
 
 

Delft University of Technology

Low-Rank Covariance Matrix Recovery From Rank-One Measurements
An Analytical Solution
Wang, Peilan; Fang, Jun; Ma, Binyao; Wang, Bin; Leus, Geert

DOI
10.1109/LSP.2025.3584252
Publication date
2025
Document Version
Final published version
Published in
IEEE Signal Processing Letters

Citation (APA)
Wang, P., Fang, J., Ma, B., Wang, B., & Leus, G. (2025). Low-Rank Covariance Matrix Recovery From
Rank-One Measurements: An Analytical Solution. IEEE Signal Processing Letters, 32, 2674-2678.
https://doi.org/10.1109/LSP.2025.3584252

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.

This work is downloaded from Delft University of Technology.
For technical reasons the number of authors shown on this cover page is limited to a maximum of 10.

https://doi.org/10.1109/LSP.2025.3584252
https://doi.org/10.1109/LSP.2025.3584252


 

 

 

 

 

 

 

 

 

Green Open Access added to TU Delft Institutional Repository 
as part of the Taverne amendment. 

 

 

 
 

More information about this copyright law amendment 
can be found at https://www.openaccess.nl. 

 
 

Otherwise as indicated in the copyright section: 
the publisher is the copyright holder of this work and the 

author uses the Dutch legislation to make this work public. 

https://repository.tudelft.nl/
https://www.openaccess.nl/en


2674 IEEE SIGNAL PROCESSING LETTERS, VOL. 32, 2025

Low-Rank Covariance Matrix Recovery From
Rank-One Measurements: An Analytical Solution

Peilan Wang , Member, IEEE, Jun Fang , Senior Member, IEEE, Binyao Ma, Student Member, IEEE, Bin Wang ,
and Geert Leus , Fellow, IEEE

Abstract—In this letter, we propose an analytical solution for
recovering a low-rank positive semi-definite (PSD) matrix from
its rank-one measurements. We show that by utilizing a set of
structured measurement vectors, we can analytically determine the
null space of this low-rank PSD matrix. Based on the result, the
PSD matrix can be efficiently recovered. Our analysis shows that
the proposed method only requires (N − K)(2K + 1) + K2

measurements to guarantee exact recovery of the PSD matrix,
where N and K respectively denote the dimension and the rank of
the PSD matrix. Numerical results show that the proposed method
achieves a considerable improvement over existing state-of-the-art
methods in terms of both sample complexity and computational
efficiency. Specifically, the proposed method helps improve the
computational efficiency by an order of magnitude as compared
with existing methods.

Index Terms—Low-rank covariance matrix recovery, rank-one
measurements, covariance sketching.

I. INTRODUCTION

R ECOVERING structured signals from incomplete obser-
vations presents a fundamental challenge in signal pro-

cessing [1], [2], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [13],
[14], [15], [16]. A classical problem of this kind is to estimate
a low-rank positive semi-definite (PSD) covariance matrix from
its rank-one measurements [8], [9], [10], [11], [12], [13], [14],
[15]. Such a problem arises from a variety of applications such as
quantum computing [17], [18], [19], cognitive radio [20], optical
imaging [21], [22] and radar imaging [23].

Previous works on low-rank PSD matrix recovery can be
broadly categorized into two groups [8]: convex relaxation
methods and non-convex optimization methods. The convex
relaxation methods [4], [5], [6], [7] convert the non-convex
optimization problem into a convex one by performing lifting
the dimension via nuclear norm minimization. These approaches
tend to suffer a high computational complexity, especially in
large-scale settings. Many researchers have leveraged the in-
herent Vandermonde structure or other structural properties of
the PSD matrix to further reduce sample and computational
complexity [24], [25], [26], [27]. On the other hand, nonconvex
approaches, e.g. [9], [10], [16], have shown promising results in
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both computational and statistical efficiency. But these methods
face challenges such as sensitivity to the initialization and risk
of getting stuck in local optima.

In contrast to existing works that rely on iterative approaches,
we propose an analytical solution for low-rank PSD matrix
recovery. The key idea behind the proposed method is to analyt-
ically determine the null space of the low-rank PSD matrix by
utilizing structured measurement vectors. Based on the derived
null space, the PSD matrix can be efficiently recovered. Our
analysis indicates that the proposed method is able to provide a
substantial improvement over existing state-of-the-art methods
in both sample complexity and computational complexity.

