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Section S1: Design
The design of the eight bar mechanism based frequency doubler using singularity is shown in Fig. S 1. The
mechanism consists of three parts, the input shuttle (in blue), allowing for linear horizontal motion, the butterfly
mechanism (in green), which moves around a singularity, and the output shuttle (in purple), allowing for linear
vertical motion. The mechanism exploits the movement around a singularity point in order to double the
frequency. Due to the setup of the flexures, the mechanism starts in the stable singularity configuration, where
the inverse kinematics of the mechanism are undefined. This can be noticed when trying to apply a displacement
of the output shuttle in the positive uout direction, upon which it is non-deterministic which direction the input
will move. In practice, due to manufacturing imperfections or hysteresis after loading, where hysteresis makes
the mechanism move in the latest loaded direction, the mechanisms will always choose a side. The deformation
of the mechanism is shown in Fig. S2. It can be seen that regardless of the direction of the input displacement
the output explicitly moves upwards. Meaning that for a full cycle of the input (starting at the deformed
configuration for negative input (left): right-left), the output will have completed two cycles (starting in the
deformed configuration (up): down-up-down-up).
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Fig. S1: Frequency doubler design. Schematic of the eight bar mechanism based frequency doubler building
block with important parameters defined

The design can be fully described using the parameters shown in Fig. S 1, including the thickness of all
the flexures (t) and the out-of-plane (OOP) distance between the three parts (d) and the OOP breadth of the
input and output plane (bs) and the butterfly plane (b). The design variables that will be altered to tune the
behavior of the mechanism are, the angle the butterfly flexures make with the horizontal axis (α), the length of
the butterfly flexures (L), the horizontal distance between the butterfly flexures (L1), and the vertical distance
between the butterfly flexures (L2). In some cases, the normalized form of these variables is taken for which
they are normalized for the maximum input displacement (e.g. l1 = L1/uin). The other parameters like the
material properties of the mechanism, the length of the flexures of the input and output shuttle (Ls), and the
width between the flexures of the output shuttle (w) are all kept constant. The design space of the variables
and the constant parameters are listed in Table 1.
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Fig. S 2: Frequency doubler deformation. Deformation of the eight bar mechanism based frequency
doubler for either a positive input displacement (left) or a negative input displacement (right)

Table 1: Design parameters. Important design parameters for the eight bar mechanism based frequency
doubler.

Parameters α L L1 L2 E I w
Values 10-50◦ 10-100mm 15-70mm 20-70mm 1700MPa 4.86× 10−13 m4 60mm

Ls Is uin t d b bs
40mm 7.29× 10−13 m4 ± 1mm 0.9mm 2mm 8mm 12mm

The design space for the variables was determined systematically by having the following requirements in
mind: manufacturability, compliance, functionality, and the overall footprint. The minimal length for L1 and
L2 were for instance established with manufacturability in mind, coming from the fact that a minimal gap is
needed in order to prohibit contact during operation. Additionally, L1 and L2 should also not be too small,
to not jeopardize the rotational stiffness of the butterfly flexures, and keep functionality. The value for α was
limited on both ends by the functionality of the design, as close to horizontal flexures would allow for unwanted
vertical movement and vertical flexures for vertical movement. Additionally, another geometry to be aware of
that would jeopardize functionality is the case where tan−1(L2/L1) ≈ α. For this kinematic indeterminacy, all
butterfly flexures share a mutual pivot point causing an unwanted rotational degree of freedom. In order to
keep the mechanism compliant, a limit was put on the minimal length of the butterfly flexures (L). Lastly, all
upper limits for the length variables were set with the overall size of the design in mind.

A Design choices
As shown in Fig. S1, the center points of each of the three parts are collinear about an orthogonal OOP line
with respect to the main plane. This is done to make sure the resulting moment from in-output is minimized.
Similarly, the OOP distance between the planes was minimized to limit the resulting moment caused by the
input force around the vertical axis. However, due to the impossibility of removing this resulting moment, the
minimal distance was limited by the parasitic OOP movement of the butterfly.

Furthermore, the orientation of the structure around the input and output flexures was experimented with
shortly. A diagonal connection was compared to a structure representing a T-shape, the one that was ultimately
chosen (see Fig. S 1. However, during operation, a small parasitic rotation around the central point occurs,
which the diagonal setup could only sufficiently resist in the direction where this would cause the flexures to

3



tension. In the other direction, also compromised by any manufacturing imperfections in the flexures, it would
cause buckling and thus loss of function. The T-shaped design always tensions and compresses one of the
flexures finding a middle solution where both directions are resisted equally.

Lastly, the input and output shuttles were designed in such a way as to ensure the input force and resulting
output force are applied in the center of the flexures. In order to make sure the shuttles would function as pure
linear guidances.

Section S2: Criteria
In order to select the most promising design for concatenation it is important to explore what exactly is desired to
achieve this. This section discusses the considered criteria and the methodology for establishing and quantifying
them. First, two of the main criteria for concatenation (G.A. and sinusoidality) as discussed in the paper will
be elaborated upon. After this, a new third important criterion regarding concatenation will be introduced
and discussed (parity). After this, the most important criteria for transmission systems will be mentioned and
explored (load capacity). And lastly, two new criteria important for all mechanisms will be mentioned and
explored (stress and size).

