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 A B S T R A C T

Mixtures containing different gases, liquid hydrocarbons and aqueous brines play a very important role in 
modern energy transition applications. Cubic equations of state have proven reliable for thermodynamic 
calculations of nonpolar mixtures, but in their conventional form, they are not adequate to predict the 
interaction between associating molecules and fail to describe the behaviour close to infinite dilution. In 
this work, we develop an approach for combining thermodynamic models to represent different phase types 
thereby overcoming this inaccuracy. A cubic equation of state is used for non-aqueous phases, while a 
separate thermodynamic model is employed for the brine, combining Henry’s constants for solutes and a 
fugacity model for the water component. In this way, we can maintain the computational efficiency of cubic 
EoS while modelling properties of the aqueous phase with good accuracy. We distinguish the vapour- and 
liquid-like roots of the cubic equation of state to correctly identify the minima of the Gibbs free energy 
surfaces in water-rich compositions. The use of different thermodynamic models introduces a thermodynamic 
inconsistency that is most noticeable close to the critical conditions of the water phase. However, the approach 
is valid and particularly accurate far from critical conditions for brine systems. The validity of the method 
up to these conditions is proven. Within these ranges, the proposed approach outperforms a setup using an 
association model (CPA EoS) both in terms of accuracy and performance. For optimal use in simulation, we 
present a framework for modelling multiphase equilibria involving reservoir mixtures with brine, which can 
be formulated at any pressure-based state specification. We validate the approach by comparing our phase 
equilibrium calculations with an experimental dataset of gas mixtures with water, relevant to subsurface energy 
transition applications.

1. Introduction

The transition to a carbon-neutral energy supply relies heavily on 
the development of subsurface technologies, such as geothermal energy 
production, geological CO2 sequestration, and hydrogen storage. The 
successful implementation of these processes heavily depends on the 
accuracy and robustness of the procedures that model the underlying 
chemical and physical phenomena. The abundance of aqueous brine 
in target reservoirs for subsurface applications requires careful ther-
modynamic modelling of mixtures involved in the different stages of 
the operation cycle, the behaviour of brines being highly dependent on 
their composition. For the simulation of these processes, an accurate 
evaluation of the aqueous phase properties to capture its interaction 
with other reservoir and injected fluids is therefore necessary.

Classic van der Waals-type equations of state (EoS), such as SRK 
(Soave, 1972) and PR EoS (Peng and Robinson, 1976), have proven 
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reliable for thermodynamic calculations of non-polar mixtures. By their 
cubic nature, the efficiency of these EoSs is unparallelled. Yet, in their 
conventional form, they are not adequate for mixtures of like and unlike 
molecules, as is the case in aqueous mixtures. In aqueous solutions, the 
presence of hydrogen-bonded clusters yields very different molecular 
and bulk fluid properties from nonpolar mixtures. This association 
results in structure formation between water molecules and around 
solutes. Cubic models have an attractive and a repulsive term, which 
together are not sufficient to predict the interaction between the asso-
ciating molecules. Secondly, the models fail to describe the behaviour 
close to infinite dilution, at which solute–solvent interactions dominate. 
As a result, the prediction of gas solubilities in the aqueous phase using 
conventional mixing rules may deviate by orders of magnitude.

Modifications to the cubic equations of state have been proposed to 
improve phase behaviour prediction. Activity coefficient models can be 
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applied to model equilibria in aqueous systems, however, they cannot 
easily account for the highly nonideal behaviour of aqueous solutions, 
and the adjustable parameters hold little physical significance. Alter-
natively, highly specific temperature-dependent or density-dependent 
binary interaction coefficients have been used to calculate the solubility 
of the gas in the water phase, an approach that has even been extended 
to the salinity dependence (Søreide and Whitson, 1992). However, it is 
not easy to accurately fit the temperature dependence for all phases. 
This forces one to combine different sets of parameters for different 
fluid types, which is not physically consistent. With density-dependent 
interaction parameters, quantitative agreement has been obtained for 
hydrocarbon solubilities, but the representation of the hydrocarbon 
phases is worse than that obtained with quadratic mixing rules (Michel 
et al., 1989).

A more theoretically sound approach for incorporating association 
and chain-forming into an equation was developed in the SAFT equa-
tions of state (Chapman et al., 1989). These models have additional 
terms and use statistical mechanical perturbation theory to quantify 
the relationship between molecular bonding site interactions and bulk 
fluid behaviour. Nonetheless, in spite of the increased complexity of 
the physical part of the EoS, the mutual solubilities of hydrocarbon–
water systems are still very much dependent on the mixing rules used. 
This led to the development of the CPA EoS (Kontogeorgis et al., 1996), 
where the simple physical terms of a cubic equation of state have been 
combined with an association term similar to that used in the SAFT EoS. 
Yet, a significant drawback of using association models in pressure-
based simulations is that they are explicit in volume, temperature and 
composition. While cubic equations of state are also volume-based, 
they can be solved for density analytically. In contrast, association 
terms are implicit and require iterative solutions for an internal set of 
composition-dependent variables (Michelsen and Hendriks, 2001).

Another approach is to use an entirely separate thermodynamic 
model for the aqueous phase. This approach introduces a thermody-
namic inconsistency that is most pronounced near critical conditions. 
However, far from the critical conditions for brine systems (which is 
the case for the conditions of most depleted hydrocarbon fields and 
aquifers), the approach should still be applicable. An interesting feature 
of using a separate equation for the aqueous phase (and any other 
specific phase type) is the flexibility of modelling the properties of the 
aqueous phase irrespective of the restrictions of the other EoS.

Li and Nghiem (1986) presented multiphase equilibria for mixtures 
of oil and gas with water and brines based on Henry’s constants for 
the aqueous phase. The nonaqueous fluids were modelled with a cubic 
equation of state, and Henry’s coefficients were correlated against 
pressure and temperature. Models based on Henry’s constants are es-
sentially asymmetric activity-coefficient models, where the reference 
state is related to the solute–solvent interaction at infinite dilution. 
Considering the unlike nature of solvents and solutes, this is a more 
appropriate standard state to which solute thermodynamic properties 
are related. Furthermore, this approach to describe the dissolution 
of gases and hydrocarbons in the aqueous phase is justified, given 
their limited solubility. An important assumption when using Henry’s 
constants is that in multicomponent systems, the interaction between 
solutes in solution is negligible. Evaluation of phase equilibria and 
aqueous equilibrium properties using such models at specified 𝑃𝑇  is 
rapid and accurate and therefore presents a good candidate for any 
multiphase 𝑃 -based equilibrium calculations.

In this work, we develop an approach to combine equations of 
state to model different phase types in conventional phase-equilibrium 
calculations. The framework can be applied to any specific phase type, 
but we focus on the aqueous phase in particular. We use a cubic 
equation of state for the non-aqueous phases and a separate fugacity-
activity model for the aqueous phase. In this model, the properties of 
dissolved gases are calculated from the approach of Ziabakhsh-Ganji 
and Kooi (2012). Their model combines Henry’s constants for non-
electrolyte solutes following Akinfiev and Diamond (2003). In addition, 

they included an additional term to account for the effect of brine 
salinity on gas solubilities, which was first proposed by Duan et al. 
(1992) and is based on excess Gibbs energies in electrolyte solutions 
(Pitzer, 1973). For the fugacity of the solvent (water), we follow the 
description of Jager et al. (2003). They derive the deviation of the 
chemical potential of H2O from the pure water state, including the 
contributions of all molecular and ionic species to the water activity.

Using different thermodynamic models for different phases yields 
multiple minima of the Gibbs free energy surfaces in water-rich compo-
sitions and introduces inconsistencies towards the critical region of the 
brine phase. We illustrate these practical challenges through a Gibbs 
energy analysis and present strategies for implementing robust and 
efficient solution procedures. We validate the approach by comparing 
our phase equilibrium calculations using various pressure-based ther-
modynamic specifications with an experimental dataset of gas mixtures 
relevant to subsurface energy transition applications – CO2, CH4, H2S 
and light hydrocarbons – with water. In addition, we demonstrate 
that the use of the hybrid-EoS approach is consistent and accurate for 
the evaluation of thermal properties, thus validating the extension of 
the framework for fast and accurate isenthalpic and isentropic flashes. 
Besides, the proposed approach was recently applied for modelling of 
hydrate formation and dissociation (Wapperom et al., 2026). While 
the models considered in this study have been extensively validated 
with experimental data for binary systems of water or brines with a 
single solute at moderate temperatures, the approaches have, to the 
best of our knowledge, not been validated for use in complex multi-
component, multiphase mixtures, and at conditions closer to water 
criticality.

For many applications, phase equilibrium calculations are required 
in specifications other than pressure and temperature (Nichita, 2024). 
Thermal simulation models based on a 𝑃𝑇 -formulation may encounter 
problems for narrow boiling mixtures, when the conserved energy can 
fluctuate dramatically with any small change in the primary variable 
temperature. Using energy as a primary variable in an isenthalpic (𝑃𝐻) 
or isentropic (𝑃𝑆) flash is therefore preferred (Paterson et al., 2019; 
Moncorgé et al., 2022; Nichita, 2024; Castier et al., 2015).

We demonstrate that the use of the hybrid-EoS approach is consis-
tent and accurate for the evaluation of thermal properties, thus vali-
dating the extension of the framework for fast and accurate isenthalpic 
and isentropic flashes. For isenthalpic and isentropic state specifica-
tions, however, the constraints for thermodynamic equilibrium of the 
specified state variables cannot all be eliminated explicitly. Michelsen 
(1987) introduced the 𝑄-functions, modified objective functions that 
formally eliminate the constraints with Gibbs energy 𝐺 as the core 
function. Agarwal et al. (1991) utilized a nested approach of 𝑃𝑇 -flashes 
in an inner loop, after which temperature is updated in the outer 
loop to maximize the 𝑄-function. For such nested phase equilibrium 
calculations with complex mixtures involving brines, it is thus desirable 
that 𝑃𝑇 -flashes are robust, efficient and accurate. We apply the pro-
posed approach to a set of numerical benchmarks of water–gas mixtures 
using an energy-based specification, to build a case for the use of the 
hybrid-EoS approach in such simulations.

