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In 1905, R.E. Froude stated that an irregular sea surface can be
represented by the eur!iation of many regular waves and that the sunation
of ship responses to these regular waves will represent the correspondingly
irregular ship notions. In 1933, R. Legendre actually used this technique
in an investigation of ship rolling, without hai-ing all the necessary
physical arid rr.athematca]. tools. In an SNA paper by St. Dsni and Pierson
in 1953, these ideas were first p'it on a sound foundation by utiliBir
Neujr.ann's sea observatìon.s, and the mathematical techniques of Rice, Tukey,
and Lee. e.V. Lewis i'riediately applied them to towir.g tank technique.
The ìse of irreg-ular seas in towing tank testing requires a much closer
connection between towing tank experiments and analysis than s ever been
required before. This paper is devoted maInly to a simple description of
the methods needed and used for the analysis arid interpretation of irregular
sea test data. It is hoped that it will give at least the minimum of
necessary inforration to towing tank personnel, and will serve as a guide

and an introduction to those who want to tdy the matter further,

INTRDDUCT ION

In May 1933, R. Legendre presented a paper [1 at the meeting of a
French Society in which he described his research ori th. rolling of two
cruisers, which was conducted using a theory, towing tank teets, and ob-
servatioris on ships at sea. At the end, he summarized his findings as
follows:

The rolling ctputad on the basis of the mean observed wave does
riot iave the sane character as the observed roiling, and is much
smaller.

The summation cf roll angles, computed ori the basis of the ob-
served wave, decomposed into !ts sInuscdai components, has for
its period the rtural period of the ship. it is of the same
order of maguitude as the observed rolling.

*
Numbers in brackets refer to the list cf references on page 26.
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3, In order to predict the rolling of a projetsd ship, lt is rieces-
aary ta investigate the venerai characteristics cf the actual wave.

Twenty-eight years earlier, in 19O, LZ. Fraude (2) wrote*: "Irregular

waves stich a those uionly et wltb at s .. are only a coipourid of a

nu.aiber of regular syatem3 (lrttvidaìiy of comparatively ssa11 nari,itw1a)

of various periods, ranging throughthe ihoìe t (eq to speak) repre-
sented by our diagrtris[of benavio? in regalar waves), aza.i nre. Aid the

ect of such a conpour wave series en the ode1s wo1d be more or less

a ccpowxi of the effects pper te the irivittual tnj.ts cotposiag it. n

sent [!,], in 1922, produced irreg'uìur waves in a towing tank in
ord*r to d.aTelop the slarrrìng cl' a ship model, which did not occur in
regu3ar waves. The study of actu.a. eorition. exIstIng at sea, and of

actual ehip notion a sea al8o occpIed an Lpprtant place In Geian lit-
erature, as illustrated in efexnces , 6, aiid 7, taken at randon. Al-

tbob the rregalarlty of waves arid of ship nct.icrs at sea was well reo-
ogrthed, it did not appear tO be taken into tcoount in tçrdng tank activity.

Fina?..ly,in l92, A.J. ïjlliis 183 presented at an INA eetirig a

very comprehensive tistica2. tudy of the dis ri.ztior of the rolling
pericd and amplitudes on thres tr.strorrted ships at see T1 word

rfinaliy la used advisedly to índica e the end of what can be called
the pre-dawn period." Whilet the irregiìarity of the actual sea V.38 rec
ognIed, and the Ideas or e-rn partial atte:pts to deal with it occurred,
the ecesary uìatXmaticï nd pziyslcai tools needed to put the Ideas on

a firm and practil baIa W8re lacking. The oie. outlook oc the subeet
was drasticUy çhan-ed in 1953 by the apperanoe f the papers by t. iens
and Pierson [9] cf T?' a:I }ew Tork University, respectively, arti f

Fuchs and hIs associates [10,11,12] qf the Uriiversl.ty of 0a14.fcrnia.
In thse papere it yac shown how the actai Irregular ard ever-ckiagir*
sea surface can be described athematLcally, ïnd how, on the basis of this
deioription, the otion of a ship oar. be cputed. While baicalïy rep-
resenting a tkçretical 4evs.Lopnett, these papers ha'e had a di.re't effect

34 The quotation is actually taken rxn th discuesion section of Refer-
eno 3, p. 201.
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on the activity o! towing tanks, and on the iuterpretation of towing tank
tests and. ship observations et sea alike, as will be snown latir..

The practical value of the ahoy-. papers was enhanced by the tact that
the necessary matiatical material far theirpractica1 uti1iation had
been developed within a few preceding years.. The t.erial can e diyid.d
into two groupst The first is £orred by thwork of G. Neuir..an E13,1L3,

who, by suznzriing the previous oceanographic data and by adding his own
sea observations and ded.uctions, derived the form of distribution of the
amplitudes and frequencies of the s oia1 avee into which the actual
sea can be decomposed. The second group consists of the developnent of
the rteàessary mathematjal methode, which are essentially based on the
work of Wiener (151, further deeioped by Rice [16), Lee [17), an-d Tukey t18]
in connection with the &naiyis cf noise in aornunication systems. Subse-

quently, aeronautical engineers found that atmospheric turbulence follows
the same statistical law as conmi.rnication noise and Irmediately applied
similar methods to aircraft problems (29,20,211.

For several years now, similar statistica]. methods have been applied
to the analysis of ocean wave records by the National Oceanographic
Institute in rglazid [22). The application of these ideas and thode
to towing tank work ori ships has been undsrt.aksn and vigorously pursued
by Z.V. Luwis r3,23,2,25,26i, and to the observations on ships at sea by

Cartwright [27,28). The latter application was made possible by the
recent developrnt of the ship-borne wìve-height recorder by ,J. Thoker,
described in Ieferences 29 and 30.

