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In 1905, R.E. Froude stated that an irrdgular sea surface can be
represented by the summation of many regular waves and that the swwation
of ship responses to these regular waves will represent the correspondingly
irregular ship motioms. In 1933, R, legendre actually used this technigune
in an investigatiom of ship rolling, without having all the necessary
physical and mathematical tools. in an SNAME paper by St. Denis and Plsrson
in 1953, these ideas were first put on & sound foundation by utilising
Neunann's ssa .observations, and the mathematical techniques of Rice, Tukey,
ard lee, E.V. Lewis immediately applisd them.to towing tank technique:

The use of irregular seas in towing tank testing requires a much closer
connection be<ween fowing tank experiments and amalysis than has ever been
required before:; This paber 1s devoted mainly to a simple descriptiech of
the methods needed and usedfor theanalysis and interpretation of irregular
ses test data, It is hoped thset it will give at least the minimum of
necessary informetion to towing tank pe}aonnel, and will serve as a guide
and an introduction to those who want to study 4he matter further,

INTRODUCT ION

In May 1933, R. Legendre presented s reper [IJ* at the me®ting of a
French Society in which he described his research on the rolling of two
cruisers, wnich was conducted using a theory, towing tank tests,; and ob-
servations on ships at sea, At the end, he swmmarized his findings as
follows:

1. The rolling computed on the basis of the mean observed wave does
not have the same character as the observed roliing, and 18 much
smaller. '

2. The summation of roll angles, computed on the basis of the ob-
served wave, decomposed into its sinuscidal components, has for
its period the natural period of the ship. It is of the same
order of magnitude as the observed r¢lling.

*
Numbers in brackets refer to the 1ist of references on rage 26.
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3, In order to pmdict., the rolling of a projected ship, it is neces=
sary to: invest:xgate the meral eharacteristics of the aetual waye.

Twenty-eight years earider; in 1905, R, E. ‘Froudp {2] wrote “.Irrsgu:Lar»
"éavés such -as thos;s commonly met w;m at 898 ..., are cmly\a: cq__mpn;:nd_-gf ‘g'
‘pumber of regubar systems (nﬂﬁiagally of & comn‘u'atively small 'ma‘g;ritudé)
of variocus-pariodsy ranging thmugh thevahqlc garit” (sq to speak) repre=-
sénted by our diagrams [of behayior in regelar waves], axid more. And the
afftaet of sueh. & compownd wave geries cp the models would be more or les's.
4 campound of the effects praper to khe individul unite composing it.".

Kent [4], #n.1922, produced; irregular waves in @ towing tadk in
order to dasvelop the alamming of 2 sbip. iiodel,- which did not ocouwr in
regulnr waves, The study of actusi comdipions existing at sea, and of
‘actual ship“mot'idn &t sea also qgrcupiet,i an impp-tant place in Cerman ]_.itf
‘evalure, 28 illustrated in Refsrences 5, 6, and 7, taken at random. Al-~
though the irrégularity of waves and of ship mciicns at sea was well recs
ognized, it 4id not appesr to be taken intc scosunt in tawling tank activity.

Finally,"in 1652, A.d. 'i'i‘]d.l..ia'mé (8] presented at an INA mesting @

very comprelensgive statistical stondy of ihe distribution of the relling’
5 @eriqu-‘andqublitudes on three instromemted ships at ses. The word

}"ﬁna:lly” 1s used adwisedly teo ipticate the end of what can be called,
the "pre-dawn pariod,™ Whilst ths irregularity of the Actual sek was regs
ognized, and the ideas.or-even partial attempts to deal with it Gccurred;
the neceseaiy matrematical andd physical. tools needed to-put the ideas éo
& firm and practicel basis were ‘iackix)g\, The wiole outlock on ‘l‘q;‘rxyl subjedt
was drastice)ly ohanged in 1953 by the.appearence of tie papera by St. Uenis
and Plerson [9] of DTB and ¥ew York Undversity, mspecti‘vel;r, and of :
Re4. Fuchs and his associates 110,13,12] of the University of California,
In ‘theie papers it wms chowr how the actusl irregular and ever~changing
see surfece dan be described mathemativally, and. bow, on the basis of this
description, ‘the motions of 2 ship van be computed. While basically Eep~
resenting a thegreticel developmeni, these: papers have nad a direet affect’

s -y

The ‘quetation is aotsalily taken fmm the dizcnaaipn §ection oL ‘Refer-
F BDCQ 3, pl 2‘:‘1- b



on the activity of towing tanks, and on the inmterpretation of towing tank
tests and ship observations at sea alike, as will be shown later.

The practical value of theabove papers was enhanced by the fact that
the necessary mathematical material for their practical utilieation had
been devsloped within a few preceding years, The material can be diyided
intp two. groupst The first is formed by the-work of CO. Neuman [13,14],
who, by sumrmrizing the previous oceanograjihic-'data and by adding his own
sea .observations and deductions, derived the form of distribution of the
amplitudes and frequencies of the sinusoidel wavee into which the actual
sea can be decomposed, The sécond group consiste of the developrient of
thre ‘necessary mathematical methods, which are essentially based on the

work of Wiener [15], further deveioped by Rice [16), Les [17], and Tukey [18]

in connection with the snalysis of noise in communleation systems., Subse-
quently, aeronautica) engineers found that atmospheric turbulence follows
the same st'atfistiqal law as communication noise and immediately applied
similar zsthods to aireraft prodlems {19,20,21).

For several yedirs now, similar statistical methods have been applied
to the snaiysis of ocean wave records by the 'Nationsl Oceanogrephic
Institute in England [22]. The applicstion of these ideas find methods
to towing t&nk work on ships has besh undertaken and vigorously pursyed
by 2.V. Lewis [ 3,23,24,25,26], and to the observations on ships at sea by
D.E, Cartwright {27,28]. The latter applicution was made poassible by the
regent cevelcopment of the ship-borne wave-height recorder by M.J. Tucker,
descrided in Referances 29 and 30Q.

Ag can be seen from the numercus references oited above, the litera=
ture on the subject is quite extensive. However, it is very difficult to
follow, becaus® the subject was and is in the state of rapid development,
The largely unrelated publications deal mostly with the development and
theoretical foundation of the methods used, the terminology and symbols
are not uniform, and the statistical mathematics involved &s of the type
not generally familiar to engineers and naval architects, The present
paper is written, therefore, as an attempt to provide a brief and simple
summary of the current status of the "irregular sea problem,* with pars
ticular emphasis en 4ts practicel application and on the ‘résultqnf inter-
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pretation of towing tank and ship observation data, suppréssing &ll but the
most elementary derivations, and -concentrating on the end results. Such a
summary may conceivably be sufflcient for administrative personnel of tow-
ing tanks .and it is hoped that it will serve a‘s an 1xitgro,duc1;ion and a gulde
to further study for the working persommel.

