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Abstract A 1:2 internally resonant mechanical sys-
tem can undergo secondary Hopf (Neimark-Sacker)
bifurcations, resulting in a quasi-periodic response
when the system is subject to harmonic excitation.
While these quasi-periodic orbits have been observed in
practice, their bifurcations are not well studied, espe-
cially in high-dimensional mechanical systems. This
is mainly because of the challenges associated with
the computation and bifurcation detection of these
quasi-periodic motions. Here we present a compu-
tational framework to address these challenges via
reductions on spectral submanifolds, which transforms
quasi-periodic orbits of high-dimensional systems as
limit cycles of four-dimensional reduced-order models.
We apply the proposed framework to analyze bifur-
cations of quasi-periodic orbits in several mechani-
cal systems exhibiting 1:2 internal resonance, includ-
ing a finite element model of a shallow-curved shell.
We uncover local bifurcations such as period-doubling
and saddle-node, as well as global bifurcations such
as homoclinic connections, isolas, and simple bifur-
cations of quasi-periodic orbits. We also observe cas-
cades of period-doubling bifurcations of quasi-periodic
orbits that eventually result in chaotic motions, as well
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as the coexistence of chaotic and quasi-periodic attrac-
tors. These findings elucidate the complex bifurcation
mechanism of quasi-periodic orbits in 1:2 internally
resonant systems.

Keywords Internal resonance - Quasi-periodic
orbits - Spectral submanifolds - Reduced-order
models - Bifurcation - Chaotic attractors

1 Introduction

A system isin a 1:2 internal resonance if it admits a 1:2
relationship between two natural frequencies. Under
appropriate nonlinear coupling, this internal resonance
or even near internal resonance can result in energy
transfer among the resonant modes [1-3]. Such 1:2
internal resonance phenomena are commonly found
in nonlinear mechanical systems such as beams [4-7],
cables[8,9], pipes [10,11], and shells [12]. A system
with 1:2 internal resonance can display complex yet
intriguing bifurcations. Thus, it is essential to under-
stand the effects of 1:2 internal resonance if one aims
to suppress the structural vibration amplitude or to uti-
lize the internal resonance for design innovations that
take nonlinearities into account. Indeed, in the field
of mechatronics, 1:2 internal resonance phenomena
in micro-electro-mechanical systems (MEMS) can be
used to generate frequency combs (FCs) that are very
important for precision measurements and synchro-
nization applications [13—15]. Similarly, a 1:2 internal
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resonance has also been used to enhance the perfor-
mance of energy harvesters [16,17].

Consider a 1:2 internally resonant mechanical sys-
tem subject to a harmonic excitation, the forced
response curve (FRC) that depicts the nonlinear peri-
odic response amplitude under the variations in exci-
tation frequency is typically an M-shaped curve [12,
14,18,19] (see Fig. 1), which reflects the coexistence
of multiple-solutions and jumping characteristics of the
system. In particular, secondary Hopf bifurcations (HB,
also referred to as Neimark-Sacker bifurcations) and
saddle-node (SN) bifurcations can be found along the
FRC [12,18] of such an M-shaped FRC. In fact, there
are often two HB points on a given FRC, as shown in
Fig. 1, and the periodic orbits between these two HB
points are unstable.

A secondary HB point on an FRC indicates the
birth of quasi-periodic orbits under the variations in
excitation frequency. Therefore, one would expect the
appearance of quasi-periodic orbits when the excita-
tion frequency is within the frequency interval ended
by the two HB points. Indeed, this has been confirmed
by previous studies [18-20]. In particular, the FRC
of quasi-periodic orbits in a nonlinear two degrees-
of-freedom system with 1:2 internal resonance was
obtained via normal form analysis using SSMTool [18].
Along the FRC of quasi-periodic orbits, both sta-
ble and unstable tori were computed, and multiple
period-doubling (PD) and SN bifurcated tori were
detected [18]. These PD and SN bifurcations were fur-
ther confirmed by a recent study where the associated
invariant tori were obtained using a semi-analytical
homotopy method [21]. Moreover, a cascade of period-
doubling bifurcations of quasi-periodic orbits leading
to chaos was uncovered using long-time integrations
and Fourier transforms [21].

Quasi-periodicity can be a transition state from peri-
odicity to chaos [21-23]. A 1:2 internal resonance sys-
tem can have the coexistence of quasi-periodic, peri-
odic, and chaotic attractors [21]. Therefore, it is impor-
tant to study the bifurcations of quasi-periodic orbits
under the variations in forcing frequency and ampli-
tude. However, this is a challenging task for high-
dimensional mechanical systems with 1:2 internal reso-
nance. Various numerical methods for the computation
of quasi-periodic orbits have been proposed in the past
several decades, including harmonic balance [24-27],
numerical integration [19,20], and collocation [28,29].
They are effective for low-dimensional systems but
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impractical for high-dimensional systems, e.g., finite
element models. In addition, the stability analysis and
bifurcation detection of quasi-periodic orbits are diffi-
cult and remain an active research area [30,31]. There-
fore, the few reported studies on the bifurcation anal-
ysis of quasi-periodic orbits of 1:2 internally resonant
systems are restricted to systems with two degrees-of-
freedom [18,21], where forcing amplitudes are further
fixed to simplify analysis.

Here, we aim to establish a unified analysis for
the bifurcation of quasi-periodic orbits of 1:2 inter-
nally resonant mechanical systems, ranging from sim-
ple oscillators to complex finite element models of shal-
low shells with more than 1300 DOFs. We allow for
variations in both forcing frequency and amplitude.
Our analysis utilizes reduction on spectral submani-
folds (SSMs), which have emerged as a powerful tool
for constructing low-dimensional reduced-order mod-
els (ROMs) of high-dimensional nonlinear mechanical
systems. Indeed, SSMs are low-dimensional attracting
invariant manifolds, and hence, their reduced dynam-
ics serve as a rigorous ROM for the full nonlinear
system [32]. SSM-based model reduction has been
successfully applied to extract backbone curves and
FRCs [33,34], and to predict bifurcations of peri-
odic and quasi-periodic orbits [18]. Recent advances
in SSM-based model reductions include treatments of
constrained mechanical systems [35], parametric res-
onance [36], random vibration [37], and general forc-
ing [38].

To the specific aim of this study, we will utilize the
contributions in [ 18] for analyzing bifurcation of quasi-
periodic orbits in 1:2 internally resonant mechanical
systems. As shown in [18], two-dimensional tori that
contain the quasi-periodic orbits of the full system can
be simply recovered as limit cycles of the SSM-based
ROMs. Moreover, one can infer bifurcations of these
quasi-periodic orbits from those of the associated limit
cycles. In the current context, these SSM-based ROMs
enable us to uncover the complex bifurcation mech-
anism of quasi-periodic orbits in 1:2 internally reso-
nant mechanical systems, including homoclinic bifur-
cations, isolas of quasi-periodic orbits, and cascades of
periodic doubling bifurcations leading to chaos. Such
chaotic motions, for instance, have been observed in
experiments [39,40].

The rest of this paper is organized as follows. We
present a computational framework via reductions on
SSMs for the bifurcation analysis of quasi-periodic
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orbits of 1:2 internally resonant mechanical systems
in Sect. 2. We then apply the computational frame-
work to three representative examples of systems with
1:2 internal resonance, including two coupled non-
linear oscillators in Sect. 3, a pinned-pinned shallow
curved beam in Sect. 4, and a finite element model
with more than 1300 degrees-of-freedom for a shal-
low shell in Sect. 5. In each example, we first com-
pute the FRC of periodic orbits and then extract the
FRC of quasi-periodic orbits born out of secondary
Hopf bifurcations. We further investigate the local and
global bifurcations of these quasi-periodic orbits under
the variations in forcing frequency and amplitudes. In
these examples, we also compare the SSM-based pre-
dictions and reference solutions of the original systems
to demonstrate the accuracy and efficiency of the SSM-
based reductions. As we will see, the SSM-based reduc-
tions make accurate predictions efficiently, paving the
road for bifurcation analysis of quasi-periodic orbits for
high-dimensional systems with 1:2 internal resonance.
Finally, we draw conclusions in Sect. 6.

2 A computational framework via reductions on
SSMs

2.1 Problem statement

We consider a periodically forced nonlinear mechani-
cal system

M3i+Cx+Kx+f(x, %) =ef(21), 0<exl
(D

where x € R” is the generalized displacement vector;
M,C,K € R"™" are the mass, damping and stiff-
ness matrices; f(x, x) is a C" smooth nonlinear func-
tion such that f(x, %) ~ O(|x|?, |x||x|, |x|*); and
€ f(£2t) denotes external harmonic excitation. We
note that we allow for asymmetric damping and stiff-
ness matrices to account for gyroscopic and follower
forces, as well as nonlinear damping.

Solving the linear part of (1) leads to the generalized
eigenvalue problem

OGM+1;C+K)p; =0, 05(3M+2,C+K) =0
@)

where A is an eigenvalue, and ¢ ; and 0 ; are associated
right and left eigenvectors. We assume that the mechan-
ical system (1) is in a 1:2 internal resonance; namely,
there exist two pairs of complex conjugate modes that
are 1:2 internally resonant. Without loss of generality,
we let A1 and A| be the eigenvalues of the first pair of
resonant modes, and A, and A, be the eigenvalues of
the second pair of resonant modes, we have

A X201, )_Lz’&’zzjul. 3)

In addition, we assume that there are no resonances
between the spectrum {A1, A1, A2, A»} and eigenvalues
outside the spectrum.

We are interested in the forced dynamics when that
the excitation frequency £2 is close to the natural fre-
quency of the first pair of internally resonant modes,
namely, i§2 &~ Aj. Therefore, the first pair of modes
is in external resonance. Due to the 1:2 internal res-
onance, energy transfer can occur between the two
pairs of modes. We assume the origin of the sys-
tem (1) is asymptotically stable, namely, Re(A;) < 0
for I < j < 2n. Then the stable fixed point is per-
turbed as a stable small-amplitude periodic orbit when
€ is sufficiently small [41]. However, when € exceeds
a critical value, the periodic orbit can become unstable
via a secondary Hopf bifurcation (also referred to as
Neimark-Sacker bifurcation), and quasi-periodic orbits
appear. Our goal is to provide a thorough analysis of
the bifurcations of the quasi-periodic orbits under the
variations in € and 2.

