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. Qorrigenda and addenda (Contd.,) :

P.22 Eq,64 implies that c; is evaluated at local pressure and entropy,
and not local pressure and témperature as is required by eqs.60 to 63,

In order to employ the simple relation eq, 64 therefore,we must redefine
Co in egs, 59 to be equilibrium ecmposition at local pressure and entropy.

The chemical reaction rate terms are assumed to be proportional to the
new c¢! quantity divided by a new T; (which cannot be evaluated a priori),

The new value of Te'o can be found for any specific problem, however,

because values of ¢ and ¢’ etc can be found at corresponding points
in the flow field and the new 1'0'0 is then the mean value of

c’ KWZ/TX K(1 = c2) ~c2 }J-1

over the region of interest, Except for this re~definition of 7/
the theory and conclusions from eq, 64 onwards are unaffected,
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P,9 Eq. 14 et seq should read
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Thus, from equations 12, 13 and 14,
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f r , The speeific reaction rate
constants are functions of T only, so that this condition will be satisfied
if o,  is evaluated at the actual local temperature T (i.e, if Ty = 7). "

P,11 Line above eq.20 should read

",.. and P¥ is the potential per mole ef A at p~ and T."

P.241 In eq,62 read 'r; for 7, The line bolew eq, 62 should read

"where 7! = [(1 - c: y/2 o szroo K
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SUMMARY

Suitable forms of the equations for the flow of an inviseid, nen-
heat-conducting gas in which chemical reactions are occurring are derived,
The effects of mass diffusion and non-equilibrium amongst the internal
modes of the molecules are neglected,

Special attention is given to the speeds of sound in such a gas
mixture and a general expression for the ratio of frozen to equilibrium
sound speeds is deduced, An example is given for the ideal dissociating
gas, The significance of the veloeity defined by the ratio of the convective
derivatives of pressure and density is explained, It is the velocity
which exists at the throat of a convergent-divergent duct under maximum
mass flow conditions, and it is shown that this velocity depends on the
nozzle geometry as well as on the 'reservoir' conditions,

As an illustration the phenomena of sound absorption and dispersion are
discussed for the ideal dissociating gas, The results can be concisely
expressed in terms of the frozen and equilibrium sound speeds, the
frequency of the (harmonic) sound vibration and a cl’aracter:lstlc time far
the rate of progress of the reaction,
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LIST OF SYMBOLS

Ratio of a_, to a
a e

Equilibrium sound speed

Frozen sound speed

Chemical formula of @ ~th species

Mass fraction of Gwth species

Speocif'ic heat at constant pressure and frozen composition
Enthalpy per unit mass

Specifiic reaction rate constant for the r~th forward reaction
Specifiic reaction rate constant for the r~th reverse reaction

Mass rate of production of @-th species per unit volume
in the r-th reaction

Overall mass rate of production of a~th species per
N
unit volume (: r K&r) )

r=1
Def'ined in equation 12
Defined in equation 71
Number of separate chemical species
Number of atomic species
Number of molecular species and of reactions
Partial pressure of a~th species
Total pressure
Universal Gas Constant
Rate of r-th reaction
Entropy per unit mass
Absolute temperature

Time

uy (i =1,2,3) Flow velocity vectar




LIST OF SYMBOLS (Continued)

L Molecular Weight of a~th species

£, Mole fraction of «~th species

x; (1 =1,2,3) Position vectar in Cartesian coordinates

ﬁf Volume expansion coefficient at oonstant (frozen) composition
& Defined in equation 75

@ Defined in equation 74

A, Defined in equation 43

u Chemical potenmtial of @~th species (per unit mass)

a

(2) ) s e > _

Ve sV, " Stoichiometric coefficients of a-th species in r-th
reaction; reactants and products respectively

& Streamwise coordinate
R Density
G'a Def'ined in equations 32 and 37

Characteristic chemical time far r-th reaction (see eq.11)

T; Defined in equation 62

w Angular frequency of sound wave
Superscripts

(r) Refers to r-th reaction

’ Refers to a disturbance quantity

Subscrigt <]

a Refers to a=th chemical species
e Refers to chemical equilibrium

b § Refers to chemically frozen state
e Refers to an undisturbed quantity

Other symbols are defined in the text




1o Introduction

The advent of flight through the atmosphere at stagnation enthalpies
sufficient to cause chemical changes in the air surrounding the body has
introduced a new complication into the study of gas flows, The chemical
reactions which occur in the gas are thermodynamically irreversible
processes and, as such, lead to the creation of entropy. A further source of
dissipation therefore exists in the flow, in addition to the normal transport
phenomena which, formerly, we have had to face only in the interiar of boundary
layers and shock waves, The important difference between entropy production
due to chemical reaction (or, indeed, due to changes in the internal states
of polyatomic molecules as well) and that due to transport processes lies in
the fact that the latter are explicit functions of gradients in the flow
variables(velocity, temperature and concentration) whereas the former is not,
For this reason, the significant dissipative action of chemical changes may
be important throughout the flow field,

In the present paper the gas flow equations are developed far flows in
which transport processes can be neglected, Chemical reactions are included
but it is assumed that the internal states of the molecules are in equilibrium
with the translational modes, The treatment of the reaction equations
follows Boa=Teh Chu (1957) and density gradients are eliminated from the
overall mass conservation equation in favour of pressure gradients in the
mammer shown by Kirkwood and Wood (1957). The latter paper derives the
general flow equationsincluding also the effects of internal relaxation
phenomena,

In the course of rearranging the mass conservation equation it is
necessary to introduce the derivative ( 9p/0p ) taken at constant entropy
and composition (p is pressure, p is density) and this is idemtified as the
'frozen' speed of sound, a,. The question of which among the meny speeds of
sound which can be defined in a reacting gas mixture (indeed, as is shown in
Section 7, there are an infinite nunber) is the most significant in a general
flow field has been answered by Kirkwood and Wood and Chu in the papers cited
and also by Broer (1958) all of whom show that the cheracteristic directions
are defined in terms of local velues of a,, However, the sound speed in the
other limiting case where chemical composition is assumed to follow its
equilibrium value through the (weak) sound disturbance is not without
significance and some discussion of it is given in Section 5.

