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Oorrip;enda and adderrla (Contd,) 

P.22 Eq, 64 iiiiplies tha t c' i s evaluated a t local pressure and entropy. 
and not local pressure and teraperatvire as i s required by eqs.60 to 63. 
In order t o anploy the simple r e l a t ion eq. 64 therefore,we must redefine 
c in eqs, 59 to be eqtoilibriim eanposition at local pressure and entropy, 

The ctemical reaction r a t e terms are a.s3umed to be proportional to the 
new c' quanti ty divided by a new T' '(which cannot be evaluated a p r i o r i ) , 

The new value of T' can be found for ary specific problem, however, 

because values of c and c ' etc can be found at corresponding points 
in the flow f i e ld and the new T' i s then the mean value of 

o' 

over t h e region of i n t e r e s t . Except for t h i s re -def in i t ion of T' 
the theory and conclusions from eq,64 onwai'ds are unaffected. 

K(1 - c2) - c2 
-1 
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rCORRIGEI€)A Al© ADDENDA 

F . 9 Eq. 12f et seq should r ead , ^̂  

" . . . . K'-̂ '' = ^fe n r e . . Y^ "• 
e = - ^ ai^ V VWJ . (14) 

r e 

Thus, from eqxjations 12, 13 and 14, 

'(3^) / e ge ^ K̂ ;̂ = n [-^-~ . (15) 
a=1 \ '̂  / 

k^^) / k ^ ^ ) - k ^ ^ ) / k ^ ^ ) 
p rov ided f e / r e ~ f / " r , The s p e c i f i c r e a c t i o n r a t e 
c o n s t a n t s a re func t ions of T only, so t h a t t h i s c o n d i t i o n w i l l be s a t i s f i e d 
i f o i s eva lua ted a t t h e a c t u a l l o c a l temperat i i re T ( i . e . i f T = T ) . " 

P . 11 Line above eq. 20 should read 

• ' , . , and P ^ i s t h e p o t e n t i a l per mole «f A a t p ' and T." 

P . 21 I n eq,62 r e a d T ' f o r r . The l i n e helm eq. 62 should r ead 
— — — 00 00 -̂  

"where r ' = ["(l - c^ ) / 2 o Yf I T . " 
03 [^^ 00 " 0 O 2 J 0 O 
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SUMMARY 

Suitable forms of the equations fo r the flow of an invis«id, ncn-
heat-conducting gas in v/hich chemical reactions are occurring are derived. 
The effects of mass diffusion and non-equilibrium amongst the in ternal 
modes of the molecules are neglected. 

Special a t ten t ion i s given to the speeds of sound in such a gas 
mixttxre and a general expression for the r a t i o of frozen to equilibrium 
sound speeds i s deduced. An exairple i s given for the ideal dissociat ing 
gas. The significance of the veloci ty,defined by the r a t i o of the convective 
derivat ives of pressure and densi ty i s explained. I t i s the veloci ty 
which ex is t s a t the throat of a convergent-divergent duct under maximum 
mass flow conditions, and i t i s shown tha t t h i s veloci ty depends on the 
nozzle geometry as v/ell as on the ' r e se rvo i r ' conditions. 

As an i l l u s t r a t i o n the phenomena of sound absorption and dispersion are 
discussed for the ideal d issoc ia t ing gas. The r e s u l t s can be concisely 
expressed in terms of the frozen and equilibrium sound speeds, the 
frequency of the (harmonic) sound vibrat ion and a charac te r i s t i c time for 
the r a t e of progress of the react ion. 
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nST OP SYJEOIfi 

a Ratio of a_ to a 

X 6 

a Equilibrium sound speed 

a„ Frozen sound speed 

Ajj Chemical f onniila of a - t h species 

Ojj Mass fract ion of o-th species 

0 ^ Speoifio heat a t constant pressure and frozen eanposition 

h Enthalpy per unit mass 
(r) 

kp Speoific reaction rate constant for the r-th f orvvard reaction 
(r) 

k\ ' Speoific reaction rate constant for the r-th reverse reaction 

(r) 
K^ Mass r a t e of prodiAction of ' ^ t h species per uni t volume 

in the r - t h react ion 
K(j. Overa l l mass r a t e of p roduc t ion of cc-th s p e c i e s pe r 

N / X 

vinit volume (= z"̂  K^ (= / 
\ r=l 

( r ) 

Kr ' Defined in equation 12 

m Defined in equation 71 

n Number of separate chemical species 

N Number of atomic speoies 

N Number of molecular species and of reactions 
m ^ 

P(j P a r t i a l pressijre of a-th species 

p Total pressure 

R Universal Gas Constant 
( r ) 

R̂  ' Rate of r - t h react ion 

8 Entropy per unit mass 

T Absolute temperature 

t Time 

u. ( i = 1,2,3) Plow veloci ty vector 
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UST OF SYlffiOÎ  (Continued) 

W_ Molecular Weight of a-th species 

s Mole fra.ctian of C4-th species 

X. ( i = 1,2,3) Posi t ion vector in Cartesian coordinates 

^_ Volume expansion coefficient a t constant (frozen) composition 

^ Defined in equation "Ĵ  

6 Defined in equation 71 

X Defined in eqixation 43 

li Chemical po ten t i a l of £i-th species (per unit mass) 

a > a Stoichiometric coeff ic ients of a-th species in r - t h 
react ion; reactants and products respect ively 

ë Strearawise coordinate 

P- Density 

o* Defined in equations 32 and 37 

T^ Characteristic chemical time far r-th reaction (see eq.ll) 

T' Defined in equation 62 

u AnguLar frequency of sound wave 

Superscripts 

(r) Refers to r-th reaction 

' Refers to a disturbance quantity 

Subscripts 

a Refers to a-th chemical species 

e Refers to chemical equilibrium 

f Refers to chemically frozen state 

00 Refers to an undisturbed quantity 

Other symbols are defined in the text 
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1, Introduction 

The advent of f l i ^ t through the atmosphere a t stagnation enthalpies 
suff ic ient to cause chanical changes in the .air surrounding the body has 
introduced a new complication in to the stijdy of gas flows. The chemical 
react ions which occur in t h e gas are thermodynamically i r revers ib le 
processes and, as such, lead to the crea t ion of entropy. A further soxjrce of 
d i ss ipa t ion therefore ex i s t s in the flovv, in addit ion to the normal t ranspor t 
phenomena vtó.ch, formerly, we have had t o face only in the in te r io r of boundary 
layers and shock waves. The important difference between entropy production 
due to chemical react ion (or , indeed, due t o changes in the in te rna l s t a t e s 
of poljratomic molecules as well) and tha t due t o transport processes l i e s in 
the fact t h a t the l a t t e r are expl ic i t functions of gradients in the flow 
var iables (veloci ty , temperature and coricontration) whereas the former i s not. 
For t h i s reason, the s ignif icant d i s s ipa t ive action of chemical changes may 
be iniportant throughout the flow f i e ld . 