2.2 Reduction on spectral submanifolds

Solving quasi-periodic orbits of the mechanical sys-
tem (1) is challenging for n > 1. We use reductions
on spectral submanifolds (SSMs) to address this chal-
lenge. Next, we present a brief introduction to the the-
ory of SSMs.

The second-order system (1) can be transformed into
a first-order system as below

Bz = Az + F(z) + e F¥'(21), 4)
where
x —-K 0 CM
= (1) 4= (0 ) 2= (%)
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— X ext

The associated generalized eigenvalue problem becomes

(cf. (2))
Avj ZXjBUj, uj.A:)LjujfB, (6)

where A ; is a generalized eigenvalue and v; and u ; are
the corresponding right and left eigenvectors, respec-
tively. In particular, we have

_( 9 (0
= (/\j‘;’j)’ e ()—v’é’j)' @

In our setting, we take £ = span(vy, V1, v2, V2)
as a master subspace for model reduction. It follows
that we construct four-dimensional reduced-order mod-
els (ROMs) for the full system with a 2n-dimensional
phase space. A significant dimension reduction is
obtained when r is large. In the case of unforced sys-
tem (¢ = 0), the subspace £ is invariant for the linear
system Bz = Az, i.e., any trajectory of the linear sys-
tem with an initial condition in £ will stay in £ for all
times.

Under the addition of the nonlinear term F(z) in
system (4), the master subspace £ is perturbed into
nonlinear normal modes (NNM), which are invariant
manifolds tangent to £ at the origin [42]. While there
can be infinitely many NNMs associated with a given
spectral subspace, there exists a unique, smoothest one
among them under generically satisfied non-resonance
conditions which is defined as the spectral subman-
ifold (SSM) associated with £. We denote this SSM
as W(E). Slow SSMs are associated with the mas-
ter subspace with the lowest linear decay rates and
attract nearby full system trajectories exponentially
fast. Hence, the reduced dynamics on slow SSMs pro-
vides a rigorous ROM. The SSM W(E) can be viewed
as an embedding of an open set in reduced coordinates
p = (p1.p1,p2, p2) € C*viaamap z = W(p) :
C* — R?". In addition, the reduced dynamics on the
SSM can be expressed as p = R(p).

Under further addition of the external periodic forc-
ing e F**'(£21t), the autonomous SSM is perturbed as
a unique, smoothest, periodic SSM, which we denote
as W(E, $2t). Similarly to the autonomous SSM,
the time-periodic SSM W(E, £2t) can be embedded
via a map We(p, 21) C* x S!' - R?. The

@ Springer

reduced dynamics on this time-periodic SSM is non-
autonomous and can be expressed as [12,43]

p=Rc(p,2t) = R(p) +€S(p, 21) + 0. (8)

We express the reduced coordinates in polar form as

i(01+821) i(02+2821) (9)

p1 = pie P2 = pae

and adopt a leading-order approximation to the non-
autonomous part S(p, £2¢) [12]. Then the reduced
dynamics is given as [12]

p1 =Re(A1)p1 + g1(p, 0) + €(Re(f) cos b,
+1Im(f)sin6)),

6y =Im(h) — 2 + g2(p. 0) + e(Im(f) cos 6 a0)
—Re(f)sin6y)/p1,

02 = Re(A2)p2 + g3(p, 0),

6y = Im(hp) — 282 + g4(p. 0),

where p = (p1, p2), 0 = (01, 62), f is a modal force,
and g;(p,0) for 1 < i < 4 are nonlinear functions.
Explicit expressions for f and g; can be found in Egs.
(37)—(38) of [12].

Due to the transformation (9), a fixed point of the
vector field (10) corresponds to a periodic orbit Ppo (1)
on the SSM. Therefore, we can extract the forced
response of periodic orbits from the zero-level contours
of the vector field (10). We can further infer bifurcations
of periodic orbits of the full system from bifurcations
of fixed points of the vector field (10) [18]. In addition,
a limit cycle of the SSM-based ROM (10) corresponds
to a two-dimensional invariant torus of the full sys-
tem [18]. Hence, we can predict bifurcations of quasi-
periodic orbits that stay on tori via the bifurcations of
the limit cycles of the ROM.

As summarized in Fig. 2, SSM-based reductions
enable effective bifurcation analysis of nonlinear dynam-
ics of high-dimensional mechanical systems. Indeed,
it achieves a significant dimension reduction because
the 2n-dimensional full system is reduced to a 4-
dimensional ROM (10). Furthermore, thanks to the
normal form parameterization style used in the polar
ROM (10), a further simplification is obtained, i.e.,
quasi-periodic orbits of the full system are calculated
as limit cycles of the ROM.
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Fig. 1 A computational framework for the nonlinear analysis
of 1:2 internally resonant mechanical systems via reductions on
spectral submanifolds (SSMs)

Inspired by the above discussion, we will present
bifurcation analysis of quasi-periodic orbits in the
Poincaré section of the full system (4). In particular,
we take {(z, t) : mod(¢, 27 /§2) = 0} as the Poincaré
section. Let T = 27 /52, the associated Poincaré map
maps the state z(¢) from¢ = kT tot = (k+ 1)T under
the flow generated by (4). Therefore, we also call this
map as period-277/§2 map. We further define Poincaré
intersection for an orbit/attractor as the intersection of
the orbit/attrator with the Poincaré section.

We note that a chaotic attractor of the 4-dimensional
SSM-based ROM (10) also corresponds to a chaotic
attractor of the full system (4), as pointed out in Fig. 2.
We will use the aforementioned Poincaré intersection
as a tool to distinguish chaotic attractors from quasi-
periodic attractors. In particular, the Poincaré intersec-
tion of a quasi-periodic attractor will be a closed curve,
while the Poincaré intersection of a chaotic attractor

will be a strange attractor (cf. Figure 16). As an addi-
tional approach, we will also use the power spectral
density (PSD) plot to distinguish them. The power spec-
tral density (PSD) plot of a quasi-periodic attractor has
isolated peaks (cf. Figure 28), while the PSD plot of a
chaotic attractor will have significant values for a broad
frequency bandwidth (cf. the middle panel of Fig. 11).

Remark 1 We have assumed the excitation frequency
£2 is near the natural frequency of the first pair of inter-
nally resonant modes, namely, i§2 ~ X;. In this case,
reduction via the associated four-dimensional SSM is
locally exact because the SSM captures the inner reso-
nance of the two pairs of modes and coupling between
them and the rest high-order modes. This exact reduc-
tion enables us to uncover important information about
the full system. However, such a four-dimensional
reduction cannot capture all the dynamics of the full
system. In particular, when the excitation frequency is
near the natural frequency of the third pair of modes,
i.e., 1£2 & A3, we should perform model reduction on
the two-dimensional SSM associated with the third pair
of modes to capture the primary resonance of the third
pair of modes. Therefore, one should select the master
subspace for model reduction according to both exter-
nal and internal resonances [12].

2.3 Computation of SSMs

We still need to determine the map W.(p, §2¢) and
the unknown coefficients for the nonlinear functions g;
in (10). For the consistency with (8), we approximate
Wc(p, $2t) as

We(p, 2t) = W(p) + eX(p, 2t) + O@>).  (11)

We further adopt a leading-order approximation to the
non-autonomous part X (p, §2¢), namely,

X(p. $21) = Xo(£21) + O(IpD. 12)

Here X(£2t) = x0e?! + ¥pe 2! and the coefficient
vector x ¢ is obtained by solving a system of linear equa-
tions [12,43].

We use the computational procedure [43] based on
the parametrization method [44,45] to solve for the
autonomous map W (p) and as well the unknown coef-
ficients in g; (see eq. (10)). The map W (p) is approx-
imated by a truncated Taylor expansion in p. Then the

@ Springer
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Full system (DOFs: n) ] [ ROM (DOFs: 2)

| SN |

s v |
Periodic orbit TR |

Fixed point

SN SN
PD Limit cycle PD
Homoclinic Homoclinic

Chaotic attractor Chaotic attractor

Fig. 2 FRCs of periodic orbits of the coupled nonlinear oscil-
lators in (13) with £2 € [0.7,1.1]. In all figures throughout this
paper, the solid and dashed lines denote stable and unstable solu-
tions, unless otherwise stated. The circles and squares denote
saddle-node (SN) and Hopf bifurcation (HB) points, respectively

Quasi-periodic
orbit

coefficients of the Taylor expansion, along with g;, are
determined from the invariance of SSM. In particular,
they are solved from systems of linear equations in
a recursive fashion, which allows us to automatically
compute the SSM expansion up to arbitrary polyno-
mial orders without change of coordinates using only
the eigenvectors associated with the master subspace
& [43]. In practice, we truncate the Taylor expan-
sion based on the convergence of forced response with
increasing expansion orders [12]. We use notation O(q)
with ¢ € N to denote the Taylor expansion is truncated
at the g-th order in this paper.

The above parameterization method has been imple-
mented in SSMTool [46], an open-source package
for the computation of invariant manifolds. We note
that coco [29,47,48], a continuation package, has
been integrated into SSMTool [12,18]. This integra-
tion enables the detection of bifurcations of fixed points
of (10), parameter continuation of these bifurcated
fixed points, as well as the continuation of (bifurcated)
limit cycles of the ROM (10). In particular, we use the
po-toolbox of COCO to obtain the limit cycles. In the
po-toolbox, boundary-value problems are formulated
for the limit cycles, and collocation methods are used
to solve for the limit cycles and their associated mon-
odromy matrices. The stability and bifurcation of these
limit cycles are further analyzed using Floquet theory.
Therefore, we can easily perform bifurcation analysis
of quasi-periodic orbits using SSMTool. Indeed, we
will use this package to study the bifurcation of quasi-
periodic orbits of a suite of 1:2 internally resonant
mechanical systems in the coming sections, ranging
from simple oscillators to high-dimensional FE mod-
els.

@ Springer

3 Two coupled nonlinear oscillators

As our first mechanical system with 1:2 internal reso-
nance, we consider two coupled nonlinear oscillators.
This is the simplest system with 1:2 internal resonance
and acts as a benchmark study. Bifurcations of quasi-
periodic orbits of such a two DOF system under varia-
tions of excitation frequency have been partially uncov-
ered in recent studies [18,21]. Here, we revisit this sim-
ple system to present a thorough bifurcation analysis of
quasi-periodic orbits under the variations in both exci-
tation frequency and amplitude. As we will see, the sys-
tem can display global bifurcations of quasi-periodic
orbits such as homoclinic bifurcations. Moreover, with
the help of parameter continuation, we clearly uncover
a cascade of periodic doubling bifurcations, leading to
chaotic attractors.