2. Hybrid-EoS approach for thermodynamic equilibrium at 𝑷𝑻
specification

At thermodynamic equilibrium, the Gibbs free energy of an equilib-
rium mixture is at a global minimum. The Gibbs free energy is given 
by: 

𝐺 = 𝐺∕𝑅𝑇 =
𝑛𝑝
∑

𝑘=1

𝑛𝑐
∑

𝑖=1
𝑛𝑖𝑘 ln 𝑓𝑖𝑘, (1)

with 𝑛𝑖𝑘 the number of moles of species 𝑖 in phase 𝑘. At the global 
minimum, the change in Gibbs energy for any transfer of material must 
be zero: 
𝜕𝐺
𝜕𝑛𝑖𝑘

= ln 𝑓𝑖𝑘 − ln 𝑓𝑖𝑅 = 0, 𝑖 = 1,… , 𝑛𝑐 ; 𝑘 = 1,… , 𝑛𝑝; 𝑘 ≠ 𝑅, (2)
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where the reference phase 𝑅 can be any phase. Hence, this yields the 
equality of fugacity of each component 𝑖 throughout all phases 𝑘 as a 
necessary condition for equilibrium.

2.1. Stability test and phase split

Since it is generally not known in advance how many phases coexist 
at a global minimum, a sequence of phase stability and split routines 
must commonly be performed to find the correct equilibrium state.

A stability test indicates whether the Gibbs energy surface is either 
at or above the mixture tangent hyperplane throughout the entire com-
positional space (Baker et al., 1982; Iranshahr et al., 2012). Michelsen 
(1982a) developed a mathematical implementation of this ‘‘tangent 
plane distance’’ (TPD) criterion. The common approach to finding the 
minima of the TPD function is to apply local optimization over a set of 
initial guesses. The corresponding phase compositions can be used as 
an initial estimate in further phase-split calculations.

In the phase-split procedure, the dimensionless Gibbs energy (1) is 
minimized with respect to mole numbers. In addition, in SSI iterations 
or when 𝑙𝑛𝐾 is used as an independent variable in the Newton method, 
the material balance must be satisfied: 
𝑛𝑝−1
∑

𝑗=0
𝜃𝑗𝑥𝑖𝑗 = 𝑧𝑖, 𝑖 = 1,… , 𝑛𝑐 , (3)

𝑛𝑐
∑

𝑖=1
(𝑥𝑖𝑗 − 𝑥𝑖0) = 0, 𝑗 = 1,… , 𝑛𝑝 − 1. (4)

Generally, this can be done by introducing equilibrium factors 𝐾𝑖𝑗 =
𝜑𝑖𝑗∕𝜑𝑖0 and solving the Rachford–Rice (RR) system of equations: 

𝑅𝑘 ≡
𝑛𝑐
∑

𝑖=1
(𝑥𝑖𝑘 −𝑥𝑖0) =

𝑛𝑐
∑

𝑖=1

𝑧𝑖(𝐾𝑖𝑘 − 1)

1 +
∑𝑛𝑝−1
𝑝=1 𝜃𝑝(𝐾𝑖𝑝 − 1)

= 0, 𝑘 = 1,… , 𝑛𝑝; 𝑘 ≠ 𝑅.

(5)

The solution of the RR equations yields the phase fractions 𝜽 =
(𝜃0,… , 𝜃𝑛𝑝−1)

𝑇  and phase compositions 𝐱𝑘. For two phases, the RR 
equation can be solved using convex transformations, as proposed 
by Nichita and Leibovici (2013), leading to a significant increase in 
solution speed. For multiphase systems, Michelsen (1994) proposed a 
minimization approach, which was later extended to negative flashes 
(Leibovici and Nichita, 2008; Yan and Stenby, 2012).

The stability test and phase-split problems have similar mathe-
matical structures. In this work, we adapt the procedures described 
by Petitfrere and Nichita (2015a,b) for hybrid models. In addition, 
we have described a fully analytical framework for calculating par-
tial derivatives of the flash and secondary equilibrium properties in 
Appendix  B.

2.2. Description of thermodynamic models

In this work, we use a cubic equation of state (Peng and Robinson, 
1976) for the non-aqueous phases and a separate fugacity-activity 
model for the aqueous phase. In its most basic form, the cubic equation 
of state is an expression of 𝑃 (𝑉 , 𝑇 , 𝐧). For such models, all residual ther-
modynamic properties can be derived from their residual Helmholtz 
free energy form 𝐴𝑟(𝑉 , 𝑇 , 𝐧) (Michelsen and Mollerup, 1986; Mollerup 
and Michelsen, 1992). The pure component properties and binary 
interaction coefficients for the components considered in the examples 
in this work can be found in Table  1.

The fugacity-activity model for the aqueous phase involves different 
expressions for water and dissolved components. For the fugacity of 
the solvent, water, we follow the description of Jager et al. (2003). 
They derive the deviation of the chemical potential of H2O from the 
pure water state, including the contributions of all molecular and ionic 
species to water activity: 
𝑓 𝑎𝑤 = 𝑓𝑤𝑜 exp

[𝜇𝑤 − 𝑔𝑤𝑜
𝑅𝑇

]

. (6)

Table 1
Pure component properties and binary interaction coefficients for cubic EoS.
 𝑖 𝑃𝑐,𝑖 [bar] 𝑇𝑐,𝑖 [K] 𝜔𝑖 [–] 𝑘𝑖H2O 𝑘𝑖CO2 𝑘𝑖CH4 𝑘𝑖H2S 𝑘𝑖nC5  
 H2O 220.50 647.14 0.328 0.19014 0.47893 0.105 0.526 
 CO2 73.75 304.10 0.239 0.19014 0.0936 0.1093  
 CH4 46.04 190.58 0.012 0.47893 0.0936 0.0912  
 H2S 89.63 373.53 0.0942 0.105 0.1093 0.0912  
 nC5 33.701 469.7 0.2515 0.526  

Here, 𝑓𝑤𝑜 is the fugacity of an ideal gas at the reference pressure of 
1 bar, which is equal to 1. The deviation from ideality follows from 
the difference between chemical potential 𝜇𝑤 and the Gibbs energy of 
water in the ideal gas state 𝑔𝑤𝑜. The chemical potential 𝜇𝑤 is related 
to the pure water state with the addition of an activity coefficient 
ln 𝑎𝑤(𝑃 , 𝑇 , 𝐱), which accounts for the effect of dissolved species, as 
𝜇𝑤
𝑅𝑇

=
𝑔𝑤0 ,𝑝𝑢𝑟𝑒

𝑅𝑇0
− ∫

𝑇

𝑇0

ℎ𝑤,𝑝𝑢𝑟𝑒
𝑅𝑇 2

𝑑𝑇 + ∫

𝑃

𝑃0

𝑣𝑤,𝑝𝑢𝑟𝑒
𝑅𝑇

𝑑𝑃 + ln 𝑎𝑤. (7)

Here, 𝑔𝑤0 ,𝑝𝑢𝑟𝑒, ℎ𝑤,𝑝𝑢𝑟𝑒 and 𝑣𝑤,𝑝𝑢𝑟𝑒 are the Gibbs energy at reference 
conditions (𝑇0, 𝑃0), and enthalpy and molar volume of pure water, 
respectively.

For the dissolved species, the fugacity has been written in terms 
of Henry’s constants. Models based on Henry’s constants are asymmet-
ric activity coefficient models, which means that infinite dilution of 
the solute is taken as the reference state for the activity coefficient: 
ℎ∞𝑖 ≡ 𝑓𝑖(𝑃 , 𝑇 )𝛾∞𝑖 (𝑃 , 𝑇 , 𝑛𝑘). The fugacity of component 𝑖 in terms of the 
asymmetric activity coefficient 𝛾̃𝑖 is: 

𝑓𝑖(𝑃 , 𝑇 , 𝐧) = ℎ∞𝑖 (𝑃 , 𝑇 , 𝑛𝑘)𝛾̃𝑖(𝑃 , 𝑇 , 𝐧)𝑥𝑖, (8)

where 𝛾̃𝑖(𝑃 , 𝑇 , 𝐧) ≡ 𝛾𝑖(𝑃 , 𝑇 , 𝐧)∕𝛾∞𝑖 (𝑃 , 𝑇 , 𝑛𝑘).
In our thermodynamic model, Henry’s constants are calculated from 

the approach of Ziabakhsh-Ganji and Kooi (2012). Their model com-
bines Henry’s constants for nonelectrolyte solutes following Akinfiev 
and Diamond (2003). In addition, they included an additional term 
to account for the effect of brine salinity on gas solubilities, which 
was first proposed by Duan et al. (1992) and is based on excess Gibbs 
energies in electrolyte solutions (Pitzer, 1973). Thus, the interaction 
between dissolved components in the aqueous phase is effectively 
neglected and 𝛾𝑖(𝑃 , 𝑇 , 𝐧) is only dependent on brine salinity. Note that 
it is possible to use these sets of correlations to include other species as 
well, but that is not in scope for this work.

2.3. Strategies for phase equilibrium problems at 𝑃𝑇

In general, one does not know in advance how many phases coexist 
at thermodynamic equilibrium, and a sequence of stability testing and 
phase split procedures has to be performed to find the equilibrium 
phases. If it is known how many phases can coexist and good initial 
guesses are available, a negative flash procedure can be used to de-
termine the phase state (Iranshahr et al., 2013a). The domain of the 
Rachford–Rice equations (5) is bounded by the set of phase fractions 
𝜃𝑘 that yield all non-negative phase compositions, which is larger 
than the physical domain. While the material balance and equifugacity 
equations may be satisfied in a negative flash, the solution clearly does 
not yield physically valid phase fractions. More importantly, a negative 
flash corresponds to a saddle point in the Gibbs energy surface, rather 
than a minimum (Whitson and Michelsen, 1989).

