).

+ ⩽ ∀ ∈Uc Ud t T1ts
t

ts
t (17)

= ⇒ ⎧
⎨⎩

⩽
=

∀ ∈if Uc
Pc P
Pd

t T1
0ts

t ts
t

ts
r

ts
t

(18)

Table 1
Electrical-thermal load profiles and electricity price.

Hour Electrical load profile
(%)

Thermal load profile
(%)

Electricity price
($/kWh)

1 0.25 0.45 0.08
2 0.2 0.35 0.08
3 0.2 0.25 0.08
4 0.15 0.25 0.08
5 0.2 0.35 0.08
6 0.25 0.45 0.08
7 0.3 0.6 0.08
8 0.3 0.6 0.08
9 0.35 0.65 0.16
10 0.45 0.7 0.16
11 0.55 0.7 0.16
12 0.75 0.6 0.16
13 0.9 0.6 0.16
14 0.85 0.5 0.16
15 0.7 0.55 0.16
16 0.6 0.6 0.16
17 0.7 0.75 0.24
18 0.85 0.7 0.24
19 1 0.8 0.24
20 1 0.85 0.24
21 0.95 1 0.24
22 0.9 0.9 0.24
23 0.75 0.85 0.24
24 0.5 0.65 0.24
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= ⇒ ⎧
⎨⎩

⩽
=

∀ ∈if Ud
Pd P
Pc

t T1
0ts

t ts
t

ts
r

ts
t

(19)

The thermal ESS stores thermal energy as modeled by (20) and its
capacity to store energy is limited by (21). The efficiency of the thermal
ESS is defined by (22).

= + − × ∀ ∈−E E Pc Pd D t T( )ts
t

ts
t

ts
t

ts
t

ti
t1 (20)

⩽ ∀ ∈E E t Tts
t

ts
r (21)

=
∑

∑
∈

∈

η
Pd

Pcts
t T

ts
t

t T
ts
t

(22)

3.2. Electrical energy storage modelling

The electric ESS has a model same as thermal ESS. The charged and
discharged powers of electrical ESS must be less than the rated power as
shown in (23) and (24). The storage system can only operate on one of
the charging or discharging states at each time period as shown through
(25)–(27). The efficiency and energy of storage system are defined
through (28)–(30).

⩽ ∀ ∈Pc P t Tes
t

es
r (23)

⩽ ∀ ∈Pd P t Tes
t

es
r (24)

+ ⩽ ∀ ∈Uc Ud t T1es
t

es
t (25)

= ⇒ ⎧
⎨⎩

⩽
=

∀ ∈if Uc
Pc P
Pd

t T1
0es

t es
t

es
r

es
t

(26)

= ⇒ ⎧
⎨⎩

⩽
=

∀ ∈if Ud
Pd P
Pc

t T1
0es

t es
t

es
r

es
t

(27)

=
∑

∑
∈

∈ ∈

η
Pd

Pces
t T

es
t

t t TT
es
t

(28)

= + − × ∀ ∈−E E Pc Pd D t T( )es
t

es
t

es
t

es
t

ti
t1 (29)

⩽ ∀ ∈E E t Tes
t

es
r (30)

4. Simulation results and discussions

The proposed method is simulated on the given model and the re-
sults are listed in Table 2. In order to demonstrate the impacts of both
electrical and thermal ESSs, four cases are simulated in Table 2. The
daily operational cost ($/day) in the system without storages is 26.26
($/day) and installing the electrical storage reduces the cost about 15%.
The thermal ESS decreases the cost about 17%, and installing both the
thermal-electrical storages results about 34% cost reduction. It is ob-
vious that the hybrid electrical-thermal ESS is more efficient than the
individual ESSs. The proposed optimal coordinated plan on the hybrid
electrical-thermal ESS reduces the cost more than the individual op-
eration of the ESSs. When the hybrid ESS utilizes the electrical and
thermal ESSs together, the building faces more options to utilize the
ESSs and the flexibility of the model is increased. The building, there-
fore, can set its operation on the low cost operating conditions resulting
in more cost saving.

The proposed model determines the optimal charging-discharging
pattern for both electric and thermal storage systems. The charging-
discharging pattern of thermal ESS is shown in Fig. 2. It is obvious that
the thermal ESS stores thermal energy during hours 1–6 when the
electricity price is 0.08 ($/kWh) and it discharges the energy at hours
9–24 when the electricity price is high. Such energy arbitraging reduces
the daily energy cost by about 34% (as it was discussed in Table 2). The
energy of thermal storage is depicted in Fig. 3. It is clear that the energy
is stored at initial hours and restored at the next hours. The energy at
the final time interval is zero.

