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1 | INTRODUCTION

A graph G is called r-Ramsey for another graph H, denoted by G — (H),, if every r-colouring of
the edges of G contains a monochromatic copy of H. Observe that if G — (H),, then every graph
containing G as a subgraph is also r-Ramsey for H. Some very interesting questions arise when
we study graphs G which are minimal with respect to G — (H),, that is, G — (H), but there is
no proper subgraph G’ of G such that G’ — (H),. We call such graphs r-Ramsey minimal for H
and we denote the set of all »-Ramsey minimal graphs for H by M,(H). The classical result of
Ramsey [21] implies that for any finite graph H and positive integer r, there exists a graph G that
is r-Ramsey for H, that is, M,.(H) is non-empty.

Some of the central problems in graph Ramsey theory are concerned with the case where H
is a clique K, . For example, the most well-studied parameter is the Ramsey number R, (k), that
denotes the smallest number of vertices of any graph in M,.(K}). The classical work of Erdds
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[8] and Erdés and Szekeres [9] shows that 2K/2 < R,(k) < 22. While these bounds have been
improved since then, most recently by Sah [23] (also see [24] and [5]), the constants in the expo-
nent have stayed the same. We refer the reader to the survey of Conlon, Fox and Sudakov [6] for
more on this and other graph Ramsey problems.

Several other questions on M, (H) have also been explored; for example, the well-studied size-
Ramsey number R,.(H) which is the minimum number of edges of a graph in M,.(H). We refer
the reader to [1, 3, 18, 22] for various results on minimal Ramsey problems. In this paper, we will
be interested in the smallest minimum degree of an r-Ramsey minimal graph, which is defined by

s,(H) := min 4&(G),
GEM,(H)

for a finite graph H and positive integer r, where §(G) denotes the minimum degree of G. Trivially,
we have s,(H) < R,(H) — 1, since the complete graph on R, (H) vertices is r-Ramsey for H and has
minimum degree R,.(H) — 1. The study of this parameter was initiated by Burr, Erdés and Lovasz
[2] in 1976. They were able to show the rather surprising exact result, s,(K;) = (k — 1)?, which is
far away from the trivial exponential bound of s5,(K; ) < R,(k) — 1. The behaviour of this function
is still not so well understood for r > 2 colours. Fox et al. [10] determined this function asymp-
totically for every fixed k up-to a polylogarithmic factor, and for k = 3 their result was further
improved by Guo and Warnke [12] who managed to obtain matching logarithmic factors.

Theorem 1.1 (Fox, Grinshpun, Liebenau, Person, Szabo).

(i) There exist constants c¢,C > 0 such that for all r > 2, we have

cr*lnr < 5,.(K3) < Criln’r.

(ii) Forall k > 4, there exist constants ¢, C,, > 0 such that for allr > 3, we have

5 Inr

Y
Ty S 5,(Ky) < Cr(Inr)3k=17,

Theorem 1.2 (Guo, Warnke).
s,(K3) = O(*Inr).

The constant in the upper bound of Theorem 1.1(ii) is rather large (C) ~ k2e**1n2) and in
particular not polynomial in k. To remedy this, they proved the following general upper bound
which is polynomial in both k and r.

Theorem 1.3 (Fox, Grinshpun, Liebenau, Person, Szabo). For all k,r > 3,

s,(Ky) < 8(k —1)°r°.

For a fixed r and k — oo, Han, Rodl and Szab¢ [13] determined this function up-to polyloga-
rithmic factors by proving the following.

Theorem 1.4 (Han, R6dl, Szabd). There exists a constant k, such that for every k > k,andr < k2

s.(Ky) < 80%(rInr)*(k Ink)>.
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‘We prove the following general upper bound that improves Theorem 1.3, and thus provides the
best known upper bound on s,(K},) outside the special ranges covered by Theorems 1.1 and 1.4.

Theorem 1.5. There exists an absolute constant C such that forallr > 2,k > 3,
s,(Kp) < C(k —1)°r°/2,

Our proof uses the equivalence between s,(K},) and another extremal function, called the r-
colour k-clique packing number [10], defined as follows. Let P,.(k) denote the minimum » for which
there exist K, , ,-free pairwise edge disjoint graphs G, ..., G, on a common vertex set V of size n
such that for any r-colouring of V, there exists an i such that G; contains a copy of K, all of whose
vertices are coloured in the i colour.