Recently Resler (1957) proposed that the velocity defined by the ratio
of the convective derivatives of p and P should be used to define
characteristic directions, The reasons for the failure of this proposal
have been stated by Broer and these are reinforced by the treatment of
Section 6 below, It is shown there that the peculiar significance of
(Dp/pt)/(Do/Dt) in a steady flow lies in its definition of the flow velocity
at the throat of a convergent-divergent streamtube,

Finally, in Section 7 a simple example of sound absorption and dispersion
is given for an ideal dissociating gas.

It is hoped that the present paper may supplement those memtioned above and
go some way towards clearing up some of the difficulties associated with reacting
as flows, particularly with reference to the question of the speeds of sound.
N.B, Cartesian tensor notation is used in the development of the general
equations, but the translation to standard vector notation may readily be
made if desired),

.




2, The Basigc Equations

We shall consider a gas mixture consisting of n separate chemical species
whose chemical farmulae are denoted by Ay (@ = 1,2,..,n), In dealing with
regions of the flow outside boundary layers and the interior of shock fronts
we shall neglect viscosity and themal conductivity and, in addition, assume
that the components of the diffusion velocity vectar, u ,, are small compared
with those of the mass average (or flow) velocity vector, u,, That is,
we assume that |u@i|< < |uy f (i = 1,2,3) for each value of™ a,

The overall mass gonservation requirement is unaffected by the possible
occurrence of chemical reactions in the gas and can be written in the form

]?# 5 95; = 0. (1)

Likewise the momentum and energy relations are the same as they are in an
ordinary inert gas flow (within the confines of the assumptions made previously)
and are written as

Du

p 1 9 |
T + af = 0 (2)
=
Dh
D-D-%- - ];h; — 0. (3)

( P = density of the mixture, p = pressure ard h = specific enthalpy,
D/py is the convective derivative and, in Cartesian tensor notatiom,

D o) )
= 5,‘64113-8—% )

In addition, there are n continuity equations which must be satisfied
by each of the chemical species Ay . These are readily shown to be

pDca
5 = K ( a=1,2,3,,.n), (5)

within the framework of the general assumptions made above, ¢, is the mass
fraction of the a~th species and K; is the net mass rate of praiuction of
that species per unit volume, must take account of all the possible
chemical reactions which can occur between the components of the mixture.

In the general case the mixture consists of Na separate atomic
species (A‘1, A, A3, oo Ay ) plus N, separate molécular species (AN .
a a+1

AN s soe AN ). The molecules are formed fromocmbinations among the Na

ap2 a4+ N
diff'erent types of "atoms, Plainly Na + Nm = n and the total possible number

of elementary, independent reactions is N The chemical equation for the r~th




reaction (r =1,2,3, ... N ) is

()
n (), = '3 (@@’
nva A‘CL e . B UV A'Cl ’ (6)
a=1 k(r) e

5

4 "
where vgr) and U((Zr) are the appropriate stoichiometric coefficients of
the reactants and products respectively. Both quantities are integers,
k:g.-r) and kﬁr) are the forward and reverse specific reaction rate constants
respectively for the r-th reaction,

It is common in physico-chemical wark to specifly concentrations of species
in terms of moles per unit volume of the mixture, We shall denote this
unit by the symbol [Ag]. It is found (see, e.g. Moelwyn-Hughes, 1957,
Pp. 986 - 988) that the rate of progress of apwxrticular chemical process,
in a homogeneuus medium like a gas mixture, is proportional to the product
of the cencentration of the reactants each raised to its appropriate

stoichiometric coefficient, Thus in equation 6 the forward reaction proceeds
at a rate proportional to

n \v(r)"
o px; 1“
a=1 '\ &

and the reverse reaction at a rate proportional to

. V(r) /)

I [A N .
a=1 [Aai
Measuring the rate of progress of the reactions in moles per unit

volume per unit time and noting the opposing effects of forward and reverse
reactions, the net rate of progress of the r-th reaction in the forward
direction is given by g\T) where

(x) _ () £ ¢34
o £ n ~ 2 n a
Y = )y’ o [e] - 7§ [ad . (D
&= Q=1
(Note that the direction in which a reaction proceeds is specified by the
condition that
n n
B vc(xr)’wac By * : v(r)”ch He
=1 =1 8
for a natural process. Ho is the chemical potential of Aa per unit mass and

W, the molecular weight of A4, . See, e.g, Guggenheim, 1949).
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The observable effeect of any reaction is the net rate of production of
a %iven species in the mixture, Since the r-th reaction, for example, yields
v

