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Abstract

Motivation: Clustering is an unsupervised learning task with broad applications. Traditional
clustering methods often rely on point estimates of model parameters, which can limit their
ability to capture uncertainty. Bayesian clustering addresses this by incorporating uncertainty
into parameter estimation. However, existing Bayesian inference methods like Markov Chain
Monte Carlo and Variational Inference are computationally intensive and can produce biased
approximations. To overcome these limitations, we proposeCluster-PFN, a transformer-based
model inspired by Prior-Data Fitted Networks [30]. Cluster-PFN simultaneously approximates
the posterior distributions over the cluster assignments of individual data points and the total
number of clusters for the given dataset in a single forward pass. Our model provides fast
and accurate Bayesian clustering, supporting data with up to five features and conditioning on
user-specified cluster counts.

Results: Our results demonstrate that Cluster-PFN can predict the number of clusters up to
20% more accurately than standard heuristics. It also outperforms the Bayesian Gaussian
Mixture Model using Variational Inference (Bayesian GMM VI), achieving up to 60% higher
scores on certain external metrics while being up to 20 times faster during inference. Addi-
tionally, Cluster-PFN surpasses both the traditional Gaussian Mixture Model and K-means++
across the same external evaluation metrics.

Code Availability: Our code is available at our GitHub repository .
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1
Introduction

Clustering is a common form of unsupervised learning that aims to find similar data points that
can be grouped together. Clustering has many applications such as customer segmentation
in marketing and retail [26], anomaly detection in healthcare [2, 40], identifying suspicious
financial transactions in the banking industry [43], and grouping similar highway hubs in urban
planning [29].

Clustering data is a challenging task due to the absence of labels. Numerous clustering al-
gorithms exist, each utilizing different techniques to cluster data. One approach is model-
based clustering which uses probabilistic mixture models where each mixture component cor-
responds to a particular cluster [18, 20]. To compute the optimal parameters of the model, an
iterative procedure called the Expectation-Maximization (EM) algorithm is typically used. Once
themaximum likelihood estimates (MLEs) of the parameters are obtained, cluster assignments
for individual data points can be determined. While mixture models provide probabilities for
data point assignments, they do not account for uncertainty in the parameter estimates them-
selves.

One way to address this challenge is through Bayesian clustering. Unlike traditional clus-
tering methods, which rely on point estimates for model parameters, Bayesian clustering in-
corporates uncertainty into these parameters, resulting in more robust and uncertainty-aware
predictions. By placing prior distributions on the model parameters, the clustering model can
update its beliefs based on observed data. However, Bayesian clustering models have a few
drawbacks. The inference algorithms commonly used, such as Markov Chain Monte Carlo
(MCMC) and Variational Inference (VI), are often computationally expensive [7, 31] and can
introduce biased approximations [9] when estimating posterior distributions.

Problem Statement: Given a dataset X = {x1, x2, . . . , xn} ⊂ Rd and corresponding latent
variables yi ∈ {0, . . . ,K − 1}, where K (the number of clusters) is unknown, the objective is
to estimate the posterior distribution over cluster assignments p(yi | X) for each data point,
as well as the posterior over the number of clusters p(K | X). In addition, the model should
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2

support user-specified conditions on the number of cluster assignments. That is, given a query
for a particular value ofK, the model should produce cluster assignments conditioned on that
value, effectively estimating p(yi | X,K).

Müller et al. [30] introduced the Prior-Data Fitted Network (PFN), a deep learning model that
approximates posterior distributions for supervised tasks in a single forward pass. Their results
demonstrate that PFNs can outperform traditional Bayesian inference methods in both speed
and accuracy.

Motivated by this, we aim to extend the PFN framework to the unsupervised setting of cluster-
ing. Specifically, we propose Cluster-PFN, a transformer-based model that performs Bayesian
clustering. We demonstrate that:

• Cluster-PFN can cluster data with up to five features, providing posterior probabilities for
each data point’s cluster membership.

• Cluster-PFN can adapt its clustering behavior conditioned on a user-specified number
of clusters.

• Cluster-PFN predicts the number of clusters up to 20% more accurately than standard
heuristics such as the Akaike Information Criterion (AIC), Bayesian Information Criterion
(BIC), and silhouette score.

• Cluster-PFN outperforms the Bayesian Gaussian Mixture Model with Variational Infer-
ence approximation (Bayesian GMM VI), achieving up to 60% better scores on external
clustering metrics—Adjusted Rand Index, Adjusted Mutual Information, and Negative
Log-Likelihood—while also running an order of magnitude faster (approximately 20×) in
terms of computational efficiency.

• Cluster-PFN also surpasses the Gaussian Mixture Model and K-means++ on external
clustering metrics—Adjusted Rand Index, Adjusted Mutual Information, and Purity—
achieving improvements of up to 50%.

This thesis is structured as follows: Chapter 2 outlines the relevant background information
and related works that discuss Bayesian statistics and clustering, transformers, and Prior-Data
Fitted Networks. Chapter 3 presents the objectives, architecture, and research questions
of the Cluster-PFN. Chapter 4 highlights the experimental setup which delves into the data
generation, and the metrics that we use to evaluate our model. Chapter 5 showcases the
experiments and results of the models. Chapter 6 discusses the findings and outlines future
work in this area, while Chapter 7 presents the conclusions of this research.



2
Background and Related Work

This chapter outlines a high-level overview of the context in which this thesis was written and
provides the preliminary knowledge to understand the main matter.

2.1. Bayesian Statistics and Clustering Applications
Traditional machine learning methods estimate parameters based solely on the observed data,
however, these kinds of approaches ignore uncertainty in the parameter estimates. Bayesian
statistics addresses this limitation by placing probability distributions over the parameters,
thereby modeling uncertainty explicitly. This process is known as inference [31]. To represent
uncertainty, we begin by defining a prior distribution P (θ) which captures our beliefs about
the model parameters, θ, before observing any data. When data x is observed, we update
these beliefs using the likelihood P (x|θ), which represents the probability of observing the
data given specific parameter values. The marginal likelihood (also known as the evidence),
denoted P (x) represents the total probability of the data under all possible parameter values.
Using Bayes’ rule, we obtain the posterior distribution P (θ|x) which combines the prior and
likelihood to reflect our updated beliefs about the parameters after observing the data:

P (θ|x) = P (x|θ)P (θ)

P (x)
=

P (x|θ)P (θ)∫
θ′ P (θ′)P (x|θ′) dθ′ (2.1)

We can rewrite the marginal likelihood as an integral by marginalizing over our parameter θ.
Once we have the posterior distribution, we can compute the posterior predictive distribution
(PPD).

P (zn|x, xn) =
∫
θ
P (zn|xn, θ)P (θ|x) dθ (2.2)

Here, xn refers to a new data sample with unknown output and zn represents the distribution
of the output, while x refers to the observed data. The purpose of equation 2.2 is to show that

3



2.1. Bayesian Statistics and Clustering Applications 4

predictions are made by integrating over an infinite set of parameter values, weighted by the
posterior distribution. This results in a complete distribution over yn, accounting for all possible
models- a process known as Bayesian Model Averaging.

Referring back to equation 2.1, computing the marginal likelihood for non-trivial tasks is difficult
and often intractable. This intractability arises due to the high dimensionality of the parameter
space θ, the complexity of the likelihood function which makes integration challenging, and
the lack of closed-form solutions.

To address this, various approximation methods have been developed to estimate the poste-
rior. The two most prominent methods are Markov Chain Monte Carlo (MCMC) [4, 35, 42],
and Variational Inference (VI) [23, 27, 41]. In this work, we will focus on VI.

2.1.1. Traditional Clustering
In this section, we define the K-means++ and GMM clustering algorithms.

K-means++ is an extension of the K-means algorithm by selecting initial centroids more strate-
gically and works as follows:

1. Randomly select the first centroid from the data points.
2. For each remaining point, compute the distance to the nearest chosen centroid.
3. Select the next centroid with a probability proportional to the square of the distance.
4. Repeat until k centroids are chosen.

