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Quadrupedal Locomotion With Parallel
Compliance: E-Go Design, Modeling,

and Control
Jiatao Ding , Member, IEEE, Perry Posthoorn , Vassil Atanassov , Fabio Boekel ,

Jens Kober , Senior Member, IEEE, and Cosimo Della Santina , Senior Member, IEEE

Abstract—To promote the research in compliant quad-
rupedal locomotion, especially with parallel elasticity, we
present Delft E-Go, which is an easily accessible quadruped
that combines the Unitree Go1 with open-source mechan-
ical add-ons and control architecture. Implementing this
novel system required a combination of technical work and
scientific innovation. First, a dedicated parallel spring with
adjustable rest length is designed to strengthen each ac-
tuated joint. Then, a novel 3-D dual spring-loaded inverted
pendulum model is proposed to characterize the compli-
ant locomotion dynamics, decoupling the actuation with
parallel compliance. Based on this template model, trajec-
tory optimization is employed to generate optimal explosive
motion without requiring reference defined in advance. To
complete the system, a torque controller with anticipatory
compensation is adopted for motion tracking. Extensive
hardware experiments in multiple scenarios, such as trot-
ting across uneven terrains, efficient walking, and explo-
sive pronking, demonstrate the system’s reliability, energy
benefits of parallel compliance, and enhanced locomotion
capability. Particularly, we demonstrate for the first time the
controlled pronking of a quadruped with asymmetric legs.

Index Terms—Anticipatory control, parallel elastic actua-
tion, quadrupedal robot, trajectory optimization.
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I. INTRODUCTION

QUADRUPEDAL robots are capable of performing in var-
ious locomotion modalities, combining the advantage of

legged robotics within an inherently stable solution [1], [2], [3].
To improve robustness, increase energy efficiency, or realize
highly dynamic motions, passive elastic elements can be inte-
grated into the complex robotic system [4], [5], [6], [7], resulting
in articulated soft quadrupeds (also called elastic, elastically
actuated, or compliant quadrupeds) [8]. Among these, parallel
elastic actuators (PEAs)-based systems have shown effective-
ness in several works. For example, the authors in [7], [9], and
[10] demonstrated that PEAs can provide considerable energetic
benefits. Grimmer et al. [11] argued that this elastic actuation
modality aids in reducing peak power. Finally, Santina and Albu-
Schaeffer [12] discussed using them to generate hyperefficient
oscillatory motions. These results are, however, mostly demon-
strated in a simplified setting, and relatively few full-fledged
PEA-driven quadrupeds have been proposed and validated so
far. The pioneering PUPPY II [13] integrated parallel springs
in its knee joints, as the more recent Cheetah-cub [14], On-
cilla [15], and the modified ANYmal in [16]. SpaceBok [17] and
Morti [18] are instead planar quadrupeds with parallel springs
acting independently on all sagittal joints. Also, these designs
are unique and often hard to replicate. Aside from this, the
effective template model for explosive locomotion exploiting
parallel compliance needs further study.

This work designs an enhanced Go (E-Go) robot (see Fig. 1),
the easy-to-implement quadruped with parallel springs on all
joints.1 With this delicate design, we achieve energy-efficient
locomotion. Furthermore, we realize controlled explosive mo-
tion with parallel compliance based on a novel template model.
Inspired by the work in [20], we open-source the system, includ-
ing the design and controller, to prompt research in compliant
locomotion. The contributions are three-fold.

i) Design of lightweight, compact, and easy-to-reproduce
mechanical add-ons, which endow Unitree’s Go1 with
passive compliance—yielding the E-Go robot.

ii) Developing a control system, including an explosive
motion planner based on a novel spring-loaded inverted
pendulum (SLIP) model and a hybrid torque controller.

1Previously used in learning algorithm validation [19], but not the focus of
that work.
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Fig. 1. Delft E-Go, the compliant quadruped with parallel elasticity,
stores energy in springs (left) and releases it for an explosive jump
(right).

iii) Extensive experiments demonstrating the reliability of
system design, showing the energetic benefits of the
PEAs, and the enhanced locomotion capability.2 Par-
ticularly, the controlled pronking of a quadruped with
asymmetric legs is first achieved with this system.

We then briefly detail contributions (i) and (ii) as follows.

A. Hardware Add-Ons

Our primary goal is to propose an accessible, compliant
quadrupedal system that is easily replicated. So, rather than
designing a robot from scratch, we propose a set of lightweight
mechanical add-ons that turn the commercial robot, e.g., Unitree
Go1 [3] into a compliant quadruped. To encourage research and
experimentation, all elastic elements can be easily replaced to
test the effect of different stiffnesses or to compare against the
no-spring case. Section II details the design.

