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We show that the limiting variance of a sequence of estimators for a structured covariance
matrix has a general form, that for linear covariance structures appears as the variance of a
scaled projection of a random matrix that is of radial type, and a similar result is obtained
for the corresponding sequence of estimators for the vector of variance components. These
results are illustrated by the limiting behavior of estimators for a differentiable covariance
structure in a variety of multivariate statistical models. We also derive a characterization for the
influence function of corresponding functionals. Furthermore, we derive the limiting distribution
and influence function of scale invariant mappings of such estimators and their corresponding
functionals. As a consequence, the asymptotic relative efficiency of different estimators for the
shape component of a structured covariance matrix can be compared by means of a single

scalar and the gross error sensitivity of the corresponding influence functions can be compared
by means of a single index. Similar results are obtained for estimators of the normalized vector
of variance components. We apply our results to investigate how the efficiency, gross error
sensitivity, and breakdown point of S-estimators for the normalized variance components are
affected simultaneously by varying their cutoff value.

1. Introduction

Covariance matrices describe the relationships and variability between different variables in a dataset. When there is a known
structure or pattern in these relationships, structured covariance matrices can be estimated to capture and represent that structure.
The use of structured covariance matrices is a valuable tool for modeling the underlying patterns and dependencies in multivariate
data. It provides a more nuanced understanding of the relationships between variables, especially in scenarios where variables
exhibit specific structures or patterns of correlation. Structured covariance matrices are commonly used in the analysis of repeated
measures, longitudinal data, and multivariate data with a known underlying structure. They are particularly useful when there are
dependencies or correlations among different measurements or variables and are widely used in various fields, including biology,
medicine, psychology, and social sciences.

When a covariance matrix is unstructured and can be any positive definite symmetric matrix 3, then the limiting behavior of
covariance estimators V,, for 3 is well understood. For example, if V,, is based on a sample y, ...,y, € R* from a distribution with
an elliptically contoured density |Z}|‘1/ 2¢((y = )"y — w)), then typically \/Z(V,, — 3) converges in distribution to a random
matrix N that has a multivariate normal distribution with mean zero and variance

var{vecN)} = 0,(I;2 + K, )(Z ® X) + 5,vec(T)vec(E)", 1)

for some ¢; > 0 and 6, > —20, /k, where ® denotes the Kronecker product, K, , is the commutation matrix, and vec is the operator
that stacks the columns of a matrix. This form of limiting variance appears for many covariance estimators. Tyler [27] gives several
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examples, including the sample covariance matrix, and nicely explains that this general form will always appear when N is of radial
type with respect to X.

The situation becomes different, when estimating a structured covariance matrix ¥ = V(6), where V(-) is a known covariance
structure depending on a vector 6 = (d;, ...,0,)" of unknown variance components. Asymptotic results for the maximum likelihood
estimator of variance components in linear models with Gaussian errors having a structured covariance matrix V(6), can be found in
Hartley and Rao [8], Miller [23], and Mardia and Marshall [21]. When scaled appropriately, the maximum likelihood estimator 6, is
shown to be asymptotically normal with mean # and variance J~!, where Ji; = tr(E"LiE*‘Lj)/Z, fori,j e {l,...,¢}, with X =V(0)
and L; = 0V(0)/06,. By employing the vec-notation, the limiting variance of 6, can be expressed as

2= 'es ),

where L is the matrix with columns vec(L,), ..., vec(L,). According to the delta method the limiting variance of vec(V(8,)) is then
given by

A (L= exHL) LT

Similar results have been obtained in Lopuhaé et al. [17] for the class of S-estimators based on observations that follow a linear
model with a structured covariance 3 = V(0), where V is a linear function of 8. Under appropriate conditions, it holds that \/Z(G,,—O)
is asymptotically normal with mean zero and variance

-1
20 (LT (57 @ =)L) +oy00, @

and \/Z(V(Gn) — ) converges in distribution to a random matrix M, that has a multivariate normal distribution with mean zero and
variance

var(veeM)) = 20, L(LT (="' @ =) L)ilLT + oyvec(Dyvec(S) . @)

One of the objective of this paper is to show that this type of general form will always appear when M is a scaled projection on the
column space of L, of a random matrix that is of radial type with respect to 3. Moreover, we provide several examples of covariance
estimators that exhibit this kind of limiting behavior.

Another objective concerns the asymptotic behavior of estimators for scale invariant mappings H of positive definite symmetric
matrices. For affine equivariant covariance estimators V, with asymptotic variance (1), Tyler [28] shows that H(V,) has an
asymptotic variance that only depends on the scalar ¢;. When dealing with a structured covariance matrix, the covariance estimators
are typically not affine equivariant and have asymptotic variance (3). The second objective of this paper is to show that Tyler’s
result for affine equivariant covariance estimators, remains true for estimators of a structured covariance matrix. Moreover, we will
establish a similar result for scale invariant mappings H(0,) of estimators for the vector of variance components.

An example of a scale invariant mapping is the shape component V/|V|'/*. A consequence of our results is that the asymptotic
relative efficiency of estimators of the shape of a structured covariance can be compared simply by comparing the corresponding
values for o,. For affine equivariant covariance estimators, this was already observed by Kent and Tyler [12] and Salibian et al. [25].
Similar properties will be shown to hold for the direction component 6/||0|| corresponding to the vector of variance components.

A final objective of this paper concerns the influence function of structured covariance functionals. For affine equivariant
covariance functionals, Croux and Haesbroeck [5] show that the influence function at the multivariate normal is characterized
by two real-valued functions. Structured covariance functionals, however, are not necessarily affine equivariant. We will show that
such a characterization remains valid for structured covariance functionals at any elliptically contoured distribution, and similarly
for the variance components functional. A nice consequence is that the influence function of scale invariant mappings H of a
structured covariance functional V(6(-)) or of 6(-) itself, is characterized by a single real-valued function. As such, the gross-error-
sensitivity (GES) is proportional to a single index, which can be used to compare the GES of different shape functionals or different
direction functionals. Kent and Tyler [12] already observed such a property for the shape component of affine equivariant covariance
functionals, see also Salibidn et al. [25].

Except that our results have a merit of their own, they also enable the construction of MM-estimators with auxiliary scale in linear
mixed effects models and other linear models with structured covariances. These estimators inherit the robustness of S-estimators
considered in Lopuhai et al. [17] and, in contrast to the simpler version considered in Lopuhaé [16], improve both the efficiency of
the estimator of the fixed effects as well as the efficiency of the estimator of the covariance shape component and of the direction of
the vector of variance components. Investigation of this version of MM-estimators will be postponed to a future manuscript, in which
we will extend similar results that are already available for unstructured covariances in the multivariate location-scale model, see
Tatsuoka and Tyler [26] or Salibidn-Barrera et al. [25], and in the multivariate regression model, see Kudraszow and Maronna [13].

The paper is organized as follows. In Section 2 we show that the general forms of (2) and (3) can be derived solely using a scaled
projection of a random matrix that is of radial type. In Section 3 we investigate the limiting behavior of estimators of a differentiable
covariance structure in a variety of multivariate models. In the special case of a linear covariance structure, we establish that these
estimators asymptotically behave the same as a scaled projection of a sequence of affine equivariant covariance estimators that
are asymptotically of radial type. In Section 4 we derive the limiting distribution of scale invariant mappings of estimators of a
linear covariance structure that are asymptotically normal, and similarly for scale invariant mappings of estimators of the vector of
variance components. In Section 5 we derive a characterization for the influence function of structured covariance functionals and
the corresponding functional of variance components, and of scale invariant mappings thereof. In Section 6 we apply our results to
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investigate how the efficiency, GES, and breakdown point of S-estimators of the variance components are affected simultaneously,
when we vary the cut-off value of the rho-function that defines the S-estimator. All proofs are postponed to an Appendix A at the
end of the paper.

2. Projection of a random matrix of radial type

A random matrix R is said to be of radial type, if for any orthogonal matrix O, the distribution of OROT is the same as that of R.
The covariance structure of random matrices with a radial distribution was first given by Mallows [20] in index form. Tyler [27]
gave the covariance structure in matrix form and provided necessary conditions on its parameters. A random matrix N is said to
be of radial type with respect to the positive definite symmetric matrix X, if 3~!/2NX~!/2 has a radial distribution. If the first two
moments of N exist, then according to Corollary 1 in Tyler [27], the variance of N is given by (1).

Consider a k x k structured covariance matrix X = V(0), where V is a known covariance structure that is a function of
0 = (6,...,0,)7, a vector of unknown variance components, which is an element of the parameter space ® C R?. Define the
k% x ¢ matrix

L=[vec(L;) - vec(Ly)|, L;=0V/00;, je{l, ...} @
A special case is when V is linear, that is
S =0,L; +-+6,L,. (5)

In this case we can write vec(3) = L6. Furthermore, let IT; be the projection of a vector x € R* on the column space of L, re-scaled
by ! ® 27!, that is

II, x = argmin (x — L) (Z~! @ =) (x - LO). (6)
0c®

We then have the following theorem.

Theorem 1. Let N be a random matrix that is of radial type with respect to a positive definite symmetric matrix X. Suppose that 3 = V(0),
for some 8 € ® c RY, and that V is differentiable such that L, as defined in (4), is of full column rank. Let II; be defined in (6) and
define the random matrix M by vec(M) = IT; vec(N).