3.1 Setup

The governing equations of two coupled nonlinear
oscillators are

X1 + c1X1 + x1 + b1x1x2 = €f] cos 2t (13)
X2 + cpxp + 4xp + b2x12 = €fr cos §21.

The undamped natural frequencies of the linearized
system are given as w1 = 1 rad/s and wy = 2 rad/s.
Thus, the system has a 1:2 internal resonance. In the
following computations, system parameters are cho-
sen as ¢; = 0.005 N-s/m, ¢, = 0.01 N-s/m,
by = by = 1N/m?, fi = IN, f, = ON,ande = 0.01,
unless otherwise stated.

3.2 Periodic and quasi-periodic orbits

We first present the periodic and quasi-periodic orbits
of the system under varying £2 obtained via reduction
on SSM at O(3) truncation. We recall that these results
for x; have been presented and also verified in [18].
Here, we present the results for x; to make this paper
self-contained. We will also present the forced response
curve (FRC) of periodic and quasi-periodic orbits for
X2.

The FRCs of periodic orbits (FRC-PO) of the two
oscillators for §£2 € [0.7, 1.1] are shown in Fig. 1. Here,
Ix1]loo and ||x2||co represent the infinite norm of x ()
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Fig. 3 FRCs of quasi-periodic and periodic orbits of the sys-
tem of two coupled oscillators in (13) with £2 ~ 1. The magenta
solid/dashed lines denote the amplitudes of stable/unstable quasi-
periodic orbits. The blue solid/dashed lines denote the amplitudes

and x> (t), giving the amplitude of periodic or quasi-
periodic response. There are four saddle-node (SN)
bifurcation points and two secondary Hopf bifurcation
(HB) points on the FRC-PO. In particular, the periodic
orbits for £2 € [£2yB1, 2482 ] are unstable.

The secondary Hopf bifurcation marks the birth
of quasi-periodic orbits. The FRCs of quasi-periodic
orbits (FRC-QO) of the two oscillators under variations
of §2 are shown in Fig. 3. We recall that these quasi-
periodic orbits stay on some two-dimensional tori,
which are computed as limit cycles of the ROM (10)
(cf. Figure 2). Therefore, the FRC-QO is obtained by
parameter continuation of limit cycles that are born out
of HB1. Along the FRC-QO, 20 period-doubling (PD)
bifurcation points and 20 SN bifurcation points are
observed, marking the complex bifurcations of quasi-
periodic orbits. We note that the appearance of PD
bifurcation points indicates that new families of quasi-
periodic orbits with doubled periods can be obtained.
We will analyze these new families of quasi-periodic
orbits in Sect. 3.5.

3.3 PD and SN bifurcation curves

Now we allow for the variations in the forcing ampli-
tude € to study how the PD and SN bifurcated quasi-
periodic orbits in Fig. 3 evolve with varying €. We
expect that they will disappear if € is sufficiently
small. We note that both the PD and SN bifurcations

0.3}

PR

g , ,
:8 ? —QO—stable 0

~ -- QO-unstable \ !
g ool f —PO-stable §

. : --PO- unstable ;

\ o HB' Y,
\\7‘/’ SN \\‘\. KHB
%‘Zo PD
0.98 0.99 1
Qrad/s]

0.15

1.01 1.02

of stable/unstable periodic orbits. The circles, diamonds, and
squares denote saddle-node (SN), period-double (PD), and Hopf
bifurcation (HB) points, respectively. (Colour figure online)

are codimension-one bifurcation. Thus we will have
a curve of PD or SN bifurcated quasi-periodic orbits
under the variations in (§2, €). Since the PD and SN
bifurcations of quasi-periodic orbits correspond to PD
and SN bifurcations of the limit cycles of the ROM (10),
we use parameter continuation of PD or SN bifurcated
limit cycles of the ROM to extract the bifurcation curve.
In particular, we initialize our continuation runs with
the bifurcation points on FRC-QO shown in Fig. 3.

The continuation paths for the PD and SN bifurca-
tion points with (£2, €) €[0.7, 1.1] x [0.0001,0.03] are
shown in the left and right panels of Fig. 4, respectively.
As the upper bound of € is increased to 0.03, we use
O(7) truncation for SSM reduction to ensure converged
predictions. Here, the lower panels are the projection
of the corresponding upper panels. We observe from
the figure that multiple branches exist for the PD or SN
continuation path. The amplitudes of SN and PD bifur-
cated quasi-periodic orbits decrease as € decreases, as
seen in the upper two panels. Moreover, some PD or
SN branches merge and then disappear as € decreases,
resulting in a dynamic change in the number of PD or
SN bifurcation points on FRC-QO. For example, when
€ is equal to 0.01, there are 20 SN and 20 PD bifurca-
tion points, while at € = 0.005, there are only 10 SN
and 10 PD bifurcation points, and at € = 0.0135, both
numbers are increased to 22.
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Fig. 4 Bifurcation curves of quasi-periodic orbits of two cou-
pled oscillators. The upper-left and upper-right panels present
the projection of the continuation paths of period-doubling
(PD) and saddle-node (SN) bifurcated quasi-periodic orbit onto

3.4 Homoclinic bifurcation of quasi-periodic orbits

We observe from the right panel of Fig. 3 that the ampli-
tude of the quasi-periodic orbits is close to that of the
unstable periodic orbits for §2 = 1.If the forcing ampli-
tude € is increased, it may occur that the quasi-periodic
orbits intersect with the periodic orbits. In this sub-
section, we will discuss how the intersection of quasi-
periodic and periodic orbits leads to the emergence of
homoclinic bifurcations of quasi-periodic orbits.

We first compute the FRC-PO and FRC-QO with
varying §2 but fixed ¢ = 0.03. The obtained results
are plotted in Fig. 5. Here, the continuation run of
quasi-periodic orbits starting at HB1 is terminated at
point A of FRC-QO shown in Fig. 5, where the ampli-
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(82, €, ]|x1]|00)- The lower two panels give the top view of the
corresponding upper panels. The black/red solid lines denote
the continuation path of PD/SN bifurcated quasi-periodic orbits.
(Colour figure online)

tude ||x2||co barely changes. We note that each quasi-
periodic orbit on the FRC-QO consists of two incom-
mensurable base frequencies: one is the excitation fre-
quency £2, and the other one is much slower and given
by 27/ Ty, where Ty is the period of the corresponding
limit cycle of the SSM-based ROM (10) [18]. As seen
in the lower panel of Fig. 5, T; — oo as the continua-
tion approaches point A. Therefore, the quasi-periodic
orbit undergoes a infinite-period bifurcation [49] when
2 — $2a. As mentioned in [49], there are two kinds
of infinite-period bifurcation: saddle-node on invariant
circle bifurcation (SNIC) and homoclinic bifurcation.
Next, we show that our observed infinite-period bifur-
cation is the second kind.
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To have a close look at the infinite-period bifurca-
tion, we compute the intersection of the period-27 /52
Poincaré map for some of these quasi-periodic orbits as
2 — §25. We note that these quasi-periodic orbits stay
on some two-dimensional invariant tori, and the inter-
section of these tori with the Poincaré section results in
closed curves, which can be obtained by mapping the
limit cycles of the SSM-based ROM (10) back to physi-
cal coordinates [18]. The obtained results are presented
in Fig. 6, from which we see that the limit cycle with
an infinite period has a kink. This kink corresponds to a
saddle fixed point. Therefore, we infer that the infinite-
period bifurcation corresponds to a homoclinic bifur-
cation of quasi-periodic orbits.

A saddle fixed point on the Poincaré section cor-
responds to a periodic orbit of the full system with
period-27/£2. We plot the projection of this periodic
orbit shown in the upper panel of Fig. 7. In fact, this
periodic orbit is the one marked by B on the FRC-PO
given by the upper panel of Fig. 5. The two markers
A and B in the upper panel of Fig. 5 have not coin-
cided because the vertical axis denotes the amplitude
of periodic or quasi-periodic orbits. Indeed, as seen in
the upper panel of Fig. 7, the intersection point for the
periodic orbit B at the Poincaré section does not coin-
cide with the peak position of the orbit. We plot the
torus A along with the periodic orbit B in the lower
panel of Fig. 7 for a direct visualization of the intersec-
tion, which illustrates clearly the global bifurcation,
i.e., homoclinic bifurcation of quasi-periodic orbit.

We conclude this subsection by investigating how
this global bifurcation evolves as € changes. We expect
that the homoclinic bifurcation will disappear when €
is less than a critical value. We perform parameter con-
tinuation of the homoclinic orbit under the variations
in (£2, €) [18,50]. In particular, we fix the period of
the associated limit cycle of the SSM-based ROM to
be 5000, perform continuation of the limit cycle, and
then map these limit cycles back to homoclinic bifur-
cated quasi-periodic orbits of the original system. The
obtained continuation path of the homoclinic bifurca-
tions is shown in Fig. 8 (marked as Tinf curve). We
observe that the continuation path starting at point A
terminates at point C, suggesting that there are two
homoclinic bifurcations when € = 0.03. In fact, this
point C can also obtained from FRC-QO starting at
HB2, as seen in Fig. 5. We also find that there is no
limit cycle with an infinite period when € is less than
0.0232. Thus, the critical value of € for the homoclinic
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T
TROSE
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03—
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0.96 0.98
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= 4001
& 300(
200 o
1002 v
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Fig.5 The upper panel presents the FRCs of quasi-periodic and
periodic orbits of the second oscillator in (13) with € = 0.03.
Each of these quasi-periodic orbits corresponds to a limit cycle
of the SSM-based ROM. The lower panel presents the period
of these corresponding limit cycles. The magenta solid/dashed
lines denote stable/unstable quasi-periodic orbits. The blue
solid/dashed lines denote the amplitudes of stable/unstable peri-
odic orbits. The circles, diamonds, and squares denote saddle-
node (SN), period-double (PD), and Hopf bifurcation (HB)
points, respectively. (Colour figure online)

bifurcation is 0.0232, below which there is no homo-
clinic bifurcations.