: It should be understood from the beginning thet towing tank (as well
as ship observations) work with irregular seas requires a mich.closer con-
nection betwean experimental and theoretical activity than has ever been
required in the past, The resgular (or at least intended to be reguhr)
waves heretofore used in towlng tanks have been of essentially trochoidal
shape and, with the relatively low helght of 1/60 to 1/20 of the length,
differ little from the simusoidal (or often called harmonic) wave in its
aotion on e ship model. In the case of & carefully conducted test, the
pitching and heaving motions.of a model nave also been sinusocidal, with
espentially uniform amplitude and period. An sxperimsnter could limit his
final report to plots of amplitudes vs. wave length and ship speed or to
plots of magnification factor vs. frequency of wave encounter. Both of
these plots are familiar to maval architeote and are easily understood.
Indeed, in the past, thasoretical analyses of such & motion proceeded in-
dependently of experimsntal work with only a few attempts at cross check=-
ing (Kent [ 4], and Korvin-Kroukcveky and Lewis {23,31]).

An entirely differemt situation exists in the case of irregular waves.
in which the apparent periods and. amplitudes vary contimously and irreg-
ularly, Qne may be tempted to recort the average values and let 1t go at
that, However, as Legendre{1] already pointed out in 1933, such informa-
$ion will be unrealistic, and in faet eutright misieading. A typical
record of irregular waves and 2 ship model pitching and heaving is shown
on Figure 1, Each curve, i,e., of wave height, angle of pitch, and amounmt
of heave, is generally an irregular wiggly line from which very littls can
te derived simply by direct examinationy 1ittls purpose would be served by

“esubmitting ‘such 2 reecord as the final result of experiments, without any
idea az o jte meaning. In order to-derive a. maahipg from such a record,
a n;‘thp_mﬁical anmalysis is needed and will necessarily have to accompany
apy submittal of experimental.data. The nmature of the-analysis will depend

.. on the --ﬁrobrlem, and th:la will be discussed later, after defining ‘the
*irregular sea.”




IRREGULAR SEAS IN THE OCEAN AND IN THE TOWING TANK

The term "confused sea" was used in the title of Reference 9; but X
has since been largely abandoned. Although it has been said by no lasser
autherity than Lord Rayleigh that the "basic law of the seaway is the ap-
parent lack of any law," it has recently been demonstrated by oceanographers:
that this lack is only apparemt and that, ip reality, certain laws exist:l
These laws are statistical, however, and from the point of view of the:;
history of scilence the discovery of laws of ocean waves is merely another -
step in the discoveries of the statistical laws of nature, This method
of discovery started over one hundred years age with the discovery ‘of the
molgcular motion in gases and has since found wide application, inqluhing.
the more reecent studies of fluid turbulence, and of dvmamic loads in air-
planes flying through atmospheric gusts. The world seems to be so created
tnat a very large number of entirely urconnected randow events produces in
aggregate an action which can be well defined by a law. It is important
to realize, therefore, that the irregular sea to be produced in a towing
tank must pot mersly have a «iiscrderly confused appearance, but must con-
form to the statistical charaoteristics which are found to exist in the
actual sea. The word "must" 1s used because it has been shown that ship
motions also obey the same form of statlstical laws. Hence, a ship motion
Is related in a definite manner to the seaway, The use of an unrealdstic.
(in its significant agpects) sea will therefore yield unrealistic-aspects
of ship bshavior, The statistical characteristics that are significant
€an be found only by a mathematical analysis of wave recards:

HISTOGRAMIC FORM OF ANALYS1S

There exist two basicelly diffarent methods of statistical analysis,
nsed for different objectives. For the purpose of the present paper; the
first will be referred to as "statistical® or "hictogranmie,” and the,sgﬁona,
a8 “time serles” or "generaliged harmonic” gnalysis. The first one com-

forms in fact to -the simple and mest popular concept of statisties, and
doss not require a profound mathematical knowlsdge. It 1s 1llustrated in
Figure 2 by an exampls taken fram Reference U, which shows a gection of &

A

long record of wave height vs, time. The record is clearly not sinusocidal,
but one can nevertheless speak of the distanoce between successive grasts
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as an "apparent period;" in order to distinguish it from the true period
of a sinusoidal wave., ‘Likewise, the vertical distance from a treugh to
the neighboring peak is called Rapparent height.,® These are “habitually
designated by T and H., Bothk of these quantities are bighly variable}
a pumber, say 200, of consemztive sppargnt periods can be measured and
colliected in a tabis. The. entire centent of this table: can be divided
into groups falling within the range of suceegsive spreads.of periods

say fram 2 %o 2,5 sec., 2.5 ta 3 secy, 3 to 3.5 sec., ete. The number

of measuraments found 1in each group is plotted then as the ordinate vs. T
ag absclssa. Instead of plotting the actml quantity found in eagh group,
the ratio of this guamity to the total quantity in percérx_:t is plotted.
This percentage is usuaily referred to as the "frequency distribution."
The resulting diagrams, which are often called "histograms,” are shown on
Figure 3. These 1llustrate tne conditions. found at sea, but without any
dirsct reference to the causmes of these conditicns, By preparing separate

diagrams from records taken at different wind strengths, a certais idea

regarding the dependence of waves on tha wind can be gained, Ancther ax~-
armple 18 given on Figure 4, taken from Reference 8. It is a plot of 200
measurements cf the amplitude of roll taken on a ship at sea, ' The inter-
vals into which the groups of measurements are subdivided in this case ars.
of 0. 25°, Since this form of analysis is simple and generally well known,
the mattsr will not be puréued further.

AUTO-CORREIATION ANALYSIS ¢ uueraf Avimconts GanGleysis .