~Y 47 4
) - vgr) molecules of Aa from the original reactants it is apparent

a
that the mass rate of production of A in the r-th reaction (written Kgr)) is
given by

(z)' (r)"

4

r r)” r r n Ya r) n =
Kg) = Wa(vg)-va)){lé.) o, [Ad] -kg.)a& o © }(8)

The mass fraction ¢, is related to [Act 1by

pCq = Wg [Acr.'].' (9)
whence we can rearrange equation 8 to read (r)’ (r)"
(x) _ Ma (@ @ () o & _n Ya
D T [ B g e oo
where ‘ n _V(Z)”
o :71‘-1,) n (“y) (11)
and
A,
K = -1;'(;) a'l=11 ( D/Wa) = “ (12)

It can be seen that kz(‘r) has the dimensions of (mass per unit volume)

; 3 y(r) (r)

raised to the 1 =2 V"’ power, per unit time, Thus 7‘°/ has the
a=1

dimensions of time and is, indeed a charac;cieristic time by which to measure

the rate of progress of the r~th reaction,

If a gos mixture is in chemical equilibrium, there is no net wate of
production of any partioular species; the forward and reverse reactions
exactly cancel one another and a dynamic balance is achieved, the system showing
no tendency to change its state, Taking the r-th reaction as typical, this

means that Kc(zr) = 0 for chemical equilibrium for all a and r.

®

T(r) is proportional to the time taken for a given small deviation from
equilibrium to fall to 1/e of its original value as a result of the r-th
reaction alone,




Denoting this special state by a suffix e, equation 10 shows that

: (r)ll (I‘)"
(I‘) O ¢ UG’.’ - Ua
K - L£I1 Coa (13)

vhile equation 12 shows that

(r) (x)_ (x)"
k n v -V
K - POl Copma) e e (1)
a=

Thus, from equations 12, 13 and 14,

JODMOL
) _ g (597@—> g . | (15)

=1
Now the state of the gas at any point is completely specified thermo-

dynamically by, say, the density p, temperature T and the set of n numbers,

O s For the particular values of p and T there will always exist one set of
n numbers - which specify the equilibrium composition, If we ghoose, as

we are quite at liberty to do, to specify the C e 88 the equlllbrlum c(mgosition
arising at the local p and T then Pg = P in equation 15 and K = K

However, rather more convenient relations arise later if we choose p and T
as the thermodynamic variables and specify that 0 shall be the equilibrium

composition arising at the local p and T, 1In that case i £ p and K(r

is given by equation 15 as it stands. However p is known as a function of
p, T and the i from the equation of state for the mixture and, at the same

p and T, we can always eliminate the density ratio in terms of actual and
equilibrium concentrations, In either case, K( ) can always be expressed in
terms of concentrations alone,

It is noted that the net rate of production of A, inall the N reactions,
namely K , is given by

N
m
(r)
K, = r; Lo (16)

With the aid of equations 10 and 16 we can now rewrite equation 5 in
the form

Dc Nyow RVERY ) D (r)’ n lgr)
#‘:rf -j-{’r) (vg)-‘vg)){K() Hcmva-.nccﬂocj (17)

a=1 =1
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Suppose now that all the Nm reactions occur extremely rapidly under

the conditions prevailing in a given gas flow. Then it is apparent that the
local values of ¢, will differ but little from the local equilibrium values,

For a chemicael reaction is a natural process, proceeding always in a direction
towards equilibrium, and a rapid reaction rate implies swift corrections of
any deviations fram local equilibrium in any particular element of gas.

Thus Doy /Dt = De /ot in equation 17 and the term in brackets there is

very small in magnitude, Dcae /D is determined by the local  and T

it is apparent that all the must be very small in magnitude, The

or p and T values, however, a? need not be small, In such cases, therefore,
7\r
limiting case in which the () are imagined to be zero, so that o, = ¢

ae?

is an abstraction which cannot occur in practice, but it may, nevertheless,
give results which are sufficiently accurate far many purposes and in any case
could form the first step in '(m iterative process in the right conditions,

The case for which all the T r) cen be assumed effectively zero (the reactions
are all 'infinitely fast!) is called chemical equilibrium flow,

At the other extreme, all the T(r) may be so large that we may imagine
them to be infinite for all practical purposes, Then all the Dc, /Dt

quantities are zero and all the ¢, are constant throughout the région. The

a
gas is, effectively, chemically inert and we refer to the flow as chemically
frozen flow,

Finally in this section we will deal with the consequences arising from
the relation between the thermodynamic variates,

n
N e - B
Tds = dh pdp o Badey . (18)

8 dis the specific entropy of the mixture and the n quantities H, are

the chemical potentials of the species in the mixture per unit mass of each
particular species, Since the 'a! in equation 18 denotes a general differential
of the variables we may particularise it and follow the change in entropy

of a particle of fluid as it travels through the region. That is, we can
replace a by D/Dt, From equation 3 it immediantely follows that

* Do
T Ds = - Z na a
Dt a=1 Dt
n
But De, /Tt = K/P , from equation 5, and we note that, since o2y Ca =1
n

(by definition), 2 dec o = 0. Thus we can always eliminate one term from the
Qe
sumation and, choosing to eliminate dcn we ean write

-4
T Ds -
P - = -

Dt = ai (Hg = 1) K, (19)

Equation 19 can now be used in place of the energy equation, equation 3.