(a) Gaussian Mixture Model (b) Bayesian Gaussian Mixture Model

Figure 2.1: Plate diagrams for standard GMM (left) and Bayesian GMM (right).

While K-means++ is a simple, distance-based clustering method that partitions data into k

clusters, it does not provide a probabilistic interpretation or account for uncertainty in cluster
assignments.

We now turn to the Gaussian Mixture Model (GMM), which offers a probabilistic framework for
clustering. Unlike K-means++, GMM models the data as a mixture of Gaussian distributions
and allows for soft cluster assignments, where each data point has a probability of belonging
to each cluster. The GMM also forms the basis for Bayesian clustering methods and the
application of VI.

The GMM assumes data is generated from the process illustrated in 2.1a which presents the
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plate diagram for a GMM. In the diagram, each observed data point xn is generated by first
selecting a cluster k according to the categorical distribution defined by πk, and then sampling
from the corresponding Gaussian distribution N(uk,Σk). The label given to the data point
is then zk. The plate notation also indicates repetition where the outer plate corresponds to
the N data points, and the inner plates denote the K components, each with its associated
parameters π, µ,Σ. The marginal likelihood of a data point xn can be written as:

p(xn|π, µ,Σ) =
K∑
k=1

πk N(xn|uk,Σk) (2.3)

Extending this to the entire dataset x = {x1, x2...xn} the likelihood of the data under the GMM
is:

p(x|π, µ,Σ) =
N∏

n=1

K∑
k=1

πkN(xn|µk,Σk) (2.4)

Taking the logarithm of the data likelihood yields the log-likelihood function:

ln p(x|π, µ,Σ) =
N∑

n=1

ln

{
K∑
k=1

πkN(xn|µk,Σk)

}
(2.5)

We cannot directly maximize this likelihood because as our plate diagram displays, the cluster
assignments zn are hidden and not observed by the data. Instead, we must use the joint-
likelihood representation. We introduce a binary variable z using a one-hot representation,
where a particular element zk = 1 if a data point belongs to cluster k, and zk = 0 otherwise.
Extending this to all data points, let znk denote the cluster assignment of data point xn, such
that znk = 1 if xn is assigned to cluster k, and znk = 0 otherwise. Using this representation,
the joint log-likelihood can be written as:

log p(x, z|π, µ,Σ) = log

N∏
n=1

K∏
k=1

πznk
k N(xn|µk,ΣK)znk =

N∑
n=1

K∑
k=1

znk(log πk + logN(xn|µk,Σk))

(2.6)

while the posterior p(znk = 1|xn) can be written as:

p(znk = 1|xn, π, µ,Σ) =
p(znk = 1)p(xn|znk = 1)∑K
j=1 p(znj = 1)p(xn|znj = 1)

=
πkN(µk,Σk)∑K
j=1 πjN(µj ,Σj)

= rnk (2.7)

p(znk = 1|xn, π, µ,Σ) can also be viewed as the responsibility that component k takes for
’explaining’ a particular observation xn.
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This formulation shown in equation 2.6 is now easier to optimize because we see that if znk
were known, analytical solutions can be found for parameters π, µ, and Σ by taking derivatives.
We see that the posterior over our latent cluster assignments depends on the parameters π, µ,
and Σ, and our parameters depend on the posterior of z. We therefore introduce the iterative
optimization algorithm Expectation-Maximization (EM). The EM algorithm consists of the E-
step and the M-step. In the E-step, we estimate the expected values of the hidden variables
znk given the current parameters. In the M-step, we maximize the expected complete-data
log-likelihood using the previously computed responsibilities. The EM algorithm for the GMM
case can be formulated in algorithm 1.

Algorithm 1 Expectation-Maximization (EM) Algorithm for GMM
1: Initialize: Parameters θ = {πk, µk,Σk}Kk=1

2: repeat
3: E-step: Compute responsibilities:

4: rnk =
πkN (xn | µk,Σk)∑K
j=1 πjN (xn | µj ,Σj)

5: M-step: Update parameters:
6: Nk =

∑N
n=1 rnk, πk =

Nk

N

7: µk =
1

Nk

∑N
n=1 rnkxn

8: Σk =
1

Nk

∑N
n=1 rnk(xn − µk)(xn − µk)

T

9: until the parameter updates satisfy ∥θ(t) − θ(t−1)∥ < ϵ

2.1.2. Bayesian Clustering
In a standard GMM, we compute only point estimates for the model parameters, such as the
means µk, covariances Σk, and mixing weights πk. However, these estimates do not capture
uncertainty. In contrast, Bayesian GMM models uncertainty by placing prior distributions over
the parameters, treating them as random variables. The Bayesian plate diagram 2.1b reflects
this by including additional nodes and edges for these priors.

The prior over the mixing proportions is a Dirichlet distribution:

p(π) = Dir(π|α0) = C(α0)
K∏
k=1

πα0−1
k (2.8)

where C(α0) is a normalization constant that ensures the mixing proportions sum up to 1.

For each component k, the prior over the mean µk and inverse covariance matrix Σ−1
k is a

Normal-Wishart distribution:

p(µ,Σ) =

K∏
k=1

N (µk|m0, β
−1
0 Σk)W(Σ−1

k |W0, ν0) (2.9)

These priors are conjugate to the Gaussian likelihood, which ensures that the posterior distri-



2.2. Estimating Number of Clusters 7

bution remains in the same family, simplifying inference [9]. For a more in-depth formulation
of these distributions, refer to Appendix A.

The full joint distribution of the Bayesian GMM can be derived from figure 2.1b as:

p(x, z, π, µ,Σ) = p(x|z, µ,Σ)p(z|π)p(π)p(µ|Σ)p(Σ) (2.10)

In contrast to the standard GMM where we can compute the posterior cluster assignments
p(z|x, π, µ,Σ) directly, Bayesian inference requires computing the full posterior:

p(π, µ,Σ, z | x) (2.11)

This involves integrating over all latent variables and parameters, which becomes computation-
ally infeasible due to the high dimensionality and complex dependencies between variables.
Thus, exact inference is intractable.

This introduces us to VI as we have to use it to approximate this posterior. The idea is to
introduce a simpler, tractable distribution q(π, µ,Σ, z), and optimize it to be as close as possible
to the true posterior.

To make this optimization feasible, we make an assumption on the structure of q(z) such that
it factorizes across variables. It is known as the mean-field approximation and is written as:

q(z) =
∏
i

qi(zi) (2.12)

Each index i here denotes a subset or group of latent variables. This assumption simplifies de-
pendencies, allowing each factor to be updated iteratively and independently. In the Bayesian
GMM case, we consider this factorization:

q(z, π, µ,Λ) = q(z)q(π, µ,Σ) (2.13)

The result is an algorithm similar to EM where rather than updating point estimates of param-
eters, VI alternates between updating the variational distributions over latent variables and
parameters until convergence. However, because the mean-field approximation imposes re-
strictions on the form of these distributions, the variational distribution does not necessarily
converge to the true posterior. Instead, it converges to the best possible approximation within
the constraints of the variational family.

We refer to this Bayesian clustering algorithm as Bayesian GMM with VI (Bayesian GMM VI).
For more details on Bayesian GMMs, refer to Bishop’s textbook [9].

2.2. Estimating Number of Clusters
Several heuristic methods are commonly used to estimate the number of clusters in a dataset.
In this work, we focus on the Akaike Information Criterion (AIC), the Bayesian Information
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Criterion (BIC), and the silhouette score, as these are widely used for clustering comparisons
[1, 26].

Both AIC and BIC are model selection criteria where lower values indicate better models by
balancing goodness of fit with model complexity.