Generally speaking, "histograms® illustrate well ™what 415" without
explaining "why.® They indicate the range and pature of the variation of
2 single quahtity, such as the apparesnt period, apparent amplitude, the '
level of bending stress, etc,, as found by observations. They provide no

means of establishing the funoticnal ralationships ameng sea condi tions,

ship geomstry, and ship motions. These relationships ‘can be obtained by
@ more complicated approach descridbed @s a "time series® apalysis er s
"generalized harmonic® amalysis. This will be considersd in two sections:
first, the case when only cne quantity (i,e., one~trace record) at a time
is to be analysed, such aa the wave profile, or the pitehing motion of a
shipy and, secend, when the mutual relationship of two. simltanscusly




considered quantities is desired from a two-trace record; say the pitching
of a ship in comnectioh with the waves eausing it. If the mutual relation=-
ship of a greater number of quantities is desired, the analysis is made in
pairs, always referring to one independent quantity, usually to the wave

profile.

The injtial informdtion to be.analyzed i»s‘h,win the form-of (a,n, ‘irreg-
‘ular record such as the wave record of Figure.2, or the upper part of
Figure 1.//This record is assumed to be the result of the superposition

of an infinite number of waves of all possible lengths (periods ar fre-
quencies) and all possible phase angles varying in a random fashion. In
the attual =ea, the variation in the directi-.on of propagation of various
wave components causes short crestedness, which is an important factor in
ship motions. The consideration of short crestedness will become important
in the new tanks now being constructed for model tests in oblique wavess

In the present simple exposition, however, the common, long and narrow tow-
ing tank 1s _vigualized, and so randomness is limited to component wave
lengths and phase angles, and all wave componenmts propagate in the same
direction. This is generally termed a "long-crested irregular sea.”

It will be recollected that, as simple sinusoidal waves pass a cer-
tain point, say 2 measuring pole, the wetted height of the pole is given
by

v{t) = A coswt +€) , (1)

where A 1is the amplitude (i.e., the maximum value of y); w is the cir-
cular frequency, and € the phase lag with Tespect to the arbitrarily as=
sumed origin of time t = 0 " y(t) indicates that y is & function of
time;, It is now assumed that the a.mpiitude A, the frequency w 3 ard-
lags € vary randemly for an infinite number of superposed waves, but that
A and w are functionally interrelated, i.e., 4 = f(w). The problem is
to evaluate this relationship. Why is this evaluation needed? On the one
hand, this function represents 2 permanent characteristic of the ever-
m"char‘.ging surface of an ocean. It remains fixed as long as the length of

o | complete list of symbole and definitions is given on page 30.
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the fetch and the strength of the wind remain unchanged while the actual
succession of waves chanpes contimuously. On the other hand, it.g;ves
means for obtaining ship motlons. As R.E. Froude [2] already expressed

it, if it 4s known how & ship reacts to a simple simmsoidal wave, and if-
it is known out of which sinusoidal waves the actual sea is composed, ﬁbbh
the final motion of a ship can be obtained. Se the first part of the pfobe
Lem is to find those simple waves out of whieh the Arregular sea 1s com=~
posed, which is synonymous with évaluating the relatiomship 4 - Fw) . )
Actually, it has been found that amplitude squared, which is préporticml.
to the emergy content of & wave, is more significant and is at the same
time more easily obtained in computations, The relation sought is there-
fore A° =®(w) , which is referred to as & "power density spectrum® or
"enercy density spectrum.® The anzlysis of ocean wave records will have

to be made by oceanographers or by people making ship observations at:.gea.
Tt will also have to be made in towing tanks in order to verify the extent
to which the tank .sea is realistic, -and in order to interpret model motions.

At sea, the water surface changes continuously, but for a reasomable
length of time the etatistical characteristics, such as the power spectrum,
remain unchanged. In practice, it becomes necessary to take a sample ---a,
finite length of the ever-changing wave record. If the sample is too short,
the permanent statistdcal characteristies will not be accurately evaluated;
if it is too long, ths weather conditions may change. The most practical
length of the record at sea appears to be from 12 ﬁq 20 min. or from 120 to
ZQQ gpparént wave lengths. The adjective ﬂapp#géntd is used for thé w#véuﬂ
period, wave length, and waveé height as directly obssrved at sea (where
the waves are not in fact periedic), to-distinguish them from the perioé,
length, -and height exactly defined fcr the singbdiﬂal components- of the
wave, In a towing tank, for the dame number of waves, the period is scaled
in proportion to tne square root of the model length ratio, making the de=
sired sample of say 2 min, for a 5-ft. long model. In reality, with a mor-
mal forward model speed, a possible period of observation may de only 15 to
20 pegs—long. At the Experimental Towing Tank ¢f Stevens Institute of
Technology; for instance, the equipment is provided to produce a standard
wave pattern, charging continuously far 2 min. [26]v In order to provide
a good sampling, the ship mocel is run in five sections of tiis wave pattern,



and the mean of the final analyzed results is them taken. Whether ip the
towing tank or at sea, therefore, the practical problem is t¢ analyze a
section of the record of a finite length.

The well-known method, of course, would be to apply the F“ouri_eir
Harmonie Analysis. With the record containing possibly up to 200 waves,
‘and with the desired resolution up to; say,the 150"® parmenie, the labor -
involved becomes prohibitive, ‘A simpler method, known as '“auto-vcorr;lation,"
has been found, but even with this. the whole procedure is made practical
tox;ly by the availability of automatio computing machines. The primciples
of ‘the auto-correlation procedure will be clear from the followiqg simplq
derivation taken from Rice [ 16, p. 166).

It is well known that, in many problesms ¢f heat- transfer or in elac~
tri-city, 'a function of irregular form can be approximatsd by the -summation
of hermonic waves -of varieus' amplitudes and frequencies, i.e.,, in a Fourier
series. Thus, let the sample wafe record, such as is shown on Figure 2, be
expanded in a Fourjer series. The value y(t) of the function represented
By the record at-any time t will be

a0
-3

y(t) = -29 02 (an cos nwt + b ’sin n@t) ", (2)
n=1

where 2, and bn are the amplitudss of the ‘nth‘ harmonic tosine and sine

waves.. These amplitudes are evaluated in the theary of Fourier series by

T
Tl %f‘y(t) cos nwt dt ]
6
(3)
b= %fT (t) sin nwt dt I
- Y0

where- T 415 the total langth of the sample, Let the recerd now be shifted
by an anount of time T . [Equation (2) then becomes :

- !
&
y(t+T) = £ *21['“ cos nw(teT) +b_stnnw(ter)] . ()
ne




The shifting of the record evidently did.not m?»dify any of its statistical
properties. However, a new relationship now appears ~=. that ‘of t,he depend-
ence of the measured y{t) o©n the sun (¢+T). In order to find the’
characteristics of this dependence, series (2) and (i) ars multiplied, and
integrated with respect to t, -yielding®