(i) If the first two moments of N exist, then there exist constants n, o; and o, with oy > 0 and o, > =20, /k, such that E[vec(M)] =
nII; vec(X), and

-1
var(vec(M)) = 261L<LT (='ex=) L) LT + 0,II vec(Z)vec(X) ' II] . @
(ii) Let 6, € ® c R” be such that TI; vec(X) = LO;. If T € R is the random vector, such that vec(M) = LT, then E[T] = 10, and

-1
var(T) =20, (LT (7' @ =)L) +0,0,0]. ®)

Note that the constants 5, 6, and ¢, have nothing to do with the projection IT;, but are inherited from the variance (1) of the
radial random matrix N. Their existence is guaranteed by Corollary 1 in Tyler [27]. When V is linear, the expressions in Theorem
1 simplify to the ones in (2) and (3).

Corollary 1. Let N and M be defined in Theorem 1. Under the assumptions of Theorem 1, assume in addition that V satisfies (5).

(i) If the first two moments of N exist, then there exist constants n, o, and o, with 6, > 0 and o, > —20, /k, such that E[vec(M)] = nvec(X)
and var(vec(M)) is given by (3).
(ii) If T € R? is the random vector, such that vec(M) = LT, then E[T] = 0 and var(T) is given by (2).

Examples of multivariate statistical models with a structured covariance matrix are linear mixed effects models. But also linear
models with errors generated by some autoregressive time series may correspond to a structured covariance matrix. When X is
unstructured and can be any positive definite symmetric covariance matrix, it can also be seen as a linear covariance structure V(0),
where 6 = vech(X), with

vech(A) = (ayq, ..., ayy Gy, - agy) s 9

is the unique k(k + 1)/2-vector that stacks the columns of the lower triangle elements of a symmetric matrix A. The matrix
L = dvec(V)/00" is then equal to the so-called duplication matrix Dy, which is the unique k? x k(k + 1)/2 matrix, with the properties
D, vech(A) = vec(A) and (DZD,{)"DZvec(A) = vech(A). Moreover, from the properties of D, (see, e.g., Magnus and Neudecker [19,
Ch. 3, Sec. 8]), it follows that

D, (D] (27 ®=7) D) D] = 1 (la + K B ). 10)

In this case, the expression (3) with L = D, coincides with the expression (1).
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3. Projections of estimators of radial type

A sequence {N,} of k x k symmetric estimators for X is said to be asymptotically of radial type if there exists a sequence of real
numbers g, increasing to infinity, such that a,(N, — ¥) — N in distribution with N being of radial type with respect to 3, see
Tyler [27]. In a large class of multivariate statistical models for estimators V, of a linearly structured covariance matrix, it turns out
that the limiting behavior of vec(V,) is the same as that of the projection IT; vec(N,) of a random matrix N,, that is asymptotically
of radial type with respect to X, where II; is defined in (6). When V is nonlinear, the behavior is similar, but slightly different.
We illustrate things in the following linear model with a structured covariance.

Consider independent observations s, ...,s, € R¥ x R¥ with distribution P, where s, = (y:-X;), i € {1,...,n}, for which we
assume the following model

y,=X;f+u, ie{l, ... n}, an

where y; € R¥, B € R? is an unknown parameter vector, X; € R is a known design matrix, and u; € R* are unobservable
independent mean zero random vectors with covariance matrix V € PDS(k), the class of positive definite symmetric k X k matrices.
Suppose that the distribution P for random variable s = (y, X) is such that y | X has an elliptically contoured density

fusM == g (y-p' =" y-mw). (12)

where u = X, and X = V(6,), for some vector 6, € © C R? of variance components. We assume that

Al: V is identifiable in the sense that, if V(6,) = V(0,), then 6, = 0,;
A2: V is twice continuously differentiable.

This setup includes several multivariate statistical models of interest. An important case of interest is the (balanced) linear mixed
effects model. An example of such a model is

r

Yi=XB+ D Zyy;+e, i€(l,....n},
j=1
where the Z;’s are known kxg; design matrices and the y;; € R® are independent mean zero random variables with covariance matrix
aj?lgl_, for j € {1,...,r}, and ¢, has covariance matrix cZlI;. This leads to a linear covariance structure V(6) = Yo aj?Z jZJT + 02l
and 6 = (Gé,af, ,O'rz)T.
Structured covariance matrices may also arise in linear models (11) with u,,...,u, generated from a time series. One example
is an autoregressive process of order one, which leads to V with elements

vy = o2 s re {1, ... k).

Another basic example is the equicorrelated model, which corresponds to
02, s=1,
U =
o o2p, otherwise,

for s, € {1,...,k}. Both models are an example of a nonlinear covariance structure, where the vector of unknown covariance
parameters is 6 = (6%, p)" € (0,0) X [~1, 1]. A general stationary process leads to

Uy = 6’|S_,|+1, s,t € {l,...,k},

which is a linear covariance structure with 8 = (4, ...,6,)" € R¥, where 0)5_1j+1 Tepresents the autocovariance over lag [s —1|.
Note that current setup also allows models with an unstructured covariance matrix, such as the multivariate location-scale
model or the multivariate regression model. See, e.g., Jennrich and Schluchter [11] or Fitzmaurice et al. [6], for different possible
covariance structures, and Lopuhai et al. [17], who provide a uniform treatment of S-estimators in these models.
Estimators &, = (B,,,0,) for & = (B, 0,) are typically solutions of estimating equations of the following type

/ (s, &) dP,(s) =0, (13)
where P, denotes the empirical measure corresponding to s, ...,s,, and where ¥ = (#5, %), with

Pp(s,€) = w ()X V! (y — XPB)

Po(s, &) =LT(V' @ V'')vec {wz(d)(y -Xp)y -Xp)T - w3(d)V} s

where d? = (y - XB)TV~!(y — Xp), L is defined in (4), and where we write V for V(6). We give some examples below. Furthermore,
typically &, will then converge to a solution of the corresponding population equation

(14)

/ (s, £)dP(s) = 0. as)

Let V, = V(6,). From the estimating Eqgs. (13) for &,, we will establish that vec(V,) is asymptotically normal. To this end, we require
the following conditions:
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C1: w;(s) is of bounded variation and continuously differentiable, for i € {1,2,3};
C2: w’l(s)sz, w;(s)s3, and wg(s)s2 are bounded.

Furthermore, the derivation of the limiting distribution uses a Taylor expansion of the left-hand side of (15) around &;. To guarantee
the existence of the inverse of the derivative involved, we need conditions on the following constants

_ By, [ lzIDlZl® + k(k + 2w (||z[])] _ Eop, [(e + 2wl lizIDllzll - wilizIDllz]
- k(k +2) » n= 2k +2) (16)
= vec(E‘l)THLvec(E),

14!

where EO,I,( denotes the expectation with respect to density (12) with parameters (u, ) = (0,1,) and IT; is defined in (6). To ensure
the existence of the scalars ¢, and ¢, in Theorem 2, we require

C3:y; #0and y; — yp7ry #0.

Maronna [22] and Tyler [27] consider M-estimators for multivariate location and covariance. Estimating equations for these
estimators would correspond to ¥, without the factor LT(V~! ® V™) (see Example 2 below) and w; = 1. Moreover, they assume
that w’2 is non-negative, which obviously implies (C3).

Theorem 2. Let P be a distribution for random variable s = (y,X), such that y | X has an elliptically contoured density (12), with
parameters p = Xp, and 3 = V(0,), for a covariance structure V that satisfies (A1)—(A2), such that L, as defined in (4), has full column
rank. Let &, and &, be solutions of (13) and (15), respectively, and suppose that &, — &, in probability. Suppose that E||s||* < co and
that X has full rank with probability one. If w,, w,, and w; satisfy (C1)—(C3), then \/;z {vec(V,) — vec(X)} is asymptotically normal with
mean zero and variance (7), and \/Z(O,, — 0 is asymptotically normal with mean zero and variance (8), where

o k(k +2)Eqy, [w,(llzI)*|Iz]|*] oy =2 4 HCH = o) (1 o ) Ya a
2’ Tk 20, _ 2 k _ 2’
(o, [sh Uzl + k(i + 2)05Cl)] "o =) = nm)
with y,,y, and =; defined in (16) and
Egx, [wrllz])?l1z]]*] ! ) 2
-kt s - = — - 18
73 T o 7= 15Ea, [(w2<||z||)||z|| kw3<||z||>) ] : 18)

Note that in general the constant ¢, in Theorem 2 does depend on the projection IT; through the constant z; defined in (16).
This is no longer the case for linear covariance structures. In that case, IT; vec(X) = vec(X) so that z; = k. This means we can relax
condition (C3) and have the following corollary.

Corollary 2. Under the assumptions of Theorem 2, where (C3) holds with x; = k, suppose that V satisfies (5). Then \/; {vec(V,) — vec(2)}
is asymptotically normal with mean zero and variance (3), and \/Z(On — 6, is asymptotically normal with mean zero and variance (2),
with o, defined in (17) and

2 2
, 4Eqyy, [(Wz(HZ”)”ZH — kaws(llzI)) ]

0y = —Eal +

5
(Eox, [waizblizl? + 2ws(ll) = ke (lzibiizI] )
Remark 1. From the proof of Theorem 2 one can obtain that if V is linear, then

Vi {vec(V,) = veo(S)} = —T vee { VN, — EIN,D | +0p(1),
where IT; is defined in (6) and
1 n
N, =~ g}{ 01(d); = X o)y, = X,Bo)| = a(d) |,
where d? = (y; - X; )" =7 !(y; — X, 8,), and

_un(s) _ —12Ww5(s)s” + 71103(5)
o) = 71 » )= ri(ri — kra)

where y, and y, are defined in (16). Moreover, \/Z(N,,—E[N,,]) — N in distribution, where N is a random matrix that has a multivariate
distribution with mean zero and variance of the form (1).