SR e
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An alternative form of equation 19 will be found useful and can be
deduced as follows, Eliminating Hp from the right hand side of the equation

in favour of the summation from a=1 to n for the time being we note that
N
'n n m m n
: u K =3 g : k% . g 3 u K(r),
e=t & @ =1 ¢ =t & rA et ¢ O

by reason of equation 16, Vriting this in the form

N
m n " !
wEP LR :

7o O

the last term here is equal to the reaction rate R(r) for the r~th reaction
and is therefore independent of the value of @ (see equations 7 and 8).
Thus we can now write

N
n m n n e
zu, K = I r(F) 3 (vgr) - vc(r.'r)) i
where § = W, 4, » i.e. the chemical potential per mole of A .

We will only deal with mixtures of perfect gases, so that

Ila = hC( ] Tsa ’

vhere h, 1is the specific enthalpy of species a , a function of T only, and
Sy is its specific entropy, a function of T and the partial pressure pa -
At constant T, therefore
du,= =Tds, = %’;‘_ d(log Py ),
a
by reason of the thermal equation of state for Aa namely, P, ch = po, X,
(R is the Universal Gas Constant), Consequently

- %
b, (py ,T) = H,~ + RT log Do /"

where pﬁ is some convenient standard pressure and Ea! is the potential per

molecule of Aa at p!i'E and T, We can now write

g u, K, = Ién (%) E1<v§‘r)l’- vé“')' )(ﬂa" + BT logp /= ) (20)
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The general requirement for chemical equilibrium is

s (" N oo (200)
=1

(see e.g. Guggenheim,1949), or in terms of the standard values

VO LN L

n n % -
z ( vfxr) - v(ar’S(uax - RTlgp)= =~RTlog I p (21)
KA : a=1

for each value of r, where Pue is the equilibrium partial pressure of Aa.
in the mixture, (BEq, 21 is the Law of Mass Action),
Eliminating the standard values fram equation 20 with the aid of equation

21 we have

-

n Nm n U(r) ”"' U(r)l i
L MK = 2 () RT log O <Pcr/ B o
a=1 r=1 a=1 Pae

If we now choose to be the equilibriumpertisl pressurce at the prevailing

pressure and temperature we can write

where x is the mole fraction, and these may be written in terms of mass
fractions, We will not go to these lengths here, but simply note that

N o "
Ds g (2) 2 U By on o ooy
Bt = "RI T B Bee - Dot flee B(%e ()
™~ T a=1 =1 =1 * e
‘It can now readily be seen that when all the T(r) = 0, Ds/Dt = O because
Tq = Tge and also that Ds/Dt 4+ O as all the T(r) . wf. In the two

extreme, limiting cases, therefoare, the entropy of a fluid particle remains
constant, For intermediate conditions the second law of thermodynamics demands
that s shall increase, since, in the absence of transport phenomena, the fluid
particle constitutes a closed system,

T Note, however, that for any given deviation of concentration from the
chosen local equilibrium,values, the rate of entropy increase is greater
for smaller values of T(r) , vide equation 76 in Section 7,

(x)

= 0 1is essentially a singular case,




Lo The Symmetrical Diatomic Gas.

As a simple and useful example of the equations derived in the previous
section, consider the dissociation reaction in a symmetrical diatomic gas,
The atoms are denoted by the chemical formula A1 and the molecules by A2.

A, consists of two A1 atoms,

2
Assuming that the dissociation of A2 into two A1 atoms follows a proper

encounter between an A2 molecule and same- other second body and that re-

combination follows a simultaneous encounter between two A1 atoms and some

other body we write the chemical equation (eq.6), as
k
A A+ A
%

T

A2 + A (23)

b P

(Since there is only one reaction we drop the superscript (r)). A3 has been
written for the "other" body mentioned above, In the pure gas A3 will be

either A1 or A,, but it is convenient to treat it as a separate chemical

2’
species in writing the chemical equation, In this way we avoid having to

specifly kf and kr for both an A1 and an A2 "other" body reaction., Although

kf and kr could be calculated (from quantum mechanics) for each type of reaction,
it is with the overall effect of both types that we must deal in a gas flow
problem,
We note, however, that Cg = Oy + Oy = 1. Also 2Vv1 = W2 and 'w3 = W/ (1 + c.q),
Then equation 17 shows that
De W
1 2 : 2
56 = 7 {K(1-c1)-c1} (24)
where
o= W L k p?(1 +C,) (25)
T2 r 1
and o
K - (pe/p).(c1e/1 - ), (26)

from equations 11 and 15 respectively.
" The thermal equation of state for the mixture is

P = o (1+0c) BT (27)
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so that choosing %e to be the equilibrium camposition at the local p and T

we have pe/p-_~ 1+c1/1+c1e and

2 2
K = (14 01) c1e/1 -c,, (28)

The equation for D02/Dt follows immediately fram c =1.