T L2 @
%-f y(t) y(t+T) dt = -EQ ’2':1 % (anz + bnz) cos nwT * K . ; (5)
° “

The shift T 4is accomplished m times so that the imtegral on the left~
hand side, which is now called the "auto-correlation function," becomes .a
functioh of T 'and is designated by ¥ (T). It 12 readily evaluated from

" a record by dividing its length T 4nto n uniformly spiced parts of
length At, and reading the ordinates of the wave record trace y at

each of these divisions corresponding to the times .tl". t‘2’ t3 L N

as well as at a2 number of points t1+At, t14+ 2At,...,t1¢m&; t‘z +8ty

ty¢ 2At,...,t24' mat, etc. until all n number of time poimts and - m number
of increments At forming T are covered. The multiplications and the in-
tegration indicated by the left-hand side of equation (5) are then accom-
plished on an automatic computing machine: : '

The practical significance of the auto=correlation function v(T)
is demonstrated by consideration of the right-hand side of eqation (s).
‘The summation of the squares of the amplitudes anz and bﬂ2 for each
harmonic component n represests the square of the total amplitude of the
wave which will be designated A 2 One-half of the amplitude squared,
A /2 , multiplied by the weight of water per cubic foot represents the
energy contained in the n" harn;onic compohent, The summation of the
energies conmtained in each harmonic component over the total number .of
components n gives the total emsrgy content of the sed wave record under
consideration, Making n infipnitely large and At infinitely small per-
mits the relationship (5) to be expressed in integral fom, l.es,

V(T) » f , coswT dw, , (6)

where the symbol ny is used to represent the energy in ‘&h,e‘,wgvex-sc_qnlponﬁnt
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of the circular frequency w = (wave period 2n/w) ., The constant térm in
e, is eliminated here by assuming the ordinates y to be measured from
the mean line of the record. The symbol X designates a certain error
resulting from the ends of the record at which the time. t+.T csnnot be
carried to the full value of T =mét. This error s assumed to be made

gmall by a sufficlently large number of subdivisicns n with respect to m.

Equation (5) can be solved for G - by using a Fourier transfomm,

yielding .
6, = §/ ¥IT) cos wrar (1)

]

" The auto-correlation function W(T) can be readily obtained from the
ﬁeq_suremuts of the wave record and from the integration indicated by the.
1sft-hand side of equation (5). The second integration indicated by the

© right-hand side of equstion (7) yields then the value of 'O . of the
wave erergy for-each -0ircular frequency e/ s With a continuous distribu-
tion of fregnencles, one spesks of the energy Oyy(w) dw contaired in a
band cf frequencies between w and w +Aw, rather than of the energy at
'8 glven frequency.

In fact, with the total energy in the wave system designated as E,
the energy density distribution is defined as

=8B .

ny a":, (]

- “The mass or weight of water is usually not directly included, and so the

“energy ‘E and the energy density distribotion ny are given merely as

. half of the squares of the wave amplitudes. The effect of the water density
is. iacluded implicitly in thg "frequency response function” discusszed lader,

£ plot of ny(u) vs¢' W ; &s measured from a wave recerd c;bt,ained' in
a towing tank; ie shown om Figure S5a. A similar plot, obtained by the same
Jprocedure. from & record of the piiching mction of a ship model, is shown .on
- "Mgure 5S¢, The symbol z{(t) will be used to designate'ship motion ordinates
measured -at uniform time intervals of A%, and Gzz(w) will be used to
deppte the power spectrum of the ship motion.. The spectral demsity Gu_(u)
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In the second case, it is- visualized that vcwer epectra for the sea,
ny, and for the ship (or model), Q (uﬂ 4y ‘ware obtained-at sea or in ir-

rag-dng.regee.do o, euine tanl__agd_ 44 1; A..mn-..q R O N L .
can. be considered as being obtained from a record of the ship model pitch-
ing in sinusoidal waves at a number of frequencies w. (1.8., periods 2a/w
as obtained from a series of tests in a towing tank)., The abscissa of this
plot is the same as on the two others, representing the circular frequency
of encounter of the ship by waves, The ordinates are the ratios of the am-
plitudé of model motions, say the maximum angle of pitch in regular waves,
to the wave height at a given frequency. In the dynamics of rigid bodies,
the "magnification” or "resopance" factor {or, alternatively, 1/impedance)
{s defiped as the ratio of the amplitude of the body swing to the displace-
ment which would have resulted from a steady applicat@on of the exciting.
force or moment. In the present case, however, the motions are referred
not to the true exciting force, but to the wave-height, which is the only
quantity present in the wave recard of Figure Sa. The ordinites of the
curve .of Figure 5b are then expressed as "pitching angle per unit amplitude
of wave height," "amount of heave per umit of wave height,"” etc. The en-
tire curve is referred to as the "frequency responge>funétion,“ and is des-
ignated here by Y{(w), St, Denis and Pierson [9] referred to it as thé

"response amplitude operator.”

The value ¢f the entire development outlined above hinges on the
fact, derived in the.theory of time series, that three parts of”Figufe &
are so imterconnected that if any two are known, the third is thereby
uniquely determined. Symbolically expressed, the two important practical

cases are
0, (@) =G, () [TW)]® . (8)
and
6 (w)
[xw)]? - omo S (9)

In the first case, it is visualized that the ship response ¥w} has
been previously determined in & towing tank experimeni. or by calgulation.
The ship behavior characterized by G‘zﬁu) can then be computed fer any

sea state described by & &
1 Oy vy

T™™-11.
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the wave 'is twice the potentlal one, With regard.to this, letting 7 =0
in equatiorn (6) gives

: f ) als f m%(w) v 8 (11)
o] Q ; v

ie&., the mean energy of’ thq adtual waves is eqal to the a*ea of the epsrgy
spectrum. Often, however, instead of expressing ny as A /2, the
amplitude squared, An2 , is used., JIn such a case, the mean ,ener gy is

given as half of the area of thé.spectrum.

Now let En de'signate't‘ne apparept wave anplitudes observed at sea,
The "root-mean-snquare” amplitude is then defined as

S E ¥ i
SR G F e gD (12)

It has been-shown by Longuet-Higgins [32] that 3 15 connected with
the area.of the energy density spectrum. Hence,

T = Jprea of Energy Density Spgéﬁ%;m, . (13)

It has also been shown by longuet-Higgins [32] that various heights of the
actual waves resulting from the energy spectrum can be defined in terms of

a2 as follows:

N
0,886 3 | For the wave height
defined as the total
distance from crest
to trough, these fig~
ures should be doubled.