As nan be seen from the numerous references cited above, the litera-
tur. on the subject is quite extensivo. 1'4o'wever, it is very difficult to
follow, because the eubect was and Is in the state of rapid development.
The largely unrelated publoations deal mostly wIth the developrnent arid
theoretical foundation of the methods usod, the terrnino].or and symbols
are rt uni.tori, and the statistical mathematics involved is of the type
not generally familiar to engineers and naval architecte. The present
paper is written, therefore, as an attempt to provid, a brief and simple
suary 0f the current statue of the "Irregular sea problem," with par-
tioular emphasis on its practical application and on the resultant intsr-



pretation of towing tank sind ship observation data, suppressing all but the
most eleuentary derivations, and concentrating on the end rasults. Such a
suiary may conceivably be sufficient for administrative perEoflnel of tow-
ing tanks and it is hoped that it will serve as an introduction and a guide
to further study for the working personnel.

It should be understood from the beg1nnng that towing tar.k (as well
as ship observations) work with irregular seas requires a much closer con-
nectiori btieen exp.rixentaì arid theoretical activity thin has ev-er been
rquired in the past, The regular (or at least intended to be regular)
waves heretofore used in towing tanks have been of essentially trochoidal
shape and, with the relatively low height of 1/60 to 1/20 of the length,
d.iffer little from the sinusoidal (or often called harmonio) wave in its
action on a ship model. In the case of a carefully conducted test, t?.
pitching and heaving motions of a model nave also been sinusoidal, with
essentially uniform ailitude and period. An experianter could limit his
final report to ?lQts of aiilitude vs. wave length and ship speed or to
plots cf magutfication factor vs. frequency of wave encounter. Both of

these plots a'e fai1iar to rv&1 architects arid are easily understood.
Indeed, in th. past, theoretical analyses of euch a motion proceeded in-
dependently cf experimental work wIth only a few atteipts at cross check-
ing K.nt [1h], and Korvtn-'Kroukovsky and Lewis 23,31]).

An entirely differerrt situat.ion exists in the casó of irregular waves
in which the apparent pE'iods and amplitudes vary continuoucly arid irreg-
uls.rly On, may be tempted to report the average valués and let it go at
that, owsyer, as Legendra(l] already pointed out in 1933, such iri!ona-
tion will be unrealistic, arid in fact outright miaiaadir. A typical
record cf irregular waves and a ship model pitching and heaving is shown
on Figure 1. Each curve, i.e., of wave height, angle of pitch, and amount
of heave, is generally an irregular wiggly lirio from which very little can

be derived simply by dirsct examirtion; little purpose would be served by
submitting such a record tithe tinti result of experiments, without any

Idea as to ita meaning. In order to derive a meaning from such a record,
a matheitsica1 arlysIs is needed arid will necessarily have to accompany
any submittal of experimental data. The rature of the analysis will depend
on the probln, and this will be discussed later, after defining the
TMirregular sea1
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IRREGtJUR SEAS IN THE OCEAN AND IN THE TOWING TANK

The term confused seatt was used in the title of Reference 9, but
has since been .argely abandoned. Although it has been said by r lesser
authority than Lord Rayleigh that the basic law of the seaway is tI ap-
parent lack of any law, it ha recently boen dernoristratea by oceanographers
that this ia: is only apparent rind that, in reality, certain laws exist.
These laws are statistical, hotver, and from the point f view of the
history of science the discovery of Iaw3 of ocean waves is merely anotheD -.

step in t- discoveries of the statistical laws of mature. This methcd
of discovery started over one hurred :ar a with the discovery of the
molecular motion in gases and has since found wide application, including
the more recent studies of fluid turbulence, and of dynaidc loads in air-
planes f lying through atmospheric gusts. The world seems to be so created
trat a very large nuiber of entirely unconnected randov events produces in
aggregate ar. action which can be well defird by a law. It is important
to realize, therefore, that the irregular sea to be produced in a towing
tank must not merely have a disorderly contused appearance, but must con-
form to the statistc2 chara otertstics which are f our to exist in the
actu1 sea. The word 'nust" is used because it has been shown that ship
rctioIis alsc obey the ae fcrr of statisticul lawe. Hence, a ship motion
is related in a defInIte manner to the seaway. The use of an unrealistic.
(in its significant asoects) sea will tzrefore yield unrealistic aspects
of ship behavior. The statistical characteristics that are 8igrdficant
can be found only by a mathematìcal analysis ct wave records.

HISTOGRPMIC FORM OF ANALYSI5

There exist two basically dIfferent methods of statistical analysis,
used for different obJectIves. For the purpose of the present paper, the
tiret will be referred to as statíetical' or hietogramic," and the aecond,
a8 stIme series" or 'generlized harmoni&' analy3is. The first one con-
for in fact to the simple and most popular concept of statistics, and
does not require a profound mathematical kn1edge. It is illustrated in
Figure 2 by an exarnple taken from Reference li., which shows a section of a
long record of wave height vs. time. The record is clearly not Inu5oidal,
but one can nevertheless speak of the istanoe between successive crests

-a
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as an Aapparent period,' in order to distinguish lt rr the true period

of a sInusoidal wave. Lkise the vertical distance from a tro'igh to

the neIghboring peak Is called apparìt height. These are habitually

desigrted by and L Both of these iantities are highly variable;

a number, say 200, cf consecutive apparut. periods can be xasured and

collected ir. a table. The entire content of this table can be divided

into groups falling within the range of successive spreads of periods

say from 2 to 2,5 sec., 2.5 to 3 sec., 3 to 3. sec., etc, The number
of asurements fcrd tri each group is plotted then as the ordinate vs. T

as abscissa, Instead of plotting the actl quantity found in eac group,
the ratio of this quantity to the total quantity in percent is plotted.

This percentage is ustlly referred to as the freqency distribution."

The resulting diagrams, which are often called Rhlstograms,ht are shown on

Figure 3. These illustrate the conditions found at sea, but without any

direct reference to the causes of these coritions. By preparing separate
diagrartis from records taken at different wind strengths, a certain idea
regarding the d.pencience of waves on th. wind can be gained. Another ex-
ai'iple is given on Figure ii,, taken from Reference d. It is a plot of 200
measurements cf the amplitude of roll taken on a ship at sea. The inter-
vals into which the groups cf asure.ent3 are subdivided In thIs case are
of O.2°. Sinci this form of analysis is simple and generally well known,
the matter will riot be pursued further.