Nonetheless, the negative flash can be useful for phase-state iden-
tification in a multiphase flash. In a two-phase system, 𝜃 can take 
any value between the asymptotes 𝜃𝑚𝑖𝑛 = 1∕(1 − 𝐾𝑚𝑎𝑥) and 𝜃𝑚𝑎𝑥 =
1∕(1−𝐾𝑚𝑖𝑛). In systems that are known to form two phases at maximum, 
converging to a non-trivial solution with a negative flash indicates the 
single-phase stability of the feed with the same certainty as a traditional 
phase stability test (Whitson and Michelsen, 1989).
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Fig. 1. Gibbs energy of mixing surfaces of H2O–CO2 mixture at P = 30 bar 
and 𝑇 = 450 K. 𝐴𝑞 is aqueous phase fugacity model, 𝐶𝐸𝑂𝑆−𝑉  and −𝐿 denote 
the vapour- and liquid-like real roots (if present) of the cubic EoS. The red line 
is tangent to the single-phase Gibbs energy surface at the equilibrium phases. 
Feed compositions between the red dots will split into two phases.

In multiphase systems, however, phase-state identification based on 
negative flash is not sufficient. If one knows the maximum number 
of phases, the solution of the flash procedure can only be confirmed 
for all positive phase fractions, i.e., it cannot confirm the phase state 
of a single- or two-phase mixture with a three-phase negative flash. 
Additional two-phase negative flash computations would be required 
to identify the equilibrium state, because the phase behaviour out-
side the three-phase region may be different from the results of the 
negative flash (Leibovici and Neoschil, 1995; Iranshahr et al., 2010). 
Complemented with the parametrization technique, the negative flash 
approach can still be used for robust evaluation of complex multiphase 
systems (Iranshahr et al., 2013b).

For some applications of interest, such as subsurface gas produc-
tion and storage, sequestration of supercritical CO2 in saline aquifers 
and geothermal energy production, the assumption of a maximum of 
two phases is reasonable. In these cases, a two-phase negative flash 
approach initialized with K-values based on Henry’s constants may be 
the preferred choice. This approach is limited to liquid water condi-
tions and cannot handle the transition from liquid water to steam. In 
addition, this simplification is not valid in more complex multiphase 
systems, and a full Gibbs energy minimization procedure is required.

2.4. Practical challenges for hybrid-EoS approach

The hybrid-EoS approach is best illustrated by a graphical represen-
tation of the different equations of state. The Gibbs free energy surfaces 
describe the hypothetical single-phase conditions throughout the com-
positional space. For a given feed composition 𝐳, the global equilibrium 
state corresponds to a linear combination of the compositions of the 
coexisting equilibrium phases, located on the tangent hyperplane to 
the Gibbs free energy surface (or, equivalently, Gibbs free energy of 
mixing). The hyperplane is below or equal to the Gibbs energy surfaces 
at all compositions.

In Fig.  1, the Gibbs free energy of mixing surfaces for a binary 
system H2O–CO2 at given pressure and temperature of the vapour(-
like) root, liquid(-like) root and aqueous fugacity model are shown. The 
cubic EoS is valid for all compositions, but the fugacity model for the 
aqueous phase is limited to H2O-rich compositions.

2.4.1. Root selection
From Fig.  1, it can be observed that at H2O-rich compositions, there 

can be a minimum of both the liquid(-like) root of the cubic EoS and 
aqueous fugacity model. Nonetheless, they both describe the liquid 
water phase. We thus need to identify the root types of the cubic EoS, 
ignore any water-rich liquid(-like) root and select the vapour-like root 
instead.

The cubic EoS is generally expressed in terms of the compressibility 
factor 𝑍 to solve for density at specified pressure and temperature. 

The cubic polynomial has three roots, of which either one or three 
are real. It is only inside the mechanical spinodal that three real 
roots can be obtained, the spinodal denoting the limits of mechanical 
stability (𝜕𝑃∕𝜕𝑉 < 0) which coincide at the mechanical critical point 
(Imre and Kraska, 2005). In the case of three real roots, the smallest 
volume corresponds to the liquid phase and the largest root represents 
the vapour phase. For pressures below the mechanical spinodal, the 
single real root is associated with the vapour phase, whereas at higher 
pressures the phase is a liquid. We can identify these roots using the 
characteristics of the cubic polynomial (Kamath et al., 2010).

2.4.2. Stability test and phase split
Contrary to the equation of state, the fugacity model for the aqueous 

phase has been developed only to describe a water-rich liquid phase. 
Furthermore, the Gibbs energy surface in this model is convex through-
out the relevant range of compositions. We therefore have only a single 
local minimum of the Gibbs energy, which allows us to use a specific 
initial guess.

In addition, for problems where the fugacity coefficients are only 
weakly dependent on the phase composition, the SSI procedures for 
stability testing and phase split converge rapidly (Michelsen, 1982b). 
In fact, the use of a Newton procedure may not even improve perfor-
mance, as the computational cost of evaluating derivatives and solving 
the linear system is relatively large. In addition, it is important for 
both stability test and phase split updates to check if the composition 
remains within the specified range to prevent unphysical updates of 
aqueous properties.

2.4.3. Range of validity
A thermodynamically consistent equation of state is capable of 

describing the continuity of fluid between gas and liquid phase states 
beyond the critical point. When choosing different thermodynamic 
models for aqueous and other fluid phases, however, there is no such 
continuous transition, and no critical point exists. Therefore, it is 
not possible to identify the criticality of water-rich phases, and the 
accuracy of the hybrid-EoS approach decreases in the vicinity of solvent 
criticality and beyond.

The models considered in this study have been extensively validated 
with experimental data for binary systems of water or brines with 
a single solute at moderate temperatures (Ziabakhsh-Ganji and Kooi, 
2012; Duan et al., 1992). To assess the range of applicability for the 
proposed approach, we attempt to reproduce experimental values of 
Tödheide and Franck (1963). They measured phase equilibria of the 
H2O–CO2 system at near-critical conditions for the solvent. Although 
our approach is unable to describe the critical curve, Fig.  2 shows 
that the hybrid-model approach is reproducing experimental results 
accurately up to conditions relatively close to solvent criticality. The 
data points represent measured dew point and bubble point curves. 
For Fig.  2a, the Root Mean Square Error (RMSE) for all experimental 
points is 1.6%, while for Fig.  2b, RMSE = 2.2%.

The accuracy of the method is inherently a result of its parametriza-
tion. However, the results of the same binary system but modelled 
with an association model (CPA EoS Kontogeorgis et al., 1996, Fig.  3), 
indicate that more advanced models do not necessarily improve the 
predictions. Here, for Fig.  3a, the RMSE = 2.6%, while for Fig.  3b, 
the RMSE = 5.9%. Critical conditions are not a problem here, but the 
improved description of the aqueous phase is at the expense of a worse 
prediction of the non-aqueous phase. Besides, the intended improve-
ment in accuracy of association models comes with the computational 
cost of an iterative density solver, which presents an obvious advantage 
of the proposed hybrid-EoS approach.

Notice that at temperatures too close to the critical temperature, the 
proposed algorithm becomes unpredictable. This is because the logic 
for root selection relies on the characteristics of the cubic polynomial, 
which is only valid below the temperature at which a mechanical 
spinodal exists (Section 2.4.1). At temperatures above, this approach 
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Fig. 2. Hybrid-EoS temperature-composition diagrams for H2O–CO2 mixture at different pressures. CO2-rich phase composition is indicated by ▴, aqueous 
composition by ×.
Source: Solubility data from Tödheide and Franck (1963).

Fig. 3. CPA EoS temperature-composition diagrams for H2O–CO2 mixture at different pressures. CO2-rich phase composition is indicated by ▴, aqueous 
composition by ×.
Source: Solubility data from Tödheide and Franck (1963).

is no longer adequate. In Fig.  4, the ranges of validity for the proposed 
hybrid-EoS approach are investigated with regard to binary H2O–CO2
mixtures at conditions approaching brine criticality. The solid line 
indicates the maximum temperature for the hybrid-EoS approach, ac-
cording to the mechanical spinodal. The actual critical line for the 
H2O–CO2 system (indicated by ⋆) is located slightly above. Below 
this upper limit, it can be observed that the accuracy of the aqueous 
model decreases at elevated temperatures and pressures. This is due 
to the increased solubility of the solute, which increasingly violates 
the assumption in Henry’s coefficient models that interaction between 
solutes is negligible. In addition, the aqueous model is not developed 
to model the behaviour of the solvent at conditions close to criticality.

It must be noted that the H2O–CO2 system under high-pressure 
conditions depicted in Figs.  2 and 3 tends to form hydrates in low 
temperature regions. The framework can be easily extended to include 
a hydrate EoS, adding another Gibbs energy surface to Fig.  1, but that 
is beyond the scope of this work.

2.5. Results of 𝑃𝑇 -flash calculations

We apply the hybrid-EoS framework to gas mixtures of interest. 
The models considered in this study have been extensively validated 
with experimental data for binary systems of water or brines with 
a single solute at moderate temperatures and we have established a 
range of applicability in the previous section. Unfortunately, a limited 
number of experimental measurements have been reported to validate 
the solubility of different gas mixtures that fit the scope of modelling 
subsurface energy transition applications. Apart from H2O, the com-
ponents that exist in most notable quantities in such applications are 
generally CO2, CH4 and (traces of) light hydrocarbon fractions, H2S 

and salt/ions. With increasingly low solubility, the effect of heavier 
hydrocarbons on the aqueous phase and other solutes becomes negli-
gible and the relative importance of the interaction between H2O and 
such components decreases. Dhima et al. (1999) and Qin et al. (2008) 
reported a small set of solubility data of the H2O–CH4–CO2 ternary 
system. Huang et al. (1985) performed a thorough investigation of the 
equilibrium compositions and phase boundaries in two gas mixtures of 
CH4–CO2–H2S in contact with water. One of the mixtures was rich in 
CO2 and the other in H2S, resulting in the appearance of a three-phase 
region with a dense CO2 and H2S rich phase, respectively. The effect 
of brine salinity on the solubility of CO2–H2S mixtures was studied by 
Savary et al. (2012).

