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Abstract

Reinforcement learning (RL) is a powerful tool where the agents — or “robots” can learn from the environ-
ment based on their actions. Reinforcement learning approaches were found successful in combining
predicting stock returns and portfolio allocation. Diversification is a critical element for achieving high
portfolio returns with a lower level of risk. This work explores the application of reinforcement learning
and multi-agent reinforcement learning (MARL) in portfolio management, emphasizing the applicability
and increased portfolio performance via strategy diversification. A key contribution of this work is the
development and evaluation of a MARL environment incorporating novel diversity measures, corre-
lation, and total variation distance. The findings reveal that while fine-tuned single-agent RL models
can demonstrate strong performance, roughly tuned MARL models with diverse agents reflecting a
"portfolio of portfolios” paradigm show improved action diversification and portfolio performances. The
work also highlights the critical role of long-term robustness testing, algorithm- and problem-specific
hyperparameter optimization, and the challenges of adapting MARL methods to financial contexts. This
work contributes to the RL research in portfolio management by exploring the use of MARL in portfolio
management and discussing the limitations and future work directions.
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Introduction

Portfolio management (PM) is a fundamental responsibility for asset managers, who allocate capital on
behalf of investors such as pension funds and insurance companies. The goal is to invest in a portfolio
of assets such as stocks or bonds to achieve some predetermined objective like maximizing return and
minimizing risk. Traditionally, this involves financial theories and fundamental analysis. However, inte-
grating intelligent decision-making, the key pillar of robotics presents an innovative approach to these
challenges. Recent advancements in reinforcement learning (RL) have been particularly promising,
providing tools to optimize decision-making in portfolio management. RL agents can learn policies
to dynamically adjust portfolios, aiming to enhance returns while managing risk, often quantified as
portfolio volatility.

In portfolio management, the term outperforming the market usually refers to achieving (risk-adjusted)
returns on investments that exceed a benchmark or index representing a broad market segment. For
instance, if an investment portfolio earns a higher risk-adjusted return than a major market index, it is
said to have outperformed the market. The benchmark used in this work is the Standard and Poor’s
500, which is often called the S&P 500. It tracks the performance of 500 large publicly traded companies
listed on the American stock exchanges.

Diversification is the method of allocating capital across a variety of assets to mitigate the impact of
any single asset’s risk on the overall portfolio. By diversifying, investors can achieve a more stable and
robust financial outcome [49, 70]. Applying the principle of diversification to a multi-agent system in
reinforcement learning, introducing diversity among agents’ actions and policies may similarly enhance
system robustness and performance. In a multi-agent environment, diverse actions may prevent the
agents from converging to suboptimal behaviors and ensure a wider exploration of the state-action
space. This may lead to discovering more effective portfolio strategies and better overall performance,
much like how diversified investments can lead to more stable financial returns. In this thesis, the
application of single- and multi-agent reinforcement learning in portfolio management is investigated,
seeking to enhance the decision-making process in return prediction and asset allocation, potentially
providing more robust solutions than benchmark and equally weighted portfolios.

1.1. Research Question and Goal

| aim to develop a robust multi-agent reinforcement learning portfolio management system to create
diversified investment strategies inspired by real-world human portfolio managers [74]. The research
questions are:

1. Single Agent Portfolio
RQ 1a. What is the proper training framework to develop a single-agent portfolio management strategy
that the model outperforms the market during the out-of-sample period, specifically in terms of
cumulative return and Sharpe ratio?

2. Strengthening the Strategy with Multi-Agent RL
RQ 2a. Can MARL models deliver higher risk-adjusted returns than a single-agent model?

1



2 1. Introduction

RQ 2b. Will encouraging diversity between the actions deliver higher risk-adjusted returns?

The sub-questions are formulated to effectively address the research question 2. To answer the
first question approaches from [73] are adapted and reproduced using single-agent Proximal Policy
Optimization (PPO) models. For the second research question, the single-agent framework is extended
to multi-agent Independent Proximal Policy Optimization (IPPO), followed by a series of experiments
to evaluate its performance.

1.2. Main Contributions

In this thesis, | investigate specific applications of multi-agent reinforcement learning to the portfolio
optimization problem. To the best of my knowledge, this thesis is the first study to apply Independent
Proximal Policy Optimization (IPPQO) agents to the portfolio optimization problem with portfolios with
homogeneous sets of assets and continuous action spaces and, secondly, to investigate the effect
of different diversity measures on the performance of IPPO agents in portfolio optimization. The pri-
mary contributions of this thesis are threefold: Analysis of Single-Agent RL for portfolio management
and evaluation, Investigation of Multi-Agent Reinforcement Learning for Portfolio Management, and
Evaluation from Both Computer Science and Asset Pricing Perspectives.

Analysis of Single-Agent RL for portfolio management and evaluation: This work successfully
reproduces the baseline results of Sood et al. [73] and extends the evaluation by conducting long-term
out-of-sample evaluation and action decomposition.

Investigation of Multi-Agent Reinforcement Learning for Portfolio Management: | developed
a multi-agent portfolio management environment with IPPO agents controlling homogeneous portfolios
with a continuous action space, building upon the concepts introduced by Jiang et al. [33] and J. Lee
et al. [40]. Furthermore, | comprehensively examined the effect of diversity on the performance of IPPO
agents in MARL portfolio optimization.

Evaluation from Both Computer Science and Asset Pricing Perspectives: The thesis inte-
grates both financial asset pricing and computer science research methodologies, bridging the gap
between these two fields and providing a balanced and comprehensive evaluation of RL for portfolio
management studies. such as testing for a period longer than the training period. Previous work on
RL for portfolio management problems usually falls into two categories: finance experts using RL to
solve their problems and RL experts using finance as an application domain. These two groups have
different expertise, and the two lines of work appear to have a gap. This thesis integrates both research
methodologies in order to bridge the gap between RL research and finance approaches.

Contributions to further research and open-source projects: This thesis contributes to the
multi-agent deep reinforcement learning research community. Two pull requests have been submit-
ted to the BenchMARL library, an open-source MARL agent library, with one already merged’, and
another currently in progress? as of August 15, 2024. These contributions aim to aid and advance
ongoing research in MARL, providing valuable resources and enhancements for the development and
evaluation.

1.3. Financial Terms

An asset is a financial instrument or resource with economic value that can be bought and sold. A
portfolio is a combination of multiple assets such as stocks, bonds, commodities, or other investments.
Returns measure the financial value received from an investment over a specified period. Simple
(rate of) Return represents the absolute change of an investment asset. For example, the investment
of $100 in an asset at time ¢t and if it is valued at $120 at time T > ¢, the simple return would be

1.4. Thesis Structure
» Chapter 2 This chapter reviews existing work on reinforcement learning, multi-agent reinforce-
ment learning, and portfolio management. It provides an overview of state-of-the-art techniques
and applications, establishing the necessary context and background.

"https://github.com/facebookresearch/BenchMARL/pull/105
2https://github.com/facebookresearch/BenchMARL/pull/84
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» Chapter 3, Experimental Setup and Methodology: This chapter details the methodology used
in this research, including the software architecture, data and data processing, environment and
agent design, the experimental setup, hyperparameters, and training frameworks. The focus
begins with single-agent models to establish a baseline, as these models form the foundational
units for the subsequent multi-agent approaches.

» Chapter 4, Results: Results of the experiments are presented, including model performance
metrics, portfolio analytics, and action decomposition.

» Chapter 5, Discussion: Offers a reflective discussion on the techniques, the limitations of the
models and experiments, and the broader implications of the research. It addresses challenges
faced during the study.

» Chapter 6, Conclusion: Summarizes the key findings of the research, reiterates the contribu-
tions made, and synthesizes the results.

» Chapter 7, Future Works: Outlines potential avenues for future research, building on the in-
sights gained from this study and suggesting ways to address identified limitations and explore
new directions.






Preliminaries

This chapter reviews the relevant literature on reinforcement learning and portfolio management tech-
niques, including both single-agent and multi-agent approaches. The chapter begins by discussing
the fundamentals of reinforcement learning and traditional portfolio management strategies, followed
by an examination of RL-based portfolio management methods. Finally, state-of-the-art RL and multi-
agent RL techniques are presented. By exploring these approaches, this chapter aims to highlight the
advancements and challenges in the field, providing a comprehensive overview of how modern RL
techniques can be applied to solve the portfolio management problem.

2.1. Reinforcement Learning

Reinforcement Learning is a subfield of machine learning where an agent learns to make decisions
through interactions with an environment, aiming to maximize reward. An agent is a computational
entity that repeatedly perceives the environment, making decisions aiming for a maximum cumulative
reward. The system outside the agent is called an environment, often modeled as a Markov Decision
Process (MDP). Markov decision process formalizes a sequential decision-making process through
state, action, and reward feedback loop [76].

Consider an MDP defined by the tuple (S, A, P, R,y), where:

+ §: the set of states,

» A: the set of actions,

 P: the state transition probabilities where P : § X A —» P

* R: the reward function R : § X A — R, with immediate reward r = R(s, a, s),

« y: the discount factor y € [0,1) determines the weight of recent rewards relative to the future
reward in an infinite time horizon problem between t = 0 and t = . In finite-horizon objectives,
y = 0. As in many of the real-life cases, the notation will assume an infinite horizon objective.

An agent is a computational entity that repeatedly perceives the environment, making decisions
aiming for a maximum long-term reward. The system outside the agent is often modeled as an envi-
ronment. In each time step, the agent maps a state to the probabilities of consequences of choosing
each possible action. The mapping from state to probability is represented as m, and n(a|s) is the
probability that A; = a given S; = s. The agent’s objective is to maximize the long-term cumulative
(discounted) reward G in equation (2.1), not only the immediate reward R;.

In each time step, the agent maps a set of state S to the probabilities of choosing each possible
action A. The policy, which maps the state to action, is represented as &, and n(a|s) is the probability
of selecting action a; given s,. The agent’s objective is to find the optimal policy that maximizes the
long-term cumulative (discounted) reward G in equation (2.1), not only the immediate reward R;.

Ge= ) ¥ Rers 2.1)
t=0

5



6 2. Preliminaries

2.1.1. Solving MDP

MDP provides a formal framework for modeling sequential decision-making problems. The optimal
policy 7+ (s) is defined as a policy w that maximizes the expected return, E,,. E,, represents the expec-
tation with respect to the distribution of trajectories generated by following policy =, starting from state
s. Formally, the optimal policy *(s) is defined as:

m*(s) = argmax (E; [G¢ 1S, =5]). (2.2)

State value Function (V'™)
The state-value function V™ (s) for a policy = and state s is defined as the expected return when starting
at state s and following the policy = onwards.

VT(s) = En [G¢ | ¢ = 5] (2.3)

The value function, 2.3 satisfies a recursion as shown in the equation 2.4, which is also called the
Bellman Equation. It represents the relationship between the value of a state V(s;) and the successor
state V(s;41), Wwhere the s, = s'.

VT(s) = Z (s, a) Z P(s,a,s)[R(s',a,s) + yV™(s")] (2.4)

a

Action value Function (Q™)

The other function essential for solving MDP is the state-action value function, also known as the action
value function or the Q -function. Q™(s,a) under policy = quantifies the expected cumulative reward
when starting in state s, taking action a and then following policy «. It is expressed as:

Q"(s,a) = Er [G | S¢ = 5,A¢ = a] (2.5)

Model-based reinforcement learning algorithms solve an MDP by finding an optimal policy = while
learning the unknown transition P : § x A and the reward R [23]. In this project, | focus on model-
free reinforcement learning algorithms, which allow for solving MDP without explicitly modeling market
dynamics. One of the fundamental components in model-free RL algorithms is the value function
defined in equation 2.4, which is central to understanding the agent’s long-term expected rewards.