Lemma 1.6 (see [10, Theorem 1.5]). For all integersr, k > 2 we have s,.(K; ;) = P,.(k).

Our graphs G; in the packing would come from certain point-line geometries known as gen-
eralised quadrangles that we define in the next section. In Section 3, we show that any packing
of ‘triangle-free’ point-line geometries implies an upper bound on P, (k), assuming certain condi-
tions on the parameters of the geometry. In Section, 4 we give a packing of certain subgeometries
of the so-called Hermitian generalised quadrangles using a group theoretic model given by Kantor
in the 1980s [15], and deduce that this packing implies our main result.

2 | BACKGROUND

A (finite) generalised quadrangle Q of order (s, ¢) is an incidence structure of points P, lines L,
together with a symmetric point-line incidence relation satisfying the following axioms.

(i) Each point lies on ¢ + 1 lines (t > 1) and two distinct points are incident with at most one
line.
(ii) Each line lies on s + 1 points (s > 1) and two distinct lines are incident with at most one
point.
(iii) If P is a point and 7 is a line not incident with P, then there is a unique point on # collinear
with P.

Note that the third axiom above ensures that there are no triangles (that is, three distinct lines
pairwise meeting in three distinct points) in Q. The standard reference on finite generalised quad-
rangles is the book by Payne and Thas [20]. The collinearity graph of a generalised quadrangle is
the graph on the set of points with two points adjacent when they are both incident with a com-
mon line. A collineation 6 of Q, that is, an automorphism of its collinearity graph, is an elation
about the point P if it is either the identity collineation, or it fixes each line incident with P and
fixes no point not collinear with P. If there is a group E of elations of Q about the point P such
that E acts regularly on the points not collinear with P, then we say that Q is an elation generalised
quadrangle with elation group E and base point P. Necessarily, E has order s?t, as there are st
points not collinear to a given point in any generalised quadrangle.

Now suppose we have a finite group E of order s’t where s, t > 1. A Kantor family of E is a set
A :={A;:1=0,..,t} of subgroups of order s, and a set A* := {A;‘ 11 =0,...,t} of subgroups of
order st, such that the following are satisfied.
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TABLE 1 The points and lines of the elation
generalised quadrangle arising from a Kantor family (n.b.,
A EAATEA, gEE)

Points Lines
elements g of E the right cosets A, g
right cosets A'g symbols [A4;]
a symbol oo.
g~Ag
Incidence: 2;: : ’[i“f]] » Where A,y C ATk
oo ~ [A]

(K0) A; < Afforalli e {0, ..., t}.
(K1) A; N A;.‘ = {1} whenever i # j.
(K2) A;jAj N Ay = {1} whenever i, j, k are distinct.

Due to a theorem of Kantor (cf. [15, Theorem A.3.1]), a Kantor family as described above,
gives rise to an elation generalised quadrangle of order (s,t), which we briefly describe in
Table 1.

We will simply be needing to use the Kantor family for a well-known family of generalised
quadrangles, where the Heisenberg groups appear as the group E in the description above. We
remark that the main property we will need is (K2), since it ensures that lines of the form A; g never
form a triangle. For self-containment, we give a proof here. Suppose f, g, h are three elements of E
forming the vertices of a triangle. Then there are three elements A,B,C € Asuchthat Af = Ay,
Bg = Bh,Ch = Cf.Therefore, fg~! € A,gh™! € B, fh~! € C, from which it follows that fh~! =
(fg~)(gh™') € ABN C.Since f # h,we have AB N C # {1}. So the condition AB N C = {1} given
by (K2) ensures that there are no triangles.

In this paper, we will also need two commonly used maps on finite fields: the trace and norm
maps. For a finite field, they are the analogues of ‘real part’ and ‘square-modulus’ for the com-
plex numbers. We will not be needing the general theory of traces and norms, just two func-
tions in particular. The relative trace map from Fg. to F, is defined by Tr(x) = x + x%. If ¢ is
a field-automorphism of F., then Tr(¢(x)) = Tr(x) for all x € Fg2- Also, Tr is additive; that is,
Tr(x +y) = Tr(x) + Tr(y) for Fg2. The relative norm map F . to I is defined by N(x) = x4+ 1t
is also invariant under field-automorphisms, and is surjective. We will make use of the following
property: if g is odd, then every element of I, is a square in .. To see this, let t € F,. Since N is
surjective, there exists x € F such that t = x9*1, Since q is odd, the element y = x(@*+1/2 is well
defined, and then ¢ = y2.

