<]
TUDelft

Delft University of Technology

Document Version
Final published version

Licence
Dutch Copyright Act (Article 25fa)

Citation (APA)
Meinds, K., & Eisemann, E. (2026). Analytical Texture Mapping. IEEE Transactions on Visualization and Computer
Graphics, 32(2), 1941-1950. https://doi.org/10.1109/TVCG.2025.3611315

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright

In case the licence states “Dutch Copyright Act (Article 25fa)”, this publication was made available Green Open
Access via the TU Delft Institutional Repository pursuant to Dutch Copyright Act (Article 25fa, the Taverne
amendment). This provision does not affect copyright ownership.

Unless copyright is transferred by contract or statute, it remains with the copyright holder.

Sharing and reuse

Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without
the consent of the author(s) and/or copyright holder(s), unless the work is under an open content license such as
Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.


https://doi.org/10.1109/TVCG.2025.3611315

IEEE TRANSACTIONS ON VISUALIZATION AND COMPUTER GRAPHICS, VOL. 32, NO. 2, FEBRUARY 2026

1941

Analytical Texture Mapping

Koen Meinds

Abstract—Resampling of warped images has been a topic of re-
search for a long time but only seldomly has focused on theoretically
exact resampling. We present a resampling method for minification,
applied on the texture mapping function of a 3D graphics pipeline,
that is derived from sampling theory without making any approx-
imations. Our method supports freely selectable 2D integratable
prefilter (anti-aliasing) functions and uses a 2D box reconstruction
filter. We have implemented our method both for CPU and GPU
(OpenGL) using multiple prefilter functions defined by piece-wise
polynomials. The correctness of our exact resampling method has
been made plausible by comparing texture mapping results of our
method with those of extreme supersampling. We additionally show
how the prefilter of our method can also be applied for high quality
polygon edge anti-aliasing. Since our proposed method does not use
any approximations, up to numerical precision, it can be used as a
reference for approximate texture mapping methods.

Index Terms—Texture mapping, space-variant resampling,
sampling theory, anti-aliasing.

1. INTRODUCTION

EXTURE-MAPPING research is a classic topic in com-

puter graphics [1] and built upon work of the mid-1960 s
on geometric transformations of digital images in the remote
sensing community (e.g., areal photography). It directly relates
to sampling theory [2], [3] dating back to 1928; a texture is a
sampled representation of an underlying function, reconstructed
by a reconstruction filter. When mapped to a surface, it will be
sampled again during image generation. Yet, no texture-mapping
algorithm currently implements the theoretical resample steps
that follow from the theory without introducing approximations.
We present an exact analytical solution (up to numerical preci-
sion).

We focus on high-quality minification, as magnification can
be handled well with standard interpolation schemes, and tex-
tures often exhibit higher resolution than how they appear on
screen. In this case, high-frequency patterns not representable
by the screen sampling grid must be removed to avoid aliasing
(such as Moiré and staircase artifacts). An anti-aliasing prefilter
removes these before sampling but should avoid attenuating
representable frequencies, which would cause blur. While a sinc
prefilter is optimal, it is not computationally feasible due to an
infinite support. A careful prefilter design balances aliasing, blur
and other artifacts.
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We opt for generality and support arbitrary higher-order
piecewise polynomial prefilter functions on rectangular patches,
which can be used to approach a windowed-version of the sinc
function, e.g., Lanczos3. Hereby, any filter function can be
approximated to an arbitrarily high accuracy (e.g., via a Taylor
power series polynomial per patch). We use antiderivatives of
these prefilter functions to compute the texel contributions to
each pixel and guarantee an analytically correct integration,
including perspective transformation. While our main target is
not performance, we enable a trade-off between computational
cost and resulting quality.

Based on a box-filter reconstruction of the texture signal,
which we will motivate, our method delivers an exact analytic
resampling process. Due to its accuracy, it can serve as an
image-quality reference for minification algorithms.

In short, our contributions are:

® An analytical texture-mapping resampling method;

¢ Integration of a high-degree polynomial prefilter;

e Edge anti-aliasing with prefilters;

¢ A CPU and GPU implementation.

II. RELATED WORK

Catmull’s dissertation [1] could be seen as a starting point for
texture mapping. It builds upon earlier works of digital image
warping and inspired others; cf. the overview Wolberg [4]. The
theoretical texture mapping resampling process is described by
Smith [5] and Heckbert [6]. It is derived from the sampling
theorem for 1D signals, often attributed to Shannon 1949 [3]
who drew on the work of Nyquist [2] and others, first presented
by Kotelnikov 1933 [7] as pointed out by Smith [8].

Aliasing is already mentioned in Catmull’s dissertation.
Proper filtering for texture mapping (Section III-B), needs to
address two main problems: 1) the selection of texels contribut-
ing to a pixel according to a transformed prefilter footprint in
texture space, i.e., anisotropic filtering, and 2) the weighting
of these texels according to a reconstruction filter and an anti-
aliasing prefilter, the latter an approximate sinc function —for
minification— with square support as derived from the sampling
theory [9, Sec. 8.4]. Most texture-mapping research has focused
on the anisotropic problem; i.e., to efficiently approximate which
texels contribute according to the prefilter support mapped in
texture space [10], [11], [12], [13]. Less research addresses
the second problem. Circular support filters, mostly employ an
approximate Gaussian [14], [15], [16], [17], which is not a good
approximation of a sinc function with square support. Using
a rectangular support, Blinn and Newell [18] used a 2D-tent
prefilter, Tumblin and Guenter [19] used a tent and cubic spline
prefilter, Khoshelham and Azizi [20] used a Kaiser windowed
sinc, and later Manson and Schaefer [21] used an approximate
Lanczos?2 filter. Another approach are square filters based on
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subdivision into two 1D-resampling passes, as introduced by
Catmull and Smith [22] and later extended in [23], [24]. The
resulting high-quality approximate sinc functions require less
computational costs, but in presence of rotations, strongest at
a 45°, it is a bad approximation of square-support filters. Our
approach handles selecting and weighting the texels analytically
exact using a square-support polynomial sinc approximation.