In the present paper the gas flow equations are developed for flows in 
which t ransport processes can be neglected. Chemical reactions are included 
but i t i s assumed that the in ternal s t a t e s of the molecules are in equilibrium 
v/ith the t r ans la t iona l modes. The trea-tment of the react ion equations 
follov/s Boa-Teh Chu (l957) and density gradients are eliminated from the 
overal l mfiss conservation equation in favour of pressure gradients in the 
manner shown by Kirkwood and Wood (l957). The l a t t e r paper derives the 
general flow equationsincluding also the effects of in terna l re laxat ion 
phenomena, 

In the course of rearranging the mass conservation equation i t i s 
necessary to introduce the der ivat ive ( 9p/9p ) taken at constant entropy 
and composition (p is pressure, P i s density) and t h i s i s ident i f ied as the 
' f rozen' speed of sound, a„. The question of which among the many speeds of 
sound which can be defined in a react ing gas mixture (indeed, as i s shovm in 
Section 7, there are an in f in i t e nimiber) i s the most significant in a general 
flow f i e l d has been answered by Kirkwood and Wood and Chu in the papers c i ted 
and a lso by Broer (1958) a l l of whom show tha t the charac te r i s t i c direct ions 
are defined in terms of local values of a-. However, the sound speed in the 
other l imit ing case where chemical composition i s assumed to follow i t s 
equilibrium value through the (v/eak) sound disturbance i s not without 
significance and some discijssion of i t i s given in Section 5. 

Recently Eeslca? (l957) proposed tha t the veloci ty defined by the r a t i o 
of the convective derivat ives of p and P shoiild be used to define 
charac te r i s t i c d i rec t ions . The reasons for the f a i lu re of t h i s proposal 
have been s ta ted by Broer and these are reinforced by the treatment of 
Section 6 belov/. I t i s shown there tha t the peculiar significance of 
(Dp/Dt)/(Dp/Dt) in a steady flov/ l i e s in i t s def ini t ion of the flow ve loc i ty 
at t he th roa t of a convergent-divergent streamtube. 

F ina l ly , in Section 7 a simple example of sound absorption and dispersion 
i s given for an ideal d issocia t ing gas. 

I t i s hoped that the present paper may supplement those mentioned above and 
go some way towards clearing up some of the d i f f i c u l t i e s associated v/ith react ing 
,^as flov/s, pa r t i cu l a r l y with reference to the question of the speeds of sottnd, 
( N . B , Cartesian tensor notat ion i s used in the development of the general 
equations, but the t r ans la t ion to standard vector notat ion may read i ly be 
made i f des i red) . 
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2, The Basio Equations 

Y/e shall consider a gas mixture consisting of n separate chemical species 
whose chemical formulae are denoted by Â j; (a = 1,2,,, ,n). In dealing with 
regions of the flow outside boundary layers and the interior of shook frcaits 
we shall neglect viscosity and thermal conductivity and, in addition, assume 
that the components of the diffusion velocity vector, u ., are small compared 
with those of the mass average (or flow) velocity vector, u.. That is, 
we assume that jUg,. |< < [u. [ (i = 1,2,3) for each value of a. 

The overall mass conservation requirement is unaffected by the possible 
occurrence of ohanioal reactions in the gas and can be written in the f ctrm 

n^^ = 0 . (1) 

1 

Likewise the momentum and energy re la t ions are the same as they are in an 
ordinary iner t gas flow (v/ithin the confines of the assiAmptions made previously) 
and are v/r i t ten as 

Du. 
P i . o; 

1 ÖT * af = ° (2) 

( P = density of the mixture, p = pressure and h = specif ic enthalpy, 
D A . i s the convective derivat ive and, in Cartesian tensor notat ion, 

Dt = -gt + d̂ 95r ^'^ 

I n addition, there are n cont inui ty equations which must be s a t i s f i e d 
by each of the chanical species A^ . These are read i ly shewn to be 

^ D T = ^a ( cfc 1,2,3. . .n), (5) 

within the framework cf the general assuinptions made above, c,̂  i s the mass 
f ract ion of the Gt-th species and K^ i s the net mass r a t e of ppcöuction of 
that species per vinit volume, ¥L must take account of a l l the possible 
chemical reactions which can occur between the components of the mixture. 

In the general case the mixture consists of N separate atctnio 
speoies (A , A„, A.,, , , , A-j ) p lus N separate molecular species (A-. , 

a "̂  a+l 
A^ , . , , A-_ ) . The molecules are formed fromocnbinations among the N 

% 2 ^ a + n^ ^ 
different types cf atoms, Pladnly N + N = n and the t o t a l possible number 
of elementary, independent react ions i s N , The chemical equation for the r - t h 
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react ion ( r = 1,2,3, . . . N ) i s 
m / \ 

r 

( r ) ' ( r ) " 
where v^ ' and ^^ ' are the appropriate stoichiometric coeff icients of 
the reactants and products respect ively. Both qiJantities are in tegers . 

( r ) ( r ) 
kp and k^ ' are the forv/ard and reverse specific react ion ra t e constants 
respect ively for the r - t h ireaction. 

I t i s common in physico-chanical work to specify concentrations of species 
in terms of moles par unit volume of the mixture, 'fe sha l l denote th i s 
unit by the svmbol U-̂ j J , I t i s found (see, e.g, Moel-vvyn-Hughes, 1957, 
pp, 986 - 988) that t h e r a t e of progress of apcr t icular chonical process, 
in a homogeneous medium l ike a gas mixture, i s proportional to the product 
of the cencentration of the reactants each raised to i t s appropriate 
s toichiometric coeff icient . Thus in equation 6 the forv/ard reaction proceeds 
at a r a t e proportional to 

• a n I'A f 
a=1 % '^y 

and the reverse reaction at a rate proportional to 

a=1 "̂  -' 

Measuring the r a t e of progress of the reactions in moles per unit 
volume per \anit time and noting the opposing effects of forwar\i and. reverse 
reac t ions , the net r a t e of progress of the r - t h reaction in the forward 
direct ion is given by j^(^) viiiere 

R -̂) = k -̂) I [A.] - kW I {L^""- . (7) 
a=1 a:=1 

(Note tha t the d i rec t ion in which a react ion proceeds i s specified by the 
condition that 

2 v^^ W /i > 2 v^^^ W ^ a a a . a a a a=1 0=1 

for a nat\jral process, ii i s the chemical po ten t i a l of A per un i t mass and 

Yi the molecular weight cf A , See, e.g, Guggenheim, 1949). 

file:///anit
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The observable effect of any react ion i s t he net r a t e of production of 
a given si^ecies in t lie mixture. Since the r - t h react ion, for example, jrields 

(r)" ( rV 
v^ ^ - v̂  •' molecules of A from the or iginal reactants i t i s apparent a a a ^ ^^ /J,N 

tha t the mass r a t e of production cf A in the r - t h react ion (writ ten "K. ) i s 
given by 