The charging-discharging regime of electrical ESS is presented in
Fig. 4. It charges electrical energy during hours 1–9 and discharges the
energy when the electricity price is higher. This optimal operation
properly reduces the daily energy cost. The energy of electrical ESS is
also depicted in Fig. 5. The maximum capacity required for electrical
ESS is about 40 kWh. In this paper, the ESS shifts energy from low-cost
off-peak hours to the high-cost on-peak hours. The ESS often charges
energy in the initial 8 h of the day and discharges energy in the next
16 h. These operations are shown in Figs. 2 and 4. The backup time to
charge energy in the thermal storage system is 6 h as shown in Fig. 2

Table 2
Daily operational cost with energy storage systems.

Case Daily operational cost ($/day)

Thermal-Electrical ESS 17.71
Thermal ESS 21.81
Electrical ESS 22.16
No ESS 26.26
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Fig. 2. Charging-discharging pattern of thermal storage system.
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Fig. 3. Energy of thermal storage system.
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and it is 8 h as shown in Fig. 4.
Fig. 6 shows the received power from the grid including electrical,

thermal, and total power. The total power is the sum of electrical power

and thermal. It is seen that the received power from the grid is in-
creased at the initial hours (hours 1–9) and it is decreased during the
next hours. This process is because of energy shifting by ESSs. ESSs shift
energy from on-peak hours (hours 9–14) to the off-peak hours (hours
1–8). As a result, the peak of loading is shifted to the initial hours as
shown in the figure.

Fig. 7 shows the power of loads under on-peak loading (Hour 19). It
is clear that 70% of power is supplied by ESSs and 30% is taken from
the grid. This procedure reduces the energy cost under high-cost hours.

4.1. Error in load forecasting

Thermal and electrical loads are modeled by Gaussian distribution
to reflect the error in the load forecasting. In order to analysis the in-
fluence of such modeling, two cases including the loads without un-
certainty and with uncertainty are modeled, simulated, and compared
as listed in Table 3. The results show that the uncertainty increases the
cost about 2 ($/day). However, the thermal-electrical ESSs can properly
reduce the cost under both loadings with and without uncertainty.

4.2. Efficiency of energy storage systems

In order to analyze the effects of ESS efficiency on the model, the
efficiency of ESSs is changed and the results are listed in Table 4. It is
clear that increasing the efficiency results in less operational cost be-
cause of less energy losses. On the other hand, ESSs with low efficiency
are not used by the planning. Furthermore, costs under 40% efficiency
are similar to the case when no ESS is utilized. The results reveal that
the high-efficiency ESSs are required to make the model practical and
economic.

4.3. Sensitivity analysis

Table 5 presents the sensitivity analysis on the economic parameters
and costs. The trends of the outputs emphasize the accuracy of the si-
mulations. The operational cost is increased along with growing the
costs and vice-versa. It is also demonstrated that the electricity price is a
dominant factor in the model and it makes significant effects on the
model.

5. Conclusions

This paper presented a model for energy management by co-
ordinated electrical and thermal ESSs. The results demonstrated that
the electrical ESS reduces the cost about 15%, the thermal ESS de-
creases the cost by about 17%, and coordinated thermal-electrical ESS
reduces the cost by about 34%. As a result, the best operation is
achieved by coordinating thermal-electrical storages. The charging-
discharging pattern for both the electric and thermal ESS is also opti-
mized by the planning. The outputs illustrate that both the ESSs store
energy during initial hours when the electricity price is 0.08 ($/kWh)
and they discharge the energy at hours 9–24 when the electricity price
is high. Such energy shifting reduces the daily energy cost about 34%.
The received power from the grid is increased at initial hours (hours
1–9) and decreased during the next hours because of such energy
shifting. Under on-peak hours, about 70% of load demand is supplied
by ESSs and 30% is taken from the grid. The results indicate that the
uncertainty in load modeling increases the cost about 2 ($/day). The
ESS efficiency is also studied and discussed. The results show that the
ESSs with low efficiency are not used by the planning because of losses.
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Fig. 7. Power of loads under on-peak loading (Hour 19).

Table 3
Daily operational cost with and without uncertainty in loads.

Daily operational cost ($/day)

with uncertainty in loads without uncertainty in loads

Thermal-Electrical ESS 17.71 15.58
Thermal ESS 21.81 20.48
Electrical ESS 22.16 20.98
No ESS 26.26 25.88

Table 4
Impacts of ESS efficiency on the model.

Daily operational cost ($/day)

Efficiency 40% Efficiency 85% Efficiency 100%

Thermal-Electrical ESS 26.26 17.71 16.19
Thermal ESS 26.26 21.81 21.25
Electrical ESS 26.26 22.16 21.20
No ESS 26.26 26.26 26.26

Table 5
Sensitivity analysis of the economic parameters and costs.

Daily operational cost ($/day)

Nominal case 17.71
Increasing thermal load by 10% 18.68
Decreasing thermal load by 10% 16.83
Increasing electrical load by 10% 18.83
Decreasing electrical load by 10% 16.60
Increasing electricity price by 10% 19.48
Decreasing electricity price by 10% 15.94
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