Very approximate but fast prefiltering include the well-known
MIP maps, a hierarchy of pre-computed down-scaled texture
maps [25]. A more advanced alternative supporting more general
prefilter functions are NIL maps [26]. Another approach is
“summed-area tables” (SAT) introduced by Crow [27], which
can determine the exact integration in an axis-aligned rectan-
gle of a texture, and is later extended to closely approximate
quadrilateral regions [28].

Analytical rasterization can be seen as a related problem.
Manson and Schaefer [29] focus on curved closed shapes using a
radial prefilter that is solved with a horizontal 1D boundary pass.
Alternatively, the prefilter-polygon convolution can be com-
puted by subdividing overlap regions into geometrical shapes
whose integrals are analytically computable [30]. Both works
refer to Duff [31], which describes analytical rasterization by
computing the convolution of a polygon with an analytically in-
tegrable prefilter. They subdivide the prefilter into “pixel-sized”
squares and evaluate the convolution integral of a polygon by
clipping it into a patch per square and evaluating each patch
using a trapezoid-based method. The recent work of [32] uses
the same clipped-polygon patches but evaluates each patch using
a Green’s-theorem method. Our work is related but focuses on
resampling of perspectively transformed discrete images using
the sampling theorem. Our convolution integral evaluation can
be seen as a SAT generalization for quadrilaterals but applied
to a 2D analytical prefilter instead of texture data. We do not
require subdivision and clipping against “pixel-sized” squares.
Analytical precision, numerical stability, and generalization of
the prefilter are also key in our method.

III. REVIEW OF RESAMPLING

A. Classical Sampling Theorem

Crochiere and Rabiner [33] Chapter 2.1 (1D), Wolberg [4]
Chapter 4 (1D), and Glassner [9] Chapter 8 (1D and 2D) provide
a thorough introduction to the sampling theorem. Here, we
briefly revisit the topic. The sampling theorem’s first part states
that a—theoretically— exact reconstruction from a sampled signal
of an original continuous-space signal requires the sampling
frequency f, to be greater than twice the maximum sinusoidal
frequency component f,.x present in the original signal. Or
alternatively; for a given sample rate f, anexactreconstructionis
theoretically possible for a signal whose frequency components
are limited to fiax < % fs. If this condition is met, the sampling
theorem’s second part states that the exact original values can
be reconstructed by convolution with a sinc reconstruction filter.
The term “3 f” is often referred to as the Nyquist frequency.

For fimax > % fs, aliasing occurs (Fig. 1), due to undersam-
pling or the continuous-space signal not being bandlimited
(enough). A low-pass filter can block frequencies above % fs
(the stopband) with the sinc filter being the “ideal” low-pass
filter [4]. It is a box window in the frequency domain, where the
frequencies below % fs (the pass band) are fully transmitted and

IEEE TRANSACTIONS ON VISUALIZATION AND COMPUTER GRAPHICS, VOL. 32, NO. 2, FEBRUARY 2026

Fig. 1. High frequencies will fold into low frequency aliases (blue) when too
high frequensies are present ( fiax ~ 0.8 fs).

stop  transition transition stop

band band pass band band band
10F- ]
ideal low o [~attenuation: blur
pass filter+— }
practical filter — I-leakage: aliasing
(Lanczos3)
0.0} ———nd N —
-1.0 -05 0.0 05 1.0 fg—
ideal ideal ideal
stop band pass band stop band
Fig. 2. Ideal and practical low-pass filter frequency response.
reconstruction

texel grid: filter borders: 3 o | o
+ + + + ++[+]+ . .
+ + + + +|+ |+ |+ o prefilter .

border
+ + + + +|+ |+ |+ . .
+ + + + +|+ |+ |+ . .

reconstruct transform prefilter sample at
e.g. with Box e.g. with Tent pixel location
Fig.3. Resampling steps: Reconstruct continuous-space image from the green

texels; using a box reconstruction obtains the red bordered squares of constant
value. Transform this continuous-space image from texture space to screen
space obtaining quadrilateral areas of constant value. Prefilter the transformed
image for each pixel position; the blue pixel is contributed by texels whose
quad overlap it’s square prefilter footprint (blue) and weighted according to the
prefilter function.

above it (the stop band) fully blocked. Having infinite support
(footprint), computable approximations are needed, resulting in
a non-ideal transition band between the stop and the pass band
(Fig. 2), leading to two possible artifacts:

1) Signals with frequencies leaking into the stop band lead
—after sampling— to aliasing.

2) Signals with frequencies within the pass band, but close
to the cut-off % fs, are attenuated above/below and lead to
sharpening/blur.

Some researchers consider both cases aliasing (e.g., [34]),
while others restrict the term to undersampling artifacts (e.g.,
Glassner [9] Section 8.2). For us, aliasing are low-frequency
aliases of high frequencies passed into the stopband, irrespective
whether the cause is undersampling, poor reconstruction, or
poor prefiltering. Aliasing is considered more detrimental to
perceived image quality than blur/sharpening artifacts (follow-
ing Wolberg [4] Section 4.5). Hence, practical filters combating
aliasing need to limit fiax t0 3 fs.

B. Resampling Formula

The resampling process, for triangle-based texture mapping
is presented in detail by Smith [5] and further developed by
others [4], [6], [19], [20], [26]. The sampling theorem’s first and
second part (Section ITI-A) result in Step 3 and 1 respectively in
the process below. The resampling process steps (Fig. 3) are:

1) Reconstruct a continuous-space image from the integer-

grid of input samples.
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2) Transform the image to output space.

3) Prefilter (bandlimit) the transformed image.

4) Sample it at integer-grid output positions.