3.5 Periodic doubling bifurcations to chaos

Now we revisit Fig. 3 and discuss the periodic dou-
bling bifurcation of quasi-periodic orbits. In particular,
we extract the new families of quasi-periodic orbits
born out of these PD bifurcations. For compactness,
we focus on the region where £2 € [£2ppo, £2pp10o]. We
switch to the continuation of limit cycles born out of
PD9 of the ROM (10), and then map them back to quasi-
periodic orbits of the original system. The FRC of these
quasi-periodic orbits is plotted in red lines in Fig. 9 and
is denoted by "Period2’. As expected, it also intersects
with the main FRC-QO (magenta lines) at PD10. Along
this FRC, two new PD bifurcation points are detected
at £2 ~ 1.0025 and £2 ~ 1.003, marking the existence
of a new family of periodic orbits of doubled period.
We switch the parameter continuation to this new fam-
ily of quasi-periodic orbits and obtain the FRC plot-
ted in blacked lines in Fig. 9. The internal period-Tj
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Fig. 6 Intersections of the period-27 /2 map of sampled tori of
two coupled oscillators with € = 0.03 and 2 — 2 (cf. Fig-
ure 5), obtained by limit cycles from the SSM-based analysis. The
arrow denotes an increase of §2 from 0.9952 to $2homo = 0.9963.
The homo orbit in the figure denotes the homoclinic orbit. The
upper and lower panels give the projection of the intersections
onto (x2, x2) and (xy, X1) planes

gets further doubled for these quasi-periodic orbits, and
hence they are denoted as ’Period4’ in the figure. Again,
we detect two PD bifurcation points along the FRC of
"Period4’ quasi-periodic orbits. In short, the system dis-
plays a cascade of period-doubling bifurcations for the
quasi-periodic orbits between the frequency internal
§2 € [22ppo, £2pD10].

A cascade of period-doubling bifurcations is a typi-
cal route to chaos. To have a close look at the transition
from quasi-periodic to chaotic attractors, we present
the bifurcation diagram for the attractors of the SSM-
based ROM (10) for £2 € [1.0023, 1.0032] (cf. Fig-
ure 9) in Fig. 10. This diagram is obtained via perform-
ing forward simulations of the ROM (10) at given sam-
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Fig. 7 (Upper panel) A periodic orbit of the coupled oscilla-
tor (13) corresponding to the saddle fixed point on the Poincaré
section shown in Fig. 6. The black cycle denotes the intersec-
tion point of the periodic orbit with the Poincaré section. (Lower
panel) A visualization of the torus on which the quasi-periodic
orbit A stays and the periodic orbit B (cf. the upper panel of
Fig. 5). Their intersections with the Poincaré section illustrate a
homoclinic bifurcation. (Colour figure online)

pled frequencies £2, extracting corresponding attractors
in steady state, and locating the intersections of these
attractors with appropriately constructed Poincaré map.
This bifurcation diagram displays the transition to
chaos via the cascade of period-doubling bifurcations.
This bifurcation diagram is consistent with that of Fig. 9
but provides a more complete picture of the complex
dynamics in this parameter region.

To further check these strange attractors are indeed
chaotic, we randomly select one representative at 2
= 1.0027 to conduct a detailed analysis. We map the
attractor back to physical coordinates and then plot the
intersection of this attractor with the Poincaré section
induced by the period-27/£2 map in the left panel of
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Fig. 8 The continuation
path of homoclinic
bifurcated quasi-periodic
orbits (red line) along with

the forced response curve of
quasi-periodic orbits at € = 0.6
0.03. (Colour figure online) é
8
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Fig. 9 FRCs of quasi-periodic orbits of the second oscillator in
(13) with 2 € [£2ppo, 2pp10]. The magenta lines denote the
FRC-QO obtained by switching at HB1 in FRC-PO; red lines
denote the FRC of period2 quasi-periodic orbits obtained by
switching at PD9 in the FRC-QO; black lines denote the FRC of
period4 quasi-periodic orbits obtained by switching at PD bifur-
cations in period2 FRC-QO. The diamonds denote PD bifurca-
tions. This figure illustrates clearly a cascade of periodic doubling
bifurcations. (Colour figure online)

Fig. 11. As seen in the middle panel of the figure, the
power spectral density of the intersected trajectory has
significant values for a broad frequency bandwidth. We
observe from the right panel of Fig. 11 that the max-
imum Lyapunov exponent of the attractor is 0.001.
These three panels together indicate that the attrac-
tor is indeed chaotic. Here, the Lyapunov exponent is
obtained via a discrete method detailed in [51]. In this
method, variational equations are integrated, and QR
decomposition is utilized to perform reorthonormal-
ization.

To verify the effectiveness of the SSM-based pre-
diction, we use numerical integration of the original
system to generate reference results for the purpose
of comparison. We take points D and E in Fig. 9 as
representatives of Period2 and Period4 quasi-periodic
orbits and plot their Poincaré intersections in Fig. 27 of
Appendix section. The associated power spectral den-

0.03
SN
! 1.05
Qrad/s] ' ¢
0.161
0.14

B

1.0024 1.0026 1.0028 1.003 1.0032
)

Fig. 10 Bifurcation diagram of attractors for the SSM-based
ROM (10) of the second oscillator in (13) with £ €
[1.0023, 1.0032]. Here, the vertical axis gives the intersections
of the attractors with the Poincaré section {(p,0) : ¢ =
prcosbi, gy = 0,g; > 0} of the ROM, namely, the maximum
of pj cos; associated with the attractors. For a given £2, the
attractor is a period-1/period-2/period-4/period-8 limit cycle of
the ROM if the number of intersection points is 1/2/4/8. Like-
wise, the number of intersection points is infinite if the attractor
is chaotic

sity (PSD) plots for these two quasi-periodic orbits are
presented in Fig. 28. We observe that the results from
the numerical integration match well with that of SSM-
based prediction. As for the chaotic attractor, we follow
a similar validation procedure using numerical inte-
gration, and the results are presented in Fig. 11. The
original system indeed admits a chaotic attractor that
coincides well with the SSM-based prediction.
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Fig. 11 (Left panel) Intersections of the period-2 /2 map of
the chaotic attractor of the two coupled nonlinear oscillators (13)
with £2 = 1.0027. The blue lines denote the SSM-based predic-
tion, and the red cycles denote reference results of the original
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pd
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Fig. 12 The schematic of a shallow curved beam

4 A shallow curved beam

As our second mechanical system with 1:2 internal res-
onance, we consider a pinned-pinned shallow curved
beam subject to a harmonic excitation shown in Fig. 12.
By tuning the curvature of the beam, the natural fre-
quencies of the first two bending modes admit a 1:2
internal resonance. Here, we consider von Karman type
of geometric nonlinearity. This is a continuous system,
and we will use the Galerkin approach to transform this
infinite-dimensional system into a finite-dimensional
nonlinear system. Then we apply the SSM reduction
framework shown in Fig. 2 to study the bifurcation of
quasi-periodic orbits of this system. As we will see, the
FRC of quasi-periodic orbits for this curved beam con-
sists of several isolated branches, which merge with
the main branch via simple bifurcations. Again, we
observe a cascade of period-doubling bifurcations of
quasi-periodic orbits leading to chaotic motion. Such a
chaotic attractor coexists with a stable quasi-periodic
orbit on the isolas.
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(full) model obtained using numerical integration. (Middle panel)
The power spectral density (PSD) of the intersected trajectories
at the left panel. (Right panel) The time history of maximum Lya-
punov exponent of the chaotic attractor. (Colour figure online)

4.1 Setup

Let Zy(x) be the initial, imperfect configuration of the
curved beam, w be the deflection relative to the ini-
tial configuration, the governing equation of the curved
beam is given by [5]

E184w N AaZw N ow EA (3w N 32 Zo
i 422220
ot TP T T L a2 T a2
/L 1 fow\?> 0Zow
| —) +——)dx
o \2\0x ox ox
+ eF8(x —0.25L) cos 21
(14)
along with boundary conditions
92w 9w
(15)

Here, E1 is flexural rigidity, p is density, A is the area
of the cross-section, and L is the length of the beam.
We define the following dimensionless quantities [52]
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and then (14) can be rewritten as

”n + o F8(E —0.25) cos 2
— — =€ —0.25) cos 2t
ot 854
32 3 dpo 0
_2 <p20 / an + 2090\ e
3 9E 08 &
a7
along with boundary conditions
2 2

_ _o 97 _ o _
10.0) =01 =0, 750.7) = 75(1.1) =0.

(18)

We apply a Galerkin approach to discretize the
partial-integral differential equation (17). Specifically,
we substitute

nE 1) =Y @;(E)q;(), V2sin jmé

j=1

(&) =
19)

into (17) and then apply a Galerkin projection, yielding
a system of second-order ordinary differential equa-
tions below

v . 1 1
Mg+ Cq+ (K+ H)q + EqTBqu + EqTBqd

+dTqBg =cfcosRt, 0<e<k1, (20)
where ¢ € R" is a generalized coordinate vector M, C,
K, H,and B € R"*" are constant matrices, d, f € R”
and are constant vectors. Detailed expressions for these
constant matrices and vectors are presented in (22) in
the Appendix.

We use a parabolic function, namely Zp(x) =
4apx (L — x), to characterize the initial imperfect con-
figuration. The associated ¢(§) = 4ap&(1 — ). We
tune ag such that the ratio of the first two undamped
natural frequencies is 1:2. We take a five-mode trunca-
tion, i.e., n = 5, because it is sufficient to generate con-
verged solutions in our setting. Thus, the state space of
the full system is 10, which is reduced to 4 via the SSM-
based ROM (10). Numerical experiments show that the
natural frequencies of the first two modes are given as
w; = 39.4784 and w; = 78.9580 ~ 2w; when agp =
14.2365. In the following computations, other system

parameters are chosen as . = 0.01, k = 1, € = 0.01,
and F = 5, unless otherwise stated.

4.2 Periodic and quasi-periodic orbits

We first compute the forced response curve of periodic
orbits for the system with £2 € [39.2,39.7]. Similar
to the previous example, this FRC-PO is obtained by
parameter continuation of the fixed point of the SSM-
based ROM (10). In this example, an O(3) expansion is
used because it is sufficient to yield converged solutions
for the selected parameters. The obtained FRC-PO is
shown in Fig. 13. Here ||¢1 || o and ||g2 || oo represent the
infinite norm of the modal coordinates q;(7), g2(7),
giving the amplitude of the periodic response. Similar
to the system of two coupled oscillators, there are two
HB points (HB1 and HB2) and four SN bifurcation
points on the FRC-PO. Moreover, the periodic motion
for 2 € [£2uB1, $2uB2] is unstable, and we will focus
on quasi-periodic motions born out of these two HB
points of the system.

