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R T I C L E I N F O
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A B S T R A C T

A new type of radially polarized (RP) cosine-Gaussian (CG) field is proposed. Through the analytical model, it
is found that such RP CG beam exhibits completely different focusing properties from the reported RP plane
waves. More importantly, a stable three-dimensional trap of Rayleigh particle accompanied by a subwavelength
spin motion can be easily achieved using this RP CG beam.
. Introduction

Since the first practical laser traps of micrometer sized particles
emonstrated by Ashkin in 1970 [1], optical tweezer has become
owerful tools to capture and manipulate various objects, arising from
ts unique noncontact and noninvasive advantages [2–19]. Recently,
ight-induced rotation [20–25] attracts great attentions due to some
ractical and useful applications ranging from micro-rotors [26] to
ptical spanners [27], as well as cell orientation [28] and photonic
evices [10]. Physically, two dynamic properties of light in terms of
inear momentum (LM) and angular momentum (AM) play crucial roles
n the light-matter interactions of trapping [29–32]. There are two
ategories of LMs including spin linear momentum (SLM) and orbital
inear momentum (OLM). SLM is proportional to the curl of the spin
ensity of the light, whereas the OLM is proportional to the radiation
orce on a particle [33,34]. Similarly, the AM of light can also be
eparated into two parts: spin angular momentum (SAM) and orbital
ngular momentum (OAM). Being related to the vectorial nature of
ight, SAM is intrinsic, resulting in the rotation of a particle around
ts axis [35]. In contrast, the OAM of light is associated with the
zimuthal dependence of the optical phase, inducing the rotation of
article around the optical axis [36].

In addition, the state of polarization (SoP) of light is of primary
mportance in modern physics. Apart from scalar fields with spatially
omogeneous SoP, such as linear, elliptical, and circular polarizations,
light beam admits spatially-variant SoP, i.e. vector field [37–54]. As
kind of typical vector fields, radially polarized (RP) beam, which

∗ Corresponding author at: School of Physics and Optoelectronic Engineering, Shandong University of Technology, Zibo 255000, China.
E-mail addresses: zsman@sdut.edu.cn (Z. Man), fushenggui@sdut.edu.cn (S. Fu).

have all the SoPs in the beam cross section to be linearly polarized and
arranged along the radial direction, has attracted significant interest
due to the unique features compared with homogeneously polarized
beams. Usually, it is believed that a RP beam can create a strong on-
axis longitudinal and non-propagating electric field when focusing by a
high numerical (NA) [55–58] objective lens, which makes the RP beam
better for many applications.

In this Letter, we propose a new type of cosine-Gaussian (CG) beam
with radial polarization. Applying the Richards and Wolf vectorial
diffraction methods, the explicit expressions are presented to calculate
the strength vectors and energy flux of the three-dimensional electric
and magnetic fields. By calculations, the intensity structure of the
tightly focused RP CG beam is found to exhibit strong on-axis transverse
electric field, whereas the longitudinal electric field bears a shape
similar to a dipole, having two lobes located symmetrically with respect
to the y axis. The magnetic field is totally transversely polarized in
the focal region, which has nearly the same pattern as that of the
transverse electric field. In additional, the optical force and torque
on a Rayleigh particle produced by the focused RP CG beam is also
studied in detail, which indicates a stable three-dimensional trap can be
achieved. Meanwhile, the trapped particles always have a spin motion.

2. Radially polarized cosine-Gaussian beam and its tight focusing
property

Generally, light from a laser without specially designed cavity is
linearly polarized Gaussian beam, and its electric field expression can
ttps://doi.org/10.1016/j.optcom.2021.127829
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Fig. 1. Normalized electric field intensity distributions in the focal (top raw) and the through-focus planes (bottom row) of the focused RP CG beam when 𝜙0 = 0. The columns
from left to right correspond to the transverse component, longitudinal component, and their total. The insets in each image show the intensity profiles along axes, respectively.
t
be written mathematically as

𝐄1(𝑟, 𝜙, 𝑧) = 𝐴 exp
(

− 𝑟2

𝜔0
2

)

(

cos𝜙0𝐞̂𝑥 + sin𝜙0𝐞̂𝑦
)

, (1)

where A is the radial profile of the field; r and 𝜙 denote the polar radius
and the azimuthal angle, respectively; 𝜔0 is the radius of the beam
waist; 𝜙0 is the initial phase determining the polarization direction in
the beam cross section; 𝐞̂𝑥 and 𝐞̂𝑦 denote unit vectors directed along x
nd y axes, respectively, of the linear polarization. Eq. (1) can also be
xpressed with respect to the radial and azimuthal polarization basis
𝐞̂𝑟, 𝐞̂𝑎} through the relations 𝐞̂𝑥 = cos𝜙𝐞̂𝑟 − sin𝜙𝐞̂𝑎 and 𝐞̂𝑦 = sin𝜙𝐞̂𝑟 +
cos𝜙𝐞̂𝑎 as