There are three major approaches to model-free RL: Value-based methods that try to learn V or Q
functions and then recover a policy from them, Policy-based methods that bypass this and try to opti-
mize a policy directly from interaction, and Actor-Critic methods that combine both approaches. Value-
based or action-value algorithms [64] like Q-learning and SARSA focus on determining the optimal
values associated with states or state-action pairs, guiding the agent toward decisions that maximize
cumulative rewards. In this thesis, | will focus on actor-critic algorithms.

2.1.2. Policy Gradient Methods

Policy gradients optimize the policy directly. A common approach to do so is by using a parameterized
policy g and optimizing its parameters with gradient-based methods.

gttt =nh —avyJ(0) (2.6)

The objective is to learn the mapping from s to a. The policy parameters are learned based on the
gradient of a scalar performance measure J (6), with respect to the parameter 6. With direct parame-
terized policy optimization, policy gradient agents can explore continuous action spaces.

The performance objective of stochastic policy gradient in Sutton et al. [76], rephrased by [72] is :

J(g) = L P (s) jﬂ (s, )R (s, a)dads

= Es~p”,a~n9 [R(s,a)]

(2.7)
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p(s) above denotes state distribution. Policy gradient algorithms adjust the parameters 6 in the
direction of the gradient V4 /(mg):

VoJ(0) = L P (s) L Voro(a | $)Q" (s, a)dads

= [Es~p”,a~n9 [Vg logmy (als)Q™ (s, a)]

(2.8)

Deterministic policies associate each state with a single action, ensuring that, given the same
state, the action is consistently identical. This is particularly advantageous in scenarios with a narrow
answer space, where a fixed action corresponds to a specific state, as observed in games like chess,
where optimal moves remain constant for a given board configuration, with an action distribution having
o = 0. On the other hand, stochastic policies map states to a probability distribution of actions  :
SxA — [0, 1], allowing the consideration of uncertainty in the environment. In such policies, actions are
drawn from a distribution characterized by mean (1) and standard deviation (o). For instance, in poker,
where the probability of success may vary based on the opponent’s move, a stochastic policy proves
beneficial in adapting to uncertain conditions. In general, the policy in policy gradient is stochastic (i.e.,
(a | s,0) € (0,1), for all s,a, 0 as they are easier to optimize and denoted by gy : § —» P (A). Silver
et al. [72] extends the stochastic policy gradient into a deterministic policy gradient theorem with direct
mapping from state to action with policy ug : § - A. ME Hall K

2.1.3. Actor-Critic Methods

Actor-critic methods integrate principles from both value-base d(TD) and policy-based(Policy gradient)
learning methods [76].

| Value
Function

7

state action

reward

—i Environment |—~

In actor-critic methods, the Actor learns to adjust parameters 0 in policy my with policy gradient to
update actions, and the critic evaluates the action by estimating value function parameterized by w,
Qw(s,a) = Q,(s,a) like in Figure 2.1. It starts with computing temporal difference error for action value:

6 =1 +yQu(s',a’) = Qu(s, a). (2.9)

Then the temporal difference §; is used to update the Q function parameters w:

Figure 2.1: Actor-Critic Structure [76]

w <« wa,d:V,0,(s, a). (2.10)

2.1.4. Deep RL

Traditional methods of solving RL problems involved storing Q values for each state-action pair, where
the agent updated these values based on its chosen strategy (e.g., Q-learning or SARSA) in a tabular
form to approximate the value function. The linear approximation approaches using Q-table becomes
impractical when working with higher dimensional decision-making scenarios. In addition to state and
action space, approximating the parameters for Qg, Vy functions, and policies my are more complex
in large and continuous problems. The evolution from traditional approaches to deep reinforcement
learning using neural networks [52] marked a significant advancement in solving RL problems. Deep
neural networks (DNN) utilize nonlinear activation functions to approximate hidden relationships in data.
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Neural networks are composed of several layers: input, hidden, and output layers. The hidden layers
consist of connected neurons or nodes that apply weights and biases during computation. Weights and
biases are the learnable parameters of the neural network, and the algorithms learn these parameters
to optimize based on certain loss functions [24]. The capabilities of neural networks enabled the RL
agents to learn abstract and high-dimensional representations and approximate value functions and
parameters better. This allowed for a more efficient and scalable representation of state and action
values, especially in complex scenarios where traditional Q-tables fell short. [52] and [53] successfully
integrated CNN for learning feature representations of high dimensional states and to approximate Q
with Deep Q Network (DQN). The DQN agent could play video games like Atari better than a human
player by integrating DNN with Q-learning.

Deep Actor-Critic Method: Proximal Policy Optimization (PPO) [68]
The predecessor of PPO, the Trust Region Policy Optimization(TRPO) [66] aims to update a new
policy in a way that it does not deviate too far from the previous policy. The probability ratio between
the current and old policy is the probability of taking an action a; at state s, with policy my with respect
to the previous policy.
g (ac|se)
g4 (atlse)
If the divergence between the old and current policy, () is higher than 1, the action a; at state s;
is more likely in the current  than 4 and if 0 < r(8) < 1, the action a; at state s; is less likely in the
current i than mgy.
The KL divergence between (policy) distributions can be expressed as:

1o (1)

1 (0) = (2.11)

D (g | Tg,,) = ) me(Dlog— (2.12)
7 Bo1d ()
Oriq = argmgaxL(Gk,G) (2.13)
The objective of TRPO is to optimize the following:
max (Es,q, [re(0)A (st ur)])  subjectto  Eg, g4, [KL(mg,,,,m9)] <6 (2.14)

A constraint on Kullback—Leibler divergence was introduced to ensure this so that the difference
between the two policies does not exceed a threshold §, which complicates the computation. Instead,
PPO introduces clipping directly in the objective function.

LELP () = min (1, (0)A2Y, clip(:(8), 1 — €, 1 + €)A3W) (2.15)

So that the final objective can be a lower bound of the probability distribution based on the ratio €, the
introduction of clipping balances between performance and comprehension will make PPO converge
better while avoiding policy updates that are too large.

2.2. Multi-Agent RL

Achievements in single-agent reinforcement learning serve as a precursor to the active exploration of
multi-agent reinforcement learning (MARL). MARL is a sub-field of RL with several learning agents
interacting with each other. Deepmind’s AlphaStar [82] achieved grandmaster-level proficiency in the
intricate real-time strategy game StarCraft 1l. OpenAl Five [58] has demonstrated capabilities in nav-
igating the intricate dynamics of multiplayer games such as Dota 2, successfully incorporating ele-
ments of incomplete information, cooperation, and competition. Beyond gaming scenarios, MARL has
transcended into achieving human-level performances in various domains, including manufacturing
scheduling [18], and applications in transport system [71, 89].

In important model in MARL is the multi-agent generalization of an MDP, known as the Multi-agent
MDP [10]. Multi-Agent MDP can be expressed as a stochastic game with N agents [46], expressed as
atuple: (5,Aq, ..., Ay, PRy, ..., Ry, 7). A = Ay X ... Ay is the joint action space of agenti € N, and R; is
their corresponding reward function R' : § XA xS. The transition is expressed as P : A; X ... XAy XS =
P(S).
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Distributed Training Decentralized Execution (DTDE)

Modeling a multi-agent system in a distributed manner may seem like the most straightforward ap-
proach considering the nature of the independent agents. In a fully distributed training and execution
setup, learning of the policy and action selection of each agent is fully segregated from that of other
agents. Agent updates its policy based on individual observations specific to the agent. There is no
centralized controller, and agents do not have access to global information. With the individual state
action space, distributed methods scale poorly with an increasing number of agents and complicate
the learning [27]. Furthermore, the distributed scheme suffers from non-stationarity as the individual
agents are unaware of the other agents’ actions and their impact on the environment when making
decisions for their future actions, which could lead to non-convergence.

2.2.1. Independent MARL

:’ [ Multi-agent environment ] |
bl :
obs 1
i agent A agent B agent C ! Sampling
action ! ™ n :
i [ 3 B | 1
. I \
policy ! : Learning
! i
! 1
- e ]
critic ' [ PPO loss ] [ PPO loss ] [ PPO loss ] !
(a) ippo
——-= sharing :’ [ Multi-agent environment ] E
1
obs i i Sampling
o ; '
| |
n policy i i hd
o ! Learning
' |
critic | H
(b) mappo

Figure 2.2: Visualization of IPPO and MAPPO [30]. The key difference is in knowledge sharing between the agents.

Independent algorithms assume independent learning and assume the other agents as part of the en-
vironment [11]. Each independent learner does not consider other agents’ existence and treats the
environment as stationary. The assumption makes the local policy of the learners stationary; however,
the performance of this policy globally is affected by other players’ actions. In an example of a rock-
paper-scissors game, if a player assumes the environment is stationary, this means the opponent is
not adaptive. Then they may commit to a deterministic policy (e.g., always rock, always best-respond
to the previous game, etc.). However, in reality, an adaptive opponent would learn to exploit this be-
havior. Therefore, in this scenario, the optimal policy would always be stochastic since, in reality, the
environment is non-stationary due to the opponent’s adaptation. Local deterministic policy will never
be optimal when you assume independent learning. Thus a stochastic approach is required to find
an optimal policy [55]. Independent Q-learning (IQL, [78]) is a MARL extension of Q-learning where
each agent has its Q function. Another example of an independent multi-agent algorithm is Indepen-
dent DDPG, a natural extension of DDPG to a multi-agent system. policy network and Q network. Each
agent has its own DDPG network with an observation and action space that samples data. It is capable
of learning independently without requiring knowledge sharing.

2.2.2. Diversity in Multi-Agent Systems

Diversity in multi-agent systems refers to the variation in behavior or strategies [86] or policies [8] among
agents within the environment. Introducing diversity allows agents to explore a broader range of strate-
gies [59], leading to better generalization and adaptability. In cooperative environments, diverse agents
can complement each other, resulting in improved team performance, while in competitive scenarios,
diversity can promote innovation and adaptability [41, 88]. Understanding and measuring diversity is
key to unlocking these benefits. Multi-agent systems’ diversity further depends on the degree of coop-
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eration between the agents, environment-agent interaction style, and additional information availability
from the environment. McKee et al. [50] explored the relationship between generalization and diver-
sity in MARL. They found that generating diverse training enhances agent performances on new and
unseen levels and introduced an environment-agnostic measure of behavioral diversity. The most com-
mon measure in multi-agent systems with physical robots is by using Euclidean distance. Li et al. [41]
optimized the diversity via regularized L1-norm that promotes learning sharing between the agents.

2.3. Portfolio Management

Investors aim to maximize future returns by selecting assets with high expected returns and optimally
allocating these assets within a portfolio. Consider constructing a portfolio of n assets. Assuming a full
investment scenario where the weights of the portfolio sum to 1, Z?:l w; = 1. If r; denotes the return on
asset i, the return of a portfolio R, with N assets is a weighted combination of the constituent assets’
returns r;.