K ( r ) 
( r ) ' 

= W , 
^ Gt=1 Oirl J 

(8) 

The mass f rac t ion Og, i s r e l a t ed to [ Aj^]]by 

n c = 1{„ TA^ "1, P a a L a J» 

whence we can rearrange equation 8 to read 

(9) 

K ( r ) 
a 

Viiiere 

and 

P \ 

7r) 

( r ) 

W' ..wor» 
a 

- V K' 

P n 
n 

0=1 

(V ) 

n 
n 

a=1 r)« 
a 

(r ) ' (r)" 
a n a 

Gi=1 -J 
(10) 

( 1 1 ) 

K 
n 
n 

0=1 
" ( % f a ) " 

( r ) ' ( r ) " 
V — V (12) 

I t can be seen t ha t k^ ^ has the dimensions of (mass per uni t volume) 

V (rV* (r) 
r a i sed to the 1 - ^ v^ ^ pov/er, per unit t ime. Thus r^ ' has the 
dixfiensions of time and i s , indeed a cha rac te r i s t i c time by which to measure 
the r a t e of progress of the r - t h react ion. 

I f a gas mixtiare i s in chemical equilibrium, there i s no net r a t e of 
production of any pa r t i cu la r species; the forward and reverse reactions 
exactly cancel one another and a dynamic balance i s achieved, the system showing 
no tendency to change i t s s t a t e . Taking the r - t h react ion as typ ica l , t h i s 

(r) 
means tha t K^ ' = 0 for chanical equilibrium for a l l a and r , 

X 
.(r) T^" ^ i s proportional to ths time taken for a given small deviation fran 

equilibrium to f a l l to l / e of i t s or ig inal value as a resu l t of the r - t h 
reac t ion alone. 
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Denoting this special state by a suffix e, equation 1 0 shov/s that 

(r)" (r) ' 

K W = n <,„ - « (13) 
6 ^ oe. 

a=1 

u 

vdiile equation 12 shows that 

J r ) (r) ' (r) 

4 ^ = -%:) n ( %,) " ^ , (14) 
k^^ (s=1 r 

Thus, from equations 12, 13 and 14, 
(r)" (r) ' 

Now the state of the gas at any point is conipletely specified thermo­
dynamically by, say, the density p, tenperature T and the set of n numbers, 
c , For the particular values of p and T there will alv/ays exist one set of 

n numbers c vi/hioh specify the equilibrixjm composition. If we choose, as 

v/e are quite at liberty to do, to specify the c as the equilibriiJm composition 

arising at the local p and T then p = p in equation 15 and K̂  ^ = KS \ 
e e 

However, rather more convenient relations arise later if v/e choose p and T 
as the thermodjmamic variables and specify that c shall be the equilibrium 
con-iposition arising at the local p and T. In that case p ^ p and K 

is given by equation 15 as i t stands. However p is kncwn as a function of 
p, T and the c from the equation of state for the mixture and, at the same 

p and T, we can alv/ajTS eliminate the density ratio in terms of actual and 
(r) 

equilibrium concentrations. In either case, K^ ' can always be expressed in 
terms of concentrations alone, 

It is noted that the net rate of production of A in all the N reactions, 
namely K , i s given by 

\ = 

N m 
2 

r=1 
a (16) 

With the a i d of equa t ions 10 and 1 6 we can now r e w r i t e equat ion 5 i n 
t h e form 

Do m 7/ f Ml / \i r f \ 'n. ( r ) ' n (r)^ 
= 2 

DT -J-, Tr) a r=1 7^^^ ^ ^ ^ ^ ^ u. ^ ^ 'a'' - n -a - (17) 
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Suppose nov/ that a l l the N react ions occur extremely rapidly under 

the conditions prevai l ing in a given gas flov/. Then i t i s apparent tha t the 
local values of o^ w i l l d i f fer but l i t t l e from the loca l equilibrium values, 

For a chemical react ion i s a natural process, proceeding alv/ays in a d i rec t ion 
towards equilibrium, and a rapid react ion r a t e implies swift corrections of 
any deviations frcm loca l equilibri\jm in any par t icu la r element of gas. 

Thus Bc^ /Dt - Do 1^ in equation 17 and the term in brackets there i s 

very small in magnitiide. Do i_. i s determined by the loca l P and T 
cco/jyu 

or p and T values, hovrcver, and^need not be small. In such cases, therefore, 
i t i s apparent that a l l the TX'^J must be very small in magnitude. The 
l imit ing case in •vThioh the T\^) are imagined to be zero, so tha t o^ = o ^g» 

i s an abst ract ion "wiiich cannot occiu? in p rac t i ce , but i t may, nevertheless, 
give r e s u l t s v/hich are suf f ic ient ly accurate for many piirposes and in any case 
could form the f i r s t s tep in anv i t e r a t i v e process in the r igh t conditions. 
The case for v/hioh a l l the T\'^} oan be assumed effect ively zero (the react ions 
are a l l ' i n f in i t e ly f a s t ' ) i s ca l led chemical equilibrium flov/, 

(r) At the other extreme, a l l the T^ ' may be so large tha t v/e may imagine 
them to be i n f in i t e for a l l p rac t i ca l purposes. Then a l l the DcQ^/Dt 

quant i t ies are zero and a l l the c^ are constant throughout the region. The 

gas i s , effect ively, chanioally iner t and v/e refer to the flow as chemically 
frozen flow. 

F ina l ly in t h i s section v/e v/il l deal with the consequences a r i s ing from 
the r-elaticn between the thermodynamic va r i a t e s , 

. n 
T ds = dh - -i-dp - 2 U dc^ . (18) 

p o^i ^ o 

s i s the specific aitrox^y of the mixture and the n quant i t ies \i are 

the chanical potent ia l s of the species in the mixture per un i t mass of each 
pa r t i cu l a r species. Since the ' d ' in equation 18 denotes a general differentia.1 
of the variables we may particulajrise i t and follcw the change in entropy 
of a p a r t i c l e of f lu id as i t t rave ls through the region. That i s , we can 
replace d by D/Dt, From equation 3 i t immediately f ollov/s that 

T Ds = - E '̂ a i ^ 
Dt 0=1 Dt 

n 
But DCg /Dt = K(/P , from equation 5, and we note t h a t , since \ ^a. - '^ 

n °̂ ^ 
(by de f in i t ion ) , 2 do = 0, Thus we oan alv/ays eliminate one term from the 

0=1 
summation and, choosing t o eliminate do v/e wan •write 

Equation 19 can now be used in place of the oiergy equation, equation 3 . 
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An a l t e r n a t i v e form of equat ion 19 v / i l l bo found use fu l and can be 
deduced as fol lov/s . E l imina t i ng l^-n. from the r i g h t hajid s i d e of the equat ion 
i n favour of t h e summation from a=1 t o n f o r t h e t ime be ing we no te t h a t 

