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Abstract

Noise from auxiliary subsystems, amplified by their own control system, can couple to the output
signal of gravitational wave detectors, limiting the maximum attainable sensitivity. Subtraction fil-
ters can be used to mitigate this coupling of noise by adding a secondary disturbance path with the
purpose of canceling the noise in the output of the detector. The aim of this paper is to develop a
systematic approach for the design and online adaptive estimation of subtraction filters. The pro-
posed method adaptively updates the subtraction filter without the need for external perturba-
tions to the system, providing a robust approach towards handling the time-varying couplings

in the system as well as reducing the need for detector downtime. The method is validated on a
representative simulation of the Advanced Virgo+ gravitational wave detector, illustrating that
the method is capable of suppressing the coupling of noise from an auxiliary subsystem while the
coupling varies over time.

1. Introduction

Gravitational wave (GW) detectors such as Advanced Virgo+ (AdV+) (Acernese et al 2023) and
Advanced LIGO (Aasi et al 2015) are large optical interferometers consisting of a vast number of mech-
anics and optics, which are subject to a wide variety of disturbances that can limit the sensitivity of the
detector (Bersanetti et al 2021, Capote et al 2025). Beyond the common approach of improving the hard-
ware, data-driven approaches are used that use a measurement of some noise to subtract it in the output
of the detector (Vajente 2008, Coughlin et al 2016, Tapia et al 2023). A prime example is noise amplified
by the control loops of auxiliary degrees of freedom (DoFs) coupling to the main DoF containing the
GW signal. Here, a subtraction filter is required that operates between the two feedback loops to cancel
the coupling of the auxiliary DoF to the main DoF during operation of the system (Swinkels et al 2008,
Meadors et al 2014). Because the dynamics of these loops are time-varying (van Dael et al 2024), the
subtraction filter requires regular updating to maintain optimal performance.

The baseline approach is to identify the subtraction filters by injecting a perturbation signal and fit-
ting a filter on the measured frequency response of the subtraction filter (Swinkels et al 2008, Meadors

* This work has been funded by the Netherlands Organisation for Scientific Research (NWO) under Grant Number
680.92.18.02.
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et al 2014, Tapia et al 2023). While this method typically achieves a good performance, it requires updat-
ing the filter faster than the time-variation of the system dynamics, which is practically infeasible when
the dynamics fluctuate in a matter of minutes. Additionally, this method requires injecting external
perturbations, which leads to downtime of the detector. There are several approaches that do not use
external perturbations such as in Giaime et al (2003), Tiwari et al (2015), Coughlin et al (2016) for lin-
ear dynamics and Vajente ef al (2020) for non-linear dynamics, but these approaches are not designed to
work in-loop during operation of the system. In Driggers et al (2012), an adaptive approach is presen-
ted to estimate the subtraction filter using the least mean square (LMS) algorithm. This approach shows
promising results, but the algorithm does not consider the closed-loop aspects of two coupled DoFs,
which may potentially lead to suboptimal performance and instability of the loops.

Although significant advances have been made in estimating subtraction filters online, there is no
approach that can be used to subtract noise from an auxiliary loop to the primary loop containing the
GW signal during operation of the system, without the need for dedicated external perturbations. The
aim of this paper is therefore to develop a framework for adaptive online estimation of the subtraction
filter, using pre-existing signals in the detector, with the objective of minimizing the time-varying coup-
ling from an auxiliary DoF to the sensitivity of the detector.

The contribution of this paper is threefold.

(1) Exploration of design considerations for a static subtraction filter, providing a practical guide for
selection and design.

(2) Development of an adaptive control approach to estimate the subtraction filter online using only
pre-existing detector signals.

(3) Validation of the approach on a representative simulation of the AdV+ detector.

The problem of designing the subtraction filter admits several perspectives as a class of control prob-
lems. First, as a decoupling problem, where typically static input-output transformations are designed
to approximately diagonalize the multiple-input multiple-output (MIMO) dynamics, either locally in a
frequency range with similar dynamics (MacFarlane 1970, Owens 1978), or in a broader frequency band
when the dynamics differ (Vaes et al 2004, Stoev et al 2017). This idea is extended to some of the aux-
iliary loops in AdV+, which exhibit time-varying dynamics, for which the static decoupling matrix was
iteratively updated (van Dael et al 2024). Second, as a MIMO feedback design problem that treats the
subtraction path as the off-diagonal controller element K3;, for which #H,/H, formulations (Doyle
et al 1989, Skogestad and Postlethwaite 2005) could be used, or data-driven iterative feedback tuning
(Hjalmarsson et al 1998) to accommodate the time-varying dynamics. Third, as a disturbance feedfor-
ward problem, where a measured exogenous disturbance is used to identify a feedforward filter. Several
approaches have been proposed for this class of problems, such as in Sternad (1990) where an LQG-
like approach is used to estimate the feedforward filter, or variations of the LMS algorithm (White and
Tomizuka 1997, Driggers et al 2012, Hakvoort and Beijen 2023). And finally as a synchronization prob-
lem between subsystems (Mishra et al 2008, Navarrete et al 2015, Evers et al 2019), where an off-diagonal
control term is used to minimize the relative error between subsystems.