We switch to the parameter continuation of limit
cycles of the SSM-based ROM (10) at HB1 and then
extract the forced-response curve of quasi-periodic
orbits (FRC-QO) under variations in £2. This continu-
ation run proceeds until it reaches HB2. The obtained
FRC-QO along with FRC-PO are shown in Fig. 14. 20
PD bifurcation points and 20 SN bifurcation points are
detected on the FRC-QO, leading to the coexistence
of stable and unstable quasi-periodic motions. In addi-
tion, we also observe the coexistence of periodic and
quasi-periodic attractors in Fig. 14. For example, coex-
isting periodic attractor (Attractor1) and quasi-periodic
attractor (Attractor2) can be found at £2 = 39.503. The
validation of the SSM-based predictions for the FRC-
PO and FRC-QO is provided in Appendix B, as seen
in Fig. 29 and Figs. 30-32.

4.3 Coexistence of quasi-periodic and chaotic
attractors

Since PD bifurcation points were detected, we expect
that this curved beam system also has a cascade of PD
bifurcations for the quasi-periodic orbits, leading to
chaotic motion. This is indeed the case here. We focus
on the region §2 € [£2ppo, £2pp10] and [2pp11, $2pD12]
to illustrate the cascade of PD bifurcations. We switch
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Fig. 13 FRCs of periodic orbits of the shallow curved beam
system (20) with £2 € [39.2,39.7]. The blue solid/dashed lines
denote the amplitudes of stable/unstable periodic solutions. The
circles and squares denote saddle-node (SN) and Hopf bifurca-
tion (HB) points, respectively. (Colour figure online)

to the parameter continuation of limit cycles of the
ROM (10) with doubled period (Period2) at PD9 and
obtain the continuation path in red lines in the upper
panel of Fig. 15. Along this Period2 FRC-QO, two
new PD bifurcation points are detected, indicating the
appearance of quasi-periodic motions with a quadru-
pled period (Period4). We switch to the continuation
of these Period4 tori and obtain the Period4 FRC-QO
plotted as black lines in the figure. We once again detect
two new PD points on this black line, which illustrates
the cascade of PD bifurcations. This cascade of PD
bifurcations is also observed for £2 € [2pp11, §2pD12],
as can be seen in the lower panel of Fig. 15, where the
red and black lines again denote the FRCs of Period2
and Period4 quasi-periodic orbits.
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Fig. 14 FRCs of quasi-periodic and periodic orbits of the shal-
low curved beam system (20) with £2 € [39.44,39.52]. The
magenta solid/dashed lines denote stable/unstable quasi-periodic
solutions. The blue solid/dashed lines denote stable/unstable
periodic solutions. The circles, diamonds, and squares denote
saddle-node (SN), period-double (PD), and Hopf bifurcation
(HB) points, respectively. (Colour figure online)

The above-observed cascades of PD bifurcations are
expected to lead to chaotic motions. To confirm it, we
check whether the system (20) exists chaotic attractors
at two sampled excitation frequencies £2 = 39.4745
and 2 = 39.4834. Specifically, we perform forward
simulations to the SSM-based ROM (10) and then map
the generated trajectories back to the full system. Inter-
estingly, we find that the steady state of the forward
simulations can be either chaotic or quasi-periodic,
depending on the choice of initial conditions. This dif-
fers from the previous example’s case (cf. Section 3.5).
We present the Poincaré intersections of these coexist-
ing quasi-periodic and chaotic attractors with period-
27 /§2 map in Fig. 16, where the upper two panels show
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Fig. 15 Quasi-periodic orbits of shallow curved beam in Eq.
(20) with £2 € [2ppo, 2pp1o] and [2pp11, 2pp12]. The magenta
solid/dashed lines denote the isolated branches of quasi-periodic
orbits and FRC-QO obtained by continuing HB1 in FRCs; red
solid/dashed lines denote period2 quasi-periodic orbits obtained
by continuing PD9 in FRC-QO; black solid/dashed lines denote
period4 quasi-periodic orbits obtained by continuing period-
double (PD) bifurcations in period2 quasi-periodic orbits. The
circles and diamonds denote SN and PD bifurcations, respec-
tively. (Colour figure online)

the two coexisting attractors at 2 = 39.4745, while the
lower two panels display the two coexisting attractors
at £2 = 39.4834. The two strange attractors in the right
panels of Fig. 16 are indeed chaotic because their asso-
ciated maximum Lyapunov exponents are 0.0038 and
0.0041, as detailed in Fig. 34.

We use numerical integration of the full system to
validate the predicted cascade of PD bifurcations and
the coexisting quasi-periodic and chaotic attractors.
We take points A and C in Fig. 15 as representative
of Period2 quasi-periodic orbits, and points B and D
in Fig. 15 as representative of Period4 quasi-periodic

orbits. We plot the Poincaré section of these quasi-
periodic orbits in Fig. 33 in Appendix, from which we
see that SSM-based predictions match perfectly with
the reference solutions obtained via the numerical inte-
gration. In addition, as seen in Fig. 16, the predicted
coexisting quasi-periodic and chaotic attractors are also
successfully validated using the numerical integration
of the full system. Further, we observe from Fig. 34
in Appendix that the predicated maximum Lyapunov
exponents match well with the reference solutions as
well. These demonstrate the effectiveness of the SSM-
based ROM (10).

We conclude this subsection with bifurcation dia-
grams of attractors on the region £2 € [£2ppo, £2pp10]
and [£2pp11, $2ppi2]. In particular, we follow the same
method to produce Fig. 10 to extract the bifurcation dia-
gram of attractors of the SSM-based ROM (10). The
obtained bifurcation diagrams are shown in Fig. 17,
from which we see the complete picture of the transi-
tion to chaos via the cascade of period-doubling bifur-
cations. These bifurcation diagrams are also consistent
with that of Fig. 15.

4.4 Tsolated branches of quasi-periodic orbits

The coexisting quasi-periodic and chaotic attractors
at £2 = 39.4745 and §2 = 39.4834 indicate that
the curved beam admits stable quasi-periodic orbits at
these two sampled excitation frequencies. As seen in
Fig. 15, the quasi-periodic orbits for £2 = 39.4745 and
2 = 39.4834 on the main branch of FRC-QO and its
bifurcated branches with Period2 and Period4 quasi-
periodic orbits (red and black lines) are all unstable.
This implies that isolated branches of quasi-periodic
orbits exist. To locate the isolas, we recall that each
quasi-periodic orbit corresponds to a limit cycle of
the SSM-based ROM (10) (cf. Fig. 2). So we perform
two continuation runs of limit cycles of the ROM (10)
under the variation in §2. These continuation runs are
initialized with the limit cycles at £2 = 39.4745 and
2 = 39.4834 respectively. Indeed, we locate an isola
in each of these continuation runs and then map the
isolas of the two continuation runs back to the full sys-
tem, yielding the isolas of quasi-periodic orbits that are
marked as Isoal and Isola2 in Fig. 15. We observe that
each of these two isolas has 2 PD bifurcation points
and 4 SN bifurcation points. Moreover, the two quasi-
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Fig. 16 Intersections of the period-277/§2 map of coexisting
attractors of the curved beam with 2 = 39.4745 (upper pan-
els) and 39.4834 (lower panels). Here, the left panels denote
quasi-periodic attractors, while the right panels illustrate chaotic
attractors. The blue lines denote the results obtained via the SSM-

periodic attractors in Fig. 16 correspond to point E on
Isolal and point F on Isola2, as seen in Fig. 15.

Next, we study how these isolas evolve under the
variations in the forcing amplitude €. We perform the
continuation of SN bifurcated quasi-periodic orbits
with SN1 or SN7 as the initial solution. We restrict
to the computational domain € € [0, 0.015]. The pro-
jection of the SN bifurcation curves of these two con-
tinuation runs are shown in Fig. 18. Here, the upper and
lower panels show the SN bifurcation curves with SN1
and SN7 respectively. Interestingly, we observe from
the upper panel that there exist two more SN points,
i.e., SN5 and SN6, other than the four SN points on
Isolal (cf. the upper panel of Fig. 15), at ¢ = 0.01.
This indicates the existence of other isolas at e = 0.01.
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based reduced-order model. The red lines/cycles denote refer-
ence results of the full model obtained using forward simulations.
Here, the two quasi-periodic attractors correspond to points E
and F on isolas of quasi-periodic orbits in Fig. 15. (Colour figure
online)

Indeed, we take SNS5 as an initial point and perform
continuation of quasi-periodic orbits with fixed € and
varying £2, resulting in the Isola3 in the upper panel
of Fig. 15. Similarly, we observe from the lower panel
that there are two more SN points, i.e., SN11 and SN12,
other than the four SN points on Isola2 (cf. the lower
panel of Fig. 15.), at ¢ = 0.01. We follow the same
procedure and locate the Isola4 in the lower panel of
Fig. 15.

We can further infer cusp, simple, and isola bifur-
cations from the continuation path shown in Fig. 18.
Indeed, the kink points in Fig. 18 mark cusp bifur-
cations where two SN points merge and then disap-
pear. Meanwhile, we see the emergence of two SN
points at which de/d§2 = 0 along the continuation
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Fig. 17 Bifurcation
diagram of attractors for the
SSM-based ROM (10) of 0.61
the shallow curved beam
(20) with ~
§2 € [39.4735, 39.4755] X
(upper panel) and S
£2 € [39.482,39.4845] &
(lower panel). Here, the |
. 7 0.56
vertical axis in the upper
panel gives the intersections
of the attractors with the
Poincaré section 0.54 ¢

{(p,0):q2 =

p2c0862, g2 =0, Ga > 0}
of the ROM, namely, the
maximum of p, cos 6,
associated with the

attractors. Likewise, the 038}

vertical axis in the lower
panel gives the intersections

of the attractors with the < -0.4

Poincaré section )

{(p.0):q1 = S -0.42f

p1cosbi, g1 =0, 4, > 0} g

of the ROM L0044}t
-0.46 ¢

pathin Fig. 18. These critical points where de /952 = 0
holds are either isola bifurcation points on which isolas
are born or simple bifurcation points where two isolas
merge. To illustrate them more clearly, we plot these
continuation paths in (£2, €, ||¢2||o0) along with some
sampled FRC-QO in Fig. 19. We infer from these plot
that Isolal (Isola3) is born out of the isola bifurcation
point IBA (IBB). In addition, Isolal and Isola3 merge
as a single isola via the simple bifurcation point SBA,
and then the single isola persists as € increases, as seen
in the upper panel of Fig. 19. We observe similar bifur-
cation patterns for the lower panels of Figs. 18 and 19.
In particular, Isola2 and Isola4 are born out of IBC and
IBD and then merge via SBB.