2.5.1. H2O–CH4–CO2 mixture
Qin et al. (2008) measured vapour–liquid equilibria of the H2O–

CH4–CO2 ternary system at temperatures of 324 K and 375 K and 
pressures from 100 to 500 bar. They reported data on the solubility 
of pure gases and mixtures of CH4 and CO2. Fig.  5 displays the results 
of the hybrid-EoS approach for gas solubility at 375 K and a range of 
pressures. Under these conditions, the non-aqueous phase does not split 
into multiple phases or undergo a phase transition, it merely varies 
between vapour-like and liquid-like. The ternary diagrams show only 
the water-rich end of compositions, from 97% to 100% H2O. The dots 
indicate the solubilities, and the tie-lines represent feed compositions 
for which the same equilibrium phases will be obtained.

2.5.2. H2O–CH4–CO2–H2S mixture
Huang et al. (1985) reported solubility data and phase boundaries 

of two CH4–CO2–H2S mixtures with water over a wide range of tem-
peratures and pressures. Here, two cases are considered with CO2 and 
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Fig. 4. Illustration of validity of proposed hybrid-EoS approach for binary mixture H2O–CO2. Solid line represents upper limit of temperature where pressure 
equation for cubic EoS exhibits mechanical spinodal. This is the maximum temperature where one can identify cubic root as 𝑉 /𝐿 by means of cubic polynomial. 
The hybrid-EoS approach becomes unstable near this upper bound. Points along the critical line with respect to composition are indicated by ⋆. Curves indicate 
CO2 solubilities in H2O for a range of pressures.
Source: Solubility and critical point data from Tödheide and Franck (1963).

Fig. 5. Ternary diagram for H2O–CH4–CO2 mixtures at 375.6 K, zoomed in to 97%–100% H2O. Black lines are phase boundaries, red lines are tie-lines that 
connect the solubility endpoints.
Source: Solubility data from Qin et al. (2008).

H2S rich mixtures. The 𝑃𝑇 -diagrams of the mixtures (Fig.  6) show the 
single-, two- and three-phase regions with 𝐴𝑞, 𝑉  and 𝐿 phases. At low 
temperatures, the system exhibits three-phase behaviour with a dense 
CO2-phase (a) or a dense H2S-rich phase (b). Note that the change from 
vapour-like to liquid-like phases beyond the three-phase envelope is not 
a physical phase change, but originates from phase labelling.

Fig.  7 shows the solubility curves of the two mixtures along the 
isotherms indicated in Fig.  6. The solubility of gases heavily depends 
on gas composition. The y-axes for each of the components are equal 
between mixtures 1 and 2, but the variation in gas composition creates 
a difference in solubility of up to an order of magnitude. This effect 
may play a significant role in the dynamics of subsurface applications. 
While the proposed hybrid EoS qualitatively predicts this behaviour, 

the overall deviation of the predicted solubilities against experimental 
results is relatively high with RMSE = 12.8%.

Furthermore, note that the slope of the solubility curves are dis-
continuous across phase boundaries. This occurs along the isotherms 
of 37.8 ◦C (311 K) and 65.6 ◦C (339 K) for mixture 2, where the 
three-phase region with the H2S-rich liquid is crossed. At the pressures 
associated with the three-phase boundary, the slope of the solubility 
curve is altered, even though the phase changes do not involve the 
aqueous phase.

2.5.3. Brine-CO2–H2S mixture
Savary et al. (2012) studied the solubility of CO2–H2S mixtures in 

pure water and 2 molal NaCl solution (moles of solute per kg of pure 
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Fig. 6. PT diagram for H2O–CH4–CO2–H2S mixtures. Dew point (𝑉 ∕𝐴𝑞, blue) and three-phase boundary data (𝐿∕𝐿H2S, pink, and 𝑉 ∕𝐿H2S, green) from Huang 
et al. (1985). Solubility curves along isotherms are shown in Fig.  7.

Fig. 7. Solubility of solutes in aqueous phase for H2O–CH4–CO2–H2S mixtures: (a,b,c) 0.50/0.15/0.30/0.05, (d,e,f) 0.50/0.05/0.05/0.40.
Source: Solubility data from Huang et al. (1985).

solvent, denoted 𝑀) at a temperature of 393.15 K. The results of the 
hybrid-EoS approach for gas solubility in 0M and 2M brines of gas 
mixtures with different compositions, indicated by the ratios, are shown 
in Fig.  8. Under these high-temperature conditions, no three-phase 
conditions occur. As expected, the order of solubility curves of CO2

and H2S between gas composition ratios is reversed. The experimental 
study reported difficulties with measurements of ternary mixtures at 
high pressures, leading to uncertainties, in part due to the toxicity 
of H2S. Nonetheless, the data clearly show a salting-out effect of the 
gases as a result of brine salinity, a phenomenon that can be captured 
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Fig. 8. Solubility of CO2 and H2S in aqueous phase for H2O–NaCl–CO2–H2S mixtures with different NaCl molalities [mol/kg] at T = 393.15 K. Ratios indicate 
mole fraction ratios of CO2 to H2S in the feed.
Source: Solubility data from Savary et al. (2012).

reasonably well with our modelling approach. Here, overall RMSE 
against experimental solubilities is 8.5%.

3. Hybrid-EoS approach for thermodynamic equilibrium at 𝑷𝑯
and 𝑷𝑺 specifications

In many cases, enthalpy or entropy is a better choice than tempera-
ture for use as a nonlinear unknown in reservoir simulation (Moncorgé 
et al., 2022). This requires thermodynamic equilibrium to be performed 
at isenthalpic or isentropic conditions. While a 𝑃𝑇 -flash can be per-
formed as an unconstrained minimization, the constraints of specified 
state variables cannot all be eliminated explicitly in the case of an 
isenthalpic or isentropic state specification (Michelsen, 1987, 1999). In 
a 𝑃𝐻-flash, the minimization formulation reads: 

min (−𝑆)(𝑃 𝑠𝑝𝑒𝑐 , 𝑇 , 𝐳), (9a)

s. t. 

𝐻(𝑃 𝑠𝑝𝑒𝑐 , 𝑇 , 𝐳) −𝐻𝑠𝑝𝑒𝑐 = 0. (9b)

For a 𝑃𝑆-flash: 

min 𝐻(𝑃 𝑠𝑝𝑒𝑐 , 𝑇 , 𝐳), (10a)

s. t. 

𝑆(𝑃 𝑠𝑝𝑒𝑐 , 𝑇 , 𝐳) − 𝑆𝑠𝑝𝑒𝑐 = 0. (10b)

Such constrained minimization procedures can be formulated based on 
a single ‘𝑄-function’ (Michelsen, 1987, 1999). For an isenthalpic flash, 

𝑄𝐻 (𝑃 , 𝑇 , 𝐳) = 𝐺(𝑃 , 𝑇 , 𝐳) −𝐻𝑠𝑝𝑒𝑐

𝑇
. (11a)

By fixing the pressure 𝑃  and composition 𝐳, 𝑄𝐻 = 𝑄𝐻 (𝑇 ) becomes a 
function that can be optimized for temperature. The gradient vector 
and its derivative then read 

𝑔𝐻 (𝑇 ) = 𝜕𝑄𝐻

𝜕𝑇
= − 1

𝑇 2
(𝐻 −𝐻𝑠𝑝𝑒𝑐 ), (11b)

𝑔𝐻
′
(𝑇 ) = 𝜕2𝑄𝐻

𝜕𝑇 2
= 2
𝑇 3

(𝐻 −𝐻𝑠𝑝𝑒𝑐 ) − 1
𝑇 2

(

𝜕𝐻
𝜕𝑇

)

𝑃 ,𝐳
. (11c)

Note that the gradient of 𝑄𝐻  with respect to temperature essentially 
reduces to the enthalpy specification equation. Similarly, for the isen-
tropic specification: 
𝑄𝑆 (𝑃 , 𝑇 , 𝐳) = 𝐺(𝑃 , 𝑇 , 𝐳) + 𝑇𝑆𝑠𝑝𝑒𝑐 , (12a)

with the gradient vector and its derivative 

𝑔𝑆 (𝑇 ) = 𝜕𝑄𝑆

𝜕𝑇
=
(

𝜕𝐺
𝜕𝑇

)

𝑃 ,𝐳
+ 𝑆𝑠𝑝𝑒𝑐 = −𝑆 + 𝑆𝑠𝑝𝑒𝑐 , (12b)

𝑔𝑆
′
(𝑇 ) = 𝜕2𝑄𝑆

𝜕𝑇 2
= −

(

𝜕𝑆
𝜕𝑇

)

𝑃 ,𝐳
. (12c)

The calculation of thermodynamic properties 𝐺, 𝐻 and 𝑆 will be 
described in Appendix  A. Evaluation of 𝑔′(𝑇 ) of the specific 𝑄-function 
with respect to temperature requires derivatives of the 𝑃𝑇 -flash proce-
dure (see Appendix  B).

It is possible to optimize the 𝑄-function using second-order meth-
ods. Alternatively, the maximum of 𝑄 can be obtained using a nested 
approach of standalone 𝑃𝑇 -flashes to calculate 𝑄, 𝑔(𝑇 ) and 𝑔′(𝑇 ) and 
to locate the zero gradient 𝑔(𝑇 ) using a root-finding method (Agarwal 
et al., 1991; Xu et al., 2025).