The approach presented in this paper is based on the disturbance feedforward and synchronization
class of approaches. The synchronization perspective is used as a basis for the parametrization of the
subtraction filter, and iterative learning control (ILC) (Bristow et al 2006) is a disturbance feedforward
based approach used to recursively estimate the subtraction filter. ILC updates a feedforward signal from
batches of data and basis-functions ILC (BILC) (Phan and Frueh 1996, van de Wijdeven and Bosgra
2010) is adopted, which represents the filter as an FIR expansion whose coefficients are learned. BILC
does not require dedicated perturbations, accommodates time variation through iterative updates, and
provides a transparent weighting-based tuning suited to GW-specific requirements. The objective is to
apply BILC to estimate the subtraction filter in GW detectors, providing a framework for its implement-
ation on which extensions can be built. Establishing benchmarks with respect to other methods is left to
future work.

The outline of the paper is as follows. Section 2 formalizes the control problem. Section 3 discusses
the design considerations for each parametrization of the subtraction filter. Section 4 presents the adapt-
ive control approach to estimate the subtraction filter online. Section 5 validates the approach on a rep-
resentative simulation of two DoFs in the AdV+ detector and section 6 concludes the paper and dis-
cusses future work.
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B1

Figure 1. Part of the optical configuration of Advanced Virgo Plus for the O4 science run. The B1 photodiode measures the inter-
ference pattern between the two arms (lw + Lw and Iy + Ly ), which change in length with opposite signs when a gravitational
wave passes.

2. Problem formulation

This section first introduces the working principle of interferometric GW detectors and the challenge
posed by noise coupling between control loops. It then motivates the need for a new approach to
estimate the subtraction filter by outlining the limitations of current approaches, and finally formally
states the problem addressed in this work.

2.1. System description

Figure 1 shows a simplified scheme of the optical configuration of AdV+. The detector measures a rel-
ative length change between the two 3km long arms Ly and Ly when a GW passes, which induces a
change in the interference pattern on the Bl photodiode. This is the so-called Differential Arm (DARM)
DoF i.e.

Lparm = Ly — Ly, (1)

which is the most important DoF as it contains the GW signal. Additionally, there are four other so-
called longitudinal DoFs, which are defined as

Ly+ Ly

Leapm = ———,

2
Lyviicr = In — Iw,

In+1
LopcL =l + = 2 W,

In+1
Lsper = Is + = 5 us (2)

which serve as auxiliary DoFs. The Michelson (MICH), power recycling cavity length (PRCL), and signal
recycling cavity length (SRCL) DoFs are actively controlled using a feedback loop that uses PDH sig-
nals (Black 2001) to determine a control signal that is distributed among the mirrors to control the cav-
ity lengths, while the common arm (CARM) loop uses a more complex control scheme (van Dael ef al
2025), the discussion of which is out of scope for this paper.

Beyond the basic design requirement that these feedback controllers should achieve a certain RMS
error on the cavity length, the noise coupling from the auxiliary DoFs to DARM should also be minim-
ized. In figure 2, the spectrum of DARM and the noise contributions from the auxiliary DoFs to DARM
are shown, while using the pre-existing subtraction filters. The detection band of AdV+ is between 10
Hz and 10 kHz and though the auxiliary longitudinal DoFs are not limiting the spectrum of DARM
except for a few frequency bins, they are still close to limiting, which might become a problem in the
future when the sensitivity of the detector improves. Furthermore, since the coupling varies over time,
some DoFs may become arbitrarily close to limiting the sensitivity.

3
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Figure 2. Noise projection of the auxiliary longitudinal degrees of freedom to DARM as present for AdV+ in O4 science run,
with (mes) the spectrum of DARM and the contributions to DARM Of (ssssm) MICH, (mmmm) PRCL and (sss==) SRCL, while using
a subtraction filter for MICH. Both MICH and SRCL are close to limiting the sensitivity of DARM in the 10 Hz to 30 Hz region.
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Figure 3. Block diagram for a general two degree of freedom multiple-input multiple-output system. The subtraction filter can be
parametrized to be between the control signals u as p; or between the output signals y as p,, to suppress either the input disturb-
ance d, or the output disturbance 7, depending on the choice of parametrization.

2.2. Subtraction filter design
The block diagram in figure 3 shows a simplified version of the feedback loops for the DARM DoF as

the lower loop (loop 1) and one of the auxiliary DoFs as the upper loop (loop 2). The plant Gj; rep-
resents the opto-mechanical response from DoF j to DoF i and both loops are controlled by a feedback
controller K;. Both loops are furthermore subject to input disturbances d; and output disturbances 7;
and the feedback controllers are designed to reject the disturbances in their respective error signals e;.
The output signal y; of the DARM loop in figure 3 additionally contains the GW signal. To min-
imize the noise propagation from d, or 7, to y;, the subtraction filter p; or p, is used depending on
which noise source is dominant. In AdV+, the output disturbance 7, (sensor noise) is typically the lim-
iting noise source for the auxiliary DoFs in the 10 to 50 Hz region and the subtraction filter p; is used

to minimize the coupling of 1), to y; by parametrizing p; as

Grz 3)

pPi = —?H-

Note that the method of obtaining this parametrization will be discussed in section 3. To obtain the
optimal filter in practice, standard frequency response function (FRF) identification is used to obtain an
FRF of Gj; and Gy; and a parametric model is then fitted onto the FRF of (3) to obtain the subtrac-
tion filter in the frequency band where the auxiliary DoF is limiting. This method works well in practice,
reducing the coupled noise by up to 2 orders of magnitude for some DoFs (Swinkels et al 2008).

4
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2.3. Problem statement

However, the dynamics of the longitudinal DoFs exhibit time-varying behavior (van Dael et al 2024),
stemming from thermal effects as well as slow drifts in the alignment of the mirrors. Consequently, to
maintain the optimal performance over time, the filter in (3) should also be time-varying. Modeling
this effect is practically impossible due to the complexity of the system, so in the current procedure,
the filter is regularly updated by re-identifying it using the FRF method. While the attained perform-
ance over time is still good, the efficacy of the method is limited by the time-varying behavior, which
if relatively fast cannot be accounted for using the current method. Continuously updating the subtrac-
tion filter using the current method is not possible either, since the injection of noise obscures the GW
signal.