N
R, = ) wir (2.16)
i=1

2.3.1. Portfolio Optimization

The challenge in portfolio management is to balance two conflicting objectives: maximizing the ex-
pected value of portfolio returns while minimizing risk, often quantified by the standard deviation of the
returns. The mean-variance model, introduced by Markowitz [49], is the fundamental mathematical
framework in portfolio optimization. It aims to find an optimal set of weights that minimizes volatility for
a given level of risk under the assumption that an investor prefers a portfolio with lower risk given the
same expected return. It shows that investors can reduce the overall risk of the portfolio by investing
in various assets. The intuition behind this is that the overall portfolio variance is reduced when assets
with low or negative correlations are combined. Diversification lowers the impact of any single asset’s
poor performance, thus enhancing the stability and predictability of returns.

2.3.2. Asset Pricing

Asset pricing models aim to estimate the required or expected rate of return of assets by understanding
why assets have different average returns and identifying the factors driving changes in returns [14].
Studies focus on determining the risk premium, which is the expected return of an asset over the risk-
free rate as compensation for bearing risk. In traditional asset pricing models, such as the Capital
Asset Pricing Model (CAPM) Lintner [45], Mossin [56], and Sharpe [69], which is built on the Markowitz
framework, the expected return of any asset is equal to the return on the risk-free asset plus the asset’s
market beta multiplied by the market risk premium,

E[Rie) = R + Bi (E [Rine] = Ree) - (2.17)
where the security’s beta is given by

_ Cov(Rit,Rmy)

S Nar(Ry) (2.18)

LetR;, Rr ¢, and Ry, . represent the returns of security i, the risk-free asset, and the market portfolio,
respectively, in period t. The expectation operator is denoted by E[-]. The term E [Rm_t] — Ry is the
market risk premium and the covariance between the return of asset i and the market return during
period ¢ is given by Cov (R;, Rm,) While Var (R,,.) denotes the variance of the market return in the
same period [6]. More advanced models, such as the Fama-French three-factor model [22], incorporate
multiple risk factors. Similarly, asset pricing studies focus on identifying factors that explain the risk
premium [12].

2.4. RL for PM

Machine learning techniques help unravel complexity in financial signals by disentangling complex
nonlinear associations, reducing degrees of freedom, and adeptly handling redundant variations. They
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provide a systematic approach to tasks such as identifying predictive signals or timing the market,
making portfolio choices, and risk management [25, 63]. Studies found predictive signals related to
stock returns [12, 25, 81] using deep learning techniques, such as neural networks. Moreover, Gu et al.
[26] used an Autoencoder model for risk-adjusted return prediction, and Heaton et al. [28] used deep
neural networks for optimal portfolio selection. Reinforcement learning finds diverse applications in
financial markets, from utility theory, dynamic asset allocation, and consumption to derivatives pricing
and hedging [5, 65]. The advancement of deep neural networks and deep reinforcement learning
has prompted a surge in studies exploring their integration into financial markets. However, unlike
game-playing or robot control domains, where RL has demonstrated tremendous success, the financial
market poses unique challenges. The singular nature of the market allows no opportunity to create
multiple games. Developing realistic synthetic financial markets is a subject of its own. Furthermore,
the financial market’s inherent volatility and non-stationarity, coupled with a low signal-to-noise ratio,
complicate the identification of market dynamics. Historical market information often proves irrelevant
to its present and future states, rendering the problem inherently stochastic [31].

Portfolio allocation decisions with the aim of outperforming the market is one of the primary tasks of
asset managers. RL application in portfolio management has been explored due to its ability to combine
both return prediction and portfolio optimization. Neuneier [57](1997) utilized Q-Learning to optimize
asset allocation, showing the adaptability of RL in addressing the complexities of portfolio decisions.
With deep reinforcement learning, it became possible to solve problems with larger state-action space
and applications have been extensively explored for its integration into portfolio management strategies,
as observed in the work by [2, 33, 43, 60, 83, 84, 85, 87].

2.4.1. MARL for PM

Traditional single-manager funds tend to exhibit net exposures associated with the manager’s particular
strategy. To avoid the concentration of highly correlated ideas and strategies, human investors started
allocating funds to investment vehicles that do not depend on the capability of a single investment
manager [38]. Multi-manager platforms are investment organizations that collectively operate multiple
specialized fund managers and strategies as a unified entity. Within these platforms, individual units
are assigned local performance responsibilities. The decision-making process within multi-manager
funds can either be centralized or decentralized, and the investment approach may be coordinated or
operated independently. They are structured as all-weather investments, aiming to generate consistent
absolute returns and appealing risk-adjusted returns regardless of the market conditions[74]. Before the
breakthrough of deep reinforcement learning by [53], J. W. Lee et al. [39] (2007) proposed to incorporate
a multi-agent system in portfolio management problems using four Q-learning agents to divide and
conquer the market. Two agents specialized in picking the buy signal, and the other two specialized
in holding. Their actions were driven by the objective of maximizing the portfolio value. This study
presents the multi-agent approach, in which each agent has its specialized capability and knowledge.

J. Lee et al. [40] introduced a cooperative multi-agent framework where each agent functions as an
independent portfolio manager, formulating its unique portfolio. Figure 2.3a describes the design of the
problem, which is to have a "portfolio of portfolios” by making each K agent a portfolio manager of its
own. The agents share the price information and share a common global reward while consequently
optimizing the local policy to maximize local returns through discrete actions on how many shares to to
long, neutral, and short.

To ensure the diverse actions between the agents, the study introduced a global training loss func-
tion that penalizes the correlation of actions between the agents. Additionally, [75] proposed to use two
other diversity metrics for portfolio management: entropy [35] and effect number of bets [36]. Figure
2.3b illustrates how agents behave differently given the same shared state about the price information.
Furthermore, the authors compared their strategy with well-known market factors like momentum and
also compared with the market benchmark, the Russell 3000 index. Their experiments with 12 years
of out-of-sample back tests outperformed all existing strategies. It's noteworthy to mention that while
the authors achieved impressive results, replicating their experiment poses challenges due to the lack
of clear presentation of hyperparameters, such as the number of stocks assigned to each agent and
other implementation details.
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Figure 2.3: J. Lee et al. [40]



Experimental Setup and Methodology

3.1. Empirical Settings

The choices made around the empirical settings are designed to enhance the model’s learning process
and to address the research question. | have adapted approaches from both computational sciences
and finance.

3.1.1. Data Choices

In reinforcement learning studies, a common practice when selecting investment instruments is to work
with 10-30 different stocks [33, 37, 43, 84, 87]. The action space of RL agents grows exponentially
with the number of stocks, which forces these studies to limit the scope of their portfolios. While this
approach may be practical for individual investors, it introduces a significant limitation: the lack of di-
versification in assets. For example, a single volatile event from one company can disproportionately
influence the model’s performance, exposing it to higher risk from the lack of diversification. Moreover,
the selection of stocks can have a significant influence on the outcome of the model. In contrast, it is
a standard approach for empirical asset pricing studies to adopt a cross-sectional analysis that evalu-
ates thousands of stocks, comparing their relative performances at a single point in time. Using sector
indices enables leveraging the benefits of both approaches. Sector indices represent the performance
of 11 industries, such as technology, healthcare, or energy. The indices are market-cap weighted,
meaning larger companies within the sector have a proportionally greater influence on the index’s per-
formance. It offers a broader perspective on market movements while working within a limited number
of instruments. Sector indices contribute to stable policy learning by reducing individual event volatility
and offering general insights into market trends. However, constructing a long-only portfolio with sector
indices presents challenges in deviating from the market index (S&P 500), potentially restricting excess
returns but ensuring a more robust model. Thus, | used sector indices of the S&P 500.

Data Preprocessing

| use data between 2006-2013 for training, 2014 for validation, and 2015-2023 for out-of-sample test-
ing. This data split approach differs from the standard data split approach in the machine learning field,
where the majority of the data is typically used for training. Instead, prior studies on machine learning
in asset pricing, such as Gu et al. [25] and L. Chen et al. [12], employed out-of-sample testing periods
that are equal to or longer than the training period. Financial markets constantly evolve, and strategies
that worked in 2005 may become irrelevant by 2009. Therefore, extended out-of-sample testing is
crucial to prevent overfitting and to ensure the model’s relevance in diverse market conditions. While
empirical asset pricing studies typically use paywalled data from academic or commercial sources such
as CRSP' and Compustat?, publications focused on computer science aspects [1, 3, 13, 73] often em-
ploy return data from yfinance3. The reason for this preference is likely the emphasis on accessible

Thttps://www.crsp.org/
2https://wrds-www.wharton.upenn.edu/pages/grid-items/compustat-global-wrds-basics/
Shttps://pypi.org/project/yfinance/

13
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open-source data and reproducibility within the machine learning community. However, a primary criti-
cism of yfinance data is its low completeness, particularly when dealing with individual stocks that have
undergone listing changes such as delisting and stock splits. Despite this, for index data that do not
undergo such activities, yfinance provides complete data for the selected period. Therefore, this study
uses yfinance library to leverage its accessibility and ensure the reproducibility of the research. The
tickers on yfinance used for the experiments were SP500TR (S&P 500), GSPE (Energy), SP500-15
(Materials), SP500-20 (Industrials), SP500-25 (Consumer Discretionary), SP500-30 (Consumer Sta-
ples), SP500-35 (Health Care), SP500-40 (Financials), SP500-45 (Information Technology), SP500-50
(Communication Services), SP500-55 (Utilities), and SP500-60 (Real Estate).

sector retuns Sector Return Excl SP500

SRS HABEEBES

(a) Cumulative log returns of each sectors (b) Cumulative log returns of each sectors after subtracting the market

Figure 3.1: Comparison of Raw return vs. Market return

To ensure that the model learns the sector signal itself rather than the broader market movement,
the market S&P 500 returns have been subtracted from the sector index returns. Figure 3.1 shows
that the raw returns of the indices move in tandem with each other and the market. However, after
subtracting the market signal, the sector-specific returns exhibit more distinct patterns. Therefore, the
return of S&P 500 was subtracted from the returns of sector indices as an input of the model.

3.1.2. Assumptions
Two key assumptions when of the environment for the problem are the following:

+ Full Liquidity: Assumes that the market is efficient. The liquidity of all market assets is sufficiently
high, enabling immediate execution of each trade at the last price when an action is placed during
the back-test period.

* No Market Impact: Assumes that the trading action made by the agent exerts no influence on
the market dynamics (i.e., increasing the price of the asset) during the back-test period.

3.2. Portfolio Management Problem Setup

The portfolio management problem is formulated as a Markov Decision Process. The design of the ex-
periment aims to model the step-by-step determination of the optimal weights to maximize the expected
reward. The problem is represented as a discrete-time MDP and is transformed into an optimal control
problem wherein the system under control is a portfolio comprising various investment components.
The control involves adjusting the weights assigned to each asset.

3.2.1. State Space
The main component of the state space is the log return of the sector indices. With the closing price of

. . . . Py—Pg_
an asset at time t as p,, the one period return is defined as r, = %.
t—1

Using percentage changes for returns may appear straightforward, but it displays asymmetry. Log-
arithmic returns, on the other hand, are symmetric on both the upside and downside, i.e., 10% gain
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followed by 10% loss resulting in a net change of 0%, making comparison between returns across dif-
ferent periods easier. Furthermore, log returns can be added over time instead of multiplications when
calculating cumulative returns.