3 | PACKING GENERALISED QUADRANGLES

A partial linear space is a point-line incidence structure with the property that any two distinct
points are incident to at most one common line. A triangle-free partial linear space of order (s, t)
is an incidence structure satisfying Axioms (i) and (ii) of a generalised quadrangle, and (iii)’ there
are no three distinct lines pairwise meeting each other in three distinct points. Clearly, any sub-
geometry of a generalised quadrangle where the number of points on a line and the number of
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lines through a point are constants is a triangle-free partial linear space. We now prove the main
lemma that will imply Theorem 1.5 once we have the construction outlined in Section 4. Our proof
follows the same idea as in Dudek and R6dl [7], and Fox et al. [10].

Lemma 3.1. Letr,k,s,t be positive integers. Say there exists a family (1;)_, of triangle-free partial
linear spaces of order (s, t), on the same point set P and pairwise disjoint line-sets L, ..., L, such that
the point-line geometry (P, U:zl L;)isalso a partiallinear space. If s > 3rkInk andt > 3k(1 + Inr),
then P.(k) < |P|.

Proof. In order to show that P.(k) < |P|, we will exhibit K , ; -free pairwise edge disjoint graphs
Gy, ..., G, on the common vertex set V = P, such that for any r-colouring of V, there exists an i
such that G; contains a copy of K, all of whose vertices are coloured in the i colour. We start by
recalling the following properties about each partial linear space Z;,i € {1, ...,r}.

(P1) Every point p € P is incident with ¢ + 1 lines of £;.

(P2) Everyline ¢ € L; contains s + 1 points from P.

(P3) Any two points of P lie on at most one line of ;.

(P4) 1, is triangle-free.
Furthermore, given that (P, Uz'zl L;) is a partial linear space and the line-sets L, ..., L, are
disjoint,

(P5) Foranyi # j,andany? € L;,m € L;,¢ and mare incident with at most one common point.

Letie{l,..,r}, ¢, = [%J and ¢, = [%]. For each line # € L;, we select uniformly at ran-
dom one partition of # among all # = Ule L;f), where L;f) denotes the jth component of the

partition, such that for some k’, |LY))|, s |L(kf)| =¢, and |L(kfll [ |Ll(f)| = ¢,. Choices for dis-
tinct lines in £; are independent.

We define a graph G; = (V,E;) on the vertex set V =P as follows. For every £ € L;, we
include the edges of a complete k-partite graph between the vertex sets L;f) for j €{1,...,k}.
Note that the graph G; is a collection of Turdn graphs on (s + 1) vertices with k parts. Each
Turdn graph comes from one line Z € £;. By property (P3), any two points are incident with
at most one line, therefore the different Turdn graphs are edge-disjoint. Furthermore, by prop-
erty (P4), G; is K, -free. Finally, by property (P5), for any i # j € {1,...,r}, G; and G; are edge
disjoint.

In order to conclude, we need to show that with positive probability, for any r-colouring of V,
there exists an i such that G; contains a copy of K, all of whose vertices are coloured in the ith
colour. Note that given Gy, ..., G, on the vertex set V = P, in any r-colouring of V, at least one of
the colours occurs at least | P| /r times. Therefore if for every G;, every set of at least | P|/r vertices
contains a copy of K, then we get the desired property. The choices of partitions being done
independently, to conclude our proof it suffices to show that for each i € {1, ..., r}, with positive
probability every set of at least |P|/r vertices contains a copy of K; in G;.

Fix i € {1,...,r}. For a subset W C P, let A(W) denote the event that the induced subgraph
G;[W] contains no copy of K;.. Let U C P with |U| = ['—f']. By property (P4), any copy of K; can
only appear from one line £ € L, that is,

A(U) C ﬂ AUNY).
CeL;
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All the events A(U N ¢) are independent, therefore

PAO) < [] PAW no)).