1(𝑟, 𝜙, 𝑧) = 𝐴 exp
(

− 𝑟2

𝜔0
2

)

[

cos
(

𝜙 − 𝜙0
)

𝐞̂𝑟 − sin
(

𝜙 − 𝜙0
)

𝐞̂𝑎
]

. (2)

When the linearly polarized Gaussian beam passes through a radial-
ype extractor [59], the azimuthal polarization component will be
iltered out, then a new type of CG beam can be obtained:

2(𝑟, 𝜙, 𝑧) = 𝐴 exp
(

− 𝑟2

𝜔0
2

)

cos
(

𝜙 − 𝜙0
)

𝐞̂𝑟. (3)

Tight focusing is highly desirable, ranging from microimaging to
optical tweezers, as well as high density storage. In such a system, a
high NA objective lens is introduced, and the electromagnetic field in
the image space should be analyzed with Richards and Wolf vectorial
diffraction theory [60], because the contribution of the input polar-
ization cannot be neglected. When the incident beam is described by
Eq. (3), the electric and magnetic fields at an arbitrary observation
point P(𝜌, 𝜑, z) in the focal volume of a high NA objective lens can
be obtained as [60–64]
[

𝐄

𝐇

]

= −
𝑖𝑘𝑓
2𝜋 ∫

𝛼

0 ∫

2𝜋

0

√

cos 𝜃𝑒{𝑖𝑘[−𝜌 sin 𝜃 cos(𝜙−𝜑)+𝑧 cos 𝜃]}

× 𝐴𝑒

(

− 𝛽2 sin2 𝜃
sin2 𝛼

)

cos
(

𝜙 − 𝜙0
)

[

𝐕𝐸

𝐕𝐻

]

sin 𝜃d𝜙d𝜃, (4)

here k is the wave number in the image space, f is the focal distance,
= arcsin(NA/n) is the semi-aperture on the image side, where NA

s the numerical aperture of the focusing objective lens and n is the
efractive index in the image space, and 𝛽 is the ratio of the pupil radius
o the beam waist. 𝜃 and 𝜙 depict the tangential angle with respect to
2

he z axis and azimuthal angle with respect to the x axis in the object
space, respectively. The vectors VE and VH represent the electric and
magnetic field polarization vectors in the image space with the three
mutually perpendicular components being
[

𝐕𝐸

𝐕𝐻

]

=

[

cos 𝜃 cos𝜙𝐞̂𝑥 + cos 𝜃 sin𝜙𝐞̂𝑦 + sin 𝜃𝐞̂𝑧

−𝐵 sin𝜙𝐞̂𝑥 + 𝐵 cos𝜙𝐞̂𝑦

]

, (5)

Here, 𝐵 =
√

𝜀∕𝜇, where 𝜀 and 𝜇 are, respectively, the electric per-
mittivity and magnetic permeability. In terms of the 3D electric and
magnetic fields expressed by Eq. (5), the energy current is obtained
from a determination of the time-averaged Poynting vector [60,65–67]

𝐒 ∝ Re
(

𝐄 ×𝐇∗) , (6)

where the asterisk denotes complex conjugation. We can then study
the tight focusing properties of the new type of RP CG beam based
on Eqs. (4)–(6). All length measurements are in unit of wavelength,
therefore, 𝜆 = 1; 𝛽 = 1, NA = 1.26, and 𝑛 = 1.33 are used in the
following calculations.

Now we calculate the electric field distributions in the focal region
under the above focusing conditions. Fig. 1 shows the transverse,
longitudinal, and total field intensity distributions in the focal and
through-focus planes of the proposed RP CGB when 𝜙0 = 0. Apparently,
the circular symmetry for the total field of the focused RP CGB is
broken, which is a hot spot and exhibits on-axis elliptically symmetric
intensity distributions [Figs. 1(c) and 1(f)]. Furthermore, the on-axis
field is primarily contributed by the transverse component [Figs. 1(a)
and 1(d)], whereas the outer part of the field is contributed by the
longitudinal component [Fig. 1(b)]. Additionally, compared with the
longitudinal component, the transverse component is much stronger
and dominates the total field. These peculiar properties are much
different from the focusing characteristics of previously reported RP
beams in the literatures [55,57], which provides new insights into the
fundamental properties of RP beams and may lead to new applications

The corresponding magnetic field intensity distributions in the focal
and through-focus planes are also calculated, as depicted in Fig. 2.
Unlike the electric field distribution [Fig. 1], the magnetic field of the
focused RP CG beam with 𝜙0 = 0 is all contributed by the transverse
component. Meanwhile, we can see that the magnetic field has nearly
the same pattern compared with the transverse component of the
electric field [Figs. 1(a) and 1(d)].
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Fig. 2. Normalized magnetic field intensity distributions (a) in the focal and (b)
through-focus planes of the focused RP CG beam when □𝜙0 = 0. The insets in each
image show the intensity profiles along axes, respectively.