The hybrid EoS approach is an interesting candidate for nested 
𝑃𝐻- and 𝑃𝑆-flashes of mixtures with brine. Firstly, the thermody-
namic models considered in this work are evaluated at 𝑃 , 𝑇 , and 
composition at low computational cost during 𝑃𝑇 -flash calls, while 
maintaining their accuracy for phase equilibrium calculations. In ad-
dition, we demonstrate that the use of the models considered in our 
approach is consistent and accurate for evaluation of thermal proper-
ties, thus validating the extension of the hybrid-EoS approach to any 
𝑃 -based state specification.

3.1. Root-finding methods for solving the state specification equation

The outer loop of the nested algorithm consists of solving the 
temperature for which the state specification equation is satisfied. 
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Fig. 9. Water/brine enthalpy at various NaCl molalities 𝑚 [mol/kg] and enthalpies of dissolution and mixing for CO2–H2O systems. Data from Pitzer et al. (1984) 
(a), Koschel et al. (2006) (b) and Chen et al. (1992) (c).

By definition, the enthalpy or entropy increases monotonically with 
temperature. In case of a phase transition, 𝐻(𝑇 ) or 𝑆(𝑇 ) may exhibit 
a sharp nonlinearity that is difficult to capture in the 𝑃𝑇 -domain. 
However, consistent bracketing of the lower and upper temperature 
bounds for the solution, combined with a robust 𝑃𝑇  flash in the inner 
loop, guarantees the location zero of (11b) or (12b), even in the limiting 
case of a discontinuity at a singular transition temperature 𝑇 ∗ in the 
objective function (Moncorgé et al., 2022). These conditions occur 
when an 𝑛𝑐 -component mixture encounters an (𝑛𝑐 + 1)-phase state. 
Gibbs phase rule dictates that at such phase boundary, only one degree 
of freedom is left and temperature or pressure becomes a dependent 
variable. A 𝑃𝑇 -flash may find either of two states 𝑎 and 𝑏 with equal 
Gibbs free energies (Sun et al., 2017): 
𝐺𝑎(𝑃 , 𝑇 ∗, 𝐳) = 𝐺𝑏(𝑃 , 𝑇 ∗, 𝐳). (13)

Along an isobar (or isotherm), the total enthalpy or entropy of the 
system exhibits a discontinuity due to the transition from state 𝑎 to 
state 𝑏. The temperature (or pressure) of the system is invariant and 
can only change when the energy variable has sufficiently increased or 
decreased. The phase state that does satisfy the specified state 𝑋𝑠𝑝𝑒𝑐 is 
described by a linear combination of two 𝑃𝑇 -flashes at values 𝑋𝑎 and 
𝑋𝑏 with weights 𝛽 and (1 − 𝛽): 
𝑋𝑠𝑝𝑒𝑐 = 𝛽𝑋𝑎 + (1 − 𝛽)𝑋𝑏, (14a)

where 

𝛽 = 𝑋𝑠𝑝𝑒𝑐 −𝑋𝑏

𝑋𝑎 −𝑋𝑏 . (14b)

In this work, we follow the procedure for nested isenthalpic flashes 
by Xu et al. (2025), using a hybrid approach of derivative-free Brent 
(Brent, 1971), and Newton methods. A lower and upper bound for 
temperature, and possibly a good initial guess from a previous flash, are 
determined to initiate Brent’s method iterations. These will converge 
rapidly in most cases that do not involve a transition temperature or are 
close to a critical point. Note that with the hybrid-EoS approach, the 
bounds should remain within the temperature range of applicability, 

that is, below critical conditions (Section 2.4.3), and if no ice or hydrate 
phase is considered, above the freezing point of water.

Under difficult conditions, both the inner loop of 𝑃𝑇 -flashes, as well 
as the outer loop of temperature updates, may take many iterations 
to converge and therefore a gradient-based update of temperature can 
improve performance. To do this, Newton steps can be safely performed 
to improve convergence if the curvature of the objective function 
allows. The convergence criterion for a Newton step is given by 

𝑔(𝑇 ) ⋅ 𝑔′′(𝑇 ) > 0, (15)

where the second derivative of the objective function 𝑔′′(𝑇 ) is approx-
imated using numerical derivatives.

In addition, Xu et al. (2025) suggested an extrapolation method to 
estimate compositions for 𝑃𝑇 -flash initialization after a temperature 
update, using the partial derivatives of the previous 𝑃𝑇 -flash with 
respect to temperature: 

𝐧𝑒𝑠𝑡 ≈ 𝐧 + 𝜕𝐧
𝜕𝑇

𝑠𝑡𝑟𝑦. (16)

The value of 𝑠𝑡𝑟𝑦 should be determined iteratively. We have extended 
the development of fully analytical partial derivatives for isenthalpic 
and isentropic flashes, including those at transition temperatures, in 
Appendix  B.

3.2. Accuracy and consistency of the hybrid-EoS approach for 𝑃 -based 
flash calculations

To apply the hybrid-EoS framework to 𝑃𝐻 and 𝑃𝑆 state specifica-
tions, it is important to assess the accuracy and consistency of thermal 
properties evaluated from the thermodynamic models (see Appendix 
A). The enthalpy and entropy should be monotonically increasing with 
temperature, or equivalently, heat capacity must be positive at all 
conditions: 
( 𝜕𝐻𝑗

𝜕𝑇

)

𝑃 ,𝐧
= 𝐶𝑃 𝑗 > 0 (17)

Gas Science and Engineering 154 (2026) 205966 

9 



M. Wapperom et al.

Fig. 10. Comparison of pure H2O 𝑃𝐻- and 𝑃𝑆-diagrams from hybrid-EoS approach with IAPWS-95 EoS (Wagner and Pruß, 2002). As expected, the isotherms 
in the two-phase region start to deviate and eventually become inconsistent close to the critical point.

Fig.  9 compares aqueous phase enthalpies and enthalpies of mixing 
with experimental data. The enthalpy of pure H2O and H2O–NaCl 
brines at saturation pressures has been measured by Pitzer et al. (1984), 
shown in Fig.  9a. Molar heat capacities are positive, slightly lowered 
by the presence of ions and slightly deviate at higher temperatures. 
Enthalpies of CO2 dissolution into the aqueous phase were reported by 
Koschel et al. (2006), shown here for a temperature of 323.15 K in 
Fig.  9b. The 𝑦-axis has been inverted; a negative enthalpy of mixing 
for CO2 dissolution indicates the exothermic nature of the process. The 
enthalpy of mixing reaches a plateau at the solubility limit of CO2 into 
H2O at the specific pressure and temperature, and any additional CO2
does not dissolve into the aqueous phase. Total enthalpies of mixing 
across the entire composition range have been measured by Chen et al. 
(1992), Fig.  9c. The distinct linear shapes of these curves, compared 
to smooth enthalpies of mixing for gas mixtures, result from the two-
phase behaviour of this system. The corresponding overall RMSE for all 
3 types of enthalpies are 5.6%, 1.2% and 3.3% respectively.

3.3. Results of 𝑃𝐻- and 𝑃𝑆-flash calculations

We extend the application of the hybrid-EoS framework to 𝑃𝐻- 
and 𝑃𝑆-flashes. It is not straightforward to validate isenthalpic and 
isentropic phase equilibria with experimental data, and, as a result, not 
many experimental benchmarks are available. We compare the results 
of two-phase envelopes in 𝑃𝐻- and 𝑃𝑆-domains for pure H2O with 
those obtained from the IAPWS-95 reference EoS for water and steam 
(Wagner and Pruß, 2002). In addition, we reproduce the numerical 
benchmark of the H2O–nC5 (pentane) mixture (Agarwal et al., 1991; 
Di Zhu and Okuno, 2015) and investigate its behaviour throughout the 
compositional domain. Finally, we explore the nature of isenthalpic 
phase equilibria to a ternary mixture of H2O–CH4–CO2, which is pivotal 
for modern energy transition applications.

3.3.1. H2O phase envelopes
Fig.  10 shows the two-phase envelopes where liquid water and 

steam coexist in the 𝑃𝐻- and 𝑃𝑆-space, as modelled with the IAPWS-
95 reference EoS for pure water and steam (Wagner and Pruß, 2002). 

At enthalpies below and above the two-phase region, the system is 
in a single-phase liquid water and steam state, respectively. Using a 
consistent equation of state such as IAPWS-95, the saturation curves 
coincide at the critical point, which for H2O is around 220 bar and 
647 K. As stated before, the use of different thermodynamic models for 
aqueous and vapour phases introduces an inconsistency towards the 
critical point, and that is mostly evident at temperature above 650 K. 
However, the accuracy of the temperature contours within the range of 
interest for many energy transition subsurface applications well below 
the critical temperature is satisfactory.

3.3.2. H2O–nC5 mixture
Agarwal et al. (1991) and Di Zhu and Okuno (2015) investigated 

isenthalpic flashes of an equimolar mixture of water and pentane 
along an isobar of 10 bar. The results for this binary mixture using 
the proposed approach are shown in Fig.  11. From the temperature-
composition diagram (Fig.  11a), it is evident that the isobars cross 
different phase states for different compositions. The nC5-rich mixture 
starts from 𝐴𝑞 − 𝐿 conditions, then crosses a small 𝑉 − 𝐿 region and 
then enters the single-phase vapour state. The other compositions cross 
a region of 𝐴𝑞 − 𝑉 , rather than 𝑉 − 𝐿. In all cases depicted here, the 
three-phase boundary of 𝐴𝑞−𝑉 −𝐿 states is crossed. By definition, such 
a three-phase transition for a binary system occurs at a single transition 
temperature 𝑇 ∗.

The phase transitions also appear in the total enthalpies along the 
isobars (Fig.  11b). Within regions, enthalpies increase smoothly, but 
at any phase transition, the slopes are discontinuous. At the transition 
temperature of 387 K, total enthalpy jumps from 𝐴𝑞−𝐿 to 𝑉 −𝐿/𝐴𝑞−𝑉
states, as prescribed by (13).