II. PROBLEM FORMULATION

We consider the problem of estimating a low-rank PSD matrix
R ∈ C

N×N from a few rank-one measurements {ym}Mm=1:

ym = aH
mRam = ‖aH

mX‖22, ∀m = 1, 2, . . . ,M, (1)

where am ∈ C
N represents the mth measurement vector, and

R = XXH with X ∈ C
N×K being a full column rank matrix.

Note that ym can also be written as:

ym = tr(RamaH
m), (2)

where amaH
m is a rank-one sensing matrix.

The problem of estimating R from {ym}Mm=1 is referred to as
rank-one matrix sensing or covariance sketching. This problem
is typically formulated as a non-convex optimization problem
with the objective of minimizing the rank of R [8]:

min
R

rank(R)

s.t. ym = tr(RamaH
m), ∀m = 1, 2, . . . ,M,

R � 0. (3)

However, the rank(·) in the objective function is non-convex,
and solving this problem is NP-hard in general. To address
this challenge, previous studies proposed a variety of convex
relaxation methods, such as nuclear norm minimization and its
variants [3]. In addition to the above approach, some other works
propose to minimize the following nonconvex least-squares (LS)
loss function via a vanilla gradient descent [9], [10]:

min
X∈CN×K

f(X) :=
1

4M

M∑
m=1

(
ym − ‖aH

mX‖22
)2

. (4)

For instance, [9] has demonstrated the surprising effectiveness of
such a method in solving the rank-one matrix sensing problem.

Despite previous efforts over past years, there still lacks an
analytical solution to solve this challenging problem. Also,
as pointed out in [9], the required sample complexity that
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guarantees recovery of the PSD matrix is in the order of
O(NK4 log(N)), which scales exponentially with the rank K
and thus incurs an excessive number of samples even for a
moderate value of K.

In this paper, by devising a set of structured measurement
vectors {am}Mm , we show that R can be exactly recovered via
an analytical method without involving any iterative steps. In
addition, the proposed method needs only (N −K)(2K + 1) +
K2 rank-one measurements, which enjoys a much lower sample
complexity than existing methods.

III. PROPOSED METHOD

To recover R from its rank-one measurements, we first aim to
obtain its column space, i.e. col(R). Note that it is challenging
to directly recover col(R) from its rank-one measurements
{ym}Mm=1. To address this challenge, we, instead, recover the
null space of R first, which is the key idea of the proposed
method. After the null space of R is obtained, its column space
can be easily determined since the orthogonal complement of
the null space is the column space of R.

A. Recovering null(R)

According to the rank-nullity theorem, the dimension of the
null space of R is given by

dim(null(R)) = N − rank(R) = N −K.

In other words, our goal is to identify N −K linearly indepen-
dent vectors that span the null space of R.

Let {a�
k}N−K

k=1 represent the vectors spanning the null space
of R, such that

a�
k
HRa�

k = 0, k = 1, 2, . . . , N −K. (5)
In the following, we discuss how to obtain a set of vectors
spanning the null space of R. We first randomly generate an
arbitrary N ×N unitary matrix

V = [v1 v2 . . . vN ] ∈ C
N×N . (6)

Let V 0 denote a matrix constructed by the first K columns of
V :

V 0 = [v1 v2 . . . vK ] ∈ C
N×K . (7)

Based on V 0, we define a set of matrices as follows:
V k = [V 0 vK+k] ∈ C

N×(K+1), k = 1, 2, . . . , N −K. (8)
We show that each vectora�

k which satisfies (5) can be written
as a linear combination of the columns of V k, i.e.,

a�
k = V kw

�
k, (9)

where w�
k is a nonzero vector. The rationale behind (9) can

be explained as follows. Let B ∈ C
N×K be a matrix such that

col(B) = col(R). Define

T k � BHV k ∈ C
K×(K+1). (10)

Since K < K + 1, there must exist a nonzero vector w�
k such

that T kw
�
k = 0, which implies that BHV kw

�
k = 0. Hence,

a�
k = V kw

�
k satisfies BHa�

k = 0, thus meeting the condition
in (5). Note that V k is a full column rank matrix. Therefore,
a�
k = V kw

�
k must be a nonzero vector for any nonzero w�

k.
We now discuss how to find the vector w�

k given a pre-
specified V k for each k. To this objective, we substitute a�

k =
V kw

�
k into (5), which yields:

0 = a�
k
HRa�

k = (w�
k)

HV H
k RV kw

�
k

= (w�
k)

HGkw
�
k, k = 1, 2, . . . , N −K, (11)

where Gk � V H
k RV k ∈ C

(K+1)×(K+1) is a reduced-
dimensional PSD matrix. Typically, we have rank(Gk) = K
with probability 1 due to the random generation of V [28].