AUTO-CO9ELATION AALYSL M-014-tt (4

Generally speaking, stcgrams' illustrate well 'what 15M without
explaining "why. They indicate the range and. nature of the variation of
a single quattity, such as the apparent period, apparent amplitiie, the
level of b.nÓtn.g strs, etc,, as found by obserTatlons. They prqiide no
means of establishing the funotional relationships a'ong sea ciitiori,
ship geometry, and ship motions. Thea relationships can be obtained by
a more complicated approach described as a 'ti serieM analysis or a
"generalized rmonicN axlys1s. This will b. eensid.re4 in two sections:
first, the case wnø only cne cantity (I.e., c.trace record) at a tise
is to b. analyzed, such as the wave profil., cx' the pitching motion of a
ship; and, second., wxiri the mutual relationship of two sia1tan.oly



considered quantities is desired from a two-trace record, say th. pitching

of a ship in connection with the waves causing it. If the mutual relation-

ship of a greater number of quantities is desired, the analysis is made in
pairs, always referring to one independent quantity, usually to the wave
profile.

The initial information to be analyzed is in the forrn of an irreg-

ular record such as the wave record of Figure 2, or the upper part cf

Figure l.7This record is assured to be the result of the superposition

of an infinite nuniber of waves of all pos8ible lengths (periods cr tre-
querìcles) and all possible phase angles varying In a random fashion. In

the actual sea, the variation in the direction of propagation of various
r wave components causes short crestedness, which is an important factor in

ship motions. The consideration of short crestedxiess will become important

in the new tanks now being constructed for model tests in oblique waves.

In the present simple exposition, however, the common, long and narrow tow-

ing tank is visualized, and so randomness is limited to conponent wave

lengths and phase angles, ar all wave components propagate in the sane

direction. This is generally termed a "long-crested irregular sea."

It will be recollected that, as simple sinusoidal waves pass a cer-

tain point, say a measuring pole, tne wetted height of the pole is given

by

y(t) = A cOS(CAJt +e) , (1)

where A is the amplitude (i.e., the maximum value of y), w is the cir-
cular f reency, and E the phase lag with respect to the arbitrarily as-

sumed origin of time .t - O y(t) indicates that y is a function of

time. It Is now assumed that the amplitude A, the frequency w , and

lags E vary randcmly for an Infinite number of superposed waves, but that

A and w are functionally Interrelated, i.e., A f(w) . The problem Is
to evaluate this relatIonship. Why is this evalu*tion needed? Qn the one

hand, this function represents a permanent charact'ietic of the ever-

changing surface of an ocean. It remaira fixed as long as the length of

*
A complete list of symbols and definitIons is given on paga 30.

112

-7-



-1128-

the fetch ar the strength of the wind remain unc?nged while the actual

sccessiofl of waves chanRes continuously. On the other hand, lt gives
means for obtaining shtp motions. As R.E. Fro'ude 2J already expressed

it, if it is known how a ship reacts to a simple sinusoidal wave, ari if
it is known out of which slnuoidal waves the actual sea is coniposed, then
the final motion of a ship can be obtained. o the first part, of the prob-
len is to find those simple waves out of w.Ich the irregular sea le co-
posed, which is synonymous with evaluating the relationship A f(w)

Actually, it has been found that aiplitude squared, which is proporticr1
to the energy content of a wave, Is ¡tore significant and Is at the same

time iore easily obtained in computatlors. The relation sought IS there-

fore A2 ) , which is referred to as a Rpower density spectrum" or
"enerr density spectI-wv The analysis of ocean wave records will have

to be made by oceanographers or by people making ship observations at sea.

It will also have to be made in towing tanks in order to verify the extent

to wMch the tank sea is realistic, ar in order to interpret model motions.

At sea, the water surface changes continuo&sly, but for a reasonable
length al' time the etatisticai characteristIcs, such as the power spectrui,

remain unchanged. In practice, it becones necessary to take a sample -- a
finite length of the ever-thangir wave record. If the sample is too short,
the permanent statistical ccteristics will not be accurately evalted

if it is too 1on, the weather conditions may change. The most practical

length cf the record at sea appears to be from l2to 20 min. or from 120 to
200 appareflt wave lengths. The adjective 'apparerxt le used for the wave

period, wave length, and wave height as directly observed at sea (where

the waves are not in fact periodic), to dIstinguish them frart the period,
length, and height exactly del ird fer the sinuoidai components of the
wave. In a towing tank, for the same number of waves, the period is scaled
in proportion to the square root of the model length ratio, making the de-

sired sample of say 2 mm, for a s-ft. long model. In reality, with a nor-
mal forward model speed, a posslbl. period of observation say be only 15 to

20 sec. long. At t cperirnental Towing Tank of Steven5 Inatitute of
Technology, for instance, the equlpent is provided to produce a standard
wave pattezi, changing continuously for 2 min. t26). In order to provide
a good sampling, the shIp model Is run in five eection o! tk.s wave pattern,



and the mear. of the final analyzed results is then taken. Whether in the

towing tank or at sea, therefore, the practical problem is to analyze a

section of the record of a finite length.

The well-known method, of course, would be to apply the Fouri_er

Harmonic Analyi. With the record containing possibly up to 200 waves,

and with the desired resolution up to, say, the
10th

harmonic, t labor

involved becomes prohibitive. A simpler method, known as

has been four, but even with this the whole procedure is made practical

only by t] availability of automatic computing machines. The priiples
of t auto-correlation procediare will be clear from the following simple

derivation taken from Rice [16, p. 166].