Fig.  11c shows the phase equilibria for the H2O–nC5 mixture under 
the same conditions, but now in the enthalpy-composition domain. The 
isobars represent the same temperature ranges, but because reference 
enthalpies for each component are different, such a diagram is skewed 
and less straightforward to analyse. Still, the same phase regions can 
be observed while moving along the enthalpy axis. Contrary to the 
temperature-composition diagram, however, the three-phase boundary 
now appears as a region of constant temperature that must be crossed 
in order for the temperature to change again.

Gas Science and Engineering 154 (2026) 205966 

10 



M. Wapperom et al.

Fig. 11. Isothermal and isenthalpic flashes for H2O–nC5 mixture at 10 bar. A transition temperature occurs at 387 K, where three phases coexist for the binary 
system. The transition occurs along almost the entire range of compositions. The lines correspond to the isobars for five different compositions in each diagram.

3.3.3. H2O–CH4–CO2 mixture
A simple representation of CO2 sequestration in depleted gas fields 

involves a ternary mixture of H2O–CH4–CO2. In such CO2 injection 
operations, high-purity CO2 is injected into a depleted gas reservoir, 
often at relatively low pressure conditions with large saturations of CH4
gas. Due to expansion cooling and phase transitions in the wellbore 
and upon expanding into the low-pressure reservoir, the system may 
encounter the pressure–temperature ranges depicted in this example. 
These conditions are particularly important with regard to the appear-
ance of liquid CO2, which results in complex three-phase dynamics in 
the simulation.

Fig.  12a–c present ternary diagrams of this mixture at a pressure 
of 70 bar and three different temperatures (280–290–300 K), close to 
the critical point of pure CO2. Under these conditions, which are not 
unlikely in CO2 injection processes into depleted gas reservoirs, a three-
phase region of 𝐴𝑞 − 𝑉 − 𝐿CO2

 exists. It is under these circumstances 
that simulation models which employ a 𝑃𝑇 -formulation will struggle 
to converge.

This is, again, illustrated by the shape of the total enthalpies along 
isobars. Fig.  12d is a quasi-binary temperature-composition diagram 
with mole fractions of H2O–CH4 at a constant ratio — along the blue 
dotted lines in Fig.  12a–c. This can be thought of as being the original 
composition of the depleted gas reservoir, into which pure CO2 is 
injected. The temperature-composition diagram clearly shows the pres-
ence of the three-phase envelope that degenerates at the critical point 
for pure CO2. Notice that the blue dotted line crosses the three-phase 
region at very different feed compositions throughout the increase from 
280 to 300 K, which indicates how sensitive this system is to changes 
in thermodynamic state.

The phase transitions also appear in the total enthalpies along the 
isobars (Fig.  12e). The curves are shown for different compositions, 
corresponding to the lines in Fig.  12d. In this ternary mixture, we 
do not observe phase transitions where an (𝑛𝑐 + 1)-state would occur, 
and thus no transition temperatures exist as such. Yet, the curves 
show an increasingly nonlinear trend when approaching pure CO2

conditions, which will reduce to the 𝑉 −𝐿 transition at pure CO2. These 
nonlinearities are problematic for 𝑃𝑇 -based simulation models.

4. Conclusions

This paper presents a framework to combine different thermo-
dynamic models for various phase types in multiphase equilibrium 
calculations. The hybrid-EoS approach was applied to calculate equi-
libria of reservoir mixtures with brine by using a cubic EoS for the 
non-aqueous phase and a separate fugacity-activity model for the aque-
ous phase. The fugacity-activity model is based on Henry’s constants 
for solutes, an activity coefficient to account for brine salinity and 
a separate fugacity model for the water component. The computa-
tional efficiency of cubic EoSs can be maintained, while aqueous phase 
properties can be evaluated to good accuracy at low computational 
cost.

Using different thermodynamic models will yield multiple minima 
of the Gibbs free energy surfaces in water-rich compositions. It is 
important to distinguish the vapour and liquid roots of the cubic 
EoS in water-rich compositions and identify the correct minima in 
the Gibbs energy surfaces accordingly. Furthermore, the hybrid-EoS 
approach introduces an inconsistency towards the critical conditions 
of the brine phase. A range of applicability is established, yielding 
robust, accurate and efficient solution procedures away from critical 
conditions. In addition, the computational cost of evaluating stability 
tests for different phases can be reduced by assigning specific sets of 
initial guesses. Satisfactory predictions of mutual solubilities of gases 
and water have been obtained, and we have validated the approach by 
comparing our phase equilibrium calculations with experimental data 
of a set of relevant gas mixtures with water.

Furthermore, we have assessed the accuracy and consistency of 
thermal properties evaluated from the hybrid-EoS approach against a 
set of experimental data of aqueous phase enthalpies and enthalpies 
of mixing. This validates the extension of the framework to enthalpy- 
and entropy-based equilibrium calculations. Such 𝑃𝐻- and 𝑃𝑆-flashes 
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Fig. 12. Isothermal flashes for H2O–CH4–CO2 mixture at 70 bar. The temperature-composition diagram and isobars are evaluated across the pseudo-binary 
mixture along the dotted line in a/b/c of constant H2O–CH4 ratio of 0.9/0.1. No transition temperature can be observed under these conditions, even though the 
slope of the isobars increases significantly with higher CO2-content.

are often solved using a nested approach of isothermal flashes with 
a temperature update in the outer loop. In addition to a robust and 
efficient inner loop of 𝑃𝑇 -flashes, gradient based methods have been 
implemented to improve the performance of the outer loop and provide 
an improved initial guess for the 𝑃𝑇 -flash iteration. We described a 
fully analytical framework for obtaining the partial derivatives of all 
quantities at equilibrium for any pressure-based state specification. 
We applied the hybrid-EoS framework to isenthalpic and isentropic 
flashes involving water and illustrated its applicability using numerical 
benchmarks for water with light hydrocarbon and gas components. It 
can be concluded that, away from critical conditions of the aqueous 
phase but well within the conditions of interest for energy transition 
applications, the hybrid-EoS approach presents a robust, accurate and 
efficient modelling framework at any pressure-based state specification.
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Appendix A. Calculation of thermodynamic properties

Phase enthalpies, entropies and Gibbs free energies are calculated 
as the sum of an ideal and a residual part.

A.1. Ideal gas properties

To calculate the ideal gas contributions, only an expression of 
ideal gas heat capacities at constant volume or pressure is required, 
commonly expressed in simple power-series form (Passut and Danner, 
1972): 
𝐶∗
𝑃 ,𝑖(𝑇 ) = 𝐴 + 𝐵𝑇 + 𝐶𝑇 2 +𝐷𝑇 3 + 𝐸𝑇 4 (A.1)

The coefficients for (A.1) are given in Table  A.2. Then, other properties 
can be obtained by applying thermodynamic relations. The ideal molar 
enthalpy: 

𝛥𝐻∗
𝑖 = ∫

𝑇

𝑇0
𝐶∗
𝑃 ,𝑖𝑑𝑇 (A.2)

The ideal molar entropy: 

𝛥𝑆∗
𝑖 = ∫

𝑇

𝑇0

𝐶∗
𝑃 ,𝑖

𝑇
𝑑𝑇 − ∫

𝑃

𝑃0

𝑛𝑅
𝑃
𝑑𝑃 = ∫

𝑇

𝑇0

𝐶∗
𝑃 ,𝑖

𝑇
𝑑𝑇 − 𝑛𝑅 ln 𝑃

𝑃0
(A.3)

The ideal molar Gibbs free energy follows from the relation: 
𝛥𝐺∗

𝑖 = 𝛥𝐻∗
𝑖 − 𝑇𝛥𝑆∗

𝑖 (A.4)

The total ideal gas enthalpy is calculated by a summation over the mole 
numbers: 
𝛥𝐻∗ =

∑

𝑖
𝑛𝑖𝛥𝐻

∗
𝑖 (A.5)

Total ideal gas entropy contains an additional term that results from 
(ideal) mixing: 
𝛥𝑆∗ =

∑

𝑖
𝑛𝑖𝛥𝑆

∗
𝑖 − 𝑅

∑

𝑖
𝑛𝑖 ln 𝑥𝑖 (A.6)
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Table A.2
Pure component ideal gas heat capacity coefficients for (A.1).
 𝑖 𝐴∕𝑅 𝐵∕𝑅 ⋅ 102 𝐶∕𝑅 ⋅ 105 𝐷∕𝑅 ⋅ 109 
 H2O 3.8747 0.0231 0.1269 −0.4321  
 CO2 2.6751 0.7188 −0.4208 0.8977  
 CH4 2.3902 0.6039 0.1525 −1.3234  
 H2S 3.5577 0.1574 0.0686 −0.3959  
 nC5 0.8142 5.4598 −2.6997 5.0824  

A.2. Residual properties

For an EoS with an expression for 𝑃 (𝑉 , 𝑇 , 𝐧), residual enthalpy can 
be calculated by Mollerup and Michelsen (1992): 

𝐻𝑟(𝑃 , 𝑇 , 𝐧) = 𝐴𝑟(𝑉 , 𝑇 , 𝐧) + 𝑃𝑉 − 𝑛𝑅𝑇 + 𝑇
(

𝜕𝐴𝑟

𝜕𝑇

)

𝑉 ,𝐧
(A.7)

Residual entropy: 

𝑆𝑟(𝑃 , 𝑇 , 𝐧) =
(

𝜕𝐴𝑟

𝜕𝑇

)

𝑉 ,𝐧
+ 𝑛𝑅 ln𝑍 (A.8)

Equivalently, residual enthalpies can be obtained from partial
derivatives of the fugacity or fugacity coefficient
(Michelsen and Mollerup, 2007): 

−
𝐻𝑟(𝑃 , 𝑇 , 𝐧)

𝑇
= 𝑛𝑅𝑇

(

𝜕 ln 𝑓𝑖
𝜕𝑇

)

𝑃 ,𝐧
= 𝑛𝑅𝑇

(

𝜕 ln𝜑𝑖
𝜕𝑇

)

𝑃 ,𝐧
(A.9)

This holds for the fugacity-activity model as well. Consequently, aque-
ous phase enthalpies can be calculated using the partial derivatives of 
solvent (6) and solutes (8) with respect to temperature.