The random matrix N in Remark 1 is of radial type with respect to X. This follows from the fact that R = Z~1/2N3-1/2 is
multivariate normal with mean zero and variance

var{vec(R)} = (™12 @ =2yvar {vecN)} (272 ® B71/2) = 6,(I 2 + Ky 1) + oy vecI vecd,)".
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This immediately gives that for any orthogonal matrix O, the matrix ORO" is multivariate normal with mean zero and the same
variance. From Corollary 2 it follows that \/ﬁ {vec(V,,) - vec(E)} is asymptotically normal with mean zero and a variance that is
the same as the variance of vec(M) = IT; vec(N). According to Corollary 1 this variance is of the type given by (3). Furthermore, if
we write vec(M) = LT, then

Vn(0, - 6y) = (LTL)'LTy/n {vec(V,) - vec(E)} = T,

in distribution, where T is multivariate normal with mean zero and variance given by (2).

3.1. Examples

We discuss some examples of multivariate statistical models that are covered by the setup in (11), in which the estimators (8, 6,)
are solutions of estimating equation (13) for particular functions w;, w,, and ws. In the Appendix A we provide a detailed derivation
of o, and o, for specific special cases and show that their expressions coincide with the ones in Tyler [27] and Lopuhai et al. [16].

Example 1 (Maximum Likelihood for Multivariate Normal). Suppose (y;.X;),...,(y,.X,) are independent, such that y; | X; ~
N (X;By, V(). The loglikelihood is then given by

k I - _
L= —"7 log(27) — g log [V(©)] - 5 ;m -X;p"VO)(y; - X, p).

Setting the partial derivatives d£/df and 9L /d6; equal to zero gives the following estimating equations
1y RS
- Y XIV(y, -X,8) =0, - YA =XpTV LV Uy, - X,p) - tr(V7'L)} =0, (19)
i=1 i=1

for j € {I1,...,¢}, where we write V for V(0). By using the vec-notation and L as defined in (4), we can combine the partial
derivatives with respect to 6 ; in the second line of (19) as follows

LT(V' @ V7 vec {% Z(yi -X;py; — Xfﬂ)T - V} =0. (20)
i=1

It follows that the maximum likelihood estimator (,,0,) satisfies (13) and (B, 6,) satisfies (15), where ¥ is defined in (14) with
w () = wy(s) = ws(s) = 1. Theorem 2 applies and one finds ¢; =1 and o, = 0.

When each X; =1, for i € {1, ...,n}, then the model (11) reduces to the multivariate location-scale model. If X is unstructured,
then ¥ = V(6,), with 6, = vech(X) and L = avec(V(GO))/aQT is equal to the duplication matrix D,. In this case, we can remove the
factor LT(V-! ® V~!) from (20), and V,, is simply the sample covariance of y, ...,y,. This example then coincides with Example 1
in Tyler [27].

Example 2 (M-estimators). As mentioned in Example 1, when each X; = I, for i € {1,...,n}, and X is unstructured, then the
model (11) reduces to the multivariate location-scale model and we can remove the factor LT(V™! ® V1) from ¥, in (13). In that
case, estimating Egs. (13) are equivalent to equations (1.1)-(1.2) in Maronna [22] or equations (4.11)—(4.12) in Huber [10] for M-
estimators of multivariate location and covariance. In view of this, solutions (8, 0,) of estimating Eqs. (13) are called M-estimators
for (B, 0,). The expression for ¢, in Theorem 2 then coincides with the one in Example 3 in Tyler [27]. For linear covariance
structures, the expression for ¢, in Corollary 2 coincides with the one in Example 3 in Tyler [27].

As a special case, this includes the estimating equations that correspond to maximum likelihood estimators based on independent
observations (y;, X)), ..., (y,,X,) from an elliptical density (12). The maximum likelihood estimators (g,,0,) then satisfy estimating
Egs. (13), for w(s) = w,(s) = —2¢'(s*)/g(s®) and w;(s) = 1. The expression for o, in Theorem 2 then coincides with the one in
Example 2 in Tyler [27]. For linear covariance structures, the expression for o, in Corollary 2 coincides with the one in Example 2
in Tyler [27].

Example 3 (S-estimators). S-estimators for (B, 0,) are defined by means of a function p : R — [0, 0), as the solution to minimizing
|V(6)|, subject to

Ly XA TVO) -y — X,
nI;P(\/w, X.ATVO) 'y, X,ﬁ))Sbo,

where the minimum is taken over all § € R? and 6 € ® c R?, such that V() € PDS(k). These estimators have been studied for
linear mixed effects models in Copt and Victoria-Feser [4], Chervoneva and Vishnyakov [1,2] and for general linear models with a
structured covariance in Lopuhad et al. [16]. When V is linear, then according to Section 7.2 in [16], S-estimators (B,,0,) satisfy
estimating Egs. (13), with w;(d) = p'(d)/d, w,(s) = kp'(s)/s and w;(s) = p'(s)s — p(s) + by. The expressions for ¢; and o, in Corollary
2 coincide with the ones in Corollary 9.2 in Lopuhai et al. [16].
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4. Homogeneous mappings of order zero

Let H(v) be a mapping from R’ to R™ that is homogeneous of order zero, that is
H(v)= H(av), a>0. (21)

These mappings have several applications to affine equivariant covariance estimators that have limiting variance (1). Tyler [28] uses
such a mapping to show that the likelihood ratio criterion is asymptotically robust over the class of elliptical distributions. Kent
and Tyler [12] consider the shape component of covariance CM-estimators and show that the limiting variance of CM-estimators
of shape depends on o, only, which may then serve as an index for the asymptotic relative efficiency. Salibidn-Barrera et al. [25]
derive the influence function of the shape component of covariance MM-functionals and use this to obtain that the limiting variance
of MM-estimators of shape only depends on a single scalar. This property of the shape component is a special case of a general result
in Tyler [28] for multivariate functionals of affine equivariant covariance estimators that are asymptotically normal with limiting
variance (1).

Estimators for a structured covariance matrix are typically not affine equivariant and have limiting variance (7) or (3) instead
of (1), so that the previous results do not directly apply. The objective of this section is to extend Theorem 1 in Tyler [28]
to estimators for a linearly structured covariance, and discuss its consequences for corresponding estimators of shape and scale.
Moreover, we establish a similar result for estimators of the vector of variance components and apply this to its normalized version.
We then have the following theorem.

Theorem 3. Consider ¥ = V(6,) € PDS(k), for some vector 6, € ® C R, where V satisfies (5), such that L, as defined in (4), is
of full column rank. Let {V, : n > 1} be a sequence of estimators for 3 and let {6, : n > 1} be a sequence of estimators for the vector
6, € ® c R? of variance components.

(i) For V € PDS(k), let H(V) be continuously differentiable satisfying (21). When \/E(V,, — X) converges in distribution to a random
matrix M that has a multivariate normal distribution with mean zero and variance given by (3), then \/;(H (V,) — HX)) is
asymptotically normal with mean zero and variance

-1
20 H'EL(LT (57 @ 37)L) LTH®).

(i) For 6 € ® c R?, let H(6) be continuously differentiable satisfying (21). When \/Z(B,, — 0,) is asymptotically normal with mean zero
and variance (2), then \/;(H(G,,) — H(0y)) is asymptotically normal with mean zero and variance

ZO'IHI(QO)(LT (='ex) L)AH’(QO)T.

Remark 2. The restriction to linear V in Theorem 3 is essential. It can be seen from the proof that Theorem 3(i) is a direct
consequence of the property H'(X)vec(X) = 0. In view of (7), a similar result for nonlinear V would require H'(Z)II; vec(X) = 0,
which is not necessarily the case. Similarly, Theorem 3(ii) is a direct consequence of H’'(6,)0, = 0. In view of (8), a similar result
for nonlinear V would require H'(6,)0; = 0, where 8, € ® c R?, such that II; vec(X) = L6, , which may also not be true.

When ¥ = V(6,) is unstructured, then vec(3) = L6, with 6, = vech(X), as defined in (9), and L is the duplication matrix D,.
Because K, H (V)T = H'(V)T, for symmetric V, from (10) it follows that Theorem 3(i) with L = D, recovers Theorem 1 in
Tyler [28].

From Theorem 3 it follows immediately that the asymptotic relative efficiency of different estimators H(V,) for H(X) can be
compared by simply comparing the values of the corresponding scalar o,. Similarly, the scalar ¢, can also be used as an index for
the asymptotic relative efficiency of different estimators H(6,) for H(6,). We discuss some examples below.

The results may also be relevant when studying the behavior of robust inference procedures. Robust tests are meant to have a
stable level under small arbitrary departures from the null hypothesis, and to have good power under small arbitrary departures from
specified alternatives. Tyler [27] considers a robust likelihood ratio test, which is a standardized version of H(V,), where V, is a
covariance M-estimator and H is the scale invariant mapping defined by H(X) = ||'/2/(tr(£))¥/2. Under appropriate scaling H(V,,)
has a limiting distribution that only depends on the scalar ¢, from (1). Related robust inference procedures can be found in [9] for
a general parametric setup, in [3] for linear mixed effects models, and in [30] for a one-way multivariate ANOVA, among others.