Like the setting of Jiang et al. [33], the observation state includes past T day market information.

Observation state at t includes the weight of each asset in the portfolio of the agent based on a;_;
and past T = 60 days’ historical sliding returns of N assets. As new market information is updated each
day, t, the updated information for the day t is fed into the agent via the step function 1 as observation,
along with the Differential Sharpe Ratio [54] reward.

Wi-11 We_1,2 e Weon
Pt P2t PNt (3.1)
P1t-T+1 P2t-T+1 -+ PNt-T+1

volyg

—=, VIXt], mak-
volgg

ing the observation vector s, that is compatible with MLP layers. vol,, is the 20-day rolling window
standard deviation of the daily S&P500 index returns. volg, is the same measure with 60-day window
and VIX; is the standardized value of the VIX index as in [73].

The 2-D matrix (3.1) is flattened and concatenated with volatility indicators [volzo,

3.2.2. Action Space

The RL portfolio manager agent outputs the vector of action a, = [a}, a?, ..., a?’]T with al € [-1, 1] for all
1,2,...,N attime t. The softmax function is applied to all a at a time t such that a new rebalanced port-
folio weight vector w; for the period between step t and t + 1 as:

) . exp (al
wi = softmax(ar) = —g p (@)

—j for j= 1,2,..,N (32)
Yj=1 €xp (at)

such that

N
Z we = 1. (3.3)
i=1

3.2.3. Reward

The objective of the agent is to maximize the risk-adjusted return. While the Sharpe Ratio is a com-
monly used measure for risk-adjusted returns, it is calculated over the long term and cannot be directly
converted into a reward per time step. To address this limitation, [54] proposed the Differential Sharpe
Ratio to represent the Sharpe Ratio as an additive sum of single-step reward. RL for PM studies [60,
73] used it as a reinforcement learning agent reward. First, the exponential moving average of the
Sharpe ratio is formulated as:

At

S, = —
"7 K.(B, — A?)1/2

(3.4)
with 4, = %Zfﬂ R; and B, = %Zfﬂ R? K, = (i)l/z, which recursively estimates the exponential
moving average of the returns and standard deviation of returns on timescale % S; is expanded to first

order in n:
Se = S¢—1 +ND¢ly=0 + 0 (772) (3.9)

Where D; is the Differential Sharpe Ratio:

1
aS,  Be-1DA. — EAt—lABt

t = a_ = 5 3/2 (36)

1 (Bt—l - At—l)
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with
At = At—l + UAAt (3.76)
Bt = Bt’—l + T}ABt (37b)
AAt = Rt - At—l (370)
AB, = R? — B;_, (3.7d)

With n = 252 trading days in one year, the Differential Sharpe Ratio D, between periods t — 1 and
t is used as a reward for the agent, similar to [73].

Table 3.1: Key components of the Single Agent Model

Key Components Attributes
Previous period t — 1 : t portfolio weights
Observation s; Daily return of past 60 days
Volatility information
Action a; New portfolio weights for period ¢t : t + 1
Reward r; Differential Sharpe Ratio

3.2.4. Environment

1]7

Observation| | Reward Action
S DSR, a;

DSRe4q
Environment [«———m
Str1

The environment simulates the stock market based on the methodologies described in [33, 47]. Obser-
vations are provided from historical returns, and the agent’s actions consist of the new portfolio weights
for the subsequent time t + 1. environment’s step function (Algorithm 1) provides market information
to the agent. The environment receives action a;_; and returns state s; and reward r; for the next
time step. By interacting with the environment, the agent iteratively collects experience and learns a
policy to maximize rewards. The observation based on historical market data is configured using the
Gymnasium [80] library.

AN T

Figure 3.2: Visualization of Single-Agent PM Framework

Algorithm 1 Step Function in single-agent portfolio management environment

Input : Action attime t — 1, a;_; from the policy
Output: Set of State and Reward at time ¢, s;, 1, and done = False
t—t+1 SetdonetoTrueift<T -1
while not done do
w;_, < softmax(a;_,)
Calculate Differential Sharpe Ratio at time t with w;_; and (ret;) + 1
r; « Differential Sharpe Ratio,
s; < Concatenate[w;_,, log return array between [t — 60, t], and volatility index]

3.3. Single-Agent PPO

There are various implementations of PPO beyond the original paper by Schulman et al. [68], including
PPO2 from the same authors. Reproducibility of PPO has been challenging due to numerous imple-
mentation details, making it difficult to implement the algorithm from scratch, as highlighted in the article
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“37 Implementation Details of PPO” [32]. Multiple RL for PM studies [2, 43, 48, 85] have used PPO To
ensure standardized and reproducible research, | use the Stable Baselines3 [62] version of PPO, with
agent hyperparameters from Sood et al. [73], shown in the Table 3.2.

Table 3.2: Stable Baselines3 PPO Agents hyperparameters

Hyperparameters Values
Gamma 0.9
GAE Lambda 0.9
Clip Range 0.25
Learning Rate 3e-4 annealed to 1e-5

3.3.1. Rolling Window Training

Sood et al. [73] employs a unique agent training methodology. They train a population of agents with
different random seeds for each training window and continue this process iteratively, as described
in Figure 3.3. During the first training window, five agents are initialized with different seeds, and the
agent with the highest mean average return during the validation period of that window is selected as
the initial agent for the next training window. This process is repeated until the 10th training window,
resulting in the generation of 50 agents with different random seeds.

This method can be considered a form of multi-agent learning, as it involves multiple agents. How-
ever, the agents do not receive feedback from the actions of other agents during learning or within
the environment. This training approach can also be seen as a type of population-based training or
evolutionary algorithm, in the sense that it involves optimizing a population of models by periodically
selecting the best-performing individuals and exploring new hyperparameters based on them, and the
best learner survives and is used in the next generation of training. This training method is used to
establish the single-agent baseline results.

,—"”'—\\ —
;’/ Seed \ / Seed\ /Seed\ /Seed \\‘
2006-2010 “\ /
\ / \ / \

1-1. Pick the best model(agent)

Based on mean Differential Sharpe
Validation #1 ratio
2011 A
A 4 [ 1-2. Save the best model ]

T~

Test #1 : : 1-3. Load & use it as foundational model
2012 1-4. Calculate Average Evaluation metrics across 5 agents for the next training phase
Annual return, cumulative returns, volatility, Sharpe... -
1%t Round -
2nd Round 777"'/”//

\ / \ /// / 11\\ ’// ‘
T s SEEd \ J SCEd " SGEd \‘ " SEEd | 2-1. Pick the best model(agent)
ralnlng y Based on mean Differential Sharpe
2007 2011 \\ / \\ / \ / \\ / ratio

|
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~

o Until 10t Round, 4~
training time ~8h

Figure 3.3: Visualization of multiple seed training in [73]
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3.4. Single-Agent to Multi-Agent

In this section, the single-agent reinforcement learning framework is extended to a multi-agent setup to
investigate the impact of introducing diversity among agents and assess whether this enhances overall
strategy robustness. Specifically, the multi-agent approach aims to diversify strategies among agents
by incorporating diversity measures that encourage agents to behave differently from each other.

3.4.1. Diversity Measure
The diversity penalty, similar to the Global loss in J. Lee et al. [40], is reflected in the environment instead
of the agent’s loss function. In addition to using correlation as a diversity measure, Total Variation (TV)
distance is employed as an alternative metric to further explore and enhance portfolio diversity by
capturing differences in the distribution of returns.

TV distance is defined as:

1
TV(AB) = §||A—B||1 (3.8)

Where A and B are two probability distributions. TV distance measures the difference between
two probability distributions and captures the extent to which the two distributions diverge from each
other and is used in diversity in MARL studies [41]. Portfolio weights that sum up to 1 can be consid-
ered probability distributions, making TV distance a meaningful measure for assessing how similar or
different portfolios are.

The diversity penalty is incorporated into the reward calculation as follows:

Tek = TR - Ky (3.9)

where the multiplier k; includes the diversity penalty and the weight of the penalty lambda.

1—|DP.- Al ifrft >0
““=pp, - 2| if it < 0 (3.10)
For example, if rti}g“ = 5and 4 = 0, the final reward r,; remains the same as the initial reward,
which is the differential Sharpe ratio. When the absolute value of the diversity penalty DP; is close to
1, it indicates high similarity in actions, thereby reducing the final reward. If A = 1 and DP, = 0.9, the
agent receives a reward of 0.5, indicating high penalty and when 4 = 1 and DP, = 0.1 the final rewards
becomes 4.5. Conversely, if rtfﬁit = —5,1 =1, and DP, = 0.9, the initial reward becomes —4.5. If the
similarity of the actions is low, such that DP; = 0.1, the final reward is —0.5, thus resulting in a higher
reward.
J. Lee et al. [40] introduced a global training loss function that penalizes the correlation of actions
between agents, defined as:

K

GLossy = Z [Corr(nk,nj)] (3.11)

k=Li#j

where n; represents the agent’s confidence level in its action for the subsequent time step. The inde-
pendent Q-learning agents in their study optimize a loss function that is a weighted sum of the local
Q-learning loss LLoss; and the global loss:

Lossy = (1 — A) LLoss), + AGLossy, (3.12)

PPO is capable of achieving higher RL reward than Q-Learning [68] and is suited for environments
where continuous action spaces are required. The loss objective of PPO is mathematically more com-
plex than that of DQN, as it includes parameters such as the divergence between the old and current
policy and a clipped objective. Due to this complexity, incorporating the global loss directly into the PPO
loss function is more challenging. Consequently, the diversity penalty was reflected within the environ-
ment rather than integrated into the PPO loss function. Furthermore, [50] states that the diversity in the
environment itself is a good source of diversity. The diversity penalty was directly scaled and applied
to the reward in the environment. This approach was chosen because the reward differential Sharpe
ratio has a wider range, with values potentially exceeding 100. Given that the range of correlation is
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[—1,1], Total Variation distance is [0, 1], and cosine similarity is [0, 1], to increase the influence of the
penalty while encouraging diverse actions, the absolute diversity penalty, scaled by the weight for the
penalty 4, is subtracted from 1 and finally multiplied with the initial differential Sharpe ratio reward of
each agent, as shown in Equation 3.9. This modification from [40] aligns with the goal of leveraging
PPQO’s advantages in handling continuous actions while effectively encouraging diverse actions among
the agents.

3.4.2. Multi-Agent Environment

In the step function in multi-agent environments, all agents receive the same set of market information,
as they are assumed to have access to a homogeneous set of assets. The procedure for receiving
actions from the agents and presenting observations is identical to that of the single-agent environment.
After the observation and calculation of the DSR of each agent, the diversity of the actions of the agents
is measured via the selected diversity measure. The global diversity measure between the agents is
calculated and used as a scaling penalty factor for the given differential Sharpe ratio. The penalty,
scaled by the weight 1 of the diversity penalty, is then applied to the final reward.