B. Modeling and Control

The control architecture3 comprises two modules: a motion
planner and a low-level tracking controller.

Trajectory optimization (TO) [21], [22], [23] has been used
for explosive locomotion but lacks parallel compliance due to
the assumption of rigid dynamics. The SLIP model, with few pa-
rameters, effectively captures compliant dynamics and adapts to
tasks like pronking, hopping, and running [19], [24], [25], [26],
[27]. Particularly, the dual-SLIP version provides insights into
two-leg motions [28]. However, the current dual-SLIP model
did not model the parallel compliance explicitly. To tackle this
issue, we propose a novel 3-D actuated dual-SLIP model, which
decouples actuation and parallel compliance. Based on this sim-
plified model, a TO is formulated to generate versatile explosive
motion without requiring reference motions. Section III details
the dual-SLIP model and motion planner.

The torque controller is then employed to track reference pre-
cisely without defeating the purpose of PEA design. To this end,
we propose to use anticipatory control—taking inspiration from
what is proposed in soft manipulators [29], by combining it with
optimal control for feedforward torque compensation borrowed
from rigid quadrupeds literature [30]. Finally, through incor-
porating feedback tracking control, a hybrid control scheme is
formulated, as detailed in Section IV.

2The video is available at: https://youtu.be/egQq9bRwqW4.
3This is not an extension of Unitree’s software but an entirely novel controller.

Unitree’s architecture cannot be directly applied nor adapted to factor in the
springs’ effect.

Fig. 2. Panel (a) reports a pictorial representation of the topology of
interconnection of the parallel elastic springs. The left part details the
cable-driven PEA design on the thigh joint and the mono-articulated
PEA on the calf joint. The right part details the cable-driven PEA design
on the hip joint. Similar views of the robot are reported for comparison
in panel (b). (a) Parallel springs topology. (b) Side view (left) and back
view (right) of E-Go.

Notation: Matrices and vectors are separately noted by bold
normal and italic fonts. For a matrix, the subscript (·)(i) means
the ith column and (·)(j,i) notes the element at the jth row and
ith column. For a vector, (·)(i) refers to the ith element.

II. HARDWARE DESIGN

This section presents the hardware design of E-Go, by high-
lighting the differences with existing designs.

A. Topology

To achieve energy-efficient locomotion while encourag-
ing explosive motion, we need to store the potential energy
while squatting down and then release it when stretching
the leg. Therefore, we propose to use the configuration in
Fig. 2(a), whereby the attached springs are tensioned when
the thigh joint rotates clockwise, and the calf joint rotates
anticlockwise.

As visualized in Fig. 2(a), two types of PEA configurations
are employed on the quadrupedal robot, i.e., cable-driven PEA
on the hip and thigh joints and mono-articulated PEA on the
calf joint. In hip and thigh joints, Bowden cables are used for
force and motion transmission [also see Fig. 2(b)], which is
different from the existing works such as [31] and [18] where
a string-driven structure is used. The introduction of Bowden
cables allows for a flexible placement, alleviating the potential
interference between the string motion and the link motion. Also,
differing from the previous studies, such as [14] and [32], which
adopt biarticulated PEA for calf joint actuation, we design a
simplified mono-articulated structure. As a result, this spring
deformation is merely determined by the calf rotation, reducing
the modeling complexity.

Authorized licensed use limited to: TU Delft Library. Downloaded on August 26,2024 at 13:30:47 UTC from IEEE Xplore.  Restrictions apply. 
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Fig. 3. 3-D model of the robot. (a) Side view. (b) 3-D rendering. Here,
1-thigh link, 2-calf spring, 3-pretensioned (rigid) string, 4-positioning
board, 5-thigh link shelf, 6-guide slot base, 7-handlebar, 8-body cover,
9-Bowden cable tube, 10-force sensor, 11-connection flange between
the thigh joint and a PEA, 12-connection flange between the hip joint
and a PEA, 13-bracket.

Fig. 4. Installation of the spring engaging mechanism: left is for the hip
joint, middle the thigh joint, and right the calf joint.

B. Design of PEA Add-Ons

Following the abovementioned topology, we design a novel
compliant quadrupedal robot based on the Unitree Go1 robot,
with PEAs applied in all the actuated joints, leading to the E-Go
in Fig. 2(b). An overview of the 3-D model can be found in
Fig. 3. Particularly, a lightweight spring engaging mechanism,
described by “I” in Fig. 3(a), is used on all the joints. Besides,
a compact spring pretension/guide mechanism is designed for
PEAs that are attached to hip and thigh joints.