5 A shallow shell

As our third mechanical system with 1:2 internal reso-
nance, we consider the finite element (FE) model of a
geometrically nonlinear shallow shell structure subject
to a harmonic excitation shown in Fig. 20. The shorter

39.4735 39.474 39.4745 39.475 39.4755

39.483 39.484

Q

ends of the shell are fixed. Similarly to the system of
shallow curved beam, we tune a curvature parameter w
representing the height of the midpoint relative to the
support ends of the shell to trigger a 1:2 internal reso-
nance between the first two modes of the FE model with
more than 1000 degrees of freedom (DOF). Then we
present a bifurcation analysis of quasi-periodic orbits
of the FE model under the variations in both excitation
frequency and amplitude. In particular, we apply our
SSM-based computational framework shown in Fig. 2
to reduce this high-dimensional mechanical system to
a four-dimensional ROM. We then use this SSM-based
ROM to perform the bifurcation analysis. We further
validate the SSM-based predictions using reference
solutions of the high-dimensional full system.

5.1 Setup
Following [12], the geometric parameters of the shell

in Fig. 20 are set to be: the length L =2m, width H =
1 m, thickness # = 0.01 m, and the curvature parameter
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Fig. 18 Projections of saddle-node (SN) bifurcation curves of
quasi-periodic orbits of the shallow curved beam system with
£2 € [39.47,39.476] (upper panel) and 2 € [39.482, 39.486]
(lower panel). The SN1-SN6 in the upper panel correspond to
the SN points on Isolal and Isola3 in Fig. 15. The SN7-SN12 in
the lower panel correspond to the SN points on Isola2 and Isola4
in Fig. 15

w = 0.041 m. Material properties are specified with
the density p = 2700kg/m?, Young’s modulus E = 70
x 10° Pa, and Poisson’s ratio v = 0.33. The forcing
amplitude is given as F = 100 N.

The shallow shell model is discretized using flat, tri-
angular shell elements. The FE model here contains 400
elements, and each node in the elements has six DOFs,
resulting in n = 1320 DOF [12]. Thus, the dimension
of state space is reduced from 2640 for the full system
to 4 of SSM-based ROM (10). The ODEs of the system
obtained by the finite element method can be expressed
as

Mi+Cz+Kz+ f(2) =ef(R1), 0<e<1
(21)
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wherez € R130jga displacement vector, M, C, K are

the mass, damping, and stiffness matrices, f(z) is an
analytic vector-valued function characterizing nonlin-
ear internal force and f*' is the external load vector.
Here we adopt a Rayleigh damping model such that the
damping matrix can be expressed as C = oM + K.
The natural frequencies of the first two modes are given
as w; = 149.22 and wy = 298.78 ~ 2w;. We choose
o and B such that the damping ratios of the first two
modes are equal to 0.001. In the following computa-
tions, we set € = 0.03 unless otherwise stated. We take
the transverse displacements at two nodes with coor-
dinates (x, y) = (0.25L, 0.5H) and (0.5L, 0.5H) to
characterize the nonlinear vibration of the shell. They
are denoted as zoy1 and zeye2 in this example.

5.2 Periodic and quasi-periodic orbits

We first compute the FRC-PO with 2 € [144, 153].
This FRC-PO is obtained by parameter continuation of
the fixed point of the SSM-based ROM (10). In this
example, an O(5) expansion is used because it is suf-
ficient to yield converged solutions for the selected
parameters. Here, ||Zoutilloo and ||Zou2llco rEpresent
the infinite norm of zout1, Zour2, giving the amplitude
of periodic or quasi-periodic response of the system.
The FRC-PO is shown in Fig. 21. Similar to the pre-
vious two examples, there are two Hopf bifurcation
(HB) points and four saddle-node (SN) bifurcation
points on the FRC-PO. Since the periodic motion for
2 € [$2u4B1, $2uB2] is unstable, we next analyze the
quasi-periodic motion of the system between these two
HB points.

The FRC-QO under varying £2 is shown in Fig. 22.
Along this curve of quasi-periodic orbits, 12 periodic
doubling (PD) bifurcation points and 6 saddle-node
(SN) bifurcation points are detected. Similar to the
previous two examples, the coexistence of stable and
unstable quasi-periodic motions can be found. More-
over, we observe the coexistence of periodic and quasi-
periodic attractors for £2 < £2pp; and £2 > 2yp; in
Fig. 22.

We provide a validation of the SSM-based predic-
tions for the FRC-PO is provided in Appendix C. In
particular, we use a COCO-based shooting toolbox
to extract the FRC-PO. As seen in Fig. 35, the FRC
of periodic orbits obtained from SSM-based reduction
matches well with that of the full system obtained via
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Fig. 19 Projection of 0.034
saddle-node (SN) —Qg-stablebl
bifurcation curves of 0.0324 "SQN punstave
quasi-periodic orbits of the — o PD
shallow curved beam into .g, 0.03 SN curve Isolal
(82, €, |1921l00) along with 8
four sampled forced == 0.028
S €=0.009 ~
response curves of = o
quasi-periodic orbits at 0.026 y /(7\
various forcing amplitude, IBA=/. o
namely, € = 0.009, 0.024
= 0.01, € = espa (upper
panel) or € = espp (lower 39.474
panel), and € = 0.011. Here, 39.476 9 10 11
the green lines represent the Qlrad/s -3
curve of SN bifurcated [ / ] £ 10
quasi-periodic orbits, while 0.034
the magenta solid/dashed : —qosee | ]
lines denote stable/unstable 0.032.] --QO-unstable €= O-Cll
quasi-periodic solutions on _ ’ SN L —
FRC-QO. The circles and g 003]° PD N e
diamonds denote SN and ‘—8' . ~——SN curve \ ! (\
PD blfqrcatlons, o = 0.028 =0.009 N L N
respectively. The projection > v R
of the green lines onto — 0.026
(£2, €) plane is shown in e
Fig. 18. (Colour figure 0.024 s
online) 39.482
39.484
39.486 9 10 11
Qrad/s] e %1073
tion and the shooting method are about 1 min and 2
y days, respectively.
? Feos(2t) We note that it is challenging to extract quasi-
o3 LO ””” 7 periodic orbits of this high-dimensional full system.
[ (025L,05 X . . .
’ & ) Y As detailed in Appendix C, we take two representa-
w b 4 tive stable tori, i.e., points A and B in Fig. 22, for the
0 e L‘ M sake of verification. Specifically, we take a point on
4 s g the invariant torus A or B obtained from SSM-based
AN R prediction as an initial condition, perform a forward
N .

Fig. 20 The schematic of a shallow shell structure [43]

the shooting method. As detailed in Appendix C, a
significant speed-up gain is obtained using the SSM-
based reduction. Specifically, the computational times
for extracting the FRC-PO of the SSM-based predic-

simulation of the full system with the initial condition,
and extract the associated quasi-periodic attractor in
steady state. As seen in the upper and middle panels
of Fig. 36, the SSM-based predictions match well with
that of the reference solutions of the full system. Here,
we again achieve a significant speed-up gain. Indeed, a
forward simulation of the full system with 4500 cycles
to ensure that the steady state arrived took more than 4
days of computational time. In contrast, we can obtain
the whole FRC-QO shown in Fig. 22 in less than 4 min.
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Fig.21 FRCs of periodic orbits of the shallow shell at the nodes
with coordinates (x, y) =(0.25L, 0.5H) (upper panel) and (0.5L,
0.5H) (lower panel) with £2 € [144, 153]. The solid lines and the
dashed lines denote stable and unstable solutions, respectively.
The circles and squares denote saddle-node (SN) and Hopf bifur-
cation (HB) points, respectively

5.3 PD and SN bifurcation curves

Similar to the case of two coupled oscillators, we per-
form parameter continuation of PD and SN bifurcated
quasi-periodic orbits on the FRC-QO shown in Fig. 22
to study how these PD and SN bifurcated quasi-periodic
orbits evolve with varying €. In particular, we take the
PD and SN points on the FRC-QO in Fig. 22 as the ini-
tial solutions of the continuation runs. The projection
of the continuation paths for the PD and SN bifurcation
points with (£2, €) € [144, 153] x [0.0001, 0.06] are
shown in the left and right panels of Fig. 23, respec-
tively. Here, the lower panels are the projection of the
corresponding upper panels onto the parameter plane
(82, €). The amplitudes of SN and PD bifurcated quasi-
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periodic orbits is reduced as € decreases, as seen in the
upper two panels. We observe that there are 6 branches
for the PD continuation path and 3 branches for the SN
continuation path. Further, the number of PD or SN
bifurcation points changes dynamically as € varies. In
particular, these bifurcations disappear for sufficiently
small forcing amplitude €. These features are similar
to those in the system of two coupled oscillators.

5.4 Periodic doubling bifurcations to chaos

Similarly to the previous two mechanical systems, we
expect that there is a cascade of PD bifurcations for
quasi-periodic orbits because PD bifurcation points
were detected in Fig. 22. Indeed, the cascade of PD
bifurcations is found on the region £2 € [§2pps5, £2ppe].
By switching to parameter continuation of quasi-
periodic orbits with doubled internal period (Period2)
at PD5, we obtain the continuation path shown as the
red line in Fig. 24. Along this Period2 FRC-QO, two
new PD bifurcation points are detected. By switching
to parameter continuation of quasi-periodic orbits with
a quadrupled internal period (Period4) at one of the PD
points on the Period2 FRC-QO, we obtain the contin-
uation path of quasi-periodic orbits shown as a black
line in Fig. 24. We once again detect two new PD points
on this black curve of FRC-QO, which illustrates the
cascade of PD bifurcations.