The AIC is computed as:
AIC = 2p− 2 ln(L)

where p is the number of estimated parameters and L is the maximized value of the likelihood
function (Equation 2.4). Similarly, BIC is calculated by:

BIC = p ln(N)− 2 ln(L)

whereN is the total number of data points. Compared to AIC, BIC imposes a stronger penalty
on model complexity, especially for larger datasets.

To define the silhouette score, we first introduce a few variables. For each data point i in
cluster CI , let

a(i) =
1

|CI | − 1

∑
j∈CI
j ̸=i

d(i, j)

where a(i) measures the average distance between point i and all other points in its own
cluster. A smaller value of a(i) indicates that i is well-matched to its cluster.

Next, we define

b(i) = min
J ̸=I

1

|CJ |
∑
j∈CJ

d(i, j)

which represents the minimum average distance from point i to points in any other cluster CJ .
This captures the dissimilarity between point i and its nearest neighboring cluster.

The silhouette score for point i is then given by:

s(i) =
b(i)− a(i)

max{a(i), b(i)}

if |CI | > 1, and s(i) = 0 otherwise.

The final silhouette score is the average of the individual silhouette scores for all data points.
Higher silhouette scores are preferred, as they indicate that data points are well clustered.

To estimate the number of clusters using these heuristics, we fit a GMM to the dataset over a
range of cluster values and select the number of clusters that yield the best score according
to each heuristic.



2.3. Transformers and In-Context Learning 9

The Bayesian GMM VI provides probabilistic assignments of data points to clusters. To esti-
mate the number of clusters, we assign each point to the cluster with the highest probability
and then count the total number of unique clusters represented across all points.

2.3. Transformers and In-Context Learning
The transformer [39] is a deep learning model designed for sequence modeling tasks. Its
power lies in the attention mechanism, which enables effective information sharing across
sequences. This allows the model to capture complex relationships between data.

Interesting behavior observed by Brown et al. [10] have shown that deep learning models,
when trained with sufficient data and scale [12], can perform in-context learning (ICL). In this
setting, a model that does not undergo any additional parameter updates can learn to make
accurate predictions purely by being shown a sequence of input-output examples during infer-
ence time.

More specifically, in ICL, the model is first pre-trained on a diverse set of problems. Through
this training, it learns to recognize and adapt to the structure of the problem, a process known
as meta-learning. At test time, the model is presented with a sequence of input-output pairs
(xi, f(xi))

n
i=1, followed by a new query input x′. Based on this context, the model is able

to produce the correct prediction f(x′). This new prediction occurs without any updates to
the model’s parameters, in contrast to traditional supervised learning where learning requires
explicit parameter optimization through gradient descent.

The transformer architecture has shown to be particularly effective at performing ICL, and it has
been shown to learn algorithms such as linear and logistic regression [3, 21]. This suggests
that it may be capable of learning a wider range of algorithms.

2.4. Prior-Data Fitted Networks
Müller et al. [30] have combined ICL with transformers to develop Prior-Data Fitted Networks
(PFNs), teaching transformers how to do Bayesian inference. In particular, the PFN model
can directly approximate the PPD (equation 2.2) in one forward pass.

2.4.1. Problem Setup
The procedure is as follows: a prior over problems is defined as a sampling distribution. Each
problem specifies a relationship between the input and output. Once a problem is sampled, a
dataset is sampled from the problem and formatted as Dtrain, xtest, where Dtrain is the training
data, consisting of features Xtrain and outputs Ytrain. xtest is an unseen input, and ytest is the
corresponding label. The PFN is then given Dtrain, xtest and predicts the distribution for xtest.
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Figure 2.2: Example of a sampled problem

Figure 2.2 illustrates an example of a sampled problem. The prior is defined as a sampling dis-
tribution that generates noisy linear regression curves. Therefore, each problem corresponds
to a specific realization of such a regression.

The training datasetDtrain is visualized as blue data points, and xtest is indicated by the vertical
dashed line. The PFN takes Dtrain and xtest as input and predicts a distribution over possible
values for ytest, visualized by the green distribution. The prediction is then compared to the
true value ytest, and the model is trained to minimize a loss similar to the negative log-likelihood
(NLL) of the true label under the predicted distribution.

Formally, the PFN is trained to minimize the following loss function:

ℓθ = ED∪{xtest,y}∼p(D) [− log qθ(y | xtest,D)] (2.14)

where qθ denotes the model parameterized by θ.

Müller et al. [30] formalize that the PFN indeed approximates the PPD by proving that the
loss objective ℓθ is equal to the expectation of the cross-entropy between the PPD and its
approximation:

ℓθ = Extest,D∼p(D) [H (p(· | xtest, D), qθ(· | xtest, D))]

Here, H denotes the cross-entropy between the true PPD p(· | xtest, D) and the learned ap-
proximation qθ(· | xtest, D).
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2.4.2. PFN Architecture and Training Procedure

Figure 2.3: Full training pipeline of the PFN

Figure 2.3 illustrates the PFN architecture. The input consists of a training dataset Dtrain =

{(xi, yi)}Ni=1, where xi ∈ Rd are the feature vectors and yi ∈ R are the corresponding targets.
The training dataset is split into feature inputs Xtrain = {xi}Ni=1 and labels Ytrain = {yi}Ni=1.
Along with this, the model is provided with a query input xtest, for which it must predict a
distribution over ytest.

Step 1: Input Embedding. The training inputs Xtrain ∈ RN×d and test input xtest ∈ Rd are
passed through a shared MLP:

Ex
train = MLPx(Xtrain) ∈ RN×U , extest = MLPx(xtest) ∈ R1×U

The training targets Ytrain ∈ RN×1 are embedded separately:

Ey
train = MLPy(Ytrain) ∈ RN×U

Step 2: Combining Inputs. The embedded training features and targets are combined
element-wise:

Etrain = Ex
train +Ey

train ∈ RN×U

Each vector ei ∈ Etrain represents the joint embedding of the i-th input-output pair. The em-
bedded test input is appended to form the full input sequence:

E =


e1
...
eN

extest

 ∈ R(N+1)×U
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Step 3: Transformer Encoder. The combined sequence E ∈ R(N+1)×U is passed through
a Transformer encoder. Self-attention is applied across the input embeddings, using a custom
mask m that enforces the following constraints:

• Each training point can attend to all other training points.

• The test point can attend to all training points and to itself.

• Training points cannot attend to the test point.

The output of the Transformer encoder is denoted by

Henc = Encoder(E,m) ∈ R(N+1)×U .

Step 4: Prediction. The encoder outputs are passed through a final MLP to produce logits
for a discretized distribution over target values. Each embedding is mapped to B output bins:

Y = MLPout(H
enc) ∈ R(N+1)×B.

Only the final row YN+1 ∈ RB, corresponding to the test point, is used for prediction. This
vector represents a categorical distribution over the possible values of ytest, where each bin
corresponds to a discretized range of values. Thus, the prediction task is framed as a classi-
fication problem over value intervals for the target.

2.4.3. PFN Strengths and Limitations
The PFN offers several strengths. First, the model is simple, computationally efficient, and
easily adaptable to a wide range of priors. Second, it can approximate the PPD of certain
functions significantly faster than traditional methods such as MCMC and VI.

One of the limitations of the PFN model is its fixed maximum input feature size, which restricts
flexibility for handling arbitrary-dimensional data. Additionally, the algorithm scales quadrati-
cally with the number of samples, making it computationally expensive for large datasets [32].



3
Cluster-PFN

PFNs have demonstrated the capability to perform Bayesian inference when trained on a prior.
A natural extension of this idea is to explore whether a PFN can also learn to perform Bayesian
clustering.

3.1. Objectives
We hypothesize that the Cluster-PFN can perform Bayesian clustering. Specifically, given
a dataset X = {x1, x2, . . . , xn} ⊂ Rd and corresponding latent variables yi ∈ {0, . . . ,K −
1}, where K (the number of clusters) is unknown, the objective is to estimate the posterior
distribution over cluster assignments p(yi | X) for each data point.