1) Spring Engaging With Adjustable Rest Length: The same
spring engaging mechanism [“I” in Fig. 3(a)] is applied to
all actuated joints, which is separately installed on the flange
connected to the hip joint [see part 9 in Fig. 3(b)], on the bracket
around the thigh joint [see part 11 in Fig. 3(b)], and on the
positioning board [4 in Fig. 3(a)]. A real photo of the assembly
is found in Fig. 4.

Fig. 5(a) shows that the engaging mechanism mainly con-
sists of one spring engaging flange (part 1), one compression
board (part 2), and three compression bolts (part 3), forming a
lightweight and compact assembly. In practical uses, one can
press the rigid pretensioned cable to the flange by tightening the
compression bolts. In this way, we can control the pretension-
ing force and adjust the rest length, providing adaptability to
different homing configurations.

2) Spring Pretension/Guide Mechanism: The spring units
for the hip and thigh joints are placed on top of the body, where
the guide mechanism is introduced, see “II” in Fig. 3(b). One
sectional view in Fig. 5(b) reveals that the system mainly consists
of a soft pretensioned cable (part 5), a parallel spring (part 9),

Fig. 5. Detailed views of the assemblies “I” and “II” in Fig. 3.
(a) Partial view of the spring engaging mechanism (e.g., the one at-
tached to the calf joint), and (b) sectional view of the spring preten-
sion/guide mechanism. Here, 1-spring engaging flange, 2-compression
board, 3-compression bolt, 4-connection block, 5-pretensioned soft
spring, 6-guide slot, 7-Bowden cable, 8-clamp, 9-parallel tension spring,
10-sealing cover.

Fig. 6. E-Go joint notation (a) and its sagittal PEA arrangement (b).
(b) Robot is placed at the homing pose, with z0 = 0.3 m. We call q1, q4
the calf angles, q2, q5 the thigh angles, and q3, q6 the hip angles.

and the Bowden cable (part 7). Taking the thigh joint as an
example, one can engage the parallel spring by tightening the
Bowden cable using the spring engaging mechanism installed
on the bracket, i.e., part 13 in Fig. 3(b). By imposing different
pretensioning forces, the rest length of the parallel spring can
also be adjusted.

The total PEA add-ons weigh about 1.5 kg, which is
lightweight compared with the body weight (about 12 kg). Also,
since most of the PEA units are placed above the body, our design
does not weaken the kinematic reachability of the original Go1
robot.

C. PEA Stiffness

Fig. 6(a) describes the E-Go joint configuration, and Fig. 6(b)
illustrates the resultant PEA arrangement in the sagittal plane.
In real applications, PEA parameters such as spring rest angle
and spring constants can be determined according to different
task requirements. Here, assuming that the rest angle matches
the homing pose [see Fig. 6(b)], we derive a feasible range of
spring constants.

In the sagittal plane, we consider that the robot can tension
the springs when squatting down to the lowest height (z), by
imposing a certain joint torque. In this way, the robot stores the
potential energy in the leg retraction process and releases energy
when stretching its legs. The stiffest spring with maximal spring
constant (k) is tensioned when using the maximal torque (τ )
output by the motor. For the ith actuated joint [i.e., thigh and
calf joint in Fig. 6(a)], we have

τ s
i(z) = ki

(
qi(z)− q0

i

)
= τ g

i (z) + τ i (1)

Authorized licensed use limited to: TU Delft Library. Downloaded on August 26,2024 at 13:30:47 UTC from IEEE Xplore.  Restrictions apply. 
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TABLE I
MODELING PARAMETERS OF THE E-GO ROBOT

where q0
i is the ith joint angle when the robot is in the homing

pose, i.e., z = z0 [see Fig. 6(b)], qi(z) is the ith joint angle when
the robot reaches the lowest height, i.e., z = z. τ g

i (z) is the ith
joint torque due to the gravity effect.

In (1), we assume that the springs start to be engaged when
putting the leg in the homing pose. Besides, z is set to be 0.12 m
to avoid body collision with the ground. Using the maximal
torque τ in Table I, the ks of the thigh and calf joint could be
computed.

In addition, the hip spring is chosen such that the robot can
fully swing the leg sideways using the maximal torque output.
The resultant spring constants are listed in Table I.4

III. SLIP-BASED DYNAMIC MOTION PLANNING

In this section, we first introduce a novel 3-D actuated dual-
SLIP model, which characterizes parallel compliance explicitly.
Then, taking the quadrupedal pronking as an example, we detail
the TO formulation for explosive motion planning.