' n 

a = 1 ^ « 

n 
= 2 /i 

0=1 « 

N 
m 

2 
r=1 

KM 
a 

N 
m 

= 2 
r=1 

'i,. K(= 
C£=1 ^ " 

by r ea son of equa t ion 16, Wri t ing t h i s i n t h e form 

\ n 

"a ^ a a '^a • ^ o r=i a^^ 'T 

a ^ a a ' 
(r) 

t h e l a s t t e n n here i s equal t o t h e r e a c t i o n r a t e R^ ' f o r t h e r - t h r e a c t i o n 
and i s t h e r e f o r e independent of t h e value of a ( see equa t ions 7 s-Jid 8 ) . 
Thus v/e can new w r i t e 

N n 

. o a ^ . ^ a a 
0=1 rb1 a=1 

where Ji = \1 u , i , e , t he chan ica l p o t e n t i a l per mole of A , 

v/e w i l l only dea l w i th mix tures of p e r f e c t ga se s , so t h a t 

U = h - Ts , 

o a o ' 

where h is the specific enthalpy of species a , a function of T only, and 

s is its specific entropy, a function of T and the paxtial pressure p , 
u CI 

At cons t an t T, t h e r e f o r e 

d M ^ = - T d s ^ ^ = ^ d ( l o g p ^ ) , 

O 

by reason cf t h e thermal equat ion of s t a t e f o r A namely, p TiT = pc RT, 
a ' a CL a. 

(R i s t h e Un ive r sa l Gas Cons t an t ) . Consequently 

h (Pa .T) = ? , * + RT log p^/pH 

Vtfcere p i s some convenient s t andard p r e s s u r e and /i i s t he p o t e n t i a l p e r 

moleciole of A a t p and T. We oan now w r i t e 

• N 

2 /i K = 2 R^̂ *̂ 2 {v)^^ - v)^^ )G* + RT log p / H ) (20) 
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(20a) 

The gene ra l r equ i r anen t f o r chemical equ i l ib r ium i s 

CSrl 

( s e e e . g . Guggeriheim,1949), or i n terms of t h e s t anda rd va lues 

( r ) " ( r ) ' 

2 { v" ' - v ^ / ' ) « - R T l o g p * ) = - R T l o g n p (21) 
a=1 0=1 

f o r each v a l u e of r , where p i s t h e e q u i l i b r i u m p a r t i a l p r e s s u r e of A 
OB O 

i n the mix tu re . (Eq. 21 i s t h e Lav/ of Ma-ss A c t i o n ) , 

E l i m i n a t i n g t h e s t andard va lues from equat ion 20 v/ith t h e a i d of equat ion 
21 v/e have 

N 

S M„IV = 2 R ^ ^ 
0=1 r=1 

n 
R T l o g n {^0/ 

0=1 oe, 

O O 

I f we nov/ choose p t o be t h e equi l ibr iumpcr t iaLpressure a t t h e p r e v a i l i n g 

p r e s s u r e and temperature v/e can v / r i t e 

?a/ V, 
•Ofe oe 

where x is the mole fraction, a-nd these may be v/ritten in terms of mass 
fractions, \7e v/ill not go to these lengths here, but simply note that 

Ds 
Dt 

= - R 2 
r= 

n̂i , r rr̂  "" ^i'^y "^ ^{f^ 1 ^ / \ v), \ y(r/ 

(22) 

X — I 
a - "̂ oe 

It can now readily be seen that v\4ien all the r̂  ' = 0, Ds/Dt = 0 because 

and also that Ds/Dt ^ 0 as all the r̂  ' ̂  «ĵ . In the two 

extreme, limiting cases, therefore, the entropy of a fluid particle remains 
constant. For intermediate conditions the second lav/ of thermodynamics demands 
that s shall increase, since, in the absence of transport phenomena, the fluid 
particle constitutes a closed sjrstem. 

r Note, however, that for any given deviation of concentration frcm the 
chosen local equilibrium.values, the rate of entropy increase is gpreater 
for smaller va.lues of T^^i, vide equation 76 in Section 7. 
(r) 

r = 0 is essentially a singular case, 
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3, The Symmetrical Diatnrnic Gas. 

As a simple and viseful example of the equations derived in the previous 
section, consider the dissociation reaction in a symmetrical diatomic gas, 
The atoms ai^ denoted by the chemical formula A and the molecules by Ap, 

Ap consists cf two A atoms, 

Assuming that the dissociation of A- into two A atoms follows a proper 

encounter between an A^ molecule and seme other second body and that re­

combination follows a simultaneous aioounter between two A. atoms and some 
1 

other body v/e v/rite the chemical eqviation (eq .6) , as 
A2 + A^ __i> 2 Â  + A^ , (23) 

^ " r 

(r) 
(since there is only one reaction we drop the superscript ), A, has been 

v/rit ten for the "other" body mentioned above. In t h e pure gas A, v/il l be 

e i the r A or A^, but i t i s convenient to t r e a t i t as a separate chemical 

species in v/riting the ohanioal equation. In t h i s way we avoid having to 

specify k_ and k for both an A and an A "other" body react ion. Although 

k„ and k could be calculated (from quantum mechanics) for each type of reaction, 

i t i s with the overa l l effect of both types that we must deal in a gas flow 

problem, 

We note , hov/ever, t ha t c.. = c + c = 1. Also 2\7 = Ŵ  and W, = \f^/' (i + c . ) , 

Then equation 17 shews tha t 

Dt 
= ^ [ K ( 1 - C ^ ) - C 2 j (24) 

v/here 

and 
K 

. Ŵ  ƒ 4 k ^ p2(l + c^) (25) 

from equations 11 and 15 respect ively. 

The thermal equation of s t a t e for the mixture i s 

P = p (1 4. c^) (R/ÏÏ2)T . (27) 
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so that choosing o to be the equilibrium oariposition at the local p and T 

we have PjP = 1 + c^/l + ĉ  and et r l e 

K = (1 + c j c? / 1 - c? (28) 

The equation for Do_/Dt follows imnediately frcm o. + Op = 1, 

4. The Mass Conservation Equation 

In dealing v/ith the flow of an inert gas for which viscous, heat conduction 
and mass diffusion effects are negligible, the entropy of a gas particle 
remains constant. Since the concentratiais cf the various component gases 
in the mixture do not change, the state of a gas particle is wholly specified, 
thermodynamically, by any tv/o thermodynamic variables. In particular we 
oan say that p = p(P,s). Then, since s = constant everywhere in the 

region, 9p/9x. = (9p/9p) , (9p/9 x.)and the pressure gradient terms in 

equation 2 can be eliminated in favour of 9p/ 9x.. Finally P is eliminated 

between equations 1 and 2. ( 9p/9p ) is identified as the speed of sound 
s 

propagation throiogh the gas. 