Algorithm 2 Step Function in multi-agent portfolio management environment with K agents
Input : Action attime t — 1, a;_, from the policy
Output: State and Reward at time ¢, s, r;, and done
t—t+1
Setdoneto Trueift <T -1
while not done do
for Agent, in K do
W1 < Softmax(as_qx)
Calculate Differential Sharpe Ratio at time t with w,_; ;, and ret,
r/it < Differential Sharpe Ratio,
S ; < Concatenate[w,_, , p[t — 60, t], Volatility info]

DP, « Zlk(:l#j [diversity_measure (w;’}(‘tw;’;”)] ; // Calculate Diversity Penalty
ke < Eq. 3.10
| Ttk < Ttl,ﬁlt “Ke s // A: diversity penalty weight

To experiment with agent diversity and enhance performance through inter-agent feedback, | used
the PettingZoo [79] library to extend the single-agent RL environment to a multi-agent RL environment.
PettingZoo allows the creation of a MARL environment in Gymnasium style. The environment was im-
plemented as a parallel environment where the timings of observation and reward between the agents
are synchronous. PettingZoo was selected over alternatives such as Ray RL [42] and TorchRL due
to its comprehensive documentation for creating customized environments and its compatibility with
NumPy, thus eliminating the need for transitioning to Jax.

3.4.3. Multi-Agent Learning

Independent algorithms assume independent learning and assume the other agents as part of the
environment. Each independent learner does not consider other agents’ existence and treats the en-
vironment as stationary. Actions of the other agents are considered as part of the environment.

The IPPO algorithm [17] uses clipped PPO loss (equation 2.15) as an objective, which stabilizes
training by limiting policy updates. Generalized Advantage Estimation (GAE) [67] is employed to effi-
ciently teach the agent from local observations.
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Algorithm 3 IPPO Training

Initialize policy parameters for k agents {rg, }
for iteration = 0,1, ...n pisodes do

Run policies {T[gold'i}

ke{0,1,..,K—1}

i€{0,1,..,.N—1}
Collect (s, a, r) from experience
for epoch = 0,1, ..., num_iters - 1 do
for minibatch = 0, 1, ..., minibatch_size - 1 do
fork=0,1,..,K—1do
Compute Value function GAE A¢4Y
Ly« LM (mg, 0 Ta,) (2.15)
Update mg, by minimizing £, via stochastic gradient ascent with Adam
end
end
end

{T[Gom,k }kE{O,l,...,K—l} < {T[ek}ke{o,l,...,l{—l}
end

The non-independent MAPPO algorithm [88], which uses shared observations and shared inputs to
the value function, has outperformed independent MARL algorithms in cooperative tasks like Google
Research Football and the StarCraft Multi-Agent Challenge. Its strength lies specifically in scenarios
where maximizing shared input to the value function is critical. Therefore, for non-independent multi-
agent algorithms to be effective, each agent should have a distinct state space and carefully curated
shared information. However, in the current multi-agent portfolio management scenario, all agents
operate with the same set of assets and thus have a significant overlap in information. This overlap
means that the agents already receive a high degree of shared, centralized information, which may
reduce the need for further specialization in their state spaces.

MARL Software Implementation

While stable-baselines3 is a well-established library with extensive documentation and community con-
tributions, there is currently no equivalent for multi-agent reinforcement learning. BenchMARL[7] stands
out due to its design, which is made for experiments, and compatibility with customized environments,
a feature that is more challenging than other libraries. BenchMARL is based on TorchRL[9], which
allows for the use of a PettingZoo wrapper to convert a custom PettingZoo environment into a TorchRL
environment compatible for use with BenchMARL agents, enhancing its flexibility and usability.

BenchMARL
St2 ( Qi
I | Agent 2 J—

Reward, ,

BenchMARL
St1 at1

Agent 1

Reward, y
TorchRL PettingZooWrapper

4 PettingZoo

<€ Multi-Agent

s Environment
1 (Gymnasium Style)

Reward, |

Figure 3.4: Visualization of Multi-Agent PM Framework

3.4.4. Hyperparameters

Hyperparameter Tuning

Reinforcement learning models are highly sensitive to hyperparameter choices, which can significantly
influence their final performance. Hyperparameters are often problem-specific, which makes it a non-
intuitive task [20, 29, 44]. For hyperparameter tuning, a hyperparameter sweep from Weights and



3.4. Single-Agent to Multi-Agent 21

Biases (W&B) # like in Figure 3.5 is used to train models over a grid of hyperparameters. Multiple
models are trained to test various combinations of hyperparameters, focusing on those that show sig-
nificant effects. Although more advanced hyperparameter tuning methods, such as random search or
Bayesian optimization, exist, grid search was used in this study for its simplicity in roughly finding the
optimal hyperparameters and experimenting with different diversity weights. The purpose of this sweep
was to identify the set of hyperparameters that yielded the best performance during the out-of-sample
validation period, which is the year 2014. The model’s performance was evaluated using the mean of
the differential Sharpe ratio (DSR) reward, which will be explained in the following section, from the
start to the end of the evaluation period, as in the equation 3.13.

T
1
Evaluation Period Mean Reward = T Z (dsr) (3.13)
t

entropy coefficient learning rate
0.050 0.0028
55026
0.0024
0.0022

0.0020
N S

Figure 3.5: Hyperparameter sweep example

Table 3.3: IPPO hyperparameters in scope for the sweep

Category Hyperparameters Values in Scope
Learning Rate [0.0001,0.001]
Optimizer(SGD) | Minibatch Size [64, 128]
Minibatch number of iterations | [2,4,8]
Number of layers 2,3
Nerual network | Size of layers 64, 128
Random seeds 0,1,2,3
PPO Entropy coefficient [0.002,0.005]
. . Type of diversity penalt Correlation, TV Distance
Diversity V\)//gight of the pgnpalty ¢ [0.1]

The primary choice for the hyperparameter ranges is based on [20, 32, 68]. For learning, the op-
timizer learning rate and its scheduling were included in the tuning scope. Studies by [21] and [4]
found that annealing the learning rate for PPO improved performance. Neural network hyperparam-
eters were also considered, including the number of layers and units per layer. The neural network’s
architecture significantly impacts the model’s ability to learn and generalize, making it essential to tune
these parameters carefully. During the initial experiments, an improper choice of the entropy coefficient
severely damaged model performance, similar to observations in [20]. Consequently, the entropy co-
efficient was included in the sweep objectives. To assess the impact of diversity weight in the models,
the weight A of the diversity penalty k, acting as a scaling factor to the differential Sharpe ratio, was
also included in the sweep. Values ranging from 0 to 1, with increments of 0.1, were tested. Addition-
ally, different random seeds, [0, 1, 2, 3], were included in the scope to see its effect, as deep RL is also
sensitive to random seeds.

“4https://docs.wandb.ai/guides/sweeps
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3.4.5. Contribution to Open-Source Project

| implemented a systematic hyperparameter optimization approach utilizing Weights & Biases sweeps,
integrated with Hydra configuration management ° and the BenchMARL library. This framework facili-
tated an extensive automatic exploration of various hyperparameter configurations. Upon reviewing the
existing BenchMARL library, | identified a lack of a structured framework for hyperparameter optimiza-
tion. To address this, | submitted a pull request © with the hyperparameter sweep code and detailed im-
plementation and usage instructions. Additionally, the developed software implementation framework
for connecting MARL agents with the custom environment in section 3.4.3.1 has been contributed ’
to the same library. As a result, | provided a more efficient hyperparameter optimization method and
straightforward experimentation with customized environments to the MARL research community.

3.5. Evaluation

During the out-of-sample testing period, trained policies are evaluated with four portfolio metrics. Ini-
tially, a trained policy is retrieved from a checkpoint file. This policy is then deployed deterministically
into an environment where sector returns during the testing period serve as observations. Subse-
quently, the agent outputs the actions based on the observation. These actions are interpreted as
portfolio weights for the testing period and are used to evaluate the performance of the portfolios con-
structed. The metrics used for analyzing portfolios include absolute return, Sharpe ratio, maximum
drawdown, and turnover, which are explained in more detail below.

Absolute Cumulative Return
The rate of return of a portfolio R, with N assets is a weighted combination with weight w; of the
constituent asset’s returns r;.

N
Ty = ) wir (3.14)
p,

i=1

Cumulative return between period t and T is calculated by compounding the single period returns
over time. With rate of return r,, , at time k, the cumulative return 7, between period t and T is given
by:

T
Toop = H (1L+r)—1 (3.15)

k=t+1

Sharpe Ratio

Sharpe Ratio [70] assesses the risk-adjusted performance of an investment portfolio. It quantifies
the excess return per unit of volatility g, indicating how well an investment return performs for the
associated risk. Excess return is calculated as the difference between the portfolio’s return R, and the
risk-free rate R,.r, which is the return from investing in an asset that is considered risk-free, like the
interest rate or a government bond yield. A higher Sharpe ratio indicates a higher risk-adjusted return.
The relationship between the volatility of the portfolio with N number of assets g, and portfolio weight
w;, volatility between the assets o; ; is:

0% =::E: MQOLjMG (3.16)

N N
=1 j=1

4

With the portfolio volatility, the annualized Sharpe ratio is:

E[R, — R,/]

Sharpe Ratio =
Op

(3.17)

Shttps://hydra.cc/docs/intro/
Bhttps://github.com/facebookresearch/BenchMARL/pull/105
"https://github.com/facebookresearch/BenchMARL/pull/84
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Maximum Drawdown

Maximum Drawdown measures the greatest percentage drop in a portfolio’s value from its highest point
(peak) to its lowest (trough). It represents the peak-to-trough loss experienced before a recovery to a
new high occurs.

Trough Value — Peak Value
Peak Value

MDD(%) = (3.18)

Portfolio Turnover
Portfolio turnover, as described in [16], measures the total absolute value of rebalanced weights across
N assets over T - 1 trading periods, normalized by the total length of trading periods.

T
1
Turno er=—z
urnov T—1

-1
t=1

N
z (|wher = wil) (3.19)
i=1






Results

4.1. Single Agent Baseline

4.1.1. Environment and Algorithm Validation

To validate both the environment and the RL algorithm, the PPO agent is initially trained on a simplified
learning case where the future returns of the assets, r;,; are provided as the state §;, and the reward is
defined as the logarithm of the portfolio return. This experiment addresses two key questions: whether
the environment correctly presents observations to the agent and whether the agent effectively learns
the simplest strategy. In this full foresight scenario, the optimal strategy for the agent is to allocate all
weights to an asset with the highest expected return at t + 1, so that the agent can reach the maximum
possible return and immediate RL reward. The validation experiment demonstrates that the agent can
identify the maximum return scenario, but only when the action space is adjusted to a broader range,
e.g., [—300,300], rather than a narrower range, e.g., [—1,1]. This adjustment is necessary due to
the softmax function applied to the action outputs. In a case where the agent produces an extreme
action, where one asset gets 1 and the rest 10 gets -1, e.g. w, = [1,—-1,—-1..— 1]T, the softmax
function normalizes the actions resulting results in a weight of 42% for the asset with the action output
of 1, rather than the desired 100%. Scaling the action space has the same effect as adjusting the
temperature T of the softmax function, which modulates the scaling of action probabilities.

Zi
exp —
P T (4.1)

J
X, exp 7

Current Month return as observation portfolios ws Max possible returns vs eq weighted returns

—— RL | Foresight | window | action = [-300, 300]
—— RL | Current Month | Split | action = [-1,1]

RL | Current Month | Split | action = [-300,300]

RL | Current Month | Window | action = [-1,1]
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—— max possible return
eq weight return
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Figure 4.1: Comparison of the foresight PPO agent’s performance with an action space of [-300, 300] and the maximum possible
return.
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The results confirm that the PPO agent matches the maximum possible return with the expanded
action space, thereby validating the environment’s effectiveness. For all subsequent experiments with-
out foresight, the action space was reverted to [—1,1] to constrain weight changes and potentially
enhance the Sharpe ratio by limiting large weight changes.