In the previous two mechanical systems, a cascade of
PD bifurcations finally leads to chaotic motions. To test
whether this is a common feature for mechanical sys-
tems with 1:2 internal resonance, we perform forward
simulations of the SSM-based ROM (10) to extract
attractors for £2 € [149.388, 149.438]. We present the
obtained bifurcation diagram for these attractors of the
SSM-based ROM in Fig. 25 (cf. Figure 24). This dia-
gram is obtained following a similar procedure as that
of Fig. 10. This bifurcation diagram displays the transi-
tion to chaos via the cascade of period-doubling bifur-
cations. This bifurcation diagram is consistent with that
of Fig. 24 but provides a more complete picture of the
complex dynamics in this parameter region. Interest-
ingly, we observe a large window of period-3 limit
cycles of the SSM-based ROM (10). These period-3
limit cycles correspond to period-3 tori of the full sys-
tem.

We again have a close look at a representative chaotic
attractor at £2 = 149.41. We map the simulated attrac-
tor back to physical coordinates. The intersections of
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Fig. 22 FRCs of quasi-periodic and periodic orbits of the
shallow shell system at the nodes with coordinates (x, y) =
(0.25L, 0.5H) (left panel) and (0.5L, 0.5H) (right panel) with
2 ~ w;. The magenta solid/dashed lines denote stable/unstable

the simulation results with the Poincaré section induced
by the period-2s/§2 map are shown as a blue line on
the upper panel of Fig. 26. The associated plot of PSD
is shown in the lower panel of Fig. 26. We follow the
same computational method as in the right panel of
Fig. 11 to compute the maximum Lyapunov exponent
of this strange attractor. The obtained maximum Lya-
punov exponent is 0.0534. Therefore, a chaotic attrac-
tor is indeed observed in steady state.

To verify the effectiveness of the SSM-based predic-
tions for the cascade of PD bifurcations, we take rep-
resentative Period2 and Period4 quasi-periodic orbits,
namely, points C and D on the FRC-QO shown in
Fig. 24, and also the chaotic attractor in Fig. 26 to per-
form the verification. Specifically, we apply forward
simulations of the full system to obtain reference solu-
tions. More details on the forward simulations can be
found in Appendix C. As seen in the lower two panels of
Fig. 36, SSM-based predictions for the Period2 quasi-
periodic orbit C and the Period4 quasi-periodic orbit D
match well with that of the reference solutions. Like-
wise, as seen in Fig. 26, the predicted chaotic attractor is
confirmed by the numerical integration of the full sys-
tem. Here, computing the maximum Lyapunov expo-
nent of the chaotic attractor via a long-time forward
integration of the variational equations for the 2046-
dimensional full system (21) is impractical, and thus,
we do not report the reference result for this maximum
Lyapunov exponent.
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quasi-periodic solutions. The blue solid/dashed lines denote
stable/unstable periodic solutions. The circles, diamonds, and
squares denote saddle-node (SN), period-double (PD), and Hopf
bifurcation (HB) points, respectively. (Colour figure online)

6 Conclusion

In this paper, we perform bifurcation analysis of quasi-
periodic orbits in harmonically excited mechanical sys-
tems with 1:2 internal resonance. Reductions on spec-
tral submanifolds (SSMs) are used to transform quasi-
periodic orbits of high-dimensional nonlinear mechan-
ical systems into limit cycles of four-dimensional
reduced-order models (ROMs). This transformation
enables accurate and efficient predictions of local and
global bifurcations of quasi-periodic orbits. Specifi-
cally, we can uncover homoclinic bifurcations of quasi-
periodic orbits and isola and simple bifurcations of
the forced response curve of quasi-periodic orbits. The
SSM-based ROMs also enable effective predictions on
the cascade of period-doubling bifurcations of quasi-
periodic orbits and the coexistence of quasi-periodic
and chaotic attractors.

We have considered three representative 1:2 inter-
nally resonant mechanical systems to illustrate the
effectiveness of SSM reductions in the bifurcation anal-
ysis of quasi-periodic orbits:

— Two coupled nonlinear oscillators. This system
serves as a benchmark study. We have extracted the
bifurcation curve of periodic doubling and saddle-
node quasi-periodic orbits for the system under the
variations in excitation frequency and amplitude.
We have also uncovered the homoclinic bifurca-
tions of quasi-periodic orbits.
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Fig. 23 Bifurcation curves of quasi-periodic orbits of the shal-
low shell system. The upper-left and upper-right panels present
the projection of the continuation paths of period-doubling
(PD) and saddle-node (SN) bifurcated quasi-periodic orbit onto
(£2, €, ||zout1 |00 )- The lower two panels give the top view of the
corresponding upper panels. In the upper two panels, the magenta
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solid/dashed lines denote the FRC-QO of stable/unstable quasi-
periodic solutions with € = 0.03 and varying £2. The circles and
diamonds along the FRC-QO denote SN and PD bifurcations,
respectively. The black/red solid lines denote the continuation
of PD/SN bifurcations with € € [0.0001,0.06]. (Colour figure
online)
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Fig. 24 FRCs of quasi-periodic orbits of the shallow shell
system at the mesh node (x, y) = (0.25L, 0.5H) with 2 €
[£2pps, $2ppe]. The magenta solid/dashed lines denote the FRC-
QO born out of HB1 in FRC shown in the upper panel of Fig. 22;
red solid/dashed lines denote Period2 quasi-periodic orbits born
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out of PD5 in the FRC-QO; black solid/dashed lines denote
Period4 quasi-periodic orbits born out of a PD point on the FRC
of Period2 quasi-periodic orbits. The diamonds denote PD bifur-
cations. (Colour figure online)
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Fig. 25 Bifurcation diagram of attractors for the SSM-based
ROM (10) of the shallow curved shell in (21) with £ €
[149.388, 149.438]. Here, the vertical axis gives the intersec-
tions of the attractors with the Poincaré section {(p,0) : g3 =
p18infy, g3 = 0, gz > 0} of the ROM, namely, the maximum
of p sin 0] associated with the attractors. (Colour figure online)

— A shallow curved beam. The forced response curve
of quasi-periodic orbits (FRC-QO) of this system
can have isolated branches, and we have identified
isola and simple bifurcations where the isolas were
born and merged. We have also uncovered the coex-
istence of quasi-periodic and chaotic attractors in
this system.

— A shallow shell structure. This structure is dis-
cretized via a finite element model with more than
1300 degrees of freedom. We use this example to
illustrate the effectiveness of SSM-based ROMs
for the bifurcation analysis of quasi-periodic orbits
in high-dimensional nonlinear systems. Indeed, we
can extract the FRC-QO of this high-dimensional
system in a few minutes.

In all these three systems, we have consistently uncov-
ered the cascade of PD bifurcations for quasi-periodic
orbits that finally lead to chaotic motions. We have also
validated the SSM-based predictions in these systems
using reference solutions of the full systems.

In summary, we have demonstrated that the SSM-
based reductions enable an efficient and accurate
computational framework for the bifurcation analy-
sis of quasi-periodic orbits for 1:2 internally resonant
mechanical systems. We believe that this computa-
tional framework can be effectively applied to other
mechanical systems other than the three systems con-
sidered in this study. We have also uncovered the com-

%10 2 =149.41[rad/s]

-2

—SSM

3 N ; —full mlodel-
-4 -2 0 2
Zout1 [m] x10™
2 =149.41 [rad/s]

-60 ' | —ssM

—full model

Fig. 26 (Upper panel) Intersections of the period-27 /§2 map of
a chaotic attractor of the shallow shell model with £2 = 149.41.
The blue lines denote the results obtained via the SSM-based
predictions. The red lines represent reference results of the full
model obtained using numerical integration. (Lower panel) The
power spectral density (PSD) plot of the intersected trajecto-
ries at the upper panel. The SSM-based prediction gives that the
maximum Lyapunov exponent of this chaotic attractor is 0.0534.
(Colour figure online)

plex local and global bifurcation mechanisms of quasi-
periodic orbits of mechanical systems with 1:2 internal
resonance. Our findings shed light on the utilization
and design of these quasi-periodic motions.
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Fig. 27 Intersections of the period-27/§2 map of the quasi-
periodic orbits D (upper panel) and E (lower panel) of the
two coupled nonlinear oscillators with £ = 1.002 and 1.0025
(cf. Fig. 9). The blue lines denote the SSM-based predictions,
while the red cycles denote reference results of the full model
obtained using numerical integration. (Colour figure online)
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Fig. 28 The power spectral density (PSD) of signals induced by
the intersections in Fig. 27. The blue/red lines denote the PSD of
the results of SSM-based prediction and the reference solutions
of the original model. (Colour figure online)

Appendix A Supplementary materials for the two
coupled oscillators

Here, we verify Period2 and Period4 quasi-periodic
orbits in Fig. 9. In particular, we take points D and E in
Fig. 9 as representatives of Period2 and Period4 quasi-
periodic orbits. We compute their Poincaré intersec-
tions associated with period-2s/§2-map using SSM-
based prediction and the also numerical integration of
the original system. Indeed, since quasi-periodic orbits
D and E are stable, we can apply forward simulation
of the original system and extract them in steady state.
The obtained results are plotted in Fig. 27. We observe
that the results from SSM-based prediction match well
with the reference solutions, especially for the quasi-
periodic orbit D.
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We further extract the principal frequency compo-
nents of the intersected trajectories shown in Fig. 27.
Specifically, we perform power spectral density (PSD)
analysis for these signals and present the obtained
results in Fig. 28, from which we see that the SSM-
based predictions match well with that of the reference
solution of the original model. As expected, we see that
the Period4 motion has more frequency components
than that of the Period2 motion. Indeed, as a cascade of
period-doubling bifurcations appears, more frequency
components will be observed, and the PSD plot will
behave as the one in the middle panel of Fig. 11 in the
chaotic region.
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Fig. 29 FRCs of periodic orbits of the shallow curved beam
system (20) with §2 € [39.2,39.7]. The solid/dashed lines denote
the amplitudes of stable/unstable periodic solutions obtained by
SSM analysis. The circles/squares denote the amplitudes of sta-
ble/unstable solutions obtained by po-toolbox of COCO, where
periodic solutions are solved via collocation methods. (Colour
figure online)
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Fig. 30 FRCs of quasi-periodic orbits of the shallow curved
beam system (20) with £2 e [39.44,39.52]. The magenta
solid/dashed lines denote stable/unstable quasi-periodic solu-
tions obtained by SSM analysis (cf. Fig. 14). The circles denote
quasi-periodic solutions obtained by Tor toolbox. (Colour figure
online)