The problem addressed in this paper is two-fold. The first is the problem of designing the subtrac-
tion filter, reviewing its requirements, selection of parametrization and design considerations, since the
method is already widely adopted in the GW community. The second problem is to develop a method
for the online estimation of the subtraction filter that can recursively adapt to the time-varying behavior
of the system without requiring the injection of external perturbation signals.

3. Parametrizing subtraction filter

This section first presents the possible parametrizations of the subtraction filter, after which several
design considerations are discussed as well as the possibility of simultaneously attenuating both input
and output disturbances. The section concludes with a practical guideline on how to select and design
the subtraction filter. Throughout this section, a uni-directional parametrization is assumed, i.e. using
only a subtraction filter from loop 2 to loop 1. The implications of using bi-directional parametrizations
where also a subtraction filter from loop 2 to loop 1 is added are discussed at the different design con-
siderations but not further explored.

To simplify the derivations of the transfer functions and to discuss the design considerations, the
MIMO representation of the two-dimensional system is used, which is shown in figure 4. Here, G €
C?*? and K € C?*? are the two-dimensional optomechanical plant and controller, respectively, and
T, € R*** and T, € R**? the input and output transformations given by

L p |1 po
Tu—{o J, Ty—[o 1], )

with p; and p, as derived in (6), respectively. The MIMO transfer matrices based on figure 4 from d and
7 to y are

y=(I+T,GT,K) ' T,Gd+ (I+ T,GT,K) "' T,n, (5)

SG S

with I € R?*? the identity matrix.

3.1. Possible subtraction filter parametrizations

Throughout this section it is assumed that the objective is to minimize the contributions of the disturb-
ances d, and 1), to the error signal yy, since this is the measured variable containing the GW signal®. The
contribution of d, and 7, to y; are obtained by taking the 1,2 elements of SG and S as defined in (5),
which are given by

G+ Gupo — GiGuKypi + G1nGa Ky 4+ po — G12Kz — G Ky pi
= 2

6
X X 2, ( )

Y1
with
X =1+ GK; + Gk, + G11GnKi K — G126 KKy + G Ky pi + Goi K o (7)

Equation (6) shows either p; or p, can be used to minimize the coupling of d, and 7, to y;. To find
the optimal filters, the terms in (6) are set to zero and the resulting filter parametrizations are shown in
table 1, where using only p; or p, is considered to suppress either d, or 7;.

8 In practice i is also used to extract the GW signal. Since any noise subtracted from y; will also not be present in #y, only y; is con-
sidered here.
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Figure 4. Block diagram for a general Multiple-Input Multiple-Output system. The subtraction filter p; and p, are part of the
input and output transformation matrices T, and T}, respectively.

Table 1. Optimal subtraction filters p; and p, for input and output disturbances d, and 7,.

d> M
o G2 _Gn
' G116 Ky — G12Gn Ks Gn
G
Po foZ GKy

Beyond these four uni-directional parametrizations, there are many more parametrizations by select-
ing different combinations of input and output signals for the subtraction filters. They however do
not offer any additional benefits, which is why the paper is restricted to these four parametrizations.
Nevertheless, the derivation of the design considerations discussed next readily extend to any other pos-
sible parametrization. Bi-directional parametrizations offer added benefits in terms of noise suppression
(Evers et al 2019) at the expense of a more complex design procedure, but this is out of scope for this

paper.

3.2. Design considerations
Throughout the remainder of this section, several design considerations will be discussed that should be
taken into account when selecting the subtraction filter parametrization.

Amplification. While the subtraction filter minimizes the propagation of one disturbance from loop 2 to
loop 1, it can simultaneously amplify another. Furthermore, when G,; # 0, the subtraction filter poten-
tially amplifies disturbances from loop 1 to loop 2, which may be undesired.

To analyze these effects, the amplification matrix Aj;j(T,,T,) is used, which is defined as follows.

Definition 1. Let M(T,, T,) denote a transfer matrix that depends on designable transfer functions T, and
T,, and let M(I,I) be the same transfer function matrix when both T, and T, are identity. The elements .A;;
of the amplification matrix A are then defined as

Ml“ (Tua Ty)
Ai (Ty, 1)) = ————-, 8
1]( u J’) Mz](LI) ( )
where M;; are the elements of M.
Remark 1. If Mj;(I,I) = 0, the amplification matrix is undefined and A;;( T, T,) should therefore be
assessed separately.
Using the parametrization p; = —g—if to minimize the coupling of 7, to y;, the amplification matrix
of 7 in y is then according to definition 1 given by
M(T,,I)
A" (T, 1) = ——+~
( u ) ]\4(17 I)
1
= 1+811K1 Q G 0 (9)
Gu+kKz GIIG; —K:G12Gn Q Gu+kKz GIIG; —K:G12Gn Q
with
Q= 1+ G11 Ky + G Ky + G11GaKi Ky — G161 K Ky (10)
1+ Gn kK, ,
and where based on (5)
M(T,,I) = (I+GT,K)"". (11)

6
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Given the assumption that G,; =0, (9) reduces to

A (T,.1) = [1 0} , (12)
1 1

illustrating that for uni-directional coupling, the parametrization for p; perfectly cancels 7, in y; without
amplifying other disturbance paths. However, when G,; # 0, the other disturbance paths may be amp-
lified depending on the system dynamics. The significance of this amplification should therefore be
assessed per case.