We adapt the loss function presented in [30], where the training objective minimizes the NLL
of the target variable Y = {y1, . . . , yn}, representing the cluster assignments, conditioned on
the input data X:

ℓθ = EX∼P (D)

[
− 1

n

n∑
i=1

log qθ(yi | X)

]
(3.1)

where qθ(yi | X) is the model’s predicted distribution over cluster labels. This loss penal-
izes the model for assigning low probability to the true clustering labels. With a minor adap-
tation from the formulation in [30], this objective is equivalent to minimizing the expected
cross-entropy between the true posterior distribution p(· | X) and the model’s approximation
qθ(· | X):

ℓθ = EX∼P (D)

[
1

n

n∑
i=1

H (p(· | X), qθ(· | X))

]
(3.2)

Thus, the Cluster-PFN learns to approximate the posterior over cluster assignments given the

13
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observed data.

In addition to cluster assignments, we also aim to approximate the posterior distribution over
the number of clusters, p(K | X), given a dataset X. Using an analogous loss formulation,
we hypothesize that the Cluster-PFN can learn to predict the number of clusters by minimizing
the expected cross-entropy between the true and predicted distributions over cluster counts.

Finally, we aim to enable the Cluster-PFN to generate cluster assignments conditioned on a
user-specified number of clusters, allowing users to obtain clusterings that reflect their prefer-
ences during inference.

3.2. Architecture

Figure 3.1: Full training pipeline of the Cluster-PFN

The full training pipeline is illustrated in figure 3.1. As shown, we begin with the input data
X ∈ RN×d where N is the number of samples and d is the number of features. We also
include an additional input variable K, which denotes the number of clusters in the dataset X.
During training, K is set as follows:

K =

true number of clusters with probability 0.5,

0 with probability 0.5,

This design allows the model to operate in both supervised and unsupervised settings. Specif-
ically, setting K = 0 encourages the transformer to infer the number of clusters on its own,
while providing the true value of K enables it to generate cluster assignments conditioned on
that number. In this way, K serves as a conditioning mechanism, allowing users to specify
the desired number of clusters during inference.

Internally in the model, A vector of −1s of dimension d is defined, denoted as ρ = −1 ∈ Rd
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which serves as a special learnable token used to predict the number of clusters. The vector
is filled with −1 because, after normalization, these are the only negative values in the input
space, making ρ easily distinguishable from the actual data points.

Step 1: Input Embedding. We begin by projecting the dataset into a higher-dimensional
space using an MLP:

Ex = MLPdata(X) ∈ RN×U .

The number of clusters K is passed through an MLP:

eK = MLPk(K) ∈ R1×U .

The internally defined vector ρ, is also passed through an MLP to obtain a learnable embed-
ding:

ρ̃ = MLPρ(ρ) ∈ R1×U .

Step 2: Input Combination. We append ρ̃ to the end of Ex resulting in:

E =

[
Ex

ρ̃

]
∈ R(N+1)×U .

Next we perform a row-wise addition of ek to each sample in E

E′
i,j = Ei,j + ek,j ∀i ∈ {1, . . . , N}, j ∈ {1, . . . , U}

Step 3: Transformer Encoder. The input E′ is passed through a transformer encoder. Self-
attention is applied across the input embeddings, using a custom attention mask, m, that
enforces the following constraints:

• Each data point can attend to all other data points.

• The final input (i.e., ρ) can attend to all data points including itself.

• Data points cannot attend to ρ.

The output of the encoder is denoted by:

H(enc) = Encoder(E′,m) ∈ R(N+1)×U .

This design allows ρ̃ to aggregate global information for predicting the number of clusters while
keeping individual cluster assignments unaffected by ρ̃.

Step 4: Prediction. The encoder outputs are passed through a final MLP that maps each
sample to K outputs:

Y = MLPout(H
(enc)) ∈ R(N+1)×K .
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For data points i = 1, . . . , N , eachYi represents a distribution over cluster memberships. The
final row YN+1 corresponds to a distribution over possible cluster counts. The last output is
only meaningful whenK = 0; otherwise, the user-specified value ofK is used for conditioning.

3.3. Research Questions
We now outline the core research questions that guide our investigation.

• RQ1: Can the Cluster-PFN cluster synthetic and real-world data? This question
evaluates the model’s ability to cluster both synthetic and real-world datasets, as well as
its capability to generate cluster assignments conditioned on a user-specified number of
clusters.

• RQ2: How does the Cluster-PFN compare to GMM (with AIC, BIC, or silhouette-
based heuristics) and Bayesian GMM VI in estimating the number of clusters?
This question investigates how well the Cluster-PFN infers the cluster counts compared
to existing heuristic methods to estimate the number of clusters in a dataset.

• RQ3: How does the Cluster-PFN perform against Bayesian GMM VI in terms of
clustering quality, uncertainty estimation, and inference speed? Given that the
Cluster-PFN produces probabilistic outputs of cluster assignments, we evaluate its per-
formance against existing Bayesian clustering methods.

• RQ4: How does the Cluster-PFN perform against traditional GMM and K-means++
in clustering quality? We evaluate how the Cluster-PFN compares against the GMM
and KMeans++ in clustering quality to assess the Cluster-PFN’s general performance.



4
Experimental Setup

This chapter outlines the procedure for the dataset generation as well as the metrics used to
evaluate the performance of the Cluster-PFN.

4.1. Dataset Generation
The data generation process follows the approach illustrated in Figure 2.1b. To construct the
dataset, we first uniformly sample the number of data points from a defined range. Then, we
uniformly sample a number k from 1 to some upper bound K representing the number of
clusters we want to generate. Next, we assign mixture weights πk, to each cluster, ensuring
that the weights add up to one. These weights determine the proportion of data points that
should belong to each cluster. As described in Section 2.1.2, the mixture weights are drawn
from a Dirichlet distribution.

For each cluster, we sample a covariance matrix and a mean vector, which are then used
to generate data points. The means and covariances are sampled from a Gaussian-Wishart
distribution. The hyperparameters m0, β0, W0, and v0 are set to fixed values, with β0 varied
across experiments.

Once the data is generated, in order to feed it to the Cluster-PFN, we normalize the feature
values to lie within the range of 0 and 1. An important thing to note is that labels assigned in
cluster datasets are arbitrary. For example, a generated dataset with three clusters can have
labels {0, 1, 2} while another equivalent clustering can have labels {2, 0, 1}. Although these la-
belings represent the same clustering, the Cluster-PFN treats them as entirely different, which
can prevent it from learning the correct structure. To address this, we apply a deterministic
relabeling scheme to enforce a consistent label ordering. Specifically, we identify the point
closest to the origin and assign its cluster the label 0. All data points in that cluster are then
relabeled accordingly. We repeat this process by finding the next closest unassigned point
and assigning its cluster the next available label (e.g., label 1), continuing until all clusters
are relabeled. This preprocessing step ensures a consistent labeling scheme allowing the
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Cluster-PFN to learn more effectively.

We train four distinct Cluster-PFNmodels. Twomodels are trained on two-dimensional feature
inputs (2D), while the other two are trained on inputs ranging from two to five dimensions (5D).
For the 5D case, we generate datasets with dimensions from two to five and pad the remaining
dimensions with zeros so that all inputs are represented in five-dimensional space before being
fed into the Cluster-PFN.

(a) Sampled Easy problem (b) Sampled Hard problem

Figure 4.1: Examples of Easy and Hard problem settings

Within each feature group, we train the models using two different hyperparameter settings.
Specifically, we vary the β parameter, using values of 0.01 and 0.1, which result in clusters
that are either more spread out or more interspersed, respectively. In Section 5, we refer to
these settings as Easy and Hard problems: Easy corresponds to Cluster-PFN trained on more
spread-out clusters, while Hard refers to Cluster-PFN trained on more interspersed clusters.
An example of these problem types is shown in Figure 4.1. For the remaining hyperparameters,
we fix α = 1, set the meanm = 0, use the identity matrix forW , and set v equal to the number
of features. The maximum number of clusters generated, K, is set to 10. To evaluate the
performance of thesemodels, we sample unseen datasets from the respective priors (following
the same distributions) and compare their performance against other clustering algorithms.