']

Medan wave amplitude
Mesn amplitude of 1/3 highest waves ' = 1,416 & |
Mean amplitude of 1/10 highest waves = 1,800
Mean amplitude of 1/100 higheset waves = 2359

m§ o

These theoretically derived relat lonships appear to be well confirmed by
obserwations at sea. The mean of 1/3 highest waves is given the .name '
igignificant wave height " and 1s usually reported in all wave. observa-
tions, It appears that ths mean wave observed visually at sea corresponds
approximtelj to the "significant height," since the observer tends to
overloock the small waves and ripples, whioh would enter into the dafinition
of the true mean., Thus the "significant wave height” provides the. link de-
‘tween practical sea observations and. the theoretical concept of the energy
spect rum. :

-
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Similarly, when the pewer spectrum of the ship metion is found, the
‘Toot-mean>6quArs - 3' found from the speotrum wil} define the mean ampli~
tudes of the motions to be expected om the. basis _of the -l.ohgmtéﬁ@ggihaf
relatim'rships tabulated above.

It-4s émphasized that the 1ndividual amplitudes 4 of the. oovnpoﬁont
waves represent essertially a mathermetical soncept and have no direct oon-
nection with the visually observed sea wave.  In the observed sea, all of
the componente are present nm:ltaneomly, and therafoz'e only the area of
the spectrum, or the root-mean-square amplitude & , has & phyeical aig-
nificance in defining the sea state, This 1s part-iculnrly- important in
connection with the ship motion power spectrum -l‘“(w) shown in Figure Sc,
It may cften be found to have unéxpected undulations, mostly because of the
defects of the analvsis in using relationship (8). These undulations have
1ittle significance, howsvar; aince the fimm) significance of this spectrum
depends only on its srea. This statement is not pecessarily true for any
possible form of the enargy spectrum, but it 1s essentially-true for the

spectra resulting from séa wave records @ad frox snip motion records..

The above remark about the unimportance of the shape of the energy
spectrum refers only to the fiml result of the arklysis. In the sarlier
etages, say when using relationship-(8), 1t is importent to know the smpe
of the. sea spectrus ny(w) s ®ince each particular ordinate ‘0. fw,) must
bs multiplied by the. corresponding ordimmte [I(u-ll)]2 ‘and the rcsult is
evident ly affected by the: nature of the variation of Oyy with w. The
form of the sea power spectrum C}y (w) resultimg from a wind blowing in
one ‘direction for a sufficient time and over suffidisent fetch has been
establishepd by Neumsnn [13] on the basis of theorstical considerations
together with empirical cbeervationd at sea, It is defined as

.

e

ST by & g7 e §
(aw)2 o & o2 AT i : {w)
; o e =

vhere w'= circular troquepcy -4n rtdiané/sec 8 In'GOB :uriita with
g = 981 cm/sec. 2 anﬁ 3ind stnngth N in cm/sac., ,ﬂewnann kives the
-value of C = 8.27% m"* eec.a J".'. The' fors of the sbectrmn for different
wind ‘streagths is shown on Flgui'e 6. “The- @tﬁeg_i-l}i}i! ‘curves .on Figure 3
'shm,thp distribution of - "app&x"gn‘g.paﬁpds"." :‘gau;tfii'r_xfg f£rom the above

¢

o




12 5

spectrur with the histogramic summary of direct observations at sez. In-
dependent analyses [ 33,3k] have confirmed the frequency distribution found
by Neumann, but a question has been raised as to whether tie constant, C

is not too large.

The Neumann spectrum refers to the "fully. devéloped sea," d.e., the
sea having reached the state of equilibrium, so that it does not grow with
further increases in wind duration or length of &he fetch. This condition
will be often fulfilled in light wirds, but extremely seldom in winds of
gale forces Furthermore, in reality, the sea. .generated. by local winds ~
will often ve accompanied by swells from. ciatant storms; The spectrum =~ J
of the swell can be predicted by methods given by Pierson and Neumann [35],
and superimposed on the local storm seay, For the time being, then, it ap~-
pears that the most practicel procedure for towing tank organizations is
to accept Neumann's spectrum in routine work, keepirg in mind tha pcas*bility
of reducing the constamt C 1f the correlation between the behavier of a
medel in a towing tank and the shipgat sea can thereby be improved.

Ip the case of & regular sinusoidal er trochoidal wave, the wave
length, period, and celerity are defined by well-known relations:

Wave Length L. = gT°2/2n 1= (18)
. b | e

Period To = Jan\/g (16)

Celerity c = Jan/on (17}

These relationships are valid for the harmonic components of the sea wave,
but observable y I TO, and € -will result from &he superpositipn of an
infinite number of components and will have differont values. From sta-

_ tistical considerations, Pierson {36] deduces that the relationship |
for the average distance betwsen wave crests f and ‘the average time in-

L d

terval betwsen crests ? is

2
.: - %73 g% d . (18)

Thus, the "apparent wave length” for a given "gpparemt period® is 2/3 of
what 1t would have been f£or the trus length and pericd in a yegular. sea.




This relationship 1= particularly valuable for sea Gbservations, since the
apparent periods can be observed with much grea tar accuragy than the ap-
paremt wave lengths,

COBHELATION OR CROSS-SPECTRAL ANALYSIS

Heturning now to equation (2); it is noted that the Fourier expansion
can be made in an alternate fom (disregarding the constant and error
terms)t

y(t) =Z C, cos{nut ~€ ) (19)

a=1l

In the form of equation (2), y(t) can be thought of as being a vector of
magnitude Cn @ (an’ * b )1/2,, the direction of which is defined by the
relationship of the coeine and sine terms. In the form of equatdon (19),
this direction 4s given explicitly by the phase lag angle € . Both C_*
and ‘gn are taken as varying independently and randomly. When only cne
record is avsilable, and the procedure nsed to obtzin aquation (5) is fol-
lowed, the phase angle € 4s lpst. -43 & result it i1s possidble to obtain
from the original recsrd the auto-correlation function V(T) amd the powsr
- spectrum. ny(ui)- but 1% 4s nat possible to reverse tme process and to ob-
~tain the originil record from the power spectrums . In this procedure, the
'-,.1nfo'mafion w{iich can be found frem relationship (9) in order to construct
the dlagram of Flgure 5b, is not complete, in-thet. no informtion regarding
" thé phase relaticnship ‘between the wave and ship motions is given. In many
~.cases this phase relationship will be no lesa L'nportant than the amplitude
| ,rel:ationships An ‘axample 1g the-cese of slamming which, according to
‘Szobebely [37] and Lewis [38], occurs when the ship's forefoot emerges
from the water and subsequently, in descdending motion, contact with water
. is mde at the near maximum vertical velocity of the bow. The (Righly un=
- desirable) fulfillment of both of these ¢omditlons depends on a certain
phase relationship between the ship and wive motlons, ‘Another often ime
yortant probiom %5 to find the amount (1i.e,, phase) by which the neaving

