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Aerodynamics is a constantly evolving
field, driven by the demands of diverse
and rapidly advancing applications:
from aviation and space exploration to 
renewable energy and modern transporta-
tion. At the core of aerodynamic research 
lies Computational Fluid Dynamics (CFD), 
with two dominant approaches: Eulerian 
and Lagrangian. Each has its strengths and 
limitations. Eulerian methods often suffer 
from artificial diffusion in sparsely meshed 
regions, mitigated only by significantly 
increasing computational cost. Lagrangian 
methods, while advantageous in many 
respects, continue to face challenges in 
accurately resolving boundary layers.

This work introduces VPMFoam,
a two- dimensional, incompressible
hybrid Eulerian–Lagrangian solver that
integrates the open-source platform 
OpenFOAM with a Vortex Particle Method 
(VPM). By leveraging the strengths of both
approaches, VPMFoam reduces artificial 
diffusion, preserves vorticity structures
with high fidelity, and significantly lowers 
computational requirements. The solver
is rigorously verified across multiple 2D 
benchmark cases, laying a solid foundation 
for its application in external aerodynamics.

VPMFoam emerges as a promising,
efficient, and accurate tool for the future
of aerodynamic simulation, built for the 
evolving needs of the industry.
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Summary

The rapid advancement of science and technology is driven by the goal of improving life
on Earth while maintaining environmental responsibility. This progress is evident across
numerous fields. In wind energy, the continuous development of new wind turbine de-
signs and innovative wind farm configurations is crucial for accelerating the energy tran-
sition. The aerospace industry constantly introduces advanced airplane and helicopter
designs to improve performance and efficiency. Urban planning increasingly relies on
detailed analysis to optimize airflow within cities, addressing environmental and health
concerns. These are just a few examples where innovation is driven by the need to en-
hance performance and sustainability.

A common requirement across these diverse fields is the need for an in-depth under-
standing of aerodynamics. Accurate aerodynamic analysis is essential for enhancing de-
sign, efficiency, and effectiveness. However, the fast-paced nature of modern advance-
ments limits reliance on experimental methods alone, as these can be time-consuming,
costly, and impractical for all possible configurations. Consequently, combining experi-
mental and computational studies becomes crucial.

This is where Computational Fluid Dynamics (CFD) comes into play. The develop-
ment of efficient and accurate CFD tools has become essential in scientists’ and engi-
neers’ hands to explore aerodynamics quickly and understand the physics of the flows.
This fact has driven the present research. The primary goal of this dissertation is the
development of a computational tool that is both accurate and efficient for exploring
external aerodynamics simulations.

The main approaches in CFD today are the Eulerian and Lagrangian approaches,
each comprising a family of methods. Eulerian methods, like the Finite Volume Method
(FVM) and Finite Element Method (FEM), have been extensively used in exploring exter-
nal aerodynamics, with their greatest advantage being accuracy in capturing the bound-
ary layers. However, due to the diffusive nature of these methods, artificial diffusion is
introduced into the flow, damping the vortex structures, which are crucial in many ap-
plications driven by strong body-vortex interactions. Moreover, the study of multibody
objects often requires special treatments, especially for mesh generation, making the
simulations extremely costly.

On the other hand, Lagrangian methods, like the Vortex Particle Method (VPM), are
excellent for studying flows with a high presence of vortices, as they can preserve the
vortex structures without damping them. Additionally, the particles participating in the
flow are self-adaptive, satisfy the far-field boundary conditions automatically, and al-
low for easy implementation of multiple bodies into the simulation. However, resolving
the boundary layer is very challenging and often very costly due to the inability to use
anisotropic elements, making them less ideal for predicting aerodynamic forces.

Lagrangian solvers have become very popular in the last two to three decades, pri-
marily due to the significant advancements in computer hardware, especially GPUs,
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which enable very fast calculations. This has encouraged engineers to explore ways to
leverage this advantage in CFD, leading to the development of hybrid solvers that couple
Eulerian and Lagrangian solvers. In this coupled approach, Eulerian solvers can be ap-
plied near the solid body to accurately and efficiently resolve the boundary layer region,
while Lagrangian solvers preserve the vortex structures further from the body.

Building on this approach, this dissertation introduces a hybrid Eulerian-Lagrangian
solver, named VPMFoam, developed to combine the strengths of both methods while
minimizing their limitations. This is achieved by integrating OpenFOAM, a widely used
open-source CFD software, with a Lagrangian VPM. The primary goal is to create an
accurate tool focused on external aerodynamics that can efficiently handle cases with
strong body-vortex interactions and multibody scenarios while maintaining a lower com-
putational cost compared to pure Eulerian solvers. OpenFOAM was chosen primarily for
its open-source flexibility and its extensive user base in academia and industry, offering
broad access to this tool.

The solver’s development focuses on a 2D version, with validation conducted through
a step-by-step approach, starting with simple cases that exclude solid bodies. Once the
successful coupling of the two solvers is verified, validation proceeds with cases involv-
ing solid bodies, such as flow around a cylinder. In these cases, the solver accurately
predicts fluid flow and aerodynamic coefficients, showing strong agreement with estab-
lished Eulerian solvers and effectively preserving the vorticity field in the wake. Further
validations address dynamic mesh motions and multibody applications.

Following validation, the solver is applied to more realistic scenarios, including the
static and dynamic stall of an airfoil and the simulation of hybrid Vertical Axis Wind Tur-
bines using actuator models. A performance analysis of the codes efficiency is also pre-
sented, highlighting the solvers capability to conduct fast and accurate simulations.

By effectively combining the strengths of both Eulerian and Lagrangian approaches,
VPMFoam addresses key challenges in aerodynamic analysis, particularly in cases with
strong body-vortex interactions, and lays a strong foundation for further applications,
including potential 3D extensions. This makes VPMFoam a valuable asset for applica-
tions requiring both high fidelity and computational efficiency.



Samenvatting

De snelle wetenschappelijke en technologische vooruitgang wordt gedreven door het
doel om het bestaan op aarde te verbeteren met inachtneming van verantwoordelijk-
heid jegens het milieu. Deze vooruitgang is evident over meerdere gebieden. Voor een
versnelling in de energie transitie, is het in windenergie cruciaal om continue nieuwe
windturbines te ontwerpen en innovatieve windpark inrichtingen te ontwikkelen. De
vliegtuigindustrie introduceert constant geavanceerde vliegtuig en helikopter ontwer-
pen voor betere prestaties en efficiëntie. Stedenbouwkundige planning vraagt steeds ge-
detailleerdere analyses van luchtstromingen binnen steden om milieu- en gezondheids-
zorgen mee te nemen. Dit zijn slechts een paar voorbeelden waar innovatie zowel een
verbetering van prestaties duurzaamheid beoogd.

Een gemeenschappelijke deler tussen deze gebieden is de noodzaak om een diep be-
grip van aerodynamica te hebben. Nauwkeurige analyse van aerodynamica is essentieel
voor verbetering van ontwerp, efficiëntie en effectiviteit. Echter, door de snelle voor-
uitgang die de huidige tijd kenmerkt, kan niet meer alleen vertrouwd worden op experi-
mentele methodes, doordat deze veel tijd en geld kunnen kosten, en onpraktisch zijn om
alle mogelijkheden te onderzoeken. Het gevolg is dat een combinatie van experimenteel
een rekenonderzoek noodzakelijk wordt.

Hier komt Computational Fluid Dynamics (CFD) om de hoek kijken. Ontwikkeling
van efficiënte en nauwkeurige programmas die in handen van wetenschappers en inge-
nieurs de mogelijkheid bieden om snel aerodynamisch onderzoek te doen en de fysica
van stromingeen te bevatten, is essentieel geworden. Hierdoor wordt het huidige onder-
zoek gedreven. Het primaire doel van dit proefschrift is de ontwikkeling van een reken-
kundig programma ter onderzoek van externe aerodynamica op een zowel nauwkeurige
als efficiënt manier.

Binnen CFD zijn de meest voorkomende technieken gebaseerd op een Euleriaanse
en Lagrangiaanse methodes, die beide families van methodes behelzen. Euleriaanse me-
thodes, zoals de Eindige Volume Methode (EVM) of Eindige Elementen Methode (EEM),
zijn veelvuldig toegepast in het onderzoek naar externe stromingen, met als grootste
voordeel de nauwkeurigheid waarmee grenslagen gerepresenteerd kunnen worden. Ech-
ter, het diffuse karakter van deze methodes zorgt voor een toevoeging van kunstmatige
diffusie in de stroming, die wervel structuren dempt, terwijl deze wervel structuren juist
cruciaal zijn in vele toepassingen waarbij sterke interactie tussen wervels en object een
grote rol speelt. Daarbij komt nog dat bij de studie van meerdere objecten in een stro-
ming vaak nog speciale technieken nodig zijn, vooral wat betreft rekenrooster generatie,
die de simulatie nog duurder maken.

Aan de andere kant zijn Lagrangiaanse methodes, zoals de Wervel Deeltjes Methode
(WDM), uitmuntend in het bestuderen van stromingen met veel wervels, aangezien deze
methodes de wervelstructuren kunnen behouden zonder deze te dempen. Daarbij zijn
werveldeeltjes die de stroming representeren zelf-adaptief, ze voldoen intrinsiek aan
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verre-veld randvoorwaarden en bieden een eenvoudige manier om meerdere objecten
in een stroming te implementeren. Echter, het representeren van de grenslaag is uitda-
gend en vaak erg kostbaar, doordat de methode geen anisotrope werveldeeltjes toestaat,
waardoor de methode minder geschikt is om aerodynamische krachten te voorspellen.

Lagrangiaanse programmas zijn de afgelopen drie decennia erg populair geworden
voornamelijk door de grote ontwikkeling in computer hardware en dan met name in
GPUs, die het zeer snel uitvoeren van berekeningen mogelijk maakt. Hierdoor aange-
spoord hebben onderzoekers gezocht naar manieren om dit voordeel uit te buiten in
CFD, wat geleid heeft tot de ontwikkeling van hybride codes, die Euleriaanse en Lagran-
siaanse methodes koppelen. In deze koppeling kunnen Euleriaanse methodes dicht bij
het object toegepast worden, waardoor de grenslaag nauwkeurig en efficiënt opgelost
kan worden, terwijl de Lagrangiaanse methode de wervelstructuren verder af van het
object blijft behouden.

Hierop voortbordurend introduceert dit proefschrift een hydride Euleriaans- Lagran-
giaanse code, genaamd VPMFoam, ontwikkeld om de sterktes van beide methodes te
exploiteren en hun beperkingen te minimaliseren. Hiertoe wordt OpenFOAM, wijds
toegepaste open-source software, geïntegreerd met een Lagrangiaanse WDM. Het pri-
maire doel is om een nauwkeurig simulatie programma te creëren voor externe aero-
dynamica, en dat efficiënt omgaat met toepassingen waarin sterke wervel-object inter-
acties en meerdere objecten een rol spelen, waarbij een kleinere rekentijd nodig is in
vergelijking met een puur Euleriaanse aanpak. OpenFOAM is gekozen met name van-
wege de flexibiliteit en de brede toegankelijkheid die open-source met zich meebrengt
en de grote gebruikersgroep van OpenFOAM binnen de academische en industriële ge-
meenschap.

De ontwikkeling van het programma richt zich met name op een 2D versie, waar
stap voor stap de validatie wordt verricht, waarbij eerst eenvoudige toepassingen zon-
der objecten worden bekeken. Wanneer de koppeling tussen beide methodes succesvol
is geverifieerd, gaat de validatie verder met toepassingen met een object, zoals de stro-
ming om een cilinder. In deze toepassingen worden de stroming en aerodynamische
coëfficiënten nauwkeurig voorspeld, waarmee een goede overeenkomt met gevestigde
Euleriaanse programmas en een effectief behoud van vorticiteit in het zog aangetoond
wordt. Verdere validatie behelst dynamische rekenrooster beweging en toepassingen
met meerdere objecten.

Na de validatie wordt het programma toegepast op realistischer scenarios, waaron-
der statische en dynamische overtrek van een vleugelprofiel en de simulatie van een hy-
dride Verticale As Wind Turbine gerepresenteerd als krachtveld model. Ook wordt de
efficiëntie van het programma geanalyseerd en de eigenschap van het programma om
snel en nauwkeurig simulaties te draaien aangetoond.

Door een effectieve combinatie van de sterktes van de Euleriaanse en de Lagrangi-
aanse methodes, kan VPMFoam de cruciale uitdagingen in aerodynamische analyse aan,
met name bij toepassingen met sterke wervel-object interacties, en legt VPMFoam een
sterk fundament voor verdere toepassingen, waaronder mogelijk 3D uitbreidingen. Dit
maakt VPMFoam een waardevolle aanwinst voor toepassingen waarbij hoge betrouw-
baarheid en rekenefficiëntie noodzakelijk zijn.
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1
Introduction

In this introductory chapter, the dissertation sets the stage for the research topic by high-
lighting the importance of Computational Fluid Dynamics (CFD) in both academic re-
search and industrial applications. The chapter begins by discussing the two primary ap-
proaches used in CFD: the Eulerian and Lagrangian, which are distinct yet complemen-
tary in exploring the same physical phenomena. The advantages and limitations of each
approach are briefly discussed, and through this analysis, certain challenges in the field
are identified, indicating potential directions for future research. This discussion serves
as a precursor to the primary objective of this dissertation, which aims to address specific
gaps in CFD and propose solutions to some of these challenges. Subsequently, the research
questions upon which this dissertation is built are presented. The chapter concludes with
an overview of the dissertation’s structure, including a graphical representation of the con-
tent to be covered.
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1.1. The role of CFD in modern engineering
Computational Fluid Dynamics (CFD) is a sophisticated computational tool that bridges
theoretical fluid mechanics and real-world applications, offering a detailed visualization
and analysis of fluid flow behaviors. It leverages advanced numerical methods and com-
putational resources to predict fluid motion, heat transfer, and related phenomena with
remarkable accuracy, serving as an indispensable resource in engineering design and
analysis. The applicability of CFD spans various engineering disciplines, with this dis-
sertation narrowing its focus to external aerodynamics, the field that explores the airflow
around wind turbines, helicopters, airplanes, etc.

Before the first computers were invented, fluid mechanics scientists relied solely on
analytical solutions, experiments, and empirical expressions that came either from ex-
periments or analysis after making certain assumptions. While analytical solutions are
generally the most accurate solution that can be obtained, they come with extreme lim-
itations. First of all, Navier-Stokes (N-S) equations, which govern the fluid behavior, are
inherently complex equations. They are highly non-linear, allowing for analytical solu-
tions only in simplified scenarios. This includes cases with simple geometries, like the
Hagen-Poisseuille [1] flow in a cylindrical pipe, which describes the laminar flow of an
incompressible Newtonian fluid through a long, straight cylindrical pipe. Analytical so-
lutions often require multiple assumptions to address a specific problem since various
phenomena can be involved, like heat transfer, chemical reactions, or the presence of
porous media, which renders analytical solutions impractical. Another major limitation
of analytical solutions is their inability to deal with turbulence effectively. Turbulence is
a common and highly complex phenomenon in most real-world flows, which has been
extensively studied; however, it remains an ongoing challenge with no universal solution
and requires constant adaptation.

Despite their limitations, analytical solutions have historically played a crucial role
in understanding fluid behavior. However, when analytical approaches fall short, physi-
cal experiments become indispensable. In many fields of research, physical experiments
have traditionally been the primary method for investigating fluid flow phenomena. Ex-
periments are widely used and essential for conducting new research. However, they
face several challenges and limitations. Depending on the field of research, they can
be unaffordable, especially if sophisticated equipment or materials are required. Tak-
ing the wind energy field as an example, specifically multibody problems like those in
a wind farm, wind tunnel experiments are impractical due to space constraints. They
can be prohibitively expensive in terms of both time and money. This is because each
modification to the configuration of wind turbine models requires starting the entire ex-
periment from scratch.

Given the limitations of analytical solutions in tackling complex problems and the
impracticality of experiments in certain cases, the importance of CFD as a critical tool
becomes undeniably clear. CFD can quickly provide results for many scenarios at a
lower cost and with great accuracy. However, it is important to note that CFD can also
be resource-intensive, requiring significant computational effort, especially for complex
simulations.
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1.2. Eulerian and Lagrangian approaches in CFD
Today, the field of CFD primarily relies on two approaches: the Eulerian and Lagrangian.
Although these approaches significantly differ, they aim to explore the same physical
phenomena based on the same equations but from different perspectives.

Eulerian solvers are the most popular choice in CFD. The Eulerian framework fo-
cuses on computing fluid properties at specific locations within a given space as the
fluid flows through it (see Figure 1.1).

Figure 1.1: In the Eulerian approach (left) fluid properties are measured at specific locations within a given
space as the fluid flows through it. In the Lagrangian approach (right) the observer tracks a specific fluid
parcel as it moves through space and time, i.e., from an inertial frame of reference.

Various methods are employed in the Eulerian description concerning the discretiza-
tion technique, including Finite Differences [2], Finite Volumes [3–5], Finite Elements [6,
7], and Spectral Elements [8]. Generally, these methods excel in resolving regions close to
solid boundaries, including the boundary layer, and can efficiently capture viscous phe-
nomena and vorticity generation near the solid structure. This advantage stems from
their ability to handle anisotropic elements, cells that are elongated in specific direc-
tions to capture the flow features more accurately. For instance, around an airfoil, the
cells near the surface are often stretched in the direction parallel to the flow (see Fig-
ure 1.2). This orientation allows the mesh to follow the gradients in the boundary layer,
effectively capturing the rapid changes in velocity and vorticity that occur close to the
surface, while minimizing computational cost in regions with lower flow variation.

However, their dissipative nature, especially in sparsely meshed regions, presents
challenges that are not quickly addressed. Employing higher-resolution meshes signifi-
cantly increases computational costs, necessitating powerful hardware and parallel pro-
cessing. Moreover, constructing an accurate mesh can be complex and time-consuming,
as solution quality heavily depends on achieving precision in meshing, which is chal-
lenging in intricate geometries. Furthermore, explicit time schemes (if chosen) impose
strict time-step restrictions governed by the Courant-Friedrichs-Lewy (CFL) condition
due to the advective terms [9]. Additionally, setting appropriate far-field boundary con-
ditions often requires large computational domains, even when the primary interest is
focused near the bluff body, which increases the computational effort. A potential solu-
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Figure 1.2: Illustration of anisotropic mesh cells around an airfoil, with a close-up showing elongated cells near
the surface.

tion is the use of Adaptive Mesh Refinement (AMR) techniques, allowing for dynamic
mesh adaptation based on simulation requirements through localized refinement or
coarsening [10].

In contrast, Lagrangian solvers are becoming increasingly popular as they overcome
many limitations Eulerian solvers face. In the Lagrangian framework, the observer tracks
a specific fluid parcel as it moves through space and time, i.e., from an inertial frame
of reference (see Figure 1.1). The properties of these moving particles characterize the
flow. The Vortex Particle Method (VPM) is a well-known Lagrangian method wherein
particles traverse the flow field, carrying vorticity. It has seen numerous applications in
external aerodynamics, such as those documented by Pan et al. [11]. Extensive analy-
ses of VPM are available in the books by Cottet et al. [12] and Winckelmans [13], with
a detailed review provided by Mimeau et al. [14]. Another well-known method in the
Lagrangian family is Smooth Particle Hydrodynamics (SPH), which solves the compress-
ible N-S equations in velocity-pressure form, with particles carrying the flow’s pressure
and density. Lagrangian methods offer several advantages, particularly in external aero-
dynamics. Notably, they exhibit significantly lower numerical dissipation (theoretically
zero in ideal cases) compared to conventional mesh-based numerical methods. This
low dissipation arises because there are no grid-based truncation errors, and particles
move solely according to the local flow velocity, eliminating the need for artificial dif-
fusive terms. As a result, these methods enable more accurate simulations of wake dy-
namics, efficiently capturing far-field wake effects that would otherwise be challenging
with mesh-based approaches. Furthermore, the free movement of vortex particles suits
areas of high vorticity, obviating the need to resolve physically insignificant regions. Ad-
ditionally, boundary conditions at infinity are naturally satisfied, as there are no physical
boundaries constraining the flow, eliminating the need for the large domains required by
Eulerian solvers. Their linear nature also allows for the application of acceleration tech-
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niques [15–17], significantly enhancing speed.
Despite their advantages, VPMs face challenges, particularly when imposing bound-

ary conditions near solid surfaces, requiring supplementary solvers like the vortex panel
method [18] or immersed body techniques [19]. Moreover, their efficiency diminishes
near solid boundaries due to the necessity of a large number of particles. Lastly, flow
strain can distort the vortex particle configuration, potentially leading to computational
inaccuracies [20].

1.3. External aerodynamics and hybrid solvers
Examining the strengths and limitations of the two primary approaches in CFD reveals
substantial opportunities for innovation. This dissertation specifically focuses on the
potential of these emerging tools in advancing external aerodynamics, an area with im-
mense possibilities for development.

External aerodynamics, a field dominated by advection-driven flows, encompasses
a wide range of engineering applications, such as wind turbines, rotors, propellers, he-
licopters, airplanes, trains, and buildings. The computational study in this field poses
significant challenges, especially in scenarios characterized by strong body-vortex inter-
actions, such as the flow around Vertical Axis Wind Turbines (VAWTs) [21], where the tur-
bine blades are in constant interaction with the wake. The development of efficient and
accurate simulation tools for such flows is crucial. However, as previously mentioned,
Eulerian solvers suffer from artificial diffusion, leading to distorted wakes and overly dif-
fused solutions, coupled with high computational costs. Conversely, Lagrangian solvers
struggle to provide high-fidelity solutions in the presence of solid bodies within the flow.