Models trained on two-dimensional features are trained for 600,000 epochs (60 million syn-
thetic datasets), requiring approximately 40GPUhours. Models trained on two- to five-dimensional
features are trained for 900,000 epochs (90 million datasets), taking around 60 GPU hours.
All experiments were conducted on the Delft AI Cluster, utilizing a single NVIDIA L40 GPU.

For more details about the architectural setup and training, please refer to Appendix B.

4.2. External Metrics
External evaluation refers to clustering results that are evaluated when given the true cluster
labels. In our case, we have the true cluster labels due to the synthetic data generation. One
of the external metrics we use to evaluate clustering performance is the Adjusted Rand Index
(ARI). To understand ARI, we first look at the Rand Index (RI), defined as:
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RI = TP + TN

TP + FP + FN + TN
(4.1)

The Rand Index measures the similarity between clusterings by examining pairs of data points:

• TP (True Positives): Pairs of points that are in the same cluster in both the predicted
and true clusterings.

• TN (True Negatives): Pairs of points that are in different clusters in both the predicted
and true clusterings.

• FP (False Positives): Pairs of points that are in the same cluster in the prediction, but
in different clusters in the ground truth.

• FN (False Negatives): Pairs of points that are in different clusters in the prediction, but
in the same cluster in the ground truth.

Intuitively, the Rand Index evaluates the proportion of decisions (about whether a pair of points
should be in the same cluster or not) that the clustering algorithm got correct. However, since
the RI does not account for chance groupings, the Adjusted Rand Index introduces a normal-
ization that adjusts the score for random labelings [25].

Another external metric we use is the Adjusted Mutual Information (AMI). It is a measure of
the similarity between two labels of the same data. The formula is given by:

MI(U, V ) =

|U |∑
i=1

|V |∑
j=1

|Ui ∩ Vj |
N

log

(
N |Ui ∩ Vj |
|Ui||Vj |

)
(4.2)

Where:

• U = {U1, U2, . . . , U|U |} is the set of ground truth clusters.

• V = {V1, V2, . . . , V|V |} is the set of predicted clusters.

• N is the total number of data points.

• |Ui ∩ Vj | is the number of data points that appear in both cluster Ui and cluster Vj .

• |Ui| and |Vj | are the sizes of clusters Ui and Vj , respectively.

The higher the MI, the better the clustering. However, MI is not normalized and can be biased
by the number of clusters. AMI corrects this bias by subtracting the expected MI of random
clusterings and normalizing the result [37].

Although these metrics have similar behavior. They are not exactly the same. ARI excels
when clusters are large equal-sized clusters and AMI is best when clustering is unbalanced
and there are small clusters [38]. Our data generation yields both of these types of clusters
and therefore they are both valid metrics to use.

The third external metric we use is purity. It is defined as:
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Purity =
1

N

K∑
k=1

max
j

|Ck ∩ Lj | (4.3)

where N is the total number of data points and K is the number of clusters. Ck is the set of
data points in cluster k, and Lj as the set of data points with ground truth label j. The term
|Ck ∩ Lj | represents the number of data points in cluster k that belong to ground truth class
j. In essence, purity measures the extent to which clusters contain data points predominantly
from a single true class. A high purity value indicates that most points within each cluster
belong to the same class, reflecting better clustering performance.

Although these three metrics evaluate the final assignment performance of the data point, in
order to evaluate the probabilistic aspect, we need to compare the probabilities the cluster-PFN
gives for each data point against the Bayesian GMM VI. In order to do that we will be using
the negative log-likelihood loss (NLL) as it measures the probabilistic performance accurately.
The formula for NLL is:

lNLL = −
N∑
i=1

K∑
k=1

yik log(pik) (4.4)

We sum over all data points and clusters. For each input, yik is a binary indicator that is 1 if
the sample, i belongs to the cluster k and zero otherwise, and pik is the predicted probability
that sample i belongs to cluster k. Since dataset sizes can vary, we use the average NLL as
our loss metric. As our true labels will not necessarily match with the labels from the models,
we will permute the labels and retrieve the lowest NLL given by both of the models.

To compare the performance of different models on external metrics, we sample a set of
datasets and analyze the distribution of their scores across various metrics. Additionally, we
compute pairwise wins of the models by counting how often each model outperforms the other
on each external metric across the sampled datasets. We refer to this in the results as win
rates.
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Results

5.1. RQ1: Can the Cluster-PFN cluster synthetic and real-world data?
5.1.1. Cluster-PFN on Synthetic Data
We qualitatively analyze the clustering assignments produced by the Cluster-PFN on both
synthetic and real-world datasets. As the Cluster-PFN outputs a probability distribution over
possible cluster assignments, each data point is assigned to the cluster with the highest prob-
ability, resulting in hard cluster labels.

(a) Dataset sampled from prior (b) Cluster-PFN cluster assignment unconditioned

Figure 5.1: Synthetic dataset sampled from 2D Easy prior with Cluster-PFN prediction

Figure 5.1a shows an example of an unseen synthetic dataset, while the corresponding pre-
diction by Cluster-PFN without conditioning is shown in Figure 5.1b. In this case, the original
dataset contains four clusters, but Cluster-PFN contains 3, however, the Cluster-PFN still pro-
duces a reasonable clustering.

5.1.2. Cluster-PFN on Real Data
We benchmark the Cluster-PFN on two real-world datasets: The Old Faithful and Iris datasets.
The Old Faithful is an unlabeled geyser dataset that records eruption duration and waiting
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time [13]. The Iris dataset contains 150 labeled samples of iris flowers with sepal and petal
measurements, commonly used for evaluating clustering and classification methods [17, 19].

(a) Cluster-PFN cluster assignment prediction

(b) Cluster-PFN number probability distribution over the
number of possible clusters

Figure 5.2: Cluster-PFN prediction for the Old Faithful Dataset (Cluster-PFN trained on Easy setting)

Figure 5.2 displays the Cluster-PFN’s prediction for the Old Faithful dataset. The model iden-
tifies two distinct clusters and assigns a high probability to the dataset having two clusters.
Overall, Cluster-PFN gives a reasonable clustering to the data.

(a) Iris dataset with labels (b) Cluster-PFN prediction on the Iris dataset

Figure 5.3: Cluster-PFN results on the Iris dataset. (a) shows the true class labels, while (b) shows the model’s
prediction (Cluster-PFN trained on hard setting)
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Figure 5.3 shows the Iris dataset alongside the Cluster-PFN predictions. Since the dataset
contains four features, we visualize only two for clarity in Figure 5.3a. Figure 5.3b presents
the cluster assignments predicted by the Cluster-PFN. Although the Cluster-PFN does not per-
fectly capture all the underlying class distinctions, it still produces a reasonable and coherent
clustering structure.

Since the Iris dataset has ground truth labels, we can evaluate the performance of the Cluster-
PFN using external metrics. The Cluster-PFN achieves an AMI score of 0.73, an ARI score of
0.77, and a purity score of 1.

5.1.3. Cluster-PFN on Conditioning
We can also qualitatively evaluate the model’s behavior when conditioned on a specified num-
ber of clusters. Using the same data from Figure 5.1 when the model is conditioned to pro-
duce two clusters, it outputs two distinct clusters, as shown in Figure 5.4a. Similarly, when
conditioned to produce four clusters, it correctly identifies four distinct clusters, as seen in
Figure 5.4b.