- motion lags after pitching, or in other words the apparent axis about

y which tha ship pitches. This defines the relative amounts, of bow and

bt
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stern motions and accelerations, and different criteria may be found to be
desirable for differant typse of ships. The phase relationship.for regular
waves can be readily obtained; the problem is to evaluate it statistically
for irregular waves. In other words, the problem 45 to establish in all de-
tails the way in which the ship motion follows that of the irregular wave,

‘Conversely, in the case defined by equation (9), the problem is to obtain

the ship response deseribed by'its.magnitﬁde and its phase lag; the latter:
is directly conneoted with such important hydrodynamic parameters as damping.

The basic informaticn for the analysis consists now of two records,
say those of the wave height and of the pitching motion of the ship made
simultaneously, usually in the form of two traces .on the same recording

tape. A sample length of the tape, corresponding to T sec., is chosen

‘and is subdivided inte n uniform divisions as before., The ordinates of

the two record traces are measured, giving a series of numbers y(t) for
the wave reccrd, and 2(t) for the pitching records The measurements are
repeated at t+ T, where T 4is the lag taken from 1 tom increments ot
after each value of t. The "cross correlation" function is formed by
analogy with equation (5):

-y
7 = g) we) seer) e (20)
o

The “eross-spectral density® G&a is calculated again by the Fourier

transform, this time in complex form:.

6_w) - §f Y(¥)e 2T ar (22)
.

It is necessary to resort to complex notation in order to handle two
quantities -- the magnitude and the phase angle -- in one caompact mathe-
matical expression. After all of the integrations are compieted (on an
automatic computing machine), the result takes the general form of

@ =€ %1 | (22)

The real quantity £ 1z called the "co-power spectrum,” and indicates the
product of the ip-phase frequency tomponents of two individual spectra,
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y(t) and 2(t).. The imaginmary'part " is called Aguadrature spectrus®
or "quad-specirum,” and inditates il prodiet of 90% gut .of i?ha.a.e frequency
components of these two fuxiétiong. -

The ship frequency response function is pow evaluated [17§]_ as,

G (w)
19 - W g ‘:‘" - ' (23)

f.e., (quoting from F.B. Smith {21]) the transfer function Yi.(w)‘ -equals
the imput~-output (in the present casewave-ship metion) eress spsctrum
Gyz(h_)) divided by the power spectrum of imput (i.e,, wave) GW.(Q) -
This is obviously alsp 2 complex quantity containing simdltaneous values
of two eharacteristics -- the amplitude of ship motion and the phase lag
‘pf-ship mction with respect to.wave motion for each simple wove component "
correspording to a frequency w , i.8.,

Yi(w) =3 ¢ 4h = Aei(w-t’e)' ’ {2h)

where 4 = (az**b'z)l/z and s = b/a .

It will be recollected that when the ship respomse te regular waves.
{s calculated theeretically, as shown in heference 31, thé.fi,né.fb ahswer ié‘
given in a complex form identical with equation (24): ‘Alsc, when a model is .
tested in a towing tenk inm regular waves, the anplitude A and the phase
angle. T are directly measured. When these data are obtzimed for a number
of wave frequencies w , tbe resulting graph of A &pd 4 ve. frequency w
is given the.name of "frequency respcnse functionm,® (iesignate;i. hers by .
7 (w) . The subscript i is added to remind the resder that this is a oome-
plex quantity, and to. felate it t6'a similar function Y(w) used in equa~
tion (9) ir comnectior with theé auto-correlstion sugalysis, which is a real
quantity. Actually, ¥{w) is the modylus of 'Yi(w) ’

It should be clear from the above discussion that the frequency re=
sponse fynction Ii(w) , or in simple words the ratio of amplitude of ship
mption to wave height, and the phass lsg plotted agaimst frequeney, which
are characteristlies of the ship farm and mass distribution, can bde c;_btéimd
by four dif ferent methods?
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1. By coimputations such as are given in Reference 31.

2. By a series of rqodel_'t_eéts: in @ towing tank, in regular waves at

a number of frequencies,

3, By a cross-spectral analysis of records of wave and model motion
in irregulear waves in a towlng tank.

L. By the same proce§s using the recards obtained on a ship at sea.

Since the function Y&(uO is a characteristic common to all of the
above methods, all attempts to correlate the results of the different apr
proaches should be made on the basis of Y,(w). Furthermore, !iﬁu} is a
specific characteristic of the form and mass distribution of a ship: Meth-
ods (1) and (2) are baspdAém»the same conditions of model opefation; and
therefore close agreemeht between the results can reasomsbly be sxpected.
The carrelation of (3) with (1) and (2) .can be expected to be.good in waves
of low height and small ship motions, when the various forees involved are

linearly connected with the ship motions.. A certain discrepancy must neoces~
safily‘arise in the case of more severe mctions, when the.force and motion
relationships strongly deviate from the assumed linearity. The most important
feature of the crosse-spectral analysis, however, is that it permits the data
o2 the model and the ship -- items (3) and (4) -~ to be correlated on an
equal basis. The ship test data will always refer to a different sea state;
the sea 1s ever~changing and never repeats itself, The application of the
cross-spectral analysis, however, permits a permanent part, i.,s8., the fre-
quency response Iiﬂv), to be extracted from the ever-changing record.
Because of ‘the- ever-changing mature of the sea, it will not be practical to
attempt to duplicate in a towing tank every condition actually met by a
shipy this would be extremely costly and not partioularly useful. A towing
tank should preferebly standardize on a ocertain typical irregular wave pat-
tern, for instance, such as that desoribed by Neumann's power spsctrum, con-
centrating its effort on having this pattern accurately reproducible. The
frequency response function !i(w) is &« property of the model form and mass
distribution, it is basically independent of the details of .the wave power
spectrum of the tank, and it is directly comparable to that obtalned st eoms,
provided the .significant wave heights do not differ materially,