Aqueous phase residual entropies can be obtained from the defini-
tion using enthalpy and Gibbs free energy: 

𝑆𝑟(𝑃 , 𝑇 , 𝐧) = (𝐻𝑟(𝑃 , 𝑇 , 𝐧) − 𝐺𝑟(𝑃 , 𝑇 , 𝐧))∕𝑇 (A.10)

where 𝐻𝑟(𝑃 , 𝑇 , 𝐧) is obtained from (A.9) and Gibbs free energy is 
calculated from: 
𝐺𝑟(𝑃 , 𝑇 , 𝐧) = 𝑅𝑇

∑

𝑖
𝑛𝑖𝑗 ln𝜑𝑖𝑗 (A.11)

A.3. Partial derivatives of thermodynamic properties

For evaluating partial derivatives of primary and secondary prop-
erties at equilibrium, one needs to calculate the partial derivatives of 
the thermodynamic quantities with respect to their primary variables 
𝑋 = {𝑃 , 𝑇 , 𝐧}.

Partial derivatives of thermodynamic properties can be related to 
other thermodynamic quantities by means of partial derivatives of the 
𝑃𝑉 𝑇 -relation (Michelsen and Mollerup, 2007): 
(

𝜕𝐻
𝜕𝑃

)

𝑇 ,𝐧
= 𝑉 − 𝑇

(

𝜕𝑉
𝜕𝑇

)

𝑃 ,𝐧
(A.12a)

(

𝜕𝐻
𝜕𝑇

)

𝑃 ,𝐧
= 𝐶∗

𝑃 + 𝐶𝑟𝑃 (A.12b)
(

𝜕𝑆
𝜕𝑃

)

𝑇 ,𝐧
= −

(

𝜕𝑉
𝜕𝑇

)

𝑇 ,𝐧
(A.12c)

(

𝜕𝑆
𝜕𝑇

)

𝑃 ,𝐧
= (𝐶∗

𝑃 + 𝐶𝑟𝑃 )∕𝑇 (A.12d)

where

𝐶𝑟𝑃 = 𝐶𝑟𝑉 (𝑉 , 𝑇 , 𝐧) + 𝑇
(

𝜕𝑃
𝜕𝑇

)

𝑉 ,𝐧

(

𝜕𝑉
𝜕𝑇

)

𝑃 ,𝐧
− 𝑛𝑅 (A.12e)

𝐶𝑟𝑉 = −𝑇
(

𝜕2𝐴𝑟

𝜕𝑇 2

)

𝑉 ,𝐧
(A.12f)

The partial derivatives of residual entropy, enthalpy and Gibbs free 
energy with respect to 𝑃  and 𝑇  are thus redundant and only the partial 

derivatives of the residual properties with respect to mole numbers are 
required. For instance: 
(

𝜕𝑆𝑟

𝜕𝑛𝑘

)

𝑃 ,𝑇 ,𝑛𝑗≠𝑛𝑘
=
(

𝜕2𝐴𝑟

𝜕𝑇 𝜕𝑛𝑘

)

𝑉 ,𝑛𝑗≠𝑛𝑘
+ 𝑅

[

ln𝑍 + 𝑛
𝑍

(

𝜕𝑍
𝜕𝑛𝑘

)

𝑃 ,𝑇 ,𝑛𝑗≠𝑛𝑘

]

(A.13)

Such partial derivatives require careful implementation, as the expres-
sions contain secondary properties (𝑃 , 𝑉 , 𝑍) that are a function of mole 
numbers. Partial derivatives of ideal gas properties with respect to 𝑛𝑘
are trivial.

For fugacity models that are not explicitly formulated in terms of 
a pressure function, one cannot directly obtain partial derivatives of 
the 𝑃𝑉 𝑇 -relation and Helmholtz free energy expression. For such mod-
els, partial derivatives of the thermodynamic properties are obtained 
from the partial derivatives of ideal and residual parts. A look at the 
expressions for 𝐺𝑟, 𝐻𝑟 and 𝑆𝑟 indicates that this is trivial, provided the 
expressions for first- and second-order derivatives of ln 𝜑̂𝑖 with respect 
to the primary variables 𝑃 , 𝑇  and 𝑛𝑘.

Note that for thermodynamic models that have mole fractions as a 
primary variable, rather than mole numbers, a chain rule is required to 
obtain the partial derivatives with respect to mole numbers: 
𝜕 ln𝜑𝑖
𝜕𝑛𝑘

=
∑

𝑚

𝜕 ln𝜑𝑖
𝜕𝑥𝑚

𝜕𝑥𝑚
𝜕𝑛𝑘

(A.14)

Since 𝑥𝑖 = 𝑛𝑖∕𝑛𝑇  and 𝑛𝑇 = 𝜃𝑗 , we can write 
𝜕𝑥𝑖
𝜕𝑛𝑘

= 1
𝜃𝑗

(𝛿𝑖𝑘 − 𝑥𝑖) (A.15)

and the derivative of the fugacity coefficient with respect to mole 
numbers becomes 
𝜕 ln𝜑𝑖
𝜕𝑛𝑘

= 1
𝜃𝑗

(

𝜕 ln𝜑𝑖
𝜕𝑥𝑘

−
∑

𝑚
𝑥𝑚
𝜕 ln𝜑𝑖
𝜕𝑥𝑚

)

(A.16)

Appendix B. Partial derivatives of phase equilibrium

To use gradient-based methods of the nested 𝑃 -based phase equi-
librium algorithm, evaluation of the partial derivatives of the 𝑃𝑇 -flash 
is required. Furthermore, in case the phase equilibrium calculations 
are integrated into a compositional flow and transport or process 
simulator, the partial derivatives of the flash procedure with respect 
to the primary variables in the simulation may be required. The partial 
derivatives can be obtained by implicit differentiation of the thermo-
dynamic and material balance relations (2), (3) and (4), that comprise 
the multiphase isothermal–isobaric equilibrium procedure. The partial 
derivatives for isenthalpic and isentropic flashes can be calculated by 
applying the chain rule.

B.1. Derivatives of 𝑃𝑇 -flash

The thermodynamic and material balance relations read: 

ln 𝑓𝑖𝑗 (𝑇 , 𝑃 ,𝒏𝑗 ) − ln 𝑓𝑖0(𝑇 , 𝑃 ,𝒏0) = 0, 𝑖 = 1,… , 𝑛𝑐 , 𝑗 = 1,… , 𝑛𝑝 − 1 (2)

𝑛𝑝−1
∑

𝑗=0
𝜃𝑗𝑥𝑖𝑗 = 𝑧𝑖, 𝑖 = 1,… , 𝑛𝑐 (3)

𝑛𝑐
∑

𝑖=1
(𝑥𝑖𝑗 − 𝑥𝑖0) = 0, 𝑗 = 1,… , 𝑛𝑝 − 1 (4)

Together, these make up for 𝑛𝑝(𝑛𝑐 + 1) equations for the 𝑛𝑝 phase 
fractions and 𝑛𝑝𝑛𝑐 phase compositions. The primary variables of this 
set of equations are 𝑃 , 𝑇  and 𝑧𝑖.

Implicit differentiation of the fugacity relations with respect to state 
variable 𝜔 = {𝑃 , 𝑇 , 𝑧𝑘} yields:
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𝜕 ln𝜑𝑖0
𝜕𝜔𝑘

+ 1
𝑥𝑖0

𝜕𝑥𝑖0
𝜕𝜔𝑘

−
𝜕 ln𝜑𝑖𝑗
𝜕𝜔𝑘

+ 1
𝑥𝑖𝑗

𝜕𝑥𝑖𝑗
𝜕𝜔𝑘

= 0, 𝑖 = 1,… , 𝑛𝑐 , 𝑗 = 1,… , 𝑛𝑝−1

(B.1)

The derivative of the fugacity coefficient is calculated by using the 
chain rule: 
𝜕 ln𝜑𝑖𝑗
𝜕𝜔𝑝

=
( 𝜕 ln𝜑𝑖𝑗

𝜕𝜔𝑝

)

𝜔𝑘≠𝜔𝑝
+

𝑛𝑐
∑

𝑘=1

( 𝜕 ln𝜑𝑖𝑗
𝜕𝑛𝑘𝑗

)

𝑃 ,𝑇

𝜕𝑛𝑘𝑗
𝜕𝜔𝑝

(B.2)

where 𝜕𝑛𝑖𝑗𝜕𝜔𝑘
= 𝜕𝜃𝑗

𝜕𝜔𝑘
𝑥𝑖𝑗 +

𝜕𝑥𝑖𝑗
𝜕𝜔𝑘

𝜃𝑗 . The first term on the right hand side 
in (B.2) defaults to zero for partial derivatives with respect to overall 
composition 𝑧𝑘.

Implicit differentiation of the overall mass balance gives: 
𝑛𝑝
∑

𝑗=0

𝜕𝜃𝑗
𝜕𝜔𝑘

𝑥𝑖𝑗 +
𝜕𝑥𝑖𝑗
𝜕𝜔𝑘

𝜃𝑗 =
𝜕𝑧𝑖
𝜕𝜔𝑘

, 𝑖 = 1,… , 𝑛𝑐 (B.3)

where the right hand side equals zero for pressure and temperature 
derivatives, and
𝜕𝑧𝑖
𝜕𝑧𝑘

=

{

1 − 𝑧𝑖, if 𝑖 = 𝑘
−𝑧𝑖, otherwise

Finally, the contribution of the mole fraction relations (4) to the 
system of equations is: 
𝑛𝑐
∑

𝑖=1

( 𝜕𝑥𝑖0
𝜕𝜔𝑘

−
𝜕𝑥𝑖𝑗
𝜕𝜔𝑘

)

= 0, 𝑗 = 1,… , 𝑛𝑝 − 1 (B.4)

Following Nichita and Leibovici (2006), the expressions (B.2)–(B.3) 
can be reorganized such that the left-hand side of the system of equa-
tions is expressed as a set of linear combinations of all terms 𝛥𝐧 =
{𝛥𝐧𝑇𝟎 ,… , 𝛥𝐧𝐧𝐩−𝟏

𝑇 } making up system 𝐉 ⋅ 𝛥𝐧 = 𝐟 : 

𝐉 =

⎛

⎜

⎜

⎜

⎜

⎝

𝐽𝐴,00 ⋯ 𝐽𝐴,0𝑛
⋮ ⋱ ⋮

𝐽𝐴,𝑚0 ⋯ 𝐽𝐴,𝑚𝑛
𝐽𝐵𝑖0 ⋯ 𝐽𝐵𝑖𝑛

⎞

⎟

⎟

⎟

⎟

⎠

(B.5a)

where 𝐴 denotes the fugacity relation and 𝐵 is the overall mole fraction 
relation. 