It is well known that, in many probl.ts of heat transfer or in elec-

tricity, a function of irregular form cari be approximated by the summation

of harmonic waves of various amplitudes arxi frequencies, i.e., in a Fourier

series. Thus, let the sample wave record, such as is shown on FIgure 2, be

expanded in a Fourier series. The value y(t) of the function represented

by the record at any time t will be

y(t) - + (a cos nwt + b sin nwt) , (2)

n-1

th
where a and b are the amplitudes of the n harmonic coelne and sine

waves. These amplitudes are evaluated in the they of Fourier series by

a fy(t) cos nwt dt

b

21T
sin nt dt ,

(3)

where T is the total length of the sazple, Let the record now be shifted
by an ount of tim. T . equation (2) then becom.s

y(t.t)
.
fa cos nj(t+T) + b sin n(t.T)}

TM-112
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The shifting of the record evidently did not modify any of ita statistical
properties. However, a new relationship now appears -- that of the depend-

ence of the measured y(t) on the sum (t fr) In order to find the

characteristics of this dependence, series (2) and (Ii) are multiplied, and

integrated with respect to t , yielding

T 2°oa 1f 2 b2)cosnwT+K (5)y(t) y(t+r) dt =
-

¼a
+

o flIl

The shift r is accomplished si times so that the integral ori the left-
hand side, which is ncM called the "auto-correlation function, becomes a

function of T and is designated by 'k (r) . It is readily evaluated from
a record by dividing its length. T into n uniformly spaced parts of

length ¿t, and reading the ordiites of the wave record trace y at

each of these divisions correspording to the times t, t2, t3 ... etc.,

as well as at a number of points t1+At, t142ót,...,t1+m.At; t2+At,
t2+2At,...,t2+.At, etc. until all n number of time points and rn number

of increments t forming T are covered. The multiplicatiorE and the in-

tegration indicated by the 1eft-nd side of equation (5) are then accom-
plished on an automatic computing machine

The practical significance of the auto-correlation function '(r)
is dnonstrated by consideration of the right-hand side of equation (S).

2 2
The sunution of the squares oí' the amplitudes a and b for each

harmonic component n represents the square of the total alitude of the
wave, which will be designated A2. One-half of the amplitude squared,

multiplied by the weight of water per bic foot represente the

energy contained in the
th

harmonic component. The summation of the

energies contained in each trmcnic component over the total number of

components n gives the total energy content of the sea wave:r'ecord under
consideration. Making n infinitely large and At infinitely small peP!

sits the relationship (5) to be expressed in integral font, i.e.,

'4'(T) G coswTd (6)

where the symbol G is used to represent the energy in the wave component



w
4

of the circular frequency w (wave period 2u/w) . The constant term in
a0 is elimirted here by assuming the ordinates y to be asured from

the ran line of the record. The symbol desiates a certain error
resulting from the ends of the record at which the tL"is t + T cannot be

carried to the full value of T mAt. This error is assumed to be made
email by a sufficiently large number of subdivisions ri with respect to m.

Equation wi be solved for by usii a Fourier transform,
ytelding

cos wTdT
Y7 *I)

The as.ito-.correlation function k(r) can be readily obtaitd from the
measurements of the wave record and from the integrat ion indicated by the
left-hand side equation (s). The second integration ix4icated by the
right-har4 side of equation (7) yields then the value of or the
wave energy for each circular frequency w 'With a continuous dtstrib'tr-
tion of fmquences, one speaks of the enrgy Q(w) dw contained in a
band cf frequer4cies beten w and w +Aw, rather than of the energy at
a given frequency.

In fact, with the total energy in the wave system designated as E

the energy density distribution is defined as

G .r-
yy ciw

The irass or weigbt of water is usually not diroct1r included, and so the
energy E and the energy density distribution G are given merely as
half of the squares of the wave amplitudes. The effect of the water density
is incled implicitly in the frequency response funtio&' discussed later.

A plot of 07(w) vs. w , as uasured frei a wave record obtained in
a towing tank, is shown ori Figure 5a. A similar plot, obtained by the same
procedure from a record of the pitching motion cf a ship model, is shown cri
Figure c. The symbol z(t) will be used to designate ship motion ordinates
measured at uniform time intervals of At, and G(w) will be used to
deriote the power aFectru1 cf the ship motion. The spectral deneity G(w)

(7)

TI- 112



ifl the ecord case, it is visualized that power epectra for the sea,
and for the ship (or rrodel)1. , were obtaird at sea or in ir-

i.-s-- "- -'- - - -
can. be considered as being obtained from a record of the ship iodel pitch-
ing in sinusoidal waves at a nurtber of frequenctee c (..e., periods 2i/w
as obtained from a series of tests in a towing tank). The abscissa of this
plot is the same as on the two others, representing the circular frequency

of encounter of the ship by waves. The ordinates are the ratios of the am-

plitude of rodel notions, say the maxisuim angle of pitch in regular waves,

to the wave height at a given frequency. In the dynamics of rigid bodies,

the "manificatio&' or resonance" factor (or, alternatively, 1/impedance)
is defined as the ratio of the amplitude of the body swing to the displace-
ment which would haire resulted from a steady application of the exciting

force or moment. In the present case, however, the motions are referred
not to the true exciting force, but to the wave height, which is the only

cuantity present in the wave record of Figure 5a. The ordinates of the
curve of Figure 5b are then expressed as "pitchrig angle per unit amplitude
of wave height," amcunt of heave per unit of wave height,'T etc. The en-

tire curve is referred to as the "frequency response function," and is des-
ignated here by i() . St. Denis and Pierson [91 referred to it as the

"response amplitude operator. 'T

The value of the entire development outlined above hinges on the

fact, derived in the theory of time series, that three parts of Figure 5
are so interconnected tt if any two are Iaiowri, the third io thereby
uniquely determined. SbolicaUy expres3ed, the two important practical

cases are

- G(w) {yfl}2 (3)

G ()
- .

()

In the first case, it is visualized that the ship response Y(w) s

been previously determined in a towing tank oxperint or by calanlatioD.
The ship behavior characterized by G(tI.J) can then be computad for any

sea state described by G
yy

and

- 13



the wave is twice the potential crie. With regard.to this, letting T O

in equation (6) gives

T

fy(t) dt )dw

Mean wave amplitude 0.886 ¡
Mean amplitude cf 1/3 highest waves 1J46 I
Mean amplitude cf 1/10 highest waves - 1.800
Mean aç1itude of 1/100 highest waves 2.359

i.e., the mean enerr of the atua1 waves is equui to the area of the errgy
spectrum. Often, however, instead of expressing G as A 2/2 , the

2ariplitude squared, A , is used. In such a case, the mean energy ís
given as half of the area of the spectrum.