The transformation (Step 2) of the continuous-space image
may introduce high frequencies not representable on the output
grid. Hence, the need for an anti-alias prefilter (Step 3) before
sampling on the output grid (Step 4). These four steps are the
starting point of our algorithm. They connect to a mathematical
expression, the resampling formula, which we derive using our
own notation, deviating slightly from the terminology in [6].

A sampled input signal i, : R? — R is represented by
the multiplication of the sampling function s : R? — R
s(u) := 3 52 0(u—t) (equally-spaced Dirac pulses) with
an original input signal i, : R? — R : is(u) 1= i,(u)s(u) =
> teze to(t)d(u — t), where values i, (t) are called rexel values
and typically given via a discrete texture image. Let m : R? —
R? denote the mapping from a position u in input/texture space
to a position x in output/screen space. We denote r : R? — R the
reconstruction filter applied in texture space, and h : R? — R
the prefilter applied in screen space. With * denoting 2D convo-
lution, the resampling steps lead to:

D) i(u) == (i % 7)(0) = Y yepn ia(t) -r(u — t)

2) jim(x) = i(m~(x))

3) §() = G+ D)) = [] () - hlx — k) dk

—00
Fusing the expressions 1-3 leads to the resampling formula,
which is evaluated at integer locations (Step 4) to obtain screen
pixel values:

Jx) =) ds(t) - we(x)

tez?

where (D)

wy(x) = /7r(m1(k) —t) - h(x—k) dk 2)

wy (x) represents the weight of a texel at t for a pixel at x. In (2)
the prefilter center is shifted onto the pixel location, which is the
conceptually common view. Alternatively, due to commutativity
of convolution (in Step 3) we can write:

we(x) = /7r(m1(x—k) 6 hl)dk ()

This formulation considers the prefilter at the origin of the screen
space; conceptually it takes the mapped reconstructed signal and
shifts it according to the pixel position x on the prefilter at the
origin such that the integrator k is directly used as a parameter
for the prefilter function. This interpretation will simplify our
derivation.

Please note that the integrals in (2) and (3) are defined in
screen space, where a reconstructed texel footprint undergoes
a perspective warping (m) into the screen space, whereas the
prefilter footprint is not warped. Note, however, that most
texture-mapping literature (e.g., [6], [10], [11], [13], [19], [35])
focuses on, using a texture-space integral where a prefilter-pixel
footprint is warped (m~!) into texture space. The screen-space
integral formulation simplifies exact computations of the un-
warped prefilter and motivated the direction for our algorithm.
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0.90

Fig. 4. Spectra of prefilter (blue) and reconstruction filter (orange) with
horizontally the f-factor (only positive shown) and vertically the amplification.
(a) Ideally both are Box functions. They are identical at scale factor 1 (but
orange slightly shifted for illustration purposes). Multiplication results in a
spectrum identical to the prefilter spectrum even for minification (scale <
1.0) that widens the reconstruction box spectra. (b) Realizable good-quality
(Lanczos3) prefilter spectrum and sinc spectrum of Box reconstruction filter at
scale factor 1. Multiplication with the sinc attenuates frequencies in the prefilter’s
passband (e.g., at 0.3 fs with 0.86x) reducing sharpness a bit. ¢) Same as (b) but
at scale factor 0.5, stretching the reconstruction spectrum by 2x, obtaining less
attenuation in the prefilter’s passband and hence increases sharpness.

C. Reconstruction Filter

Our work relies on a box-function with square support as
reconstruction filter:

box(z, y) — {1 if || < 0.5 and |y| < 0.5;

0 otherwise.

“

While it matches the common —wrong— intuition that pixels are
little squares [36], it is actually a suitable choice, as it has the
smallest support that adheres to the unity of composition prop-
erty, does not suffer from DC-ripple, and requires no per-pixel
normalization. It also follows naturally from applying supersam-
pling to the limit using Dirac samples. Our motivation is further
elaborated in the following subsections, which also shows why,
for high-quality minification, the sinc-approximating quality of
the prefilter is more important than that of the reconstruction
filter.

1) Reconstruction Filter Influence on Frequency Response:
In theory (Section III-A), we could best apply a sinc function
for both the prefilter and the reconstruction filter; the com-
bined frequency response (spectrum) is a multiplication of the
prefilter spectrum (a box window from —1 f, to 3 f,) and the
reconstruction filter spectrum (box window whose width is the
same at scale factor 1, see Fig. 4(a), but stretches for increasing
minification). The net result will be the box window from — % fs
to % fs independent of the minification factor, which is the ideal.
A practical approximation of these sinc filters leads to a similar
story but with approximate box spectra; any leakage of the
reconstruction filter spectrum multiplied in the stopband of the
prefilter spectrum does no harm when the stopband consists of
near-zero values; however attenuation due to the reconstruction-
filter spectrum part that overlaps the passband of the prefilter lead
to blurriness (Fig. 4(b)). The overlap of this part depends on the
scale factor (except for Dirac-reconstruction whose spectrum
is a constant of 1); when near to 1 most attenuation occurs;
for increasing minification the influence of the reconstruction
filter diminishes (compare Fig. 4(b) and (¢)), i.e., the prefilter
spectrum is “dominant” for the net result (in our minification
case). These observations motivate us to use a good-quality
approximate-sinc prefilter and choose a ’simple’, less compute
intensive, reconstruction filter.

2) Dirac Reconstruction: The simplest function is the Dirac.
The spectrum of the Dirac function is a constant with value
1. So, when used for reconstruction the combined spectrum
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(a) Normalization by division of the
sum of the weights obtains jaggy
artifacts.

(b) Normalization by multiplication
with the local scale factor leads to
DC-ripple artifact.