The situation is not so simple in the case of gas flows in which chemical 
reactions occur, for s is not constant in general, as v/e have seen, and the 
chesnical coniposition mK'.y change in a rmnner v/hich v/ill depend on the nature 
of the flow. In these circ\jmstances i t is slightly more convenient to 
eliminate the density gradients from equation 1 in favour of pressure gradients. 
Noting that 

P = P (p, s, c^, Cg, . . . c^^^), 
n 

(since v/e can always eliminate one of the c from 2 c = l) v/e have 
0=1 

n**1 
DP /9p V Dp /9ps Ds _' /a£N Do., /p^s 

Dt = %\,.; Bt - ki>^,.; 5t * l^ <4'p.3,45r '''' 
The suffixes denote v/hich of the variables are held constant. Suffix 

O-, implies that all the ô , are constant, suffix c^ that all c except o ^ — — o ' ^ — — o '~-
c itself are held constant. The derivative ( 9p/9f)) is identified ijn 

Section 7 below as the square of the speed of sound under frozen flow 
conditions. We write 

0 = 4 (30) 
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Also, since 

'dp 

a / p , s , c ^ 

we have, using equations 5 and 19, 

Dt ~ f Dt ^ 
9P\ - J _ 
ÖSy/ L PT 

P,c, 

n-1 
2 

a=1 

(^al a ^ , P, 
'fi 

f dm 

(30a) 

K 
a 

P, Pf°0 
(31) 

The quantity 

pT 
dp 

P»°a^ 
^o ^n (tJ ] (32) 

P, P,° /? 

i s a function of the thermo<3ynaraic var iables only and does not depend exp l i c i t l y 
on the gas flew i t s e l f . Thus we can wr i t e 

Dp - 2 Dp ^"^ 
Dt = ^f Dt + 2 <T^Ka 

ct=l 
(33) 

where the l a s t term does not depend exp l i c i t l y on the actual flow. 
Accordingly, v/e can rewrite the mxiss conservation requirement, equation 1, 
in a form more convenient for our present problem, namely 

Dt * P^f 
2 9u. 2 

^ + ^f 
9x. 

^"^ a- K = 0 , i^ a a 
0=1 

(34) 

Equation 32 is not the most convenient form for evaluation of 0" . 
The thormodynamic nature ef the gas is generally simmarised in the 
thermal and oaloric equations of state. Since the component gases of the 
mixture are generally assumed thermally perfect, the former equation is 

n 
p = p 2 c„/ . R T. (35) 

a=1 /"a 

and the la. t ter gives, for exnmple 

h = h(p, T, c^, o^, . . . Cj^_^), (3è) 

the form of the function depending on the actual gas mixture, c^ can be 

rearranged, v/ith the aid of equation 18, to read 
a 

.̂ ='"Vô K^U/n .̂ (37) 

P,T,c^ 
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^ ^ " " /?, = ~ 1 ^ f%^ , (38) 

o 
the voliime expansion coefficient with frozen gas composition and 

•̂  * o 

the specific heat a t constant pressure v/ith frozen eanposition. All the 
derivat ives appearing in equations 37 to 39 are readi ly evaluated, frcm equations 
33 and 36, (The derivation of equation 37 from equation 32 i s given in the 
Appendix). 

5 . The Equilibriixm Speed of Sound 

We can readi ly demonstrate tha t , f or a flow iirfiich i s in complete 
chemical equilibrium, the speed of sound i s gi.ven by ( 9p/9p ) 1 , suff ix 
s implying constant entropy and suffix e that the chemiical cêmoposition sha l l 
follow i t s equilibrium value during the d i f fe rent ia t ion at constant entropy, 
The equilibrium speed of sound i s -written as 

and the r a t i o of a„ to a caji be found as follows , 
X e 

Since p i s a function of p , s and the c quanti t ies a general increment 

in p i s given by 

dp = a-2 <^ ^ C|£^ as 4. ""2 (^ ) doa , 
\ / p,Cci a=1 \ 'Vp,s ,o^ 

andbyequation 30a t h i s can be rewri t ten as 

-2 ^ / 9P \ ^„ r̂"" / 9 A /9 s 
dp = a -̂- <%) + 9 ^ ] ^' " \ i ï ï i ) ( t t j ^°o 

/ p , o ^ c(=1 \ / p , c ^ \ cc/p, p , o ^ 

But equation 32 shov/s tha t 

fdp\ (dB 

so tha t 

P% ^^K-^r) (H) 

dP = a;2 ap + P \ ^ dc^ + ( I f ) [ d s + 1 ""2 {u^ - ix^) dc^ "̂  
a=1 \ / p , ^ „ ^ a;=1 -̂  

(41) 

See Section 7 below 
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Put t ing ds = O v/ill give us dp a t constant entropy. Now consider the 
suranation in the l a s t term of equation 41 ; T/e can write 

n-1 n n 
2 (/i„ - /^J dc^ = 2 ^^ dc^ = 2 H^ do^ 

0=1 Cfc1 0=1 'T;; 

But do^ /Vifft i s the change in the number of moles of AQ̂  in unit mass of 

mixture, dn^ . The change i s brought about by the N react ions occurring in 

the miixture so tha t diij-̂  = 2 dna where dn̂ ^ i s the contribution from 
r=1 

the r - t h react ion. Thus 

^ ^ ^ - (r) 
2 ^ dc = 2 2 ()ü ) dn^ . 
a=1 ^ '̂  r=l 0=1 " "̂  

(r) fr)" (r)' 

But in eqch reaction dna must be proportional to v^ •' - v^'so 

that each term in the summation v/ith respect to r is proportional to 

^ _ (r)" (r)' 
2 n [ v\^ ' ^ ^\ ) • -^^ "̂ ^̂  mixture i s in ccmplete chemical equilibrium, 

0=1 n-1 
each of these terms i s zero (see eqiiation 20a), so tha t in that case 2 (^„ - l^ )dc 0=1 
i s a lso 2ca?o, 

Prom 41 therefore 

^2 r) n-^ 
V a ^ J = 1 + pa:̂  2 cr \ (42) 

0^1 " '̂  
f 

where the c^ have the i r loca l equilibrium values, c , and 

t I t should be noted that P, a„ and cr are a l l t o be evaluated a t local 

eqirllibrium values of c . To t h i s extent they v/ill differ in magnitude 
oe 

from p, a„ and c in equation 39. v/hich are evaluated at the actual 
' 1 o ' ' 

l oca l values of the c , 
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The r a t i o (aVa ) is only unambiguously defined by equation 42 i f the ac tual 

s t a t e of the gas a.t v/hich the r a t i o i s evaluated corresponds t o an equilibrium 
s t a t e , for then c i s consis tent v/ith a l l of, say, p , p and T. I f the gas 

i s not in chemical equilibrium then we are a t l i be r ty to choose whether v/e 
sha l l re fe r t o an equilibrium s t a t e a t the loca l p and T or a t the loca l p 
and T, fo r example, and the value o^ o used in the evaluation of (aVa^) 

v/ill vary accordingly. In view of the remarks m̂ Lde in previous sect ions , i t 
seems advisable to choose p and T as the variables frcm which to determine c , 

The reason for the ambiguity i s the impossibi l i ty of defining an equilibri'um 
sound speed in a gas wiiich i s not a t equilibrium, (remembering tha t the speed 
of sound i s the speed a t which small pressure pulses propagate in to an 
undisturbed f lu id: by \indisturbed we necessar i ly imply, a l so , chemical 
eq^uilibrium), 

As v/ith cr in equation 32, X in equation 43 i s not i n the most 

convenient form for evaluation in a p rac t i ca l case, Hov/ever 

and 

9 P / s 

. ^ ; s , e 

•(?M-fS-). •(«)„. 