𝐽𝐴𝑖𝑗𝑘 =
𝜕 ln 𝑓𝑖𝑗
𝜕𝑛𝑘𝑝

−
𝜕 ln 𝑓𝑖0
𝜕𝑛𝑘𝑝

(B.5b)

𝐽𝐵𝑖𝑗 =
𝜕𝑛𝑖𝑗
𝜕𝑛𝑘𝑝

(B.5c)

The right-hand side: 

𝐟 =
(

𝑓𝐴
𝑓𝐵

)

(B.6a)

𝑓𝐴𝑖𝑗 =
𝜕 ln 𝑓𝑖𝑗
𝜕𝜔𝑘

−
𝜕 ln 𝑓𝑖0
𝜕𝜔𝑘

(B.6b)

𝑓𝐵𝑖 =
𝜕𝑧𝑖
𝜕𝜔𝑘

(B.6c)

For pressure and temperature derivatives, this comprises vector 𝑓
where 𝑓𝐵𝑖 = 0 and for composition, it is matrix 𝐅 with 𝐹𝑗𝑘 = 𝜕𝐹𝑗

𝜕𝑧𝑘
. This 

matrix contains mostly zeros as 𝐹𝐴𝑖𝑗 = 0.
Using this approach to obtain the derivatives for a 𝑃𝑇 -flash, we can 

solve partial derivatives of the flash using same matrix 𝐀 irrespective 
of which set of partial derivatives with respect to 𝑃 , 𝑇  or 𝑧𝑘 is chosen.

B.1.1. Derivatives of secondary properties for 𝑃𝑇 -flash
The derivative ( 𝜕𝑀𝜕𝜔𝑘

)

𝜔𝑗≠𝜔𝑘
 of any secondary property 𝑀 at equilib-

rium with respect to any of the primary 𝑃𝑇 -flash variables 𝜔 = {𝑃 , 𝑇 , 𝐳}
can be formulated by means of a chain rule of the primary variables of 
the property 𝜓 = {𝑃 , 𝑇 , 𝐧}: 
(

𝜕𝑀
𝜕𝜔𝑝

)

𝜔𝑗≠𝜔𝑝
=
(

𝜕𝑀
𝜕𝜔𝑝

)

𝜓𝑗≠𝜔𝑝
+
∑

𝑘

(

𝜕𝑀
𝜕𝑛𝑘

)

𝑃 ,𝑇 ,𝑛𝑗≠𝑛𝑘

(

𝜕𝑛𝑘
𝜕𝜔𝑝

)

𝜔𝑗≠𝜔𝑝
(B.7)

The first term vanishes for any derivatives with respect to 𝑧𝑘 as it is not 
a primary variable for the property calculation. The summation term 
reflects the dependency of the property to composition changes and 
therefore involves derivatives of the flash.

Evaluation of 𝑔′(𝑇 ) of the specific 𝑄-function with respect to tem-
perature requires the derivatives of the 𝑃𝑇 -flash procedure: 
(

𝜕𝐻
𝜕𝑇

)

𝑃 ,𝐳
=
(

𝜕
𝜕𝑇

∑

𝑗
𝐻𝑗

)

𝑃 ,𝐳
=
∑

𝑗

(

( 𝜕𝐻𝑗

𝜕𝑇

)

𝑃 ,𝐧𝑗
+
∑

𝑖

( 𝜕𝐻𝑗

𝜕𝑛𝑖𝑗

)

𝑃 ,𝑇 ,𝑛𝑘

𝜕𝑛𝑖𝑗
𝜕𝑇

)

(B.8a)

(

𝜕𝑆
𝜕𝑇

)

𝑃 ,𝐳
=
(

𝜕
𝜕𝑇

∑

𝑗
𝑆𝑗

)

𝑃 ,𝐳
=
∑

𝑗

(

( 𝜕𝑆𝑗
𝜕𝑇

)

𝑃 ,𝐧𝑗
+
∑

𝑖

( 𝜕𝑆𝑗
𝜕𝑛𝑖𝑗

)

𝑃 ,𝑇 ,𝑛𝑘

𝜕𝑛𝑖𝑗
𝜕𝑇

)

(B.8b)

The partial derivatives of phase enthalpies and entropies have been 
described in Appendix  A.

B.2. Derivatives of 𝑃𝐻- and 𝑃𝑆-flash

B.2.1. Away from transition temperatures
The partial derivatives of the primary quantities of isenthalpic 

and isentropic phase equilibrium calculations with respect to primary 
variables 𝜓 , as well as any secondary properties, can be calculated by 
applying the chain rule to the 𝑃𝑇 -results 𝜔: 
(

𝜕𝑀
𝜕𝜓𝑘

)

𝜓𝑗≠𝜓𝑘
=
(

𝜕𝑀
𝜕𝜔𝑘

)

𝜔𝑗≠𝜔𝑘
+
(

𝜕𝑀
𝜕𝑇

)

𝑃 ,𝑇 ,𝐳

(

𝜕𝑇
𝜕𝜓𝑘

)

𝜓𝑗≠𝜓𝑘
(B.9)

For this, one needs to calculate the derivative of temperature 𝑇  with 
respect to the primary variable of the 𝑃𝐻- or 𝑃𝑆-flash 𝜓 : ( 𝜕𝑇

𝜕𝜓𝑘

)

𝜓𝑗≠𝜓𝑘
. 

For any function 𝐹 (𝑥, 𝑦, 𝑧) = 0, the following relationship between the 
partial derivatives holds: 
(

𝜕𝑧
𝜕𝑥

)

𝑦

(

𝜕𝑥
𝜕𝑦

)

𝑧

(

𝜕𝑦
𝜕𝑧

)

𝑥
= −1 (B.10)

Consequently, one can formulate the function 𝐹 (𝑃 , 𝑇 ,𝑋, 𝐳) = 0 with 
𝑋 = {𝐻,𝑆} and use the relationship in (B.10) to obtain the partial 
derivatives required for the chain rule (B.9). For instance: 
(

𝜕𝑇
𝜕𝑃

)

𝐻,𝐳
= −

(

𝜕𝐻
𝜕𝑃

)

𝑇 ,𝐳
∕
(

𝜕𝐻
𝜕𝑇

)

𝑃 ,𝐳
(B.11)

B.2.2. At transition temperatures
At a transition temperature, the phase split is described by (14a). As 

described by Sun et al. (2017), one needs to find the partial derivatives 
of the weighted flash results 𝑀 (14a) with respect to the primary flash 
variables 𝜓 to obtain the derivatives of the isenthalpic or isentropic 
flash at transition temperatures:
(

𝜕𝑀
𝜕𝜓𝑘

)

𝜓𝑗≠𝜓𝑘
= 𝛽

(

𝜕𝑀𝑎

𝜕𝜓𝑘

)

𝜓𝑗≠𝜓𝑘
+ (1 − 𝛽)

(

𝜕𝑀𝑏

𝜕𝜓𝑘

)

𝜓𝑗≠𝜓𝑘

+ (𝑀𝑎 −𝑀𝑏)
(

𝜕𝛽
𝜕𝜓𝑘

)

𝜓𝑗≠𝜓𝑘
(B.12)

In the partial derivatives of flashes at 𝑎 and 𝑏, the derivative of temper-
ature with respect to the primary variables in (B.9) is replaced by the 
partial derivative of the transition temperature. This partial derivative 
is obtained by evaluating the sensitivity of the equilibrium conditions 
(13): 
(

𝜕𝑇
𝜕𝜔𝑘

)

𝜔𝑗≠𝜔𝑘
= −

[

𝜕𝐺𝑎 − 𝐺𝑏
𝜕𝜔𝑘

]

𝜔𝑗≠𝜔𝑘
∕
[

𝜕𝐺𝑎 − 𝐺𝑏
𝜕𝑇

]

𝑃 ,𝐳
(B.13)

In addition, the partial derivatives of the weight 𝛽 with respect to the 
primary variables 𝜓 are required: 
(

𝜕𝛽
𝜕𝜓𝑘

)

𝜓𝑗≠𝜓𝑘
= − 1

𝑋𝑎 −𝑋𝑏

[

𝛽
(

𝜕𝑋𝑎

𝜕𝜓𝑘

)

𝜓𝑗≠𝜓𝑘
+(1−𝛽)

(

𝜕𝑋𝑏

𝜕𝜓𝑘

)

𝜓𝑗≠𝜓𝑘

]

(B.14)
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where the partial derivatives of 𝑋𝑎 and 𝑋𝑏 are also obtained by 
applying the chain rule: 
(

𝜕𝑋𝑎

𝜕𝜓𝑘

)

𝜓𝑗≠𝜓𝑘
=
(

𝜕𝑋𝑎

𝜕𝜓𝑘

)

𝜔𝑗≠𝜓𝑘
+
(

𝜕𝑋𝑎

𝜕𝑇

)

𝑃 ,𝐳

(

𝜕𝑇
𝜕𝜓𝑘

)

𝜓𝑗≠𝜓𝑘
(B.15)

Data availability

Data will be made available on request.
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