Towing tank personnel are generally conscious of geomsiric 8QouUracy
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in the rﬁproductfon of a ship in.the model and in having-the corrsot lead
waterline. .In te2ts involving omly pitehing and heaving in head or fol-
lowing seas, ths moment of 1n§rtih about thé transverse axis'-of the ship
mu§t be reproduced accurately. In tests involving rolling and yawing;_not
anly the moment of Ansrtia, but also the products of inertia must be re-
produced accurately. Generally, ever a pitching record oz a ehip al sez

is merely a record abstracted ffoﬁ the motions in all six degrees of free-
dom. In the corfelaticn of such test data with towing tank test date, the
correct products of inertia should be provided. It 1s necessary, therefore,
that any ship observation data to be analyzed be accompanied by sufficiently
complets weight distribution data for the calculation of the moments of in-
ertia amd of the products of inertie,

FILTERING TECHNIQUE OF ANALYSIS

Tne deecription.of the apnalysis process given above was based on
.manua; measurements of a papar tape record, with subsequent processing on
a digital type of aytomatie computdng machine. This method wa3 ziven fLirst
because it appears to be more dirmctly comnected with the basic theory of
the “time series.”™ In practice, the appiication of an elsotronic filtering
technique permits a mueh ﬁofe rapid and leSs coétly method qof spalysis,
when the necessary special equipment is available, The input into the an=-
alyzer prober 415 usuyally 4n the form of a frequency-modulated electrie
carrier wave; Physically, it is prodnced by seanning the recerd mads on
a magnetic tape, or scanning a paper or film tape with photocells, In the
latter cass, the paper or film on one side of the trace is blackensd, as
is describec in References 22 and 39, A suitable length of the record tape
is spliced intc & loop, and thé locp 1s rum continuocusly through the anal-
yser. -The output of the reading heads, after suitable slectromic manipula=
tions,-is applied tc an slactric filter, through which only & certain nar-
row band of frequencies can pass. The energy conteined in this narrow band
is then measured amd plotted, The position of this tand on the emtire fre-
quency scals is then varied, sither by verying the filter characteristics,
or by ueing a fixed filtar and varying the speed at which the record tape
moves past the reading heed.  As & result of applying this filter, and
measuring the power whioh passed through it at various frequencles, the
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entire power spectrum is directly plotted, A simple and cleay descripticn
of the principles of this process is given in a paper by Francis B. Smith [21],
which is attached as an Appendix tc the present memorandum with the k&nd

‘permission of the "Aeronautical ‘Engineering -Reviéw;"- More -detailed des=

criptions of the elctronies Invelved are presented in Reference 40O, and a
comprehensive analysis of the theory, an evaluaticn of the unavoidable er-
rors, and the accuracy to be expected are given in Referance. L.

Only one aspect af the above process needs to be discussed further.

. When a finite-length sample of a continuous record of the wave or ship mp;

ticn is taken and is spliced into a2 loop, the continucus distribution of
frequencies i5 in fact replaced by a series of discrete hafmonics of the
pericds obtained by dividing the longest possible period, equal to the
length of the record T , by the whole numbers 1, 2, 3,...,n (Reference 30).
If the filter used were capable of a very fine resolution of frequencies,
the power spectrum would be represented by a series of -sharp spikesy since
the energy would be shown to be contained only at these discrete frequencies.
This would represent not a trus natural phenomenon, but a distortion .of it
by the properties of the analygzing instrument -~ This difficulty is avoided
by using a filter capable of passing a certain barnd width of awat any
particular frequency w . A diagram showing the percentage of energy passed
vE. the interval Aw is shown on Figure 7. Only a typical form of the
diagram is shown, but the magrnitude of Aw in terms of the number of dis~
crete frequency psake 4t can cover can be varded to sult ths conditione.,

By passing the emergy distributed over the ranze of <Aw, such a filter
acts as an integreting and averaging device. Hence, displacing or sliding
the filter over the entirs frequency range w gives .a smooth plot of the
power spectrum instead of a series of discrete peaks. The terms "sr;xoothing"
and "averaging”" used in the eschematic descriptions of such apalyzers cover
the vurious devices that are used to alleviste the drawbacks-resulting from
the properties of an analysing instrument, The width taw , however, af-
fectas the results of the analysis, If Yaw covers too few of the discrete
Fourier frequencies, the resulting record may bs too irregular or jJumpy,
becauee various accidental events are not statistically averaged. If taw
covers too many Fourier frequenciss, the Tecord may be tod smooth in the
sense that 4t may heve obliterated some significant undulations of the
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‘record. The proper chodice of a bandrwidth is a very important que stion,

further elucidation of which may be found in References 14 amd hl,

Although the above remarks have been given in bonnectign-wiib the
record spliced into a ldop and filtered, they dre to a large =Rfert ap-
plicable as'well to the digital anzlysis discussed earlier. The plot of
the autg-cerrelation functién ¥(T) generally resembles the curve of an
electronic filter., One could actually think of W(T) A&s the filter by _ ]
which the length T of the record is scanmed; in fmct, the words "filter"
or "computatlonal filter” are used in this connectlon by Tukey in Refere
ence 18. The considerations that are involved ir the choice of the -suitable
band width of an electric filter-are also i{mvolved in the choice of the nuzm-
Eeg of subidivisioris. n of the record, and in the maximum number m of
such gubdivisions used for the record displacement T , The procedure used
to optimize the results is given cn pages 51~56 of Reference 18.