4.1.2. Single-Agent Replication Result

The single-agent model is reproduced to establish a baseline, serving as a reference point for compari-
son when extending to multi-agent models. The empirical setting for the reproduction is taken from [73]
as detailed in Table 3.2. The original study and the replication Setting A train 50 agents over 10 rolling
windows using 5 different seeds. While the seeds used in the original study are unspecified, Setting
A uses the seeds 0, 1, 2, 3, and 4. Setting B trains 10 agents over 10 rolling windows using a single
seed, 42, in this experiment. The metrics in Table 4.1 are calculated following the same approach as
the original study, averaged across 10 testing periods after each training window. The exception is the
maximum drawdown, which is reported as the most negative value observed in any period.

Type Sood et al. [73] Replication Setting A Replication Setting B
Training Method Window Training  Window Training Window Training

Seed Unknown 5 seeds 0,1,2,3,4 42

Cumulative Returns 0.1195 0.1252 0.1236

Sharpe 1.1662 1.07834 1.1305

Max Drawdown* -0.3296 -0.3465 -0.3625

Annual Volatility 0.1249 0.1374 0.1386

Table 4.1: Single-Agent reproduction, sample period: 2006-2021, evaluation: [2012-2021]

Table 4.1 presents the portfolio statistics of the agents. The cumulative returns are similar, showing
less than a 5% difference relative to the original study. The Sharpe ratio of the replicated models
deviated by no more than 8% relative to the original paper. These differences are to be expected, as
the original seeds used in the paper are unknown.

However, when decomposing the results by year, notable differences emerge between the models
with Setting A ( in 4.2) and Setting B ( in 4.2), particularly in the average daily
change in portfolio weights. As illustrated in Figure 4.2 c, there is a significant gap in the average daily
change in portfolio weights between the two settings. The observed similarity in the Sharpe ratios, as
shown in Figures 4.2 a and b, and potentially the results in Table 4.1 may stem from the fact that the
experiment involves around 11 subcomponents of the market benchmark, S&P 500, where the returns
of the assets are largely correlated to the benchmark. Additionally, the softmax normalization function
also suppresses the significant deviations of portfolio statistics of the agents, as it constrains asset
weights within the range of [5%, 42%)], as mentioned in the previous section.
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Figure 4.2: Three images side by side, resized to one-third each

When decomposing the weights of the portfolios derived from settings A and B, it is possible to
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see the difference in seed. In the training of models for Figure 4.3a and 4.3b, the policy followed the
training described in Section 3.3.1, where the policy with the best seed, among the seeds [0, 1, 2, 3,4]
was carried forward into the subsequent rolling window training. The difference in the training of the
agents in Figure Figure 4.3a and 4.3b are in the seed of the 10th window. The agent in Figure 4.3a
was trained with seed = 2 on the 10th window, while the agent in Figure 4.3b used seed = 4. With a
small difference in seeds during the final training round, it is possible to see that the results of the policy
in Figure 4.3a and 4.3b showed minimal variation to each other in weight distribution. This indicates
that the policy, which remained consistent up until the 9th rolling window, was largely unaffected by the
change in seed during the final round of training. Figure 4.3c shows the results from an agent trained
with the same seed (42) across all 10 rolling window training rounds. Notably, there is significant
variation in weight distribution between the policies from Setting A and Setting B.
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Figure 4.3: One year OOS period (2021) Weight distribution comparison. The X-axis represents the 11 sectors, while the Y-axis
shows the weight of these sectors in the portfolios over the evaluation period.

4.1.3. 1 year vs. 9 year Out-of-Sample Testing

The S&P 500 achieved a return of 28.70% and a Sharpe ratio of 1.99 in the out-of-sample test year
2021. Although all single-agent PPO policies outperformed the S&P 500 in terms of the Sharpe ratio,
only a subset of these models demonstrated superior performance in terms of total return. The impact of
different seeds on the average daily weight change is evident, with policies in Setting A showing higher
average daily weight changes compared to those in Setting B, as illustrated in Figure 4.3. Additionally,
the results from the train-test split model, trained on data from 2006 to 2019 without using a rolling
window, revealed the best performance in both total return and Sharpe ratio. However, it is important
to consider that this superior performance may be influenced by the random seed or potentially more
favorable market conditions for certain policies.

Table 4.2: 1-year (2021) OOS Portfolio Results of Single Agent PPO agents

Model-Training Type (Seed) Total Return Sharpe MDD Avg. Daily Weight Change

PPO- Setting B (42) 0.3015 22786 -0.0453 0.4603
PPO- Setting A (0) 0.2882 2.0874 -0.0538 0.7263
PPO- Setting A (1) 0.2785 2.0373 -0.0529 0.7295
PPO- Setting A (2) 0.2798 2.0540 -0.0523 0.7325
PPO- Setting A (3) 0.2760 2.0376 -0.0507 0.7373
PPO- Setting A (4) 0.2727 2.0202 -0.0494 0.7414
Train-Test Split (42) 0.3583 2.4968 -0.0502 0.6058

To evaluate the policy over a longer out-of-sample period, the models were trained on data from
2006 to 2013 and tested on data from 2015 to 2023. During this period, the S&P 500 achieved a return
of 131% with a Sharpe ratio of 0.70. No RL policy outperformed the S&P 500 in terms of Sharpe ratio.
However, policies with certain seeds (0 and 1) were able to slightly surpass the market return.
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Table 4.3: 9 year (2015-2023) OOS Portfolio Results of Single Agent PPO agents

Model-Training Type (Seed) Total Return Sharpe MDD Avg. Daily Weight Change

PPO- Setting A (0) 1.2960 0.6182 -0.3193 0.5502
PPO- Setting A (1) 1.2972 0.6204 -0.3202 0.5695
PPO- Setting A (2) 1.2254 0.5991 -0.3214 0.5699
PPO- Setting A (3) 1.2309 0.5968 -0.3306 0.5590
PPO- Setting A (4) 1.2044 0.5888 -0.3389 0.5841
Train-Test Split (42) 0.9295 0.4954 -0.3864 0.6240

Plotting the log portfolio returns of the policies over time reveals that the policies remain close to the
market performance in the years following the end of the training period(2015-2016). However, over
a longer horizon, the policies tend to diverge more significantly from the market. The train-test split
model behaves similarly to an equal-weight strategy during the extended evaluation period.
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Figure 4.4: Single-agent baseline

Rolling window models may exhibit greater generalizability over the long term, adapting more flexibly
to changing market conditions. In contrast, the train-test split model tends to perform better in capturing
specific market conditions in the near future. This advantage may be attributed to its ability to leverage
more recent data without the influence of older training periods. However, it is also important to consider
that these results could be influenced by the choice of seed and prevailing market conditions during
the testing period.

4.1.4. Limitation of the Single Agent Method

The single-agent method, while demonstrating the potential to outperform the benchmark, reveals sig-
nificant limitations in robustness to hyperparameters, seed sensitivity, and long-term out-of-sample test
performance. Analyzing the performance and behavior by decomposing the weights outputted by the
policies of the single-agent model shows that, although it achieves results close to benchmark indices
like the S&P 500 and equal-weight portfolios in short-term evaluation, it falls short in terms of long-term
stability and generalizability.

Given these findings, it is imperative to explore multi-agent reinforcement learning models that can
address these shortcomings, especially in longer-term out-of-sample risk-adjusted returns. Introducing
a diversity term aims to develop a more robust policy. By employing multiple agents, each with poten-
tially different strategies and perspectives, MARL is expected to enhance diversification and improve
long-term out-of-sample performance.
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4.2. Multi-Agent Models

4.2.1. Multi-Agent Results

The multi-agent reinforcement learning experiments were designed to evaluate the impact of introduc-
ing diversity measures on the agents’ policies and their performance over an extended out-of-sample
evaluation period, [2015 — 2023]. As specified in equations 3.9 and 3.10, the diversity measures were
integrated into the reward function to encourage diverse actions among agents.

Correlation as Diversity Penalty

Without any correlation penalties, the agents’ actions exhibited a high average absolute correlation
of 81%. Figure 4.5 illustrates that as the weight of the diversity penalty 1 increases, the absolute
correlation of the actions between agents decreases, evident from the top to the bottom of the heatmap.
This trend demonstrates the effectiveness of incorporating diversity measures, as higher A values lead
to more diverse actions among agents. The observed reduction in correlation as 4 increases implies
that encouraging diversity among agents leads to more distinct investment strategies.
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Figure 4.5: Correlation of weights between agents over time (x-axis) for different correlation penalty weights A (y-axis), with a
color scale where higher absolute correlation values are depicted in red and lower values in green.

Figure 4.6a illustrates the variation in 9-year out-of-sample portfolio returns as a function of the
diversity penalty, A, for two concurrently trained agents, Agent A and Agent B. The plot aggregates
results across four different seeds [0, 1,2, 3], with the mean return across all seeds represented by
the solid line, and the shaded region indicates the standard error calculated from the four seeds. The
left y-axis of Figure 4.6b represents the absolute difference in portfolio returns between Agent A and
Agent B, A with 4 seeds. Policies with higher 1 values tend to show greater differences between the two
agents’ returns. The y-axis on the right side represents the average correlation between two agents and
demonstrates that as A increases, the correlation between the agents decreases, while the absolute
difference in returns, A, shows an upward trend.

Table 4.4: Portfolio statistics of the agents trained using correlation as the diversity penalty; each row is computed from 8 agents
(2 agents per training run, averaged over 4 seeds).

DP=Corr | Portfolio Return  Sharpe Ratio Max Drawdown  Daily Turnover
u a u o u o u [
0 0.9928 0.0222 0.5208 0.0067 -0.1201 0.0185 0.3466 0.0098
0.1 1.0138 0.0385 0.5281 0.0124 -0.1226 0.0148 0.3432 0.0059
0.2 1.0316 0.0388 0.5336 0.0127 -0.1171 0.0139 0.3372 0.0062
0.3 1.0384 0.0418 0.5354 0.0149 -0.1187 0.0200 0.3328 0.0043
0.4 1.0370 0.0451 0.5358 0.0153 -0.1083 0.0207 0.3268 0.0070
0.5 1.0337 0.0381 0.5353 0.0140 -0.1109 0.0239 0.3190 0.0044
0.6 1.0177 0.0494 0.5302 0.0169 -0.1158 0.0251 0.3158 0.0045
0.7 1.0390 0.0459 0.5362 0.0166 -0.1162 0.0157 0.3071 0.0068
0.8 1.0354 0.0547 0.5361 0.0184 -0.1123 0.0254 0.2996 0.0091
0.9 1.0486 0.0505 0.5409 0.0170 -0.1048 0.0172 0.2927 0.0053

The portfolio statistics presented in Table 4.4 further indicate that as the diversity penalty, 4, in-
creases, both portfolio return and Sharpe ratio improve. It is noteworthy that daily turnover and portfolio
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return exhibit a strong negative correlation with A, with a correlation coefficient of —0.99. The decline
in daily turnover is particularly significant from a practical standpoint, indicating reduced transaction
costs.
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Figure 4.6: Results of Portfolios Derived from Correlation as Diversity Penalty Scenario. Lines are the mean of the metrics, and
standard error is represented in a shaded area.