Example 4 (Shape and Scale of a Linearly Structured Covariance). Suppose that \/Z(V,, —3) is asymptotically normal with mean zero
and variance given by (3). Consider the shape component H(C) = vec(C) /|C|1/ k where C € PDS(k). We have that
J0H(C)

H(©) = dvec(C)T

- —%lCl‘l/kvec(C)vec(C‘l)T +1C7 . (22)

Then, according to Theorem 3(i), for the shape component it follows that \/Z(H (V,) — H(X)) is asymptotically normal with mean
zero and variance (see Appendix A for details)
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When X is unstructured, then vec(X) = L, with 6, = vech(X) and L is the duplication matrix D,. In that case, from (10) it follows
that (23) with L = D, reduces to
&t
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This coincides with expression (9) found in [25]. For completeness, consider the scale component ¢(C) = |C|1/ @K1t can be seen
that

6'(C) = %lcﬂ/(z")vec(C‘l)T. (24)

Application of the delta method then yields that \/Z(G(V,,) — 0(30)) is asymptotically normal with mean zero and variance
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Example 5 (Direction of the Vector of Variance Components of a Linear Covariance Structure). Suppose that \/2(9”—90) is asymptotically
normal with mean zero and variance given by (2). In order to create a single scalar as an index of the asymptotic efficiency for
estimators 0, for the vector 6, of variance components of a linear covariance structure, it is helpful to separate 6, into its direction
and length. The direction component H(0) = 6/|0|| satisfies (21). Its derivative is given by
W0 _ (1, 000)
00T el \"* ‘

el
Then, according to Theorem 3(ii), for the direction estimator it follows that \/Z(H (6,) — H(0)) is asymptotically normal with mean
zero and variance

2 0,0 -1 0,6]
(-2 (LT (=T en L) (-2 ).
160l 160l l16o]|
It does not seem possible to simplify this expression any further, but it illustrates that one can use the scalar ¢, as an index for the
asymptotic relative efficiency of estimators H(6,) for H(6,).

An alternative is the mapping H(6) = 6/|V(0)|'/¥. When V is linear, this H also satisfies (21). For V, = V(6,), it holds that
0, = (LTL)"'LTvec(V,), so that

H'(0) = (25)

H(,) = (LTLY 'LTvec (V,/|V,I*).

From Example 4, it follows that \/Z(H (6,) — H(0)) is asymptotically normal with mean zero and variance

20 T (ya-1 B N P
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This component H leads to a simpler expression for the limiting variance and the scalar o, can again be used as an index for the
asymptotic relative efficiency of estimators H(6,) for H(6,).

5. Influence function of structured covariance functionals

The influence function measures the local robustness of an estimator. It describes the effect of an infinitesimal contamination
at a single point on the corresponding functional (see Hampel [7]). Good local robustness is therefore illustrated by a bounded
influence function. It is defined as follows. Let P be a distribution on R¥. For 0 < 2 < 1 and y € R* fixed, define the perturbed
probability measure P, , = (1 - h)P + hé,, where 6, denotes the Dirac measure aty € R¥. The influence function of a k x k covariance
functional C(-) at probability measure P, is defined as

C((1 = h)P + héy) — C(P)
A ,

IF(y;C, P) = lﬂg

if this limit exists.

Let P be a distribution on R* with density |=|~'/?¢g (- W™=y - p), where p € R* and X € PDS(k), and let C be Fisher
consistent for X, that is C(P) = X, and affine equivariant, meaning C(Ppysp) = AC(Py)AT, for any nonsingular k x k matrix A and
b € R¥, where Py denotes the distribution of a random vector y. Croux and Haesbroeck [5] show that the influence function of such
covariance functionals at the N, (u, X) distribution is given by

IF(y; C, P) = ac(d()(y — W)y = W' = fc(d(y)E, (26)

for some real valued functions a. and f- and where d(y)> = (y—u)" =~!(y— ). For more details on a and f for different covariance
functionals, see Croux and Haesbroeck [5].

Structured covariance functionals M(-) = V(6(-)) are not necessarily affine equivariant, so that the above characterizations do not
directly apply. However, Lopuhai et al. [17] find similar expressions for the influence function of the covariance S-functionals M(-)
and 6(-) in a linear model with a linearly structured covariance V, see Corollary 8.4 in [17]. The next lemma shows that these type
of expressions will always appear at elliptical distributions for covariance functionals that are a projection of some affine equivariant
covariance functional.
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Lemma 1. Let P be a distribution on R* with density |£|™/%g ((y — w"='(y — p)), where p € R* and = € PDS(k). Let C be an
affine equivariant covariance functional which possesses an influence function. Suppose that = V(6,), for some 6, € ® c R?, such
that L, as defined in (4), is of full column rank. Let I1; be the projection matrix defined in (6) and define the covariance functional M by
vec(M) = IT; vec(C). Then the following holds.

(i) There exist functions ac, fc : [0,00) = R, such that IF(y; vec(M), P) is given by
-1
ac(d()’))L<LT(E_' ® E_I)L) LT vec (E_l(y -y - H)TE_I) = Pc(d(y)II vec(2),

where d(y)? = (y — )" =7\ (y — p).
@) If 6(P) € © C R’ is the functional, such that vec(M(-)) = LO(-), then IF(y; 0, P) is given by

-1
ac@y)(LTET @ =IL) LTvee (S - iy - WTE) = fe@@)0;.
where 0, € ©® C R” is such that I1; vec(X) = LO;.

Note that the functions a- and - have nothing to do with the projection IT;, but are inherited from the influence function (26)
of the affine equivariant covariance functional C. At a distribution P that has an elliptical density (12) with a linearly structured
covariance, one has vec(3) = L, so that IT; vec(X) = vec(X) in part (i) and 6; = 6,, in part (ii) of Lemma 1. For this case, Lopuhad
et al. [17] find expressions similar to the ones in Lemma 1 for the covariance S-functionals. If the S-functional is defined by some
function p and constant b, (see Example 3), then

kp' ' 2p(s) — b
ae(s) = ?5(13)’ fe(s) = %”:)S _ W, 27)
where
Eox [0 (zIDlizI? + (e + D Izl |zl
iy = ol T . (28)

These a- and B are the same as the ones that appear in the expression for the influence function of the affine equivariant
covariance S-functional C in the multivariate location-scale model, see Lopuhad [14] or Salibidn-Barrera et al. [25], or in the
multivariate regression model, see Van Aelst and Willems [29]. Indeed, the influence function IF(y, vec(V(0)), P) of the linearly
structured covariance functional in Lopuhad et al. [17] is precisely the projection IT; of IF(y, vec(C), P) as obtained in [14,25,29].

When X = V(,) is unstructured, then vec(X) = L, with 6, = vech(X) and L is the duplication matrix D,. In that case, from (10)
it follows that the expression for IF(y; vec(M), P) in Lemma 1(i) with L = D, reduces to

IF(y; vec(M), P) = vec {ac(d(y)(y — p)(y — 0)" = fc(d(y)Z} .

This coincides with the expression found in Lemma 1 in Croux and Haesbroeck [5].

Mappings H that satisfy (21) also have useful applications to influence functions of affine equivariant covariance functionals C
and their the gross-error-sensitivity (GES). Kent and Tyler [12] consider functionals C/|C|'/* and C/tr(C) to obtain that the GES
of different CM-functionals is proportional to a single scalar. Salibidn-Barrera et al. [25] derive the influence function of the shape
component of covariance MM-functionals and show that it is proportional to a single function a., which no longer depends on the
scale-functional used in the first step. In fact, these properties hold more general for functionals H satisfying (21) applied to affine
equivariant covariance functionals. The next lemma establishes similar results for linearly structured covariance functionals. Similar
to Remark 2, one can only obtain this result for linear covariance functionals.

Lemma 2. Let P be a distribution on R with an elliptical contoured density (12). Suppose that ¥ = V(8,) € PDS(k), for some vector
0, € ® C R?, where V satisfies (5), such that L, as defined in (4) is of full column rank.

(i) Let M € PDS(k) be a covariance functional that is Fisher consistent for 3 and which possesses an influence function given by Lemma
1(i). Let H(M) be continuously differentiable in a neighborhood of M(P) satisfying (21). Then IF(y; H(M), P) is given by
-1
ac@H' EL(LTE"e= L) LT(sex) (v-nev-w).

where d*(y) = (y — p)" =7y — p).
() Let 6 € ® C R’ be a functional that is Fisher consistent for 8, and which possesses an influence function given by Lemma 1(ii).
Let H(6) be continuously differentiable in a neighborhood of O(P) satisfying (21). Then IF(y; H(0), P) is given by

-1
ac@@H'O)(L'E" @ = hL) LT (37 e =) (y-we v -m).

Consider the GES defined by supyerk IIF(y; I, for some norm || - ||. From Lemma 2 it follows immediately that regardless of
the choice of the norm, the value ||IF(y; H(M), P)|| for different functionals H(M(P)) is proportional to |ac(d(y))| and similarly for
functionals H(O(P)). We discuss some examples below.



H.P. Lopuhad Journal of Multivariate Analysis 208 (2025) 105443

Example 6 (Shape and Scale of a Linearly Structured Covariance). For the shape functional H(M) = vec(M)/|M|'/*, from Lemma 2(i)
together with (22) we find

IF(y; HOM), P) = —%lEFl/ktr (=UF(y; M, P)) - vec(Z) + || VFIF(y; vec(M), P).