<i -© J/(9)... • 

(hh) 

(45) 

so that, knov/ing the equilibrium composition as a function of p and T and h 
from equation 36, the derivative can be eva.luated, (in passing, it shoiild 
be noted that there will he N equilibrium relations betv/een the o„ terms, 

m ^ Oe » 
one for each reaction. The remaining N relations necessary to evaluate a 

a 

pa r t i cu la r c are provided by the conservation of atonis reqmrements for each 

atomic species) , 
The derivation cf equation 42 r e l i e s en t i r e ly on the therroodynamics of 

the gas mnixture and i s i n no wa.y connected with the flow equations. I n t h i s 
sense i t differs from the derivat ion of equation 34 frcm equation 29, although 
the r e s u l t s are of a similar s ty le . Hov/ever, in so far as the term in 
brackets in equation 41 i s alv/ays zero for a par€icle of f lu id which follows 
the motion, i t i s c lear t ha t the speed of sound under equilibrium conditions 
i s an a t t r i b u t e of a pa r t i cu la r f lu id element, ra ther than of a pa r t i cu l a r 
pos i t ion and time in the flow f i e l d . By the same token t h i s i s t rue also of 
the frozen sound speed a„, or indeed cf any other sound speed which we cajre 
to define. Arguments based on these l ines have led Munk (l955) to propose 
tha t sound speed should be defined as the r a t i o of the convective derivat ives 
of p and p, and t h i s def in i t ion has been employed by Reslor (1957) if̂  
wri t ing the equations for the flov/ of a general gas mixture. We sha l l re turn 
to t h i s topic below, v/here we hope t o explain the signif icfince cf (Dp/Dt)/( DP/Dt), 

file:///indisturbed
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The dissocia t ion react ion described in Section 3 (equation 23) i s a 
simple example of a reac t ing gas mixture, the treatment of vAiich i s rendered 
yet more sirirple i f i t i s assvsned to be an idea l d issocia t ing gas in the sense 
defined by L i ^ t h i l l (1957). Using t h e notation of Section 3 , the equilibrium 
ooniposition of the idea l gas i s given by 

c? iJ, -D/R„T 

.. ^"^1e ^ 

where p , i s a (constant) ciharacteristic densi ty , D i s the energy required 

to d issocia te \mit mass of molecules completely and Rp i s wri t ten for R/Wp, 

The enthalpy i s 

h = (4 + c^) R2T + o^D (47) 

and equation 35 for the gas mixture i s 

p = P (1 + ĉ  )R2T. - (48) 

Using ecjaations 46 to 1^8 the values of cr and V can be found. 
The resTilt for the r a t i o of the frozen to equilibrium sound speeds in an 
ideal d issocia t ing gas i s 

where D ' has been v/ritten for D/R T, The r a t i o i s shown p lo t ted against T 

for four values of p in Pig, 1, the gas being an "oxygen-like" ideal 

d issocia t ing gas, with P, = 150 g i / c , o . and D' = 59,000/T, I t s maximum 

value i s in the region cf 1,3 to 1,4 occurring when about three-quarters of 
the molecules are dissociated under equilibrium conditions, 

6, Floy/ Velocity a t a Nozzle Throat 

The mass flov/ r a t e per unit area, m, in the steady flow through a stream-
tube i s given by 

m = p u, (50) 

Ks u being the modulus of the veloci ty vector. The value of the veloci ty (u ) 
when m has i t s miaxdjnum value can be found by put t ing dm/du a 0. From 
equation 50 then, 

K du u = - p -r-dp 

the derivative being evaluated along the streamtube. Thus 
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H C j W d i ) 

^ = 'p-Cömi 

E, being the coordinate m:ieasured along the streamtube. But the steady flow 
momentum ecjuation i s 

p u du dp 
dl = " d€ 

whence 

H2 _ (dp/d^ ) , V 

"" - (dp/5t) • ^^^r 
The significance of the r a t i o of t he convective derivat ives of p and p. 

i s nov/ apparent; i t i s the square of t he flo\v veloci ty which would occur a t 
the th roa t of a La.val nozzle. 

From equation 41 i t can readi ly be seen t ha t 

n-1 /do 
u = â  (^Wpa^ ^̂  â  ^^^T^j J (52) 

H2 Thus, since p (do Vd^ ) = K^ by ocjuation 5, u. depends on the r a t i o of 
the mass r a t e of production cf species to the pressure gradient. In general, 
t h i s r a t i o v/ill depend on the shape of t.he nozzle frcm the "reservoir" end 
to the throat , so t h a t u in a chemiically react ing gas mixture i s not sole ly 
a function of the reservoiir conditions. (The appearance of the r a t i o (do /d^((^clS) 

9£2 K 
in u explains why u cannot be used to define charac te r i s t i c d i rec t ions as 
in Res l e r ' s (1957) theory (see Broer, 1958) ) . 

T. Sound Propagation in an Ideal Dissociat ing Gas 

As an exarnple of the use of the equr.tions derived above v/e consider the 
prc3pagaticn cf weak disturbances (sound) through an ideal dissociat ing gas, 
dealing only with plane waves. In tha t event, the notat ion can be simplified 
somewhat, since there w i l l bo only one ve loc i ty comnponent, u, and one space/ \ 
coordinate x. There i s only one react ion (eq. 23) so that the superscript 
oan be dropped. In Section 3 an at can was designated by a subscript and 

a molecule by subscript . Since v/e can alv/a.ys eliminate Op in favour of c. 

v/e may drop the subscript on o and ca l l i t , siniply, o. However, the subscripts 

v/ill be re ta ined on W, the molecular weight, in order to avoid possible 
confusion bc?tv/een atoms and molecules. 
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The mcmentxjm ecjuations (eq ,2) reduce t o 

9u 
P ^ + PU ^ + ^ - 0 

9x "̂  9x 

and, by equation 24, the continuity relation for atoms is 

9c 9 c "2 ) Tr /'. N 2 
9t •*• ^ - ^ = -jr- K (1 - c) - c 

I 

(53) 

(54) 

The mass conse rva t i on equat ion (eq .34) becomes 

9p „ 9P 2 9U 2 ^'' 
9t + ^ IE + P̂ f to ••' " -̂  
and t h e en t ropy equa t ion (eq.22) i s now 

pa^ cr - 2 j K (1 - c) - c^ 

9s u as H C ,. V 2 
• 5 t + • B J = - 7 K ( i - c ) - c 

2 . 2 
T I C 1 - C 

1°S 1 — • % 
3. 1 - c2 

= 0 (55) 