A Geometrical Advantage
The geometrical advantage (G.A.) is the relation between the input and output displacement at the maximum
of the inputs (either way). The required G.A. is set up such that the output displacement is twice that of the
input (G.A. = 2). As each design is slightly asymmetric, the G.A. for a positive input displacement is not
always the same as for a negative input displacement. Because of this, the criteria for the G.A. is set up to
always take the side where the maximum deviation from the requirement occurs. In Fig. S3 the behavior for the
ideal G.A. together with slight deviations is shown. As can be observed, even a slight deviation quickly grows
to a much larger or smaller output displacement, due to the quadratic increase or decrease in amplitude upon
concatenation. This can be problematic because it leads to input and output displacements that the design is
not made for and might not be able to handle. While a G.A. smaller than 2 would only cause the output signal
to not be perfectly sinusoidal anymore, a G.A. larger than 2 would lead to increased strain and if not considered
while designing, could cause the mechanism to break. Additionally, due to the difference in parity of the input
and output (see Section S2: C) each new concatenation would have to be preloaded differently to account for
the quadratically changing operation range.
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Fig. S 3: Behavior of a frequency multiplier for a deviation in the geometrical advantage. Dis-
placement relation for different deviations from the required G.A. (left). The output displacement after two
concatenations, for designs with a deviation in the G.A., given a full cycle of an ideal sinusoidal input displace-
ment (middle). The output displacement after four concatenations, for designs with a deviation in the G.A.,
given a full cycle of an ideal sinusoidal input displacement (right).

B Sinusoidality
The criterion for sinusoidality quantitatively identifies the deviation from an ideal situation where a sinusoidal
input would be transmitted into a sinusoidal output with twice the frequency. Even though in the literature
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only linearity is mentioned as a criterion, there are multiple reasons why here it was not opted for. Firstly, a
perfectly linear response from input to output is impossible due to the infinite acceleration required where the
input displacement switches directions. To solve this an approximation to the ideal linear transmission can be
found, however, due to the exponential growth of the non-linearity for an increasing number of concatenations
this non-linearity added would quickly worsen and jeopardize the output signal of the mechanism. Secondly,
a linear input signal (triangular wave) would consist of a lot of high-order frequencies in order to approximate
the infinite acceleration, which could lead to unwanted resonance either in the frequency multipliers or in the
application it is used in, and completely compromise the functionality. Lastly, similar to the first criterion, even
if a perfect linear mechanism is acquired, a perfect linear input will also always just be an approximation.

The criterion for sinusoidality is quantified by calculating the normalized sum of square error (NSSE),
between the found and the desired displacement relation. The sinusoidal normalized sum of square error:

SNSSE =
1

N

N∑
i=1

(uout(i)− f(uin(i)))
2

max(uout)2
(1)

with
f = G.A. ∗ 2000 ∗ (coshuin − 1) (2)

where N is the number of substeps, and f() is the ideal sinusoidal transmission function which is based on a
hyperbolic cosine. This function is scaled with the G.A. to keep the geometrical advantage and sinusoidality as
independent criteria. The sum of square error is normalized in two ways. Firstly, to make the error independent
of the number of substeps the sum is divided by the total number of substeps. In this way, the output gives
an indication of the average error per substep. And secondly, to eradicate the dependency on the G.A., and as
such the size of the output, each error is divided by the maximum output displacement squared.

Fig. S4 shows what happens when a non-sinusoidality occurs within the signal. This is done by multiplying
the perfect sinusoidal function with a linear equation, set up in the following way:

fimp(b) =

{
(1000uin + 1) b+ 1 if uin ≤ 0
(−1000uin + 1) b+ 1 if uin > 0

(3)

where the absolute value of b, defines the size of the non-sinusoidality added. As is evident from Fig. S4,
the imperfection added makes the frequency of the signal dependent on the fraction of the cycle that is looked
at. While for the full operation, the correct number of cycles can still be found (i.e. 4 after 2 concatenations
and 16 after 4 concatenations). Also, notice how the increased non-sinusoidality causes the error between and
the ideal signal and the imperfect signal to increase, while for each quarter of the cycle, all the signals line up
again. As the frequency multiplication capabilities are not directly compromised by the added imperfections
this criterion will only be inspected after determining the criteria for the G.A..
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Fig. S4: Behavior of a frequency multiplier for a deviation in sinusoidality. Displacement relation for
different deviations from the required sinusoidality (left). The output displacement after two concatenations,
for designs with a deviation in the sinusoidality, given a full cycle of an ideal sinusoidal input displacement
(middle). The output displacement after four concatenations, for designs with a deviation in the sinusoidality,
given the full cycle of an ideal sinusoidal input displacement (right).
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C Parity
The criteria for parity of a design has not been talked about in the paper, because it is a property of the
frequency doubler design and can not be tuned by changing variables. Rather this criteria could be important
when comparing different frequency doubler designs. It is discussed here to indicate the behavior of the explored
frequency doubler, and give possible solutions.