These challenges have prompted engineers to explore the possibility of combining
the advantages of both approaches while mitigating their limitations, leading to the de-
velopment of hybrid Eulerian-Lagrangian solvers. The state-of-the-art developments in
these hybrid solvers are discussed in detail in Chapter 4. Generally, in this hybrid ap-
proach, the Eulerian solver is applied near solid surfaces to accurately capture boundary
layer phenomena, while the Lagrangian solver is used in wake regions to minimize nu-
merical diffusion and preserve flow structures. Additionally, when parallelized, hybrid
solvers enable high-speed computations. This hybrid approach is emerging as a promis-
ing alternative in external aerodynamics, where accurately capturing wake dynamics is
essential, along with achieving computational efficiency.

1.4. Objective and research questions
The present dissertation centers on the development of a hybrid Eulerian-Lagrangian
solver, with a particular focus on applications in external aerodynamics. A new compu-
tational software, named VPMFoam, is introduced, coupling a VPM with OpenFOAM, an
open-source software toolkit that is highly regarded and widely used in both academia
and industry. OpenFOAM was selected for this project due to its extensive use, numerous
built-in functions, and proven effectiveness across various applications. Its open-source
nature makes it ideal for integrating with other software and in-house solvers, as well as
for developing new features.

The goal was to develop a hybrid tool that would benefit a large portion of the CFD



1.4. Objective and research questions

1

11

community, leveraging the extensive online resources, continuous development, and ac-
tive troubleshooting support available. This research combines various coupling tech-
niques from the literature on hybrid solvers, integrating them within OpenFOAM. These
techniques, along with the hybrid solvers used in this study, are discussed in detail in
Chapter 4.

The solver will be thoroughly verified and validated, and applied to aerodynamic
cases, providing a basis for comparing the performance of hybrid solvers against existing
Eulerian and Lagrangian solvers in terms of both accuracy and efficiency. The principal
aim of this dissertation can be outlined as follows:

The objective of this dissertation is to develop and validate a two-dimensional
hybrid Eulerian-Lagrangian solver by coupling OpenFOAM with a Lagrangian
Vortex Particle Method to simulate external aerodynamic flows. Designed for
both accuracy and efficiency, this solver leverages the strengths of Eulerian meth-
ods close to solid boundaries and Lagrangian methods in wake regions, making
it particularly suited to multibody problems involving body-vortex interactions.
The validation of the solver is essential to establish it as a reliable tool for aerody-
namic analysis.

In addressing the objective, the following research questions are explored, with cor-
responding chapters indicated:

1. How is OpenFOAM coupled with an in-house VPM solver, and what modifications
to OpenFOAM are necessary to enable this coupling? (Chapters 3 and 4)

2. How can the Eulerian and Lagrangian solvers be effectively combined in a hybrid
approach? (Chapter 4)

(a) How can the computational domain be decomposed to facilitate the effective
coupling of the two solvers?

(b) What methods and techniques can be employed to achieve a stable and seam-
less integration of the two solvers?

(c) Which regions of the computational domain should be handled by the Eu-
lerian solver and which by the Lagrangian solver to optimize both efficiency
and accuracy?

(d) What steps are involved in the solver’s evolution within a single time-step to
maintain accurate coupling?

3. Can a hybrid simulation achieve the same level of accuracy as purely Eulerian sim-
ulations? (Chapters 5 to 7 and 9 to 11)

(a) How does the accuracy of the hybrid solver compare to that of a pure Eulerian
solver?

(b) What factors contribute to the accuracy of the hybrid solver?

4. How can dynamic mesh simulations be effectively managed in the hybrid config-
uration? (Chapters 4, 6 and 10)
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(a) What modifications are required in OpenFOAM to enable the hybrid solver
to handle dynamic meshes?

(b) How does the accuracy of dynamic mesh simulations in the hybrid solver
compare to that of pure Eulerian simulations?

5. How can the hybrid solver be applied to multibody simulations? (Chapter 7)

(a) How does the hybrid solver handle complex multibody problems effectively?

(b) What advantages does the hybrid solver offer over purely Eulerian solvers for
multibody simulations?

6. What factors drive the computational cost of hybrid simulations, and how can
these costs be minimized? (Chapters 8 and 13)

(a) How does the computational cost of the hybrid simulation compare to that
of a pure Eulerian simulation?

(b) What strategies can be implemented to reduce computational costs in the
coupled simulation system?

1.5. Outline of the dissertation
The dissertation is structured into four distinct parts, tracing the pathway taken to ad-
dress the research questions. The outline of the dissertation is presented below, while
Figure 1.3 provides a graphical representation of its core components.

Part I: Foundation - Theory and Validation
This foundational part of the dissertation begins by introducing the dissertation’s objec-
tives and culminates in the validation of the developed solver. It opens with an overview
of the two component solvers, followed by an in-depth examination of the coupling tech-
niques employed. The solver is then tested through various cases to verify its capability
to accurately simulate different flow scenarios. The part ends with an assessment of the
efficiency of the solver.

• Chapter 1 introduces the topic, providing background on the research, outlining
the dissertation’s objectives, and presenting the core research questions. It also
highlights the significance of the developed solver in advancing the field of CFD.

• Chapter 2 presents the solver used as the Lagrangian component of the hybrid
approach. It begins with an overview of Lagrangian solvers, particularly the VPM,
followed by a mathematical description of the method (with further details in Ap-
pendix A). The chapter then explains how the method is applied in the current
context and includes a preliminary test case to verify the solver and assess its con-
vergence.

• Chapter 3 introduces OpenFOAM as the Eulerian component of the hybrid solver.
It starts with an overview of the Finite Volume Method (FVM) (with additional in-
formation in Appendix B), followed by details on the specific OpenFOAM solver
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used. The chapter’s focus is on the modifications made to OpenFOAM to enable
its coupling with the in-house Lagrangian solver, as well as an assessment of its
convergence.

• Chapter 4 focuses on VPMFoam, the developed hybrid solver. The chapter begins
with a literature review on the topic of hybrid Eulerian-Lagrangian solvers, simi-
lar to VPMFoam. It then presents the state-of-the-art of the developed solver and
discusses the coupling strategy employed, detailing each step in the process. The
chapter concludes with an overview of the main software and libraries, as well as
the hardware utilized in the simulations presented later in the dissertation.

• Chapter 5 marks the beginning of the verification and validation process for the
developed solver. Initially, the chapter focuses on the verification of the solver
by ensuring that the coupling between the Eulerian and Lagrangian components
functions correctly and that the implementation accurately solves the intended
equations. This is achieved through comparisons with analytical solutions and
results from other software. Subsequently, the chapter presents fundamental val-
idation cases, encompassing static scenarios both with and without the presence
of solid bodies. These cases are carefully selected to demonstrate the solver’s ac-
curacy in representing physical phenomena under static conditions, thereby es-
tablishing its reliability. Through these verification and validation efforts, it is con-
firmed that all processes implemented into the solver and presented in the previ-
ous chapters are functioning effectively.

• Chapter 6 focuses on the verification and validation of the solver in dynamic cases.
The solver’s accuracy is tested in scenarios involving translational, rotational, and
oscillatory motions, confirming its capability to accurately simulate all possible
motions that a solid object can undergo.

• Chapter 7 addresses the treatment of multibody simulations to ensure the solver’s
accuracy in handling complex interactions and dynamics in multibody scenarios.

• Chapter 8 concludes the first part of the dissertation by examining the efficiency
and performance of the solver. Specifically, the performance of VPMFoam is as-
sessed in detail, with an analysis of the computational cost of each step in a hybrid
simulation, compared to a corresponding simulation in OpenFOAM. Additionally,
guidelines for further accelerating the solver are proposed and discussed.

Part II: Applied Case Studies
This part of the dissertation focuses on the application of VPMFoam to more realistic
engineering problems. Specifically, the solver is applied to various practical scenarios:
a static airfoil case, a pitching airfoil simulation, and a simulation of a hybrid Darrieus-
Savonius wind turbine using actuators. These applications demonstrate the solver’s ver-
satility and effectiveness in addressing complex, real-world engineering challenges.

• Chapter 9 presents the simulation of a static airfoil. The airfoil is analyzed under
different angles of attack, identifying the stall point. The results are compared with
corresponding data from the literature.
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• Chapter 10 focuses on the simulation of a pitching airfoil, specifically investigat-
ing dynamic stall at different reduced frequencies. The results are compared with
those obtained from simulations performed in OpenFOAM.

• Chapter 11 presents the simulation of a hybrid Darrieus-Savonius wind turbine
using actuator models. The hybrid turbine is simulated using different approaches
for modeling the turbines (within the Eulerian subdomain or outside), demon-
strating the solver’s versatility. The results showcase that various approaches can
be employed to solve the same problem, and they are compared with correspond-
ing simulations performed in OpenFOAM.

Part III: Closing Remarks
This part serves as the epilogue of the dissertation, focusing on the conclusions drawn
from the analyses conducted throughout the text. It offers insightful reflections that en-
capsulate the essence of the dissertation. The section concludes with a broader discus-
sion of the solver, highlighting its potential applications, future objectives, and recom-
mendations for further research, laying the groundwork for continued exploration and
development in the field. Specifically:

• Chapter 12 summarizes the conclusions drawn from the dissertation.

• Chapter 13 presents recommendations for enhancing the solver’s efficiency, out-
lines proposed developments to make it a more comprehensive tool, suggests var-
ious tests to expand its capabilities, and highlights potential applications.

Part IV: Supplementary Material
Part IV consists of additional information which completes the dissertation.

• Appendix A: Mathematics of the Vortex Particle Method

• Appendix B: Finite volume discretization

• Appendix C: Source code of pimpleFoam solver

• Appendix D: VPMFoam folder structure

• Appendix E: Calculation of pressure gradient using vortex particles

• Bibliography

• List of Abbreviations

• Nomenclature

• Curriculum Vitæ

• List of Publications
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The Lagrangian solver - Vortex

Particle Method

The previous chapter was an introductory chapter to the research topic. This chapter
deals with the Lagrangian component of the hybrid solver. It begins with a brief introduc-
tion to Lagrangian methods in fluid dynamics, focusing specifically on the Vortex Particle
Method, the method that is employed here. The chapter discusses both the advantages
and limitations of this method, as well as its mathematical formulation. Following this,
the modeling approach employed in this study is examined. The chapter culminates in a
verification of the solver and an assessment of its accuracy and convergence.

Parts of this chapter have been published in: R. Pasolari, C.J. Ferreira, and A. van Zuijlen, Coupling of Open-
FOAM with a Lagrangian vortex particle method for external aerodynamic simulations, Physics of Fluids, vol.
35, no. 10, p. 107 115, Oct. 2023, ISSN: 1070-6631. DOI: 10.1063/5.0165878. [22]
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2.1. Introduction
In fluid mechanics, the Lagrangian approach is a group of methods characterized by de-
scribing the flow as particles representing fluid elements, while the observer follows a
specific fluid parcel (or sets of parcels) as it moves through space and time, i.e., in the in-
ertial frame of reference. This characteristic distinguishes it from the Eulerian approach,
where the observer remains fixed, and measures flow properties at this stationary point
(more information about the Eulerian approach is discussed later in Chapter 3). In the
Lagrangian approach, the flow is described through the properties carried by the par-
ticles. As Mimeau et al. [14] note, standard methods in the Lagrangian family for fluid
dynamics include the SPH and the VPM. The SPH deal with the compressible N-S equa-
tions in velocity-pressure formulation, and the particles carry the flow pressure and den-
sity. Conversely, in VPM (the method employed in this dissertation), the incompressible
N-S equations are solved in a velocity-vorticity formulation. As the method’s name re-
veals, the particles carry the vorticity of the flow. For further details on VPM, readers can
consult the comprehensive book by Cottet et al. [12], which describes the theory and
the numerical practices of this method, while an extensive review of the vortex meth-
ods from their inception to recent developments, can be found in the review paper by
Mimeau et al. [14].

2.2. Advantages and limitations
The VPM is broadly utilized, especially in external aerodynamics, due to the significant
advantages it has demonstrated in this field. Here, these benefits are discussed in detail,
alongside providing additional background information on the method:

• Reduction of numerical diffusion. The method is inherently well-suited to cap-
turing flow physics, as it directly follows the evolution of fluid particles (vortices)
and preserves sharp vorticity gradients, significantly reducing the numerical dif-
fusion (theoretically zero) that mesh-based methods often introduce. This reduc-
tion in diffusion is possible because there are no grid-based truncation errors, and
particles move solely according to the local flow velocity, eliminating the need for
artificial diffusive terms. This accuracy is particularly advantageous in external
aerodynamics, where accurately capturing wake dynamics is essential, especially
in multibody systems and body-vortex interactions, where precise wake represen-
tation is vital.

• Adaptability of vortex particles. The vortex particles are free to move according
to the local velocity field acting on them, which is induced by other particles, the
freestream flow, or surface elements. As a result, they naturally accumulate in ar-
eas of high vorticity, while regions with negligible vorticity remain particle-free.
This selective concentration eliminates the need to resolve regions without any
physical importance, reducing the computational effort and enhancing the gen-
eral efficiency of the method. For instance, Figure 2.1 demonstrates this adapt-
ability through the particles’ distribution in the case of the flow around a circular
cylinder. It clearly shows particle accumulation in the wake regions where the von
Kármán vortex street develops, leaving other less critical areas unresolved. Addi-
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Figure 2.1: The distribution of the vortex particles for an arbitrary moment of the case of the flow around a
circular cylinder. The particles accumulate in the wake regions where vorticity is present, leaving other less
critical areas unresolved.

tionally, new particles are continuously introduced into the regions of interest, a
process that can be achieved utilizing methods such as Eulerian-based seeding,
lifting line theories, or directly, when the circulation generated by an object is pre-
determined. This ensures that the flow field remains accurately represented even
as particles are convected out of the domain.

• Satisfaction of far-field boundary conditions. The boundary conditions in the
far-field are automatically satisfied, as the domain is not confined by any physical
boundaries. This is a crucial advantage over mesh-based solvers, where the com-
putational domain must be predetermined and often enlarged to apply realistic
boundary conditions, increasing the computational load in this way.

• Vorticity field transportation by particles. The fact that the method relies on the
vorticity field is also very noteworthy. Vorticity is a highly relevant field in aero-
dynamics, closely associated with the aerodynamic lift force. This association is
articulated by the Kutta-Joukowski theorem [23], which establishes a direct con-
nection between circulation (a macroscopic measure of vorticity) and the lift force
exerted on an aerodynamic body.

• Support for larger time-steps. Additionally, VPM is not constrained by the CFL
criterion, which is a limitation for mesh-based explicit solvers that connect the
time-step to the minimal grid size and the advection velocity. Mimeau et al. [14]
notes that a related quantity, the so-called Lagrangian Courant-Friedrichs-Lewy
(LCFL) number, can be defined based on the velocity gradient using the following
expression:
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∆t ≤ LC F L

|∇u|∞
= 1

|∇u|∞
This condition is often less restrictive than the CFL criterion in Eulerian methods,
since particles in Lagrangian vortex methods move with the flow. As a result, the
relative motion between neighboring particles is typically smaller than the abso-
lute fluid velocity crossing fixed grid cells. It is important to note, however, that
the CFL and LCFL numbers are not directly comparable. In mesh-based explicit
methods, exceeding a CFL number of 1 leads to numerical instability, and even in
implicit methods, a high CFL may reduce accuracy. In contrast, in vortex particle
methods, a high LCFL number generally does not cause instability, but may lead
to a loss of accuracy.

Barba [24] uses the ω−1
max criterion, where the time-step should be lower than the

inverse of the maximum vorticity in the flow. This criterion is based on estimating
the time-step such that the particles can follow a curved path accurately.

• Acceleration potential. The vortex particles in VPM are vortex flow elements, one
of the elementary flows in fluid dynamics [23]. Their mathematical expression sat-
isfies Laplace’s equation, indicating that their solutions are linear. This principle
implies that the velocity field at any point in the flow can be determined as the
sum of the velocities induced by each vortex. From a programming perspective,
this characteristic facilitates parallel processing of the advection problem using
either Central Processing Units (CPUs) [25] or Graphics Processing Units (GPUs)
[26, 27]. Furthermore, the Fast Multipole Method (FMM) [15–17], a numerical al-
gorithm utilizing a hierarchical tree structure for efficient particle interaction com-
putations, can be employed. FMM can reduce the number of calculations from N 2

to N log (N ), where N represents the number of particles. In practice, FMM is of-
ten considered to have O (N ) complexity, since the O (N log N ) component stems
from the sorting, which is typically not the dominant contributor to the overall
computational cost.

Additionally, fast Poisson solvers can also be used to efficiently recover the velocity
field from the vorticity distribution, accelerating computations in vortex methods.

On the other hand, the challenges faced by the method are primarily related to the accu-
racy and efficiency of the solver in treating solid boundaries within the flow. The method
has not yet advanced to the point of utilizing anisotropic elements. Consequently, cap-
turing the flow structures near solid objects relies on the use of a vast number of parti-
cles, which negatively impacts the solver’s efficiency. Moreover, imposing boundary con-
ditions on solid surfaces is a challenging task. The solver requires an additional method,
such as the vortex panel method [18] or the immersed body technique [19], to achieve
accurate boundary conditions. Finally, the nature of the solver, which allows particles
to move freely, leads to strains in the flow that cause the vortex particle configuration
to lose its structure. This distortion can result in computational inaccuracies [20]. This
phenomenon requires special treatment, which will be discussed later in this chapter.
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2.3. Mathematical description
The VPM is based on the vorticity field. Vorticity is a vector field that represents the local
spinning of the fluid at each point. Mathematically is defined as the curl of the velocity
field:

ωωω=∇×u (2.1)

The actual rotation rate (angular velocity) of the fluid element is
1

2
ωωω, meaning that vor-

ticity represents twice the local angular velocity.
Another important quantity in VPM is the circulation. The circulation (denoted as

Γ) is strongly related to the vorticity field since it measures the total rotation around a
closed loop in the flow. It is defined as the line integral of the velocity field around a
closed contour C:

Γ=
∮

C
u ·dl Stokes’=

Theorem

Ï
S

(∇×u) ·dS=
Ï

S
ωωω ·dS (2.2)

Here, C is the boundary of the surface S, and the orientation of C follows the right-hand
rule relative to the direction of the surface normal vector dS.

2.3.1. Governing equations
The most common formulation of the incompressible N-S equations with constant vis-
cosity in CFD is in terms of velocity and pressure (Equation 2.3).

∂u
∂t

+ (u ·∇)u=− 1

ρ
∇p +ν∇2u (2.3)

where

• u is the velocity field.

• t is the time.

• ∇ is the nabla operator.

• p is the pressure field.

• ρ is the mass density.

• ν is the kinematic viscosity.

Taking the curl of Equation 2.3 will end up in the velocity-vorticity formulation of the
Equation 2.4 (detailed derivation is presented in Appendix A):

∂ωωω

∂t
+ (u ·∇)ωωω= (ωωω ·∇)u+ν∇2ωωω in 3D (2.4a)

∂ω

∂t
+ (u ·∇)ω= ν∇2ω in 2D (2.4b)
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In the formulation of Equation 2.4, the pressure field is absent (the curl of the gradient of
a scalar field is always zero). This means that there is no need for velocity-pressure cou-
pling techniques like the Semi-Implicit Method for Pressure-Linked Equations (SIMPLE),
Pressure Implicit with Splitting of Operators (PISO), and PIMPLE algorithms in Eulerian
solvers, which often increase the computational cost of the simulations. As one can see
in Equation 2.4, in two dimensions, the vortex stretching term (ω ·∇)u is eliminated (all
terms are zero), while the vorticity field has only one non-zero component and thus is a
scalar. Consequently, the set of 2D incompressible equations can be summarized as:

Dω

Dt
= ν∇2ω N-S equations in 2D

∇·u= 0 incompressibility constraint

∇×u=ω velocity-vorticity relation

ω(x, t ) =ω0(x) initial vorticity

(2.5a)

(2.5b)

(2.5c)

(2.5d)

while their boundary conditions are:

lim
|x|→∞

u(x, t ) =Ui n f velocity at infinity

lim
|x|→∞

ω(x, t ) = 0 vorticity at infinity

(2.6a)

(2.6b)

2.3.2. Discretization into point vortex elements
In VPM the fluid is discretized into vortex particles which carry the vorticity field of the
flow. The continuous vorticity field is approximated by a sum of Dirac delta functions :

ω(x) ≈
N∑

i=1
Γiδ(x−xi ) (2.7)

where:

• Γi is the circulation of the i -th vortex particle.

• xi = (xi , yi ) is the position of the i -th vortex particle.

The velocity field induced by a vortex particle located at xi at any point x can be retrieved
from the vorticity field using the 2D Biot-Savart law:

u(x) =− 1

2π
Γi

(x−xi )⊥

‖x−xi‖2 (2.8)

where (x−xi )⊥ is the perpendicular vector to x−xi , defined as:

(x−xi )⊥ = (y − yi ,−(x −xi ))

The velocity and vorticity fields are linear solutions, so the corresponding total fields can
be written as the linear combination of the contribution of all the particles. The total
velocity field is obtained by summing the freestream velocity (Ui n f ) with the induced
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velocity field. Hence, it concludes with Equation 2.9 (detailed derivation is presented in
Appendix A):

u(x) =− 1

2π

N∑
i=1

Γi
(x−xi )⊥

‖x−xi‖2 +Ui n f (2.9)

2.3.3. Discretization into mollified vortex elements
In order to obtain a smooth representation of the vorticity field instead of a spurious one
produced by Dirac distributions and to avoid the singularity that arises from point vor-
tices, mollified kernels can be used. These kernels provide the particles with a finite core,
resulting in smooth induced velocity and vorticity fields. The smoothing function (cutoff
function) is selected to ensure the conservation of total circulation. Here, a second-order
Gaussian kernel is utilized:

K (x) = 1

kπσ2 exp

(
−‖x‖2

kσ2

)
(2.10)

where

• K (x) is the value of the Gaussian function at the point x.