Now let desigrte the apparent wave amplitudes observed ¿t sea,
The "root-mean-arnjare amplitude is then defIned as

¡ =\// (i2 a2 + (12)

It has been shown by Longuet-Higglns [32] that is connected with
the area of the energy density spectrwTl. Henoe,

For the wave height
defined as the total
distance from crest
to trough, these fig'-
uree should be doubled.

These tbeoreti11y derived r.1at.onships appear to be well confirmed by

observations at sea. The mean of 1/3 highest waves iS given the name
"iiificant wave heit, arid is usually reported in all wave observa-
tions, It apprs that t mear. wave observed visually at sea corresponds
approximately to the "significant height," since t observer tends to
overlook the small waves and ripples, which would enter into the definition
of the tr.u mean, Thus the 'signiftcant wave height5 provides th. link b.-
twesn practical sea observations arxi the th.or.tca1 concept of the sn.rgy
spectrum.

= JJrea of Enerr Density Spectrum (13)

It s alzo been shown by Longuet-Higginz [32] that various heights of the
actual waves resulting from t energy spectrum cn be defined in terms of

as follows:
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Siuiilarly, when the per spectru of the ship motion is found, the
root-nean-sqre found fro!1 the speotru will define the xan aplt-
tudes of the motions to be expected on the basis of the iort-}iiggins
relatiorrships tabu.lated abovn.

It is ehasized that the individuai'implit.udes of the npont
waves rep-resent e!sentially a iathertical corcept and have rio direct con-
nection with the visia11y observed sea wave. In the observed sea, al]. of
t he cor.pon it s ars pre se r simultane cue ly, and therefore only the area of
the spectrum, or the t-nn-equare amplitude ¡ , has a physical aig-
nificance in defining the sea state. This is p&rticuarly important in
connection with the ship notion power epeetrm' 3w) shown in Figure c.

It ray often b fo.ind to have u xp.ct.d ndulatione, mostly because of the
defects of the analysis tri using relationship (5). These undulatioris have

little significance, howiver, since the firmi significance of this spectrum
dipende only on its area. Thia statement is not necessarily true for any
possible form of the &iergy spectrum, but it i essintially tzui for the
spectra resulting fror sea aya records id f roa ship notion recorde.

The above retark about the unimportance of the shape of th. energy
spectrimi refers cnly to thefim*i result of the ar*lysie. In the earlier
stages, say whi using relationship (8), it is important to know the eps
of the see epectru.m G () , since each partilar ordinate G (w ) must

be multiplied by the corresponding ordin&te ry(w1)) and the result is
evidently affected by the nature of the variation of with w. The

form of the sea power spectrum resulting frc a wind blowing in
ox direction for a stfticient ti;ie and over euffidjent fetch has been
establiehed by Neumann 3] òn the basis of theoretical coneideratons
together with smprical ohs. vatina at sea, It is defined as

whsr w - circnlar frequency in radians/eec. In CS unite with
g a 98L1 cm/eec.2 and wind strength t in /sèc., .eumann ivee the
value of C - 8.2?) 1Ô" The forri of the sectrum for different
wind strengths is shown on Pigure 6., The dotted-limb curves cn Figure 3
how the distribution of 'apparent periods reeuitt. f rom the above

- l -
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This, the 'tappar.nt wave length" for a given "apparert periodTM i. 2/3 of

what it would have been for the trae length and period in aisgular aea.

spectra with tÌe histogramic summary of direct observatio at sea. In-

dependent analyses {33,3L] ve confirrned the freouency distribution found

by Neumann, but a question has been raised as to whether tre constant C

is net too large.

The Newnann spectrum refers to tbe Nfully developed sea,'4 i.e. , the

sea having reached the state of equilibrium, so that it does not grow with

further increases in wind duration or length of the fetch. This condition

will be often fulfilled in light winds, but extremely seldom in winds of

gale force. Furthermore, in reality, the sea genera ted by local winds

will often be accompanied by swells from dist.arit storI9s. The spectrum

of the swell can be predicted by methods 4ven by P!erson and Neumann [3g),

and. superimposed on the local storm sea. For the time being, then, it ap-

pears that the most practical procedure for twin tar organizations

to accept Neumann's epectruxr in routine work, keepir in mir th posstbility
of reducing the constant C if the correlation between the behavior of a

ode1 in a towing tank and the ship at sea can thereby be improved.

In t case of a regular inu5oidl or trochoidal wave, the wave

lenth period, and celerity are defired by well-knrn relations i

Wave Length X gT0/2n (i5)

Period T0 ;j7g (16)

Celerity c

These relationships are valid for the harmonic components of the sea wave,

but observable and. will result from the superposition of an

irtfinite number of components and. will ve different values. From sta-

tistical cons1deratons, Pierson f36) deduces that the relationship
for the average distance between wave crests L and the average time in-

terval between crests ±8

r 2 (18)



This relationship is particularly valuable for sea observations, eince the
apparent peri«ìs can be obser'red with much greater accuracy than the ap-
parent wav lengths.

COiLATION OR CROSS-SPECTRAL ANALS1S

Returning now to enuation (2), lt is noted that tha Fourier expansion
can be made in an alternate form (disregarding the constant and error
terms):

y(t) = cos(n _e) (19)
n 'l

In the form of equatIon (2), y(t) can be t1ought of as being a vector cf
magnitude C (a2 + b2)"2, the direction Of whicn is defined by the
relationship of the cosine and sine terms. In the form of eouatlorA (19),
this direction is given exp1tdtly by the phase lag angle E Both Cn
and E are taken as varying Independently and randomly. When cnLy one

record is availabls, and the procedure used to obtain equation () is fol-
lawd, the phase angle E is lost. As a result it is possible to obtain
from the original record the auto-correlation function '(r) ar the power
sp.ctrti G(w) but lt le not possible to reveres the process and to ob-
tain the ori.ginal record fron the power spectrun. In this procedure, the
thfomation which can be found from relationship (9) in order to 0008truct
the diagran of 'tgure 5b1 is not corip1ete, in that no infcrtion regarding
the phase relatIonship between the wave and ship motions is given, in ar.y

cases this phase relationship will be no lesa irpertant than the ap1lti.ide
relationship. An example is the case of slamming whith, according to
Szebshely [37J and Iwis [38], occurs when the ships forefoot emerges
from the water arLd eubsaquently, in descending motion, contact with water
is rmde at the near maxiwm vertical velocity of the bow. The (hiily in-
desirable) fulfi11ent of both of these conditions depends on a oertain
phase relationship between the ship and wave motIons. Another often i'i-
portant probisa is to find the amount (i.e., phase) by which the heaving
motion lags aftir pitching, or in other words the apparent axis about
which the ship pttches. This defines the relative aiount of bow and