The parity of a signal defines whether the signal is odd (i.e. f(−x) = −f(x)) like a sinusoidal function or
even (i.e. f(−x) = f(x)) like a cosinusoidal function. The frequency doubler that is presented in this paper,
inhibits a difference in parity between the input and output displacements. This can be observed when looking
at the input and output signals (see Fig. S5). Another way to think of this is that while the input starts at the
midline of the wave function the output starts at one of the maxima. For concatenation, this would mean that
to allow the output to also be used as input the mechanism would have to be preloaded to make the maxima
line up (see Fig. S5). This would not influence the kinematics of the designs, however, the force-displacement
would have certain areas where the forces will counteract, decreasing the input stiffness, and other areas where
the forces would add, leading to an increase in stiffness. This increase in stiffness requires a higher input force
which could lead to stresses surpassing the yield strength of the material, making the system inoperable. A
solution to solve this problem is to statically balance the frequency doubler building block such that the whole
design is "zero-stiffness" and no input force is required for transmitting displacement.
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Fig. S5: Behavior of the frequency doubler indicating its opposing parity. Input displacement and
corresponding output displacement of the frequency doubler, showing the transformation changing the parity
(left). The required frequency doubler displacement relation for an ideal sinusoidal transmission for either an
even or an odd input (right).

D Load Capacity
The criteria for load capacity determines the load the elastic frequency doubler can handle before the kinematics
of the design deviates by a certain percentage (here 1%). This criterion is especially important for elastic
transmission mechanisms as a high enough load on the output can completely alter the kinematics of the
design. The load capacity is found by fully constraining either the input or output, to mimic an infinite load,
after which a small displacement is prescribed on the output or input, and the force is read out for 1% of the
original input displacement. This implies that for a kinematic deviation to not surpass 1% the load should not
be higher than the measured force. Not only the load capacity of the output but also the input load capacity
is evaluated because upon concatenation this load would also effectively be felt by the input shuttle. The force
(input or output) for which the load capacity is minimal is used to easily quantify and compare each design.
Notice that the method used here to find the load capacity is a simplification to limit the computational time.
To fully test the load capacity the input or output would have to be fully constrained over the complete range
of motion, however, this would be very cost inefficient while the used method gives a good representation of the
capabilities. A more thorough look into how the simulations for the load capacity are set up can be found in
Section S3: D.
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E Stress
To make sure the mechanism would not plastically deform or even break during operation the stress read out
from the simulations was compared to the yield strength of the used material. For the yield strength of PA12,
the given value in the datasheet was used, σyield = 48MPa. A common safety factor of 1.5 was introduced
to make sure the stresses would never come close to yield strength, leading to σmax = 32MPa. To limit the
computational cost the stress was only checked and read out for the maximum deformation positions in both
directions, as in these positions stresses would intuitively be highest. From these two values, the maximum
value was taken and compared to the maximum allowable stress.

F Size
The size of the mechanisms was calculated as if a rectangular box was placed around the mechanism from which
the diagonal would indicate the size. This led to the following formula:

S =
√
(L1 + 2L cosα)2 + (L2 + 2L sinα)2. (4)

The limits on size were already determined during setting up the design space, and as such this criteria was
not used as a limiting criterion during the tuning of the variables. But rather to see the influence of size on the
other determined criteria and to investigate possible sensitivities.

Section S3: Simulations
To gain a better understanding of the behavior of the design for different parameters inside the design space a
parameter sweep of finite element method (FEM) simulations was performed using Ansys 2021 R2 in Enterprise
mode. To limit the computational cost the mechanism was simplified to key points with connected lines in
between (see Fig. S6).
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The resulting key points defined with the earlier introduced variables and parameters:

(x1, y1, z1) = (0, 0, 0) (5a)

(x2, y2, z2) =

(
0,

L2

2
, 0

)
(5b)

(x3, y3, z3) = (0, L2, 0) (5c)

(x4, y4, z4) =

(
−L1

2
, 0, 0

)
(5d)

(x5, y5, z5) =

(
−L1

2
, L2, 0

)
(5e)

(x6, y6, z6) =

(
L1

2
, 0, 0

)
(5f)
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(x7, y7, z7) =

(
L1

2
, L2, 0

)
(5g)

(x8, y8, z8) =

(
−L1

2
− L cosα,−L sinα, 0

)
(5h)

(x9, y9, z9) =

(
−L1

2
− L cosα,L2 + L sinα, 0

)
(5i)

(x10, y10, z10) =

(
L1

2
+ L cosα,−L sinα, 0

)
(5j)

(x11, y11, z11) =

(
L1

2
+ L cosα,L2 + L sinα, 0

)
(5k)

(x12, y12, z12) =

(
0,

L2

2
, d+

b+ bs
2

)
(5l)

(x13, y13, z13) =

(
−w

2
,
−Ls + L2

2
, d+

b+ bs
2

)
(5m)

(x14, y14, z14) =

(
w

2
,
−Ls + L2

2
, d+

b+ bs
2

)
(5n)

(x15, y15, z15) =

(
−w

2
,
Ls + L2

2
, d+

b+ bs
2

)
(5o)

(x16, y16, z16) =

(
w

2
,
Ls + L2

2
, d+

b+ bs
2

)
(5p)

(x17, y17, z17) =

(
0,

L2

2
,−d−

(
b+ bs

2

))
(5q)

(x18, y18, z18) =

(
−Ls

2
,
w + L2

2
,−d−

(
b+ bs

2

))
(5r)

(x19, y19, z19) =

(
−Ls

2
,
−w + L2

2
,−d−

(
b+ bs

2

))
(5s)

(x20, y20, z20) =

(
Ls

2
,
w + L2

2
,−d−

(
b+ bs

2

))
(5t)

(x21, y21, z21) =

(
Ls

2
,
−w + L2

2
,−d−

(
b+ bs

2

))
(5u)

In order to minimize the run time of each simulation the model is simplified by turning all the rigid lines (see
Fig. S6 into fully rigid bodies using the rigid link/beam setting of the MPC184 element type. This element type
uses the direct elimination method to delete the degrees of freedom at dependent nodes, thereby reducing the
problem size and thus simulation time. This simplification can be made because of the relatively insignificant
compliance of the rigid parts compared to the flexures, and thus does not have a big influence on the result.
For the flexible parts, the BEAM188 element is used. This element uses the Timoshenko beam theory and is
well-suited for slender beams. The material model used is linear, elastic, and isotropic. With a Young’s modulus
of E = 1700MPa and a Poisson ratio of ν = 0.4. All flexures are modeled as perfect rectangular beams with
the thickness (t) and OOP breadth (b or bs).