• k is the Gaussian cutoff parameter. Here k = 2.

• σ is the standard deviation of the Gaussian distribution, which controls the width
of the kernel. In VPM it represents the core size of the mollified particles.

Using the Gaussian kernel, the total velocity and vorticity fields can be written as (de-
tailed derivation is presented in Appendix A):

u(x) =− 1

2π

N∑
i=1

Γi

(
1−exp

(
−‖x−xi‖2

2σ2

))
(x−xi )⊥

‖x−xi‖2 +Ui n f (2.11a)

ω(x) =
N∑

i=1
Γi

1

2πσ2 exp

(
−‖x−xi‖2

2σ2

)
(2.11b)

2.3.4. Initialization of the vortex particles
The initialization of the vortex particles is very important, as it plays a crucial role in the
accuracy and convergence of the method, as will be shown in detail in the last section of
this chapter. Here, an important quantity for the vortex particles must be defined, which
is the overlap (or overlap ratio), denoted as λ and defined as:

λ= h

σ
(2.12)

The overlap is the ratio between the particles’ spacing (h) and their core size (σ), indi-
cating how much two particles overlap (Figure 2.2). As explained in the literature, vortex
particles need to overlap with each other to achieve a smooth representation of the ve-
locity field [12, 24].
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Figure 2.2: The overlap of two neighboring particles. The particles’ spacing is denoted as h, while σ represents
the core size of the particles.

Assuming a known vorticity field, the vortex particles can be initialized using the circu-
lation that occupies their local area (Equation 2.13).

Γp =ωp h2 (2.13)

While VPM avoids many of the numerical diffusion issues common in Eulerian methods,
this initialization formula still introduces a form of diffusion. Specifically, the finite core
size of each particle causes its vorticity to be distributed over a surrounding region, effec-
tively smoothing the field. However, unlike in Eulerian schemes, this diffusion does not
grow with time and remains bounded. Moreover, it is controllable through the choice of
particle core size, allowing a balance between accuracy and smoothness in the velocity
field reconstruction.

2.3.5. Evolution of the vortex particles
The VPM is primarily used for describing incompressible, inviscid flows. However, to
make the model more realistic and capable of solving problems with greater accuracy, it
is essential to consider the viscous effect. This means that the processes occurring dur-
ing the evolution of the flow are advection and diffusion. Chorin [28] proposed a viscous
splitting algorithm, where these two processes are decoupled and solved sequentially:
first, the particles are advected, and then they are diffused. The velocity-vorticity formu-
lation of the N-S equations for an incompressible fluid with constant viscosity in 2D and
in terms of the material derivative is given by the following expression:

Dω

Dt
= ∂ω

∂t
+ (u ·∇)ω= ν∇2ω (2.14)

Thus, by employing the viscous splitting algorithm, the evolution process can be divided
into the following steps.

• Advection

Dω

Dt
= 0 (2.15)

This means that the vorticity of a fluid particle remains constant as it moves through
the flow. Physically, this represents the conservation of vorticity for each fluid par-
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ticle in the absence of diffusion and external forces. Hence, the advection of vor-
ticity by the flow can be described by tracking the positions of fluid parcels, leading
to the Ordinary Differential Equations (ODEs):

dxp

d t
=u

(
xp

)
(2.16a)

dωp

d t
= 0 (2.16b)

Equation 2.16 is solved using a 4th order Runge-Kutta integration scheme to intro-
duce stability to the method and allow for greater time-steps.

• Diffusion

Dω

Dt
= ν∇2ω (2.17)

Hence, the diffusion, in the Lagrangian framework, can be expressed as the follow-
ing ODEs:

dxp

d t
= 0 (2.18a)

dωp

d t
= ν∆ωp (2.18b)

The solution of the diffusion equation is more complicated than that of advection,
making modeling essential. This topic is covered in the next section.

It is important to recognize that the accuracy of the viscous splitting algorithm is con-
strained by the order of the splitting scheme itself, regardless of the numerical method
used within each substep. The original splitting method introduced by Chorin [28] is
first-order accurate in time, as it simply decouples the advection and diffusion processes
and solves them sequentially within a full time-step. This results in a splitting error that
limits the overall temporal accuracy of the method.

Higher-order splitting schemes, such as the second-order Strang splitting [29], re-
duce this error by symmetrically ordering the substeps: performing a half-step of dif-
fusion, followed by a full-step of advection, and concluding with another half-step of
diffusion. This arrangement improves the temporal accuracy of the coupled scheme,
especially when paired with high-order solvers for each subproblem. In this work, the
first-order Chorin splitting scheme is adopter. Nevertheless, a 4th order Runge-Kutta
integration scheme is used here. While this does not increase the global time accuracy
beyond first order, it significantly improves the accuracy of particle trajectory integration
and enhances the stability of the method, allowing for larger time-steps.
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2.4. Modeling techniques
With the basic mathematics governing the VPM established, the next step is to address
the modeling techniques utilized in the solver. These techniques focus on the redistribu-
tion process of the particles, the diffusion process, and the methods employed to control
the excessive increase in the number of particles within the flow.

2.4.1. Redistribution
As previously stated, one of the disadvantages of the VPM is that particles lose their ini-
tial spatial distribution due to the strains in the flow, as the particles are free to move.
Many studies have shown that this distortion can lead to inaccuracies [20, 24] due to the
loss of sufficient overlap. To visualize this, Figure 2.3 shows the initial and final (after
1.0s simulation time) distribution of the particles in an arbitrary diffusing vortex case.
Figure 2.3a illustrates that without employing any special technique to preserve their
structure, the particles become clustered due to the strains of the flow field, completely
losing their overlap in some regions.

One method to address this issue is Beale’s circulation processing [30], where the
circulation of the particles is recalculated to adjust the particles’ volume and maintain
overlap, using an iterative method to solve the produced system. The problem with this
method is that it is not guaranteed to converge [24]. Another method is the rezoning of
the particles, as mentioned by Barba [24]. In this method, the particles are re-initialized
into a structured grid. The vorticity is obtained at the new particle locations using the
vorticity induced by the previous particles. The new particles are then re-initialized us-
ing the formula in Equation 2.13. However, this method is computationally expensive.

The method employed here is the redistribution (or remeshing) of the vortex parti-
cles. This technique is based on the interpolation of the particles’ circulation from the
distorted particles to the new structured particles. Let Γp be the circulation of one parti-
cle in the new grid, and Γ̂q be the circulation of a distorted particle. The new circulations
of the particles are calculated using Equation 2.19.

Γp =∑
q
Γ̂qW

(
xp − x̂q

h

)
(2.19)

Redistribution in 2D or 3D grids is constructed as Cartesian tensor products of 1D ker-
nels. Many different interpolation kernels have been used in this context, with the most
common being the interpolation kernels of the Λ and M families. The interpolation ker-
nel used here is the M ′

4 kernel, which has been extensively employed [24, 31]. This kernel
is third-order accurate, piecewise smooth, and B-spline based, using four support nodes
in each direction (see Figure 2.4). The 1D kernel is defined as:

M ′
4(η) =


1− 5

2η
2 + 3

2 |η|3 if 0 ≤ |η| ≤ 1

1
2 (1−|η|)(2−|η|)2 if 1 ≤ |η| ≤ 2

0 otherwise

(2.20)
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(a) Distribution of vortex particles without employing the redistribution process.

(b) Distribution of vortex particles after employing the redistribution process.

Figure 2.3: Distribution of vortex particles for the case of a diffusing vortex. On the left, the initial distribution
of the particles is illustrated, while on the right the distribution after 1.0s of simulation. In the first case the
particles are evolved without employing the redistribution process, while in the second case, a redistribution
process is employed.
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where,

η= xp − x̂q

h
(2.21)

Figure 2.4: Graphical representation of the interpolation of one particle’s circulation to 16 neighboring nodes
using four support nodes in each direction.

Figure 2.5 shows the distribution of the kernel in 1D. Using this kernel and consider-
ing that the remeshing is applied in 2D, the interpolation takes the form shown in Equa-
tion 2.22.

Γp =∑
q
Γ̂q M ′

4

(
xp − x̂q

h

)
M ′

4

(
yp − ŷq

h

)
(2.22)

The effect of the redistribution process is illustrated in Figure 2.3b. In the context of this
dissertation, the redistribution is applied every fr ed time-steps. Generally, it can occur
after more than one time-step, but here an fr ed = 1 is chosen.

Figure 2.5: The distribution of the M ′
4 kernel in 1D.

2.4.2. Diffusion
Diffusion is a crucial part of the VPM when dealing with viscous flows. Over the years,
many different techniques have been developed to model the diffusion process. Some
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of these are probabilistic, such as the Random Walk Method (RWM) [28], while most
are deterministic, including the Particle Strength Exchange (PSE) [32], Core Spreading
Model (CSR) [33], Diffusion Velocity Model (DVM) [34], and the Vortex Redistribution
Method (VRM) [35]. A brief description of these techniques can be found in the review
by Mimeau et al. [14] and in the doctoral thesis of Barba [24]. In the context of the present
dissertation, the following methods are employed:

• Core Spreading Model
In this model, the solution of the Equation 2.18 is used. The vorticity field of the
diffused particle evolving in time can be written as:

ω(x, t ) =− Γp

4πνt
exp

(
−‖x−xi‖2

4νt

)
(2.23)

This equation is equivalent to the vorticity field of a finite core-size particle if the
core radius is defined as σ2 = 2νt . This implies that the particle expands its core
over time, simulating the diffusion process. This method is computationally effi-
cient as it does not introduce new particles into the simulation. However, achiev-
ing a smooth and accurate representation of the vorticity field requires particles
with a small core size. In this specific method, the presence of particles with a wide
core is inevitable. For this reason, reliance on this diffusion model alone is insuffi-
cient; instead, it is combined with other diffusion methods. Specifically, the CSR is
employed in regions where an extremely precise flow description is not necessary,
particularly in distant areas downstream from the solid body when simulating the
aerodynamics of bluff bodies.

• Vortex Redistribution Method
The primary diffusion method used throughout this dissertation is the VRM, specif-
ically in the form proposed by Tutty [36]. This method is based on the redistri-
bution method of Shankar et al. [35], but instead of redistributing circulation be-
tween vortex elements, the circulation carried by each particle is independently
transferred onto a small set of neighboring nodes. This method can perform the
redistribution and diffusion in a single step. Similar to the redistribution method
covered above, the circulation of the vortex particles is updated as:

Γp =∑
q
Γ̂qWqp (2.24)

Γp is the circulation of the updated particle p, while Γ̂q is the circulation of the
particle q before the process, and Wqp is the weight of the transfer from q to p.
The method is structured in such a way that the conservation of vorticity, cen-
ter of vorticity, linear momentum, and angular momentum is enforced, since the
weights Wqp are calculated using the following set of equations:
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∑
p

Wqp = 1 (2.25a)

∑
p

Wqp (xp −xq ) =∑
q

Wqp (yp − yq ) = 0 (2.25b)

∑
p

Wqp (xp −xq )2 =∑
q

Wqp (yp − yq )2 = 2hν (2.25c)

∑
p

Wqp (xp −xq )(yp − yq ) = 0 (2.25d)

where hν =p
∆t/Re is the characteristic diffusion distance over time ∆t (with Re

being the Reynolds number). Similar to the redistribution process, the kernel is
calculated for a 1D case, and for higher dimensions tensor product calculations
are used.

For the 1D case, consider a vortex of strength Γ, placed at x = xν, where xi ≤ xν ≤
xi+1 (see Figure 2.6).

Figure 2.6: This is a graphical representation of the derivation for the VRM of Tutty [36] in 1D. A vortex is placed
at x = xν. The strengths of the interpolation can be carried out by taking the center node as i (weights f ), or
the node i +1 (weights g ).

Tutty [36] defines the distances ∆ = (xν− xi )/h and ∆1 = (xν− xi+1)/h. A solution
to the redistribution equations, taking the node i as the center node is:

fi = 1−2

(
hν

h

)2

−∆2 (2.26a)

fi−1 = 1

2

(
1− fi −∆

)
(2.26b)

fi+1 = 1

2

(
1− fi +∆

)
(2.26c)

while the weight for all the other grid points is zero. A second solution, taking the
node i +1 as the center node is:
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gi+1 = 1−2

(
hν

h

)2

−∆2
1 (2.27a)

gi = 1

2

(
1− gi+1 −∆1

)
(2.27b)

gi+2 = 1

2

(
1− gi+1 +∆1

)
(2.27c)

while the weight for all the other grid points is zero. Since both are solutions, a
linear combination of both can be used:

Fp = (1−∆) fp + gp∆, p = i −1, i , i +1, i +2 (2.28)

With this process, the circulation is redistributed into three points if the element
is exactly on a grid point, and into four points if the element is between two grid
points. Tutty [36] states that a condition for this redistribution process is:

hν

h
< 1p

2
(2.29)

For the 2D case, the kernel is computed as the tensor product of two 1D kernels:

Wp,l = FpGl , p = i −1, ..., i +2, l = j −1, ..., j +2 (2.30)

where Gl is the kernel in the y direction, and j is the grid point in the y direction,
similar to i in the x direction.

2.4.3. Control of the particles’ number
One main issue of particle methods is that the number of particles in the flow can in-
crease uncontrollably. For example, consider the case of the flow around a cylinder. New
particles should be created near the wall where the vorticity is generated, and then ad-
vected into the wake, continually increasing the number of particles. Moreover, the total
number of particles also increases due to the redistribution and diffusion processes. In
the redistribution process, new particles are added at the edges to conserve the center of
vorticity and higher orders. During the diffusion process, if a VRM or PSE model is used,
it makes sense to add particles at the edges to physically represent the diffusion process.

The uncontrolled increase in the number of particles can make the simulation com-
putationally highly expensive, often without any gain in accuracy. For example, during
the redistribution and diffusion processes, many particles with extremely low circula-
tion are created, as well as particles that are diffused and weakened in strength, carrying
minimal circulation. Additionally, particles far away from the region of interest increase
the cost of the simulation without adding significant information to the flow. For this
reason, the following techniques are used to control the total number of particles.
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• Population control
In the population control process, particles that carry minimal circulation can be
removed. The parameters that need to be defined here are the local circulation
threshold Γloc and the global circulation threshold Γg lob . Particles with circula-
tion lower than Γloc can be removed, but only when the total circulation from all
these particles is lower than Γg lob . This process is illustrated in the following pseu-
docode:

Algorithm 1: Population control process

1: function POPULATION_CONTROL

2: loop
3:

4: for each particle p do
5: if |Γp | < Γloc then
6: flag particle p
7: end if
8: end for
9: Γ f l ag g ed_sum ←∑ |Γp | for all flagged particles

10: if Γ f l ag g ed_sum < Γg lob then
11: remove flagged particles
12: else
13: Γloc ← 0.1×Γloc

14: end if
15: repeat until a set of particles is removed
16: end function

The process is employed every fpop.contr ol steps during the simulation. An option
is included for specifying the thresholds, either by providing absolute values for
the threshold circulations or by using values relative to the maximum absolute
circulation in the flow. The population control process has also been utilized in
other VPM codes [24, 31].

• Control far-field particles
As previously mentioned, particles may accumulate in regions where their direct
influence on quantities of interest, such as aerodynamic forces on a body is mini-
mal. For example, in the case of flow around a cylinder, particles may be convected
far downstream (e.g., over 100 diameters behind the cylinder), where their contri-
bution to near-body forces becomes negligible. However, since these particles still
carry vorticity, they remain part of the global circulation, and their removal must
be handled carefully. It is crucial that particle removal does not introduce unphys-
ical effects or alter key flow features near the region of interestsuch as the body
forces on the aerodynamic object being studied. As Stock et al. [37] explain, the
particles cannot be removed directly, as the absence of vorticity on the other side
of the plane where particles are removed causes the remaining vorticity to reflect
off the interface. Instead, the particles are gradually weakened until they reach the
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population control threshold and are then removed. A pseudocode of this process
is shown here:

Algorithm 2: Control far-field particles

1: function CONTROL_FARFIELD

2: initialize flagged_particles ← {}
3: for each particle p do
4: if (xp ) > x f ar f i eld or (yp ) > y f ar f i eld then
5: add p to flagged_particles
6: end if
7: end for
8: for each particle p in flagged_particles do
9: Γp ← 0.5×Γp

10: end for
11: end function

2.5. Accuracy and convergence study
The accuracy and convergence of the VPM is a very important and complex topic that
has been extensively studied in the literature [24, 30, 38]. In the doctoral thesis of Barba
[24], it is highlighted that the accuracy of the discretization of a vorticity field in VPM is
highly dependent on the cutoff function that approximates the delta function (a Gaus-
sian here), the cutoff parameter k (here k = 2), and the way that the particles are ini-
tialized. In the same thesis, a comprehensive analysis of the accuracy of VPM in 2D is
presented, considering various cutoff functions, different particle placements (square vs
triangular vs stretched triangular lattice), and different cutoff parameters of the Gaussian
function.

Here, the convergence tests will be applied only for the Gaussian kernel with k = 2,
which is the one implemented in the VPM solver used here1. To validate the solver and
assess its convergence rate, the stationary Lamb-Oseen vortex test case [39] is used. The
Lamb-Oseen vortex is characterized by a finite core and diffuses over space and time.
The analytical solutions for the velocity and vorticity fields induced by the vortex are
presented in Equation 2.31.

uθ =
Γv

2πr

[
1.0−exp

(
− r 2

4ν(t +τ)

)]
, ur = 0 (2.31a)

ω= Γv

4πν(t +τ)
exp

(
− r 2

4ν(t +τ)

)
(2.31b)

where, uθ is the circumferential velocity, ur is the radial velocity and ω is the vorticity. Γv

is the strength of the vortex, t is the simulation time, τ is the time constant (for smooth
distribution of the vorticity field), ν is the kinematic viscosity and r is the distance from
the core center.
1The original code was developed by Palha et al. [31] in the context of pHyFlow solver. Significant modifica-

tions have been made to this work.
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The Lamb-Oseen vortex is discretized into vortex particles with a spacing h, core ra-
dius σ, and strength Γ0

i . To account for the diffusion effect that occurs during discretiza-
tion, the value of σ2/2ν is subtracted from the time t +τ. This is known as “time shift
correction” [24]. Therefore, the strength assigned to each particle i , using the initializa-
tion provided in Equation 2.13, is:

Γ0
i =ω0

i ·h2 =
{

Γv

4πν(t +τ−σ2/2ν)
exp

(
− r 2

i

4ν(t +τ−σ2/2ν)

)}
·h2 (2.32)

The accuracy and convergence of the solver are measured using the E2 and E∞ norms for
the velocity and vorticity errors, calculated using Equation 2.33, at the locations of the
vortex particles, with L and A corresponding to the Lagrangian and analytical solutions,
respectively.

E u
2 =

√∑
i
|uL,i −uA,i |2h2 +∑

j
|vL, j − v A, j |2h2 (2.33a)

E u
∞ = max |uL −uA |+max |vL − v A |

max |uA |+max |v A |
(2.33b)

Eω
2 =

√∑
i
|ωL,i −ωA,i |2h2 (2.33c)

Eω
∞ = max |ωL −ωA |

max |ωA |
(2.33d)

2.5.1. Initialization errors
As already mentioned, the initialization of the particles plays a crucial role in the accu-
racy of the solver. Here, since the kernel of the particles is predefined, the parameters
that affect the initial solution are the particles’ spacing h, their core size σ, and the over-
lap ratio λ = h/σ. The influence of the initial solution on these parameters is tested in
the Lamb-Oseen case similar to that used by Barba [24]. A vortex with τ = 4.0 s (quite
diffused), ν = 0.01m2/s, and Γv = 1.0m2/s located at (x0, y0) = (0.0,0.0)m is used, and
the particles are initialized in the domain [−2.5,2.5]2. The choice of the domain ensures
that the region where circulation is present is covered, leaving out circulation less than
10−14 m2/s.

Figure 2.7 illustrates the initialization error for the velocity and the vorticity field in
two different cases. In the first case (Figure 2.7a), the core size σ is kept constant and
equal to 0.02m, while the overlap ratio changes. In the second case (Figure 2.7b), the
overlap ratio λ is kept constant and equal to 1.0, while the core size and the particle
spacing are changing simultaneously. Figure 2.7a shows that as the overlap goes from 1.0
to 2.0, the initialization errors for all the norms are increasing. This makes sense since
higher values of λ mean that the particles are getting apart and losing their overlap. For
λ= 1.0, the vorticity errors are of order O (10−8) and the velocity errors of order O (10−11),
which can be considered a satisfying case. Further decrease in the overlap ratio drops the
errors close to machine round-off values. It can be concluded that values of overlap 0.8 ≤
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λ ≤ 1.0 produce highly satisfactory results. Reducing the overlap beyond these values
increases the computational cost (due to the introduction of more particles) without
providing further improvements in accuracy. So this range of values is a good trade-off
between the accuracy and the computational cost. Throughout this dissertation, λ= 1.0
is used in all the simulations.

(a) Constant σ= 0.02m. (b) Constant λ= 1.0.

Figure 2.7: Initialization errors for the case of a Lamb-Oseen vortex with Γv = 1.0m2/s, ν = 0.01m2/s and
τ= 4.0 s, using the VPM solver.

Then, keeping the overlap ratio constant at 1.0, the values of h and σ are modified
simultaneously. Lower values mean better resolution. In the semilog plot of Figure 2.7b,
the errors show to drop in a straight line from h =σ= 0.2m approximately up to h =σ=
0.05m, and then the vorticity error is shown to bound to values of order O (10−8), while
the velocity errors decrease further approaching machine round-off errors. These lines
in a logarithmic plot would not be straight lines, showing that the initialization error is
not linear. In the simulations presented throughout this dissertation, different values are
used depending on the case being simulated.