'M-l12
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stern motions and accelerations, and different criteria may be found to be

desirable for different typas of ships. The p}-se relationship for regular

waves can be readily obtained the problem is to eyaluate it 5tatistically

for irregular waves. In other words, the problem is to establish in all de-

taue the way in which the ship iotion follows that of t irregular wave.

Conversely, in the case defined by equation (9),tbe probien is to obtain
the ship response described by its magnitude and it phase lag; the latter

is directly connected with such important hydrodynamic pa.rasters as damping.

The basic information for the analysis consists now of two records,
say those of the wave height and of the pitching motion of the ship made

simultaneously, usually in the fort of two traces on the same recording

tape. A sample length of the tape, corresponding to T sec., is chosen

and is subdivided into n unif orn divisions as before. The ordiztes of

the two record traces are treasured, giving a series of nurnbers y(t) for
the wave record, and z(t.) for.the pitching record. The measurements are

repeated at t + T, where T is the lag taken from i to in increrrnts At

after each value of t The across correlation" function is foned by

analocry with equation (s):

r,,

Y(r) j(t) z(t +r) dt

The CT cross-spectral density" is calculated again by the Fourier

transforti, this tinie in complex form:

G aT
vz nJ

o

It is necessary to resort to complex notation in order to handle tuo
quantities -- the nagriitude and the phase angle - in one compact mathe-

rnatical expression. After ali of the integrations are completed (on an

automatic computing machine), the result takes the general form of

G(w) (22)

The real quantity ¿ is called th. "co-power spectrum," and indicates the

product of the in-phase frequency compornte of two iz.ividua1 spectra,



y(t) and s(t) T 1nairv part 1? s ol1ed quadrature spetrur
or quad-spectrun,' and iriicte tie pr$et of 900 out of phaee frequency
components of these two nàtons.

The ship frequency repocse function i now evaluated (l7a] s

G (w)
Y(w)

-
(23)

i.e., (quot.ing from F.B. Smith [21]) the transfer function Y1(w) equal

the input-output (in the present case,- wave-ship motIon) cross spectruii
divided by the power spectrwì cf input (i.e., wave)

This is obviou1y also a complex uant.ty containing simultaneous values
of two tharacteristic -- the amplitude of ship motior and the phase lag
of ship mction witb respect to wave- rction for each siple wave component
corresporing to a frequency w , i.e.,

i ((LI t t E)Y1)al-jbAe s

where A (a2 + b2)I/2 and tan b/a

it will be recollected that when tie ship response to regular waves
is calited theoretically, as shown in feince 31, the final answer s
given ma complex fcr lderitical with equatlou (2h). Also, wten a iodelis
tested in a towing tank in regular waves, the amplitude A and the phase
angle are directly reaured. tin thse data are obtired for a number
of wave frequencies w the resulting rapb of A and vo. frequency w
is given the nane of freuency response £uzcticn,' desígnated here by

The subscript ï. is ad.ded to eir the reader that this is a co'n-
plex quantity, ar to relate it tò a simí]r function Y(w) used in equa
tian (9) in connection with the a'uto-correìtion arìalyis, which is a real
quantity. Actually, Y(w) is the rnodulus of T1(w)

It should be clear from the above discussion that t1 frequency re-
spense function !(w) , or in simle words the ratib of aplitude of ship
motion to wave ight, and the pÌss lag plotted agait frequency, which
are characteristics of the ship rrn and mass distribution, can be obtained
by 'our different method

T!-1l2
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By computations such as are given in Fefererice 31.

By a series of model tests in a towing tank, in regular waves at
a nurber of frequencies.

By a cross-spectral analysis of records of wave and ¡del motion

in irregular waves in a towing tank.

L. By the sane proces's using the recds obtained on a ship at sea.

Since the function Y.(w) is a chaxcteristic coion to all of the

above rtethods, all attempts to correlate the results of the different ap-

proaches should be nade on the basis of !(w) Furthermore, Y1cw) is a
specific characteristic of the form and mass di8tribution of a ship. Math-

ods (i) and (2) are based on the same conditions of model operation, arid
therefore close agreenent between the results can reasonably be expeoted.

The correlation of (3) with (i) and (2) can be expected to be good in waves
of low height and small ship motions, when the various forces involved are

linearly connected with the ship motions. A certain discrepancl must naces-

sarily arise in the case of more severe motions, when the force ar motion

relationships strongly deviate from the assumed linearity. The most important;

feature cf the cross-spectral analysis, however, is that it permits the data

of the model and the ship -- items (3) and (Li) -- to be correlated on an

equal basis. The ship test data will always refer to a different sea state;

the sea is ever-changing and never repeats itself, The application of the
cross-spectral analysis, however, permits a permanent part, i.e., the fre-

quency response !1(w) , to be extracted from the aver-cngir record.