1+ %2

L, The Mass Conservation Equation

In dealing with the flow of an inert gas for which viscous, heat conduction
and mass diffusion effects are negligible, the entropy of a gas particle
remains constant, Since the concentrations of the various camponent gases
in the mixture do not change, the state of a gas particle is wholly specified,
thermodynamically, by any two thermodynamic wvariables, In particular we
can sgy that p = p(p I:X Then, since s = constant everywhere in the

region, 3p/axl = (ap/ap)s. (9p/2 xi)and the pressure gradient terms in
equation 2 can be eliminated in favour of de/ Ox;, Pinelly p is eliminated
between equations 1 and 2, ( Op/dp )s is identified as the speed of sound
propagatian through the gas,

The situation is not so simple in the case of gas flows in which chemical
reactions ocour, for s is not constant in general, as we have seen, and the
chemical composition mey change in a manner which will depend on the nature
of the flow, In these circumstances it is slightly more convenient to

eliminate the density gradients fram equation 1 in favour of pressure gradients,
Noting that

p =0 (p, s, Cys Cpy ses cn_1),
(since we can elways eliminate one of the o, from Z c_ = 1) we have
a=1
el
DP ap Dp Ds T (8p Do
Tem -"“+() e TT + E() ... (29)
Dt %p 's,c, Dt ds’p,0 * Dt ot O%p s op B

The suffixes denote which of the variables are held constant, Suffix

¢, dimplies that all the e, are constant, suffix Cﬁ that all C, except

oy itself are held constant. The derivative ( 3p/ap), is identified in

Section 7 below as the square of the speed of sound under frozen flow
conditions, We write

2
&) o, ” (30)




-15 =

Also, since

)., (1), (., o
<156a> s,c % c =, py, © )
b, s, B Pscy » B Cp

we have, using equations 5 and 19,
n-1 r o :
Do =2 Dp ap {—_1__ z [u-u + T (— Km}
Dt < % Dt * <5?>p ) T a= % 2 °dp, p,cg (31)
»Ca

The quantity _
-1 ap ‘ s
% = & ("as e @ ] o2
PyCq P, p,cﬁ‘

is a function of the thermodynamic variables only and does not depend explicitly
on the gas flow itself, Thus we can write

A
D -2 =
']3% = B %1!:2 * 21 %Ka (33)
a=

where the last term does not depend explicitly on the actual flow.
Accordingly, we can rewrite the mass conservation requirement, equation 1,
in a form more convenient for our present problem, namely

2 ou. 2
% +  pag . QP aq n-;l o, K, = O. (34)
O, a1

Equation 32 is not the most convenient form for evaluation of o ,
The thermodynamic nature of the gas is generally sumearised in the
thermal ard caloric equations of state, Since the camponent gases of the
mixture are generally assumed thermally perfect, the former equation is
n
P = p I Qppr- « BT, (35)
a=1 / Ve

and the latter gives, for example
h = h(P, T, 01, 02, eee cn_1), (36)

the form of the function depending on the actual gas mixture, o, can be
rearranged, with the aid of equation 18, to read

dh 1 (o
o, . uﬁf/Cpf.) Ugﬂ_ﬂ.)p,T,cﬁ*. - (ﬂ (37)

P,T,¢,




- 16 =

where 1 9
| SR ) , (38)
P,
the volume expansion coefficient with frozen gas composition and
oh
P’ca

the specific heat at constant pressure with frozen camposition, All the
derivatives appearing in equations 37 to 39 are readily evaluated from equations
35 and 36, (The derivation of equation 37 from equation 32 is given in the
Appendix),

o The Equilibrium Speed of Sound

We can readily demonstrate that, far a flow which is in complete
chemical equilibrium, the speed of sound is given by ( op/dp )_ T, suffix
8 implying canstant entropy and suffix e that the chemical Sér‘ralposition shall
follow its equilibrium value during the differentiation at constant entropy,
The equilibrium speed of sound is written as

and the ratio of an to a, cen be found as follows ,

Since p is a function of p,s and the c, quantities a general increment
in p is given by
= ) n=1
de = afz dp + (3%) ds + I <%§'> deg ,
PO a=1 %/p,8,0g

andyequation 30a this can be rewritten as

-2 dp B fag 2
do = af dp + <-é——s-> ds =~ 3 (—a-g -a—c-a dGa .
P a=1 P, P, P

’OCL

But equation 32 shows that

op 0 | ap
- <-5§> . <'5—§' po‘a i % (ua - un) <5-§>
P P, p ,cﬂ' p,C

n

»Ca a
so that
ar = &q dp + P 3 o, de, + <5-§> {:ds + 7 z (Lla - lln) de, }(14-1)
CC=1 P,Ga a=1

See Section 7 below




e

Putting ds = O will give us dp at constant entropy. Now consider the
sumation in the last term of equation 41; we can write

n—‘l( n n _

2 (U, =p)de, = L pu dec = 2 4 de

P L a1 &% gx a"“wa
54

But doy /W, is the change in the number of moles of Ay in unit mass of

mixture, dng . The change ﬂ.s brought about by the N, reactions occurring in

the mixture so that dn, = zm dna(r where d_ngcr) is the contribution from
r=1
the r~th reaction, Thus
n Nm n - (I‘)
T pu de = 3 2 (p) an .
a=1 @ a r=1 a=1 @ %

4 !
But in egch reaction dmc(lr) must be proportional to v((zr) - vc(xr) so

that each term in the summation with respect to r is proportional to

n _ " ]
Zou, ( Vér) - vscr))' If the mixture is in complete chemical equilibrium,

Q=1 n=-1
each of these terms is zero (see equation 20a), so that in that case X (K, = un)dc@
=1

is also gzero,

From 4 therefore

N “ o 0=
£/a. =14+ pag I o ) (42)
=1 & @
where the ¢, have their local equilibrium valueét Cre? and