Fig. 5. Dirac reconstruction followed by normalization gives artifacts. Both
images are produced by the same slight perspective mapping with a small
minification factor (close to one) of a checkers texture with 16x16 blocks of
equal gray texels. The images are shown using 16x pixel replication.

will nicely equal the prefilter spectrum. However, the Dirac
reconstruction filter has undesirable artifacts, which we ex-
plain here. Rewriting (1) with Dirac reconstruction results in
3(X) = 22,1 xyez2 i(m 1 (x)) - h(x), which delivers two ar-
tifacts: 1) a point sample maps seemingly arbitrarily —fully— to
either a pixel’s prefilter footprint or to its neighbor’s, leading
to jaggy edges and intensity jumps. 2) A per-pixel varying
scale factor can cause a varying number of texels to accumulate
in a pixel, resulting in a changing sum of texel weights and
thus a changing intensity with a constant intensity texture. To
avoid these intensity changes a normalization strategy could
be considered (although this does not follow from sampling
theory): Dividing each pixel by the sum of its contributing texel
weights avoids intensity variations but cannot solve the jaggy
appearance (Fig. 5(a)). The jaggy edges could be solved by
normalizing differently; multiplying texel weights with the ratio
of their texel areas overlapping the prefilter footprint. However,
this is known to lead to intensity fluctuations called DC-ripple
[23] (Fig. 5(b)). So using the Dirac reconstruction filter leads to
undesirable artifacts even if we introduce a normalization step
that does not follow from the sampling theory (Section III-B).

3) Square-Box Reconstruction: After Dirac, the box function
(Eq. 4) is the most simple to implement. When the scale factor
is close to 1 a box-reconstruction filter spectrum (sinc) leaves
many high frequencies above 0.5f5 [37]; as mentioned (Sec-
tion III-C1), this is not a problem when using a good enough
quality prefilter, which will suppress them in the stopband. It
also attenuates frequencies in the prefilter’s passband (Fig. 4(b)),
leading to limited excess blurriness. However, for increasing
minification, the reconstruction filter spectrum stretches, and
the attenuation in the prefilter passband reduces (Fig. 4(c)).

With a square filter footprint (as opposed to circular) the box
function adheres to the unity-of-composition property (no DC-
ripple), no normalization is needed, and it avoids jaggy edges.
Together with its simple implementation, it motivated our choice
of the box reconstruction function.

IV. ALGORITHM

Our algorithm provides an analytical way of evaluating the
resampling formula (1) using a box-function reconstruction filter
and a prefilter of an arbitrary piecewise-polynomial function
over multiple rectangular regions, which we call cells (Fig. 6).
Following the resampling steps and Fig. 3, our algorithm can
be summarized as follows. The reconstruction (Step 1) with a
square-footprint boz filter transforms the texel samples into a

Fig. 6. Two examples of a rectangular piecewise-polynomial function; the 2D
tent function consisting of 2x2 cells and a cubic function consisting of 4x4 cells;
each cell defines its own polynomial function.

I-axis

(Kg,14) k-axis
(k3,13)
K

IRV O

Fig. 7. Left: The red quadrilateral represents a texel quad of a mapped texel
square. It acts as a switch to select a signed volume in prefilter h that represents
the weight of the texel. Right: Top view of the same texel quad. The prefilter
volume bounded by this quad equals the sum of the signed volumes to the south
(marked gray for line gl) of the 4 corner-to-corner line segments.

TABLE I
NOTATIONS

s:R2 =R
io /is: R? — R original / sampled input signal
m:R2 — R2

sampling function

mapping (perspective warping) function

x/k pixel position / position in output/screen space

t/u texel position / position in input/texture space

r:R2 5 R reconstruction filter (texture space)

h:R? - R prefilter (screen space)

Kk, texel-quad corner with coordinates (kn,, )

In texel-quad edge defined by tangent ¢, and point (0, pp)
Vi ,on vertical antiderivative of h

H:, p, slanted antiderivative of V%,, 5.,

wy = | Hiyopn (Ent1) — He,y p, (kn) texel weight

centered at texel samples. We call these regions fexel squares.
The perspective mapping of this signal (Step 2) results in
adjacent quadrilaterals of constant value in screen space. The
application of the prefilter (Step 3) contributes the texel value to
a pixel according to a fexel weight defined by the integration of
the prefilter kernel bounded by the quadrilateral of the mapped
and shifted texel square (Eq. 3) as illustrated in Fig. 7, which we
will call a rexel quad.

To obtain the texel weight we compute the integral of the
prefilter over the texel quad: Loosely speaking, for a general
texel-quad edge (with variable tangent and position), we define
a2D analytical integral that represents the signed volume (where
the sign depends on the orientation of the segment) of the
prefilter over the area to the south of the edge. We call this
integral the quad-edge weight (signed volume above gray area
in Fig. 7 right). The sum of the four quad-edge weights equals the
texel weight. The main used notations in the following detailed
description are summarized in Table I.

The texel-quad edges are derived from (3): With our recon-
struction filter ~ being a box filter, the integrand equals h(k)
if box(m ! (x — k) — t) equals one, otherwise it is zero. This

continuOR e PaCs eienal O iIHATS. RSN Lo BN BRI O Senr SXPIS S8R o S4B R el ok AR Kiphus: acts as
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an “on/off-switch” (of the texel-quad interior) applied to the
prefilter function h. For a k inside the texel quad, we have

0.5

k)-t)<
)—t) 0.5
“abs” and “<” are considered per vector element. If we let

t := (s,t) € Z?, the four texel-quad corners can be found by
solving for k in all combinations of

abs(m!(x — . Here both the bold printed

0.5 5+0.5

t+0.5
)
We number the texel-quad corners k; . . .k4 in counter-clockwise
order (illustrated in Fig. 7) and define for convenience ks := k;
and denote the coordinates (k,,[,) := k,,. From these corner
points, we can derive the line function of the texel-quad edges
gn : R — R described by a tangent ¢,, and going-through point

(0,pn):

abs(m '(x —k) —t) = =k=x-m

ln+1 - ln
ty = ———,
knJrl - kn

For now, we assume that g,, is not vertical. With (6) and each edge
considered a north border of the vertical integral of i (where the
sign depends on the orientation of the segment) we obtain four
signed integrals, whose sum equals the weight of a texel at t for
a pixel at x:

4 knt1  pgn(k)
we(x) = /k / h(k,1) dl dk (7)
n=1"Y"n -

We develop (7) into a discrete computational form using an-
tiderivatives. We adopt the traditional notation for an an-
tiderivative [ f(z)dxz := [ f(t)dt using the indefinite integra-
tion symbol (without bounds); a can be chosen freely but to
represent integration from a specific starting point a is made
equal to that starting point. Defining the vertical antideriva-

tive [ h(k,l) dl =: V(k,1) we can rewrite f_g;o(k) h(k,1) dl =
12 bk, 1) dl = V (k, gn(K)) — V (k,b). With h having fi-
nite support and b chosen below the support, V' (k, b) = 0. Sim-

ilarly, defining the slanted antiderivative [V (k, g, (k)) dk =:
Hy, p, (k), we may write:

gn(k) = tnk +pn Wlth

4
we(x) =Y Hi, p, (kn1) = Hi, p, (kn) (®)
n=1

By following the recipe of (8), with the texel-quad corner points
defined in (5) and deriving an analytical expression for H;  ,,
for a given prefilter, we obtain an exact computation of the
resampling formula (1) (up to numerical precision).

A. Determining the Prefilter Integral

So far, this section explained how the texel weight wy can
be computed from the slanted antiderivatives H;  ,, . Here, we
will show how to derive these antiderivatives for a piecewise
polynomial filter over multiple cells.

For a multi-cell polynomial function, the end points of a quad
edge may fall in different cells, hence H;, , spans multiple
cells. To compute the quad-edge weight we could clip the quad
edge into per-cell line segments and proceed with accumulating
the piecewis con ibution of thelg %pyg%%x%tlhves

Authorized licensed use limite
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@ h (b) H () H
Fig. 8. (a) A piecewise function h. (b) A per-cell antiderivative H of it that
starts at zero at the cell’s left border. (¢) The multi-cell antiderivatives H obtained
by consecutively adding the per-cell H integration-result value (accumulation
arrows) to each per-cell H antiderivative.

(a) 1%

(b)y V

Fig. 9. (a) Per-cell vertical antiderivative V' (starting at zero at each cell’s
south border) of a 2x2 multi-cell tent prefilter function (Fig. 6-left). (b) Multi-
cell vertical antiderivative V' obtained by consecutively adding, from south to
north, the per-cell integration result of V' (purple line; a function of k), to the
next per-cell antiderivative. For illustration purposes we show this also on the
prefilter’s north border (not needed by the algorithm).

! Kn+1 ! /“
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-
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¥
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Fig. 10.  The set of crossed cell borders can vary strongly depending the quad-
edge line function g,, (and thus on ¢,, and p,,). This causes the determination of
the start value of the antiderivative of the cell containing a quad-edge endpoint
to become a complicated operation, since it requires the consecutive sum of the
cell’s integration results along the quad edges up to the endpoint cell. A cell
index is shown in each cell.

at value zero). However, evaluating the per-cell antiderivatives
at each of the crossed cell borders can become rather costly, es-
pecially for high-order many-cell polynomials, where typically
many crossings appear and more expensive high-order power
terms are to be evaluated.

Instead we are interested in a more efficient alternative that
allows for computing of the quad-edge weight by evaluating
a multi-cell antiderivative only at the quad-edge end points,
similar to the 1D case as illustrated in Fig. 8. In the 1D case, the
multi-cell antiderivative for a cell, can be derived by consecu-
tively adding, from left to right, the per-cell integration result to
the next cell’s antiderivative.

In the 2D vertical-integration case, obtaining the multi-cell
antiderivative (V (k,1) = [ h(k,1) di) is similar to the 1D case
(Fig. 9(a) and (b)). If the integration is not vertical, the slanted
integration case ([ V' (k, g, (k)) dk) is more difficult. We can
still derive it via multi-cell antiderivatives H; , for each
quad-edge in the prefilter support, but now any quad edge can
cross many combinations of cell borders depending on ¢,, and
pn (Fig. 10) and one would have to evaluate an integration
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Fig. 11.

Continuing Fig. 9: (a) Per-cell slanted antiderivative H_ Zi »

(black) and is discontinue at both east (green) and south borders (grey). (b) Horizontal-multi-cell slanted antiderivative HZZL P

integration result value of H, ij

(¢) We obtain our proposed H i ' om

to evaluate the quad-edge weight by consecutively removing the differences between the antiderivative H, i
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. of V' (blue, shown for t,, = +1.4 and variable p,,). It start at zero in each cell’s west border

obtained by adding the per-cell

(from west to east) to the following eastbound cell. We derive an analytical function of ¢,,, p,, and [ (green) for these values.

o of adjacent

cells at south-border crossings (two red curves per border). We obtain this difference via another analytical expression of t,,, p,, and k per border For illustration
purposes, we even show these antiderivative in cells north of the 2x2 prefilter; these are not needed by the algorithm.

Alternatively, for each of the combination of crossed borders,
we could precompute the expressions. While this approach
would then allows evaluating the quad-edge weight by eval-
uating the suitable multi-cell antiderivative only at quad-edge
end points, the high combinatorial complexity, resulting from
the various combinations of crossings, can make this solution
quickly non-practical, especially when many cells are used to
define a piecewise-polynomial prefilter.