‘e,
ForagivenlineZ € L;,letu, = |UNZ|,and let £ = U§:1 Lﬁ.f) be the random partition of #.
Note that U N £ contains no copy of K, if and only if there exists j € {1, ..., k} such that U n LE.K) =
@. For a fixed j € {1, ..., k},

1—u,
(T)

- u, I £
oonifi =)= Lo o ()
(L) s*l s+l
J

Therefore

pAW) < [ P(3jett...k UnLl” = o)
CeL;

< klfil exp <— > ffﬁ)

(et

Because every point of U is incident with ¢ + 1 lines from £; (by property (P1)), 3’ U=
2rer, IUNZ| =+ D|U|, and thus

PAD) < ke exp (L),

s+1

Finally,

IP’<EIUE <L'P£'J> : A(U)>< <L||Z||J>k|£i|exp( t+1 LIPI )

r

< (re)”Vrk!Lil exp < t+l Lﬂj [mJ)

Given that |P| > s > 3rkInk,r > 2 and k > 3, we have

EEZY e E S R 1T )
k 6k r 6 r

Therefore,

[P’(EIU € <[£J> : A(y)) < (re)PVTkIE exp <_t +15(s+1) 5|P|)

s+1 6k 6r

r

1+Inr 4] 25t +1
SeXp[IPI< . +Wlnk—£rk 1.
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By double counting (using properties (P1) and (P2)), we know that
[£il(s +1) = |P|(t + 1),

and therefore

P . 1+lnr t+1 25t+1

r

Note that since s > 3rk In k, we have

25641 _ 2t+1)

36 rk s+1 Ink,

and since t > 3k(1 + Inr), we have

25t+1 _ 2(1+1Inr)
— > .
36 rk r

P<E|Ue (L'Pﬂlj> : A(U)) <1

r

Therefore,

Then there exists an instance of G; such that every subset of P with at least L'rﬂj vertices con-
tains a copy of K, in G;. O

4 | THE CONSTRUCTION

Let g be a prime power, and denote the finite field of order g2 by Fg2. We will use the model of the
Hermitian generalised quadrangle H(3, g?) that appears in [14, Section 3] (see Example 3). For a
definition of H(3, g%) see [20, Chapter 3].

Let E be the group defined on > X F, X Fg by the following operation:

(a,y,b)o(d’,y’,b)=(a+d,y+y +Tr(b%d'),b +b"),

where Tr(x) = x + x is the relative trace map from F. to F,. It turns out that E is the Heisenberg
group of order g° with centre of order q.
We can construct a generalised quadrangle by constructing a Kantor family of E. Define

A: ={0,y,0): a € Fg2.7 € [Fq},
A;‘ ={(a,y,at): a € Fg2 ¥ € [Fq}, t €Fg,
Ay =1(0,0,a): a € Fpl,

A ={(a,a®™'t,at): a€Fp}, teF,
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Then A :={A }U{A,: t €F tand A" :={A7}U {AZ : b € Fy} form a Kantor family of E giv-
ing rise to a generalised quadrangle isomorphic to H(3, g?)."
From now on, we will assume that q is odd. Let x be an element of Fg- Foreach A € Fg2, define
7, : E — E as follows. Let
7;: (a,0,0) —~ <a, Tr(la + xda? + %lqaz),laq),

7;: (0,y,b) » (0,7,b).

By Axiom (K1), we have |AjA% | = [Ag||A% |/|Ag N A% | = s(st)/1 = |E|. So E = AjA’ . There-
fore, we can write every element g € E as g = g,9% , with gy € Ay and g% € A7 . Define7,(g) :=
73(90)072(93,)-

Lemma 4.1. Forevery A € Fp, 7, is an automorphism of E.

Proof. Let A € F.. It suffices to show that 7, is a homomorphism from A, to E, since 7; is clearly
bijective. Let a;, a, € Fy2. Then

7,(a; + a,,0,0) = <a1 + a,, Tr(A(a; + a,) + xA(a; + a,)? + %Aq(al +a,)»), Aa, + az)q>
Using (x + ¥)? = x9 + y%in Fg2, We get,
7;(a; +a,,0,0) =(a; + a, Tr(Aa; + xAal + A%a; + Aa, + xdal + A%a; + 2%a,a,), Aal + af).
Using the fact that Tr (-) is additive, we obtain
7,(a; + a,,0,0) = (al + a,, Tr(la; + Kla? + %Aqaf)
+Tr(Aa, + xdal + %Aqag) +Tr(A%a,a,),2a] + lag)
= (al,Tr(/la1 + lea‘ll + %Aqaf),/la;’>o<a2,Tr(/1a2 + leag + %Aqag),iag)
=1,(a;,0,0)01,(a,,0,0).
Therefore, 7, is an automorphism of E. O

Lemma 4.2. For every odd prime power g, there exists x € F . such that Tr(xa + a?a=1) # 0 for all
non-zero a € Fp.