- @), -
@ op s, e i

T It should be noted that 5, o,
equilibrium values of et To this extent they will differ in magnitude
from p, ap and o‘a in equation 39, which are evaluated at the actual
local wvalues of the c‘;t “

and c>—OC are all to be evaluated at local
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The ratio (af/ae) is only unambiguously defined by equaetion 42 if the actual

state of the gas at which the ratio is evaluated corresponds to an equilibrium -
state, for then B is consistent with all of, say, p, p and T, If the gas

is not in chemical equilibrium then we are at liberty to choose whether we
shall refer to an equilibrium state at the local p and T or at the local p
and T, for example, and the value of ® e used in the evaluatim of (af/ae)

will vary accordingly. In view of the remrks made in previous sections, it

seems advisable to choose p and T as the variables from which to determine C e

The reason for the ambiguity is the impossibility of defining an equilibrium
sound speed in a gas which is not at equilibrium, (remembering that the speed
of sound is the speed at which small pressure pulses propagate into an
undisturbed fluid: by undisturbed we necessarily imply, also, chemical
equilibrium),

As with o, in equation 32, ha in equation 43 is not in the most
convenient form for evaluation in a practical case, However

Oc

(=%, {7, -G, &), ()

(%)..--@.)/@,, &

so that, knowing the equilibrium composition as a function of p and T and h
from equation 36, the derivative can be evaluated, (In passing, it should
be noted that there will he NIn equilibrium relations between the c = terms,

one far each reaction, The remaining L relations necessary to evaluate a

particular Che aTe provided by the conservation of atoms requirements for each

atomic species),

The derivation of equation 42 relies entirely on the thermodynamics of
the gas mixture and is in no way connected with the flow equations, In this
sense it differs from the derivation of equation 34 from equation 29, although
bhe results are of a similar style, However, in so far as the term in
brackets in equation 41 is always mero for a parficle of fluid which follows
the motion, it is clear that the speed of sound under equilibrium conditions
is an attribute of a particular fluid element, rather than of a particular
position and time in the flow field. By the same token this is true also of
the frozen sound speed a,, or indeed of any other sound speed which we care
to define. Arguments baSed on these lines have led Munk (1955) to propose
that sound speed should be defined as the ratio of the convective derivatives
of p and p, and this definition has been employed by Reslar (1957) in
writing the equations for the flow of a general gas mixture, We shall return
to this topic below, where we hope to explain the significance of (Dp/Dt)/( De/Dt).
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The dissociation reaction described in Section 3 (equation 23) is a
simple example of a reacting gas mixture, the treatment of which is rendered
yet more simple if it is assumed to be an ideal dissociating gas in the sense
defined by Lighthill (1957). Using the notation of Section 3, the equilibrium
composition of the ideal gas is given by

2 .
a . ) ia e-—D/RZT (46)
1-01 e - p

where P is a (constant) characteristic density, D is the energy required
to dissociate unit mass of molecules completely and R, is written for R/W,,.

The enthalpy is

2

h = (4«4 c,l) RT + ¢,D (47)
and equation 35 for the gas mixture is
p =0(1+c )R,T. (48)
Using equations 46 to 48 the values of o, and A, can be found.

The result for the ratio of the frozen to equilibrium sound speeds in an
ideal dissociating gas is

(af/ae> . + 0, (=0 [0+ 100400 =Gso)]

(49)
2 (0'+ 1)%, (1 =) + 84 20,

where D’ has been written for D/RZT. The ratio is shown plotted against T
for four values of p in Fig, 1, the gas being an "oxygen~like" ideal
dissociating gas, with pg = 150 gv/c.c. and D' = 59,000/T, Its maximum
value is in the region of 1,3 to 1,4 occurring when about three-quarters of
the molecules are dissociated under equilibrium conditions,

6. TFlow Velocity at a Nozzle Throat

The mass flow rate per unit area, m, in the steady flow through a stream-
tube is given by

m o=pu, (50)

u being the modulus of the velocity vectar. The value of the velocity (u®)
when m has its maximum value can be found by putting dm/du = O, From
equation 50 then, _
- @
- dp

the derivative being evaluated along the streamtube, Thus




i (&u/d
= P(ap/ae ) °*

& being the coordinate measured along the streamtube, But the steady flow
momentum equation is

pudu___c:LR
E = T &

whence
2 dp/dzg, )

The significance of the ratio of the convective derivatives of p and p
is now apparent; it is the square of the flow velocity which would occur at
the throat of a Laval nozzle,

From equation 41 it can readily be seen that

- " , 1 do, /d§> -
u = ag <1+paf a,ZH ° \GAE > (52)

Thus, since p (de /A ) = K, by equation 5, o2 depends on the ratio of

the mass rate of production of species to the pressure gradient, In general,

this ratio will depend on the shape of the nozzle from the "reservoir" end

to the throat, so that U in a chemically reacting gas mixture is not solely

a function of the reservoir conditions, (The appearance of the ratio (de a/d@/(dp/dg)

in u’E2 explains why u™ cammot be used to define characteristic directions as
in Resler's (1957) theory (see Broer, 1958) ).