2.5.2. Effect of the time evolution and redistribution
With the order of the initialization errors known, the next step is to measure the er-
rors after evolving the solution over time. For this test, the Lamb-Oseen vortex case is
used again, but with different parameters. The previous case was highly viscous and
initially diffused, which significantly increased the computational cost. Furthermore,
due to the time-step condition of the diffusion process (see Equation 2.29), extremely
small time-steps were required. For these reasons, a vortex with Γv = 1.0m2/s, τ= 0.25 s,
ν= 0.005m2/s, located at (x0, y0) = (0.0,0.0)m is used. The particles are initialized in the
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domain [−0.6,0.6]2, with h =σ= 0.01m.

Figure 2.8a shows the time history error of the velocity and vorticity fields from the
initial time t = τ up to t = τ+1.0 s. It can be seen that the initial errors for the velocity and
the vorticity are of orders O (10−10) and O (10−7), respectively. From the very first time-
step, the errors increase by about 7 orders of magnitude for the velocity and 5 orders of
magnitude for the vorticity. This phenomenon has been identified in other studies [24],
and it occurs because of the redistribution.

(a) Time history errors. (b) Time-step convergence.

Figure 2.8: Time history errors and time-step convergence for the case of a Lamb-Oseen vortex with Γv =
1.0m2/s, ν= 0.005m2/s and τ= 0.25 s, using the VPM solver with h =σ= 0.01m.

The first redistribution introduces a significant error in the fields, but it does not
increase further in subsequent redistribution processes. Redistribution is a crucial step
in the present VPM because, without it, particles would lose their overlap (see Figure 2.3),
which would increase errors, particularly localized errors, and could potentially cause
the solution to diverge. Therefore, although the initial redistribution error is present, it
is manageable as it does not escalate further.

Figure 2.9 shows the initial and final local Eω
2 errors of the simulation in logarithmic

scale. It is shown that the highest errors are present around the core of the vortex, where
the highest values and gradients occur. After the redistribution, the highest errors remain
in the same regions but are many orders of magnitude higher. Figure 2.8b illustrates the
final errors using different time-steps. Reducing the time-step reduces the errors, albeit
at a low order, since the errors introduced by the redistribution seem to be dominant.



2

38 2. The Lagrangian solver - Vortex Particle Method

Figure 2.9: Localized Eω
2 error for the initial and the final state of a Lamb-Oseen vortex with Γv = 1.0m2/s,

ν= 0.005m2/s and τ= 0.25 s, using the VPM solver with h =σ= 0.01m.

2.6. Conclusions
The accuracy and convergence of the VPM are highly influenced by initialization param-
eters and the redistribution process. Overlap ratios between 0.8 and 1.0 were found to
provide optimal results, minimizing velocity and vorticity errors. While smaller time-
steps marginally improved accuracy (Figure 2.8b), redistribution errors remained the
dominant source of error throughout the simulations. Despite this, the method demon-
strated robustness and stability, and, along with all the advantages discussed above, VPM
can be considered a reliable approach for capturing wake dynamics and preserving vor-
ticity.
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The Eulerian solver - OpenFOAM

The previous chapter focused on the Lagrangian component of the hybrid solver. This
chapter addresses the Eulerian component starting with a brief introduction to the main
Eulerian methods currently employed in CFD. Subsequently, the focus shifts to the FVM,
which is explored in greater detail. The chapter discusses both the advantages and the dis-
advantages of the method and then proceeds to describe OpenFOAM, the software utilized
in the context of this dissertation. The chapter continues with detailed discussions on the
modifications implemented in OpenFOAM to facilitate the coupling and concludes with
a convergence study.

Parts of this chapter have been published in:

• R. Pasolari, C.J. Ferreira, and A. van Zuijlen, Coupling of OpenFOAM with a Lagrangian vortex particle
method for external aerodynamic simulations, Physics of Fluids, vol. 35, no. 10, p. 107 115, Oct. 2023,
ISSN: 1070-6631. DOI: 10.1063/5.0165878. [22]

• R. Pasolari, C.J. Ferreira, A. van Zuijlen and C.F. Baptista, Dynamic Mesh Simulations in OpenFOAM: A
Hybrid Eulerian-Lagrangian Approach, Fluids 9, 51, (2024), DOI: 0.3390/fluids9020051. [40]
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3.1. Introduction
Eulerian solvers are the most popular choice in CFD. The Eulerian framework entails
the computation of fluid properties at specific locations within a given space as the fluid
flows through it. Various methods concerning discretization techniques are employed
in the Eulerian description. The Finite Difference Method (FDM) is considered the old-
est method [41] used in CFD. It replaces the partial derivatives of the governing equa-
tions with finite difference expressions derived from Taylor series expansions [42]. The
method is primarily suited for structured meshes. The Finite Element Method (FEM)
employs piecewise polynomial functions on finite elements to describe the variation of
the unknown flow fields [42]. It introduces the concept of weighted residuals to measure
the errors of the approximate functions. FEM is preferred over FDM due to its ability
to handle complex geometries. The Spectral Element Method (SEM) differentiates itself
from the others by employing global approximations through truncated Fourier series
or Chebyshev polynomial series [42]. The SEM uses high-degree piecewise polynomi-
als. Lastly, the Lattice Boltzmann Method (LBM) offers a distinct approach within the
Eulerian framework. Unlike methods that use macroscopic equations, LBM is based on
microscopic models and mesoscopic kinetic equations [43]. The fundamental idea be-
hind the method is to construct simplified kinetic models that encompass the essential
physics of micro- and mesoscopic processes so that the macroscopic averaged proper-
ties obey the desired macroscopic equations.

The FVM was intentionally left to be described last since it is the method employed in
this work. FVM converts the Partial Differential Equations (PDEs), which encapsulates
conservation laws across differential volumes, into discrete algebraic equations appli-
cable over finite volumes. This conversion process begins with the geometric domain
being discretized into finite, non-overlapping volumes. Then, the PDEs are transformed
into algebraic equations by integrating them over each discrete element. FVM ensures
strict conservation of mass, momentum, and energy by evaluating face fluxes at the fi-
nite volume boundaries. It mandates that the fluxes entering a volume must precisely
match the fluxes exiting the adjacent volumes, ensuring the conservation of the proper-
ties. This method excels in handling unstructured meshes, showcasing its adaptability
and efficiency in various computational domains.

3.2. Advantages and limitations
Eulerian solvers have been widely used in the field of CFD, in numerous applications.
An application of the FDM can be found in [2]. Similarly, applications of the FEM are
documented in [6, 7]. References to the SEM are found in [8, 44], while applications of
the LBM are highlighted in [45]. Furthermore, the FVM is extensively discussed in [3–5],
showcasing its significance and versatility in CFD research. In general, these methods
have shown great performance when they resolve regions close to solid boundaries in-
cluding the boundary layer. They are capable of capturing the viscous phenomena and
vorticity generation that takes place in the vicinity of the solid structure in a very efficient
way, taking advantage of the anisotropy of their elements. However, their dissipative na-
ture, especially in regions where the mesh is sparse, is a bottleneck that cannot be eas-
ily overcome. Using higher-resolution meshes would increase the computational cost,
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making the method inefficient and the use of powerful hardware and parallel running
essential. Moreover, explicit Eulerian methods impose strict restrictions on the time-
step because of the advective terms (CFL condition [9]). In addition, while imposing
far-field boundary conditions is straightforward, the primary limitation lies in the need
for large computational domains. This requirement increases computational cost, even
when the region of interest is localized near the bluff body. Unstructured meshes can
partially address this by allowing a coarser mesh in the outer regions; however, this ap-
proach falls back to the problem of artificial diffusion in those coarse mesh areas. One
potential approach to address the challenge of the high computational cost involves the
implementation of AMR techniques, whereby the mesh undergoes dynamic adaptation
based on the simulation requirements through localized mesh refinement or coarsening
[10].

3.3. Discretization in Finite Volume Method
As already mentioned, FVM is the method employed in the context of this dissertation,
so the focus is limited to this method. Here, the discretization process used in FVM, as
implemented in OpenFOAM, is presented. Figure 3.1 illustrates a 3D cuboid finite vol-
ume. This control volume features a central point where variables are computed (col-
located grid) and six faces where fluxes are determined. The central node is denoted by
the letter P (for polar), with adjacent nodes labeled N (north) at the top, S (south) at the
bottom, E (east) on the right, W (west) on the left, and T (front) and B (back) representing
the front and back nodes, respectively. The nodes are designated with uppercase letters,
each of which is associated with a lowercase letter that identifies the corresponding face
of the cell. It is important to note that this notation and configuration assume a per-
fectly cuboidal control volume; for cells of different shapes or in unstructured meshes,
the geometric relationships vary.

To keep things simple, this section focuses solely on the discretization of the diffusion
term in a 3D volume. For a complete discretization of all terms and additional details on
the schemes used, please refer to Appendix B.

Let ϕ be a variable of the flow (e.g., velocity, temperature, etc.). The diffusion term
of the N-S equations for this variable, after integrating over the control volume, is the
Left Hand Side (LHS) of Equation 3.1. The volume integral is then transformed into a
surface integral using the Gauss Theorem, as shown on the Right Hand Side (RHS) of
Equation 3.1. Ñ

V

(∇· (ν∇ϕ)
)

dV
Gauss=

Theorem

Ó
S
ν∇ϕ · n̂dS (3.1)

The integral can be transformed into a summation over the faces around the control
volume:

Ó
S
ν∇ϕ · n̂dS ≈∑

f
ν f ∇ϕ f ·S f =

= νn∇ϕn ·Sn +νs∇ϕs ·Ss +νw∇ϕw ·Sw +νe∇ϕe ·Se +νb∇ϕb ·Sb +νt∇ϕt ·St
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Figure 3.1: A cuboid finite volume. The cuboid has a central point (denoted by the letter P), where the flow
fields are computed, and six faces where the fluxes are determined. The six central nodes of the adjacent cells
are also illustrated, denoted by the letter of their direction: N (north) at the top, S (south) at the bottom, E (east)
on the right, W (west) on the left, T (front) and B (back).

Now the values of the gradient and the diffusion coefficient (here the kinematic viscosity
ν) should be transferred from the faces to the cell center. For the diffusion coefficient, the
most common scheme used is linear, so the coefficient is calculated as an interpolation
between the cell P and the cell adjacent to the face. For example, the value of νn is
approximated as:

νn = νP +νN

2

This averaging assumes that the cells P and N are of equal size and symmetrically ar-
ranged. If the grid is non-uniform or the cells differ in size, a proper linear interpolation
weighted by the distances to the face from each cell center should be used. The gradient
is calculated using the surface normal gradient schemes, denoted as snGradSchemes in
OpenFOAM. When the face is orthogonal, the gradient is calculated as:

∇ϕn = ϕN −ϕP

|d| n̂ f

where d = xN −xP is the vector between the centers of the neighboring cells P and N ,
and n̂ f is the unit normal vector to the face. This approximation is valid when the face
is orthogonal, i.e., when d is aligned with the face normal.

When the face is not orthogonal, i.e., when the vector connecting the centers of ad-
jacent control volumes is not aligned with the face normal, a non-orthogonal correction
must be applied. In OpenFOAM, the surface-normal gradient is typically decomposed
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into two components. The first is the orthogonal contribution, while the second ac-
counts for the non-orthogonality between the face normal and the vector connecting
the neighboring cell centers. OpenFOAM implements several non-orthogonal correc-
tion strategies which control the accuracy and stability of the scheme depending on the
mesh quality. For more information please refer to the book by Greenshields et al. [46].

3.4. OpenFOAM
In the scope of this dissertation, the OpenFOAM software is employed. OpenFOAM is
a widely used and highly respected open-source software for CFD, which employs the
FVM. The holder of the copyrights of OpenFOAM is The OpenFOAM Foundation [47],
whose purpose is to manage and distribute OpenFOAM as free, open-source software
for the benefit of its users. The OpenFOAM Foundation releases an official version of
OpenFOAM annually, using a numerical and sequential versioning system (with Open-
FOAM v12 being the most recent today), recognized for its stability and robustness, and
an extended version, referred to as dev version, which includes additional features not
yet part of the standard release. ESI-OpenCFD [48] also has a license to distribute Open-
FOAM, releasing two main versions each year. These versions are identified by the year
and the version number, with the most recent being v2412 as of the day this dissertation
is written. The version of OpenFOAM used for the development of the hybrid solver is
OpenFOAM v9 [49] from The OpenFOAM Foundation.

OpenFOAM has been chosen among numerous software options available for several
reasons. Specifically:

• OpenFOAM is open-source and customizable. Its open-source nature makes it
a perfect option for coupling with in-house solvers (and other open-source soft-
ware), allowing for seamless integration and modification to meet specific research
requirements. As an open-source software, OpenFOAM aligns with the princi-
ples of open science, promoting transparency, reproducibility, and collaborative
research.

• It comes with a wide range of features, including a vast library for turbulence mod-
eling, dynamic mesh modeling, heat transfer, etc. This spares researchers the ef-
fort of re-implementing these features from scratch. When coupling with other in-
house solvers, these features remain accessible, often requiring only minor modi-
fications.

• It has a strong track record in academia and industry. The software has been widely
used and validated across a broad range of applications, providing confidence and
reliability to users.

• OpenFOAM is continuously developed and improved. With at least three versions
released annually, OpenFOAM remains at the cutting edge of CFD technology.

• It is highly versatile and scalable, meaning it can run on a range of hardware, from
a laptop to large-scale High-Performance Computing (HPC) clusters.

These factors make OpenFOAM an appealing choice for both academia and industry,
which is why it was selected for this project. The aim was to create a tool that would
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interest a large community and be familiar, or at least provide substantial resources for
learning and troubleshooting within the software. Figure 3.2 illustrates a survey con-
ducted by Resolved Analytics [50] among 624 CFD users. It shows that OpenFOAM is one
of the most used tools in the field, with 12% of respondents using it. At the same time,
Enlyft [51] mentions in its database 150 companies that use OpenFOAM, with 71% being
large companies (more than 1,000 employees and over 1,000 million dollars in revenue).
This statistic indicates that OpenFOAM is not only competitive in the academic sphere
but also holds a significant standing in the industrial market.
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Figure 3.2: A pie chart with the percentage of users of the different CFD software. OpenFOAM is the third in
order software with the most users according to the survey. The pie has been reproduced from Reference [50].

3.5. The modified OpenFOAM solver
The implementation of the finite volume method in OpenFOAM has been extensively
covered in bibliography [46, 52]. As the basis of the hybrid solver developed here, pim-
pleFoam [53] is used, an inherent OpenFOAM solver that is designed to solve transient,
incompressible, and turbulent (and laminar) flows. It uses the PIMPLE loop for the cor-
rection of the velocity and pressure fields and has been extensively used in many appli-
cations [54, 55].

In OpenFOAM v9, the solvers are applications, meaning that when a user invokes a
solver (e.g., pimpleFoam), a while loop is triggered that runs from the initial time to the
simulation’s end time. The details of this loop’s formulation can be found in Appendix C.
However, this particular formulation is not very suitable for accommodating the cou-
pling of OpenFOAM with an additional solver, as is the case here.

In this hybrid approach, coupling steps must occur immediately before and after
each Eulerian step to establish the necessary coupling. Moreover, in the context of a
moving mesh, actions need to be taken in the interim. This is because, once the mesh
has moved, boundary conditions must be recalculated for the updated coordinates of
the boundary faces.

Various coupling techniques are available, with one effective option being preCICE
[56], which facilitates efficient, numerically stable coupling between different solvers by
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Figure 3.3: The custom EulerianPimpleFoam class’ structure.

enabling data exchange in partitioned multi-physics simulations. However, a different
approach has been chosen here. Specifically, the original structure of pimpleFoam was
modified, resulting in the creation of a new class-based solver called EulerianPimple-
Foam1. All the processes within the Eulerian solver are now encapsulated as member
functions of this class, providing enhanced control and coordination. In the hybrid
solver, at any given time, the Eulerian component can halt its operations, export data,
receive new inputs, and establish efficient communication with the Lagrangian solver.
This structure facilitates a more organized and flexible interaction between the Eulerian
and Lagrangian components. Additionally, the modified EulerianPimpleFoam solver
can operate independently of the hybrid setup, making it versatile for various Eulerian-
only simulations. The solver’s structure is visually depicted in Figure 3.3.

Another noteworthy advantage of this solver’s specific structure is its ability to handle
multiple OpenFOAM cases simultaneously. Each OpenFOAM case can be instantiated
as an object of the class and executed independently. This capability enables the sim-
ulation of multibody scenarios, with Lagrangian particles facilitating interconnections
between various Eulerian regions.

It should be noted here that newer versions of OpenFOAM (v11 and later) have imple-
mented modular solvers that provide similar flexibility, replacing traditional solvers like
pimpleFoam with structures such as incompressibleFluid. These updates enable more

1The original code was developed by Carlos F. Baptista (personal communication). Significant modifications
have been made to this work.
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versatile solver functionality, facilitating multi-physics coupling in a way that parallels
the custom modularity introduced in this work. However, this flexibility was not avail-
able in earlier versions of OpenFOAM, including OpenFOAM v4, which was used by Car-
los F. Baptista, and OpenFOAM v9, which was used in this dissertation. These earlier
versions necessitated custom development to achieve the modularity and solver flexi-
bility described here.

3.6. Convergence study
The convergence of the OpenFOAM solver will be assessed using the Lamb-Oseen vortex
case [39]. The analytical solutions for the velocity and vorticity fields induced by the
vortex were presented in Equation 2.31. A square computational domain with length L
is used, as shown in Figure 3.4.

Figure 3.4: The configuration of the stationary Lamb-Oseen vortex in an unbounded domain, using Open-
FOAM.

The analytical expression for the velocity field is used for the initialization of the ve-
locity field, as well as for the velocity boundary conditions at every time-step, while the
fixedFluxPressure boundary condition is used for the pressure. The parameters common
to all simulations in this convergence study are summarized in Table 3.1, while the dis-
cretization schemes are summarized in Table 3.2.

3.6.1. Spatial convergence
For the spatial convergence, eight different mesh resolutions are used. From sparse to
dense mesh, the cell size hcel l is reduced by a factor of 2, but as it gets smaller, a factor
of

p
2 is used. The time-step is chosen to be sufficiently small, so in every case, the

CFL number remains small enough (the maximum CFL number for the densest mesh
is 0.025), ensuring that the influence of the temporal discretization does not affect the
solution. Figure 3.5 illustrates the errors at the initial time and after 1.0 s. Specifically, the
E2 and E∞ norms are calculated. These errors are computed as shown in Equation 3.2,
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Table 3.1: Simulation parameters for the case of a stationary Lamb-Oseen vortex in an unbounded domain,
using OpenFOAM.

Parameter Symbol Value Dimension

Vortex strength Γv −0.05 m2/s
Initial position (x0, y0) (0.5,0.5) m

Freestream velocity (U i n f
x ,U i n f

y ) (0.0,0.0) m/s
Lamb-Oseen time constant τ 4.0 s
Kinematic viscosity ν 5×10−4 m2/s
Simulation time tsi m 1.0 s
Length L 1.0 m

Table 3.2: Discretization schemes for the simulations of the stationary Lamb-Oseen vortex in unbounded do-
main, using OpenFOAM.

Terms OpenFOAM notation Scheme Order

Temporal terms ddtSchemes backward 2nd

Gradient terms gradSchemes Gauss linear 2nd

Divergence terms divSchemes Gauss linearUpwind 2nd

Laplacian terms laplacianSchemes Gauss linear orthogonal 2nd

Interpolations interpolationSchemes linear 2nd

Surface Gradients snGradSchemes orthogonal 2nd

using the strength of the vortex Γv , the initial radius of the vortex Rv =p
2.0ντ, and the

surface area of the cell h2
cel l for normalization (square cells are used here):

E u
2 = 1

Γv

√∑
i

[
(uE ,i −uA,i )hcel l

]2 +∑
j

[
(vE , j − v A, j )hcel l

]2 (3.2a)

E u
∞ = Rv

Γv
[max(|uE −uA |)+max |vE − v A |] (3.2b)

Eω
2 = Rv

Γv

√∑
i

[
(ωE ,i −ωA,i )hcel l

]2 (3.2c)

Eω
∞ = R2

v

Γv
max(|ωE −ωA |) (3.2d)

Here, E and A correspond to the Eulerian and analytical solutions, respectively.
Along with the errors in Figure 3.5, a second-order line is plotted. As can be seen, the

initial velocity error is zero because the velocity field was initialized using the analytical
solution. However, the vorticity field error is finite due to the curl operation (∇×) cal-
culated in OpenFOAM. Since second-order schemes are used for gradients and interpo-
lation, it is evident that after the second mesh, the vorticity errors reach the asymptotic
range, which is second-order as expected. On the right side of the figure, the errors at
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Figure 3.5: Spatial convergence study for the case of a stationary Lamb-Oseen vortex in an unbounded domain,
using OpenFOAM.

the end of the simulation are presented. Here, the velocity error is also present but lower
than the vorticity error. The convergence rate here is close to second-order, especially for
the Eω

2 ,Eω∞ and E u
2 . Achieving the exact convergence rate in such cases, where analytical

boundary conditions are used and the computational domain is very small, is challeng-
ing. The boundary conditions applied to the boundary of the Eulerian field are highly
dependent on the number of boundary faces. A single value is calculated as a boundary
condition and applied across the face, whereas, in reality, this should be a distribution.
A more accurate approach would be to integrate the velocity over the face and divide it
by its length to find a better approximation of the boundary condition. This can lead to
nonlinearities in the convergence rates.

3.6.2. Temporal convergence
In a similar fashion as the spatial convergence study, the temporal convergence study is
performed. A dense mesh (hcel l = 0.015625m) is chosen to ensure the solution is inde-
pendent of the spatial resolution. Five different time-steps are used, and the results of
the temporal convergence study are shown in Figure 3.6. Of course, since the same mesh
is used across different simulations, the initial vorticity error is constant, as expected.
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Figure 3.6: Temporal convergence study for the case of a stationary Lamb-Oseen vortex in an unbounded
domain, using OpenFOAM.