To illustrate the impact of amplifying the other disturbance in loop 1, consider again the case where
pi= —g—if is used to cancel 7, and first consider the case where G,; = 0. The resulting amplification
matrix of d in y is then given by

M(T,I) {1 lJersz} (13)

d
AT D) = ML) |1 1

showing that the coupling of d, to y; has worsened as a result of the subtraction filter. The amplification
term 1+ G, K; is furthermore large below the bandwidth of loop 2, since there G, K; < 1. This means
d, is significantly amplified below the bandwidth of loop 2, with the quantity depending on the design
of K, and the dynamics of G,;. A solution could be to have a bandpass in the subtraction filter around
the frequencies where 7, is limiting, which would work if this frequency region is around or above the
bandwidth of the second loop.

To illustrate the impact of the subtraction filter choice on the second loop, now assume that G; # 0.
The amplification matrix of d in y is then given by

Gll
Ad = M(Tw, 1) — G11+K2(G116G22—G21G12)Q Q ) (14)

11 Gu
M(L I) Gn+K2(G11 G2 —G Gr2) Q G1+K3(G11 G2 —G2 Gr2) Q

While it is difficult to assess the exact amplification due to the complexity of the amplification mat-
rix, it is clear that designing p; to minimize the coupling of 7, to y; also has an impact on the coupling
of dy and 7, to y, and even of d; to y;.

When a parametrization is chosen, the amplification of the other disturbance paths is one of the
main priorities in assessing the best parametrization. The impact depends on the requirements of
each loop, the system dynamics and the size of the different disturbances, and this should therefore be
assessed for each case separately.

MIMO stability. When the system has uni-directional coupling (G,; = 0), the stability of the system
remains stable when the selected subtraction filter parametrization is also stable, because there is no loop
between the two individual loops that can become unstable. However, when the system has bi-directional
coupling (Gy; # 0), the stability of the system is affected by the choice of subtraction filter. The MIMO
poles of a system are given by

X =det(I+ T,GT,K) = (1+ G;1K;) (1 + GK>)
— G12G KK + Gy Ky pi + G21 K o, (15)

with T, and T, parametrized as in (4). If, e.g. as parametrization p, = G|2K; is used, (15) becomes

det (I+ T),GTL,K) = (1 + GllKl) (1 + Gzsz) — G12G21K1K2 + G21K1G12K2
:(1+G11Kl)(1+G22K2) (16)

The last equality shows that, for this particular parametrization, stability only depends on the sta-
bility of the individual loops, which are designed to be stable. For other parametrizations, (15) may
not necessarily reduce to this form, requiring stability to be assessed using MIMO stability criteria, see
e.g. Skogestad and Postlethwaite (2005). But even in the case where (15) does reduce to this form, it is
important to note that it only holds when a perfect fit of the optimal parametrization is obtained. Given
the time-varying dynamics of a system, this assumption is not guaranteed in practice and stability issues
may therefore still ensue.

Other design considerations. Beyond the amplification and stability considerations, there are other aspects
that should be considered. Since the current method relies on FRF identification, an obvious pre-
condition is that the subtraction filter can be identified in the frequency range where the disturbance
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is limiting. Some parametrizations might therefore be more beneficial since they only contain terms

that are easy to identify. Furthermore, the order of the subtraction filter might also impact the choice

of parametrization, since higher order parametrizations with complex dynamics may be more difficult

to fit. However, it could also be that some terms share common dynamics and thus cancel, which would
simplify the required fit and potentially yield better subtraction levels. Choosing the best parametrization
is therefore completely dependent on the system dynamics and disturbances present.

3.3. Simultaneous cancellation of disturbances

As shown next, unfortunately, there exists no parametrization for which both the input and output dis-
turbance are canceled simultaneously. Consider the case where the goal is to have both disturbances d,
and 7, perfectly canceled in y; and suppose T, and T, are parametrized such that S;, = 0, meaning 7,
is perfectly canceled in y;. To then also perfectly cancel d, in y; requires the 1,2 element of SG to be
zero, i.e.

. 17
S Su |G G $31G11 + 522G 521612 + 522G 17

[511 0} {Gu G12] _ [ SuGn SuGn

The only way to achieve this is if S;; = 0, which would induce rank deficiency in the matrix on the
right of the equality sign in (17). Practically, this would mean that the first DoF is not controlled, which
for obvious reasons is not desirable. Note that no assumption on the structure of T, and T, is made, so
even a parametrization in T, and T, that uses all of its elements would not work.

Perfect cancellation of both disturbances is considered here, while typically the requirement for GW
detectors is that the disturbances should just be sufficiently low as to not limit the sensitivity. Therefore,
for this situation, it is likely possible to find a parametrization that sufficiently suppresses both dis-
turbances. Additionally, only uni-directional parametrizations are considered here, while bi-directional
parametrizations provide more flexibility and frameworks for the designs of such parametrizations
already exist, see e.g. Doyle et al (1989), Skogestad and Postlethwaite (2005), Evers ef al (2019). These
frameworks could be explored to find bi-directional parametrizations that sufficiently suppress both
disturbances.

3.4. Design guidelines
Based on the design considerations presented in this section, a brief guideline on the choice of paramet-
rization is given in a step-by-step process.

(1) Determine which disturbance (d, or 7,) is more critical to suppress. If both need to be suppressed
in the same frequency band, extensions of the current design methods should be explored.

(2) 1If the system is bi-directionally coupled, choose a parametrization that does not affect the MIMO
stability of the system.