Proof. Suppose that Tr(xa + a*1™") = xa + x%a9 + a*?"! + a®~9 = 0 for some non-zero a € F .
Multiplying by a4=2 and defining y = —a?9~! we get the following cubic equation

> —x9y? +xy —1=0.

TIn [14], the dual of this generalised quadrangle is defined, denoted by O~(6, q), but it is well known that H(3, g?) is
isomorphic to the dual of the elliptic generalised quadrangle O~ (6, q) (see [20, Chapter 3], where O~ (6, q) is denoted by
Q(5, ).
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Therefore if x is such that the cubic is irreducible, then we get a contradiction. We show that such
a choice of x exists. Let t be a non-square in -, and suppose that « is an element of F» such that
a? = t. By the Hansen-Mullen Irreducibility Conjecture (which is true, see [4, Theorem 2.7]),
there exists a monic cubic of the form x> + ux? — tx + v irreducible in Fqlx] for some u,v € F,.
Let

(—tu+30 4t )q
X = + a) .
tu+v tu+v

By [16, Theorem 3], y* — x9y* + xy — 1 s irreducible in Fg.[y]. O

Theorem 4.3. Let x be an element of F ;> such that Tr(xa + a?d=1) # 0 for all non-zero a € F 2. For
each A € Fy andt € Fg let

At ={(a,a™'t + Tr(da + xAad + %Aqaz), at +2a%) : a € Fp},
and let

. 2. .
S :={A7: terFq}. Ae[qu}.

Then:

(i) every element of S is a set of subgroups and any two cosets from subgroups of different such sets
intersect each other in at most one element;

(ii) if we let P be the underlying set of E, then for every A € F . the set of lines L; = {A;1 g:.g€
E,t € F,} gives rise to a triangle-free partial linear space (P, L) of order (g>—1,qg-1).

Proof. First, foreach 1 € Fge andt € Fg, we have

Al =1;,(4).
Since 7, is an automorphism of the underlying group (as per Lemma 4.1), it follows that
T, (A NU{(4): te [Fq} and {7 (A:)}u {‘L’A(AZ) :be [Fq} also form a Kantor family, and give
rise to an isomorphic generalised quadrangle. Therefore, by taking cosets of the subgroups A%,
t € Fy, as lines we get a subgeometry of this generalised quadrangle which is a triangle-free par-
tial linear space of order (6112 —1,q — 1). We now prove the first part.

First we show that A} ﬂAf; = {(0,0,0)} whenever 4, # 4,. An element of Afll ﬂAf;z is

1
of the form (a, a?*'t; + Tr(,a + x¥1;a? + l/1qa2),at + A,a9) for some a € F,2,
1 1 1 oM 1+t 4 q

(b, b9ty + Tr(A,b + xA,b% + %/lgbz), bt, + A,b9) for some b € F.. Therefore, a = b and hence

but it is also

a1ty = 1) = Tr (A, = A)(a +xa? + 2a2))
a(ty — t;) = (4, — 4)al.
Now a9*1(t, — t,) = a%a(t, — t,) and so

Tr ((/12 — 1,)a +xa? + %asz)> = a¥(1, - 1y).
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Expanding this equation gives us
(A, = )@ +xa® = 300 + (A, — 4,)%(a + xa? + 3a*1)T = 0.
Suppose, by way of contradiction, that a # 0. Since 1, # 1,, we can rewrite the equation as

a+xal — %azq

Ay =241 =— .
2 (a+xa? + %az‘l)q

Let N: F,2 — F, be the relative norm function, defined by N(x) = x9*1, The left-hand side has
norm 1 and hence

N(—(a? + x%a — %az)) = N(a? + x%a + %az).
Now N(—1) = 1 and we can factor out N(a), so

N(a? +x9 + %a) —N@a?™ +x9 - %a) =0.
Note that by definition of the relative norm map,

Nx+y+z)=x+y+2z)(x+y+2z)
=(x+y+2z)(x?+y?+2z9)
= xx9 + yy9 + zz9 + xy9 + yx? + xz9 4 zx9 4 yz9 + zy1
Using that in F 2, yx? = (y9x)?, we obtain
N(x +y + z) = N(x) + N(¥) + N(2) + Tr (xy? + xz? + yiz).
Therefore,