A. 3-D Actuated Dual-SLIP With Parallel Compliance

Through pairing the four legs into two groups, we propose
a dual SLIP model to model the quadrupedal dynamics by
explicitly considering the parallel compliance. Decoupling the
actuation and parallel elasticity, we have

Stance: c̈ =
F 1

s + F 2
s + F 1

a + F 2
a

m
+ g

Flight: c̈ = g (2)

whereF 1
a ∈ R

3 andF 2
a ∈ R

3 are the actuation force on leg 1 and
leg 2, respectively. F 1

s ∈ R
3 and F 2

s ∈ R
3 are the elastic forces

on leg 1 and leg 2, respectively, c̈ ∈ R
3 is the center of mass

(CoM) acceleration, g ∈ R
3 is the gravitational acceleration,

m ∈ R is the total mass.
In (2), F 1

s and F 2
s are computed by

F 1
s = k1

s(l
1
0 − ||l1||2)̂l1, F 2

s = k2
s(l

2
0 − ||l2||2)̂l2 (3)

where k1
s ∈ R and k2

s ∈ R separately denote the equivalent
spring constant on leg 1 and leg 2, l1 = c− pr ∈ R

3 and l2 =
c− pf ∈ R

3 are the leg vectors, with pr ∈ R
3 and pf ∈ R

3

being the leg positions. l̂1 ∈ R
3 and l̂2 ∈ R

3 are the unit leg
vectors. l10 ∈ R and l20 ∈ R are the rest lengths. || · ||2 here
obtains the L2 norm of a vector.

Note that, in this dual-SLIP model, k1
s and k2

s are the equiva-
lent spring constants of the parallel springs.5 That is, k1

s and k2
s

4Other objects can be used when choosing PEA parameters. For example, one
can expect the robot to support itself with parallel springs without extra motor
torque inputs. We left the parameter optimization as a future work.

5They can be derived following the Lagrange mechanics. Details are omitted
here.

are zeros when no spring is engaged, which is not achieved by
the traditional dual-SLIP model [28].

Remark 1: The decoupling of the actuation and the parallel
compliance enables the SLIP model to be applied to both rigid
(without parallel springs) and compliant (with parallel springs)
cases. Furthermore, the spring constants of two legs can vary
from each other, meaning that the dual-SLIP model can be
applied to quadrupeds with asymmetric legs, which, however, is
impossible using the single-leg model [19], [24], [25], [26].

B. Pronking Motion Optimization

Based on the actuated dual-SLIP model, we generate pronking
motions, with all feet lifting off and touching down simultane-
ously. Assuming Ns knots for the stance phase (each knot lasts
ts) and Nf knots for the flight phase (each knot lasts tf ), we
define a TO as

arg min
X,F1

a,F
2
a,q,t

Jcost (4a)

s.t. X(1) = X0, Ẋ(1) = Ẋ0, q(1) = q0 (4b)

(1 − ξ)zt ≤ Xz(Ns) ≤ (1 + ξ)zt (4c)

(1 − ξ)λr ≤ Xλ(Ns+Nf ) ≤ (1 + ξ)λr, λ ∈ {x, y} (4d)

Xz(Ns+Nf ) = zr (4e)

t ≤ t ≤ t (4f)

∀k ∈ [1, 2, . . . , Ns +Nf − 1]

X(k+1) = X(k) + Ẋ(k)t+ 0.5Ẍ(k)t
2 (4g)

Ẋ(k+1) = Ẋ(k) + Ẍ(k)t (4h)

∀k ∈ [1, 2, . . . , Ns]

Ẍ(k) =
F1

s(X(k)) + F2
s(X(k)) + F1

a(k) + F2
a(k)

m
+ g (4i)

0 ≤ F ı
z(k) + F ı

s,z(X(k)) ≤ F z, ı ∈ {1, 2} (4j)

−μ ≤ Ẍλ(k)/(Ẍz(k) + g) ≤ μ, λ ∈ {x, y} (4k)

q ≤ q(k) ≤ q (4l)

FK(q(k),p) = X(k) ∈ conv[p] (4m)

∀k ∈ [Ns + 1, . . . , Ns +Nf − 1]