(3) The choice of parametrization then depends in order of importance on the following considerations:

(a) Use the amplification matrix to determine which of the remaining parametrizations may lead
to an undesired level of amplification of the other disturbance.

(b) Choose the parametrization that requires the least number of parameters to fit, since this is
likely to yield a more accurate estimate. The parametrization p, = G,K; likely requires the
least number of parameters to estimate option since K, is already known, but the
parametrization p; = —g—f may for example lead to cancellation of dynamics and could
therefore be a better option.

4. Adaptive estimation of subtraction filter

This section will derive a recursive approach for an adaptive estimation of the subtraction filter online
using pre-existing perturbations in the system.

Throughout this section, the convolution matrix of a transfer function is used. Consider a trans-
fer function G with finite impulse response (FIR) of length N and input and output signals u and y,
respectively. The finite time response of G is given by

k
yk= Y glulk-1, (18)

I=1-N
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Figure 5. Simplified block diagram of the control problem where uni-directional coupling is assumed, i.e. Go1 = 0. The objective
of the ILC controller is to find the optimal subtraction filter p.

with 0 < k < N and the finite-time convolution matrix is given by

g[0] 0 0
g[1] glop ... 0

J= : : . Cl (19)
IN—1] g[N=2] ... g[0]

where ] is the convolution matrix representation of G.

4.1. Design assumptions and control problem
In this section, the assumption is made that the system is uni-directionally coupled, i.e. G,; = 0. This
assumption typically holds true for GW detectors since the DARM DoF for which the subtraction
method is almost exclusively used has actuators and sensors which have orders of magnitude lower noise
floors than those of the auxiliary DoFs. In practice, the coupling from DARM to the auxiliary DoFs is
therefore always negligible, i.e. G;; =~ 0. An advantage of this assumption is that it simplifies an import-
ant aspect, since for this case u, will be uncorrelated with any disturbance from loop 1, i.e. d; and 7.
While an analysis of the implications for the method when this assumption does not hold is beyond the
scope of this paper, this assumption is thus not expected to limit the application of this method to GW
detectors.

Furthermore, since in AdV+ the most common parametrization is to use p; = —Gj,/Gj; to suppress
7, in y;, the same use-case is considered here for the derivation of the method. If G,; = 0 is substituted
in (6), the following coupling is obtained

y1 =518 (G2 — G11G22Kzp1) dy — $15:K3 (Gr2 + Gr1pi) 2, (20)
with
1 .
Sj=——— i=1,2. 1)
1+ G;K;

The block diagram of figure 3 can then be simplified to the block diagram in figure 5. Note that in
this block diagram the only available signals are u,, y ; = —e; and u,, so no direct measurements of the
disturbances are available.

To find the optimal subtraction filter p;, a batch of data is taken containing the input sig-
nal of loop 2 of finite length N, i.e, w} = [1/,(0), t,(1), ..., (N —1)] T, and output signal y’ =
[yjl(O), yjl(l)7 ...,yjl (N—1)]T, where j is the batch index. The objective is to find p/*! using u, y’
and p/, where p/™! approaches the optimal filter p°"' = —G,,/G; as j — co.

4.2. Subtraction filter parametrization
To estimate the subtraction filter online, the filter is parametrized using a set of basis functions and cor-
responding coefficients, i.e.

fl=ve, (22)
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with fi the output of p/, ¥/ a set of basis functions constructed using the input signal uj2 and & € R"
the parameter vector containing the coefficients of the basis functions. The objective of the algorithm
is then to find the optimal coefficients @/*! at each iteration j such that the output signal yj1+1 is
minimized.

There are many possible choices for the basis functions ¥/, such as polynomial basis functions (van
de Wijdeven and Bosgra 2010) and rational basis functions (Bolder and Oomen 2015, Blanken et al
2017, Poot et al 2023, Ickenroth et al 2025) with different basis function structures depending on the
application and model structure. The choice of basis functions used here is to use polynomial basis
functions, i.e.

ng—1 ng—1

Fy=3" g7 (k) =">" ol (k—1), (23)
1=0 1=0

with g the shift parameter in time, which represents an FIR structure with ¢/ the FIR coefficients. The
choice for this parametrization is motivated by the fact that the filter is inherently stable and straightfor-
ward to implement.

4.3. ILC with basis functions
This section presents the ILC algorithm used to obtain the model parameter estimates /*!, which are
obtained by minimizing a cost function [7(6/*!) containing a batch of data, i.e.

g+l — argr;}illlj (9]‘+1), (24)

The cost function J(€/!) is based on the norm-optimal ILC approach (Lee et al 2000, Gunnarsson
and Norrlof 2001, van de Wijdeven and Bosgra 2010) and is defined as the weighted contributions of
the output signal ) and the subtraction filter output f, i.e.

T (0% = Iy 1, + 1 B, + 16+ =, (25)

with ||x||3, = x" Wx and user-defined weighting matrices W, = 0, Wy, Way = 0. This cost function is
linear in the parameter vector @1 and therefore has the following closed-form solution to update the
parameter vector (/1!

ot = Qb + Ly, (26)
with

Q= (7 (I W+ Wi+ Wa)) ¥) T ()T W,/ + W) 0,
L= (U7 (JTWJ+ W+ Wa) W) ¥ W, (27)

where L € R"*N and Q € RV*¥ are the learning and robustness matrices, respectively and J is the
finite-time convolution matrix of the process sensitivity PS given by

Gn

PS= —nr—r.
1+ G11K1

(28)

After obtaining a batch of data, the new set of basis functions W/ is constructed using this data and
the parameter vector @*! is then updated using (26), which can all be done offline.