0 =(N(aq_1) + N(x9) + N(%a) + Tr(a? Y% + %azq_l + %ka))
- (N(aqfl) + N(x9) + N(%a) +Tr(a9 % — %azq*l - %Ka))
=Tr(xa + a??71),

a contradiction. So a = 0 and Af‘ll N A?‘; ={(0,0,0)}.
Now for any two subgroups H, K of a group, the intersection of two cosets of H and K is either
empty, or a coset of H N K, which proves our claim. O

Corollary 4.4. There exists an absolute constant C such that for allr > 2,k > 3, we have s,(K;.) <
C(k —1)°r*/2,

Proof. Letr>2,k>3,c= 10:—\9/1;2 and let g be the smallest prime such that q > ck\/;. By

Lemma 4.2 and Theorem 4.3(ii), there exists a family of r < g? triangle-free partial linear spaces
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of order (q> — 1,q — 1), on the same point set P and pairwise disjoint line-sets £, ..., £,, and
by Theorem 4.3(i), the point-line geometry (P, J;_, £;) is also a partial linear space. Note that
g*— 12> 3rkink and ¢ — 1 > 3k(1 + Inr). Combining Lemmas 1.6 and 3.1, s,(K;,) = P,(k) <
|P|. By Bertrand’s postulate, g < ch\/7, and using |P| = ¢° yields the desired bound, with
C = [(2¢)°] = 26,282. Note that, in light of Conjecture 5.2, we did not try to further optimise this
constant. |

5 | CONCLUDING REMARKS

While generalised quadrangles have been used extensively in extremal combinatorics, and par-
ticularly Ramsey theory (for example, [7, 11, 17, 19, 25]), our result appears to be the first instance
in Ramsey theory where the group theoretic structure of these geometries is exploited. We are
hopeful that Kantor’s model of generalised quadrangles will lead to new results in other Ramsey
problems as well.

In the probabilistic argument of Section 3, note that if we use s +1 = g% and t + 1 = g, then
from equation (3.1) it follows that we can solve the following quadratic inequality in g to ensure
that the probability is < 1:

1 2—1+lnrq—lnk>0.
’

36 7k 1

One can check that this inequality is satisfied for all g > ;—gk(l +Inr) + g\/ rk In k. Using that for
any a,b > 0, (a + b)® < 2*(a’ + b>), we obtained the following more refined upper bound.

Theorem 5.1. Forallr > 2,k > 2,
5,(Ky) < 212[(k = 1)° In® r + (k — 1)°/2r%/2 In%/?(k — 1)].

For further improvements to our upper bound, we should perhaps explore triangle-free partial
linear spaces that do not arise from generalised quadrangles. Moreover, if we could make the
probabilistic argument of Section 3 deterministic, then this could also lead to an improvement in
the bound. We would like to make the following conjecture.

Conjecture 5.2. Forallr > 2,k > 2
s,(Kx) < Ck*r’*f(Ink,Inr)
for some constant C > 0 and a constant degree polynomial function f.

ACKNOWLEDGEMENTS
We are grateful to Anita Liebenau for helpful discussions. We also thank Simona Boyadzhiyska
for pointing out a significant gap in our first draft that was fixed later. We also want to thank the
anonymous referee for a thorough proofreading and many helpful remarks.

Anurag Bishnoi’s research supported by a Discovery Early Career Award of the Australian
Research Council (No. DE190100666).



12 | BAMBERG ET AL.

Thomas Lesgourgues’ research supported by an Australian Government Research Training Pro-
gram Scholarship and the School of Mathematics and Statistics, UNSW.

JOURNAL INFORMATION

The Bulletin of the London Mathematical Society is wholly owned and managed by the London
Mathematical Society, a not-for-profit Charity registered with the UK Charity Commission.
All surplus income from its publishing programme is used to support mathematicians and
mathematics research in the form of research grants, conference grants, prizes, initiatives for
early career researchers and the promotion of mathematics.