We have chosen an ’in-between’ method that reduces the
possible combinations at the cost of some additional compu-
tations. It leads to a more straightforward implementation: First
we obtain the multi-cell antiderivative H/?  (with ij a cell
identifying index) valid for quad edge combmations that only
cross vertical cell borders; reducing the combinatorial com-
plexity. Similar as in 1D, each left cell’s consecutive sum of
per-cell integration results is added to the per-cell antiderivative
(H Zn p,.» Fig. 11(2)). But instead of adding the consecutive sum
as a value, the function (of t,, and p,,) of the consecutive sum
is derived and analytically added (Fig. 11(b)). If a given quad
edge does not cross a horizontal cell border, this multi-cell
antiderivative H;_, can be used directly. If there is a crossing,

we need to add a difference value to a cell’s H, R .p, for any
crossing with the cell’s south border (for a posmve tangent ¢,,)
or north border (for a negative tangent ¢,,), for which we rely
on the added analytical expression. We explain the approach
for a positive tangent. For each cell’s south-border crossing we
consecutively add a difference value equal to the subtraction
of Hy! , of both adjacent cells at the crossing. This differ-
ence value is evaluated from a simpler difference function of
only ¢, and p, at a fixed vertical position I’ (red curves in
Fig. 11(b): Dy, (1) := Hy? (9,1 (1) = Hy (9 (1)),
where the crossing-point horizontal position equals g, *(I') =
(l —pn)/t (following Eq. 6).

Both H}’ 5, and D; R ? ., are derived beforehand analytically
and are algebralcally s1rnp11ﬁed to enable an efficient evalua-
tion. For example, evaluating Hy_ (knﬂ) at the right quad-

edge endpoint of Fig. 10-rightequals H® | (kny1) + DP? )+

tn,Pn

szp When the slant angle is negative a similar process
applies in a south-north mirrored configuration. Now that we
can evaluate H,, , (k), we follow (8) to calculate w, as the
sum of four terms on the interval [£,,, k,,+1] for each texel-quad

edge.

V. ALGORITHMIC DETAILS

There are two additional elements that need to be taken into
account when using our method: First, we will detail how to
handle texel quads that extend beyond the prefilter’s support
(Section V-A). Second, we will discuss the corner case of near-
vertical quad edges to ensure numerical stability (Section V-B).

A. Texel-Quad Clamping

In the general case a texel quad extends beyond the prefilter’s
support; to restrict the computation of the quad-edge weight
to the support we “clamp” the edge into two potentially zero-
length segments, whose weight together equals the quad-edge
weight. Segment one is the quad edge clipped against the support
borders. If the quad edge intersects with the north border the
weight of segment one needs to be complemented; this is done
by the weight of segment two, which is a vertical projection of
the line segment from the north-border clip point to the adjacent
quad-edge end point onto the north border and clipped against
the vertical borders (Fig. 12).

B. Near-Vertical Quad Edges

The floating-point evaluation of (8) is numerically unstable for
near-vertical quad edges; this is due to higher-order power-of-t,,
terms in H;, , , which overflow for large tangent values. A
simple solution would limit the tangent to a suitable range to
avoid overflow, but our focus is on an accurate solution. As
depicted in Fig. 13, we will compute the weight of the edge (area
to the south \S) via a detour. First, we transpose the near-vertical
quad edge to a near-horizontal (by swapping k and [ coordinates
of both endpoints) and evaluate its weight. This evaluates the
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(a) Quad edge overlapping support (b) Texel quad overlapping support

.CL_/quad edge

Fig. 12.  (a) To obtain the proper texel-quad edge weight we must evaluate
its integral only over the prefilter support; for this we subdivide the quad edge
in two segments: 1) the quad edge clipped against the support borders (red)
and 2) the quad edge to the north of the support and vertically projected on the
north-border and clipped against the vertical borders (blue). (b) The signed sum
of all quad-edge weights equals the texel weight.

cellol b celll cellot b cell11

o C
A With: A With:
S=A+B S=A+B
W=A+C W=C-A
B B

celloo cell10 celloo cell10

(a) Negative edge slope. (b) Positive edge slope.

Fig. 13.  To determine the edge weight S = A+B of a near-vertical texel-quad
edge, we avoid numerical instability by evaluating the weight of the transposed
edge W = A+C and the weights of the rectangular areas B (non-transposed)
and C' (transposed). We can then compute S = W —C+B or § = C —W+B,
depending on the slope of the edge.

area to the west (W) of the original edge. We observe that both
S and W share the integration over an orthogonal triangle A,
whose hypotenuse is defined by the quad-edge. They differ by
the integration over the rectangular areas B (to the south of the
triangle’s horizontal leg) and C' (to the west of the triangle’s
vertical leg) We need to distinguish two cases depending on
the edge’s slope. For a positive slope, we have S = A + B and
W =C — A, thus, S = C — W + B. Otherwise, we have S =
W-C+B

A final observation is that the edge of area B and transposed
edge of area C' is horizontal: ¢,, = 0. Instead of evaluating
H;, p.,we derive a simplified expression for Hy ), .

C. Extension to Textured Triangle Meshes

Until now, we focused on texels that are rendered as complete
quads. When textures are mapped to a 3D model, it can be
that these quads are cut by triangle edges. There exist many
supersampling variants of triangle-edge anti-aliasing methods,
however these only obtain an approximate result and are ex-
act only in the limit. Our solution naturally extends to exact
triangle-edge anti-aliasing. For a given triangle, we remove the
texel-quad area that falls outside the triangle before computing
the integration of the prefilter over it. Hence using the same
prefilter for texture and triangle-edge anti-aliasing.
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For general meshes, we need to implement an exact geomet-
rical hidden-surface-removal algorithm. The resulting triangles
are then processed from front to back (based on the nearest
vertex). For each triangle, we rasterize its texel quads, using
a conservative rasterization that selects all texel quads whose
texel square overlaps with the triangle in texture space. We
clip the resulting texel quads against the triangle and against
the geometrical union of earlier added clipped texel quads,
potentially splitting a texel quad into multiple polygons. We
then determine the weight of each polygon and accumulate the
result in the pixel’s color value.

VI. IMPLEMENTATION

We implemented three versions of our analytical texture map-
ping (ATM) algorithm in a triangle-based renderer; two C++
CPU versions (forward texture-mapping, CPU-F, and inverse
texture-mapping, CPU-I), as well as a GPU version, GPU. The
latter demonstrates compatibility with hardware-accelerated 3D
pipelines, although our solution is better suited for a forward-
texture mapping pipeline. To validate the exactness, we imple-
mented a reference texture-mapping algorithm using brute-force
supersampling.