From (11), we see that onceGk is recovered,w�
k can be deter-

mined by solving Gkwk = 0, and subsequently, a�
k = V kw

�
k

can be obtained. Thus, our goal now becomes recovering the
matrix Gk. Since Gk has a much lower dimension than that of
R, recovering Gk is considerably more favorable in terms of
sample complexity as compared to recovering R.

We now discuss how to recover Gk. For each k, we first con-
struct a set of structured measurement vectorsak,m = V kwk,m

for m = 1, 2, . . . , M̄ , where wk,m ∈ C
K+1 is a randomly gen-

erated vector. We see that each measurement vector ak,m lies in
the range space of V k. This is the reason why we say ak,m is
a structured measurement vector. The corresponding rank-one
measurement yk,m is thus given by

yk,m = aH
k,mRak,m = wH

k,mGkwk,m

= (wT
k,m ⊗wH

k,m)vec(Gk) = w̃H
k,mgk, (12)

where w̃k,m � w∗
k,m ⊗wk,m, ⊗ denotes the Kronecker prod-

uct, andgk � vec(Gk) is the vectorized form ofGk. By stacking
the measurements {yk,m}M̄m=1, we obtain

yk �

⎡
⎢⎢⎢⎣
yk,1
yk,2

...
yk,M̄

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

w̃T
k,1

w̃T
k,2
...

w̃T
k,M̄

⎤
⎥⎥⎥⎥⎦ gk

= W kgk. (13)

The above linear system has (K + 1)2 unknown variables. By
randomly generating M̄ ≥ (K + 1)2 columns {wk,m}M̄m=1, we
have almost surely that rank(W k) = (K + 1)2. Then, the un-
known vector gk can be recovered via a simple least-squares
approach, i.e.,

ĝk = (WH
k W k)

−1WH
k yk. (14)

Once gk is estimated, the matrix Gk can be recovered accord-
ingly.

After Gk is estimated, we can obtain a�
k = V kw

�
k by solv-

ing Gkw
�
k = 0. By repeating the above process for each k =

1, . . . , N −K, we can obtain a set of vectors {a�
k} with each

vector lying in the null space of R. One thing that remains to
be shown is that these N −K vectors are linearly independent
and constitute the basis for the null space of R. We have the
following result concerning this problem.

Proposition 1: Given the matrices {V k}N−K
k=1 constructed in

(8), the vectors {a�
k}N−K

k=1 obtained via the above scheme are
linearly independent with probability one.

Proof: See Appendix A. �
According to the above proposition, we know that the column

space of the matrixA � [a�
1 a

�
2 . . . a�

N−K ] spans the null space
of R, i.e. null(R) = col(A). Thus we can obtain the column
space of R by finding the null space of AH .

B. Recovering R

Denote B ∈ C
N×K as the recovered matrix whose columns

span the column space of R. Since col(B) = col(R), the PSD
R can be represented as

R = BSBH , (15)
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Algorithm 1: Proposed NSL-based Rank-One Matrix Sens-
ing Method.

Input:
A set of matrices {V k}N−K

k=1 satisfying (8); measurement

vectors {ak,m = V kwk,m}N−K,M̄
k=1,m=1 and associated

measurements {yk,m}N−K,M̄
k=1,m=1; measurement vectors

{al}Ll=1 and associated measurements {yl}Ll=1
1;

Step 1: Recover col(R)
for k = 1 to N −K do

Construct W k based on (13);
Recover gk via (14) and subsequently recover Gk;
Obtain a�

k = V kw
�
k, where w�

k is solved via
Gkw

�
k = 0;

end for
Construct A � [a�

1, . . . ,a
�
N−K ] and obtain the matrix B̂.

Step 2: Recover R
Recover S via the LS method using the measurements in
(16);
Reconstruct R = BSBH as in (15).
Output: Recovered matrix R.

where S ∈ C
K×K is a small PSD matrix. Now, our goal is to

recover the unknown small-dimensional matrix S in order to
reconstruct a high-dimensional R.