Ẍ(k) = g (4n)

where decision variables contain X, F1
a, F2

a, q, and t. X ∈
R

3×(Ns+Nf ) comprises the sagittal (Xx ∈ R
Ns+Nf ), lateral

(Xy ∈ R
Ns+Nf ), and vertical (Xz ∈ R

Ns+Nf ) CoM positions,
F1

a ∈ R
3×Ns consists of the sagittal (F 1

x ∈ R
Ns ), lateral (F 1

y ∈
R

Ns ), and vertical (F 1
z ∈ R

Ns) actuation force on leg 1 during
the stance phase, F2

a ∈ R
3×Ns denotes the actuation force on

leg 2, F1
s ∈ R

3×Ns consists of the sagittal (F 1
s,x ∈ R

Ns ), lateral
(F 1

s,y ∈ R
Ns ), and vertical (F 1

s,z ∈ R
Ns ) elastic force on leg 1,

F2
s ∈ R

3×Ns denotes the elastic force on leg 2, q ∈ R
12×Ns con-

sists of joint angles during the stance phase, t = [ts, tf ]
T ∈ R

2

contains the step sizes for stance and flight phases, ξ ∈ R is the
slack variable.

Authorized licensed use limited to: TU Delft Library. Downloaded on August 26,2024 at 13:30:47 UTC from IEEE Xplore.  Restrictions apply. 
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Fig. 7. (a) 3-D actuated dual-SLIP model with parallel compliance and
(b) sagittal motion mapping in the homing pose.

1) Cost Function: The cost function in (4a) is defined as

Jcost = Jstance + Jflight + Jland + Jt + Jq (5a)

with

Jstance =

Ns∑
k=1

(w1
F ‖F1

a(k)‖2 + w2
F ‖F2

a(k)‖2 + wa‖Ẍ(k)‖2)

(5b)

Jflight =

Ns+Nf∑
k=Ns+1

wf‖Xz(k) − zt‖2 (5c)

Jland = wx‖Xx(Ns+Nf) − xr‖2 + wy‖Xy(Ns+Nf) − yr‖2

(5d)

Jt = wt‖t− tr‖2 (5e)

Jq =

Ns∑
k=1

wq‖q(k) − q0‖2 (5f)

where Jstance penalizes control inputs and the CoM acceleration,
Jflight penalizes deviations from the reference shooting height zt
during the flight phase, Jland minimizes the tracking error of the
landing position, Jt penalizes the deviation from the reference
time steps (tr = [trs, t

r
f ]

T ∈ R
2), Jq penalizes the deviation from

the homing angles (q0 ∈ R
12),w1

F ,w2
F ,wa,wf ,wx,wy ,wt, and

wq are the positive weights.
2) Feasbility Constraints: Equation (4b) defines the initial

jumping states according to the task requirements. When starting
from the homing pose with zero velocity [see Fig. 7(b)], we have

X0 =
[
0, 0, z0

]T
, Ẋ0 =

[
0, 0, 0

]T
. (6)

Meanwhile, q0 is calculated by the inverse kinematics. Equa-
tion (4c) limits the shooting height at the take-off moment. In
order to jump longer and higher, the robot should shoot at a big
height with a large shooting velocity. To this end, we guess the
nominal shooting height as

zt =
√

(lthigh + lcalf)2 − l2f (7)

where lthigh, lcalf, lf separately denote the thigh link length, calf
link length, and front thigh offset, as depicted in Fig. 6(b).

Equations (4d)–(4e) define the landing states when touch-
down, with [xr, yr, zr]T being the target landing position. Note
that, to enhance the solvability, we use soft constraints in (4c)–
(4d), with ξ being a small value.

Fig. 8. Overall control flow of the E-Go quadrupedal robot.

Equation (4f) limits the time duration of each step, with t ∈ R
2

and t ∈ R
2 being the lower and upper boundaries.

Equations (4g)–(4h) describes the state transition between
neighboring knots. In this work, we adopt the Euler integration
to guarantee the continuity, using the respective step size t, i.e.,
ts (t(1)) for the stance phase and tf (t(2)) for the flight phase,
and the corresponding acceleration [computed using (4i) during
the stance phase and by (4n) during the flight phase].

Equations (4j) guarantees that the generated ground reaction
force is within a feasible range, whereF z is the maximal vertical
force. Furthermore, (4k) prevents slippage during the stance
phase, with μ being the friction coefficient.

Equation (4l) constrains the joint motion, with q ∈ R
12 and

q ∈ R
12 being the lower and upper boundaries.

Equation (4m) restricts the CoM position within the kinemat-
ics reachability, with p ∈ R

12 being support positions. FK(·) is
the forward kinematics operatior.

Using the abovementioned TO formulation, we can achieve
the optimal pronking motion. Note that this planner can be
applied to rigid and compliant cases, which would be validated
in Section V-D.