Without the edge anti-aliasing of Section V-C both, CPU-F
and CPU-I use a custom triangle rasterizer, which traverses
sample positions respectively in texture space and screen space,
considering positions within a triangle according to tie-breaking
rules [38]. When edge anti-aliasing is enabled, CPU-F deter-
mines the contributing geometrical overlap of a texel quad with
a triangle using Clipper [39] and rasterization must be more
conservative; it considers texels whose texel square overlap the
triangle. The texel-quad processing of CPU-F and CPU-I are
identical, although CPU-I requires the additional work of map-
ping each pixel’s prefilter support to a a quadrilateral (preimage)
in texture space and determining the texel quads that overlap it.
CPU-I uses the software emulation of GLSL shader intrinsics
(GLM [40]) and forms the basis of the GPU C++/OpenGL im-
plementation. In short, its fragment shader computes a minimum
bounding rectangle of the preimage in normalized texture space
using the fwidth shader instruction (available as from OpenGL
1.1) and the width of the prefilter, and maps each texel within
it to screen space, where prefiltering is applied according to the
ATM algorithm.

All three implementations support box, tent and multi-
ple cubic prefilters, among others a strong up-sharpening
(Mitchell [34] with B = 0, C = 1), Catmull-Rom
(B =0,C = 1)), abalanced sharpening/aliasing (B = %, C =
%) and the non-aliasing B-spline (B = 1, C = 0). In the GPU
version, we added a ’generic’ cubic prefilter enabling variable
B and C. We used Mathematica to derive for each of these filters

the antiderivatives for the cell functions V', Ht” . and the cell

difference functions D, u p,, (SectionIV-A). Our implementation
should be considered a proof of concept for a reference renderer
and leaves room for performance optimizations.

VII. EVALUATION

All tests are performed on an a laptop with AMD Ryzen 7
4800H processor and NVIDIA GeForce RTX 3060 GPU. The
CPU tests run on a single core at 4.2 GHz.
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(a) texture

(b) prefilter

(c) regular (d) Hammersley

Fig. 14. Difference of regular (c) and Hammersley (d) supersampling with
ATM (Tent prefilter) using 20482 sub-samples per pixel on an area of 41x41
(green square in (a)) texture mapped pixels of a Siemens star (512 x 512
texels, minified roughly 2x). The center of the area contains texel quads with
near-vertical borders; illustrated in the zoomed-in prefilter footprint in (b).
Both (c) and (d) show the same intensity range [0, 0.000012] but regular
sampling suffers from reduced sampling resolution close to the horizontal
direction.

A. Evaluation Exactness of Texture Filtering

We produce references via supersampling; each sample in
the screen-space prefilter footprint is inversely mapped to
texture space to fetch the nearest texel color. Due to their
faster convergence than regular sampling (Fig. 14), we eval-
uate different sampling methods, including regular sampling,
Hammersley pattern with base of 2 [41], and a fast Sobol
sampling [42].

We measure the root-mean-square deviation (RMSD) be-
tween ATM (CPU-I) and supersampling for an increasing sam-
ple rate using double-precision floating-point values. We show
that the supersampling solution approaches our analytical re-
sult, when increasing the amount of samples. In this way, we
empirically validate the correctness of our analytic derivation.

We evaluate two examples (one with and one without near-
vertical quad edges) each for two prefilter functions (a 2 x 2
cells tent function and a4 x 4 cells cubic (B=0, C=1) function),
for a total of four scenarios. To maximize the filtering effects,
we use a high-contrast checkers texture with tiles of 8 x 8
texels and intensity either 0.12 or 0.88 on the unit [0..1] range,
leaving head room for under/over-shoot due to negative-lobe
prefilters. To reduce render time for the higher supersample
factors, we render a very small comparison image; only 9 x 9
pixels, illustrated in Fig. 15). As a baseline, we compare to a
slow Hammersley sample generator (code from [41]). It enables
very high supersample factors 27 x 2!7 but also took about
41 hours. Please note (Fig. 16) that even with this extreme
supersampling, there is still a difference to our solution, which is
reduced by using more samples. A recent fast generator, Sobol
“maximized minimum distance” [42] only supports a maximum
supersample factor of 2'% x 2% but is much faster; 39 and 42
minutes for the tent and cubicStrong prefilter respectively. The
fastest alternative is a regular grid sampling requiring 22 minutes
(cubicStrong) but showing slower convergence. For all four
scenarios, we observe a decrease of the RMSD with increasing
sample rate until arithmetic precision becomes a limiting factor
(Fig. 16). This illustrates the validity of our ATM-I approach,
which produces the result in 0.5 to 12 milliseconds, depending
on the scenario. As expected, the convergence is roughly linear
when samples quadruple. One exception are the highest sample
rate counts in the near-vertical quad edges case with a tent
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(a) No near-vertical quad edges.

(b) Near-vertical quad edges.

Fig. 15. This figure illustrates two test mappings (a) and (b). The top row
shows how the texture (left) maps to 9x9 screen pixels (right). The bottom left
(texture) zooms in on the preimage (red quadrilateral) and shows the overlapping
texel squares and the bottom right (screen) shows how the associated texel
quads overlap the prefilter footprint. Mapping (a) equals a rotation and a modest
minification. Mapping (b) comprises a vertical shear, almost no rotation and a
bit less minification, obtaining near-vertical quad-edges with |tangent| > 100
that are transposed filtered (Section V-B).