A Solver settings
Some changes compared to the standard solver settings were done to facilitate the nonlinear and large strains.
First of all, NLGEOM is turned on to allow for large displacements and strains to be permitted, which are
necessary for the flexure to buckle properly. Secondly, SOLCONTROL is turned on to specify the use of
optimized nonlinear solutions defaults and make use of some enhanced internal solution algorithms. Thirdly,
AUTOTS is turned on to make sure automatic time stepping is used. Fourthly NEQIT, which defines the
maximum number of equilibrium iterations per substep, is set to 10. And lastly, NSUBST is set to 100, to make
sure even with the automatic time stepping at least 100 substeps are taken.

B Imperfections
For each flexure, an initial imperfection is added to mimic some of the imperfections present in the flexures of
the mechanism due to limitations in manufacturing. This was done by adding an extra node in the middle of
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each flexure and prescribing a small displacement perpendicular to the length. This addition was done after
in some manufactured prototypes buckling of one of the output shuttle flexures compromised the displacement
of the output. Which did not correlate with what was visible in the simulations. After the addition of these
imperfections buckling of the output shuttle flexures now also occurred in the simulations.

C Simulations
To restrict the full body motion of the mechanism upon the application of a displacement, key points 13,14,18,
and 19 were fully constrained in all degrees of freedom. The displacement of the input was applied and read out
at keypoint 12 while the output displacement was read out from keypoint 17. The simulations consist of two
load steps, first, the input key point is displaced in the positive x-direction to uin = 1 × 10−3 m. After which
the same key point is displaced the same amount but in the other way. For both load steps the displacement is
applied by a ramped function over the substeps, for all of which the results are read out. The stress, however,
was only retrieved for the maximum deformations to limit the computational overhead. The deformation of the
simplified FEM analysis from uin = -1e-3 to uin = 1e-3 can be seen in Fig. S7 (see also Movie S2).
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Fig. S 7: Deformation in FEM uin = 1mm. Deformation of the simplified FEM model showing the
complete operating range of the mechanism from uin = −1mm to uin = 1mm left to right

D Load capacity simulations
For the simulations performed for load capacity the same keypoints as for the other simulations were fully
constrained (13,14,18,19). But, in addition, to find the output load capacity the output keypoint (17) was fully
constrained, and likewise, for the input load capacity, the input keypoint (12) was fully constrained. After this,
for the output load capacity analysis the input was displaced for 10% of the full input displacement and the
force was checked for at 1% of the input displacement. For the input load capacity, the same was done, however,
to not have it displace against the singularity the input key point was instead constrained to have a small (i.e.
1× 10−5 m) displacement in the x-direction such that it could easily move out of the singularity. In this way, a
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better representational value of the input load capacity is found for the operating range of the mechanism.

E Iteration process
To improve the resolution of the design space and the performance of the criteria, multiple iterations were
performed. This was done by simultaneously narrowing the design space and tightening the constraints in
order to converge to the best designs. The iterations consisted of, firstly setting a hard constraint on the
geometrical advantage after which the best design regarding sinusoidality, load capacity, and the best overall
designs, compromising on one criterion in order to improve the other, were selected. Around these designs, a new
study was started, with the resolution of each design parameter increasing by around twice that of the previous
iteration. When this new study was finished, for the designs that passed the new G.A. hard constraint, the load
capacity was also evaluated. The iteration process is visually represented in Fig. S8, while the accompanying
numbers of the best designs can be found in Table 2.

As is shown, each iteration compromises the sinusoidality and load capacity behavior in order to fulfill
the new geometrical advantage constraint. While each iteration also provides plentiful designs with improved
criteria to be used in the next iteration for a concurrently tightened G.A. constraint.

The iteration process was stopped when the set limit on manufacturing accuracy was reached. This limit
was set to 0.1mm for lengths L,L1 and L2, and 0.1◦ for angle α.
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Fig. S8: Scatter plots with all concatenation criteria showing the iteration process. The sinusoidal
normalized sum of square error, Sinusoidality NSSE, versus the load capacity, minimum of input force with
output constrained and output force with input constrained for 1% of the input displacement, min(Fi, Fo),
versus the deviation of the geometrical advantage, |G.A. − 2|. Shown for the start of each iteration step to
define the new iteration design space. The best points selected for each iteration are listed in Table 2.
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Table 2: Best points for each iteration step. List of all the best design points per iteration step, with
their performance per criteria indicated.