(56) 

s i n c e t h e mole f r a c t i o n of atoms, i = 2c/ l + c i n t h e p r e s e n t c a s e , c 

i s t h e a.tom mnass f r a c t i o n under equ i l i b r i um conditicais a t t h e l o c a l p and T, 

The c h a r a c t e r i s t i c chemical t ime (eq. 25) i s 

r = V̂̂  / 4 k^ P^ (1 + c) (57) 

and K i s given by (eq, 28 ) , 

(58) K = (1 + c) c ^ / ( l - o 2 ) 

We s h a l l cons ide r smal l d i s t u rbances i n a gas v/hich i s uniformly a t 
p ress t i re p̂ o , dens i ty p^o, ent ropy s,̂ ) and composit ion G^ before t h e 

d i s t u rbance a r r i v e s . (Note t h a t ĉ o i s an equilibrii:im s t a t e ) . The 

und i s t u rbed gas i s a t r e s t . Wr i t ing 

p = Poo + p' ; p =p^ + p' i ^ = ^oo + ^' ; ° = °e "̂  ° ' ' °e = °oo + °é ' 

siibstituting these relations into the equations above and neglecting squares 
and products of the disturbance (primed) quantities gives the following 
results 

0 P}i' 

« at 
'^' ^ ^ ' _ 0 

9x 

Vi^ere 

and 

r ' -^ (c' + a' ) + c' = 0 , 

9p' 2 9u' 2 
- ^ * P ^f> 
ax CO l a 

= (c A o ( l - O ) ) ' ' , 

"5" + P a cr 
CJX CO l o a 00 T 

— = 0 , 

00 

9s' 

(60) 

(61) 

(62) 

(63) 
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to the f i r s t order i n small (quantities, u ' i s Vioritten for the veloci ty to 
emphasise that i t i s a small qurnti ty. A suffix oo indicates tha t the 
quantity concc^med shal l have i t s undisturbed value. 

Equation 63 indicates t h a t , t o f i r s t order the entropy i s constant 
/ f i 

9c 

througjiout the flov/ field.. Since the equilibriiun composition c i s a function 
of p and s , 

do e dp 
do 

e 
9s ds 

so that, to first order 

_ "K .V (64) 

where X = ( 9c / 9p) evalxiated in the undisturbed f lu id , by reason of 

ecjuation 63. Thus equation 61 can be rewrit ten 

r' X ^ ' _ 0 
( A. „ , = yj , 

+ C ' + 
9t (65) 

The pressure disturbance p ' and change in comnposition c' can be 
elimina.ted betv/een equation 60, 62 and 65 r e su l t i ng in 

9t 

a2 / o u 

9t2 
- a, 

a2 / 1 0 u 
a 2 9 X , 

2 
+ ( 1 + P a2 (T -kl^jf 

^ 00 l o o CO «fe id 

at 

- a 
^2 / 9 û  

f CO „ 2 
9 X 

= 0 (66) 

But from equation 42 in Section 5 we readi ly ident ify 1 + p a_ <J \ 
CO l o o CO <x 

2 
as (a„ / a ^ ^ ) , so t ha t , f i n a l l y 

./ 9 
«»"Ht 

- 2 
^f» 

a2 / 9 u ' 

9 t 2 

a2 / 1 9 u' 

9x2 J + 
- ? a 
eco 

d^n' 

9 t2 

a2 / 
9 u ' 

9x2 
= 0 (67) 

That a„ and a as defined in equations 30 and 40 are in fact the frozen 

and equilibriimi speeds of sound i s a t once a,pparent from equation 67. 
For put t ing T' - co shov/s tha t u ' propagates a t a v/ave speed a and put t ing 

= 0 shows tha t i t propagates at speed a 
eco 

In prac t ice 0 < r ' < oo ajfid the wave motion i s more comrplicated, 
CO 

(in passing we note that r' ^ 00 as c ^ 0 and r' ^ 0 as c ^ 1. 
CO CO CO CO 

Hov/ever, in these cases the otenges in gas composition become extremely small, 
even for quite large disturbances, and the d i s t inc t ion betv/een a and a 

beccmes of no p rac t i ca l s ig i i f icance . In such cases i t i s sufficient to define 
2 

a" as ( 9p/9p ) , The reason f cr a- •+ a in the c^ses quoted i s tha t , in 

both inatanoes, X ^ 0 very r ap id ly ) . As a simple example of wave motion in 
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t he r e g i o n cf d isscxs ia t icn cons ider t h e harmonic motion of a p i s t o n about 
X = 0 v/ith a v e l o c i t y U exp(icot). I f i t i s assumed t h a t t h e motion has been 
i n i t i a t e d a t seme cons ide rab le timne p r e v i o u s l y , t r a n s i e n t s i n t h e f low f i e l d 
should be n e g l i g i b l e and v/e can w r i t e 

u ' = v (x ) e ^ . (68) 

S u b s t i t u t i o n i n equat ion 67 shows t h a t v s a t i s f i e s 

f<=°. 

/ a + 10) T' 

+ ICO T' 

v = 0 , (69) 

v/hence i t i s r e a d i l y seen t h a t an a p p r o p r i a t e s o l u t i o n fo r u ' i n t h e 
oiroumstances i s 

u ' = U exp ioj ( t -
a + iw T' 

i + io, r^ 

, ) , The 

p o s i t i v e r e a l p a r t . For convenience we oan def ine 

(70) 

( a i s w r i t t e n fo r t h e r a t i o a„ / a ) , The r a d i c a l te rm i s chosen t o have a 
loo eco 

a + icj r ' 

1 + io) r ' 
= m e 

-16 
(71.) 

where 

m = a ^ + ( " - ' ) ' 

1 4. (ĉ  r ' ) ' 

4 

(71 a ) 

and 

6 = 1 - t a n -1 (a^ - l)cü r ' 
\ ' 0 0 

a2+ ( a ) r 4 ) 2 
(71b) 

Then t h e velcxsity d i s tu rbance can be w r i t t e n 

u' - u m a s i n 6 , x j exp I iw ( t - ma" cos 6 , x) = U exp | - u m a^' s i n 6 , x j exp | iw ( t - ma^' cos 6 , x) | (72) 

T h i s r e p r e s e n t s an harmonic distiorbance of frecjuency co propaga t ing frcm 
l e f t t o r i g h t a t a speed a , v/here 

Poo 
a = a / m cos 6 (73) 

P» Ico 
and i s c a l l e d t h e phase v e l o c i t y . We note t h a t 6 has a niaximum va lue of 
( a - a ) / 4 , when u r ' = a , and s i n c e a i s no t g r e a t e r than 1,2 ( see F i g . l ) , 
c e r t a i n l y a t p r e s s u r e s i n t h e r e g i o n of one atmosphere, 9 i s never v^ iy l a r g e , 
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; 

Thus, roughly 

V "" "fco(nr^ ^ ) (74) 
a ^ + (w r ' ) ' 

^ \ oo' 

and i t can be seen tha t a < a < a^ according to v/hether 0 ^̂  COT' < CO . 
Ceo poo f 00 oo 

The cTuantity co T' i s the r a t i o cf the cha rac te r i s t i c chemical tijne to the 
00 

charac te r i s t i c disturbance t ime, so that for given undisturbed conditions 
( i . e . given a and a ) the phase veloci ty depends only on th i s parameter. 
The dependence cf a on frequency represents the phenomenon of sound dispersion. 