3.7. Conclusions
The convergence study for the EulerianPimpleFoam solver demonstrated nearly second-
order spatial convergence, as expected from the second-order schemes used. After the
second mesh refinement, the errors in both velocity and vorticity fields aligned well with
the theoretical accuracy, with some small deviation for the velocity.

For temporal convergence, the rate was between first- and second-order. This dis-
crepancy is due to the use of a very small computational domain with analytical bound-
ary conditions. Applying these conditions to such small domains can introduce nonlin-
earities, making it difficult to achieve exactly the accuracy of the schemes.
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The coupled solver - VPMFoam

The previous two chapters presented the components of the hybrid solver. This chapter
begins the discussion on the developed hybrid solver. It starts with a literature review on
hybrid solvers, followed by a presentation of the state-of-the-art VPMFoam solver and the
fundamental concepts applied. Following this, the coupling process is examined in detail,
with an elaboration on each step involved. A flowchart illustrating the general applica-
tion of the code is both discussed and presented graphically. The chapter concludes by
enumerating the various software techniques and packages used in the solver’s process
and optimization, providing a comprehensive overview of the tools and methodologies
utilized.

Parts of this chapter have been published in:

• R. Pasolari, C.J. Ferreira, and A. van Zuijlen, Coupling of OpenFOAM with a Lagrangian vortex particle
method for external aerodynamic simulations, Physics of Fluids, vol. 35, no. 10, p. 107 115, Oct. 2023,
ISSN: 1070-6631. DOI: 10.1063/5.0165878. [22]

• R. Pasolari, C.J. Ferreira, A. van Zuijlen and C.F. Baptista, Dynamic Mesh Simulations in OpenFOAM: A
Hybrid Eulerian-Lagrangian Approach, Fluids 9, 51, (2024), DOI: 0.3390/fluids9020051. [40]
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4.1. Literature review
Researchers, having identified the advantages and limitations of both the Eulerian and
Lagrangian solvers presented in Chapter 2 and Chapter 3, considered how to exploit
the benefits of both while mitigating their limitations. They recognized the value of
tools that can accurately resolve boundary layers close to solid bodies and wakes with
high precision without introducing artificial diffusion while also limiting computational
costs. Consequently, they began exploring methods to couple mesh-based and mesh-
free solvers, aiming to leverage the advantages of each while minimizing their disadvan-
tages. This led to the development of hybrid methods.

The first study to propose a hybrid Eulerian-Lagrangian solver in this context was
the pioneering research by Christiansen [57], which is considered the first Vortex-In-
Cell (VIC) method. In this study, different parts of the governing equations are solved
either on the mesh or by the vortex particles. Specifically, the advection part is solved by
the particles, while the diffusion and vortex stretching are solved on the mesh. The prop-
erties are transferred between the two solvers using Particle to Mesh (P2M) and Mesh
to Particles (M2P) interpolations. The main problem with this method was the distor-
tion of the vortex particles, as discussed in Chapter 2. After the introduction of remesh-
ing schemes, the VIC method was revitalized and began to be referred to as the Vortex
Particle-Mesh method or Remeshed Vortex Method (RVM) [14]. The most demanding
step of this method is the calculation of the velocity field induced by the vortex elements
using the equation:

∇2u=−∇×ω (4.1)

The equation is typically solved using either the FMM or Fast Fourier Transform
(FFT) methods. As Mimeau et al. [14] state, a distinguishing characteristic of differ-
ent VIC methods is the frequency at which the particles are remeshed. Some methods
remesh the particles after a few time-steps (e.g., every 5 time-steps [58]), while others
choose to remesh every single time-step [59], leading to the so-called Semi-Lagrangian
Vortex methods.

Another well-known hybrid method was introduced by Cottet [60] and is called the
Domain Decomposition Method (DDM). The key concept behind this method is that the
computational domain can be decomposed into Eulerian and Lagrangian parts, allowing
the mesh-based and mesh-free solvers to be used in different regions. Specifically, the
Eulerian solver is used close to solid boundaries to capture viscous phenomena and vor-
ticity generation due to its accuracy in resolving boundary layers, while the Lagrangian
solver handles the rest of the domain, efficiently evolving the solution with minimal nu-
merical diffusion introduced into the flow. Initially, the method used an overlapping
zone between the Eulerian and Lagrangian subdomains, employing a Schwarz iterative
method at every time-step to ensure the stream functions of the Eulerian and Lagrangian
subdomains matched completely within this overlap region. However, Daeninck [61]
later demonstrated that the two solvers could be coupled without the computationally
costly iterative process. Instead, the Lagrangian solver resolves the entire computational
domain up to the solid boundary, without focusing on accuracy in this region, as the Eu-
lerian solver already provides an accurate solution there. The solution is then transferred
to the Lagrangian field using M2P interpolations.
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Since the initial introduction of these hybrid solvers, they have gained increased pop-
ularity, especially in the field of external aerodynamics. The RVM and the DDM, as well
as combinations of these methods, have evolved and been applied to many applications.
Numerous research teams have developed their own solvers using these methods or
combinations thereof, with some of them presented in the references [62–70]. Shi et al.
[62] coupled an Eulerian solver with a wake solver by transferring the Eulerian solution
to the Lagrangian domain and calculating sectional lift coefficients on the body using
the Kutta-Jouksowksi theorem. In this specific solver, Fluid-Structure Interaction (FSI)
methods are also included. Stock et al. [63] coupled a Vortex Particle-Mesh solver with
OVERFLOW, a fully compressible solver, and later [64] coupled a high-order spectral
FDM with an open-source VPM. Palha et al. [31] coupled the FEM FEniCS software [71]
with a VPM solver. Billuart et al. [65] developed a weak coupling approach between a
FDM solver (and also a vertex-centered FVM) and a Vortex Particle-Mesh method in 2D,
demonstrating that the total circulation can be conserved without using any boundary
conditions for the Lagrangian solver. Papadakis et al. [66] developed a strongly coupled
compressible Eulerian-Lagrangian solver and used it for external compressible flows and
flows including FSI [72].

4.2. State-of-the-art
As discussed earlier, this dissertation presents the development of a two-dimensional
incompressible hybrid Eulerian-Lagrangian solver. Building on the work of Palha et al.
[31], this solver advances the capabilities of the original one and also replaces the FEM
solver with the FVM solver, as introduced in Chapter 3. The name of the new solver
is VPMFoam, which stands for “Vortex Particle Method Foam”, since it is the result of
coupling a VPM solver with the OpenFOAM framework, while the original solver was
known as pHyFlow [31].

In contrast to the works of Stock [63, 64], which utilized finite differences and spec-
tral elements for the Eulerian part of the hybrid solver, VPMFoam employs a FVM solver.
Similarly, while Papadakis et al. [66] developed a compressible solver, the present im-
plementation adopts an incompressible approach. Additionally, compared to the work
of Billuart et al. [65], where finite differences and vertex-centered finite volumes were
used, VPMFoam incorporates a cell-centered FVM solver. This modification allows for
exploring the performance of a cell-centered FVM in the context of a hybrid solver and
assessing its effectiveness.

Furthermore, the use of OpenFOAM for the Eulerian solver plays a crucial role. As
discussed in Chapter 3, OpenFOAM is an open-source software widely respected in both
academia and industry, having been rigorously tested across various applications and
offering a broad range of features. OpenFOAM’s flexibility allows for modifications and
seamless integration with other software and in-house codes. The objective of this work
is to develop an alternative to existing OpenFOAM solvers that adopt a different ap-
proach, deliver reliable results, and reduce computational effort. While hybrid solvers
are not intended to fully replace existing solvers, they can, depending on the applica-
tion, achieve accurate results more efficiently.

The solver is applied to complex flow phenomena, such as the dynamic and static
stall of airfoils, providing significant validation in challenging scenarios. These complex
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cases demonstrate the solver’s robustness and capability to handle intricate flow dynam-
ics, reinforcing its potential for reliable performance in real-world applications.

4.3. Methodology and fundamental concepts
VPMFoam is fundamentally a coupling between an Eulerian solver with a Vortex Particle-
Mesh solver that employs the DDM, as described by Daeninck [61]. The two component
solvers are coupled through a two-way coupling (Figure 4.1) using a weak formulation,
meaning the coupling steps are applied only once per time-step. These steps involve
calculating boundary conditions for the Eulerian solver and correcting the Lagrangian
field near the solid body. The DDM and the detailed processes for coupling the solvers
are presented in this section.

Figure 4.1: Two-way coupling between the Eulerian and the Lagrangian solvers in the context of VPMFoam.

4.3.1. Domain decomposition
The decomposition of the computational domain is illustrated in Figure 4.2. The Eule-
rian solver resolves the region close to the solid body up to the numerical boundary (the
outer edge of the Eulerian domain), while the Lagrangian solves the equations of motion
for the entire domain. The Lagrangian domain is the entire computational domain, fully
overlapping the Eulerian domain.

In this decomposition, the Lagrangian particles do not require an accurate represen-
tation of the field near the solid body, as this is handled by the Eulerian solver. However,
the Eulerian domain is relatively small and requires appropriate boundary conditions at
the numerical boundary.

4.3.2. Calculation of the Eulerian boundary conditions
In OpenFOAM, both velocity and pressure boundary conditions must be specified for
the pimpleFoam solver. In the hybrid context, the Eulerian domain includes two bound-
ary patches: one at the solid boundary and one at the outer numerical boundary. For the
solid boundary, the well-known no-slip condition, or any other appropriate boundary
condition, can be applied depending on the specific case. At the outer numerical bound-
ary, since the Lagrangian solution evolves before the Eulerian solution, the evolved La-
grangian particles determine the boundary conditions at the outer edges of the Eulerian
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Figure 4.2: The decomposition of the computational domain. The Lagrangian solver covers the entire compu-
tational domain, fully overlapping the Eulerian subdomain, which extends from the solid boundary [ ] up
to the numerical boundary [ ]. Interpolations between the Eulerian solution and Lagrangian particles take
place within the interpolation domain [ ], which is bounded by the interpolation boundary [ ].

domain for both velocity and pressure fields. The boundary conditions applied here are
as follows:

• Dirichlet boundary conditions for the velocity across the numerical boundary (un, f ).

• Neumann boundary conditions for the pressure across the numerical boundary

( ∂p
∂n | f ).

The velocity at the faces of the numerical boundary is computed by adding the in-
duced velocity from the particles and the freestream velocity. Meanwhile, the pressure
gradient is derived from the N-S equation (Equation 4.2).

∇p =−
(
∂u
∂t

+ (u ·∇)u+ν∇2u
)

, p = p/ρ (4.2)

Since the pressure gradient is evaluated at the numerical boundary, which is located
farther from the solid body, the influence of viscosity becomes negligible in most cases.
Consequently, the flow can often be considered inviscid, allowing the viscous term to be
omitted for simplicity. This reduces the equation to:

∇p =−
(
∂u
∂t

+ (u ·∇)u
)

, p = p/ρ (4.3)

However, in special cases, such as the slipstream of rotating edges where high shear
regions exist, the contribution of the viscous term can become significant. In such sce-
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narios, neglecting viscosity may lead to inaccurate predictions, and careful considera-
tion is required to ensure appropriate modeling.

Given the induced velocity from all particles, all terms in the RHS can be computed
to obtain the pressure gradient (a detailed calculation of the pressure gradient is pro-
vided in Appendix E). Then, for use in the boundary condition, the pressure gradient is
projected onto the local face-normal direction at the center of each outer boundary face,
as illustrated in Figure 4.3.

Figure 4.3: The computational domain with a zoomed-in view of the numerical boundary. The highlighted
region shows the face centers of the numerical boundary where the velocity and pressure boundary conditions
are applied.

As previously discussed, the Lagrangian solver has no strict limit on the time-step,
and its accuracy is less dependent on the time-step due to the high-order Runge-Kutta
4 (RK4) integration scheme. Typically, different time-steps are used for the Eulerian and
Lagrangian solvers. Specifically, the Lagrangian time-step can be divided into kE sub-
steps using ∆tE = ∆tL

kE
, where ∆tE and ∆tL are the Eulerian and Lagrangian time-steps,

respectively. In this case, the boundary conditions at each substep (ti nt ) are obtained by
interpolating between the times tn and tn+1 in the way is presented by Equation 4.4 for
the normal velocity un, f on the face of a boundary cell. The same applies to the pressure
boundary condition, as well as to other boundary conditions if needed.

un, f (ti nt ) = un, f (tn)+ ti nt − tn

∆tL
[un, f (tn+1)−un, f (tn)] (4.4)

OpenFOAM offers a wide range of available boundary conditions that can be used
as alternatives. In the context of this dissertation, apart from the fixed pressure gradi-
ent boundary condition, the fixedFluxPressure boundary condition has been applied,
which adjusts the pressure gradient so that the flux on the boundary matches the ve-
locity boundary conditions. Having tested both boundary conditions in the cases pre-
sented later, no significant differences were observed. Additional boundary conditions
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can be found in the user guide by Greenshields [73], or in the documentation of the ESI-
OpenCFD [48] version of OpenFOAM [74], but care must be taken to ensure compatibility
with The OpenFOAM Foundation [47] version.

4.3.3. Correction of the Lagrangian field
The second step in coupling the Lagrangian and Eulerian solvers is the correction of the
Lagrangian solution near the solid body. The Lagrangian solver tends to under-resolve
the regions close to the aerodynamic body, which introduces errors in the calculation
of the Eulerian boundary conditions. To address this issue, the solution of the Eulerian
field in this region at the same time level is used to correct the strength of the particles.
This correction is performed only when the Eulerian time coincides with the Lagrangian
time. At the end of this correction step, the solutions from both solvers should be ap-
proximately the same.

The region where this correction takes place, referred to as the interpolation region
(Ωi nt in Figure 4.2), is part of the Eulerian subdomain but excludes a thin layer of cells
(around 2−3 cells) near the numerical boundary. This area is excluded because accu-
rately representing the velocity gradient is challenging near boundaries, which could
amplify errors in the computation of vorticity [66]. The principle behind this method
is to remove all the particles located inside the interpolation region and create new par-
ticles that reproduce the Eulerian vorticity field.

Initially, this was achieved using the Eulerian vorticity field (see Figure 4.4), and the
steps of the process are outlined as follows:

1. The particles residing within the interpolation region are identified and removed.

2. New particles are created on the background Lagrangian grid, which is the same
grid used for particle redistribution.

3. The vorticity field from the Eulerian solution is exported and interpolated from the
cell centers to the particles (here interpolation methods from the SciPy [75] library
were used). The order of the interpolation method is user-defined, and different
methods can be applied in each case (e.g., nearest neighbor, linear, cubic).

4. The strength of the new particles is calculated using the formulaΓp =ωp ·h2, where
h is the nominal separation between particles, ωp is the vorticity at the particles
center, and Γp is the assigned circulation of the particle.

Although this method produced good results in cases where the aerodynamic object
was static, the results were less satisfactory when simulating moving objects. After re-
viewing the literature, it was concluded that to accurately represent the vorticity field
and conserve the circulation of the flow, it is essential to properly capture the induced
fields from the surface of the body. Various approaches have been utilized, such as the
vortex panel method used by Palha et al. [31], or the surface elements used in the work
of Papadakis et al. [66].

A more recent approach was introduced by Billuart et al. [65], where circulation was
conserved up to interpolation accuracy without using panels or surface vortices. The
correction process is similar to the one already presented, up to the point where new
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Figure 4.4: The process of correcting the Lagrangian particles inside the interpolation region. First, the par-
ticles residing in this region are identified. Then they are removed, and new particles with zero strength are
created on the background Lagrangian grid. Finally, strength values are assigned to the new particles using the
vorticity exported by the Eulerian solution.

strengths are assigned to the particles. However, instead of using the vorticity field to
calculate the particle strengths, the velocity field is employed. For each particle within
the interpolation region, the velocity is computed from the Eulerian solution at the four
edges of its position on the background Lagrangian grid (see Figure 4.5). The circulation
is then obtained by integrating around this closed loop:

Γp ≈ωp ·h2 =
∮

L
u ·dl= h

[(
vi+1/2, j − vi−1/2, j

)− (
ui , j+1/2 −ui , j−1/2

)]
(4.5)

In this method, if an edge lies inside the solid body, the velocity of the body is as-
signed to that edge (if the body is stationary, a zero velocity is assigned).
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Figure 4.5: Illustration of the particles in the Lagrangian field, with a detailed view of the velocity computed at
the four edges surrounding a single particle. This method, introduced by Billuart et al. [65], is used to correct
the Lagrangian field in the interpolation region. The velocity values at the edges are employed to compute
the circulation of the particle by integrating around the closed loop, ensuring proper correction of the particle
strengths based on the Eulerian velocity field.

4.4. Evolution algorithm
The hybrid solver progresses through a series of iterations, with each cycle including
two coupling steps as well as the evolution of both the Lagrangian and Eulerian solvers
(Chapters 2 and 3). Given the Lagrangian and Eulerian solutions at an arbitrary time
instant tn , the algorithm for progressing to tn+1 is described here and is also summarized
in the flowchart shown in Figure 4.6.

1. Evolve the Lagrangian solution for a time-step ∆tL . This step includes advecting
the particles, redistributing them on the background Lagrangian grid, diffusing the
particles, and removing particles during population control and wake control.

2. Calculate the Eulerian boundary conditions at the numerical boundary. The ve-
locity and pressure gradient are computed and assigned to the face centers of the
numerical boundary.

3. Evolve the Eulerian solution using an implicit time integration scheme over the in-
terval ∆tL , divided into kE substeps of size ∆tE . If kE > 1, the boundary conditions
are interpolated at each substep using Equation 4.4.

4. Correct the Lagrangian solution in the interpolation region using the more accu-
rate Eulerian solution at tn+1.

4.5. Dynamic mesh motion
In the context of VPMFoam, dynamic motions can be simulated easily and efficiently.
The hybrid solver enables the entire Eulerian mesh to move as a solid body while La-
grangian particles update the boundary conditions. Papadakis et al. [72] successfully
applied this approach in their compressible hybrid solver. This method combines the
concepts of overset meshes and solid-body motions (further details on these concepts
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Figure 4.6: Flowchart of the evolution algorithm in VPMFoam.

are provided in Chapter 6). The Eulerian mesh moves as a solid body, but instead of a
background static Eulerian mesh, it interacts with a background Lagrangian grid where
information is interpolated, and boundary conditions are calculated. This technique
avoids issues like mesh deformation, which are common with morphing meshes. It is
especially beneficial when dealing with multiple bodies, as each bodys mesh can move
independently, with their interactions managed solely through Lagrangian particles. For
example, in the case of a wind turbine, each blade can be represented as an independent
Eulerian mesh, moving independently as a solid body.

In this scenario, a question arises as to how the Eulerian solver accounts for fluid
structures, such as vortices, that exist outside its boundary. For example, consider a
scenario where a vortex exists beyond the Eulerian domain’s boundaries, and the mesh
is moving towards it, as depicted in Figure 4.7.

The Lagrangian solver effectively addresses this issue by capturing the vortex and up-
dating the boundary conditions at the new coordinates of the Eulerian mesh. Therefore,
it is essential to update the position of the Eulerian mesh before calculating the bound-
ary conditions. Consequently, the evolution of the Eulerian solver can be divided into
two distinct steps. First, the mesh undergoes motion, updating the coordinates of cells,
faces, and vertices. Second, in a separate step, all operations related to correcting the
fields due to the movement and the solution’s evolution are performed.

However, to achieve this, modifications are required in the pimpleFoam solver. In
the original version of pimpleFoam, mesh updating and equation solving occur simul-
taneously. To establish coupling with the Lagrangian solver, these two steps need to be
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Figure 4.7: A vortex that inserts in the Eulerian subdomain when the Eulerian mesh moves towards it. This is
just a graphical representation for clarifying purposes since the body cannot cover this distance in one time-
step.

separated. As a result, the mesh is first updated, followed by the calculation of the nec-
essary boundary conditions by the Lagrangian solver, and finally, the Eulerian solution
is allowed to evolve. Thus, when conducting a dynamic mesh simulation, the Eulerian
evolution comprises two distinct steps: the evolve_mesh() and the evolve_only_solution()
functions. The following code snippets illustrate these functions, and the adapted flowchart
in Figure 4.8 includes consideration for mesh motion.

Listing 4.1: The evolve_mesh() member function that updates only the mesh of the Eulerian part.

1 void EulerianPimpleFoam :: evolve_mesh ()
2 {
3 if (LTS)
4 {
5 # include " setRDeltaT .H"
6 }
7 else
8 {
9 # include " CourantNo .H"

10 # include " setDeltaT .H"
11 }
12

13 runTime ++;
14

15 fvModels . preUpdateMesh ();
16

17 mesh. update ();
18 }

Listing 4.2: The evolve_only_solution() member function that evolves the Eulerian solution without moving
the mesh.