See also Salibidn et al. [25]. In particular, at a distribution P with an elliptically contoured density with parameters y and X = V(6,)
one finds that IF(y; H(M), P) is given by
ac(d(y))
LG

— 2
{L(LT(E“ ® 2‘1)L> lLTvec (='y-wy-w'=") - %vec(ﬁ)}, (29)

where d(y)? = (y — p)' =~ (y — p). It follows that ||IF(y; H(6), P)|| will be proportional to |ac(d(y))d(y)*|. When ¥ is unstructured,
then vec(X) = L6, where 6, = vech(X), as defined in (9), and L is the duplication matrix D,. In that case, from (10) it follows
that (29) with L = D, reduces to

d d(y)?
“glf/yk))vec{(y—m(y—uf - %2}

which coincides with formula (3) in [25]. For completeness, consider the scale component (M) = [M|'/®®_ From (24), it follows
that

1 -
IF(y; 0, P) = S 1217/ ycd(y)),
where yc(s) = ac(s)s?/k — fc(s), which matches with equation (4) in [25].
Example 7 (Direction of the Vector of Variance Components of a Linear Covariance Structure). For the direction functional H(0) =

0/110]|, from Lemma 2(ii) together with (25) we find that, at a distribution P with an elliptically contoured distribution with
parameters u and 3 = V(6,), IF(y; H(6), P) is given by

0,07
ac(d(y)) <LI %0
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It follows that ||IF(y; H(6), P)|| will be proportional to |a.(d(y))d(y)?|. An alternative is the mapping H(6) = 6/|V(6)|'/. Since V is
linear, H satisfies (21). For M(P) = V(6(P)), it holds that 8(P) = (LTL)"'LTvec(M(P)), so that

H(O(P)) = (LTL)"'LTvee(M(P))/IM(P)|'/*.
From Example 6 it follows that IF(y; H(0), P) is given by

ac(d(y))
|2|1/k

-1 2
{ (LT(E*1 ® 2*1>L) LTvec (7' y-wy-p's™") - @90 }
using that vec(X) = L6,. Again we find that ||IF(y; H(0), P)|| is proportional to |ac(d(y))d(y)?|-
6. Application

We apply our results to S-estimators and S-functionals in the linear model (11). Let P be the distribution for the random
variable s = (y, X), which is such that y | X has an elliptically contoured density (12) with parameters u = X, and X = V(6,) =
0oLy + - + 6y,L,. Consider the S-estimator for (B, 6,) defined as the solution to minimizing |V(6)|, subject to

1 n
n Z p <\/(Yi -X;pTVO)(y; - Xiﬁ)) = by,
i=1
where the minimum is taken over all § € R? and @ € ® c R?, such that V() € PDS(k). For the function p we take Tukey’s bi-weight

52/2 —s*/Q2c?) + 50 /(6¢Y), |s| < c;
pe(s:0)=19 ,
c=/6 |s| > ¢,

and b, = Eoy, [op(llzll; ©)]. From Theorem 6.1 in Lopuhaé et al. [16] it is known that the breakdown point of the S-estimator depends
on the cut-off constant ¢ and is at least [nby/(c2/6)]/n, or asymptotically e* = by/(c2/6). Table 1 gives the cut-off values of py for
given asymptotic lower bounds ¢* € {0.05,0.10,...,0.50} on the breakdown point in dimensions k € {1,2,5,10}. This table partly
overlaps with Table 3 in Rousseeuw and Yohai [24].

According to Corollary 9.2 in Lopuhaéd et al. [17], the scalar 2 = Eyy, [p;}(llzll;c)z] /(ka?) represents the asymptotic efficiency
of the regression S-estimator g, relative to the least squares estimator (for which 4 = 1), where

/
3 1\ Ppllzllie) 1, _
a=Eyy, [<1_E>T+EI)B(”Z”’6) . (30)
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Table 1
Cut-off values of p, for different breakdown points ¢* € {0.05,0.10, ...,0.50} and dimensions k € {1,2,5,10}.

Breakdown point

k 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

1 7.545 5.182 4.096 3.421 2.937 2.561 2.252 1.988 1.756 1.548
2 10.767 7.474 5.981 5.069 4.427 3.938 3.542 3.209 2.920 2.661
5 17.114 11.950 9.628 8.220 7.242 6.505 5.918 5.432 5.017 4.652
10 24.246 16.961 13.694 11.719 10.351 9.324 8.510 7.840 7.271 6.776

From Examples 4 and 5, together with Theorem 2 and Example 3, it follows that the scalar

B kEqyx, [P’B(lllll;C)zlllllz]
a (k +2)62

o]

where §, is defined in (28), serves as an index for the asymptotic efficiency of both the S-estimator of shape as well as the S-estimator
for the direction of the vector of variance components, relative to the least squares estimators of shape and direction, respectively
(for which o, = 1). Finally, from Example 4, together with Example 3, it follows that

B

2
_a(am\_ Fa[leatio - )]
3= 4 _k 2= 5%

where 6§, is defined in (28), serves as an index for the asymptotic efficiency of the S-estimator of scale relative the least squares (for
which o3 = 1/(2k)). As a consequence, the cutoff constant ¢ of pp can be tuned in such a way that the asymptotic efficiency 1/
relative to the least squares estimator is high at the normal distribution and similarly for 1/, and 1/(2ks3). Since ¢ also determines
the breakdown point, this forces a trade-off between efficiency and breakdown point. Typically, large values of ¢ correspond to high
efficiency and low breakdown point, and vice-versa for moderate values of c.

We further investigate how this trade-off relates to the gross error sensitivity (GES) of the corresponding S-functionals. For
simplicity we only consider perturbations in y and leave X unchanged. From Corollary 8.4 in Lopuhad et al. [17], for the
regression S-functional it then follows that ||IF(y; B, P)| is proportional to a~! |p’B(d(y);c)|, where « is defined in (30) and d(y)* =
(y — XBy)"="!(y — XB,). Therefore, we propose the scalar

G, = é§1>1§|p};(s;c)‘,

as an index for the GES of regression S-functionals. This coincides with the GES index for location CM-functionals in Kent and
Tyler [12]. From Examples 6 and 7, together with Lemma 2 and (27), for both the shape and direction S-functional, it follows
that ||IF(y)|| is proportional to 61“ | p’B(d(y);c)d(y)l, where §, is defined in (28). We propose the scalar

k ’
Gy= ———: 08|,
2= k+2)8, ?5‘3‘”3(3 |
as an index for the GES of shape and direction S-functionals. In this way, G, coincides with the GES index for CM-functionals of
shape in Kent and Tyler [12]. Finally, from Example 6 and (27), if follows that for the scale functional ||IF(y)| is proportional to
62‘] |pp(d(y); c) — by|, where 6§, is defined in (28). We propose

1
Gy = 5—5up|p3(s;c)—b0|,
2 >0

as an index for the GES of the S-functional of scale.

We investigate how the asymptotic efficiency at the normal distribution of the S-estimators, and the GES of the corresponding
S-functionals behave as we vary the breakdown point of the S-estimator between 0 and 0.5. Given a value ¢* of the breakdown
point, we determine the corresponding cut-off constant ¢ by solving e* = Ey, [pg(llzll; )1/ (c?/6). With this value of ¢, we compute
the values of 4, 0| and o5 and the GES indices G|, G, and G;. In Fig. 1, on the top row we have plotted the asymptotic relative
efficiencies 1/4, 1/6, and 1/(2ks5) as a function of the breakdown point for dimensions k € {2,5, 10}, and the bottom row contains
plots of the GES indices G|, G, and G; for the same dimensions. The efficiency of high-breakdown S-estimators quickly increases
with dimension k, especially for the regression and shape/direction estimators. At the same time the effect on the GES is much
smaller for high breakdown S-estimators. Furthermore, as expected, the efficiency decreases with increasing breakdown point, but
the loss of efficiency is less severe for the S-estimator of scale compared to the S-estimator for regression and the S-estimators for
shape and direction.

In dimension k = 2 (solid lines), the 50% breakdown S-estimators have asymptotic efficiencies 1/4 = 0.580, 1/6, = 0.376, and
1/(405) = 0.755. However, one can gain both efficiency and lower the GES at the cost of a lower breakdown point. For example,
the GES index of the regression functional attains its minimal value G; = 1.927 at breakdown point 28%, which corresponds to
cut-off value ¢ = 4.115. For this cut-off value the GES index of the shape and direction functional is G, = 1.368, which is not far
off from its minimal value 1.344, and the GES index for scale is G; = 3.323. Furthermore, the asymptotic efficiencies then become
1/2 =0.884, 1/0; = 0.803, and 1/(403) = 0.939, for the regression estimator, the estimators of shape and direction, and the scale

11
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Fig. 1. Asymptotic efficiencies relative to the least squares estimator (ARE) and the gross error sensitivities (GES) for the S-estimators of the regression
parameter f, (left), shape =/|=|'/% and direction 6,/|6,|| (middle), and scale |=|'/?¥ (right) as functions of the breakdown point ¢* € (0,0.5) at the multivariate
normal in dimensions k =2 (solid), k = 5 (dashed) and k = 10 (dotted).

estimator, respectively. Similarly, the GES index of the shape and direction functionals attains its minimal value G, = 1.344 for
¢ =3.722. This would yield G, = 1.947, G; = 2.844, 1/1 = 0.835, 1/6, = 0.723, 1/(403) = 0.912 and breakdown point 33%. The GES
index of the scale functional attains its minimum value G5 = 1.852 at 50% breakdown point, so no simultaneous gain in efficiency
and smaller GES values G, and G, can be achieved at the cost of a smaller breakdown point.