Prom the f i r s t exponential fac tor in equation 72 i t oan be seen tha t the 
amrtplitude of the disturbance i s decaying with increasing distance from the 
pis ton. This i s the phenomenon of saind absorption due to the chemical reactions 
occ\arring i n the gas. The amplitude decay factor i s co m a" s in 6(= S, say) 

I CO 

and, since s in 6 ^̂  6 ŷ e cajn v/rite 

4 /,, ^/ s2 i (a^ - 0 coV 
(15) 

For given undisturbed conditions r' is known as v/ell as a and a„ 
00 Coo 1 ( 

Then i t can be seen tha t ^ ^ 0 as co ^ 0 whilst 

( a ^ - l ) 

r> 
(16) 

as CO ^ CO , ( N . B , In prac t ice 0 < r ' < « ) . The lower frequencies 
CO 

therefore pe r s i s t over a greater distance than do the higher values. 
Contributions to sound absorption and dispersion ar*ise from a l l t ransport 
phenomena ( i . e . v i scos i ty , heat condiJction and mnss diffusion) as v/ell as 
from relaxat ion effects in the in ternal modes of polyatomic molecules. I t i s 
frequently the case, however, tha.t absorption a.nd dispersion due to chemical 
react ion i s much greater than the combined effects from the other sources 
(vide e.g. Hirschfelder et a l , 1954). 

As i s otherv/ise obvious, equation 75 shows that î  ^ 0 both as r ' , 0 
oo 

and as r ' ^ «> , The d i s t inc t ion bcstween r ' ^ co and co ^ oo should be 
CO CO 

noted here. In the f i r s t case the cheraLcal react ion proceeds so slov/ly t h a t , 
i r respect ive cf the nature of the disturbajice, the ra.te of entropy increase 
of a f lu id elcanent i s ins ignif icant -vuilst in the second case the disturbance 
occurs so rapidly tha t deviations from the local ecjuilibritun s t a t e (and hence 
the r a t e of entropy production) become r e l a t i v e l y la rge , 



- 25 -

A small disturbance of general sliape caji be bu i l t up by Foixrier synthesis 
(since the system i s a lineajr one) and v/ill contain elements cf both high and 
lew frequency. From the foregoing discussion i t can be seen tha t the high 
frequency par t s of the disturbance w i l l run on at the (higher) frozen sound 
speed a„ , being followed seme while l a t e r by the lov/er frequency elements 

t r ave l l i ng at the equilibrium sound speed a 
eco 

The head of the disturbance 

wi l l be more rapidly attenuated than the par t s which follow i t and, a t some 
distance x which i s la rge ccinpared with 2 a_ T' /(^ - l ) (see equation 76), 

I c o CO 

the bulk of the disttirbance v/ill be t r ave l l ing at a speed approaching a 
eoo 

In pa r t i cu l a r , i f r ' i s very small, t l i is condition may a r i s e very near to the 
p is ton . In the major par t of the disturbance f i e ld then, the flow i s effect ively 
in chcanical equilibrium, 

However, in a l l cases except the singular and, p rac t i ca l ly , not r ea l i s ab le 
case of T' - 0 the disturbance front propagates at a- (unless the 

disturbance i s confined t o be a Fourier sum of f i n i t e fi'equency extent) . The 
ijnportance of a„ in defining the zone of influence of a point in the flow 

f i e ld of a chcanically react ing gas i s apparent, a point viiich i s canphasised 
by the v/ark discussed in the Introduction 

cha rac te r i s t i c direct ions in such a case, 

by the v/ark discussed in the Introduction which shows tha t a . defines the 
Ico 

The topic of sound absorption and dispersion is not a nev/ one, having 
been first treated by Einstein (1920) for the case of the dissociation 
reaction. Numerous other papers have appeared on the subject, but the 
interested reader is particularly referred to a recent article by Maze (1958) 
which gives a more detailed account rather on the lines of the present 
simple example. 
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APPENDIX 

The q u a n t i t y cr i s def ined i n equa t ion 32. I n order t o m îke c a l c u l a t i o n 

of o" , from a knov/ledge of the thermal and c a l o r i c ecj jat ions of s t a t e e a s i e r 

we nov/ proceed a.s follcnr/s. 

Deal ing f i r s t v/ith t h e term i n b r a c k e t s in ecjuation 32, t h e thermo-
dynamrdc equa t ion , equat ion 18 shows t h a t 

T /9s \ 

a/ p , p ,0. 
V 

f J - (^o - ^n) 
Thus t h e b r acke t term i s e q u a l t o (9 1:̂  9c ) 

S ince , i n gene ra l 

n-^ 

cfel \ o / p , T , c ^ 

i t can be seen t h a t 

9h ^ / 9 h \ / 9 T \ /9h 
: ^ o / " W • ( 9 ^ ) " \F-a / rp 

P , P , c^ ^ -̂  P , °a V aj P , p,c^. \ CC / p , T , o ^ 

- ' « „: • (s. „. dp ^ 2 ( f ) ^ do. 
'i3 a 

Since 

dT = 9T 
9p 

p>°o 

n-1 /9T 
do, 

•^^ P,Ca •̂=̂  \ «/ P , P , °o 

we have 

9T 
9c 

ct/p, p,c^_ 

9T 
9p 

P^°o 

9p 
9c 

/ p , T , c 
fi 

Thus f i n a l l y 

'9h \ _ /9h^ 
do„J ~ V9T. 

9T\ /9P \ 

9Vp,« ; V^V p,T,o^^ 
^9h 

" ^ P , T , c , 

We nov/ dea l v/ith ( 9 p / 9 s ) , For increments a t cons tan t coniposi t icn, 
P>°a 

eqioation 1 8 shows t h a t 
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Thios 

T (is) M \ /dr 

Introducing the defini t ions given in equations 38 and 53^ 

and 

_ Ë i \ ^ (^\ + - ^ (^\ 

^^V. P,Op^ ^^°^V,%o^ "" P% ' V9°o/p,Tc^ 

9P\ P^ T ^„ 
9s J - ** Ï- . 
• ^ P » ° o Cp 

The form of cr given in equation 37 follov/s inmediately. 

w 
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FIG. I. RATIO OF FROZEN TO EQUILIBRIUM SOUND SPEEDS 

FOR AN 'OXYGEN - L I K E ' IDEAL DISSOCIATING GAS. 