To achieve this, let al, for l = 1, 2, . . . , L, represent the lth
measurement vector. The corresponding measurement is given
by

yl = aH
l Ral = aH

l BSBHal

= cHl Scl, l = 1, 2, . . . , L, (16)

where cl � BHal. Similarly, a least-squares method can be
utilized to recover S ∈ C

K×K . It can be readily verified that
a minimum of L ≥ K2 measurements is required to recover S.
Note that we can reuse the previous rank-one measurements
{yk,m}k,m to recover S, provided that there exist at least K2

linear independent vectors {c̃l | c̃l � cl ⊗ c∗l}K
2

l=1. Thus no ex-
tra measurements are required. For clarity, we summarize the
proposed method in Algorithm 1.

IV. SAMPLE AND COMPUTATIONAL COMPLEXITY ANALYSIS

In this section, we analyze the sample and computational
complexity of the proposed method.

A. Sample Complexity Analysis

We see that the proposed method involves two steps.
In the first step, we need to recover a set of matrices
{Gk ∈ C

(K+1)×(K+1)}N−K
k=1 , which requires (N −K)M̄ ≥

(N −K)(K + 1)2 rank-one measurements. Such a sample
complexity can be further reduced by reusing some of the
measurements.

To investigate the minimum number of measurements re-
quired, let M̄min = (K + 1)2 and

wk,m = [w1
m w2

m . . . wK
m 0]T = [rTm 0]T ∈ C

K+1. (17)

1These measurements can be come from {yk,m}N−K,M̄
k=1,m=1

as long as they
satisfy the linear independence constraints required to recover S.

The associated rank-one measurement yk,m becomes

yk,m = wH
k,mGkwk,m = rHmV H

0 RV 0rm,

= (rTm ⊗ rHm) vec(V H
0 RV 0) = r̃Hmq̃0, (18)

where r̃m = r∗m ⊗ rm ∈ C
K2×1 and q̃0 = vec(V H

0 RV 0). It
is readily seen that the measurements in (18) are independent of
the index k, which implies that they can be shared in recovering
all matrices {Gk}Kk=1. Next, we further determine how many
measurements can be reused.

Let M0 denote the number of shared measurements. Since
wk,m = [rTm 0]T , we have w̃k,m = [r̃Tm 0T ]T and the result-
ing matrix W k ∈ C

M̄min×M̄min in (13) is a square matrix that
can be rewritten as

W k =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

r̃T1 0

r̃T2 0
...

...
r̃TM0

0

w̃T
k,M0+1(1 : K2) w̃T

k,M0+1(K
2 + 1 : M̄min)

...
...

w̃T
k,M̄min

(1 : K2) w̃T
k,M̄min

(K2 + 1 : M̄min)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

=

[
W (0) 0

Ck Dk

]
(19)

where w̃k,m(i : j) denotes the vector formed by the elements
between indices i and j, W (0) is the submatrix consisting of the
first M0 ×K2 entries of W k, and Ck ∈ C

(M̄min−M0)×K2
and

Dk ∈ C
(M̄min−M0)×(M̄min−K2) denote the associated submatri-

ces of W k.
By devising rm ∈ C

K×1, we can construct at most K2

linearly independent columns {r̃m ∈ C
K2×1}. If M0 = K2,

the matrix W (0) becomes a square matrix, we can easily
assure rank(W k) = M̄min = (K + 1)2 by devising Dk to
satisfy rank(Dk) = M̄min −K2 = (K + 1)2 −K2 = 2K +
1. On the other hand, ifM0 > K2, then there is no guarantee that
the resulting square matrix W k will be full rank. Therefore, the
maximum number of rank-one measurements that can be shared
in recovering {Gk}Kk=1 is equal to M0 = K2.

As for the second step, the measurements obtained in the first
step can be directly reused for the second step. Consequently,
the minimum number of rank-one measurements required by
the proposed method is Mmin = (N −K)M̄min − (N −K −
1)M0 = (N −K)(2K + 1) +K2.

B. Computational Complexity Analysis

Next, we analyze the computational complexity of the pro-
posed method. The major computational tasks include recov-
ering {Gk}N−K

k=1 and S̃, as well as obtaining null(AH). As
for the recovery of Gk, the dominant operation is the cal-
culation of WH

k yk in (14), which incurs a computational
complexity of O(M̄(K + 1)2). Similarly, the computational
complexity in recovering S̃ is at the order of O(LK2). To
obtain null(AH), a singular value decomposition needs to be
performed, which incurs a computational complexity at the order
of O(NK2), considering the fact that N 	 K [29]. Thus, the
overall computational complexity of the proposed method is
O((N −K)M̄(K + 1)2 + LK2 +NK2).
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Fig. 1. Success Rate versus M/N when N=100.