EXPSRIMENTAL PROCEDURE

In the present parer, attention has besn concentrated on thewanaiyti-
cal procedure, because it is in the understanding and application of thie
procedure that the whole scope of ‘the problem of the irregular sea essen~
tially iies. The experimental techniques applied in using irregular wavea

-do not differ much from those emploved for tests in regular waves, Thae appa-

retus for towing models must allow the mcdel to e free to pitch, heave, and
surge, and must record these moticns or a tape. Descriptions of suitable
apparatus are given by Dr. F.H. Todd and by tre preseyt author in Referw
ences L2 and 43, respectively. An added featuré is the method of making

8 reproducible irregular wave. The method employed at the Experimental
Towing Tank of Stevens Institute of Technology 1s described by E.V, Lewis

in Reference LL. The wevemaker used i of the vertical plunger type, with

the motor speed controlled by a rheostat with 25 comtrol points. 4 100~

comtact rotary stepping switch is driven by the same motor tlirough a re-
duction gearing. such as-to make it advance one stgp for eacéh stroke of the
plunger.. The ecomtacts of the stepp‘ng switch are randormly connected to
the rheostat poimis scthat a wide range of voltages can be ramdomly dpplied’
to the motor, The metor “is shunt wound, and & kigh magnetic flux is main-
tained in the field. Tius, the armature reacts lively either to the appli~
??ti?ﬁ of the accelerating voltage, of to the regenerative braking when the
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voltage is reduced. Since the siroke of the plunger remains fixed, the
wavemaker produces waves that are foo high at the higher freguencies. These
are attenuated to the height commenmsurable with the height of the low-
frequency waves by means of a float 3 ft, wide, extending the width of the
tank just in front of the wavemaker. The diagrams given in Reference Lk
indicate that the resultant wave pattern of about é~min. duration is satis-
factorily reproduced at will, and ‘that its power spectrum corresponds ép,-‘
proximately to Neumann's spectrhk for a 4O-knot wind, which has not blom
quite long enough to produce a "Pully arisen sea,” A fully arisen sea at
a 40-knot wind would be a rare occurrence in nature. ‘To the author's
knowledge, E.V. lewis!' work described in References 23, 2i, 25, and Li is
the only exampls teo date cIt‘ the use of irregular seas in comection with
ship models in a towing tank in which effort is made to represent the
statistical properties of = sea spectrum, and the -pesults are beirg contin-
-uwously checked by the methods of extended harmonic amalysis,

Immediately next in importance to the method of wave gereration in
the problem of wave absorption by a sultable beach at ths er;i of the tank,
This problem has not sppeared to be eritical 4n tests 4n regular waves, be-
cause it has been possible to generate a certain number of regulayY waves
and to take a record of the model motions for a few sacords before any re-
flscted wave makes its appearance. In the case of an irregular eea, how~
ever, it is ufuslly necessary to run the wavemaker continucusly for longes
periods, and a good wave-absorbing beach is necessary to avoid the standing
wave systemes It should be noted that the standing wave system;, resulting
from the refiection from a poor beach, in no wsy-resuibhs the progressive
system of irregular waves at ses, The reader is warned again not to. take
any disorderly water motion a&s being a realistic ses wave,. The irregular
sea waves form a progreseive wave system: definitely characteriged by a cer-
tain powsr spectrum, which apparently conforms closely in form to the cone
derived by Neumann [ 13,14],

CONCLUDING FEMARKS 1

In the sbove exposition an attempt has besn made to present as simply
" a8 possible the informaticn on the irregular sea ss found in meture, andas it
ie reproduced (1n1its essential festures) inma towing tank. The "essentisl
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features® are defined simply at first, in a limited: fesm by heans of
"histograms,® and then in a more useful form by the "power density spec~
trum" derived by the auto~correlation” techniqm in generalized hamonic
analyais. Any recorded feature of the motion of a ship or a ship model

can be amalyzed in & similar wvay. From the relation of the sea and ship
powaz. sgwetTs, Lae cnmracteristics of the ‘saip (i.e., its frequency re=-
spénse fynction} caribe obtained, By forming an epergy cress spsctium

of the wave and ship -rocords, the ship charasteristies can be deacribed

not only by ths- valuas of the magnification factor, but by the acoompanying
phase angle lags as wells This complete form of ship responss funotion
serves then as ths link cormon to model tests in irregular sess in the tank,
observations on & ship at sea, model tests in regular waves, and the cal=~
culstions of model motions in regular waves. These latter form in turn

the link betweern the. obmervable complex motion of a ship and its funda<
mental dynamie and geormetric propartioa.

In an attempt to provide a simple and vivid exposition of the funda=
mental relationshirs, miny details have bad to be suppressed, Various
statements have been made in definite positive forma s Suppressing the "ifign
and "put's" which are usually considered to be necessiry in a learned treg«
tize, In particular, the positive statement mede in regard to the relation-
ships among the three parts of Figurs 5 and the relationships (8) and (9)
probably should be softemed, The positive assertion refers to an ideal
case, vwhereas, in prtctice, certain errore and deviations: certainly opecur,
‘However, the work of Lewis and Nunata [26] tndicates that these relation-
shipa hold ressonidly well,

In conclusion, the follenng reading list 1s suggested to those wish-
ing to guin a deepar understa.nding of the techniques esrployed in connection
with irregulnr seas, sither in a 'ccuing tank or at seat

&, On the ¢omposition of ocean waves: References 13a, 35, L5,
and 46, in the order given,

by Introduttion. to the generalized harmonic analysisiand its appli-
cationss References 21 (attached ‘here as an Appendix), 19, and 20,

Cv Advanced time series (generalized harmonic) analysist Refers
ences 16, 17, 47, and L8,
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'LIST OF SMBOLS

The amplitude, i.e., maximum value of y{t}, in sinusoidal waves;
used also for amplitude of ship. motions ' ]

Root~mean-square amplitude, i.e., (ana/n)l/2
Amplitudes of individual harmonic wave componemts
Wave celsrity

Apparent wave celoriﬂy

Frequency of occurrence

Power spectral density of wave record y(t)

Power spectral density of ship motion record z(t)
Cross-spectrel density of wave and ship motion
Acceleration of gravity

Apparept wave height of irregular waves

Mean apparent period

Apparsnt wave. length

Maan apparemt wave length

Maximum mumber of time subdivisions At forming T
Number of subdivision of the length of the record T
Length of a record in seconds

Apparent period of irregular waves

Méan apparent period

Period of a harmonie wave

Time

Wind velocity

Frequency response function (modulus of)

3
~r

Yi.(w) Complex frequency response function

y{t)
z(t)

An ordinate of a wave record at time ¢
An ordinate of a ship motion record at time t

W i e A
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a Phase lag of ship motfon with respect to t

y(r) Cross~correlation function

€ Phase of a harmonic wave component with respect to wt
P\ Wave length

E,m Real and imaginary parts of G‘yz(w)

T Time displacement of & record

w(T) Auto-correlation function

w Circular fre’dua,_ngy
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'Fig.2-SECTION OF A WAVE RECORD TAKEN AT SEA, SHOWING THE NOTATION
OF THE APPARENT PERIOD T AND APPARENT WAVE HEIGHT H ( TAKEN

FROM REFERENCE 14).
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