1 void EulerianPimpleFoam :: evolve_only_solution ()
2 {
3 Info << "Time = " << runTime . timeName () << nl << endl;
4
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5 // --- Pressure - velocity PIMPLE corrector loop
6 while ( pimple .loop ())
7 {
8 if ( pimple . firstPimpleIter () || moveMeshOuterCorrectors )
9 {

10 if (mesh. changing ())
11 {
12 MRF. update ();
13

14 if ( correctPhi )
15 {
16 # include " correctPhi .H"
17 }
18 if ( checkMeshCourantNo )
19 {
20 # include " meshCourantNo .H"
21 }
22 }
23 }
24

25 fvModels . correct ();
26 # include "UEqn.H"
27

28 // --- Pressure corrector loop
29 while ( pimple . correct ())
30 {
31 # include "pEqn.H"
32 }
33 if ( pimple . turbCorr ())
34 {
35 laminarTransport . correct ();
36 turbulence -> correct ();
37 }
38 }
39

40 vorticity = fvc :: curl(U);
41

42 runTime . write ();
43

44 Info << " ExecutionTime = " << runTime . elapsedCpuTime () << " s"
45 << " ClockTime = " << runTime . elapsedClockTime () << " s"
46 << nl << endl;
47

48 }

4.6. Software and computational resources
The main part of the solver has been developed in Python 3.9 [76]1. Specifically, the
primary components of the VPM solver are written in Python1, as is the communica-
tion between OpenFOAM and the VPM. Furthermore, the OpenFOAM solver has been

1The original code was developed by Palha et al. [31] in the context of pHyFlow solver. Significant modifica-
tions have been made to this work.
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wrapped2 using the same version of Python.

Figure 4.8: Flowchart of the evolution algorithm in VPMFoam including consideration for dynamic mesh cases.

Since Python is a high-level language and is generally not optimized for high-speed
numerical computations, Palha et al. [31] initially supplemented it with lower-level lan-
guages. Additional optimization functions have now been implemented to enhance per-
formance in specific areas. All induced field calculations for the particles can run either
in serial or parallel on CPU and GPU. For CPU calculations, C [77], C++ [78], and Cython
[79] are used, with parallelization achieved through OpenMP [80]. For GPU-based calcu-
lations, CUDA [81] has been employed, along with the CuPy [82] library, a Python library
that enables GPU-accelerated computing, to further utilize GPU capabilities.

In addition, a FMM tree code developed by Goude et al. [15] and Engblom [16] has
been integrated into the solver to compute induced velocities on both CPU and GPU.
The FMM is a hierarchical, tree-based numerical algorithm that efficiently computes
particle interactions, reducing the computational complexity from N 2 to as low as N log(N ),

2The original wrapping code was developed by Carlos F. Baptista (personal communication), and significant
modifications have since been made.
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where N is the number of particles.
Most of the simulations presented in this dissertation were performed on the Delft-

Blue cluster [83], utilizing type-a and type-b GPU nodes equipped with NVIDIA Tesla
V100S 32GB and NVIDIA Tesla A100 80GB GPUs, respectively. Simulations requiring
fewer computational resources were conducted on a laptop with an Intel Core i7-10750H
2.60GHz CPU and a GeForce RTX 2070 GPU. A summary of each systems specifications
is presented below:

• GPU type-a (GPU nodes with NVIDIA Tesla V100S 32GB)

– CPU cores per node: 48 (across two sockets)

– CPU per node: 2x AMD EPYC 7402 24C 2.80 GHz

– RAM per node: 256 GB DDR4 per node (4 NUMA nodes, 64 GB each)

– GPU per node: 4x NVIDIA Tesla V100S (32 GB VRAM each)

– Each GPU:

¦ FP32 (Single-Precision): Up to 15.7 TFLOPS

¦ FP64 (Double-Precision): Up to 7.8 TFLOPS

¦ CUDA cores: 5,120

• GPU type-b (GPU nodes with NVIDIA Tesla A100 80 GB)

– CPU cores per node: 64 (across two sockets)

– CPU: 2x Intel Xeon Gold 6448Y 32C 2.1 GHz

– RAM: 512 GB DDR4 per node (4 NUMA nodes, 128 GB each)

– GPU per node: 4x NVIDIA Tesla A100 (80 GB VRAM each)

– Each GPU:

¦ FP32 (Single-Precision): Up to 19.5 TFLOPS

¦ FP64 (Double-Precision): Up to 9.7 TFLOPS

¦ CUDA cores: 6,912

• Local Laptop (for lower computational needs)

– CPU: Intel Core i7-10750H @ 2.60 GHz (6 cores, 12 threads)

– RAM: 16 GB DDR4

– GPU: NVIDIA GeForce RTX 2070 (8 GB VRAM):

¦ FP32 (Single-Precision): Up to 7.5 TFLOPS

¦ FP64 (Double-Precision): Up to 234 GFLOPS

¦ CUDA cores: 2,304





5
Validation - Static Cases

In the previous chapter, the fundamentals of the hybrid solver were discussed. This chapter
starts the the validation of VPMFoam. The validation process follows a step-by-step ap-
proach, with each step introducing new challenges to progressively assess the solver’s ca-
pabilities. The process starts with cases where the Eulerian domain remains static. First,
the stationary Lamb-Oseen vortex case is presented to evaluate the solver’s convergence
compared to the pure Eulerian and Lagrangian solvers discussed in previous chapters.
Next, the traveling Lamb-Oseen vortex and the dipole flow cases are explored to assess the
solver’s validity in scenarios involving advection. Subsequently, the flow around a cylin-
der at Re = 550 is investigated. This examination ensures that the solver can accurately
simulate flows involving solid boundaries and predict aerodynamic forces. The chapter
ends with discussing the results obtained in the static cases.

Parts of this chapter have been published in: R. Pasolari, C.J. Ferreira, and A. van Zuijlen, Coupling of Open-
FOAM with a Lagrangian vortex particle method for external aerodynamic simulations, Physics of Fluids, vol.
35, no. 10, p. 107 115, Oct. 2023, ISSN: 1070-6631. DOI: 10.1063/5.0165878. [22]
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5.1. Introduction
To be considered reliable, every new computational tool must undergo validation across
a range of test cases. The validation process for the VPMFoam solver follows a step-by-
step order. The validation begins with the simplest cases of flows without the presence of
any solid bodies, to assess the validity of the developed tools. Subsequently, solid bodies
are introduced into the flow. This chapter focuses on static cases, where the computa-
tional domain remains static, and on scenarios where only one solid object is present,
leaving the study of dynamic cases and multibody problems for Chapter 6 and Chapter 7
respectively. All test cases presented are restricted to laminar flow regimes, in line with
the overall focus of this dissertation. The validity and accuracy of the solver are assessed
using the following cases:

1. Stationary Lamb-Oseen vortex. This case allows for the verification of the cou-
pling procedure between the Eulerian and Lagrangian solvers. It is mainly used
for assessing the solver’s convergence compared to the pure Eulerian solver and
the Lagrangian solver presented in Chapter 2 and Chapter 3 respectively.

2. Traveling Lamb-Oseen vortex. This case tests the ability of the solver to accurately
propagate information out of the Eulerian subdomain. Additionally, it serves as a
validation for the hybrid solver in a mixed advection-diffusion problem.

3. Dipole flow. In this scenario, another case without the presence of any solid body
is encountered where the dipole traverses the Eulerian domain without the influ-
ence of a freestream velocity. This particular test case offers valuable insights since
it allows for a comparison with the hybrid FEM-VPM solver developed by Palha et
al. [31].

4. Flow around a cylinder at low Reynolds number (Re=550). This case is a com-
monly used benchmark for new solvers and allows for a more demanding case
validation. The presence of a solid body can validate that the vorticity captured
by the Eulerian solver is transferred correctly to the Lagrangian solver. The focus
of this case is primarily on the quantitative validation of the aerodynamic coeffi-
cients and the Strouhal number.

5.2. Stationary Lamb-Oseen vortex
The Lamb-Oseen vortex [39] describes a vortex with a finite core that diffuses over space
and time, as mentioned in previous chapters. The analytical solutions for the velocity
and the vorticity field induced by the vortex were presented in Chapter 2, but they are
reiterated here for reference:

uθ =
Γv

2πr

[
1.0−exp

(
− r 2

4ν(t +τ)

)]
, ur = 0 (5.1a)

ω= Γv

4πν(t +τ)
exp

(
− r 2

4ν(t +τ)

)
(5.1b)
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uθ is the circumferential velocity, ur is the radial velocity and ω is the vorticity. Γv is
the strength of the vortex, t is the simulation time, τ is the time constant (for smooth
distribution of the vorticity field), ν is the kinematic viscosity and r is the distance from
the core center.

Here, a Lamb-Oseen vortex with strength Γv is located at the center of a square do-
main of length L. The vortex remains stationary throughout the simulation, while it dif-
fuses in space and time. The configuration of the simulation, as well as the Eulerian
mesh, are presented in Figure 5.1.

Figure 5.1: The configuration of the stationary Lamb-Oseen vortex using VPMFoam. The vortex is located at
the center of the square domain, and it diffuses in space and time.

The simulation parameters are listed in Table 5.1. This test case, as previously men-
tioned, assesses the hybrid solver’s convergence, similar to the pure VPM case (see Chap-
ter 2) and the pure OpenFOAM case with analytical boundary conditions (see Chapter 3).
For consistency, the same mesh densities with Chapter 3 are used, ranging from 10×10
to 320×320, with particle spacing matched to the cell size in each case. Errors are mea-
sured for both the Lagrangian part and the Eulerian part of the hybrid solver based on
the relations in Equation 2.33 and Equation 3.2 respectively.

Figure 5.2 presents the spatial convergence results for the stationary Lamb-Oseen
vortex, measured within the Lagrangian component of the hybrid solver. The data illus-
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Table 5.1: Simulation parameters for the case of a stationary Lamb-Oseen vortex using VPMFoam.

Parameter Symbol Value Dimension

Particle strength Γv −0.05 m2/s
Domain edge length L 1.0 m
Initial position (x0, y0) (0.5,0.5) m

Freestream velocity (U i n f
x ,U i n f

y ) (0.0,0.0) m/s
Lamb-Oseen time constant τ 4.0 s
Kinematic viscosity ν 5×10−4 m2/s

Time-step ∆tL , ∆tE 0.001 s
Overlap ratio λ 1 −
Interpolation domain offset dBdr y 0.1 m
Population control thresholds (Γloc ,Γg lob) (10−8,10−8) m2/s

trate that initialization errors decrease rapidly as particle resolution increases, consis-
tent with findings in Chapter 2 and as shown in Figure 2.7b (note that Figure 2.7b uses a
semilog plot, while here a log-log scale is employed). By the end of the simulation, the
convergence achieves a second-order rate. It is important to note that the y-axes of the
two subplots in Figure 5.2 differ in range, with the second plot showing values several
orders higher. This difference arises because, as explained in Chapter 2, the first redistri-
bution of particles introduces a notable increase in errors.

Figure 5.2: Spatial convergence study for the VPMFoam solver applied to a stationary Lamb-Oseen vortex, with
measurements taken from the Lagrangian component of the hybrid solver. The left plot illustrates the initial
error, while the right plot the final error.
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Figure 5.3 displays the spatial convergence results measured in the Eulerian compo-
nent of the hybrid solver. These results align closely with those presented in Chapter 3.
The initial error in the vorticity field converges at a second-order rate, due to the curl op-
eration, while the final errors approach second-order convergence. Specifically, the vor-
ticity achieves close to second-order convergence, while the velocity field shows slight
deviations from second-order behavior, similar to the results seen in Figure 3.5.

Overall, these findings confirm that the coupling mechanisms within the hybrid solver
are effective, allowing it to achieve convergence rates comparable to both the pure VPM
solver and OpenFOAM. A more detailed evaluation of the solver’s performance will fol-
low in subsequent test cases.

Figure 5.3: Spatial convergence study for the VPMFoam solver applied to a stationary Lamb-Oseen vortex, with
measurements taken from the Eulerian component of the hybrid solver. The left plot illustrates the initial error,
while the right plot the final error.

5.3. Traveling Lamb-Oseen vortex
Now another Lamb-Oseen case is explored. This time the vortex with strength Γv is ini-
tially located at the center of a square domain of length L, but it is advected with the
freestream velocity Ui n f as it is illustrated in Figure 5.4. The simulation is executed until
the vortex traversed totally out of the Eulerian domain. Table 5.2 provides a summary of
the problem parameters, including geometry, and the simulation parameters.

Figures 5.5 and 5.6 display the vorticity and y-component of the velocity field, re-
spectively, for the hybrid and analytical solutions at three distinct time points. The upper
portion of the contour plots represents the hybrid solution, while the analytical solution
is depicted in the lower portion. The two solutions exhibit perfect agreement at their
interface, and the transition between them occurs smoothly without any irregularities.
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Figure 5.4: The configuration of the traveling Lamb-Oseen vortex using VPMFoam. The vortex is initially lo-
cated at the center of the square domain, and it is advected with a freestream velocity Ui n f towards the +x
direction.

Table 5.2: Simulation parameters for the case of a traveling Lamb-Oseen using VPMFoam.

Parameter Symbol Value Dimension

Particle strength Γv −0.5 m2/s
Domain edge length L 1.0 m
Initial position (x0, y0) (0.5,0.5) m

Freestream velocity (U i n f
x ,U i n f

y ) (1.0,0.0) m/s
Lamb-Oseen time constant τ 4.0 s
Kinematic viscosity ν 5×10−4 m2/s

Lagrangian time-step ∆tL 0.002 s
Overlap ratio λ 1 −
Vortex particles spacing h 0.006 m
Interpolation domain offset dBdr y 10 ·h m
Population control thresholds (Γloc ,Γg lob) (10−8,10−8) m2/s

Eulerian mesh density Ncel l s 320×320 −
Eulerian time-step ∆tE 0.002 s



5

74 5. Validation - Static Cases

This is evident even when the vortex approaches and finally exits the Eulerian domain.
Figure 5.7 illustrates the relative error of the vorticity field in the three different time in-
stances. The error presented in the figure is calculated as:

Eω
r el |t =

ωH |t −ωA |t
max{ωA}|t

·100

where ωH and ωA being the hybrid and the analytical solutions, respectively, measured
at the same discretization points. The initial observation reveals a discretization error
at the center of the initial vortex, approximately around 1%. As the vortex moves, the
primary error remains concentrated at its core, gradually increasing to about 1.5%. Ad-
ditionally, a minor error, less than 0.3%, emerges at the left edge of the Eulerian domain,
but it remains stable throughout the simulation without magnifying further.

Figure 5.5: The vorticity field for the VPMFoam (upper part) and the analytical (lower part) solutions in three
different time instances ( t = 0.1s, t = 0.5s, t = 1.0s), for the case of a Lamb-Oseen vortex, initially located at
the center of a square domain, and advected by a freestream velocity Ui n f .

5.4. Dipole flow
This case deals with the evolution of a vortex dipole. The specific case was also exam-
ined by Palha et al. [31] so it would be interesting to show a comparison between the
two solvers. All the parameters are set to be the same, and specifically, the simulation
is initialized with a Clercx-Bruneau dipole [84], with the positive monopole located at
(x1, y1) = (−1.0,0.1)m and the negative monopole at (x2, y2) = (−1.0,−0.1)m. Both the
monopoles have a radius Rv = 0.1m, and the induced vorticity field is calculated as:

ω(x, y,0) =ω0

(
1− r1

2

R2
v

)
e−(r 2

1 /R2
v ) −ω0

(
1− r2

2

R2
v

)
e−(r 2

2 /R2
v ) (5.2)

where, ω0 = 299.5283853751/s is the characteristic vorticity, and r 2
i = (x − xi )2 + (y −

y1)2. The configuration and the geometry of the case can be seen in Figure 5.8 while the
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Figure 5.6: The y-component of the velocity field for the VPMFoam (upper part) and the analytical (lower part)
solutions in three different time instances ( t = 0.1s, t = 0.5s, t = 1.0s), for the case of a Lamb-Oseen vortex,
initially located at the center of a square domain, and advected by a freestream velocity Ui n f .

Figure 5.7: The relative vorticity error in three different time instances ( t = 0.0s, t = 0.1s, t = 0.3s), for the
case of a Lamb-Oseen vortex, initially located at the center of a square domain, and advected by a freestream
velocity Ui n f .

simulation parameters are summarized in Table 5.3.
The maximum vorticity of the dipole during the simulation is depicted in Figure 5.9.

In this plot also the FEM and hybrid results from Palha et al. [31] are presented. It can
be observed that VPMFoam predicts the maximum vorticity in the flow in exactly the
same way as the reference. The same decrease in the vorticity when the dipole inserts
the Eulerian domain is present here. In addition to this, Figure 5.10 illustrates the vortic-



5

76 5. Validation - Static Cases

Figure 5.8: The configuration of a vortex dipole, initially located out of the Eulerian subdomain, using VPM-
Foam.

Table 5.3: Simulation parameters for the case of a dipole flow, using VPMFoam.

Parameter Symbol Value Dimension

Domain edge x length Lx 0.5 m
Domain edge y length Ly 1.0 m
Initial position of monopole 1 (x1, y1) (−1.0,0.1) m
Initial position of monopole 2 (x2, y2) (−1.0,−0.1) m
Kinematic viscosity ν 1.6×10−3 m2/s

Lagrangian time-step ∆tL 2.5×10−4 s
Overlap ratio λ 1 −
Vortex particles spacing h 5×10−3 m
Interpolation domain offset dBdr y 5 ·h m
Population control thresholds (Γloc ,Γg lob) (10−14,10−14) m2/s

Eulerian mesh density Ncel l s 150×300 −
Eulerian time-step ∆tE 2.5×10−4 s

ity contours in four different time instances, specifically at times t = [0.0,0.2,0.4,0.6]s.
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These results are in total accordance with the corresponding results of the reference
case. An important comment that must be added here is that the trailing vorticity of
the dipole undergoes a noticeable reduction upon traversing the Eulerian subdomain.
This reduction is a direct consequence of the increased artificial diffusion introduced by
the Eulerian solver.

Figure 5.9: The maximum vorticity in the case of the dipole flow, in the time interval t = 0.0s to t = 0.7s. The
result obtained from VPMFoam is compared to the FEM simulation and the hybrid simulation provided by
Palha et al. [31].

5.5. Flow around a cylinder at low Reynolds number
The last case to validate the hybrid solver is the flow around a cylinder at Re = 550. This
is a test case extensively studied in the past (e.g., in the work of Koumoutsakos et al. [85]),
and it allows for assessment of the performance of the solver when simulating more real-
istic problems. The presence of the solid body facilitates benchmarking of the process of
capturing vorticity generation and transferring the vorticity field from the Eulerian mesh
to the Lagrangian particles.

The vorticity generation, as well as the viscous phenomena, take place in a narrow
region close to the solid body and they are responsible for its aerodynamic behavior.
For the validation of the solver, the aerodynamic coefficients Cl and Cd , as well as the
Strouhal number are compared with the corresponding results of pure Eulerian simu-
lations performed in OpenFOAM, and the results from the hybrid solver developed by
Billuart et al. [65]. The computational domain for the pure Eulerian case, as well as the
boundary conditions, are illustrated in Figure 5.11. A Grid Convergence Study (GCS) of
the OpenFOAM case was performed to establish the reference case for comparison with
VPMFoam, and it can be seen in Table 5.4.
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Figure 5.10: The evolution of the vorticity field of the dipole at t = [0.0,0.2,0.4,0.6]s, using VPMFoam. The
colormap of the contours is in accordance with the corresponding colormap in the work of Palha et al. [31].

Figure 5.12 depicts the domain decomposition utilized for the hybrid simulation,
where the Eulerian subdomain is confined to a narrow region in proximity to the body
extending from the surface of the cylinder to a radius Rext = 2 ·Ri n . The parameters em-
ployed for this simulation are outlined in Table 5.5. For the Eulerian subdomain, a struc-
tured grid (constructed in Gmsh [86]) is used. The cells close to the numerical boundary
have an aspect ratio close to 1.0, and their size is similar to that of the core size of the
Lagrangian particles in order to reduce the interpolation errors close to the boundary
during the correction step [65].
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Figure 5.11: The geometry and the boundary conditions for the OpenFOAM case of the flow around a cylinder
at Re = 550.

Table 5.4: GCS for the OpenFOAM case of the flow around a cylinder at Re = 550.

Case No of cells Cd max(Cl) Strouhal

Coarse 9550 1.3876 1.0992 0.2333
1st refinement level 19726 1.4128 1.1448 0.2325
2nd refinement level 39293 1.4336 1.1826 0.2271
3r d refinement level 80053 1.4381 1.1963 0.2271
4th refinement level 159982 1.4387 1.1969 0.2271
5th refinement level 318894 1.4389 1.1970 0.2271

The primary goal of this case study is to examine the periodic phase of the flow
around a cylinder, rather than focusing on the starting-transition phase. As a result, the
validation process emphasizes the fully developed flow regime, where a periodic Von
Kármán vortex street can be observed in the cylinder’s wake. Nonetheless, the aerody-
namic coefficients during the initial phase are also provided to offer a comprehensive
overview of the simulation. The comparison on the aerodynamic coefficients with the
pure Eulerian case after GCS are depicted in Figures 5.13 and 5.14. The aerodynamic
coefficients, as well as the Strouhal number, are compared with the pure Eulerian simu-
lation in OpenFOAM, but also with the results of the hybrid solver presented by Billuart
et al. [65]. This comparison in summarized in Table 5.6.

Figure 5.13 demonstrates the aerodynamic coefficients at the initial phase of the flow.
It is important to note that this study primarily focuses on investigating the periodic
phase. Due to this emphasis, there is a discrepancy between the two solvers during the
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Figure 5.12: The geometry of the flow around a cylinder case at Re = 550 for the VPMFoam case. The Eulerian
mesh is a narrow region close to the solid boundary while the Lagrangian extends indefinitely.

Table 5.5: Problem and simulation parameters for the case of the flow around a cylinder at Re=550, using
VPMFoam.

Parameter Symbol Value Dimension

Reynolds number Re 550 −
Simulation time t 300 s

Lagrangian time-step ∆tL 2.5×10−4 s
Overlap ratio λ 1 −
Vortex particles spacing h 5×10−3 m
Interpolation domain offset dBdr y 5 ·h m
Population control thresholds (Γloc ,Γg lob) (10−14,10−14) m2/s

Eulerian time-step ∆tE 0.002 s
Eulerian mesh density Ncel l s 51804 −

initial phase. Specifically, no perturbation was introduced to initiate instabilities from
the beginning, resulting in different starting phases between the two solvers. The curves
depicted in Figure 5.14 represent the periodic phase, and they exhibit great similarity.
Both solvers yield the same Strouhal number, with the difference in aerodynamic forces
being less than 1.0%. The two lines here have been adjusted to align with each other at
the same phase.
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Table 5.6: Maximum Cl value, mean Cd value and Strouhal number, along with the relative errors of the aero-
dynamic coefficients, for the case of flow around a cylinder at Re = 550.