Remark 2: Using the proposed TO formulation, the full-body
kinematics are considered when generating a dynamic motion,
similar to the kino-dynamic framework in [33]. However, since
the SLIP model is incorporated in our formulation, reference
joint trajectories for the jumping motion are not required, unlike
the kino-dynamic optimization in [23] and [34].

IV. LOCOMOTION CONTROL SCHEME

This section presents the hybrid control strategy, i.e., anticipa-
tory control (feedforward control, generating τ ff) plus feedback
control (generating τ fb) for motion tracking. As illustrated in
Fig. 8, we employ the model predictive control (MPC) to opti-
mize the desired ground reaction force (GRF) on each stance
foot. When parallel springs are engaged, the spring torque
compensation is activated.

A. GRF Compensation

To be simple, we model the quadrupedal robot as a single
rigid body (SRB) with four mass-less legs [30], resulting in

c̈ =

∑4
j=1 f j

m
+ g, Iω̇ =̃

4∑
j=1

(pj − c)× f j (8)

where f j ∈ R
3 and pj ∈ R

3 separately denote the GRF and
position on the jth leg (j ∈ {1, . . . , 4}), ω̇ ∈ R

3 is the angular
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acceleration, I ∈ R
3×3 is the inertia tensor in the world frame,

× denotes the cross-product operation.
To compute the optimal GRF, we introduce an MPC scheme,

followed by

argmin
F,S̈

Nh∑
k=1

‖S(k) − Sr
(k)‖2

Q + ‖S̈(k)‖2
R + ‖F(k)‖2

L (9a)

s.t. State transition: S(k) = AS(k−1) +BS̈(k)

(9b)

Dynamics constraints: S̈(k) = SRB(c(k),F(k))
(9c)

Contact condition: Dj
(k)F

j
(k) = 0 (9d)

GRF constraints: Fj
(k) ∈ S (9e)

where Nh denotes the length of the prediction horizon, system
state S ∈ R

12×Nhconsists of 3-D CoM position, body angles,
CoM velocity and angular velocity, control inputs include the
3-D linear and angular accelerations, i.e., S̈ ∈ R

6×Nh and GRFs
on all legs, i.e., F ∈ R

12×Nh . Specifically, Fj ∈ R
3×Nh(j ∈

{1, . . . , 4}) is the GRF on the jth leg.
1) Objective Function: The objective function in (9a) penal-

izes the tracking errors with minimal control efforts. The refer-
ence motionSr is generated in advance.Q ∈ R

12×12,R ∈ R
6×6,

and L ∈ R
12×12 are the diagonal weight matrices.

2) Feasibility Constraints: The state transition is processed in
(9b), where A and B are computed offline following the Taylor
expansion (see [35]). Note that the real state is chosen as the
initial state (i.e., S(0)) in (9b). The SRB dynamics are obeyed
using (9c), where

SRB(c(k),F(k))=

[
I3×3 · · · I3×3

[p1
(k) − cr(k)]× · · · [p4

(k) − cr(k)]×

]
F(k)

+

[
g

03×1

]
(10)

where pj
(k) ∈ R

3(j ∈ {1, . . . , 4}) denotes the jth leg position

at the kth step within the prediction window, cr(k) ∈ R
3 denotes

the reference CoM position at the kth step.
The contact complementary condition in (9d) guarantees that

GRFs are only assigned to the feet that are in contact with the
ground, where Fj

(k) ∈ R
3 is the 3-D GRF on the jth foot at the

kth step, and Dj
(k) ∈ R is the nonnegative distance between the

ground and the jth foot at the kth step. Equation (9e) guarantees
the feasible GRFs by obeying the unilateral contact constraints
and friction cone constraints. Details are omitted here.

The abovementioned MPC could be solved efficiently by off-
the-shelf QP solvers. Then, feedforward torque compensating
for the desired GRF of the jth leg is calculated by

τGRF
j = −JT

jF
j
(1) (11)

where Jj ∈ R
3×3 and τGRF ∈ R

3 separately denote the contact
Jacobian and torque command.

Fig. 9. Nonlinear torque profile of parallel springs. q and q separately
denote the minimal and maximal allowable joint angles.