LE+00

16? 647 2567 1024 4096 163847 655367 162 642 256° 1024 4096 16384 655367
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center-texel footprint 1E03 center-texel footprint
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~=Hamm cubicStrong double

——Hamm cubicStrong float
Hamm tent double

—e—Hamm tent float

—~Sobol cubicStrong double
Sobol tent double

~~Hamm cubicStrong double

—e—Hamm cubicStrong float
Hamm tent doube

~-Hamm tent float

—~Sobol cubicStrong double

Sobol tent double
1609

(a) Without near-vertical quad edges (b) With near-vertical quad edges
Fig. 16. Measured RMSD of ATM (CPU-I) and Hammersley and Sobol
sampling using a tent and a strong up-sharpening cubic prefilter in the examples
of Fig. 15. The RMSD reduces linearly when the sample count quadruples
(horizontal axis). Single-precision arithmetic shows the same RMSD linear
reduction but flattens earlier (around 10> and 10~ 7) due to the lower numerical
precision.

Fig.17.  Screenshot of the GPU demo enabling side-by-side visual comparison
of aliasing-critical textures mapped on a slowly moving plane of triangles (red
is magnified). This picture is not suited for quality assessments in a pdf viewer.

prefilter; the graph flattens. By comparing to single-precision
floating-point arithmetic it shows that this is likely related to
numerical imprecision and it illustrates our approach’s accuracy
being only limited by machine precision.

B. Evaluation of GPU Version

To make plausible that our GPU version is exact, up to ma-
chine precision, we generated a sequence of 32-bit floating-point
per channel images with a textured plane (shown in Fig. 17) for
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Fig. 18. ATM rendering of Utah Teapot [43] (15704 double-sided textured
triangles with same prefilter for texture and triangle-edge anti-aliasing; tent to
the left of the green line and an up-sharpening cubic to the right. (a) Wireframe.
(b) Magnification showing filter differences on same area. (c) Zoom on silhouette
edges (notice under/over-shooting). (d) Silhouette edge a.o. over areas of same
intensity (notice correct intensity constancy). (e) Correct result at complex
triangle/texture configuration. (f) Correct edge rendering even when omitting
a rectangular triangle patch in the front. For inspection: a pdf-viewer will show
pixel replicated zoom, if supported (e.g., SumatraPDF).

a changing perspective mapping, with both the CPU-F and the
GPU version. The RMSD between them measured in an area
inside the plane, stayed below 1.07? for all frames, which is in
line with the RMSD values of Fig. 16.

We visually compared our GPU implementation to
anisotropic filtering [11] using real-time rendering. Anisotropic
filtering can be considered an approximation of box reconstruc-
tion filter and box prefilter. This is because it applies multiple
trilinear probes selected from appropriate mipmap levels along
the line of anisotropy and averages them; each trilinear probe
consist of two bilinear probes, each applying four texel weights
to the 4 nearest texels, each weight is equal to the area-overlap
of a square footprint centered around the bilinear probe position
—the box prefilter— with the texel square —the box-reconstruction
filter— of one of the 4 nearest texels. To ’fairly’ compare the
quality, we use ATM with a box prefilter and show a slowly
animating plane with an aliasing sensitive texture (512 x 512
Siemens star) rendered (mainly minified) ata 512 x 512 view-
port (Fig. 17). ATM shows a bit less aliasing and more sharpness
than 16 x dedicated hardware anisotropic filtering. Interestingly,
selecting the tent function as a prefilter, which is known to lead
to more blur than a box-function, yet, the ATM visually shows
equal sharpness compared to anisotropic filtering, but much less
aliasing. Rendering speed was not our focus, but, here, it is
roughly 0.9, 4 and 40 milliseconds with box, tent, and cubic
prefilter, respectively.

C. Evaluation Exactness on Textured Triangle Meshes

To be able to optimally inspect filtering effects on triangle bor-
ders (Section V-C) we render (CPU-F) the Utah Teapot without
lighting; we applied a 1024 x 1024 texture and rendered into a
512 x 512 viewport, obtaining a modest (horizontal and vertical)
texture minification at the front of the teapot and the sprout;
magnification only appears at the teapot knob (Fig. 18). We used
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Fig. 19. ATM renderings without lighting using up-sharpening cubic prefilter
for texture and triangle-edge anti-aliasing. Both models [44] (14894 (left) and
40310 triangles) have applied a 20248 x 2048 texture atlas and are rendered into
512 x 512 viewport obtaining minification everywhere. For close inspection: a
pdf-viewer, if supported, will show pixel replicated zoom.

the same checkers texture as in Section VII-A but with tiles of
16 x 16 texels. To verify exactness, we placed a screen-filling
quad behind the teapot and accumulated texel weights for each
pixel. In consequence, the accumulations should be close to one.
We measured a maximum deviation over all screen pixels less
than 10712, for the box, tent and the cubic prefilter during a
rotating-teapot sequence, which had all outside facing triangles
visible at least once. This test together with Section VII-A illus-
trate that ATM filtering can also implement exact triangle-edge
anti-aliasing.

Fig. 19 shows color-textured ATM renderings (CPU-F) whose
measured per-pixel accumulated weight deviates less than 10712
from one, for the box and the cubic prefilter.

VIII. CONCLUSION AND FUTURE WORK

We have presented analytical texture mapping, an analytical
exact resampling algorithm derived from sampling theory. The
solution can be applied in the 3D graphics pipeline for tex-
ture anti-aliasing and for triangle-edge anti-aliasing in textured
meshes. It supports general 2D integrable prefilter functions.
We have implemented it on CPU and GPU for piece-wise
polynomial functions, enabling general prefilter-function ap-
proximations with arbitrarily high accuracy. We showed that
our algorithm’s accuracy is only limited by arithmetic precision
and can be used as a reference for image-quality comparisons.

Future work could focus on additional performance optimiza-
tions, e.g., utilizing the symmetry of the prefilter or Shader opti-
mizations (such as replacing the per-cell conditional polynomial
evaluation by a single polynomial whose coefficients are indexed
from a table depending on the cell). Additionally, extensions to-
wards material filtering [45] or even physically-based rendering
(e.g., including general camera models) seem promising. For
example, Voronoi cell volumes around screen-space samples
can improve convergence [46] and could be handled.
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