Case Cd max(Cl) Strouhal

OpenFOAM (after GCS) 1.4389 1.1970 0.2271
VPMFoam 1.4270 1.1870 0.2272

Difference 0.827% 0.835% 0.044%

Billuart et al. [65] 1.4270 1.1770 0.2272

Figure 5.13: Aerodynamic coefficients for the flow around a cylinder at Re = 550 for the VPMFoam and the
OpenFOAM case, at the initial phase.

The outcomes obtained using VPMFoam demonstrate excellent concurrence with
the corresponding results from the hybrid solver developed by Billuart et al. [65]. The
maximum disparity in the lift coefficient is around 1.0%, while the Strouhal number and
the mean value of the drag coefficient are identical up to the third decimal place, as
presented in Table 5.6.

Figure 5.15 illustrates the vorticity field for the VPMFoam and for the OpenFOAM
case at four different time instances. In order to have an agreement of the vortical struc-
tures at the wake for the two cases, different time instances will be presented under the
condition that the two simulations are at similar stages. The first contour is at the begin-
ning of the simulation, where the two vortices are being created at the top and bottom
parts of the cylinder. During the transition phase, two similar instances are presented
(second contours), but there is a notable difference between them. As mentioned ear-
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Figure 5.14: Aerodynamic coefficients for the flow around a cylinder at Re = 550 for the VPMFoam and the
OpenFOAM case, at the periodic phase.

lier, this distinction arises due to the fact that the transition in the two solvers does not
occur in the same manner. The third and the fourth contours are at a time instance
where the lift coefficient is minimum and maximum respectively. It can be seen that the
hybrid solver can reproduce the vorticity field in great agreement with the pure Eulerian
solver. It is worth mentioning that in the same figure, it can be observed that the vortical
structures that are in the far-field appear more diffused in the pure Eulerian simulation,
which demonstrates the diffusive nature of Eulerian solvers.

The transition region between the Eulerian and Lagrangian subdomains is a criti-
cal aspect of hybrid simulations and can introduce errors if not handled properly. The
smooth transition observed in Figure 5.16 indicates that the coupling between the two
subdomains is well-implemented and the vorticity field can be accurately transferred
between them. This is important for the overall accuracy of the simulation, as errors in
this region can propagate throughout the domain and affect the entire solution.

5.6. Conclusions
It has been shown that OpenFOAM can work along the VPM in the framework of a hybrid
solver without any crucial complexity. The two solvers can work together without any ir-
regularities introduced by their coupling. VPMFoam is capable of simulating flows with
and without the presence of solid bodies, showing a great agreement with existing CFD
solvers. In all cases, the transition of the solution from the Eulerian to the Lagrangian
domain was very smooth. The hybrid solver is capable of predicting the aerodynamic
coefficients as well as the Strouhal number with variations less than 1.0%. The present
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Figure 5.15: The vorticity field contours at four different time instances (starting phase, transition phase, min-
imum lift, maximum lift) for the case of the flow around a circular cylinder at Re = 550, using OpenFOAM and
VPMFoam. The circle formed by the black dashed line [ ] defines the Eulerian mesh region.

hybrid solver produces similar results to the existing hybrid solver presented by Billu-
art et al. [65]. The hybrid solver seems to reduce the artificial diffusion that is present in
pure Eulerian simulation. This effect is particularly pronounced in the case of the dipole,
where even a minor Eulerian domain can significantly diffuse the trailing vorticity. Fur-
thermore, when considering the flow around the cylinder, a subtle reduction in artificial
diffusion becomes apparent in the downstream-traveling vortices.
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Figure 5.16: The vorticity field contours at three different time instances (starting phase, minimum lift, maxi-
mum lift) for the case of the flow around a circular cylinder at Re = 550, using VPMFoam. The contours depict
the region close to the solid boundary to focus on the transition between the Eulerian and the Lagrangian field.
Inside the interpolation region, the Eulerian solution is depicted, while the rest is the Lagrangian solution. The
outer circle formed by the thick black dashed line [ ] defines the Eulerian mesh region, while the thinner
[ ] defines the interpolation region.



6
Validation - Dynamic Cases

This chapter extends the discussion on the validation of the solver. In the previous chapter,
the solver was validated through a series of cases where the Eulerian mesh, and conse-
quently the solid object, remained stationary. In this chapter, the solver’s capabilities to
simulate cases with dynamically moving meshes are analyzed. The chapter begins with
an introduction to the dynamic capabilities of the solver and then proceeds to valida-
tion, starting with a series of cases where no solid objects are present in the flow, and
later moving to cases where solid objects are introduced. A common high-frequency er-
ror in dynamic hybrid Eulerian-Lagrangian solvers with solid presence is addressed, and
the methods to alleviate this issue are discussed.

Parts of this chapter have been published in:

• R. Pasolari, C.J. Ferreira, A. van Zuijlen and C.F. Baptista, Dynamic Mesh Simulations in OpenFOAM: A
Hybrid Eulerian-Lagrangian Approach, Fluids 9, 51, (2024), DOI: 0.3390/fluids9020051. [40]

• R. Pasolari, J. Pan, C.J. Ferreira, A. van Zuijlen, Flow over traveling and rotating cylinders using a hy-
brid EulerianLagrangian solver, Computers & Fluids, Volume 279, 106327, (2024), ISSN 0045-7930,
https://doi.org/10.1016/j.compfluid.2024.106327. [87]
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6.1. Introduction
The dynamic simulation of moving solid objects plays a pivotal role in the field of ex-
ternal aerodynamics. In many scenarios, such as wind turbine rotors, aircraft, and he-
licopter blades, the objects are inherently in motion. These aerodynamic objects can
either undergo forced motion (prescribed motion) or move freely, as seen in Vortex In-
duced Vibrations (VIV). Conducting dynamic simulations for these scenarios necessi-
tates high-fidelity solutions to accurately capture the complex phenomena involved.

OpenFOAM offers built-in features for handling moving meshes via the dynamicMesh-
Dict dictionary. It provides several methods for managing the movement of bodies, with
the most notable in aerodynamics being the overset mesh (available only in the ESI-
OpenCFD [48] versions of OpenFOAM), the morphing mesh, and sliding interfaces using
Arbitrary Mesh Interface (AMI) [88]. In the case of morphing mesh, the mesh’s topology
undergoes alterations by displacing the patch associated with the moving object while
preserving the connectivity of the internal cells. Conversely, in the overset mesh ap-
proach, a stationary background mesh is employed, and for each moving object, an ad-
ditional mobile mesh is superimposed on top of the former. This additional mesh moves
about the background mesh, and their interaction is achieved through the interpolation
of variables between them. Alletto [3] compared morphing and overset mesh methods
by simulating the forced and free oscillations of a 2D cylinder, while Wu et al. [89] em-
ployed the sliding interfaces method for airfoil simulations. An application of the AMI
technique can be found in the work of Pan et al. [11], where a Savonius rotor is simulated.
Another method, solid-body motion, is primarily used in internal flow simulations such
as sloshing tanks, as demonstrated by Li et al. [90] and Chen et al. [91], but is less com-
monly employed in external aerodynamics.

In addition to Eulerian solvers, Lagrangian methods have also been utilized for mov-
ing body simulations. Alvarez et al. [92] used a VPM to model multirotor aerodynamic
interactions, with the propeller represented as a rotary lifting surface. Similarly, Karimi-
Zindashti et al. [93] applied a deterministic vortex method with vortex panels to simulate
the flow around rotating cylinders. However, Lagrangian solvers often struggle to accu-
rately resolve regions near solid boundaries, necessitating additional solvers for support.

As discussed in Chapter 4, VPMFoam enables the entire Eulerian mesh to move as
a solid body, while the Lagrangian particles manage the boundary conditions. This ap-
proach combines elements of overset mesh techniques with solid-body motion. Rather
than interacting with a static background Eulerian mesh, the moving Eulerian mesh
communicates with a background Lagrangian grid, where information is interpolated,
and boundary conditions are set.

6.2. Validation - No solid bodies
First, the validation process will be conducted using domains without the presence of
solid bodies. The validation cases to be used are:

• Translation

• Rotation

• Linear Oscillation

• Combination of motions (multi-motion)
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In all the cases that are going to be presented here, the same Eulerian mesh is used. This
mesh, illustrated in Figure 6.1, is a structured square mesh with an edge length of L,
while the distance of the mesh edges to the edges of the interpolation region is denoted
as dBdr y .

Figure 6.1: The geometry and mesh utilized for the validation of VPMFoam through dynamic mesh cases,
showcasing the Eulerian domain, the Lagrangian domain, and the interpolation region.

(a) Translation (b) Rotation

(c) Linear Oscillation (d) Multi-motion

Figure 6.2: Validation cases featuring a stationary vortex of strength Γ, with the Eulerian subdomain exhibiting
relative motion. The following relative motions are considered: a) Translation, b) Rotation, c) Linear Oscilla-
tion, and d) Linear Oscillation with Rotation (Multi-Motion).



6.2. Validation - No solid bodies

6

89

The various cases chosen for validation, as depicted in Figure 6.2, encompass transla-
tional motion, rotational motion, linear oscillation, and multi-motion, which combines
linear oscillation and rotation. In each of these cases, a stationary Lamb-Oseen vortex
[39] is present within the flow. The Eulerian domain is in relative motion to the vortex,
following the specified motion patterns. In all cases, a comparison is conducted with an-
alytical results. Table 6.1 provides an overview of the geometry and motion parameters
for the various cases presented, while Table 6.2 summarizes the simulation parameters
that are consistent across all cases. To ensure a fair comparison among the different
motion scenarios, the time-step is adjusted individually in each case to achieve a nearly
identical maximum Courant number, which is approximately set to be 1.0.

Table 6.1: Variable parameters associated with the domain motion across the different cases.

Parameter Symbol Value Dimension

Case 1 - Translation

Initial mesh center (xE ,i ni t i al , yE ,i ni t i al ) (0.5,0.5) m
Vortex particle coordinates (xv , yv ) (0.0,0.5) m
Mesh velocity umesh [−1.0 0.0] m/s

Case 2 - Rotation

Initial mesh center (xE ,i ni t i al , yE ,i ni t i al ) (0.5,0.5) m
Vortex particle coordinates (xv , yv ) (0.5,0.5) m
Mesh rotational speed ωr ot ,mesh 1.571 r ad/s
Origin of rotation (xR , yR ) (0.5,0.5) m

Case 3 - Linear oscillation

Initial mesh center (xE ,i ni t i al , yE ,i ni t i al ) (0.5,0.5) m
Vortex particle coordinates (xv , yv ) (0.5,0.5) m
Axis of oscillation axi s x −
Mesh oscillation frequency ωosc,mesh 1.571 r ad/s
Origin of oscillation (xO , yO) (0.5,0.5) m
Amplitude of oscillation Aosc,mesh 0.75 m

Case 4 - Multi-motion

Initial mesh center (xE ,i ni t i al , yE ,i ni t i al ) (0.5,0.5) m
Vortex particle coordinates (xv , yv ) (0.5,0.5) m
Axis of oscillation axi s x −
Mesh oscillation frequency ωosc,mesh 1.571 r ad/s
Origin of oscillation (xO , yO) (0.5,0.5) m
Amplitude of oscillation Aosc,mesh 0.75 m
Mesh rotational speed ωr ot ,mesh 1.571 r ad/s
Origin of rotation (xR , yR ) (0.5,0.5) m

In higher-dimensional problems (i.e., beyond 1D), the classical Courant number expres-
sion Co = u∆t

∆x is no longer sufficient, as there is no unique spatial step ∆x in arbitrary
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Table 6.2: Simulation parameters for all the moving domain cases, using VPMFoam.

Parameter Symbol Value Dimension

Particle strength Γv −0.5 m2/s

Freestream velocity (U i n f
x ,U i n f

y ) (0.0,0.0) m/s
Lamb-Oseen time constant τ 4.0 s
Kinematic viscosity ν 5×10−4 m2/s
Simulation time tsi m 2.0 s

Eulerian mesh density Ncel l s 320×320 −
Domain edge length L 1.0 m
Eulerian time-step ∆tE 0.001 s

Lagrangian time-step ∆tL 0.001 s
Vortex particles spacing h 0.006 m
Overlap ratio λ 1 −
Interpolation domain offset dbdr y 10 ·h m
Population control thresholds (Γloc ,Γg lob) (10−14,10−14) m2/s

meshes. Instead, the Courant number is computed from the fluxes through the control
volume faces using the following expression:

Co = 1

2
∆t

∑
faces

|U f ·n f |A f

Vp

Here, U f ·n f is the velocity component normal to face f , A f is the area of face f , and
Vp is the volume of the control cell. Conceptually, the reciprocal of a representative dis-
tance ∆x can be approximated by the ratio of the total face area to the control volume.
However, such a definition would lead to an effective Courant number of zero in incom-
pressible or mass-conserving flows, since the net flux into a cell is zero by conservation
of mass. To account for the directional magnitude of the velocity fluxes, the absolute
value is taken, and the sum is scaled by a factor of 1

2 , which aligns with the finite volume
formulation used in OpenFOAM and other Eulerian solvers.

6.2.1. Translation
The first results to be examined are those of the mesh in translational motion. As de-
picted in Figure 6.2a, the vortex initially lies outside the Eulerian domain, with the Eu-
lerian mesh traveling across the vortex in the −x direction passing through the vortex.
Figure 6.3 displays a comparison of the x and y components of the velocity field for both
the analytical and hybrid solutions within the same contour. The contour is divided,
with the upper part corresponding to the hybrid solution and the lower part to the an-
alytical solution. The red dashed box denotes the position of the Eulerian mesh at the
corresponding time instance. Evidently, there is a substantial agreement between the
two solutions.
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Figure 6.3: Comparison of the velocity field between the hybrid (top) and the analytical (bottom) solution, for
the translational case. The x-component of velocity is depicted on the left, while the y-component is shown
on the right. The analytical and hybrid solutions are separated by a black dashed line [ ] and the Eulerian
domain at the corresponding time instance is defined by a red rectangle . The dashed box extends to the
analytical part only for visualization purposes and is illustrated with a thinner blue line.

To assess the error between the two solutions in the vorticity field, Figure 6.4a illustrates
the relative error in the vorticity field for the two solutions. The error is computed in a
manner that prevents division by very small numbers in regions where vorticity is close
to zero, as described by the Equation 6.1.

Eω
r el |t =

ωH |t −ωA |t
max{ωA}|t

·100 (6.1)

where Eω
r el |t is the relative vorticity error at time t , ωH the hybrid vorticity and ωA the

analytical vorticity, measured at the same discretization points. It is noteworthy that, for
all time instances, the error remains below 1.5%. The error is negligible when the Eule-
rian domain has not reached the vortex, and there is a sudden increase when it crosses
the vortex. This increase in the error is primarily due to discretization and interpolation
from the Eulerian field to the Lagrangian field. Figure 6.4b presents a comparison of the
E2-norm of vorticity error for five different cases within the translational domain. These
cases employ various mesh sizes and particle spacings to demonstrate the convergence
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of the solution as the cell count increases or the particle spacing decreases. In all the re-
sults provided, the finest mesh size and particle spacing are used, specifically, 320×320
cells and h = 0.006m.

(a) Vorticity error (Translation) (b) Convergence test (Translation)

Figure 6.4: On the left, the relative error of the vorticity field between the hybrid and the analytical solution for
the translational case is illustrated. The Eulerian domain at the corresponding time instance is defined by a
red rectangle . On the right, the convergence test for the mesh size and the particles’ spacing is depicted.

6.2.2. Rotation
The second validation case involves the pure rotation of the Eulerian domain, as de-
picted in Figure 6.2b. This time, the vortex is situated within the Eulerian domain, and
the domain initiates a rotational motion around its center, coinciding with the center
of the vortex’s core. In this and the subsequent cases, only the vorticity field and the
associated error are presented.

Figure 6.5 illustrates a noteworthy agreement in the vorticity field between the ana-
lytical and hybrid solutions. Specifically, the maximum errors are constrained to 1.0%,
and this error is present from the beginning of the simulation due to discretization. As
the vortex neither enters nor exits the Eulerian domain in this case, no additional errors
are introduced.
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(a) Vorticity (Rotation) (b) Vorticity error (Rotation)

Figure 6.5: On the left is the comparison of the vorticity field between the hybrid (top) and the analytical
(bottom) solution, for the rotational case. The analytical and hybrid solutions are separated by a black dashed
line [ ] and the Eulerian domain at the corresponding time instance is defined by a red rectangle . The
dashed box extends to the analytical part only for visualization purposes and is illustrated with a thinner blue
line. On the right, the relative error of the vorticity field between the hybrid and the analytical solution for the
rotational case is illustrated.

6.2.3. Linear oscillation

The third validation case involves the oscillation of the Eulerian mesh, as it can be seen
in Figure 6.2c. The domain moves up to the point that the vortex is entirely outside
of the Eulerian mesh, and when it reaches the peak of its oscillation, it returns to its
initial position. In Figure 6.6, it is evident that the vorticity field between the analytical
solution and the hybrid solution demonstrates a strong agreement. Regarding errors, all
errors remain below 2.0%. Notably, in this case, where the vortex is initially within the
Eulerian domain, the interpolation error is present from the start of the simulation, and
it increases by approximately 0.7% when the Eulerian domain encompasses the vortex
for the second time.
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(a) Vorticity (Linear oscillation) (b) Vorticity error (Linear oscillation)

Figure 6.6: On the left is the comparison of the vorticity field between the hybrid (top) and the analytical
(bottom) solution, for the linear oscillation case. The analytical and hybrid solutions are separated by a black
dashed line [ ] and the Eulerian domain at the corresponding time instance is defined by a red rectangle

. The dashed box extends to the analytical part only for visualization purposes and is illustrated with a
thinner blue line. The red arrow shows the direction that the mesh moves at the specific time instance. On
the right, the relative error of the vorticity field between the hybrid and the analytical solution for the linear
oscillation case is illustrated.

6.2.4. Multi-motion

In the last validation case the Eulerian mesh performs a more complex motion pattern
(Figure 6.2d). Specifically, the vortex is initially located at the center of the Eulerian
mesh, when this starts a combined linear oscillation in the x axis and a rotation around
the point (0.5,0.5). This combined motion causes the Eulerian domain to pass through
the vortex twice. Figure 6.7a shows a great agreement of the vorticity field between the
hybrid and the analytical solution, while the vorticity error presented in Figure 6.7b is
always lower than 1.75%. An initial error around 1.0% is present since the start of the
simulation, and it grows to 1.75% when the Eulerian mesh passes through the vortex for
the second time.
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(a) Vorticity (Multi-motion) (b) Vorticity error (Multi-motion)

Figure 6.7: On the left is the comparison of the vorticity field between the hybrid (top) and the analytical
(bottom) solution, for the multi-motion case. The analytical and hybrid solutions are separated by a black
dashed line [ ] and the Eulerian domain at the corresponding time instance is defined by a red rectangle

. The dashed box extends to the analytical part only for visualization purposes and is illustrated with a
thinner blue line. On the right, the relative error of the vorticity field between the hybrid and the analytical
solution for the multi-motion case is illustrated.

6.3. Validation - With solid bodies
Having validated the solver in domains without solid bodies, it is now possible to extend
its application to more complex cases involving solid bodies. The solver is validated us-
ing the traveling cylinder case at Re = 100 and the rotating cylinder case at two different
rotational speeds at Re = 200. Since a combination of these two motions can describe
every motion a rigid body can undergo, it is crucial to validate both to achieve a compre-
hensive analysis of the two-dimensional dynamic case.

The same configuration is employed for the different cases, as depicted in Figure 6.8.
The simulated cylinder has a radius Ri n , and the Eulerian domain extends up to a dis-
tance of Rext from the center of the cylinder (the black circle represents the numerical
boundary). The Lagrangian solver covers the entire computational domain and is cor-
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rected within the interpolation region Ωi nt (illustrated in blue). Notably, a small layer of
cells is excluded from the correction process, denoted as dBdr y . The Eulerian mesh is
exclusively comprised of hexahedra. Mesh density increases near the cylinder’s surface
to capture near-wall phenomena effectively, with the stretching ratio being 1.05 and the
height of the first cell 2.7mm (for the base mesh presented below).

Figure 6.8: The general cylinder configuration used for the validation cases of the dynamic mesh motion in
domains with solid bodies presence, using VPMFoam.

Some parameters between the different cases are similar, and they can be summarized
in Table 6.3. The parameters that differentiate among the cases are mentioned in the
corresponding subsections.

Table 6.3: Global simulation parameters for the validation cases of the dynamic mesh motion in domains with
solid bodies presence, using VPMFoam.

Parameter Symbol Value Dimension

Cylinder’s radius Ri n 0.5 m
Eulerian domain radius Rext 1.0 m
Simulation time tsi m 100 s
Overlap ratio λ 1 −
Interpolation domain offset dBdr y 0.09 m

6.3.1. Traveling cylinder
The first case to validate the solver is the traveling cylinder. VPMFoam has already been
validated into the case of a stationary cylinder with a freestream velocity in Chapter 5,
but in that case, for Re = 550. Here, the validation case presents the opposite situation.
The freestream velocity is set to zero while the cylinder travels with a constant velocity
Umesh as shown in Figure 6.9 operating at Re = 100. In order to have a fair comparison
between the static and the dynamic case, the static case at Re = 100 is also simulated
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here. The initial simulations are executed using a base Eulerian mesh, which consists of
11,040 hexahedra, and is depicted in Figure 6.9.