(a) Cluster-PFN cluster assignment conditioned on 2
clusters

(b) Cluster-PFN cluster assignment conditioned on 4
clusters

Figure 5.4: Cluster-PFN conditioned predictions on different cluster amounts

Furthermore, we can also apply the conditioning to our real-world datasets.
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(a) Cluster-PFN cluster assignment on Old Faithful
conditioned on 3 Clusters

(b) Cluster-PFN cluster assignment on Iris conditioned
on 3 clusters

Figure 5.5: Cluster-PFN conditioned predictions on different cluster amounts for Old Faithful and Iris datasets

Figure 5.5a shows the Cluster-PFN’s predictions on the Old Faithful dataset when conditioned
on 3 clusters, while Figure 5.5b presents the Cluster-PFN’s predictions on the Iris dataset
under the same condition.

These results demonstrate that the Cluster-PFN can adapt its clustering behavior based on
the specified number of clusters. However, the model does not always strictly adhere to the
provided cluster count.

To quantitatively evaluate the conditioning accuracy, we sampled 30,000 synthetic datasets
and provided a randomly selected cluster count as the conditioning input to the Cluster-PFN.
We then measured how closely the predicted number of clusters matched the specified con-
dition. This was done by first obtaining the hard labels from the Cluster-PFN’s predictions
and then counting the number of unique labels. The evaluation was performed under varying
thresholds:

• A threshold of 0 means the model predicted exactly the conditioned number of clusters.

• A threshold of 1 allows for a deviation of ±1 from the condition.

• A threshold of 2 allows for a deviation of ±2 from the condition.
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Figure 5.6: Cluster-PFN listening to condition at different thresholds (conditioning on random clusters)

Figure 5.6 shows the accuracy across different thresholds. In the Hard setting, the Cluster-
PFN adheres to the conditioning slightly better than in the Easy setting. However, the condi-
tioning is generally ineffective when using randomly specified cluster numbers, as evidenced
by the highest accuracy at threshold 0 being just under 60%.

However, randomly sampling condition cluster values may not be the most meaningful way
to evaluate the model’s conditioning ability, as some randomly assigned conditions may differ
substantially from the Cluster-PFN’s natural prediction. In such cases, forcing the model to
deviate significantly from its prediction is not very sensible.

To address this, we conduct a second experiment. Instead of randomly selecting conditions,
we begin with the model’s unconditioned prediction and perturb it by ±1 cluster. We then
evaluate how well the Cluster-PFN adapts to these nearby, more reasonable conditioning
values.

Figure 5.7: Cluster-PFN listening to condition at different thresholds (conditioning on more appropriate clusters)
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We observe significantly higher accuracy when the conditioning values are more reasonable.
The model already achieves strong accuracy at a threshold of 0, with a sharp increase in
performance at a threshold of 1, and reaches perfect accuracy at the final threshold.

5.2. RQ2: Can the Cluster-PFN predict a suitable number of clus-
ters?

Since the Cluster-PFN can also predict the number of clusters, we sample 30,000 datasets
and compare its predictions with those from the Bayesian GMM VI and the traditional GMM.
Because the standard GMM requires the number of clusters to be specified, we iterate over
a range of cluster counts from 2 to 10 (inclusive) and compute the AIC, BIC, and silhouette
scores to determine the optimal number of clusters.

Model 2D Easy 5D Easy 2D Hard 5D Hard

Cluster-PFN 64 71 43 51
GMM (AIC) 41 46 30 33
GMM (BIC) 39 43 28 27
GMM (Silhouette) 41 46 29 33
Bayesian GMM VI 18 35 18 25

Table 5.1: Percentage of correct clusters predicted by different models across 30,000 datasets in various
experiments.

Table 5.1 presents the percentage of correctly predicted clusters by the different models.
Cluster-PFN consistently outperforms all baseline methods, achieving the highest accuracy in
every scenario. Traditional GMM methods (using AIC, BIC, and Silhouette criteria) perform
moderately well but lag behind Cluster-PFN. The Bayesian GMM VI shows the weakest per-
formance overall, particularly in the 2D cases. These results highlight the superior ability of
Cluster-PFN to accurately recover the true number of clusters across varying levels of difficulty
and dimensionality.

5.3. RQ3: How does the Cluster-PFN perform against Bayesian GMM
VI?

5.3.1. Overview and Conditioning in Cluster-PFN
To compare the performance of the Cluster-PFN with the Bayesian GMM VI, we use external
evaluation metrics to assess the clustering quality of both models. However, it is important to
note a key characteristic of the Cluster-PFN. By design, cluster 0 is always assigned to the first
identified cluster, cluster 1 to the second, and so on. As the number of clusters increases, each
subsequent cluster has access to less probability mass, since earlier clusters already occupy
some of the posterior distribution. This is due to the Cluster-PFN performing full Bayesian
inference across all clusters where each new cluster prediction is conditioned on the previously
assigned clusters. As a result, the posterior probabilities for later clusters tend to be lower.
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This issue can be mitigated by conditioning the Cluster-PFN on the total number of clusters.
When the number of clusters is specified as input, the model can allocate its posterior proba-
bility mass more evenly across the expected clusters. In this conditioned setting, the posterior
probabilities for all clusters become more balanced and reasonable. To implement this, we
first allow the Cluster-PFN to generate its initial cluster predictions. We then feed the predicted
number of clusters back into the model as a condition during a second inference forward pass
to obtain the final label assignments.

(a) True data with cluster assignments: blue (cluster 0),
red (cluster 1), pink (cluster 2), and cyan (cluster 3).

(b) Posterior probabilities of data points in dataset
belonging to a cluster (unconditioned)

(c) Posterior probabilities of data points in dataset
belonging to a cluster (conditioned)

Figure 5.8: Example of how conditioning improves probabilistic cluster assignments

Figure 5.8 illustrates the benefits of conditioning on the number of clusters. The original
dataset is shown in Figure 5.8a, where the clusters are clearly separable. Without condition-
ing, the Cluster-PFN perfectly clusters the data points but assigns lower posterior probabilities
to some of them, particularly cluster 2 (pink) and cluster 3 (cyan), as seen in Figure 5.8b. This
occurs because earlier cluster assignments consume more of the posterior probability mass.

However, when conditioning is applied, the model redistributes the probabilities more evenly
across all clusters. As shown in Figure 5.8c, the posterior assignments for all clusters are now
much more balanced, demonstrating the effectiveness of conditioning in improving probabilis-
tic cluster assignments. Therefore, when evaluating the external metrics of the Cluster-PFN
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against the Bayesian GMM VI, we will use the conditioned Cluster-PFN.

5.3.2. Quantitative Comparison: Cluster-PFN vs. Bayesian GMM VI
We begin our evaluation by comparing the performance of Cluster-PFN and the Bayesian
GMM VI on 30,000 synthetically generated datasets measuring ARI, AMI, purity, and NLL.

Model AMI ARI Purity NLL

2D Easy
Cluster-PFN 0.96 ± 0.09 0.98 ± 0.05 0.97 ± 0.05 0.15 ± 0.34
Bayesian GMM VI 0.76 ± 0.29 0.87 ± 0.18 0.98 ± 0.05 1.06 ± 1.61

5D Easy
Cluster-PFN 0.97 ± 0.07 0.99 ± 0.04 0.99 ± 0.04 0.10 ± 0.27
Bayesian GMM VI 0.92 ± 0.18 0.96 ± 0.11 0.99± 0.05 0.79 ± 1.60

2D Hard
Cluster-PFN 0.82± 0.18 0.93 ± 0.09 0.92± 0.10 0.47 ± 0.54
Bayesian GMM VI 0.67 ± 0.28 0.84± 0.18 0.93± 0.09 1.40 ± 1.71

5D Hard
Cluster-PFN 0.89 ± 0.15 0.95 ± 0.08 0.95 ± 0.08 0.31 ± 0.43
Bayesian GMM VI 0.83 ± 0.24 0.92± 0.15 0.94± 0.12 1.78 ± 2.76

Table 5.2: Average external clustering scores across 30,000 datasets for various experiments. Higher values
indicate better performance for AMI, ARI, and purity, while lower values indicate better performance for NLL.