B. Compliance Compensation

The SRB dynamics used in the abovementioned MPC do not
account for the parallel compliance introduced by the PEA add-
ons. To tackle this issue, we compensate for the spring torques
using another anticipatory controller. In E-Go, only unilateral
force is generated by the spring unit when it is tensioned. Taking
the thigh joint, for example, the spring torque τs is

τs =

{
0, qr ≤ q0

k(qr − q0), qr > q0
(12)

where qr and q0 separately denote the desired angle and the
rest length of the thigh joint, k is the spring constant. To avoid
abrupt variations in the spring torque, we use a softplus function
to approximate the segmented lines determined by (12). As
illustrated in Fig. 9, the spring torques for the jth leg are

τ s
j = ln(1 + exp(Kj(q

r
j − q0

j))) (13)

where ln(·) and exp(·) separately denote the natural logarithm
and exponential functions, τ s

j ∈ R
3 and qr

j ∈ R
3 are the spring

torques and reference joint angles of each leg. Kj ∈ R
3×3 is a

diagonal matrix, taking the spring constants on three joints of
the jth leg as the diagonal values.

C. Leg Motion Control

We control the stance leg and swing leg, as follows.
1) Stance Leg: GRF generated by MPC is imposed on the

stance leg to drive the body motion. Taking the jth leg, for exam-
ple, the commanded joint torque (τ j

stance ∈ R
3) is then computed

by considering feedback (τ fb
stance ∈ R

3) and feedforward terms
(τ ff

stance ∈ R
3), as follows:

τ j
stance = τ ff

stance + τ fb
stance (14)

where the feedforward term τ ff
stance consists of the GRF com-

pensation [in (11)] and the spring compensation [in (13)], the
feedback term τ fb

stance is obtained by the joint-space impedance
control (see [30]).

2) Swing Leg: After lifting off from the ground, the swing
leg follows the desired trajectory. To this end, the spring torque
feedforward compensation and the impedance feedback control
are incorporated. For the jth leg, we have

τ j
swing = τ ff

swing + τ fb
swing (15)

where the feedforward term τ ff
swing compensates for Coriolis,

gravity, and spring deformation, the feedback term τ fb
swing is
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Fig. 10. Angle and torque profiles of the thigh joint. (a) “No spring,”
“spring-ff,” and “spring+ff” separately represent the joint rotation without
the spring engaged, the joint rotation with the spring engaged but no
feedforward spring torque compensation, and the spring engagement
with compensation. (b) Plots the torque profiles in the “spring+ff” mode.

obtained by the joint-space impedance control and leg movement
tracking control (see [30]).

V. EVALUATIONS

This section validates the performance of E-Go with parallel
compliance. We start by evaluating motion tracking performance
using the hybrid control strategy. Then, we analyze the energy
benefits of the PEA design. Afterwards, we demonstrate loco-
motion capability via hardware experiments.

A. Motion Tracking With Parallel Compliance

1) Joint Tracking: Take the thigh joint on the rear right (RR)
leg as an example, we first analyze joint behaviors when the
E-Go is hung in the air. The joint angle profiles in different
modes are reported in Fig. 10(a). Besides, the torque profiles
when enabling the feedforward spring torque compensation (i.e.,
the “spring+ff” mode) are reported in Fig. 10(b).

In all three cases, namely, “no spring,” “spring-ff,” and
“spring+ff,” we commanded the robot to track the same sinu-
soidal curve. When the thigh angle goes above 0.83 rad, the
spring is tensioned (the spring constant in the thigh joint is
16 N·m/rad). As can be seen from Fig. 10(a), the anticipatory
spring force compensation, i.e., τ s

j in (13), contributes to a
decent tracking performance (see the red curve). In contrast,
without spring compensation, the reference angle cannot be
tracked when the spring is tensioned, see the yellow curve
in Fig. 10(a). From Fig. 10(b), we can find that anticipatory
compliance compensation plays a crucial role in generating the
desired torque when the spring is tensioned.

2) Motion Tracking With Height Variation: To further validate
the tracking performance, we put the E-Go on the ground and

Fig. 11. Height tracking profiles. The black arrow means that the
spring is tensioned when the body is below 0.3 m.

Fig. 12. CoT w.r.t. trotting speed. “No spring,” “spring,” and “spring
(calf)” separately denote the rigid robot without springs, the compliant
robot with springs fully engaged and the compliant robot with springs in
the calf joints.

commanded it to track a periodic height. In this case, the spring
with k = 7 N·m/rad is also installed in the calf joint.

In Fig. 11, when the spring was not engaged (the “no spring”
case), only the MPC works in the feedforward channel. It turns
out that decent tracking performance could be achieved in this
case. When the spring is engaged with the forward compliance
compensation (the “spring+ff” case), it also achieves a good
tracking performance. Compared with “no spring” case, the peak
height and the lowest height were both increased, meaning that
the parallel springs enhanced the joint.