Because of the ever-changing nature of the sea, it will not be practical to

attempt to duplicate in a towing tank every oondi.t ion actually met by a

ship; this would be extremely costly and not particularly useful. A towing

tank should preferably etarsiardise on a certain typical irregular wave pat-
tern, for Instance, euch as that describid by Neumann's power spectrum, con-
centrating its effort on having this pattern accurately reproducible. The

frequency response functIon (w) is a property of the model form and mase
distribution, it Is basically independent of the details of the wave power

ap.ctrui of the tank, and it is directly comparable to that obtained at sea,
provided the sIgnificant ware heights do not differ materially,

Towing tank personnel are generally conecious of geometric accuracy



in the reproduction of a ship in the model and in haying the oorreot load

waterline. In tests involving ouly pitching and heaving in head or fol-
lowing seas, the moment of inertia about the transveràe axis of ta ship

must be reproduc&d accurately. In tes involving rolling and yawing, not
only the moment of inertia, but aleo t products of ixrtia ,tuat b. re-
produced accurately. 3enerally, even a pitching record on a ship at sea
is merely a record abstracted from the ottons in ali six degrees of free-
dom. In th correlat.ion of such test data with towing tank test data, the
correct products of inertia should be nrovided. it iS necessary, therefore,
that any ship observation data to be analyzed be accompanied by sufficiently
complete weight d.istribution data for the calculation of the momente of in-

ertia ar of the products cf tnertla,

FILTERING TEcHNIQUE OF ANALYSLS

The deecription.of the analysis process given above was based on
anua1 measurements of a paper tape record1 with subsequent processing on

a digital type cf automatic computing machine. This method was given first
because it appears to be directly connected wlth the basic theory of
t Utii series. ' In practIce, the applicatic of an eactronic filtering
technique percits a much more rapid and less costly tbo4 f analysis,
when the necessary special equipnnt is available. The Input into the an-
alyzer proper is usually in te form of a frequency-modulated electric
carrier wave. Physilly, it is produced by scanning the record made on
a magnetic tape, or scanning a paper or film tape with phtocslls. In the
latter case, the paper or film on one side of the trace ts blackened, as
is described in References 22 and 39. A suitable length of the record tape
is spliced into a loop, ani the loop is run contInuously through the anal-
yzer. The output of the rsadir heads, after suitable electronic rnipu1a-
tiens, is applied to an electric filter, through which only a certain nar-
row band cf frequencies can pass. The energy contained in this narrow band
is then measured a plotted, The posItion of thIs band on the entire fre-
quency scale is then varied, eith by varying the filter characteristics,
or by using a fixed filter arid varying the speed at whIch the record tape
moves past th. reading head. A a result of applying this filter, &r
measuring the power which passed through it at various frequencies, the

TM-112
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entire power spectrum is directly plotted. A simple and clear description

of the principles of this process is riven in a paper by Francis B. Smith [213,

which is attached as an Appendix to the present memorandum viththe kir

permission of the Aercnautical Engineering Review," More detailed des-
criptions of the lctronics involved are presented in Reference LEO, and a

cor?prehensive analysis of the theory, an evalticn of the unavoidable er-

rors, and the accuracy to be expected are given in Reference bi.

Only one aspect of the above process needs to be discussed further.

When a finite-length sample cf a continuous record of the wave or ship mo-

tiön is taken arx is spliced into a loop, the continuous distribution of
frequencies is in fact replaced by a series of discrete haonics cf the

periods obtained by dividing the longest poesthie period, equal to the

length of the record T , by the whole numbers 1, 2, 3,...,n (Reference 30).

If the filter used were cacable of a very fine resolution of frequencies,

the power spectrum would be represented by a series of sharp spikes, since
the energy would be shown to be contained only at these discrete frequencies.

This would represent not a true natoral phenomenon, but a distortion of it
by the properties cf the analyzIng instrument. This difficulty 18 avoided
by using a filter capable of passing a certain band width of ACi at any

particular frequency w . A diagram shaving the percentage of energy passed

vs. the interval Aw is shown on Figure 7. Only a typical form of the

diagram is shown, but the magnitude of Aw in terms of the number of dis-

crete frequency peaks it can cover can be 'varied to suit the condltioni.

By passing the energy distributed over the range cf Aw, such a filter
acts as an integrating ar averaging device. Eence, displacing or sliding

the filter over the entire frequency range w gives a smooth plot of the

paver spectrum Instead of a series of discrete peaks. The terms Msmoothingn

and av-eraging" used in the echaratic descriptions of such analyzers cover
the various devices tt are used to alleviate the drawbacks reeu1ting from

the properties o! an analyzing instrument, The width Aw, however, a!-

fecte the reeulti of the analysis. If tAw covers too few of the discreta
Fourier fre4uenci.s, the resulting record nay be too irregular or jumpy,
becaus. various accidental events are not statIstically averaged. If tAW
covare too many Fourier frequencies, the record may be too smooth in the
sine, that it may havi obliterated soma significant undulations of the



record. The proper choice of barri width is a very irortant question,
further elucidation of which i four in References 1 an hi,

Although the above rerks have been given in cormectiori with the
record spliced Into a 100Ç and filtered, they re to a large exteflt ap-
plicable as well to the digital analyi dIscussed earlier. The plot of
the auto-correlation functicr. ii(r) generally reeenble2 the curve of an
electronic filter. One could actually think of 41(T) as the filter by
which the length T of the record is scanned; in fact, the words filtertt
o coputational f j1ter are used jr. thIs connection by Tukey In Refer-
ence ló. The consideratIons that are involved i the choiCe of the suitable
band width cf an electrIc filter are also involved In the choice of the nui-
ber of subidivis ions n of the reccrd, and ir. the vaxium number m of
such subdivisions used for the record dìsplaceent T The procedure used
to optimize the results 1 given or. pages 51-56 of Referenee id.