¥. Sound Propagation in an Ideal Dissociating Gas

As an example of the use of the equations derived above we consider the
propagaticn of weak disturbances (sound) through an ideal dissociating gas,
dealing only with plane waves, In that event, the notation can be simplified
somewhat, since there will be only one veloecity component, u, and one space(r)
coordinate x, There is only one reaction (eq, 23) so that the superscript

can be dropped, In Section 3 an atom was designated by a su'bscr'ip't1 and

Since we can always eliminate c, in favour of C,

and call it, simply, o. However, the subscripts

a molecule by subscript o
we may drop the subscript on c,
will be retained on W, the molecular weight , in order to avoid possible

confusion between atoms and molecules,




The momentum equations (eq,2) reduce to

du du
poE + pu = * %; = 0, (53)
and, by equation 24, the continuity relation for atoms is
W
a 0 2 2
78%*'1‘1-5_%: 7_-2-{1{(1-0)-0} (54)
The mass conservatim equation (eq,34) becomes

W
2
‘3‘5 + u%+ pai% —%J‘C-ﬁ- paizao‘ ;-z-{K(‘l-c)'C }=O (55)

and the entropy equation (eq,22) is now

'o

2 &
d 2 8
,(ES.,_u-g}%:—%{KU-C)-oz} log{ ':_.;.%g}, (56)

c

O N

since the mole fraction of atoms, z = 2¢/1 4+ c¢ in the present case, O

is the atom mass fraction under equilibrium conditions at the local p and T,

The cheracteristic chemical time (eq, 25) is

r= W /bk, 6140 (57)
and K is given by (eq. 28),
K = (1+0)c;/(1-0c2) (59)

We shall consider small disturbances in a gas which is uniformly at
pressure p, , density p,, entropy s, and camposition ¢, befare the

disturbance arrives, (Note that ¢, is an equilibrium state). The

undisturbed gas is at rest. Vriting

!
p=pw+p;p=pw+ﬁ';s=s°°+s' ;jc=2cC +c';ce=cw+cé, (59) "
substituting these relations into the equations above and neglecting sguares
and products of the distwrbance (primed) quantities gives the following
results

au’ /
pco "a% +- %; = 0 s (60)
¢ 0 / ! ’ 6
Tw-g‘E(c +ce)+c =0, (61)
Y 2 w2 o
ot *Pp e Xt Pe e %o 7 = U 82
o0
where ! = (e, /WZ( 1ec,  )) 7,
and og!
3F = 0, (63)




to the first order in small quantities., u’ is written for the velocity to
emphasise that it is a small quantity. A suffix o indicates that the
quantity concerned shall have its undisturbed value.

Equation 63 indicates that, to first order the entropy is constant
throughout the flow field, Since the equilibrium composition Cq is a function
of p and s

>
ac> dc
de = e dp + e
© \%m/ (*er)p e

so that, to first order

Cé = hmp’ » (64)
where N = ( 8 e/ 613)3 evaluated in the undisturbed fluid, by reason of
equation 63, Thus equation 61 can be rewritten

9 ! ap/

r 9¢ ! ! =
Too ot * £ ® Too ?\oo ot ~ 0. (65)

The pressure disturbance p’ and change in camposition ¢’ can be
eliminated between equation 60, 62 and 65 resulting in

" 2 2 2
9 0%/ - 2 o"u’ 8 &'
. [ 3172 fo o x2 e ot Teo 9 x
But from equation 42 in Section 5 we readily identify 1 4+ p a2 o A
co fOO o] oo
2 -
as (a:f,m/aeoo )", so that, finally
2, 2 2, 2,
7! 0 R 9“u 9°u -2 9% 9“u
5% [ S T 8= g4e B

That a, and o, as defined in equations 30 and 40 are in fact the frozen

£
and equilibrium speeds of sound is at once apparent from equation 67.
For putting T; = o shows that u/ propagates at a wave speed o and putting
7/ = 0 shows that it propagates at speed &

In practice 0 < 7/ < «» and the wave motion is more complicated,
co
(In passing we note that 7/ , » asc - Oand 7 40 asc 4 1.
(o] co o] [ee]

However, in these cases the changes in gas composition become extremely small,

even for quite large disturbances, and the distinction between an end a

becames of no practical significance, In such cases it is sufficient to define

& as ( 9p/0p )s" The reason for 2%

both instances, A -+ O very rapidly). As a simple example of wave motion in

+ A in the cases quoted is that, in




the region of dissociation consider the harmonic motion of a piston about

= O with a velocity U exp(iwt), If it is assumed that the motion has been
:m:l.‘clated at some considerable time previously, transients in the flow field
should be negligible and we can write

w = v(x) e ek (68)
Substitution in equation 67 shows that v satisfies
d2v+ W < a2+iwr; '
P 2oy <1 : ) v=0, (69)
+ iw TO’G

whence it is readily seen that an appropriate solution for u' in the
circumstances is

a* + iw 7

=1 (70)

i.'.l(.t)'r' f

L i

w o o= Ue@[iw(t-

(a is written for the ratio afc/aem). The radical term is chosen to have a

positive real part, For convenience we can define

~z:2'::w 7! '
: -i0
| 2. = me (M)
1 4+ 1w 7/
[+ ]
where '
o al"+ (w 1';)2 4
- ( 5 ) (71a)
14 (07])
and
6 = & tan™ (a% = 1)o7/
5 > (71b)
a4+ (w7l)

Then the velocity disturbance can be written

-
= -0
U exp [ maf

ul

-]
msinG.x] exp[iw (t—mfwcose. x)] (72)
This represents an harmonic disturbance of frequency w propagating fram
left to right at a speed apoo where

&, = 2 / m cos © (73)

and is _$alled the phase velocity. We note that 6 has a maximum value of
(a - )k, when wr! = a, and since a is not greater than 1,2 (see Fig.1),
certainly at pressures in the region of one atmosphere, © is never very large,