4.4. Enforcing filter structure
In certain situations it is desired to force a particular structure in the filter. One example is when the
subtraction filter should only work in a certain frequency band, which can be achieved by enforcing a
bandpass structure outside this frequency range. Another example is when it is known that only parts of
the dynamics change, e.g. the gain of the filter. For this situation a static filter may be implemented and
only the gain is then updated using the adaptive algorithm.

For both situations, consider the following structure

P = Pstatic * PILC; (29)

10
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Figure 6. Illustration of fluctuations of ILC error after convergence using three example cost functions 7 () at trial j (se), trial
j+1 (mvmi) and trial j+ 2(ss100). Starting at trial j, the parameter update for #+! is computed using the input signal u, and the

output signal y ), which leads to a new parameter #/*!, which is at the optimal value Hf;pl for trial j. The cost in this instance is

lower for the cost function at trial j 4 1, but the same procedure for trial j 4 1 to trial j + 2 leads to a higher cost even though the

optimal parameter @l is computed. The estimated parameter vector @ is therefore expected to fluctuate in a cloud of optima

opt
after convergence.

with pgaic the static filter and pric the adaptive filter. The same adaptive algorithm can be used for this
situation by prefiltering the input signal w, with the static filter pgagc, i-e.

ﬁlz = Pstatic ulzv (30)
where now ﬁjz is used to form the basis functions ¥/ in (22) and the same update rule in (26) is used to
update the adaptive filter pyc.

4.5. Convergence of the ILC algorithm . ) .
Under the condition that the input signal w, does not change, i.e. v, = u’z'i_1 for all j, the algorithm has
monotonic convergence if the following condition is satisfied

7(Q-LJ¥) <1, (31)
with
(Q-1®) = (U7 (TW,J+ Wit Way) ®) ' T Waw ), (32)
where (-) denotes the maximum singular value of the matrix. Following this condition, if
T (JTW,J+ Wp+ Way) T =0, (33)

then the Hessian of the cost function in (25) is positive definite with respect to #*! and the cost func-
tion is therefore convex. This is the standard convergence condition for ILC with basis functions (van de
Wijdeven and Bosgra 2010), but the condition uj2 = ujz+1 does not hold for this system since the input
signal is a stochastic signal.

As U, varies over time, the cost function 7 (#*!) also changes over iterations j since it depends on
uj2 through W. Consequently, the parameter vector # computed based on uj2 and yjl is not necessarily
optimal for the next iteration j+ 1 since ujz"H # ujz. This is graphically illustrated in figure 6, where the
cost function 7 (6) is shown for different iterations j of the ILC algorithm. The cost function is convex
but is different for each iteration j since uj2 is a realization of a random process. However, under this
assumption that uj2 is a realization of a filtered white noise process, the optimal parameter vector 6°P' is
expected to form a cloud of optima in the parameter space, and the algorithm is expected to converge
to this cloud of optima. So while the algorithm will not have monotonic convergence, it is still expected
to converge to this cloud of optima for the first few trials j, after which the parameter vector & will fluc-
tuate in this cloud of optima, as illustrated in figure 6. Though the mathematical proof is out of scope
for this paper, this convergence behavior has been observed in simulations as will be shown in section 5,
and is therefore expected to hold in practice.

11
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4.6. Selecting weighting matrices

The weighting filters W,,, Wy, and W oy in (25) are used to tune the ILC algorithm. The weighting filters
are typically selected as diagonal matrices determining the relative importance of the different elements
in the cost function, but a frequency-dependent weighting can also be applied to emphasize specific fre-
quency regions. '

The weighting matrix W, emphasizes the relative importance of minimizing the output signal y/ in
the cost function. In the case of a GW detector, subtraction filters are typically designed to minimize the
impact of u} in y’ in a limited frequency band, e.g. in the region where GWs are detected. The weight-
ing matrix W, can therefore be selected as a bandpass filter in this frequency region, which will then
emphasize the minimization of the output signal in this frequency region.

The weighting matrix Wy is used to penalize the subtraction filter output # in the cost function and
to increase robustness for model uncertainty. Particularly for the case of GW detectors where subtraction
is only needed in a limited frequency band, it is also desired to have the subtraction filter behave as a
bandpass filter such that it does not significantly worsen y’ outside the desired frequency band. To pen-
alize large values of f outside the desired frequency band, the weighting matrix Wy can be selected as the
inverse of a bandpass filter, i.e. large amplitudes outside the desired frequency band such that p is small
in this region.

The weighting matrix W 4 ¢ is typically chosen as a static matrix and is used to penalize large
changes in the subtraction filter between iterations, which influences the convergence speed and the
sensitivity to trial varying disturbances.

4.7.ILC on output

The algorithm could also be applied using the subtraction filter on the output p,. The only difference
in the ILC algorithm is that J is replaced with the convolution matrix of the sensitivity function S; as
defined in (21) instead of the process sensitivity in (28). The update rule and design of the weighting
matrices all remain the same in this case.

5. Simulation results

This section presents a simulation of the ILC algorithm for the subtraction of SRCL noise coupling

to DARM, using representative dynamics for this coupling of the AdV+ detector. The motivation for
choosing SRCL as the auxiliary DoF is that this DoF is known to vary significantly over time, more
than most other auxiliary DoFs. The simulated models used for the coupling term are therefore based
on measurements of the coupling of SRCL to DARM in AdV+, providing a relevant use-case to assess
the potential of the proposed approach. The proposed approach is nevertheless designed to be generally
applicable to any auxiliary DoF coupling to DARM.