Reported values are means ± standard deviations.

Table 5.2 presents the mean values and corresponding standard deviations for all external
metrics, averaged across all evaluated datasets. As shown in the table, Cluster-PFN consis-
tently outperforms Bayesian GMM VI in terms of ARI, AMI, and NLL. Cluster-PFN achieves
higher average ARI and AMI scores with smaller standard deviations, as well as lower NLL
with smaller standard deviation, indicating both better clustering performance and greater sta-
bility across datasets. While the purity scores of both methods are comparable, Bayesian
GMM VI shows a slight advantage in this metric.

To better quantify the comparison between the models, we examine the number of datasets
where each model outperforms the other across the various metrics on the same set of 30,000
datasets.
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Model AMI ARI Purity NLL

2D Easy
Cluster-PFN 77.3 76.8 11.5 76.3
Bayesian GMM VI 13.3 13.2 26.5 16.7

5D Easy
Cluster-PFN 44.4 43.5 11.4 49.3
Bayesian GMM VI 18.2 16.4 18.2 28.9

2D Hard
Cluster-PFN 61.8 62.8 17.4 71.3
Bayesian GMM VI 30.5 29.4 48.7 23.6

5D Hard
Cluster-PFN 41.4 43.9 24.3 59.7
Bayesian GMM VI 35.8 32.5 37.0 27.8

Table 5.3: Win rate for each model on the external metrics (AMI, ARI, purity, and NLL) across 30,000 datasets
for various experiments (ties not included).

Table 5.3 presents the win rates of each model across the different metrics. Similarly to Table
5.2 Cluster-PFN consistently outperforms Bayesian GMMVI in both AMI, ARI, and NLL across
all settings.

One consistent observation is that the Cluster-PFN does not outperform the Bayesian GMM
VI in terms of purity. A possible explanation for this behavior is illustrated below.

(a) True data (b) Cluster-PFN prediction

Figure 5.9: Cluster-PFN predicting impure clusters

Figure 5.9 shows a sampled dataset, where the ground truth clustering is displayed in Fig-
ure 5.9a and the Cluster-PFN prediction is shown in Figure 5.9b. We observe that the Cluster-
PFN assigns both the top-left and bottom-right regions to the same cluster. We hypothesize
that the model interprets the two Gaussian blobs at the ends as a single elongated, correlated
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Gaussian structure, and thus merges them into one cluster. Therefore the purity decreases
because of the large mixtures.

5.3.3. Quantitative Comparison: Cluster-PFN vs. Bayesian GMM VI on Large Datasets
The comparisons of external metrics and NLL loss were conducted on datasets containing
100 to 500 data points. One of Cluster-PFN’s strengths is that, although it was trained only on
datasets of this size range, it can generalize to cluster much larger datasets. To evaluate this
capability, we conducted an experiment by sampling 5,000 datasets, each containing 5,000
data points, and assessed Cluster-PFN’s performance on these larger datasets against the
Bayesian GMM VI.

Model AMI ARI Purity NLL

2D Easy
Cluster-PFN 66.9 67.1 11.0 73.7
Bayesian GMM VI 23.9 23.2 40.5 22.3

5D Easy
Cluster-PFN 25.2 24.3 11.0 35.6
Bayesian GMM VI 31.4 28.8 28.6 41.0

2D Hard
Cluster-PFN 49.0 50.1 10.8 60.0
Bayesian GMM VI 45.2 44.0 67.0 36.6

5D Hard
Cluster-PFN 23.8 28.9 24.4 46.3
Bayesian GMM VI 56.0 50.6 50.5 40.6

Table 5.4: Win rate for each model on the external metrics (AMI, ARI, purity, and NLL) across 5,000 large
datasets for various experiments (ties not included).

Table 5.4 shows that Cluster-PFN achieves higher win rates in AMI, ARI, and NLL in the 2D
cases. However, in the 5D cases, Bayesian GMM VI attains higher win rates in AMI and ARI,
with comparable NLL performance. As before, Bayesian GMM VI consistently outperforms in
purity scores. These results demonstrate that Cluster-PFN can generalize to larger datasets
while maintaining strong performance within certain metrics.

5.3.4. Quantitative Comparison: Cluster-PFN vs. Bayesian GMM on NLL Loss
Over Time

Since the Cluster-PFN offers very fast inference and efficient computation on batched inputs,
we analyze the trade-off between NLL loss and computation time for both the Cluster-PFN and
the Bayesian GMM VI. The Bayesian GMM VI relies on iterative optimization, where setting
longer runtimes typically leads to better results. Comparing these two models highlights the
trade-off between NLL performance and computational efficiency.
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Figure 5.10: Comparison of average NLL loss over time across 10 datasets for Cluster-PFN and Bayesian GMM
VI for 2D Easy experiment

Figure 5.10 shows the average NLL loss over time across 10 datasets for both Cluster-PFN
and the Bayesian GMM VI. The Cluster-PFN achieves an average NLL loss of approximately
0.1 in under 10 seconds. In contrast, the Bayesian GMM VI starts with an NLL loss of around
1.5 and gradually converges to approximately 0.9 over time. These results highlight the supe-
rior speed and accuracy of Cluster-PFN compared to the Bayesian GMM VI.

5.4. RQ4: How does the Cluster-PFN perform against GMM and K-
means++

We sampled 30,000 datasets and compared the performance of Cluster-PFN against the GMM
and K-means++ models. To evaluate the models, we computed their average ranks, where a
rank of 1 indicates the best performance and 3 the worst. Notably, the GMM and K-means++
models were given an advantage by providing them with the true number of clusters.

Model 2D Easy 5D Easy 2D Hard 5D Hard

Cluster-PFN 1.57 1.57 1.60 1.56
GMM 1.96 2.02 1.75 1.72
K-means++ 2.47 2.41 2.65 2.72

Table 5.5: Mean AMI ranks of the models across 30,000 datasets for various experiments (lower is better).

Table 5.5 presents the average ranks of different models based on AMI scores across the eval-
uated datasets. Cluster-PFN consistently achieves the best average rank under all conditions,
indicating superior clustering performance. GMM ranks second, while K-means++ performs
the worst, particularly in the Hard setting. Similar trends are observed for ARI and purity met-
rics across the experiments. For corresponding tables of the additional metrics, please refer
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to Appendix C.



6
Discussion and Future Work

This section outlines the main findings of the thesis, discusses the implications of the results,
highlights the limitations of our approach, and outlines some of the future work.

6.1. Cluster-PFN and Bayesian Clustering
The experimental results demonstrate that Cluster-PFN can effectively perform Bayesian clus-
tering when trained sufficiently on a prior. This suggests that in scenarios where prior knowl-
edge about the types of clustering is available, Cluster-PFN can produce strong and reliable
results. Furthermore, its conditioning mechanism enables users to choose clusterings that de-
viate from the original clustering. As a result, the model supports not just one-shot clustering,
but flexible and interactive clustering under various constraints.

However, there are a few drawbacks to the construction of the data. The preprocessing step
that deterministically assigns cluster labels based on distance from the origin may introduce
unwanted dependencies. Furthermore, distances in very high dimensions become less infor-
mative and break down [8]. Therefore the Cluster-PFN would not be able to perform well in
high dimensions.

6.2. Predicting Clusters
The cluster prediction results demonstrate that the Cluster-PFN outperforms other methods
in estimating the number of clusters. This suggests that the model effectively captures the
underlying data distribution.