Fig. 3. Calculated transverse (left column) and longitudinal (right column) Poynting
vectors distributions of the focused RP CG when □𝜙0 = 0 in the focal (top row)
and through-focus (bottom row) planes. Black arrows indicate the direction of the
transverse energy flow. The insets in each image show the energy flow profiles along
axes, respectively.

Fig. 3 shows the normalized transverse and longitudinal Poynting
vector distributions in the focal and through-focus planes for the beam
shown in Figs. 1 and 2. Usually, no transverse energy flows near focus
can be found for the input RP plane waves [65–68]. However, we can
see from Figs. 3(a) and 3(c) that weak transverse energy flows [with
values very close to zero, which can be seen from the energy flow
profiles along axes] appear here, which always flow in the negative
direction of the x-axis. Compared with the transverse component of
he Poynting vector, the longitudinal energy flow is much stronger and
xhibits nearly the same patterns in the x–y and y–z planes shown in
igs. 3(b) and 3(d).

. Optical force and torque on Rayleigh particles

In this section, we study the generation of force and torque when
ight interacts with particles. We consider the case of particles much
maller than the trapping wavelength where one can make use of
ayleigh approximation. And the optical response of a nanostructure
an be modeled as that of a dipole or a collection of dipoles. The dipolar
olarizability determines the strength of interaction with an optical
ield. For a Rayleigh spherical particle of radius a and permittivity
1 placed in the above focused field propagating in a medium with
ermittivity 𝜀 and permeability 𝜇, this can be written as [69]

=
𝛼0 , (7)
1 − 𝑖(2∕3)𝑘3𝑎0 b

3

Fig. 4. Longitudinal and transverse forces on distributions on the Rayleigh particle
with 𝑛1 = 1.59 + 0.005i generated by the tightly focused normal RP (top row) and RP
CG (bottom row) beams in the y–z (𝑥 = 0) and x–y (𝑧 = 0.06𝜆) planes, respectively. The
arrows represent the direction of the force. Point L1, L2, and L3 represent equilibrium
positions.

where 𝛼0 is the point-like particle polarizability given by [70]

𝛼0 = 4𝜋𝜀𝑎3
𝜀1∕𝜀 − 1
𝜀1∕𝜀 + 2

, (8)

Based on the momentum conservation, transferring LM from light
beam to particle generates an optical force, which can be written as
the sum of three terms [71]

⟨𝐅⟩ = 1
4
Re {𝛼}∇ |𝐄|2 + 1

2
Im {𝛼} 𝑘

√

𝜇
𝜀
Re

(

𝐄 ×𝐇∗)

+ 1
2
Im {𝛼}Re

[

𝑖 (𝐄 ⋅ ∇)𝐄∗] , (9)

The first term in Eq. (9) denotes the force arising from the gradient
of the electric intensity, which permits three-dimensional confinement
in optical tweezers and dominates the total optical forces. The second
term, responsible for the radiation pressure, correspond to a force in
the propagation direction. The third term is the curl force associated
with the non-uniform distribution of the spin angular momentum.

We now examine the mechanical consequences when the focused
field interacts with particles. Consider a Rayleigh particle with radius
𝑎 = 30 nm and complex refractive index 𝑛1 = 1.59 + 0.005i. The real
art of the complex refractive index 𝑛1 is chosen based on the value
f polystyrene particles, which are often used as samples in optical
weezers. Here, we assign a small imaginary part to the refractive
ndex 𝑛1 to characterize the absorption of light by the particle. To
xamine the three-dimensional trapping capability of the focused RP
G beam, we first calculate the longitudinal force distributions in the
–z plane when 𝑥 = 0, depicted in Fig. 4(a). For the sake of comparison,
he corresponding distributions of a normal RP input beam is also
alculated under the same focusing conditions, shown in Fig. 4(c). The
ositive and negative longitudinal forces indicate that they are directed
long the +z and -z axes, respectively. By calculations, the equilibrium
osition where 𝐹𝑧 = 0 is found at about 𝑧 = 0.06𝜆. On the two sides
f the equilibrium position, the directions of the longitudinal forces
re opposite, and they both point to the equilibrium position. As a
esult, a stable longitudinal trap for the Rayleigh particle is possible
or both normal RP and RP CG input beams. Figs. 4(b) and 4(d) show
he transverse force distributions in the x–y plane when 𝑧 = 0.06𝜆
or the above two input beams, where the arrow denotes the direction
f the transverse force. From the arrows in Fig. 4(b) we can see the
ransverse force directs one position located on axis to produce a force