Thus, roughly .
112 4
a & a 14 (w7) ) ‘

a* 4 (0 7)°

and it can be seen that a_ < a_ < a_, according to whether O € wr’/ € .
€oo Peo oo )

The quantity w T:o is the ratio of the characteristic chemical time to the

characteristic disturbance time, so that for given undisturbed eonditions
(i.e. given a_ond a, ) the phase velocity depends only on this parameter,
The dependence of apw on frequency represents the phenomenon of sound dispersion,

From the first exponential factor in equation 72 it can be seen that the
amplitude of the disturbance is decaying with increasing distance from the
piston, This is the phenomenon of sound absorption due to tl'ie chemical reactions
oceurring in the gas, The amplitude decay factor is wm a;m sin 8(= &, say)

and, since sin © ® ©  we can write
2 2
4 12 % (2 =1) &7
WwT
§=1 .<a.+( oo)) ) °2° (75)

2 !
2a 14.(0)7.;)2 a-}(cho)

oo

For given undisturbed conditions 7/ is known as well as a and ap
[e] co

Then it can be seen that & ., 0 as w . O whilst

2
g ., =) (76)

i '
2 af coTco

a8 @ 4 «, (N.B, In prectice O < 7/ < ), The lower frequencies

therefore persist over a greater distance than do the higher values,
Contributions to sound absorption and dispersion arise from all transport
phenomena (i.,e. viscosity, heat conduction and mess diffusion) as well as
from relaxation effects in the internal modes of polyatomic molecules, It is
frequently the case, however, that absorption and dispersion due to chemical
reaction is much greater than the combined effects from the other sources
(vide e,g. Hirschfelder et al, 1954).

As is otherwise obvious, equation 75 shows that & , O %both as ‘r:o ey 18]
and as 'l‘e’° + © , The distinction between 1’; s and ® ., » should be

noted here, In the first case the chemical reaction proceeds so slowly that,
irrespective of the nature of the disturbance, the rate of entropy increase
of a fluid element is insignificant whilst in the second case the disturbance
occurs so rapidly that deviations from the local equilibrium state (and hence
the rate of entropy production) become relatively large,
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A small disturbance of general shape can be built up by Fourier synthesis
(since the system is a linear one) and will contain elements of both high and
low frequency., From the foregoing discussion it can be seen that the high
frequency parts of the disturbance will run on at the (higher) frozen sound

speed Ao s being followed same while later by the lower frequency elements

travelling at the equilibrium sound speed B ¢ The head of the disturbance

will be more rapidly attenuated than the parts which follow it and, at some

distence x which is large campared with 2 a, 7/ /(a% = 1) (see equation 76),
0 @

the bulk of the disturbance will be travelling at a speed approaching A *
In particular, if 7/ is very small, this condition may arise very near to the

"piston, In the major part of the disturbance field then, the flow is effectively
in chemical equilibrium, v

However, in all cases except the singular and, practically, not rcalisable
case of T:o = O the disturbance front propagates at B (unless the

disturbance is confined to be a Fourier sum of finite frequency extent). The

importance of Lo, in defining the zone of influence of a point in the flow

field of a chemically reacting gas is apparent, a point which is emphasised

by the work discussed in the Introduction which shows that afoo def'ines the

characteristic directions in sugh a case,

The topic of sound absorption and dispersion is not a new one, having
been first treated by Einstein (1920) for the case of the dissociation
reaction, Numerocus other papers have appeared on the subject, but the
interested reader is particularly referred to a recent article by Mazo (1958)
which gives a more detailed account rather on the lines of the present
simple example. '
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APPENDIX

The quantity ¢ is defined in equation 32, In order to make calculation
of O from a knowledge of the thermsl and caloric equations of state easier

we now proceed as follows,

Dealing first with the term in brackets in equation 32, the thermo-
dynamic equation, equation 18 shows that

T /Os ch
@) -(2) -6 en
p,p ’o-p P, p,cﬁ

Thus the bracket term is equal  to (3 b/ dcy )

P, p,cﬁ ’
Since, in general
oh oh At fon
dh = -a—i,-> dT + Tp) dp + by <—a-5 de,
P,Cq gt G ‘ p,T,cﬁ

it ean be seen that

&), ®, . @), )
ﬁa =, P, Sy <aCCL> b, p:cﬁ -B—Ca p’T’cﬁ

Py psCp
Since
= - @) we @, I @),
psCa PsCq o=1 a/ P, PyCq
we have
€. - € @),
ac D, 0,04 N dp p’ca. de p,T,cﬂ
Thus finally

G ~\oT E oc 0
u/p, p,0g D,Cq %/p,e, p,T,0p @ /p,T,eq

We now deal with (8o / Eis)p o * For increments at constant composition,
»Ua
equation 18 shows that

Tds = (2B @ .28 dp - =+ ap.
o) _ . ap) o B
p, @ ’ca
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Thus
op = or * \o
PyCq PyCqy g DPyCq
Introducing the definitions given in equations 38 and 39,

), ) % &)
oc - 2 ¢
/D, py04 go p,Tep Dﬁf i p,Tep

and.

(ap> 2 02 ik ﬁf
0s - —
PyCqy Cc

The form of © “ given in equation 37 follows immediately,
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FIG. I. RATIO OF FROZEN TO EQUILIBRIUM SOUND SPEEDS
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