Table 4.5: A and Correlation Between Agents Table 4.6: A and A of portfolio return between agents
P Seed=0 Seed=1 Seed=2 Seed=3 | u o P Seed=0 Seed=1 Seed=2 Seed=3 | o
0 0.8205 0.8298 0.8160 0.7894 | 0.8139 0.0150 0 0.0436  0.0095 0.0216 0.0465 | 0.0248 0.0180
0.1 | 0.8101 0.8244 0.8112 0.8058 | 0.8129 0.0069 0.1 | 0.0505 0.0395 0.0407 0.0476 | 0.0360 0.0297
0.2 | 0.7881 0.8197 0.8186 0.7658 | 0.7980 0.0225 0.2 | 0.0899 0.0982 0.0228 0.0576 | 0.0397 0.0558
0.3 | 0.7629 0.7916  0.8001 0.7916 | 0.7865 0.0141 0.3 | 0.0044 0.0573 0.0063 0.0542 | 0.0603 0.0471
0.4 | 0.7647 0.7366  0.7441 0.7559 | 0.7503 0.0108 0.4 | 0.0984 0.0787 0.0927 0.0602 | 0.0522 0.0428
0.5 | 0.7362 0.7264 0.7680 0.7393 | 0.7425 0.0155 0.5 | 0.0319 0.0656 0.1227 0.1249 | 0.0633 0.0203
0.6 | 0.7362 0.6825 0.7293 0.7549 | 0.7257 0.0267 0.6 | 0.1097 0.0755 0.0873 0.1325 | 0.0766 0.0251
0.7 | 0.6993 0.7298 0.7158 0.7445 | 0.7223 0.0167 0.7 | 0.0786 0.1033 0.0009 0.0114 | 0.0657 0.0540
0.8 | 0.7222 0.7086 0.7002 0.6700 | 0.7003 0.0192 0.8 | 0.0102 0.0125 0.0425 0.0840 | 0.0952 0.0174
0.9 | 0.6609 0.6391 0.6391 0.6526 | 0.6479 0.0093 0.9 | 0.0803 0.0041 0.1197  0.1051 0.0917 0.0212

Total Variation Distance as Diversity Penalty

The average Total Variation (TV) Distance between agents without any diversity penalties was 0.07. In
Figure 4.7 and Table 4.8, it is possible to see that the TV distance between the agent’s actions over
time increases as 1 increases.
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Figure 4.7: The heatmap of the total variation distance of weights between agents over time (x-axis) for different TV Distance
penalty weights A (y-axis), higher absolute TVD values are depicted in red and lower absolute values in green.
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Table 4.7: Portfolio statistics using TV Distance as the diversity penalty; each row is computed from 8 agents (2 agents per
training run, averaged over 4 seeds).

DP=TVD | Portfolio Return Sharpe Ratio Max Drawdown  Daily Turnover
A o o u o u o u g
0 0.9928 0.0222 0.5208 0.0067 -0.1201 0.0185 0.3466 0.0098
0.1 1.0172 0.0430 0.5288 0.0144 -0.1171 0.0085 0.3488 0.0056
0.2 1.0263 0.0274 0.5296 0.0105 -0.1191 0.0172 0.3534 0.0070
0.3 1.0404 0.0526 0.5375 0.0169 -0.1107 0.0195 0.3516 0.0054
0.4 1.0359 0.0438 0.5363 0.0132 -0.1122 0.0158 0.3480 0.0069
0.5 1.0396 0.0383 0.5365 0.0111 -0.1122 0.0189 0.3490 0.0085
0.6 1.0432 0.0395 0.5340 0.0135 -0.1218 0.0200 0.3474 0.0077
0.7 1.0506 0.0429 0.5382 0.0148 -0.1160 0.0160 0.3452 0.0064
0.8 1.0415 0.0448 0.5313 0.0154 -0.1179 0.0238 0.3424 0.0092
0.9 1.0477 0.0450 0.5345 0.0176 -0.1157 0.0248 0.3413 0.0071

The relationship between the difference in portfolio returns (A) and the diversity penalty illustrated
in Figure 4.8b is less distinct compared to the case when the correlation is used as the diversity metric.
Nevertheless, it remains observable, in both Figure 4.8a and Table 4.7, that increasing the weight of
the diversity penalty in reward during training also increased the out-of-sample return and Sharpe ratio
of the portfolios created.
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Figure 4.8: Impact of diversity penalty TV Distance to portfolio return. Lines are the mean of the metrics, and standard error is
represented in a shaded area.

Table 4.8: A2 and TVD Between Agents Table 4.9: A and A of portfolio return between agents
P Seed=0 Seed=1 Seed=2 Seed=3 | u o P Seed=0 Seed=1 Seed=2 Seed=3 | o
0 0.0743  0.0708 0.0740 0.0784 | 0.0744 0.0027 0 0.0436  0.0019 0.0390 0.0694 | 0.0248 0.0180
0.1 | 0.0722 0.0709 0.0674 0.0750 | 0.0714 0.0027 0.1 | 0.0425 0.0114 0.0075 0.0604 | 0.0482 0.0686
0.2 | 0.0671 0.0687 0.0670 0.0732 | 0.0690 0.0025 0.2 | 0.0593 0.0250 0.0228 0.0300 | 0.0402 0.0233
0.3 | 0.0676 0.0763 0.0708 0.0713 | 0.0715 0.0031 0.3 | 0.0449 0.0773 0.0325 0.0589 | 0.0792 0.0597
0.4 | 0.0677 0.0723 0.0717 0.0704 | 0.0705 0.0018 0.4 | 0.0920 0.0101 0.0751 0.0347 | 0.0571 0.0362
0.5 | 0.0640 0.0833 0.0702 0.0642 | 0.0704 0.0078 0.5 | 0.0319 0.1495 0.0669 0.1575 | 0.0565 0.0318
0.6 | 0.0676 0.0730 0.0656 0.0617 | 0.0670 0.0041 0.6 | 0.1111 0.0719  0.0694 0.0959 | 0.0623 0.0377
0.7 | 0.0625 0.0747 0.0633 0.0623 | 0.0657 0.0052 0.7 | 0.0396 0.1105 0.0009 0.0114 | 0.0426 0.0436
0.8 | 0.0659 0.0747 0.0692 0.0701 0.0700 0.0031 0.8 | 0.0102 0.0125 0.0425 0.0840 | 0.0734 0.0341
0.9 | 0.0704 0.0691 0.0641 0.0701 0.0684 0.0026 0.9 | 0.0803 0.0041 0.1197  0.1051 0.0688 0.0452

4.3. Hyperparameters
4.3.1. Hyperparameter Tuning

Figure 4.9 visualizes the hyperparameter sweep results across different combinations of key hyperpa-
rameters: seed, diversity type (TV Distance and Correlation), and diversity weight. The sweep aims
to identify the best configuration for maximizing the one-year out-of-sample validation period episode
reward mean (on the right). The plot highlights how variations in these parameters impact the perfor-
mance objective. Itis hard to pinpoint the optimal settings that yield the highest mean reward, although
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they offer insights into the influence of each parameter on the overall model performance. The hyper-
parameters used in the model can be found in Appendix A

seed task.diversity_type task.diversity_weight eval/reward/episode_reward_mear

Figure 4.9: Hyperparameter Sweep Results via Weights and Biases

4.3.2. Importance of the Random Seed

The hyperparameter sweep conducted in this study underscored the importance of the random seed in
DRL experiments. The hyperparameter with the highest impact on the validation reward was the seed,
with a correlation of 0.75. The correlation between the diversity weight and validation reward was 0.20,
followed by the type of diversity penalty, 0.14. Colas et al. [15] emphasized how RL algorithms are
particularly susceptible to variations of random seeds, given the inherently stochastic nature of both
the environment and the learning process. Policy exploration is driven by the seed. Slight changes
in the random seed can lead an agent to explore vastly different parts of the state-action space, ulti-
mately altering the optimization path and resulting in different learned policies [15, 29]. The random
initialization of the neural network itself can lead to diverging results across different random seeds [51,
61]



Discussion

Reinforcement Learning has demonstrated remarkable success in various simulated environments [53,
72], where its capabilities have been extensively validated through vast experiments. However, these
idealized environments for real-world applications present additional challenges. Dulac-Arnold et al.
[19] outlined challenges associated with applying RL in practical scenarios. In this chapter, | address
the challenges and limitations outlined by [19], as well as additional challenges encountered in applying
multi-agent RL and other relevant issues observed during the research.

Limited State and Action Spaces

In finance, cross-sectional analysis, which involves examining stocks relative to one another, is essen-
tial for making informed investment decisions [6, 25]. However, implementing this type of analysis in
RL is challenging due to the exponentially growing state and action spaces as the number of assets
increases. This complexity can significantly impede the convergence of RL algorithms, making it diffi-
cult to effectively model and solve the problem [64]. | worked with 11 assets, similar to the number of
assets used in other RL applications within portfolio management [33, 37, 43, 84]. Consequently, the
feasibility of RL models for broad cross-sectional analysis is limited, impacting their ability to construct
portfolios or strategies across a wide array of assets.

From my experience, practical applications of RL in portfolio management might be more feasible
when focused on specific tasks such as sector timing. Utilizing the RL-generated policy as sector
timing signals could serve as a valuable tool in portfolio management by indicating which sectors to
overweight or underweight at each time step. Given the current limitations and complexity of modeling
large-scale cross-sectional analysis in financial markets, this targeted application appears to be a more
manageable and practical use of RL’s capabilities.

Partial Observability and Non-Stationarity

Financial markets are inherently complex and often partially observable, meaning that not all relevant
information about the market or the assets is available to the decision-making algorithm. In this work,
| focused solely on returns, which simplified the problem by reducing the dimensionality of the data.
However, real-world scenarios involve a broader range of factors influencing asset prices. To address
this, expanding the dataset to include additional factors, as suggested by [22, 77], could provide more
information about the returns.

Financial markets are also characterized by non-stationarity, meaning their statistical properties
change over time. This dynamic nature makes it challenging for RL models, which assume stationar-
ity; however, the optimal action for a given observed state can change over time as the environment
evolves, making it difficult to maintain consistent decision-making strategies.

Reward Function Design

While the goal in RL is to optimize a global reward, determining the appropriate reward structure can
be challenging. Simulated environments can have a clear relationship between actions and rewards,
whereas real-world applications often lack such straightforward signals. Itis crucial to design the reward
function to align with the intended objectives in the environment [19].
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Since RL algorithms such as DQN and PPO aim to maximize the sum of rewards (arithmetic re-
wards), using logarithmic portfolio returns, proposed by Jiang et al. [33] as the reward is often adapted in
extended studies [43, 84, 87]. Summing logarithmic returns directly corresponds to cumulative returns
in the non-logarithmic scale, avoiding the multiplicative operations required for geometric returns. This
method aligns with one of the optimization objectives in portfolio management: maximizing cumulative
returns.
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Figure 5.1: Action (PF weight) distributions of Agents trained with different types of rewards as environment reward.