REFERENCES

1. S. A. Burr, P. Erdés, R. J. Faudree, C. C. Rousseau, and R. H. Schelp, Ramsey-minimal graphs for star-forests,
Discrete Math. 33 (1981), no. 3, 227-237.
2. S. A. Burr, P. Erd6s, and L. Lovasz, On graphs of Ramsey type, Ars Combin. 1 (1976), no. 1, 167-190.
3. S. A.Burr, J. NeSetfil, and V. R6dl, On the use of senders in generalized Ramsey theory for graphs, Discrete Math.
54 (1985), no. 1, 1-13.
4. S.D. Cohen, Explicit theorems on generator polynomials, Finite Fields Appl. 11 (2005), no. 3, 337-357.
5. D. Conlon, A new upper bound for diagonal Ramsey numbers, Ann. of Math. (2) 170 (2009), no. 2, 941-960.
6. D. Conlon, J. Fox, and B. Sudakov, Recent developments in graph Ramsey theory, Surveys in Combinatorics
2015, London Math. Soc. Lecture Note Ser., vol. 424, Cambridge Univ. Press, Cambridge, 2015, pp. 49-118.
7. A.Dudek and V. Rodl, On K-free subgraphs in K -free graphs and vertex Folkman numbers, Combinatorica
31 (2011), no. 1, 39-53.
8. P. Erdds, Some remarks on the theory of graphs, Bull. Amer. Math. Soc. 53 (1947), 292-294.
9. P. Erdés and G. Szekeres, A combinatorial problem in geometry, Compos. Math. 2 (1935), 463-470.
10. J. Fox, A. Grinshpun, A. Liebenau, Y. Person, and T. Szabd, On the minimum degree of minimal Ramsey graphs
for multiple colours, J. Combin. Theory Ser. B 120 (2016), 64-82.
11. Z. Fiiredi, A. Naor, and J. Verstraéte, On the Turdn number for the hexagon, Adv. Math. 203 (2006), no. 2,
476-496 (en).
12. H. Guo and L. Warnke, Packing nearly optimal Ramsey R(3, t) graphs, Combinatorica 40 (2020), no. 1, 63-103.
13. H. Han, V. R&dl, and T. Szabo, Vertex Folkman numbers and the minimum degree of minimal Ramsey graphs,
SIAM J. Discrete Math. 32 (2018), no. 2, 826-838.
14. W. M. Kantor, Generalized quadrangles associated with G,(q)*, J. Combin. Theory Ser. A 29 (1980), 212-219.
15. 'W. M. Kantor, Generalized polygons, SCABs and GABs, Buildings and the geometry of diagrams (Como, 1984),
Lecture Notes in Math., vol. 1181, Springer, Berlin, 1986, pp. 79-158.
16. H.D.Kim, J. Moon Kim, and I. Yie, Certain cubic polynomials over finite fields, J. Korean Math. Soc. 46 (2009),
no. 1, 1-12.
17. A. Kostochka, D. Mubayi, and J. Verstraéte, Hypergraph Ramsey numbers: triangles versus cliques, J. Combin.
Theory Ser. A 120 (2013), no. 7, 1491-1507.
18. T. Luczak, On Ramsey minimal graphs, Electron. J. Combin. 1 (1994), 4.
19. D. Mubayi and J. Verstraéte, A note on pseudorandom Ramsey graphs, arXiv:/1909.01461, 2019.
20. S. E. Payne and J. A. Thas, Finite generalized quadrangles, 2nd ed., EMS Series of Lectures in Mathematics,
Eur. Math. Soc., Ziirich, 2009.
21. F.P. Ramsey, On a Problem of Formal Logic, Proc. Lond. Math. Soc. (2) 30 (1929), no. 4, 264-286.
22. V.Rodl and M. Siggers, On Ramsey minimal graphs, SIAM J. Discrete Math. 22 (2008), no. 2, 467-488.
23. A. Sah, Diagonal Ramsey via effective quasirandomness, Preprint, arXiv:2005.09251, 2020.
24. J. Spencer, Ramsey’s theorem—a new lower bound, J. Combinatorial Theory Ser. A 18 (1975), 108-115.
25. M. Tait, Degree Ramsey numbers for even cycles, Discrete Mathematics 341 (2018), no. 1, 104-108 (en).



	The minimum degree of minimal Ramsey graphs for cliques
	Abstract
	1 | INTRODUCTION
	2 | BACKGROUND
	3 | PACKING GENERALISED QUADRANGLES
	4 | THE CONSTRUCTION
	5 | CONCLUDING REMARKS
	ACKNOWLEDGEMENTS
	JOURNAL INFORMATION
	REFERENCES