Fig. 2. Success Rate versus M/NK under different choices of (N,K).

V. SIMULATION RESULTS

In this section, we demonstrate the effectiveness of the pro-
posed method through numerical results. We consider a low-rank
PSD matrix R = XXH , where entries of X ∈ R

N×K are
independent and identically distributed (i.i.d.) random variables
following a Gaussian distributionN (0, 1

N ). The relative estima-
tion error is defined as ε � ‖R̂−R‖F /‖R‖F where R̂ is the
recovered PSD matrix.

We first consider the case of K = 1. In this case, the prob-
lem reduces to a phase retrieval problem. Classical methods
for phase retrieval include phaseMax [15] and phaseLift [14],
with the sample complexity respectively given by O(N) and
O(N logN). Also, for the phase retrieval problem, the gra-
dient descent (GD) method [9] has a sample complexity of
O(N logN), which achieves a state-of-the-art performance. We
use the metric of success rate to evaluate the performance of
respective methods. In each trial, if the relative estimation error
ε is less than 1× 10−5, the trial is considered successful. Fig. 1
depicts the success rates of respective methods as a function of
the ratioM/N . Results are averaged over 500 trials. From Fig. 1,
we see that our proposed method can recover the PSD matrix
using only 3N measurements, which presents a clear advantage
over existing methods which require at least 8N measurements
to ensure successful matrix recovery.

In Fig. 2, we plot the success rates of our proposed method
and the GD method under different choices of (N,K). We
see that our proposed method requires about 2NK ∼ 3NK
measurements to recover the low-rank PSD matrix, which is
consistent with our theoretical analysis. The GD method requires

Fig. 3. Average running Time (s) versus various combinations of (N,K).

more measurements (about 5NK) than our proposed method for
recovery of the PSD matrix. Fig. 3 reports the average running
time of respective algorithms as a function of the matrix di-
mension N . Given N = 200,K = 2, the proposed method only
requires 0.04s to exactly recover the PSD matrix while the GD
method needs nearly 1s to converge to a critical point. We see that
the proposed method is much more computationally efficient
than the GD method since it admits an analytical solution.

VI. CONCLUSION

In this letter, we proposed an analytical solution to solve the
challenging low-rank PSD matrix recovery problem from its
rank-one measurements. The proposed method requires a total
number of (N −K)(2K + 1) +K2 measurements for matrix
recovery, which is significantly smaller than the number of
measurements required by existing methods. Numerical results
were provided to illustrate the efficiency of the proposed method.

APPENDIX

The basic idea is to prove that the rank ofA is equal toN −K.
To show this, we first rewrite

a�
k = V kw

�
k = V 0uk + xkvK+k, k = 1, . . . , N −K, (20)

where w�
k = [uH

k x∗
k]

H . Typically, we have xk �= 0, ∀k with
probability 1 [28]. Define

Ā = AΓ = [ã�
1 ã

�
2 . . . ã�

N−K ], (21)

where Γ = diag(1/x1, 1/x2, . . . , 1/xN−K), ã�
k = V 0ũk +

vK+k, and ũk = uk/xk.
Clearly, we have rank(A) = rank(Ā). Defining T = Ā

H
Ā,

we can calculate T as

T =

⎡
⎢⎢⎢⎢⎣

‖ũ1‖22 + 1 ũH
1 ũ2 . . . ũH

1 ũN−K

ũH
2 ũ1 ‖ũ2‖22 + 1 . . . . . .
...

...
. . .

...

ũH
N−Kũ1 . . . . . . ‖ũN−K‖22 + 1

⎤
⎥⎥⎥⎥⎦ .

This can be recast as

T
(a)
= ŨŨ

H
+ I

(b)
= Pw(Σw + I)PH

w , (22)

where in (a) we define Ũ � [ũ1 ũ2 . . . ũN−K ]; in (b) we ex-

press the eigen-value decomposition ŨŨ
H

= PwΣwP
H
w � 0.

As a result, we have rank(T ) = rank(Σw + I) = N −K =
rank(Ā) = rank(A). This concludes the proof.
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