In dimension k = 5 (dashed lines), the 50% breakdown S-estimators have asymptotic efficiencies 1/4 = 0.864, 1/6, = 0.778, and
1/(1063) = 0.918. The GES index of the regression functional attains its minimal value G, = 2.595 at breakdown point 37%. The
corresponding GES index for shape and direction functionals is G, = 1.271 and G5 = 1.480 for the scale functionals. Corresponding to
this smaller regression GES index we observe a gain in the asymptotic efficiencies: 1/4 = 0.932, 1/6, = 0.903, and 1/(1003) = 0.965,
for the regression estimator, the estimators of shape and direction, and the scale estimator, respectively. The GES index of the shape
and direction functionals attains its minimal value at breakdown point 47%, so the gain in both efficiency and a smaller G, value
is negligible. The situation for the GES index for scale is the same as in dimension k = 2, where no simultaneous gain in efficiency
and smaller GES values G, and G, can be achieved at the cost of a smaller breakdown point.

Finally, in dimension k = 10 (dotted lines), the 50% breakdown S-estimators have asymptotic efficiencies 1/4 = 0.933,
1/6, = 0.915, and 1/(2063) = 0.965. The GES index of the regression functional attains its minimal value G, = 3.426 at breakdown
point 42%. The corresponding GES index for shape and direction functionals is G, = 1.221 and G5 = 1.744 for the scale functionals.
Corresponding to this smaller regression GES index we observe a gain in the asymptotic efficiencies: 1/4 = 0.960, 1/0; = 0.949, and
1/(2003) = 0.979, for the regression estimator, the estimators of shape and direction, and the scale estimator, respectively. Both GES
indices G, and G; attain their minimal values at 50% breakdown, so no simultaneous gain in efficiency and smaller GES value G,
can be achieved at the cost of a smaller breakdown point.

We conclude that at a moderate loss of breakdown point, from 50% to about 30%—-40%, one can gain efficiency of the S-estimators
and at the same time reduce the GES of the regression S-estimator. The improvements becomes less as the dimension increases.

In the top row of Fig. 1 we see that the efficiency becomes close to one when the dimension is large. This is a well know
phenomenon observed when the efficiency is being computed under a multivariate normal setting. One of the referees raised the
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Fig. 2. Asymptotic efficiencies relative to the maximum likelihood estimator (ARE) for the S-estimators of the regression parameter g, (left), shape =/|x|'/*
and direction 6,/||6,|| (middle), and scale |=|'/?® (right) as functions of the breakdown point ¢* € (0,0.5) at the multivariate Student with v € {1,15} degrees
of freedom in dimensions k =2 (solid), k =5 (dashed) and k = 10 (dotted).

question whether this behavior would also be observed in a neighborhood of the normal distribution. We have addressed this
question by computing asymptotic relative efficiencies with respect to the maximum likelihood estimator at the k-variate Student
distribution with degrees of freedom v = 1 and v = 15. In these settings, the functions wj;, for i € {1,2,3} in (14) are given by
w1 (s) = wy(s) = (v+k)/(v+s2) and ws(s) = 1, see also Example 2. From Maronna [22] one may obtain that the limiting variance of
the regression ML estimator can be represented by the scalar

(1/KOE [w; (llzI)*lI]|*]

ML —

([ + Leagten] )

The limiting variances of the ML estimators of shape and scale are represented by the scalars ¢, and o3 = (26, /k+0,)/4, respectively,
where ¢, and o, are defined in (17).

The asymptotic efficiencies relative to the maximum likelihood estimator at the k-variate Student distribution with v € {1, 15}
degrees of freedom are visible in Fig. 2. The graphs in the top row correspond to v = 1 and differ quite a lot from the ones the
top row in Fig. 1. As expected the S-estimators with small breakdown points have poor efficiencies, because they behave similar
to the least squares estimators. For higher breakdown points the efficiencies become higher, but in general remain far below one
and do not necessarily reach their maximum value at 50% breakdown point, especially for the S-estimator of shape. The maximum
efficiency 0.613 is obtained by the S-estimator of shape with breakdown point 9.5%. For the high breakdown S-estimator of shape the
efficiency increases with larger dimension, but does not improve on the maximum value. For the regression and scale S-estimators
the maximum efficiencies 0.890 and 0.967, respectively, are obtained by the S-estimators with breakdown points 34% and 5%,
respectively. In contrast with the behavior at the normal distribution, in general the efficiencies of the regression and scale estimators
decrease with larger dimension. This behavior can also be observed for some of the robust location M-estimators considered in
Maronna [22].

For the Student distribution with v = 15 degrees of freedom, the behavior of the efficiency is somewhat in between the one at the
normal and the one at the Student distribution with v = 1 degree of freedom. The graphs in the bottom row of Fig. 2 are more similar

13
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to the ones in the top row of Fig. 1, although the maximum efficiencies are not attained at 0% breakdown point. For the regression,
shape and scale S-estimators the maximal efficiencies 0.998, 0.996, and 0.998, respectively, are obtained by the S-estimators with
breakdown points 10.5%, 9%, and 18%, respectively. Furthermore, only for higher breakdown points the efficiency increases with
larger dimension. For the low breakdown point S-estimators the efficiency decreases with larger dimension. This behavior can also
be observed for the 25% regression S-estimator in Van Aelst and Willems [29] at the Student distribution with 3 degrees of freedom.
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Appendix A. Proofs

Proof of Theorem 1. It can be seen that the projection matrix, as defined in (6), is given by
m,=L(LT(='e= L) 'LT (= 'e=). (A1)

Since N is of radial type with respect to X, it follows from Corollary 1 in Tyler [27] that there exist constants #, 6, and ¢, with
o, >0 and o, > —20, /k, such that E[N] = #3 and

var{vec(N)} = o,(I;2 + K;  )(Z ® ) + o vee(Z)vec(T) .
It follows that M has expectation E[vec(M)] = II; vec(E[N]) = nII; vec(X), and variance
var(vec(M)) = I var(vec(N)II] = o\II; (I;2 + K, )(Z ® I)II] + 0,11, vec(Z)vec(X) 11
Note that
K, cA®B)=B®AK,,, K vec(A)= vec(AT),

see, e.g., [19, Chapter 3, Section 7]. Since 3 = V() is symmetric, also L; = dV/d6; is symmetric, for j € {1,...,#}. This means that
K, (L = L and it follows that

I, I +K  (E@XII] =L (LT (Z'@x=™") L)‘1 LT, + K, )OI} (A.2)
= (L (= ex L) LTl =L (LT (37 @27 L) LT '

This finishes the proof of part (i). Since L has full rank, it holds that (LTL)~'LTvec(M) = T. This immediately gives
E[T] = (LTL)'LTE[vec(M)] = n(LTL)"'LTII, vec(X) = 16,

and
var(T) = (LTL)"'LTvar{vec(M)} L(LTL)"..

When we insert the expression for var{vec(M)} from part (i), the theorem follows. []

Proof of Corollary 1. When V is linear, then vec(X) = LO. This means that IT; vec(X) = vec(X) and 0; = 6. The corollary then
follows directly from Theorem 1. []

Proof of Theorem 2. The proof follows the line of reasoning used in the proofs of Theorem 9.1 and Corollary 9.2 in Lopuhaa
et al. [17] for S-estimators. These proofs are based on estimating Egs. (13) with w,(d) = p'(d)/d, w,(d) = kp'(d)/d and w;(d) =
p'(d)d — p(d) + by, and require conditions (R1)-(R5) in [17] on the function p. For the proof of Theorem 2 these conditions have
been reformulated into similar conditions (C1)-(C3) for general w,, w,, and w;. Furthermore, in order to incorporate the case
w, = w, = wz = 1 of Example 1, we have slightly adapted some of the boundedness conditions and use that

lly — XpII> < Clyll + 111~ 181D < lIsl>t + 1181

P =y-XpVy-Xp) <
VXDV XD S TNy S V) =T

This will ensure that d? is bounded by a multiple of |s||> on a neighborhood of &,. In order to apply dominated convergence, we
then require E||s||* < oo in Theorem 2 instead of E|X||> < oo, which was sufficient for Corollary 9.2 in [17].
Define

A() = /‘1’(5, &) dP(s).

14
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Since &, is a solution of (15), we have that A(£;) = 0. Conditions (C1)-(C3) and (A2) yield that A is continuously differentiable in a
neighborhood of &, and by application of empirical process theory (see, e.g., Lemma 11.8 in [18] for the special case of S-estimators)
one finds

0= /Y’(s, £,)dP(s) + / Y(s, &y d(P, — P)(s) + OP(n_l/z)
1 & (A.3)
= G, = o)+ 2 {W(si.80) ~ E¥ (5. £ | +0p(n™' ).

i=1
Similar to Lemma 8.3 in Lopuhai et al. [17], we find that A’(&,) is a block matrix, with blocks A;}(go) and A} (&) on the main
diagonal, where

0Py(s,
A(&p) = / ";—595“) dPs) =y LT (Z7' @ 27" L - y,LTvec(Z ™ vec(Z™) L,
where ¥, is defined in (14), and y,, y, defined in (16). This implies that \/ﬁ(ﬁn —p,) and \/2(0,, —0,) are asymptotically independent
and from (A.3) we obtain

, 1w _
0= 450, ~ 6+ + ;{%(s,., £0) — EL¥g(s,.60)] | +0p(n™'/2),

where ¥, is defined in (14). Due to condition (C1) and E|ls||* < oo, the second term on the right hand side behaves according to
the central limit theorem. This yields that 8, — 6, = Op(n~'/?) and it follows that