In unsupervised learning settings, the true number of clusters is unknown and must be esti-
mated. Having a model that can jointly cluster and predict the number of clusters removes the
need for separate model selection procedures. Moreover, since Cluster-PFN can generalize
the cluster prediction from training data, it is feasible to create a smaller, dedicated PFN vari-
ant that solely predicts cluster numbers. Such a lightweight model could serve as an accurate
heuristic in determining the number of clusters.
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There is an issue with howwe compute the number of clusters predicted by the Bayesian GMM.
Currently, we assign each data point to the cluster with the highest posterior probability and
then count the number of unique clusters. This is essentially a heuristic approach. To ensure
a fairer comparison, it would be better to use the full posterior probabilities from the Bayesian
GMM and compare them directly to the cluster distributions produced by the Cluster-PFN.

6.3. Evaluating Clustering Algorithms
When evaluating the performance of Cluster-PFN against other clustering algorithms, we
observe strong results on AMI and ARI, outperforming the Bayesian GMM VI, GMM, and
K-means++. Additionally, Cluster-PFN achieves lower NLL loss compared to the Bayesian
GMM VI. Notably, when trained on only 100–500 data points, Cluster-PFN is able to cluster
datasets of 5,000 points at a level comparable to the Bayesian GMM VI. This demonstrates
that the Cluster-PFN can scale well to large datasets. Furthermore, the inference speed of
Cluster-PFN also outperforms the Bayesian GMM VI, demonstrating that Cluster-PFN is a
viable option in terms of both accuracy and speed.

6.4. Future Work
Permutation invariant cluster assignments: An approach to mitigate the deterministic label-
ing of the data is to make the cluster assignments permutation invariant, thereby eliminating
the need for fixed label assignments. This would also help address the high-dimensionality
issue, as the data generation process would no longer rely on distance-based assignments.
One possible strategy is to have Cluster-PFN predict the cluster means, where the space of
possible means is discretized into predefined buckets. The model would then determine which
data points correspond to which mean buckets. However, this approach may not scale well to
high-dimensional data due to the exponential growth of discretization complexity. An alterna-
tive is to modify the loss function to incorporate a matching-based objective, such as bipartite
matching which Carion et al. [11] have applied to the transformer architecture to avoid dealing
with permutations.

Feature invariance: Currently, Cluster-PFN is permutation invariant with respect to the or-
der of the samples. However, extending this invariance to the feature dimension could further
improve performance, since the order of features should not affect the clustering results. Previ-
ous work has shown that model performance improves when incorporating feature invariance
[24, 5]. We did not implement feature-wise attention due to the much longer training times.

Improving conditioning: The current conditioning mechanism performs well when the spec-
ified cluster counts are close to the Cluster-PFN’s predicted number of clusters. However, it
is less effective when conditioning on arbitrary cluster counts. Enhancing the model to handle
a wider range of conditioned cluster counts would make it more flexible and broadly applica-
ble. This could be achieved either by modifying the model architecture or by integrating the
conditioning directly into the loss function, which may help enforce the condition more strongly
during training.

Scaling up: Our experiments were conducted using a maximum of five input features, with the
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model capped at predicting up to 10 clusters for both cluster assignments and the number of
clusters. Scaling themodel to handle more features and clusters can help validate its strengths
or reveal potential pitfalls.

Exploring additional Bayesian clustering methods: In this thesis, we focused exclusively
on model-based clustering algorithms. However, partition-based Bayesian clustering methods
also exist, which rely on minimizing a defined loss function. These methods can generally be
divided into three main categories: density-based approaches [6], hierarchical approaches
[22, 28, 34], and distance-based approaches [14, 15, 16, 33]. Comparing Cluster-PFN to
these methods could further validate its capabilities and highlight areas for improvement.



7
Conclusion

In conclusion, this thesis introduces Cluster-PFN, a Bayesian clustering model that leverages
prior training and a conditioning mechanism to cluster datasets.

Our experiments show that Cluster-PFN effectively clusters datasets and can adapt to con-
ditioning constraints when the specified cluster number is within a reasonable range of the
model’s own cluster predictions. Additionally, our results demonstrate that Cluster-PFN is
highly accurate at determining the optimal number of clusters in a dataset, outperforming com-
monly used heuristics such as AIC, BIC, and the silhouette score.

Cluster-PFN outperforms Bayesian clustering algorithms like the Bayesian GMM VI in terms
of ARI, AMI, and NLL loss, while also surpassing traditional clustering methods such as GMM
and K-means++. We further demonstrate that Cluster-PFN can generalize effectively to much
larger datasets, even when trained on significantly smaller ones, highlighting its practical value
in unsupervised learning tasks. Furthermore, Cluster-PFN achieves very fast inference times
while maintaining accurate cluster assignments.

Potential future improvements include making the model invariant to feature ordering, elimi-
nating reliance on deterministic labeling, scaling up the PFN, and comparing it to additional
Bayesian clustering methods.
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A
Distributions

A.1. Dirichlet Distribution
The Dirichlet is a multivariate distribution, over K random variables 0 ≤ µk ≤ 1,

∑K
k=1 = 1.

Denoting µ = (µ1, ..., µk)
T and α = (α1, .., αn)

T , we have

p(π) = Dir(π|α0) = C(α0)
K∏
k=1

πα0−1
k (A.1)

where C(α) = Γ(α̂)
Γ(α̂1)...Γ(α̂K) and Γ(α) =

∫
tα−1e−tdt

The purpose of C(α) is that it serves as a normalization constant so the pdf integrates to 1.

A.2. Wishart Distribution
W(Λ | W,ν) = B(W,ν) |Λ|(ν−D−1)/2 exp

(
−1

2
Tr(W−1Λ)

)
(A.2)

Where

B(W,ν) = |W |−ν/2

(
2νD/2 πD(D−1)/4

D∏
i=1

Γ

(
ν + 1− i

2

))−1

(A.3)

WhereW is aD×D symmetric, positive definite matrix. The parameter ν is called the number
of degrees of freedom and is restricted to v ≥ D.
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B
Further Details of Experimental Setup

B.1. Architecture
The Cluster-PFN architecture is fully based on the PyTorch [36] library and utilizes the encoder
component of the Transformer. It employs an embedding dimension of 256 and a hidden
dimension of 512. The model uses 4 attention heads and consists of 4 encoder layers. Each
encoder layer includes the following components:

1. Multi-Head Self-Attention with 4 attention heads

2. Add & Layer Normalization applied after the attention mechanism

3. Position-wise Feedforward Network, consisting of:

• A linear layer: 256 → 512

• ReLU activation

• A linear layer: 512 → 256

4. Add & Layer Normalization applied after the feedforward network

After passing through the encoder, a final layer maps each input to 10 output values. Each
output represents the probability of the data point belonging to a specific cluster.

We use a cosine annealing learning rate schedule with a warm-up, applied to an AdamW
optimizer initialized with a learning rate of 0.001.

B.2. Loss Function
The loss function used is the cross-entropy loss. There are two components to the overall
loss: the loss from the data point cluster assignments and the loss from the predicted number
of clusters. The final loss is computed as the sum of the average cluster assignment loss and
the cluster prediction loss.
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B.3. Training procedure 43

B.3. Training procedure
For each epoch, we generate a batch consisting of 100 datasets. Additionally, we fixed a
validation set of 200 datasets, which is used to monitor the training curves of the model.

B.4. Training curves of different experiments
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C
Additional Experimental Results

C.1. Rankings Cluster-PFN vs GMM vs KMeans++ on different met-
rics

Model 2D Easy 5D Easy 2D Hard 5D Hard

Cluster-PFN 1.54 1.54 1.50 1.49
GMM 1.99 2.05 1.82 1.79
K-means++ 2.47 2.41 2.68 2.72

Table C.1: Mean ARI ranks of the models across 30,000 datasets for various experiments (lower is better).

Model 2D Easy 5D Easy 2D Hard 5D Hard

Cluster-PFN 1.71 1.70 1.70 1.66
GMM 1.93 1.99 1.72 1.70
K-means++ 2.36 2.31 2.58 2.64

Table C.2: Mean Purity ranks of the models across 30,000 datasets for various experiments (lower is better).
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