Appendix B Supplementary materials for the
shallow curved beam

We first present the expressions for the constant matri-
ces and vectors in (20) as below

1 1 g
M;; =/(; D;(5)P(5)ds, Kij=/0 Q;(5)P; (§)dg,
1 1 "
Cij =/0 200 (§)P;(5)dE.  Bjj =/0 ;i (E)P;(§)dE,
1 } 1 .
Ji =/(; Q;(§)Fds, d; =/0 D (§)pyds,

1 " 1 "
Hij =« /0 ;) dt - /0 (6 )grds. (22)
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Fig. 31 Intersections of the period-2m /€2 map of the quasi-
periodic orbits G (left panel) and H (right panel) of the shallow
curved beam with §2 = 39.4599 and 39.48 (cf. Fig. 30). The blue

G : Q2 =39.4599 [rad/s]

001 -0.02
q1[m]

go[m]

H: Q2 =39.48 [rad/s]

lines denote the SSM-based predictions while the black cycles
denote reference results of the full model obtained using Tor
toolbox. (Colour figure online)

H : Q2 =39.48 [rad/s]

0.01 -0.02

q1[m] q2[m]

Fig. 32 Tori G and H of the shallow curved beam using SSM analysis (surface plot) and the trajectories by forward simulation of the
full system (20) with initial states on the computed tori (black lines). (Colour figure online)

Next, we provide verification for the FRC-PO shown
in Fig. 13 of the curved beam. We use the po-toolbox
of COCO [29,47,48] to extract the FRC of periodic
orbits of the full system. In the po-toolbox, a peri-
odic orbit is formulated as a two-point boundary-value
problem with periodicity boundary conditions, and the
problem is solved using the collocation method. As
seen in Fig. 29, the FRCs obtained from SSM-based
predictions match well with that of the reference solu-
tions. Here, the computational times of the FRC-PO for
the SSM-based predictions and the collocation method
are about 20s and 9 min, respectively, demonstrating
the speed-up gain of reductions via SSMs.

@ Springer

We also provide verification for the FRC-QO shown
in Fig. 14 of the curved beam. We use the Tor tool-
box [53] of COCO to extract the FRC of quasi-periodic
orbits of the full system. In the Tor toolbox, invariant
tori on which quasi-periodic orbits stay are computed
by solving some partial differential equations. We refer
to [18,53] for more details about the solution meth-
ods. As seen in Fig. 30, the FRC-QO obtained by Tor
toolbox matches well with the one by SSM analysis.
The intersections of the period-27 /£2 map of the quasi-
periodic orbits G and H on the FRC-QO are shown in
Fig. 31, from which we see that the SSM-based predic-
tions have high accuracy. These again demonstrate the
effectiveness of the SSM-based ROM. Here, the com-
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Fig. 33 Intersections of the period-2/£2 map of the quasi-periodic orbits A-D in Fig. 15. The blue lines denote the results obtained
by SSM analysis. The red cycles denote the results of the full system obtained from numerical integration. (Colour figure online)

putational times of the FRC-QO for the SSM-based pre-
dictions and the collocation method are about 10 min
and 3 days, respectively, which further illustrates the
speed-up gain of reductions via SSMs.

We note that the current release of Tor toolbox
does not support the stability analysis of quasi-periodic
orbits. We use numerical integration to validate the sta-
bility types predicted by the SSM-based ROM. In par-
ticular, we take G and H in Fig. 30 as representative
of samples of unstable and stable quasi-periodic orbits
(cf. Fig. 14). For each of these quasi-periodic orbits, we
perform numerical integration of the full model with
an initial point on the associated torus and monitor
whether the trajectory stays on the invariant torus or
not. If the quasi-periodic orbit is stable, the invariant
torus is attracting, and then the trajectory will stay on
it. Indeed, as seen in the right panel of Fig. 32, the tra-
jectory with an initial condition on the invariant torus

H stays on the torus, which confirms that the torus H
is stable. In contrast, we observe from the left panel of
Fig. 32 that the trajectory with an initial condition on
the unstable invariant torus G deviates from the torus,
which is consistent with the prediction of SSM analy-
sis.

Now we use numerical integration of the full system
to verify the Period2 and Period4 quasi-periodic orbits
in Fig. 15. Specifically, we consider four stable limit
cycles, namely A-D in Fig. 15 as the representative of
Period2 (points A and C) and Period4 (points B and D)
quasi-periodic orbits. The intersections of these quasi-
periodic orbits and associated invariant tori with the
period-27 /$2 map are shown in Fig. 33, from which we
see that the SSM-based predictions match excellently
with that of the reference solutions of the full system.

Finally, we present the maximum Lyapunov expo-
nents of the two strange attractors shown in the right
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2 =39.4745[rad/s]
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—full model

Amaz = 0.0038
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t % 10*

Fig. 34 Time history plots of maximum Lyapunov exponent of
the two chaotic attractors in the right panel of Fig. 16. (Colour
figure online)

panel of Fig. 16. We follow the same methods that pro-
duce the right panel of Fig. 11 to compute the max-
imum Lyapunov exponents of the strange attractors.
In particular, for each of these strange attractors, we
compute the maximum Lyapunov exponent using both
the SSM-based ROM and the full model. The obtained
results are shown in Fig. 34, from which we observe
that the SSM-based predictions for the Lyapunov expo-
nents match well with that of the reference solutions of
the full system.

x10™
—SSM-stable '
12+ ----‘SSM-unstable :
o Shooting-stable
— 10+t o Shooting-unstable B
A
88 -
=
S 6f 1
S
N
= 4 N h‘ 4
2[ M/?J ]

144 146 148 150 152
Qrad/s]

Fig. 35 FRCs of periodic orbits of the shallow curved shell sys-
tem (21) with 2 € [144, 153]. The solid/dashed lines denote
the amplitudes of stable/unstable periodic solutions obtained
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Appendix C Supplementary analysis for the
shallow shell

We first extract the reference solutions of periodic
orbits of the shallow shell under the variations in 2.
Here, we consider an alternative method, namely the
shooting method combined with parameter continua-
tion (cf. [54]), to extract the FRC-PO of the full non-
linear system. Specifically, the computation was per-
formed using a COCO-based shooting toolbox [55]
with the Newmark integrator and the atlas algorithm
of COCO. With 200 integration steps per excitation
period and a maximum continuation step size 0.5, we
obtain the FRC-PO of the full system shown in Fig. 35.
We observe from the figure that FRC-PO obtained from
SSM-based predictions match well with that of the ref-
erence solutions via the shooting technique. Here, the
computational time for SSM reduction is about one
minute, while the time for the shooting method is about
2 days. Therefore, SSM reduction displays a signifi-
cant speed-up gain relative to the shooting method in
the above computations.

We now move to verifying the quasi-periodic orbits
of the shallow shell system. Given this system has
more than 1,300 DOFs, the Tor toolbox is inapplica-
ble because it solves invariant torus using collocation
methods and hence has an extremely high demand for
memory cost. Here, we simply use numerical integra-
tion of the full system to validate the predicted quasi-
periodic orbits. In particular, we take a point on a stable

%10
6F ' —SSM-stable i
----SSM-unstable
51 o Shooting-stable i
-g‘ ] = Shooting-unstable 4
B4 S
% "
Ll 5 / ]
‘q‘ ?,
. J .

144 146 148 150 152
Qrad/s]

by SSM analysis. The circles/squares denote the amplitudes
of stable/unstable solutions obtained by shooting-toolbox of
COCO



Bifurcation analysis of quasi-periodic orbits

A Q =149 [rad/s

z.outl [m/s]
B: Q =149.3 [rad/s]

5 -0.1
Zoutl [m]
2out1 [III/S]
C: Q =149.395 [rad/s]

4 .01
Zoutl [m]
z.outl [m/s]
D : Q =149.403 [rad/s]

2'5out1 [m/s]

Fig. 36 (Left panels) Tori of the shallow shell structure using
SSM analysis (surface plot) and the trajectories by forward sim-
ulation of the full system with initial states on the computed tori
(black lines). (Right panels) The intersections of these quasi-
periodic attractors with the period-277/§2 map were obtained
from SSM analysis (blue lines) and direct numerical integra-
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tion of the full systems (red lines). Here, the torus A and B in the
upper two panels correspond to points A and B in the FRC-QO
shown in Fig. 22, and the torus C and D in the lower two panels
corresponds to points C and D in the FRC-QO shown in Fig. 24.
(Colour figure online)
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torus predicted by SSM reduction as the initial condi-
tion of the numerical integration and then perform a
long time forward simulation such that it approaches a
steady state. We then compare the quasi-periodic attrac-
tors obtained from the SSM-based predictions and the
numerical integration.

Here, we take points A and B (2o = 149, 25 =
149.3) on the FRC-QO in Fig. 22 to conduct the ver-
ification because these two quasi-periodic orbits are
stable. As for the numerical integration, we apply the
generalized-o method in the forward simulation. We
use 500 integration steps per excitation period and per-
form simulations over 4500 excitation cycles to ensure
that the steady state has arrived. The obtained quasi-
periodic attractors, along with their intersections with
the period-2m/£2 map, are presented in the upper two
panels of Fig. 36, from which we see that the SSM-
based predictions match well with that of the reference
solutions of the full system. This again demonstrates
the accuracy of the SSM-based reduction. Moreover,
the SSM-based reduction displays a significant speed-
up gainrelative to the forward simulations. Indeed, each
forward simulation took about 5 days, yet the compu-
tational time for extracting the whole FRC of quasi-
periodic orbits is less than 4 min.

Finally, we verify the point C with £2 = 149.395 on
the FRC of quasi-periodic orbits with doubled period
and the point D with £2 = 149.403 on the FRC of
quasi-periodic orbits with quadrupled period in Fig. 24.
We take these quasi-periodic orbits as representatives
of the Period2 and Period4 quasi-periodic orbits and
again apply the numerical integration of the full sys-
tem to validate the SSM-based prediction. We present
these two quasi-periodic attractors along with their
intersections with the period-27/£2 map in the lower
two panels of Fig. 36. Indeed, the full system admits
a quasi-periodic attractor of the doubled (quadrupled)
period at £2 = 149.395 (2 = 149.403). Moreover,
we observe that the SSM-based prediction matches
well overall with the reference solution of the full
system. The observed discrepancies can be reduced
when higher-order non-autonomous contributions are
accounted [36].

@ Springer
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