The same design assumptions as noted in section 4.1 are used, i.e. the system is uni-directionally
coupled and the subtraction filter p; is used to suppress 7, in y;. Additionally, because of the uni-
directional coupling, the estimated subtraction filter does not influence stability, see section 3.2.2, so
this aspect is not further considered in this section. The goal of the simulation is to show that the ILC
algorithm can be used to estimate the subtraction filter p; such that the coupling of 7, to y; is minim-
ized. In particular, it will be shown that the ILC algorithm can track the changes in the optimal subtrac-
tion filter by iteratively updating the filter based on a set of data. An important assumption that is made
here is that the subtraction filter is constant within a set of trial data, i.e. the changes in the optimal
subtraction filter are slow compared to the duration of a trial. This assumption is expected to hold true
in practice since the dynamics of GW detectors typically vary on timescales of minutes to hours, while
the duration of a trial is envisioned to be in the order of seconds.

5.1. Simulation setup

A representative simulation of the AdV+ dynamics and in particular the SRCL to DARM coupling is
made using the block diagram in figure 5. The transfer functions G;; and G, are estimated based on
noise injections in AdV+ and the models are shown in figure 7. For the SRCL to DARM coupling G,
three models are derived which represent a similar situation to AdV+ where the anti-resonance location
shifts over time. The model for G, is given by

(52 + 0. 2wy + w?,)
& +31.425+ 987) (2 + 10.055 + 157.9)

GIZ (S»War) = 2( (34)

with w,, € 27[20, 30, 40]. For simulation purposes, the gains of the modelled transfer functions and dis-
turbances are not calibrated, but this does not affect the purpose of the simulation. The disturbances

12
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Figure 7. Modeled transfer function for G, representing the DARM transfer function (wess) and models for G, with 20 Hz anti-
resonance (ss==), 30 Hz anti-resonance (s===) and 40 Hz anti-resonance (ss=).
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Figure 8. Pre-filter pyiatic (==mm) and optimal subtraction filters — G, /G for the 20 Hz anti-resonance model (====), 30Hz anti-
resonance model (mm=m) and 40 Hz anti-resonance model (ms).

dy and 7, are furthermore also included in the simulation. For d;, the model as used in van Dael et al
(2025) is used, where for numerical purposes only a single suspension stage is considered, and the shot
noise values for 7, are chosen such that 1, only limits y; between roughly 10 and 70 Hz. The goal is to
estimate p; such that the coupling of 7, to y; is minimized in the 10 to 70 Hz frequency region.

5.2. Pre-filter and weighting functions
The goal of the pre-filter and the weighting functions are to ensure that the subtraction filter p; has a
bandpass structure around the 10 to 70 Hz frequency region.

The pre-filter psric and the optimal p = —G;,/G; are shown in figure 8 and the motivation for the
design is twofold. First, the pre-filter is designed such that the gain rolls-off below 1 Hz and also has a
negative slope for high frequencies to minimize the amplification of d,. Second, ideally as few paramet-
ers ng as possible are used to estimate the subtraction filter, since this simplifies the optimization and
minimizes the risk of overfitting or excessive filter behavior. Since the optimal subtraction filters all have
a —2 slope above 10 Hz and only the anti-resonance frequency changes, the pre-filter is designed such
that it has the same slope between 10 and 70 Hz.

In figure 9, the weighting filters W, and Wy used in the ILC algorithm are shown. The weighting fil-
ter W, is designed as a bandpass filter between 20 and 70 Hz to emphasize a good fit of the subtraction
filter in this region. The weighting filter Wy is chosen as an inverse bandpass filter with a high gain out-
side the 8 to 70 Hz frequency region to penalize high gains of the subtraction filter in this region.

Finally, to set the relative importance of the three terms in the cost function, the gains of the
matrices are chosen as W, = 10°, Wy=10"* and W= 10"". These parameters are emperically determ-
ined, where the gain of W, is left as a default value, the gain of Wy is chosen such that the bandpass
structure of the filter is sufficiently enforced by iterating on the simulation and observing whether p
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Figure 10. The filtered 2-norm of y; ('e') for 15 trials of the ILC algorithm. At trials j =5 and j =10 (= =1), the model of G is
changed, which yields a spike in the error since the feedforward signal was derived for the previous model of Gi,. The algorithm
converges within roughly two trials to the new optimal filter structure.

has the desired bandpass structure. The gain of W 4 is chosen such that the convergence speed is not
too slow but also not within a single step such that a better performance is achieved. The term WA ¢
furthermore can also be used to improve the robustness of the algorithm to glitches in the data, which
occasionally occur in GW detectors (Dooney et al 2025). These glitches may directly impact the estim-
ation of the subtraction filter, leading to potentially incorrect parameter estimates. By increasing the
gain of WA, a glitch in one of the trials has less impact on the estimation of the subtraction filter since
large changes in the parameter estimates between trials are penalized.

Note that for the pre-filter and weighting functions, small differences in the pole and zero frequen-
cies are present. These changes stem from an empirical tuning process, where these frequencies are
slightly adjusted to improve the performance of the algorithm.

5.3. Performance analysis

For the simulation, 15 trials are performed with 0, a vector of zeroes for the first trial. At trial j=5 and
trial j =10, the model of G, is changed to respectively the 30Hz and 40Hz anti-resonance models to
simulate changes in the plant model during the iterations. Each trial uses 4.5 s of data sampled at 1 kHz
and ny = 10 FIR parameters are estimated for the subtraction filter p;.