Vn(vee(V,) = vee()) = \/nL(B, — 0y) + Op(n~"/%) = =LA (&))" L\/_ X Wo(si, &) + op(1), (A.4)
n =1
where we also use that E[¥y(s;, &y)] = A(&,) = 0. Furthermore, we can write
Po(s, &) =LT (27" @ =7 vee {¥c(s. &)} (A.5)
where
W(s, &) = wy(do)(y — XBo)y — XBy)T — w3(dy) =, (A.6)

with dg = (y—XpBy)" =7 (y—Xp,). To determine an expression for the inverse of A}(£,), note that we can write A}(&)) = y,B—r,vv',
where

B=LT (Z7'@X7")L, v=LTvee(Z™H=LT(EZ"' @ T )vec(2),

where we also use

vec(ABC) = (CT ® A)vec(B), (A.7)
see, e.g., [19, Chapter 2, Section 4]. According to the Sherman-Morisson formula, this means that
“lyyTR-1 —lyyTR-1
Alo(éo)_l = lB—l _rn_ B w'B _ 1n,1 7 B w'B .
g r21=(n/rvBlv 1 rir —nviBly

Note that vIB~'v = x;, where #; is defined in (16). We find that LA}(&,)™Wp(s, &) = LAp(E) ™ 'LT (=™ @ T vec {Wc(s, &)},
where
_ _ _ 1 72
LAYE) ' LTE ' @S = —11, + — 2
o(60 n " nG—nrp)

=10, { It — 2 @ vee®) (= ® 2-‘)} .
7 1 —ra7p)

I, vec(Z)(II vee(Z) (= @ =71)

It follows that

V/n(vec(V,) — vee(E)) = —T1; (al,2 + bML)L\/_ Z vee {Pe(si, &)} +op(L), (A.8)
n =1
where
gL po__ (A.9)
4! 7 —rnrp)

with z; defined in (16), and where
M; = vec(Z)II, vec(E) (' @ =71, (A.10)

with d2) = (y; = X;80) " =7 (v; = X;Bp), i € {1,....n}.
Next, note that A(£,) = 0, together with (A.5) and the fact that L has full rank, yields that E [vec {¥c(s;.&)}] = 0. This means
that \/Z(vec(V,,) — vec(X)) is asymptotically normal with mean zero and variance

E [vec(Wc (s, £)vec(We(s, )] = E [E [vec(‘{’c(s, Eo)vec( (s, €))7 ’XH .
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The inner expectation on the right hand side is the conditional expectation of y | X, which has the same distribution as X!/2z + p,
where z has a spherical density for, @ = g(l|z]|?). This implies that

E [Vec (B712% (s, £) B 172) vee (57129 (s, éo)z,l/z)T]
= Eo, [1alel)? 0] By, [vee (wa) vee (wo) | = Eoy [aielpues (i zI] Eog, [vee (wT) vee (1) ] A1)
~ Bog, [z eibres ReiDlz]] By, [Vec (L) vee (““T)T] +Eoy, [w3(llzI)*] By, [Vec (L) vee (Ik)T] ,
where u = z/||z||. From Lemma 5.1 in [14], we have
Eg, vec(uuvecuu)" = oIz + Ky ) + oy vee(Iveed,) T,

where 6, = 6, = (k(k + 2))"'. Hence, the first term on the right hand side of (A.11) is equal to
Eoy, [w02(l1zI)?|]1*]

k(k +2)
For the left hand side of (A.11), this leads to a term I,» + K, ;, with coefficient
Eqy, [wa(llzl)?Ilz]*]

k(k +2)

(L + Ky + vee@)veed)T).

5

and using that, according to Lemma 11.4 in [18], Eo,lk [uuT] = (1/b)I, for the left hand side of (A.11), we find a second term
vec(I)vec(I,)T with coefficient
Eqg, [wy(llzID?llzl*] 2By, [wo(lzlwslizl)lz]?]
k(k +2) k

This means that

+]E0,[k [w3(||z||)2] .

E [VBC (=72 (s,E)Z7Y2) vee (B2 (s, 50)2_1/2)T] =68, (La + Ky i) + dyvecI)vec)",
or equivalently
E [vec(P(s, Eg)vec(Pe (s, E) ] = 6 (e + K y) (B @ X) + 5, vec()vee(X) . (A.12)

where

gy, [wo(llzl)?llz])*] 2By, [wa(llzlws izl
YT kv 2T k

+Eoy, [wslizD?] - (A.13)

The limiting variance of \/Z(vec(V,,) — vec(X)) then becomes
II; (al,z + 6M; ) E [vec(¥(s, &) vec(P(s. €9) ] (ale + bM] ) TI]
=811, (alp +0M;) (Iz +K; ;) (B Q@ 2) (al 2 + 6M] ) IT] (A.14)
+ 6,11 (a2 + bM ) vec(Z)vee(D)" (al,2 + bM] ) II],

where a and b are defined in (A.9). First consider the second term on the right hand side of (A.14). Because M, vec(X) = x; vec(X),
where M; and r; are defined in (16) and (A.10), the second term in (A.14) is equal to

8y(a+ br )’ TI, vec(Z)vec(X) I} .
Next consider the first term on the right hand side of (A.14). The matrix product after the factor §, is equal to
@ (Lo +Key ) (EQ %) +ab (L +Kyy) (S @ EM]
+baM; (Iz + K ) E @ ) + "M, (I + Ky ) (T @ ZM].

We have that M; (Z® ) = vec(Z)(II vec(2)), and since 1'[{(2’1 X HII, = (=" '®=~HII,, we also find that ML(E®2)MI =
7y vec(Z)vec(E)T, where M; and z; are defined in (16) and (A.10). Since = = V(0) is symmetric, also L ; = dV/08; is symmetric,
for j € {1,...,¢}. This means that K, ;L. = L. and K, ,IT; = II, . Furthermore, K, ,(¥ ® ) = (£ ® 3)K, ;. Hence, it follows that
the first term on the right hand side of (A.14) is equal to

a*6, 11 (Lo + Ky ) (5 @ I + 2abs IT L{l‘[ pvec()vee(X) " + vec(X)vee(X) 'TI] }1‘1{
+ 27 b28, T vec(Z)vec(Z) T,

where a,b,5,, and §, are defined in (A.9) and (A.13). Therefore, together with (A.2), the limiting variance of ﬁ(vec(V,,) —vec(X))
becomes

26\L (LT (27 @ =)L) ™' LT + 0,1 veo(Syvec(S) I,

16
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where

.. 8 k(k +2)Eqy, [w,(llzI)* Iz]|*]
oy =a 51 = — =

2
U (Bag, [zl + ke + 2uws )] )

and
0, = 4abd, + 2w b28) + 6y(a + brp)>.

For convenience, we first write 6, = =25, /k + 63, where §,, 6, are defined in (A.13) and

1 2
5 = 5 Eoy, [(»u2<||z||>||z||2 ~ kw21 ) ] ,
and o, = 20, /k + 03, where
_ L 2
03 =2b6,(2a+bry) (1 - - +63(a+ by )”.
Furthermore, a + bz, = 1/(y; — yo7;) and

T 2y — Vo7
2a+bn:L=£+ 2L __n 72L’
. n—nry)  rnl—-nr)

so that
28112y —1ramp) . b3
i —ramp) (ry —ra7p)
Writing y; and y, instead of 6, and &5, respectively, proves part (i) of the theorem.
From expansion (A.4) it follows immediately that \/Z(G,, — 0,) is asymptotically normal with mean zero and variance

@LL)y~'LT {20‘1L LT (='ex=) L)‘1 LT + 0,TI; vec(Z)vec(X) ' TI] } LAL'L)™.
Let ; be such that TT; vec(X) = Lo, i.e., 8; = (LTL)"'LTII; vec(X). Then the limiting variance of \/E(O,, — 6,) can be written as
2, (LT (= @27 L) ™ +0,0,0].

This finishes the proof. [

Proof of Corollary 2. When V is linear, then IT; vec(X) = vec(X) and z; = k, where z; is defined in (16). It follows from Theorem 2
that \/Z(vec(V,,)—vec(E)) is asymptotically normal with mean zero and variance (3). Furthermore, because IT; vec(X) = vec(X) = L0,
it follows that 6; in Theorem 2 is equal to 6. It follows from Theorem 2 that \/2(9,, —6,) is asymptotically normal with mean zero
and variance (2). Finally, since z; = k, from the expression in (17), it follows that 6, = —26,/k + 03, where o3 = y,/(y; — k7,)?,
where y,,7,, and y, are defined in (16) and (18). We find
1
1= krs = - Boy, [y zDlizl + 2wzl - kel |-
so that

2
4Eq, [(w2(||z||)||z||2—kw3<||z||>) ]
03 = > O
(Eox, [w5lziDlizl® + 265zl — ka2 izl | )

Proof of Remark 1. Consider the expansion (A.8). When V is linear, we find
II, (L2 + bMp)vee { ¥ (s, &y} = all vec {Pc(s, &)} + bvec(Z)vec(E™H)Tvee {Pe(s, &)}
= all vec {¥(s, &) } + bvec(D)tr {Z71Wc(s, &)} = all vec {¥(s, &y)} + bvec(E) (w,(dg)d3 — kiws(dy)) -

Using once more that IT; vec(X) = vec(X), we conclude that the right hand side can be written as IT; vec {TN(S, 50)}, where

W (s, &) = v,d)y = XB)y — XB) — vy(d) 3, (A.15)
with d? = (y = XB)TV~!(y - Xp) and

v1(5) = aw,(s), vy(s) = —bwz(s)s2 + (a + bk)w;(s), (A.16)

where a and b are defined in (A.9). Hence, if we define
1 n
=~ Ny
N, . i=§1 NGS5 o)
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with Py defined in (A.15), then it follows that

V/n(vec(V,) — vee(E)) = —TT  vec { V/n(N, - ]E[Nn])} +op(1).