B. Energetic Performance of PEA Design

With the hybrid torque controller, E-Go walks6 on flat ground
with different velocities, including at 0.1 m/s (“low speed”)
forward walking, 0.17 m/s (“normal speed”) forward walking,
0.25 m/s (“high speed”) forward walking, and 0.17 m/s forward
plus 0.1 m/s lateral (“diagonal”) walking. To further analyze
the energetic performance with respect to (w.r.t.) the parallel
compliance, we record the data with the rigid robot (“no spring”),
the compliant robot with springs fully engaged (“spring”) and
the compliant robot with calf springs engaged [“spring (calf
only)”]. In each scenario, three trials are conducted. The average
cost of transport (CoT) [37], together with standard error, is
plotted in Fig. 12. As can be seen in Fig. 12, the smaller CoT
is achieved with “spring (calf only),” no matter in which speed
mode. Furthermore, with springs fully engaged, CoT is further

6The trotting gait is generated using a bipedal locomotion planner [36].
Through grouping the FL and RR legs as the left leg and the FR and RL legs as
the right leg, quadruped trotting is transformed into bipedal walking.
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Fig. 13. E-Go walks across a collection of uneven terrains. None of these obstacles is known to the controller. The complete videos are available
as a multimedia attachment.

Fig. 14. 50 cm forward pronking. The first row describes the rigid pronking without springs engaged. The second row describes the compliant
pronking with springs engaged.

Fig. 15. 50 cm forward pronking of a quadruped with asymmetric legs. The first row describes pronking with single-leg SLIP. The second row
describes the pronking with the dual-SLIP model.

Fig. 16. Continuous pronking in PyBullet environment. The robot jumps 70 cm forward at each cycle. The red curve plots the real CoM.

reduced (in the “spring” case), demonstrating that the exploita-
tion of parallel compliance could improve energy efficiency in
quadrupedal locomotion.

C. Robust Trotting With Parallel Compliance

Robust quadrupedal locomotion across uneven terrains is
tested here, where the smooth wood, antislip rubbers, and soft
sponges are randomly distributed. In order to demonstrate the
robustness, the robot steps with variable step parameters. It
turns out that, using the proposed controller, E-Go with springs
fully engaged managed to maintain balance when encountering
unknown terrains. Snapshots are found in Fig. 13.

D. Explosive Pronking With Parallel Springs

Using the motion planner in Section III, pronking motions
for the quadrupedal robot can be generated. With the control
scheme in Section IV, pronking tasks are accomplished.

1) Enhanced Pronking: 50 cm forward pronking is displayed
in Fig. 14. As can be seen from the first row, especially in the
fifth picture, the rigid robot lands behind the desired landing
position (marked by the red line). In contrast, when the springs
are engaged, the compliant E-Go reaches the desired position.
That is, the E-Go could make use of parallel compliance to
enhance explosive motion.

2) Controlled Pronking With Asymmetric Legs: Using the
proposed dual-SLIP model, the pronking task for the quadruped
with asymmetric legs7 could be addressed. In this scenario, we
only engaged the parallel springs in the front legs. Fig. 15 (see
the bottom) demonstrates that the robot could land at the desired
position with a well-controlled pose. On the contrary, using the
single-leg SLIP model [19], the modeling mismatch resulted
in an earlier landing with large yaw errors, see the top row of
Fig. 15. Note that the stance legs could move in the stance phase

7This kind of asymmetry can be used to model the animals with different legs
or quadrupedal robotic systems with manufacturing defects.
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due to the low friction of the surface. Nevertheless, our controller
is robust enough to accomplish the pronking task.

Aside from this, 3-D tasks, such as diagonal pronking, are
also accomplished. Please check the attached video.

3) Continuous Pronking: In the abovementioned tests, the
robot starts pronking from the static homing pose, using the
initial conditions defined in (6). However, the TO formula-
tion in Section III-B could also generate versatile pronking
motions with different initial conditions. Fig. 16 demonstrates
the continuous four pronking with varying initial positions and
velocities for each cycle. Again, it validates the effectiveness of
the proposed control method.8

VI. CONCLUSION

This work proposed Delft E-Go, a quadrupedal system with
parallel elasticity on each joint. We complete this mechanical
design with a novel dual-SLIP model, TO-based motion planner,
and a hybrid motion controller that can deal with the different
dynamics generated by the proposed mechanics.9 Hardware
experiments have systematically validated the system’s perfor-
mance. Particularly, we highlight the energetic benefits and the
explosive locomotion capability.

In this work, the spring parameters, such as the spring constant
and rest length, are not optimized. In the future, we would like
to optimize them by multiobjective optimization to improve the
locomotion performance further.
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