In figure 10, the filtered 2-norm of y; is shown for all trials, where the filtered 2-norm is essentially
the RMS of the output signal y; weighted by the weighting filter W,, to measure if 1, is suppressed in
1. Note here that this is different from the true cost function 7 (#/*!) in (25), since there the contribu-
tions of f; and the rate of change of f; are also included.

The filtered 2-norm of y; converges within roughly two iterations of the algorithm. At j=5 and
j=10 where the model of G, is changed, the filtered 2-norm of y; spikes due to the model of Gi,
changing, but quickly converges again. The transfer functions are in practice not expected to change
instantaneously, so these large spikes are not representative for the expected behavior when this method
is applied in practice. It is nevertheless beneficial to have the algorithm converge quickly to the new
optimal filter in case the timescales of the changes of the plant are faster than the length of a dataset.
Note furthermore that the filtered 2-norm of y; fluctuates around the optimal value, which is likely for
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Figure 11. Noise budget of y; at trial j =4, j =9 and j = 14, with y; using the subtraction filter (mm=), y; without the subtrac-
tion filter (11111, the contribution of 1, in y; (we), the contribution of 7); in y; (wem), the contribution of d; in y; (we). The
contribution of u; is reduced by up to a factor 8 in the 10 to 70 Hz frequency region for each trial.
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Figure 12. The optimal subtraction filter — 2! (mm==) and the estimated subtraction filter p; (= =1) at trial j = 4, The optimal

GIZ
subtraction filter — g—:z (weme) and the estimated subtraction filter p; (=) at trial j =9 and the optimal subtraction filter — %

12
(=) and the estimated subtraction filter p; (= =) at trial j = 14. The subtraction filter fits the optimal filter reasonably well
inside the 10 to 70 Hz frequency region and the gain decreases outside this frequency region.

the reasons explained in section 4.5, next to the fact that the realization of the noise in u, changes, thus
also marginally changing the RMS error in y;.

In figure 11, the noise budget is shown for trial j=4, j=9 and j= 14, i.e. the last trials for each
model Gi,. The estimated subtraction filter suppresses the contribution of 7, in y; by up to a factor 8
in the 10 to 70 Hz frequency region after the algorithm has converged compared to the situation where
no subtraction filter is used. Ideally the subtraction filter suppresses the contribution of 7, such that it is
not limiting anymore in y,;, which is the case below 20 Hz where d, and 7, have roughly the same con-
tribution in y; and above 30 Hz where 7, is limiting. Due to the penalty on the high gain above 70 Hz,
the contribution of 7, is furthermore not limiting y; above 70 Hz.

In figure 12, the estimated subtraction filter p; is shown for trials j=4, j=9 and j= 14. The estim-
ated subtraction filter fits the optimal subtraction filter —g—ﬁ reasonably well inside the 10 to 70 Hz fre-
quency region. For trial j =4, even the fit of the anti-resonance is quite accurate, but this worsens for
trial j=9 and j= 14, which is due to the poor signal-to-noise ratio at this frequency combined with the
fact that for trial j= 14, the anti-resonance is closer to the 70 Hz cut-off of W, and Wy, i.e. less emphasis
is placed on a good fit in this region combined with a penalty on a high gain around 100 Hz. The sub-
traction filter furthermore rolls off above 200 Hz as desired due to the weighting filter Wy and also rolls-
off below 1 Hz due to the high-pass behavior in the pre-filter pg.sic. Note that in practice the amplific-
ation around 200 Hz will not pose any problems, as the feedback loop itself has a large roll-off in this
frequency range. It is nevertheless a good illustration that this behavior can be enforced at any frequency
in case it does pose practical problems. Around 150 Hz, a peak in the gain can be observed which also
yields a poor fit and thus amplifies the noise in this frequency region. This is inherent to the causal
feedforward approach, which results in the waterbed effect akin to feedback control (Beijen et al 2015),
where the subtraction is improved at one frequency range at the expense of another frequency range.
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The ILC algorithm thus successfully manages to suppress the contribution of 7, in y; in the desired
frequency range without worsening it outside this frequency range such that it limits y;. The algorithm
does however seem limited to suppressing 7, enough that it is at the same level as the disturbances d;
and 7y, but it is not able to get it below the level of these disturbances by ideally an order of magnitude.
This is likely due to the fact that 4.5s of data is used per trial, which is not enough to obtain suffi-
cient accuracy of the subtraction filter. Since the algorithm works with time domain signals and requires
inverting matrices in (27), large data stretches become computationally expensive, which limits the size
of the dataset and therefore likely also the performance of the algorithm.

6. Conclusions and future work

A framework for the design and estimation of the subtraction filter is presented in this work. First, a
guideline is presented to determine the optimal uni-directional parametrization of the subtraction fil-
ter, which is based on several criteria. Second, an adaptive algorithm is presented for estimating the
selected subtraction filter without the use of external perturbations. The algorithm shows promising res-
ults, achieving up to a factor 8 suppression of noise between 10 and 80 Hz from an auxiliary DoF to the
output signal of the detector in simulation. The approach may therefore be able to replace the existing
approach, which would reduce the commissioning time and the downtime of the detector.

For future work, several directions for future research are being explored. First, the parametrization
of the subtraction filter is currently restricted to the uni-directional case, whereby only a filter from the
auxiliary DoF to the main DoF is used. Using bi-directional subtraction filters have been shown to yield
better performance and could therefore be further explored in this context. Additionally, the adaptive
algorithm for the estimation of the subtraction filter could be further improved by exploring more flex-
ible parametrizations as well as optimizing the algorithm to be able to use longer datasets, resulting in a
more accurate estimate of the optimal subtraction filter.
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