alance, which means particle can be trapped there. On the contrary,
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Fig. 5. (a) Gradient force, (b) scattering force, and (c) total force on a gold nanoparticle with 𝑛1 = 0.48646 + 2.2354i in the y–z (x = 0) plane, produced by the tightly focused
RP CG beam.
Fig. 6. The transverse spin torque and longitudinal orbital torque distributions on the Rayleigh particle with 𝑛1 = 1.59 + 0.005i generated by the focused normal RP (top row)
nd RP CG (bottom row) beams in the x–y (𝑧 = 0.06𝜆) plane. The arrow represents the direction of the torque.
ouble equilibrium positions located symmetrically with respect to the
axis appears for the RP CG input beam. The shift of equilibrium

osition from optical axis to outside of it is very important, since it
ay bring some new effects in light matter interactions. In addition, the

ransverse force is found to be stronger than that of normal RP beam.
he maximum transverse force is about 1.16 times bigger than that of
ormal RP input field, which can be seen in Figs. 4(b) and 4(d). So the
P CG input beam can be expected to produce a more stable transverse

rapping.
The magnitude of the optical force is closely correlated to the op-

ical properties of particles. Different from dielectric particles, metallic
articles, such as gold particles, are generally considered difficult to
rap with conventional optical tweezers due to the strong absorption
nd scattering of light. Fig. 5 shows the longitudinal optical force
n a gold nanoparticle with 𝑛1 = 0.48646 + 2.2354i, produced by
tightly focused radially-polarized Cosine-Gaussian beam. Since the

cattering force [Fig. 5(b)] is one order of magnitude larger than the
radient force [Fig. 5(a)], the total force is always positive for arbitrary
ositions in the 𝑦–𝑧 plane, as depicted in Fig. 5(c). Therefore, the
old nanoparticle will be pushed away from the focus, manifesting a
on-trapped phenomenon of metallic particle for the proposed RP CG
eam.

The transfer of the LM from light to the particle induces an optical
orce, whereas the transfer of the AM leads to optical torques. For
4

the harmonically varying external electric field, the time-averaged spin
torque is [72]

⟨

𝜞 𝑠𝑝𝑖𝑛
⟩

= 1
2
|𝛼|2 Re

[

1
𝛼∗0

𝐄 × 𝐄∗

]

(10)

which causes the rotation of a particle around its own axis. In contrast,
the orbit torque, which induces the rotation of particle around the
optical axis, can be written as

⟨𝜞 𝑜𝑟𝑏⟩ = 𝐫 × ⟨𝐅⟩ , (11)

For the traditional RP plane wave, it can be focused to gener-
ate a strong longitudinal on-axis electric field, resulting in none spin
torque distribution in the equilibrium position (optical axis) for the
trapped particles as depicted in Figs. 6(a) and 6(b), which show the
distributions of the transverse spin torque and longitudinal orbital
torque (the values are zero) in x–y plane when 𝑧 = 0.06𝜆, respectively.
Nevertheless, the trapped particles for the proposed RP CG beam always
have a spin motion. This unique feature can be seen in Figs. 6(c)
and 6(d). There are two lobes located symmetrically respect to the
y axis for the transverse spin torque, hence trapped particles will
experience spin motions around their own axes aligned in the direction
parallel to the y axis. Meanwhile, the particles will rotate clockwise
or anticlockwise, depending on the position where they locate. And
finally, all the particles will transport to two equilibrium positions
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driven by the longitudinal orbital torque, where the longitudinal orbital
torque is zero.

4. Conclusions

To summarize, a new type of CG beam possessing radial polarization
is proposed. With Richards and Wolf vectorial diffraction theory, all
components of the electric and magnetic fields near the focus can be
obtained, as well as the Poynting vectors. It is revealed that the RP
CG beam exhibit totally different strong focusing properties compared
with traditionally RP beams. In detail, the intensity structure of the
tightly focused RP CG beam is found to exhibit strong on-axis transverse
electric field, whereas the longitudinal electric field bears a shape
similar to a dipole, having two lobes located symmetrically with respect
to the 𝑦 axis. The magnetic field is totally transversely polarized in
the focal region, which has nearly the same pattern as that of the
transverse electric field. In additional, the optical force and torque
on a Rayleigh particle produced by the focused RP CG beam is also
studied in detail, which indicates a stable three-dimensional trap can be
achieved. Meanwhile, the trapped particles always have a spin motion.
This work not only broadens the structured light field, but also delivers
an important contribution towards a comprehensive understanding and
application of the RP beams.
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