One possible explanation for the large policy difference between the log return reward and DSR
reward scenarios is that the hyperparameters of PPO used in this study, adapted from [73], were
specifically optimized for environments with DSR as a reward. As hyperparameters in RL are problem-
specific [20, 32, 34], this mismatch could result in suboptimal action distribution. Another possible
explanation is that the small scale of logarithmic returns might not provide sufficiently strong gradients
for stochastic gradient descent (SGD) and neural networks to learn effectively, leading the model to
converge to the simplest solution—an equal-weight portfolio. For example, a daily portfolio return of
1% translates to approximately log(1 + 0.01) = 0.004. Considering that reward values are typically
recommended [32, 34] to be within the ranges of [—1, 1] or [-10, 10], such small magnitudes may hin-
der effective learning. To further investigate this potential issue, | trained two additional models using
scaled rewards: (b) 10x (log return) and (c) 100x (log return). All other hyperparameters, including
the number of timesteps, batch size, and learning rate, were held constant across the three runs. Fig-
ures in 5.2 present the evaluation reward curves (upper row) and PPO loss metrics (lower row). The
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models exhibited noticeably different behaviors solely due to differences in reward scaling, highlighting
the importance of careful reward design and problem-specific hyperparameter tuning. The observation
aligns with the finding of Engstrom et al. [21], which emphasized the significant effect of reward scaling
on RL algorithm performance.

In-Sample, In-Training Evaluation Reward Mean In-Sample, In-Training Evaluation Reward Mean
— Raw Log Reward, IPPO = - R PPO = In-Sample, In-Training Evaluation Reward Mean
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Figure 5.2: Upper Row: Evaluation Curve, Lower Row: Loss Curve

5.0.1. Importance of Model Hyperparameters
Many hyperparameters in RL algorithms are fine-tuned for environments with well-scaled reward struc-
tures[20, 44]. However, real-world environments often do not naturally provide rewards that fall within
this ideal range, requiring additional scaling techniques to ensure stable learning dynamics[19].
Furthermore, in standard reinforcement learning environments where the stationarity assumption
holds, and there is a clear relationship between actions and environmental changes, hyperparameter
tuning, including different seeds, tends to be less problematic. In such settings, a comprehensive hy-
perparameter sweep can be performed to identify the optimal parameters, and these parameters will
generally remain effective as the task environment is consistent [20]. However, in portfolio management
applications, the market dynamics can shift dramatically over time. Consequently, hyperparameters
that performed well in 2010 may not be optimal in 2024. This variability underscores the necessity
for routine hyperparameter sweeps in RL applications within finance. Although this process is com-
putationally intensive, it is crucial for maintaining the effectiveness of the models as market conditions
evolve.

Importance of Random Seeds

The results are presented in the Section 4.2.1 as aggregated means and standard deviations across 8
agents for each A value. Neglecting random seed variability and relying solely on results from a single
seed could have led to different conclusions compared to those drawn from the aggregated averages
across multiple seeds. For example, Figure 5.3 shows the portfolio returns from agents trained with
seed 2. If conclusions were drawn solely from this plot, one might have inferred that A = 0.3 and 1 = 0.4
yield the best performance, as these settings show the highest portfolio returns. Analyzing the results
across all four seeds revealed a positive correlation between A and portfolio returns.
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Limitations on 1:1 comparison with single-agent PPO due to adaptation difference

In attempting a 1:1 comparison between the multi-agent and single-agent PPO frameworks, divergence
in the resulting policies, expressed as weight distributions per sector in a portfolio, was observed, as
shown in Figure 5.4. For agents that were trained under the same number of timesteps, learning rate,
entropy coefficient, and other coefficients, The single-agent model utilized Stable Baselines 3 [62], while
the multi-agent RL agents used IPPO implementation of BenchMARL, which again is based on a PPO
implementation based on TorchRL. A key issue was the inability to directly translate hyperparameters
from Stable Baselines 3 to BenchMARL, contributing to policy discrepancies. Recognizing the critical
role of hyperparameters, | contributed to the project by providing a hyperparameter tuning framework
to address these adaptation differences and reduce the observed policy gaps.
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Conclusion

The primary goal of this project was to explore the application of multi-agent reinforcement learning in
portfolio management, with a particular focus on encouraging diversity among agents. Encouraging
portfolio diversity is effective in reducing risk by lowering the correlation between assets, as demon-
strated in academic research Markowitz [49] (1952) and supported by real-world practices used by
human portfolio managers [74].

Motivated by these considerations, the study aimed to address two main research objectives: (1)
investigating a robust single-agent reinforcement learning portfolio management strategy, and
(2) strengthening this strategy using multi-agent reinforcement learning. The overall conclusion is
that robust portfolio management relies on careful hyperparameter tuning and the use of rolling window
training to mitigate overfitting. In the context of MARL, introducing both correlation and total variation
distance as diversity measures resulted in improved portfolio performance metrics.

The first question, What is the proper training framework to develop a single-agent portfolio man-
agement strategy that the model outperforms the market during the out-of-sample period, specifically
in terms of cumulative return and Sharpe ratio? is answered in Section 4.1 of the report. By replicating
the results of Sood et al. [73], it was observed that hyperparameters and random seed significantly
influence model performance. The result showed that the rolling window training approach with [73]
hyperparameters showed the highest Sharpe ratio and portfolio return during 9-year out-of-sample pe-
riods. For long-term evaluation, models trained using a rolling window approach demonstrated superior
performance to those without windowed training.

The first sub-question regarding MARL, Can MARL models deliver higher risk-adjusted returns than
a single-agent model?, was addressed in Section 4.2.1, which indicates that the MARL approach did not
achieve higher risk-adjusted returns. For the second sub-question, Will encouraging diversity between
the actions deliver higher risk-adjusted returns?, Section 4.2.1 showed that promoting diversity during
training, specifically correlation and total variation distance, resulted in more diverse actions during the
testing phase. Introducing these diversity measures improved both portfolio returns and the Sharpe
ratio compared to multi-agent models without a diversity penalty. Additionally, the Sharpe ratios of the
MARL models were competitive with those of single-agent models that had been carefully fine-tuned.

The key takeaways from this work emphasize several critical aspects necessary in using (multi-
agent) reinforcement learning in portfolio management. First, the results underscored the importance
of thorough robustness testing, particularly regarding the hyperparameters, random seeds, and using
a testing period longer than the typical 80:20 data split. | analyzed the policies trained on 8-year in-
formation on a 9-year out-of-sample period and showed that rolling window-trained policies are better
at generalization over the longer time horizon. The performance difference between PPO agents and
IPPO agents that were based on two different implementations of the original algorithm, discussed in
Section 5.0.1, highlights the importance of problem and algorithm-specific hyperparameters and multi-
ple seeds testing. The results underscored the importance of employing robust training methodologies
and problem-specific hyperparameters to achieve consistent, long-term performance. Without such
fine-tuning, models are prone to overfitting or suboptimal behavior, particularly in complex financial
environments.
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This work represents a novel contribution to the field by being the first to explore the application of
IPPO with homogeneous portfolios and continuous action spaces. To my knowledge, it also marks the
first investigation of different diversity measures—such as correlation and total variation distance—in
portfolio management. These explorations provide valuable insights into how diversity among agents
can be encouraged to enhance portfolio performance. The discussion in Chapter 5 highlighted and
emphasized the significance of hyperparameter fine-tuning and several other limitations and challenges
in applying (MA)RL to real-world scenarios and portfolio management. This research underscores the
complexities of applying reinforcement learning to portfolio management and highlights the potential
for strengthening the strategy via encouraging diversity among the agents. These insights also pave
the way for future work, which will be discussed in the following chapter.



Future Works

While this study has shown the potential of (MA)RL models in portfolio management applications, par-
ticularly through encouraging agent diversity, it has also exposed several areas where enhancements
can be made. Building on these findings, this chapter outlines key directions for future research that
can address these limitations and expand the applicability of RL in finance.

Improving Data Representation to the Model

| used flattened past 60-day returns to represent historical information. However, financial markets
often exhibit complex temporal dependencies that simple return windows cannot fully capture. Future
research could explore advanced sequential models such as Recurrent Neural Networks (RNNs) or
Long Short-Term Memory (LSTM) networks, which are better suited to capture long-term dependencies
in time series data. Additionally, off-policy algorithms like the soft actor-critic (SAC) algorithm could be
introduced to improve the learning process by leveraging experience replay and learning from past
experiences more effectively.

Expanding State Space

While this study focused on price returns as the primary input, incorporating additional factors could im-
prove decision-making. Factors that capture specific asset characteristics, such as value, momentum,
and size, as identified in Fama and French [22] and [77], can improve the RL model's understanding
of asset behavior and contribute to a more robust portfolio construction. Additionally, future work could
explore different rebalancing frequencies, such as taking a new action every week or month instead
of every day, to provide more realistic portfolio management strategies in terms of trading cost and
market impact, which are assumed to be ignored in the course of this study.

Hyperparameter Optimization Strategies

The study highlighted the critical role of hyperparameters, yet only a limited grid search was conducted
due to computational constraints. Future research should explore advanced hyperparameter optimiza-
tion techniques with higher computational power, such as random search and Bayesian optimization,
to find the best combination of problem-specific hyperparameters. These methods can better navigate
the hyperparameter space and identify settings that generalize well across market conditions.

Deeper Exploration on Diversity in Multi-Agent Models

The current MARL setup relied primarily on initialization differences and diversity penalties to encourage
diverse agent behavior. However, there are several avenues for enhancing diversity and specialization
among agents:

« Structural Diversity: Introducing agents with different network architectures as in [40] or different

hyperparameters can promote diversified strategies driven by structural differences, reflecting the
heterogeneous nature of real-world portfolio managers.
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» Task-Specialized Agents: Instead of agents controlling the homogeneous set of investment
instruments, future work could explore task-specialized agents, such as sector-specialized agents
that are trained on certain industry sectors that control the portfolio consisting of individual stocks.
These specialized agents could then further collaborate using shared state spaces or rewards,
which is expected to allow them to benefit from non-independent MARL algorithms.

+ Advanced Diversity Techniques: Incorporating recent advances in diversity-driven learning,
such as network diversity methods [8] or diversity-promoting regularization techniques [59], could
further improve risk-adjusted returns by ensuring a more diversified set of policies.

* Number of Agents: The current experiment consisted of only two agents. Expanding to more
agents could benefit from further diversification similar to population-based training, leading to
richer strategic interactions and improved model performance.

These suggestions are expected to address the current limitations, focusing on the robustness of
the RL model and the way to introduce diversity in the system. RL’s applicability to real-world finance
will continue to grow as these challenges are tackled, paving the way for more reliable and adaptive
portfolio strategies.

These proposals aim to enhance the robustness, diversity, and ultimately the performance of port-
folios, addressing key limitations identified in the current single- and multi-agent reinforcement learning
models in this research, covered in the discussions in Chapter 5. Through explorations into these ar-
eas, the applicability of reinforcement learning in portfolio management contexts could be incrementally
strengthened, potentially leading to more innovative and stable portfolio strategies.
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IPPO Hyperparameters

Hyperparameters used for the BenchMARL IPPO model are shown in Table A.1. Unmentioned hyper-
parameters are the set as the default hyperparameters.

Table A.1: IPPO hyperparameters used in experiments

Category Hyperparameters Values Used
Learning Rate 0.0006
Optimizer(SGD) | Minibatch Size 64
Minibatch number of iterations | 2
Number of layers 2
Nerual network | Size of layers 64
Random seeds 0,1,2,3
PPO Entropy coefficient 0.035
Batch size 8080
n_timesteps 1454400
Diversity Type of diversity penalty Correlation, TV Distance

Weight of the penalty

discussed in 4
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