full investigation (1.8 < G.A. < 2.2)

best G.A. [-] load capacity [N] sinusoidality [-] α[◦] l [-] l1 [-] l2 [-]
load 1.81 0.384 1.06× 10−2 34 38 68 46
sin 1.83 0.262 1.26× 10−3 18 26 68 26

overall (1) 1.98 0.304 2.94× 10−3 24 34 71 34
overall (2) 1.97 0.3502 4.3× 10−3 30 38 71 42

first iteration (1.9 < G.A. < 2.1)

best G.A. [-] load capacity [N] sinusoidality [-] α[◦] l [-] l1 [-] l2 [-]
load 1.92 0.376 1.3× 10−2 33 38 69.5 45
sin 1.91 0.230 1.36× 10−3 16 26 68 24

overall (1) 1.993 0.301 2.76× 10−3 23 32 72 33
overall (2) 1.996 0.320 3.41× 10−3 25 33 71 35
overall (3) 1.997 0.342 3.95× 10−3 29.5 39 72 42

second iteration (1.96 < G.A. < 2.04)

best G.A. [-] load capacity [N] sinusoidality [-] α[◦] l [-] l1 [-] l2 [-]
load 1.981 0.377 3.30× 10−2 33.4 38.6 69.7 44.8
sin 1.960 0.231 1.46× 10−3 16 25.7 68.2 23.6

overall (1) 1.992 0.298 2.67× 10−3 22.6 31.7 72.2 32.6
overall (2) 1.999 0.320 3.44× 10−3 24.8 32.7 71.2 34.8
overall (3) 2.01 0.343 3.97× 10−3 29.5 38.7 72.4 42.4

third iteration (1.98 < G.A. < 2.02)

best G.A. [-] load capacity [N] sinusoidality [-] α[◦] l [-] l1 [-] l2 [-]
load 2.020 0.354 5.4× 10−3 30 37 70.5 41.5
sin 1.981 0.231 1.5× 10−3 16 25.7 68.3 23.5

overall 1.9996 0.3236 3.6× 10−3 25.4 33.3 70.8 35.4
fourth iteration (final) (1.99 < G.A. < 2.01)

best G.A. [-] load capacity [N] sinusoidality [-] α[◦] l [-] l1 [-] l2 [-]
load 2.010 0.344 4.1× 10−3 29.5 38.4 71.8 41.8
sin 1.992 0.2313 1.7× 10−3 16.2 26.3 67.8 23.6

overall 1.9993 0.3195 3.4× 10−3 24.8 32.7 71.2 34.8

Section S4: Fabrication & Testing
To validate the simulations performed, a prototype was manufactured and tested. In this section, first, the
manufacturing process will be elaborated upon after which details on the testing setup and process will be
given.

A Fabrication
During the fabrication of the design all the non-flexible parts, to mimic the rigidity assumed in the simulations,
were made sufficiently thick. The schematic of the 3D part that was manufactured is shown in Fig. S9, while
the manufactured prototype is shown in Fig. S10.
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A: Isometric front view B: front view C: Isometric back view

Fig. S 9: Manufactured design part. Different angles of the manufactured part, with the input shuttle
(blue), the output shuttle (purple), and the butterfly mechanism (green)

The design was manufactured using Multi-Jet fusion 3D printing out of PA-12 (Young’s modulus E =
1700MPa, Poisson’s ratio ν = 0.4 and Yield strength σyield = 48MPa) which is flexible enough to support high
strain in the flexures. This manufacturing method uses a powdered bed which means no support structure is
needed, but still allows a design as complex as the one given to be printed with high resolution (±0.3mm). Also
needing no support structure means the risk of breaking a flexure during the removal of a support structure is
averted. This manufacturing method also allows for large maximum part dimensions while still having high-
density and low-porosity full-infill printing with predictable material properties.

B Testing
To validate the performed FEM simulations the manufactured prototype was tested and the results were com-
pared with the found force and displacement data from the simulations. During the experiments, a linear input
motion was applied while the input force and output displacement were measured. A picture of the experimental
setup used can be found in Fig. S10.
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Fig. S10: Image of the experimental setup. Experimental setup to find the input-output displacement
and input force used to validate the simulations.

To apply a perfect linear input displacement PI M505.4DG low-profile translation stage was used. This
translation stage has a design resolution of 0.017 µm and zero-backlash due to the recirculating ball screw drive.
This motion stage was controlled using a PI mercury motion controller. To measure the force that was put at
the input a FUTEK LSB200 FSH03875 was attached between the mechanism and the stage. This load cell can
handle forces up to 45N and has a maximum inaccuracy of ±0.25% of the rated output, due to some nonlinearity,
hysteresis, and nonrepeatability. Last, the output displacement was measured using a 48MP phone camera,
which filmed a blue dot attached to the mechanism which using video processing could be tracked. From this,
using the number of pixels in the image and a known dimension of the design, the output displacement could
be extracted.