This proves the first claim in Remark 1.
To prove the second claim, note that from A(&,) = 0, together with (A.5) and (A.7), it follows that

0=0)E [#y(s.&y)| = E [vec(Z™")Tvec {¥(s. &) }] = E [tr (57'¥c(s.&p))| = E [wy(dg)d5 — kiws(dy)] .

where ¥ is defined in (A.6). Then, from the properties of elliptically contoured densities, together with (A.16), one finds
E[PN(s, €] = 0. This means that \/Z(N,, — E[N,]) is asymptotically normal with mean zero and variance
E [vec(Px(s. &y))vec(PN(s, &) T]. Similar to (A.12) one finds that this variance is of the form (1). [

Proof of Theorem 3. Let H : R¥* — R” and let

0H(V) <6H,-(V)>
ie{l,....m}

H (V)= =
avec(V)T vy,

(A.17)

be the m x k? matrix of partial derivatives. According to the delta method \/Z(H (V,) — H(X)) is asymptotically normal with mean
zero and variance H'(X)var{vec(M)}H’(X)". Because H is continuously differentiable and satisfies (21), it follows that

ZU/M =0. (A.18)
4 av;
Jj=1 J
This means that H'(X)vec(X) = 0. Then, after inserting (3) for var{vec(M)} (see Corollary 2), this finishes the proof of part (i).
For part (ii), let H : R — R™, and let

OH(0) _ <6H,-(9)

H'(0) = —
© 207 a9,

) (A.19)
i€{l,....m}; je{l,...0}

be the mx# matrix of partial derivatives. According to Corollary 2 and the delta method ﬁ(H (6,)— H(8,)) is asymptotically normal
with mean zero and variance
-1
H'(6,) {26, (LT (z'ex) L) + 0,007 } H'@6,)".

Because H satisfies (21) and (A.18), it follows immediately that H’(6,)0, = 0. This finishes the proof of part (ii). [

Proof of Lemma 1. We apply Lemma 1 in [5]. Although the lemma is established for the N, (u, X) distribution, the proof holds for
any distribution with an elliptically contoured density. According to [5], there exist two functions a¢, f¢ : [0, ) — R, such that

IF(y;C, P, x) = ac(d(y)y — Wy — @' = Be(d(yNZ. (A.20)
We have that
vec(M((1 = h)P, 5 + héy)) — vec(M)(P, 5)
h
vec(C((1 — h)P, 5 + héy)) — vec(C)(P, 52)
=T = ‘

IF(y; vecM), P, 5;) = li
(y; vee(M), P, 52) lim

=T vec (IF(y; C, P, 5)) -

When we insert the expression (A.1) for I, together with (A.20) and the fact that (BT ® A)vec(vv") = vec(Avv' B) according to (A.7),
this finishes the proof of part (i). Since L has full column rank, (LTL)'LTvec(M(P)) = 8(P), which yields

IF(y: 0, P, 5;) = (L'L)"'LTIF(y; vec(M), P, 52).

Part (i), together with (A.1) finishes the proof of part (ii). []

Proof of Lemma 2. Let H : Rk . R™ with derivative H’ defined in (A.17). From the definition of the influence function, it
follows that
OH(M(P,y)) 0H(C) ovec(M(Py,y))

; = = =H' . ; . A21
IF(y; HM), P) T peo 2O leomer T o H' (M(P)) - IE(y; vec(M), P) ( )

By Fisher consistency we have M(P) = X, and since V is linear, the expression in Lemma 1(i) holds with IT; vec(X) = vec(X). After
inserting this in the right hand side of (A.21), together with vec(vv') = v®v and (A.18), this proves part (i). Next, let H : RY - R™
with derivative H' defined by (A.19). It follows that

IF(y; H(6), P) = H'(6(P)) - IF(y; 6, P). (A.22)

By Fisher consistency we have 8(P) = 6, and since V is linear, the expression in Lemma 1(ii) holds with 6; = 6,. After inserting
this on the right hand side of (A.22), together with (A.18), this proves part (ii). []
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Appendix B. Derivation of ¢, and o,

We compare the expressions for o; and o, derived in Theorem 2 with the ones obtained for specific cases in Tyler [27] and
Lopuhai et al. [17].

Proof of Example 1. Inserting w; = w, = w; = 1 in the expressions for ¢; and o, in Theorem 2 gives
_ By, [llzl1*]

1T TRk +2)
which equals 1 for the multivariate normal. Furthermore, since y; =1 and y, = 0 in (16), we find

B

2 Eoy [Ulzl* - k7] 2 Eoy, [llzll*] - 2kEgy, [llzll*] + K 2 k(k+2) -2k + K2
e 2 N R R e A |} O
k k2 k k2 k k2

0y =—

Proof of Example 2. First consider the special case of maximum likelihood, with w,(s) = w,(s) = —2¢’(s*)/g(s?) and w;(s) = 1.
Note that

2k [ _
Egg, [2(llzID] = #/2) /0 2(r)g(r?)r" dr,

see, e.g., Lemma 1 in Lopuhad [15]. When Eg; k[||22||] < o0, then by means of integration by parts we get

27k [ 4g' () 2042 [ 48" ()
E ! 3| & BN a2k 3y — 2yk+3q
oz, |52z T TR Gt~ vl At (T
= 4B, |wa 2D 21| - ke +2),
It follows that
(ke +2Eqy, [ (l1zll?12Il*
o = o, [0 ] k(k +2) 51

2 - 211z114]°
(Bon, il + ke +2)) . Box, atlzl)?lel]

which coincides with the expression found in Example 2 in Tyler [27], who expresses expectations in terms of the random variable
T = ||z||?>. To compute o, in Corollary 2, first note that by means of integration by parts it follows that Eoy, [w,(llzID]z]|*] = k. When
we insert this in the expression for o,, this gives

4 (Bag [wallzl?llzl] - #2) ) )

oy =——0; + =——0; + .
k 2 k Eox, [ws(llzl))?|z]|*] — k2
(Bog, a2 2]~ KCk +2) + 2K R

After inserting Eo’lk[wz(llzll)zllzll“] = k(k +2)/0,, as follows from (B.1), we find
2 4 201(1 -0y)

—=0 + = s

KT kk+2)jor — K2 k+2—koy

which coincides with the expression found in Example 2 in Tyler [27].
Next, consider the general case of M-estimators, with w; = 1. First note that Tyler [27] uses a function u,, which relates to our
function w, as w,(s) = u,(s%). Then, since &, = (B, 6,) satisfies (15), we find that

0=0)E [¥y(s. &y)| = E [vec(Z™")Tvec {wy(dy)(y — XBp)(y — XBy) " — =}
=E [tr {w,(do)(y = XBo)(y = XBp) =" =L, }] =Eoy, [wr(llzlDlzl* — ],
where dg =(y - XBy)T="!(y — XBy), so that k = Eqgy, [w,(l|lzID]1z]|*] = E[u,(T)T]). It then follows that

0y =

Egg, [wa(l2I?12]1] = E [0x(T?T?] = k(k+ 2. Eqy [whlziDllzl| = 28 [ (T)T?] = 2kt = 1,
where y; and y, are defined in Example 3 in Tyler [27]. Then from the expression for ¢, provided in Theorem 2 we find
_ K2k + 2%y, _ (k+ 2Py,
T (2k(py — 1) + k(k +2)) C Qup k2

which coincides with the one in Example 3 in Tyler [27]. For o, in Corollary 2 we obtain
20,  4{kk+ 2y — k)
k (2kyr,)?

After inserting the expression for o; in ¢,, one can verify that also the expression for ¢, coincides with one in Example 3 in
Tyler [27]. [

0y =

Proof of Example 3. With w;(s) = p'(s)/s, w,(s) = kp'(s)/s and w;(s) = p'(s)s — p(s) + by, one can easily verify that the expressions
for 6, and o, in Corollary 2 coincide with the ones in Corollary 9.2 in Lopuhai et al. [17]. [
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Appendix C. Details for Examples 4 and 5

Proof of Example 4. From (22) we find
HEL(LT (= @37) L)_ILTH’(E)T = é|EI‘Z/kvec(E)vec(E_l)TL(LT (z'ex) L>_1LTvec(E_1)Vec(2)T
- %|2|_2/"vec(2)vec(2_l)TL(LT (= ex) L>_1LT - %|E|‘2/kL(LT (='ex) L>_1LTvec(E_1)vec(Z)T (R
n |E|‘2/"L(LT (='ex) L)_ILT.
Using that vec(X) = L6, and
veo(ETHY =veeT'EEH = (ZT! @ =) vee(®) = (T @ 7' L6,

the first term on the right hand side of (C.1) reduces to (1 /k)|2]|‘2/ kvec(Z)vee(Z)T. Similarly, the second and third term on the
right hand side of (C.1) are equal to —(1/ k)|2|_2/ kvec(Syvec(Z)T. Putting everything together, we find that the limiting variance of
\/n(H(V,) — H(®)) is given by (23). O

Proof of Example 5. From Example 4 and the delta method, it follows that the limiting variance of \/E(H (6,) — H(0)) is given by
-1
@LTL)'LT [251 |2|-2/k {L(LT (='ex) L) LT - %vec(Z)vec(Z)T }] LALTL)!

=20, ||k {(LT (='ex) L)_l - %(LTL)_ILTvec(E)vec(E)TL(LTL)_] }

_ 20 T (y2-1 I e N PR
_W{<L (Z' =)L) - 160 ¢
using that vec(X) =L6,. [
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