FRtTÀL PCU

Ir. the present paper, attention has been concentrated on the analyti-
cal procedure, because it Is in the .rnderstand.Ing and application of this
procedure tt the whole scope cf the problem of the irregular sea essen-
tially lies. The exoerlinental techniues applied in using irregular waves
do not differ much frcr those eiplo:.'ed for testa in regular waves. The appa-
ratus for tthg models must allow the cdel to be free to pItch, heave, and
suzge, and must record these mnoticna on a tape. ecriptions of suitable
apparatus are given y r. F.H. Todd and by the preerit author in Refer-
eneee ¿42 and i3, respectively. An added feature is the method of making
a reproducible irregular wave. The method ezmpioyed at the Ecperiental
Towing Tank of Stevens :nstltute of echnologv Is described by E. V. Lewis
in Refeznce ¿.&*. The wavernaker sed is of the vertical plunger type, with
the rnotor speed controlled by a rÌeotat wIth 25 control points. A 100-
contact rotary steppir witc'n is driven by the same ctor through a re-
duction gearthg such as to r.ake It advance one step for each stroke of the
plunger. The cofltacts of the stepping switch re randoml' connected to
the rheostat pcint.s so that wide rare or voltages cari be randomly applied
to the notor. The notor is shunt WQUILd, and a high magnetic flux is rein-
tamed in the field. Thus, the rmatur reacts lively either to the appli-
cation of the accelerating voltage, or to the re.generative braking when the
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voltage is reduced. Since the stroke of- the plunger reiins fixed, the
wavaker produces waves that are too high at the higher frequencies. Thse
are attenuated to the height commensurable with the height of the 1cv-
frecuency waves by isans of a float 3 ft. wide, extending the width of the
tank just in front of the wavemakar. Th* diaarns given iz Reference 1414
indicate that the resultant wave pattern of about 2-min. duration is satis-
factorily reproduced at will, arid that its pc*er spectrum correspos ap-
proximately to Neuiann's speg.rrn for a 140-knot wtr, which has not b1n
quite long enough to produce a "ThIly arisen sea." A fully arisen sea at
a 140-knot wind would be a rare occurrence in nature. To the author 's
knowledge, E,, Lewis wo described in References 23, 214, 25, and 1414 is
the only example to date cf the use of irregular seas in connection with
ship models in a towing tank in which effort Ls made to represent the
statisttcal properties cf a sea spectrum, and the results are beim contin-
uously checked by the methods of extended harmonic' analysis..

Lnediate1y next in importance to the method of wave generation is
the problem of wave absorption by a suitable beach at the ei of the tank,
This problem has not appeared to be critical in tests in regular waves, be-
cause it has been possible to generate a certain nimber of regular waves
and to ta a reco of the model motions f or a few secoa before any re-
flected wave makes its appearance. In the case of an irregular sea, how-
ever, it is uu&lly necessary to run the wavemaker continuously for longE'
periods, and a good wave-absorbing beach is necessary to av-oid the standing
wave system. It should be noted that the standing wave system, resulting
from the reflection from a poor beach, in nc way resembles the progressive
system of irregular waves at sea. The reader is warned again not to take
any disorderly water motion as betng a realistic sea wave. The irregular
sea waves form a progressive wave system definitely che.rac'rised by a cer-
tain power spectrum, which apparently conforms closely in forn to the one
derived by neumann [13,114].

CONCLtYDING ARKS

In th. above exposition an attempt has been made to present as sily
as possible the informatIon on the irregular sea as found in nature, andas it
le reproduced Cm its essential features) ma towing tank. The "eseentisi



featurss are defined sipiy M firat, in a limIted form by i'eans o!
itogz'ams, and then in a more useful form by the "power density spec-P

trump den-red by the auto-correlation techniq in generalized harmonic
analysts. Any recorded feature of t1e motion of a ship or a ship ixiel
can be aralyzed in a similar way. From the relation of the esa arid ship
power spectra, the tharactu?istics of the ship (i..., its frequency re-
sportas function) nbe obtained. By formi an energy croas spectrum
of th. wave and ship records, th ship characteristics can e described
not only by the values o! the mgnification factor, but by th. accompanying
phase angle lags as we].1 This complete form of' ship response function
serves then as the link corou to model tests in irregular asas in the ttnk,
obaervattcne cri a ship at sea, model tests in r.plaa' waves, a the cal-
culations of model irotione in regular waves. These latter form in turn
th. link between the observable complex motIon ci' a ship and it. funda-
mental dynamic and geometric properties.

In an attempt to provide a simple and vivid exposition of the funda-
mental reatiouehips, many details have had to be suppressed. Various
statements have been made tri definite positive forme, suppressing the Uif 's"
arid "but's' which are uau*Uv considered to b. necessary in a learned tread»
tise. In particular, the positiv. etatmerit msds in regard to th zslation-
ships amc the three parte o! Figure 5 and the relationships .8) and (9)
probably ahld be oftened. The positive asertion refers to an ideal
caes, whereas, in practice, certain errore and deviations certainly occur.
However, th. work of Lewis and Nuita (26) indIcates that these relation-
ships hold reasonably well.

In conclusion, the following reading list is suggested to those viah'
ing to gain a deep understanding of the techniques employed in connection
with irregular seas, either in a tcMing tank or' at seat

On the eomposizioa of ocean wavee References 13., 35, )5,
and L46, in the order given.

Introducticr to the generalized harmonic analysis and its appli-
cationsi References 21 (attached here as an Appendix), 19, and 20.

Cv Advanced time series (generalized harmonic) analysts: Refer-
ences l, 17, ¿7 and li;&,
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LIST OF SBOL5

A The amplitte, i.e., rxiu value of y(t), in ainusoidal waves;
used also for amplitude of ship actions
Root.'mean-square amplitude, I.e.,
£iiplituds of irividual harmonic wave components

o Wave celerity
Apparent wave celerity

f Frequency of occurrence
Power spectral density of wave record y(t)
Power spectral densIty of ship motion record z(t)

G(ci) Crcss-spectral density of wave and ship motion
g AcceleratIon of gravity

Apparent wave heIght Of irregular waves
Mean apparent period
ApDarent wave length
Mear. apparent wave length

MaxIn'ium nuiber of time subdivisions At forming T
n Number of subdivision of the length of the record T
T tngth of a r.cord in seconds

Apparent period of irregular waves
Mean apparent period

T Feriad of a harmonic wave

t Ti*
it Wind velocity
Y(w) Frequency response function (modulus of)
Y() Complex frequency response function

y(t) An ordinate of a waite record at time t

z(t) An ordinate of a ship motion record at time t



a Phase lag of ship motion with respect te t
Y(T) Cross-corre1tion function
E Phase of a hanionic wave component with respect to c.it

Wave ler«th
Real and iiaginary parts of

T Tine disp].aceinent of a record

'(r) Autc-correlatiori function
w C.ircular £requery
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FROM REFERENCE 14).
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