Data processing
As can be seen in Fig. S11 (dotted lines) the mechanism suffers from viscoelastic behavior such as hysteresis,
creep, and stress relaxation. This shows itself in each cycle with behavior changes depending on the previous
deformation state. For all the cycles the actuation speed was constant and set to the slowest setting available
for the test setup. To give a more representative behavior of the mechanism the average of the four explored
cycles was taken. These cycles consist of a positive and negative cycle starting in the origin, and two cycles
starting in the most deformed positions. Furthermore, the flexure thicknesses of the original simulation were
updated to allow for a better comparison to the manufactured prototype. For this, the thicknesses of the
manufactured flexures were measured using a digital caliper for multiple different positions on the flexures.
From the measurements, it became clear that the thickness of the flexures was not constant over their length,
and especially close to their connection point the thickness had quite a significant manufacturing inaccuracy. To
account for this a representative effective thickness value was selected close to the minimal thickness measured.
For the updated simulation, the thickness of the butterfly flexures was changed from t = 0.9mm to t = 0.75mm.
The resulting change is shown in Fig. S11. While this change only has a very slight effect on the displacement
relation behavior, a larger influence can be seen in the force-displacement relation. This change is can be
explained by the critical buckling load of the butterfly flexures lowering, due to the decreased effective stiffness.
Only the flexure thickness was changed as other small changes in the other variables have relatively little
influence.
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Inspecting the hysteresis behavior in the displacement relation of all the cycles, it is shown that especially
whenever the mechanism moves from the equilibrium position into the deformed state (either way), a large
flat area where the output displacement changes only marginally can be seen. This area almost completely
disappears when the mechanism moves in the opposite direction. This can be explained by the fact that the
critical buckling load of the butterfly flexures, which first has to be reached before the output starts moving is
delayed due to the elastic hysteresis behavior and the effective decrease in stiffness of the prototype due to the
non-rigidity of the structure, while for the opposite direction, the output is already displaced and as such the
critical buckling load does not have to be reached.

The result of this can also be seen when looking at the force-displacement of the prototype. When moving
from the equilibrium to the deformed state a clear buckling behavior is shown, while moving in the opposite di-
rection this behavior mostly disappears. Additionally, when moving from the equilibrium position the transition
area where buckling occurs happens for a larger displacement than when moving back.

Lastly, examining the behavior of the prototype the displacement relation has a slight non-symmetry for
positive or negative input. This is also shown in the force-displacement, where after the transition area for a
positive input displacement the force still increases while for a negative input, the force is almost constant. This
non-symmetry is caused by the output shuttle in both the simulation and prototype not being symmetrical over
the vertical axis. When inspecting the behavior between the experimental results and the updated simulation
the effect of this non-symmetry is comparable when looking at the force-displacement. However, looking at the
displacement relation, the non-symmetry of the simulation is way more pronounced and causes the geometrical
advantage for a negative input to be lower than expected.

Further comparing the force-displacement between the updated simulation and the experiments, it is clear
that the stiffness before the transition area is a lot higher for the simulation than the experimental results. This
can be explained by the fact that in the simulation the whole mechanism is modeled as fully rigid. This means
that all the force from the input is directly transferred to the butterfly flexures, causing the critical buckling load
to be reached a lot earlier. In the manufactured mechanism this high stiffness assumption relative to the elastic
flexures clearly does not hold resulting in lower stiffness and a longer displacement before buckling is reached.
This is mostly caused by limited stiffness of the manufactured prototype, but some inaccuracy can also be
attributed to manufacturing and measuring inaccuracies in combination with the viscoelasticity of the material.
In contrast, the critical buckling load between the simulation and experiment does match. The influence of the
non-rigidity of the prototype also shows itself in the displacement relation, where around the equilibrium the
output displacement stays very small for a larger area than the simulation would indicate.
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Fig. S 11: Experimental data compared with simulation data. Displacement relation and force-
displacement of the original simulation, the simulation with the flexure thicknesses updated to match the
prototype, and experimental data of a full cycle for four different starting positions.

Non-rigidity assumption
To further investigate the influence of non-rigidity in the prototype compared to the FEM simulations, another
study was conducted of which the result is shown in Fig. S12. For this analysis, the full 3D part (see also Fig.
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S9) with similarly updated flexure thicknesses as the updated simulation was imported into Ansys, the bottom
of the structure was fully constrained to mimic the connection during testing and the input was displaced by
3mm either way. Furthermore, the solver settings used were kept the same as the original simulations (see also
Movie S3).

As is evident from the force-displacement relation the stiffness of the device for the non-rigid simulation
has indeed as expected decreased, while the stiffness after the transition area is close to identical. Also when
examining the displacement relation the expected flattening around the equilibrium point is clearly visible, due to
the buckling occurring later. This further validates that the non-rigidity in the prototype causes the simulation
to not fully correlate. This also shows the sensitivity of the design to non-rigidity and, taking manufacturing
inaccuracies in mind could further explain the still present difference for both the force-displacement and
displacement relation.

rigidity analysis
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Fig. S 12: Experimental data compared with new non-rigid simulation. Displacement relation and
force-displacement of the averaged experimental data, the simulation with the flexure thicknesses updated, and
a new non-rigid simulation of the full design.

Viscoelasticity
While some of the effects of viscoelasticity can be discerned from Fig. S11 (i.e. hysteresis and creep), due to
the non-stop actuation the stress relaxation is not accounted for. To solve this a single experiment in which the
mechanism was deformed to 1mm was conducted. After the deformation was reached, the input displacement
was left at this state for 5 minutes, in order to measure the stress relaxation with the load cell. Similarly, when
the mechanism was displaced back into its original state, for another 5 minutes the force was still measured.

The result of this study is shown in Fig. S13. The stress relaxation behavior is clearly present, as the force
decreases over time for a set displacement. The total amount of force decrease is −1.94N, and the mechanism
returned to a force of −1.66N which was reduced to −0.21N after the 5-minute wait. The viscoelastic effect of
hysteresis is also demonstrated as the mechanism did not fully return to the original start force.
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Fig. S 13: Experimental data showing viscoelasticity of the prototype. Force-displacement of the
experimental data showing viscoelasticity, plotted with the simulation with the flexure thicknesses updated to
match the prototype.

Deformation
The deformation over the full operating range for the prototype is shown in Fig. S 14, while in Fig. S 15
operating range is doubled to better show the buckling behavior of the butterfly flexures (see also Movie S1).
As is evident upon an input displacement of uin = 1mm, positive or negative, the critical buckling load for the
butterfly flexures has not yet been reached. However looking at the point when uin = 2mm, clear buckling can
be seen in both directions, similar to what the experimental data (see Fig. S11) suggests.
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Fig. S14: Deformation experiment uin = 1mm. Deformation of the prototype for the full operating range
used in FEM.
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Fig. S15: Deformation experiment uin = 2mm. Deformation of the prototype for twice the full operating
range used in FEM.

Section S5: Additional Results

A Mechanical response of the frequency doubler for preliminary investigation
The plots for all three criteria can be seen in Fig. S16, these plots were made by selecting the best design for each
of the variables of the preliminary investigation and changing the color of the square accordingly. Furthermore,
the criterion for sinusoidality was not calculated in case GA < 0.2, which leads to the grey area that is seen in
the sinusoidality plots. Additionally, load capacity designs with l < 20 were not taken into account, due to the
high influence of the small flexure length on the load capacity, while in reality, these designs would never reach
the G.A. needed to even be in contention and as such can be left out.

Looking at Fig. 16A, there are clear areas that show promising behavior regarding the G.A., α < 40, l > 15,
l1 > 30 and l2 < 50. Furthermore, a clear correlation between l1 and l2 can be seen where for good geometrical
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advantage behavior l1 > l2. This is caused by the fact that the arm of the output needs to be relatively higher
to double the output displacement compared to the input.

The sinusoidality (see Fig. 16 B) and load capacity (see Fig. 16C) also show a correlation between the
horizontal and vertical spacing of the butterfly flexures. However, for the load capacity having l1 ≈ l2 is
preferable, while for sinusoidality similar to the G.A. it is better to have l1 > l2, but less pronounced compared
to the G.A.. This can be explained by the fact that for load capacity to be high, the minimal of the input and
output load capacity should be optimized, which occurs whenever the vertical and horizontal spacing is almost
similar.

Looking at the other plots for sinusoidality it is clear that 30 ≤ l1 ≤ 40 shows the best behavior, while
in general increasing the angle of the butterfly flexures, α, and the butterfly flexure length, l, improves the
sinusoidality.

For the load capacity, the criterion also improves for increased α, however higher α jeopardizes the G.A.
and as such will not result in the best design. Lastly, examining the influence of the butterfly length (l), for the
G.A. a large area with promising design can be discerned, so it hardly has an impact on the optimal design for
the G.A.. However, an increase in the butterfly flexure length does have a positive influence on the sinusoidality
and a negative influence on the load capacity. This leads to a compromise having to be made between these
two criteria to determine the butterfly flexure length.

In Fig. S17-19, the results for all the design points of the preliminary investigation are shown, to show where
the most promising designs are, as well as to show where the behavior seen in Fig. S16 comes from.

Looking at the plot for the geometrical advantage, apart from the results already discussed based on Fig. S
16, a new relation can be discerned. Namely, for smaller angles of α, the ratio of l1/l2 is required to be higher
for the optimal G.A.. This is caused by the fact that for larger angles the arm required to double the input
displacement is more comparable to the input arm. As already discussed before, for α > 30 the geometrical
advantage criterion worsens. Furthermore, as long as l > 20 it does not seem to have a large influence on the
behavior of the G.A..

Investigating Fig. S18 it is clear that as already earlier mentioned for the best sinusoidality a high α and
l are needed. Furthermore, looking at the individual plots the performance regarding the sinusoidality seems
opposite to that of the deviation of the G.A..

Examining Fig. S 19, it becomes evident that for good load capacity a high angle of α accompanied by
a small flexure length l is needed. This makes sense as lowering the butterfly flexures’ length decreases their
stiffness and thus increases the load capacity, and higher α is better as in this case the input and output load
capacity are more evenly matched, such that the overall minimum of these two will be optimized. Furthermore,
increasing the angle α, decreases the l1/l2 ratio needed. This can be intuitively understood by understanding
that to have a good load capacity both the input and output capacity should be optimized simultaneously,
to increase their minimum. The input and output capacity is dependent on the angle α as explained earlier,
however, the ratio of l1/l2 also influences the load capacity by similarly changing the moment arm from the
input or output to the butterfly flexures.
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Fig. S16: Mechanical response of the frequency doubler regarding the criteria for the preliminary
investigation. Evolution of, (A) the deviation of the geometrical advantage, |(G.A.)− 2|, B, the sinusoidal
normalized sum of square error, sinusoidal NSSE, and C the load capacity, min(Fo, Fi) as a function of the
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between the butterfly flexures, l2, (middle) the angle of the butterfly flexures α, and (right) the normalized
butterfly flexure length, l.
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Fig. S17: Full mechanical response of the frequency doubler regarding the geometrical advantage
for the preliminary investigation. Tiled plot layout for the normalized horizontal flexure distance (l1)
versus the normalized vertical flexure distance (l2) versus the deviation in geometrical advantage, |(G.A.)− 2|.
With a change in the angle of the butterfly flexures (α) versus the normalized length of the butterfly flexures
(l) between plots.
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Fig. S18: Full mechanical response of the frequency doubler regarding the sinusoidality for the
preliminary investigation. Tiled plot layout for the normalized horizontal flexure distance (l1) versus the
normalized vertical flexure distance (l2) versus the sinusoidal normalized sum of square error, sinusoidality
NSSE. With a change in the angle of the butterfly flexures (α) versus the length of the butterfly flexures (l)
between plots.
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Fig. S19: Full mechanical response of the frequency doubler regarding the load capacity for the
preliminary investigation. Tiled plot layout for the normalized horizontal flexure distance (l1) versus the
normalized vertical flexure distance (l2) versus the load capacity, min(Fo, Fi). With a change in the angle of
the butterfly flexures (α) versus the normalized length of the butterfly flexures (l) between plots.
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B Complete scatter plots for all simulations showing criterion behavior
The scatter plots for multiple different criteria can be seen in Fig. S 20. These plots were made in such a
way that the best points regarding the geometrical advantage were plotted last such that they show up on
top. Furthermore, the points where the deviation of the G.A. is less than a set constraint, |G.A.| <= 0.01
are indicated with a black contour to highlight the behavior around these criteria for designs with a good
geometrical response. Notice as well that in the case of load capacity, the criterion was only evaluated for the
full preliminary investigation and designs fulfilling the hard constraint set on the G.A. during the iteration
process.

From these plots, it becomes evident that a good G.A. can be found in certain areas which are encompassed
by, 1.5 ≤ L1/L2 ≤ 3.5, α < 35, S > 100, sinusoidality > 10×10−3 and a load capacity < 0.4N. In the following
discussion of the results, a large emphasis will be on the behavior of points within this area. Looking at the
influence of the horizontal and vertical spacing (L1/L2) for good G.A. it can be observed that the influence on
the sinusoidality is minimal as long as L1/L2 ≥ 1.5. A similar thing can be seen for the angle α. This is caused
by the fact that these two parameters are coupled such that a change in the angle only requires a different
length ratio but does not immediately jeopardize the sinusoidality, as was also concluded from Fig. S17.

Observing the influence of the size on the sinusoidality and load capacity, it becomes evident that for a small
deviation in the geometrical advantage, the sinusoidality improves for smaller sizes, similarly, the load capacity
also generally improves for smaller sizes.

Examining the influence of the length ratio, L1/L2, on the load capacity it is clear that a smaller ratio
leads to an increase in the load capacity, however, this is ultimately limited by the G.A. around L1/L2 > 1.5.
Furthermore increasing the angle α has a positive effect on the load capacity until it is limited at α < 35 also by
the geometrical advantage. As earlier discussed and can also be concluded from Fig. S19, the angle α and L1/L2

ratio are coupled for the load capacity. This expresses itself as an increase in α leads to a decrease in L1/L2

ratio required to optimize the load capacity, because of the moment arm from input-output and output-input
changing for both the load capacity and the L1/L2 ratio.

C Concatenation of the best designs
In Fig. S 21 the best designs found in the simulations are compared with the ideal sinusoidal for theoretical
concatenation. Looking at the displacement ratio, the best designs only show a slight difference in behavior
relative to each other, and as expected the best sinusoidal design corresponds the best to the ideal sinusoidal
design. However, all three designs have small non-sinusoidalities which upon concatenation are amplified.
The result of this is evident from the plots showing higher concatenation, where it can clearly be seen that
the small deviation in GA and non-sinusoidality of the best load capacity get amplified each concatenation
until a hugely non-sinusoidal behavior is shown after 5 concatenations. The non-sinusoidality shows itself in
the fact that the designs have a changing frequency over the normalized cycle. While the deviation in the
G.A. shows itself by exponentially growing each concatenation allowing a displacement outside of the expected
range of 0-2mm. Comparatively the sinusoidal mechanism as expected holds itself together the best for higher
concatenations. Furthermore, when observing the force-displacement of the three designs, it becomes clear that
the best sinusoidal mechanism does not show similar buckling behavior for the transition area as the best load
capacity and best overall design do.
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Fig. S 20: Scatter plots of all data for multiple different criteria. Scatter plots of, (A) sinusoidal
normalized sum of square error, sinusoidal NSSE, or (B) load capacity, min(Fi, Fo) versus (left) the ratio
of horizontal spacing over vertical spacing between the butterfly flexures, L1/L2, (middle) the angle of the
butterfly flexures with the horizontal (α), (right) the normalized size of the frequency doubler, S/uin.
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Fig. S21: Displacement relation, force-displacement relation, and output upon theoretical con-
catenation of the best designs. Displacement relation, force-displacement relation and the output over the
normalized cycle for 2,3,4 and 5 concatenations.
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Section S6: Scripts
All scripts, data and other documents used to create this paper can be found in this GitHub:
https://github.com/Luuk-Samuels/ThesisLuuk

Movie S1. Displacement of the prototype during the experiment. Video showing the full displacement
of the prototype during testing, starting at uin = 0mm, then consecutively moving the mechanism to uin =
3mm, uin = −3mm, and back to uin = 0mm. In the video the back view of the mechanism showing the
displacement of the output is shown.

Movie S2. Displacement of the FEM simulation. Back view of the simplified mechanism in Ansys show-
ing the displacement from uin = 3mm to uin = −3mm, while simultaneously indicating the von-Mises stress
in the mechanism.

Movie S3. Displacement of the non-rigid FEM simulation. Back view of the full manufactured mech-
anism in Ansys showing the displacement from uin = 3mm to uin = −3mm, while simultaneously indicating
the von-Mises stress in the mechanism.
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