Figure 6.9: The configuration of the traveling cylinder at Re = 100, using VPMFoam.

A preliminary comparison of the aerodynamic coefficients from the two simulations
(static and dynamic) is illustrated in Figure 6.10. While the mean values of the drag
and lift coefficients appear similar, the dynamic simulation exhibits noticeable high-
frequency oscillations, particularly in the drag coefficient time history, with significant
amplitude.

Figure 6.10: Lift and drag coefficients over time for the case of the static and traveling cylinder at Re = 100, with
the base Eulerian mesh and particle spacing h = 0.03m, using the hybrid solver.
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Upon detailed analysis, it was determined that these oscillations are caused by the move-
ment of the Eulerian mesh over the Lagrangian particles, which are consistently redis-
tributed at the same grid points in global coordinates. This results in a continuous shift
of particles near the solid body, where the highest vorticity is recorded, relative to the Eu-
lerian mesh, as shown in Figure 6.11. Consequently, particles close to the solid body at
one time-step may end up inside the body at the next, necessitating their removal. This
alteration in the distribution of the particles carrying the highest vorticity affects the
boundary conditions of the Eulerian solver, thereby inducing oscillations in the forces
acting on the body.

Figure 6.11: Configuration of the Lagrangian particles close to the solid boundary over a time-step. In the
static case, the configuration remains the same; for the dynamic case, the distribution of the particles around
the solid boundary changes, leading to high-frequency oscillations in the calculation of the Eulerian boundary
conditions and, subsequently, on the aerodynamic forces.

However, these oscillations can be mitigated in two ways. First, increasing the reso-
lution of the Lagrangian solver results in a denser particle distribution around the solid
body, effectively reducing the relative distances as the mesh advances. Second, by syn-
chronizing the redistribution points of the Lagrangian particles with the motion of the
Eulerian mesh, further refinement is achieved. These approaches are validated through
the simulations summarized in Table 6.4.

Figure 6.12 displays the first 30 s of the drag coefficient for the six different cases out-
lined in Table 6.4. On the left, the cases with a spacing of h = 0.03m are shown, and on
the right, those for h = 0.015m. Initially, the left subfigure demonstrates that synchro-
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Table 6.4: Test cases of the traveling cylinder at Re = 100, to demonstrate the alleviation of the high-frequency
oscillations on the aerodynamic forces.

Case state Particle spacing (m) Eulerian mesh Synchronization

Static 0.030 Base -
Static 0.015 Base -
Dynamic 0.030 Base False
Dynamic 0.030 Base True
Dynamic 0.015 Base False
Dynamic 0.015 Base True

nizing the particles with the mesh movement significantly reduces the amplitude of the
oscillations. Further reductions are observed when the particle spacing is decreased, as
evidenced by the comparison between the left blue line and the right one. Moreover,
synchronizing the particles with the mesh movement, in addition to reducing particle
spacing, significantly minimizes oscillations, bringing results into close alignment with
those of the static case.

Figure 6.12: Drag coefficient over time for different test cases of the traveling cylinder at Re = 100, that demon-
strate the alleviation of the high-frequency oscillations on the body forces.

It should be noted that residual oscillations remain due to the continuous interpolation
of the particles at different grid points during the synchronization. This is evidenced
by running a simulation where the mesh movement per time-step matches the particle
spacing, ensuring that the particle distribution relative to the solid body remains con-
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stant. In this test case, the time-step was increased to 0.02 s for both static and dynamic
scenarios to ensure a fair comparison. The outcomes of this analysis are depicted in
Figure 6.13.

Figure 6.13: Comparison of the drag coefficient between a static and a dynamic case where the mesh displace-
ment is equal to the particles’ spacing.

With the issue now addressed, validation of the results for the VPMFoam solver can
proceed. It is important to note that the remaining simulations for the traveling cylinder
case involve the synchronization of the Lagrangian grid with the Eulerian mesh. The re-
sults are initially compared with those obtained from the static case, where the cylinder
is stationary and a freestream velocity is applied. Subsequently, the dynamic case re-
sults are compared with those from a simulation performed purely in OpenFOAM (static
simulation), and finally with bibliographical numerical results from Pingjian et al. [94].

Additionally, to perform a convergence test for the Eulerian mesh used in the hybrid
simulations, two different meshes, named base and refined mesh, are employed. These
are summarized in Table 6.5, alongside the particle spacing parameter and the time-step
used in the simulations. Table 6.6 presents the results for the drag coefficient Cd , the lift
coefficient Cl , and the Strouhal number. Figure 6.14 shows the drag and lift coefficients
over time for the hybrid dynamic case, the hybrid static case, and the OpenFOAM case.

Finally, Figure 6.15 shows the vorticity field in two different instances as the cylinder
travels. The left image is at the time t = 20 s and the right at t = 100 s where the center
of the cylinder is at xc =−20m and xc =−100m, respectively. The numerical boundary
is represented as a black dashed circle. The vorticity field is smooth, without any inac-
curacies to be observed when the vortices generated on the cylinder’s surface exit the
Eulerian domain.

The above results demonstrate a strong agreement between the hybrid dynamic solver,
the static one, and OpenFOAM. Specifically, the hybrid dynamic solution converges to
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Table 6.5: Simulation parameters for the case of the traveling cylinder at Re = 100, using VPMFoam.

Case Eulerian Mesh Spacing (m) Time-step (s)

VPMFoam static Base (11040) 0.03 0.005
VPMFoam static Refined (27600) 0.015 0.0025
VPMFoam dynamic Base (11040) 0.03 0.005
VPMFoam dynamic Refined (27600) 0.015 0.0025

Table 6.6: Results for the case of the traveling cylinder at Re = 100.

Method Cd Cl Strouhal

Pingjian et al. [94] static 1.340±0.008 ±0.3130 0.165
OpenFOAM static 1.339±0.008 ±0.3090 0.164
VPMFoam static (base) 1.337±0.009 ±0.3225 0.165
VPMFoam static (refined) 1.337±0.009 ±0.3223 0.165
VPMFoam dynamic (base) 1.337±0.017 ±0.3264 0.165
VPMFoam dynamic (refined) 1.337±0.009 ±0.3223 0.165

Figure 6.14: Lift and drag coefficient over time for the case of the traveling cylinder at Re = 100.

the same values as the hybrid static solution for the lift and drag coefficients, as well as
the Strouhal number. When compared with the pure OpenFOAM results, the errors on
the lift and drag coefficients are less than 4.0% and 0.2% respectively. Meanwhile, when
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Figure 6.15: Vorticity field for the case of the traveling cylinder at Re = 100, using VPMFoam. The numerical
boundary is represented with a black dashed circle line.

compared with the reference [94], the corresponding errors are 2.8% and 0.22%, respec-
tively. Finally, VPMFoam predicts the same Strouhal number as the reference, equal to
0.165, while the pure OpenFOAM value is slightly lower, at 0.164.

6.3.2. Rotating cylinder-Magnus effect
The second validation case is the flow around a rotating cylinder at Re = 200. In this case,
while the cylinder is spinning through the moving air, it experiences a lift force, known
as the Magnus effect. There is a dimensionless parameter that characterizes the flow and
relates the tangential velocity on the surface of the cylinder with the freestream velocity,
and it is expressed as:

αspi n = Ωr ot Rc

Ui n f
(6.2)

whereΩr ot is the rotating speed, Rc is the radius of the cylinder and Ui n f is the freestream
velocity. This parameter is crucial for the rotating cylinder case since it characterizes the
flow. Mittal et al. [95] presented the results for the case of Re = 200 for value of αspi n from
0.0 to 5.0. It is essential that they showed that a von Kármán vortex street is developed
in the flow up to αspi n = 1.91. Up to that point, there is a deflection of the wake, but the
periodic vortex street is present. The vortex street is not present for values larger than
1.91, and a steady solution is reached. A second region of instability is observed again at
αspi n = 4.4, while for αspi n ≥ 4.8, multiple solutions emerge, and the flow becomes more
complicated. Karimi-Zindashti et al. [93] examined the case of rotating circular cylinders
at 0.0 ≤ αspi n ≤ 5.5 and rotating square cylinders at 0.0 ≤ αspi n ≤ 5.0 using a determin-
istic vortex method. Here, VPMFoam will be tested in two different cases, specifically
αspi n = 0.5 and αspi n = 2.5. This allows for comparison before and after the steady solu-
tion is reached. The results are compared with those by Mittal et al. [95], as well as with
pure OpenFOAM simulations. For the OpenFOAM simulations, AMI is used. The case
configuration can be seen in Figure 6.16. This figure illustrates the rotational speed as
ωmesh .
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Figure 6.16: The rotating cylinder case configuration, using VPMFoam. The cylinder rotates counterclockwise
with a rotational speed ωmesh , while a freestream velocity Ui n f acts in the +x direction.

Case αspi n = 0.5
For the case of αspi n = 0.5, a von Kármán vortex street is expected, as Mittal et al. [95]
state. Table 6.7 shows the results for the minimum and maximum lift coefficient, and for
the mean drag coefficient, for VPMFoam, as well as the results obtained by Mittal et al.
[95], and the results obtained by OpenFOAM simulations. For the case of αspi n = 0.5, the
base mesh of Table 6.5 is used.

Table 6.7: Results for the case of the rotating cylinder at Re = 200 and αspi n = 0.5.

Case min(Cl) max(Cl) Cd

Mittal et al. [95] −1.910 −0.487 1.255
OpenFOAM −1.805 −0.577 1.283
VPMFoam −1.853 −0.520 1.276

Figure 6.17 shows the drag and lift coefficients for the hybrid case and the OpenFOAM
simulations. Moreover, Figure 6.18 shows the vorticity field obtained by the hybrid solver
simulations for two different time instances: one at the beginning of the simulation (t =
10s) and one when a periodicity in the wake is reached (t = 60s). As was expected, for
this case, a von Kármán vortex street is present in the wake of the flow and deflected
compared to the case of a non-rotating cylinder.
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Figure 6.17: Lift and drag coefficients over time for the case of the rotating cylinder at Re = 200 and αspi n = 0.5

Figure 6.18: Vorticity field for the case of the rotating cylinder at Re = 200 and αspi n = 0.5, using VPMFoam.
The numerical boundary is represented with a black dashed circle line.

Case αspi n = 2.5

For the case of αspi n = 2.5, the von Kármán vortex street is not expected in the flow,
as Mittal et al. [95] state. The wake should be steady and deflected. In this simulation,
the refined mesh of Table 6.5 is used, while a time-step convergence test is conducted,
with the time-step varying from 0.004 s to 0.00025 s. Table 6.8 shows the results for the
steady lift coefficient developed on the rotating body for the present method, as well as
the results obtained by Mittal et al. [95] and Karimi-Zindashti et al. [93], and the results
obtained by OpenFOAM simulations.

Figure 6.19 shows the lift coefficient and a time-step convergence test for the lift co-
efficient. It can be seen that the hybrid solver has good agreement with the reference re-
sults from Mittal et al. [95], with the converged value deviating from the reference value
by only 1.2%. Finally, Figure 6.20 shows the vorticity field in two different time instances:
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one at the beginning of the simulation and one when the steady wake has been reached.

Table 6.8: Results for the case of the rotating cylinder at Re = 200 and αspi n = 2.5.

Case Cl

Mittal et al. [95] -7.680
Karimi-Zindashti et al. [93] -7.016
OpenFOAM -7.410
VPMFoam (∆t = 0.004 s) -6.915
VPMFoam (∆t = 0.001s s) -7.532
VPMFoam (∆t = 0.00025 s) -7.583

Figure 6.19: On the left is the lift coefficient over time for the hybrid case, the OpenFOAM case, and the refer-
ence [95]. The time-step convergence test for the lift coefficient is on the right compared to the reference [95].

It should be noted that in this case, the solver does not experience the issue of high-
frequency oscillations in the body forces. This is because the motion of the Eulerian
mesh is purely rotational around its center, ensuring that the distribution of the La-
grangian particles around the solid boundary remains constant throughout the simu-
lation.

6.4. Conclusions
The validation of the VPMFoam across domains with and without solid bodies has demon-
strated its accuracy and stability for various flow scenarios that involve dynamic mesh
motion. In domains with no solid bodies, the solver closely matched analytical solutions
for translational, rotational, oscillatory, and multi-motion cases, maintaining error levels
below 2%. When solid bodies are introduced, the solver effectively handled both travel-
ing and rotating cylinders, achieving strong agreement with reference data for mean lift
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Figure 6.20: Vorticity field for the case of the rotating cylinder at Re = 200 and αspi n = 2.5, using VPMFoam.
The numerical boundary is represented with a black dashed circle line.

and drag coefficients, as well as the Strouhal number. To address high-frequency oscil-
lations in force predictions, adjustments in Lagrangian particle resolution and synchro-
nization with the Eulerian mesh movement successfully minimized these effects, bring-
ing the dynamic simulations in close alignment with static cases. These results confirm
the solvers capability in accurately simulating flows with dynamic mesh motion, validat-
ing it as a reliable tool for complex two-dimensional flow scenarios.



7
Validation - Multibody cases

In the preceding two chapters, the hybrid solver was rigorously tested in both static and dy-
namic scenarios involving single-body simulations. This chapter introduces and validates
another capability of the solver: its ability to handle multibody cases. This is achieved by
constructing distinct Eulerian subdomains for each solid body, allowing the cases to be
processed independently. The interconnection between these regions is facilitated by the
Lagrangian solver. The methodology behind this setup is outlined here, and the effective-
ness of this feature of the hybrid solver is demonstrated through its application to various
geometric configurations of two cylinders.

Parts of this chapter have been published in: R. Pasolari, C.J. Ferreira, A. van Zuijlen, "Flow around a pair of 2D
cylinders using a hybrid Eulerian-Lagrangian solver", Journal of Physics: Conference Series 2767 (5), 052006
(2024), DOI 10.1088/1742-6596/2767/5/052006. [96]
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7.1. Introduction
Multibody problems are frequently encountered in many applications within the field
of external aerodynamics. For instance, in the wind energy sector, wind turbines are
integral components of a larger system-the wind farm. In addition, a wind turbine it-
self can be considered and modeled as a multibody problem, with the rotor, tower, and
each blade treated as discrete components. Similarly, helicopters, car aerodynamics,
and the flow around buildings in a city can also be analyzed using multibody problem
techniques. In the case of helicopters, discrete parts can be modeled separately for anal-
ysis purposes. Likewise, cars and buildings present multibody problems when studied
in groups. The study of multibody problems is crucial because the interaction between
different objects significantly alters airflow dynamics compared to standalone objects.
Understanding these interactions is essential for optimizing design and performance in
various aerodynamic applications.

Multibody problems are most often treated numerically, as conducting experiments
can be prohibitively expensive. Even numerical simulations of multibody problems can
be extremely costly and sometimes unaffordable. For example, a single body, such as a
wind turbine, can be fully resolved using the Eulerian approach like a FVM or FEM solver
[97]. However, it is very rare to fully resolve more than one body using these methods due
to computational expense. To reduce computational costs, wind turbines in a wind farm
are often modeled as actuators [98]. Recently, Lagrangian solvers have become popular
for such simulations, offering accelerated solutions but often sacrificing boundary layer
resolution [99]. Additionally, the Blade Element Momentum (BEM) method is a com-
monly used low-fidelity approach that provides fast results in wind turbine simulations
[100].

7.2. Multibody problems with VPMFoam
Considering the above challenges, VPMFoam can help bridge the gap by combining the
fast calculations provided by particle methods with the high accuracy of Eulerian solvers
in resolving boundary layers. Additionally, this hybrid solver is adept in handling multi-
body simulations efficiently. Specifically, as shown in Figure 7.1, each cylinder can be
treated as an independent OpenFOAM case, solved separately. Particles covering the en-
tire computational domain establish connections between different regions, providing
boundary conditions for each separate case. This approach accelerates simulations by
assigning each Eulerian case to a different CPU core. Another significant advantage of
using VPMFoam for multibody simulations is the ease of discretizing the computational
domain. In pure Eulerian solvers, mesh generation can often be a challenging and time-
consuming task, particularly in multibody cases where objects are positioned close to
one another. VPMFoam simplifies this process by creating simple meshes around each
object independently. Additionally, when some objects are identical or similar, mesh
generation becomes even simpler through duplication, combined with translations, ro-
tations, and scaling. This flexibility allows for rapid setup of the computational domain,
as the remaining discretization is handled by particles, which are easily created in the
Eulerian domains and are free to move.
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Figure 7.1: An example of a multibody problem involves five circular cylinders in an arbitrary configuration.
In the context of the hybrid solver, each cylinder is structured as an independent OpenFOAM case, which can
run independently and in parallel on different CPU cores. The particle solver interconnects these different re-
gions by providing boundary conditions to each one, allowing for efficient and coordinated simulations across
multiple bodies.

7.3. Validation cases
The validation of this feature of the solver will be conducted through a series of tests
involving different configurations of two cylinders. Initially, the two cylinders are po-
sitioned in a tandem arrangement (Figures 7.2a and 7.2c). Then, the two cylinders are
positioned in a staggered arrangement (Figures 7.2b and 7.2d). The cases illustrated in
Figures 7.2a and 7.2b present significant overlap between the Eulerian meshes of the two
cylinders. This overlap makes these cases particularly useful for evaluating the solver’s
performance in handling closely interacting bodies.

In these cases, the correction of the Lagrangian particles in the overlapping region
is performed only once to avoid introducing artificial circulation into the flow. The par-
ticles in this region are corrected using the first labeled Eulerian subdomain. Another
(more accurate) approach would be to correct the particles according to their proximity
to the solid body of each Eulerian subdomain.

In all cases, the Reynolds number is set to Re = 200. The mesh used is comprised
solely of hexahedra, as illustrated in Figure 7.3. The parameters for the Eulerian solver,
the Lagrangian solver, and the general simulation parameters are consistent across all
cases and are summarized in Table 7.1.

7.4. Results
7.4.1. Tandem arrangement
For the tandem arrangement of the two cylinders, the results are compared with the
corresponding results obtained by Skonecki et al. [101] that used STAR-CCM+ for their
simulations, and by Meneghini et al. [102] where a FEM code was used. Table 7.2 sum-
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(a) L=1.5D (b) T=1.5D

(c) L=3D (d) T=3D

Figure 7.2: The four different configurations of the pair of cylinders. Subfigures (a) and (b) show extreme
cases where the Eulerian meshes of the two cylinders overlap up to the solid body, while subfigures (c) and (d)
illustrate configurations where the cylinders are further apart, without an overlap of their meshes.

Figure 7.3: The configuration of each cylinder, illustrating the Eulerian, Lagrangian, and interpolation regions,
as well as the mesh of the Eulerian domain.
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Table 7.1: Simulation parameters for the two cylinder cases at Re = 200, using VPMFoam.

Parameter Symbol Value Dimension
Kinematic viscosity ν 0.005 m2/s
Cylinder’s radius Ri n 0.5 m

Eulerian mesh density Ncel l s 11040 −
Eulerian domain radius Rext 1.0 m
Eulerian time-step ∆tE 0.008 s

Vortex particles spacing h 0.027 m
Lagrangian time-step ∆tL 0.008 s
Interpolation domain offset dBdr y 3 ·h m

marizes the results for both cases in tandem arrangement, comparing the mean drag
coefficient and the Strouhal number of the current method with the bibliographical re-
sults. It can be seen that the results of the hybrid solver show a strong agreement with the
references, for both the front cylinder (denoted with the subscript F ) and the rear cylin-
der (denoted with the subscript R). Figure 7.4a, illustrates the vorticity field for the two
tandem arrangements. It can be observed that the vorticity that is produced in the first
cylinder, can accurately be convected to the rear cylinder, and then downstream, with-
out any inaccuracies, neither in the case that the two cylinders are placed very close.
Finally, Figure 7.5a, shows the aerodynamic coefficients over time, for both the front and
rear cylinders.

Table 7.2: Mean drag coefficient and Strouhal number results for the tandem arrangement of the two cylinders.
The results are compared with literature values.

Method
L = 1.5D L = 3.0D

C d ,F StF C d ,R StR C d ,F StF C d ,R StR

Skonecki et al. [101] 1.09 0.170 -0.20 0.170 1.02 0.129 -0.12 0.129
Meneghini et al. [102] 1.06 0.167 -0.18 0.167 1.00 0.125 -0.08 0.125

VPMFoam 1.06 0.167 -0.18 0.167 1.00 0.128 -0.13 0.128

7.4.2. Staggered arrangement
For the staggered arrangement, the results are compared with the same references. Ta-
ble 7.3 summarizes the results for both cases in staggered arrangement, comparing the
mean drag coefficient and the Strouhal number obtained by VPMFoam with the bibli-
ographical results. For both the upper cylinder (denoted with the subscript U ) and the
lower cylinder (denoted with the subscript L), the mean drag coefficient, as well as the
Strouhal number, falls between the results obtained from the references. Figure 7.4a, il-
lustrates the vorticity field, while Figure 7.5a, shows the aerodynamic coefficients over
time, for both the upper and lower cylinders.



7.5. Conclusions

7

113

Table 7.3: Mean drag coefficient and Strouhal number results for the staggered arrangement of the two cylin-
ders. The results are compared with literature values.

Method
T = 1.5D T = 3.0D

C d ,U StU C d ,L StL C d ,U StU C d ,L StL

Skonecki et al. [101] 1.55 0.201 1.57 0.204 1.56 0.214 1.56 0.214
Meneghini et al. [102] 1.32 - 1.32 - 1.34 0.174 1.34 0.174

VPMFoam 1.46 0.209 1.48 0.197 1.41 0.198 1.41 0.198

(a) Tandem arrangement.

(b) Staggered arrangement.

Figure 7.4: Screenshots of the vorticity field for the tandem and the staggered arrangements using VPMFoam.
The circle formed by the black dashed line [ ] defines the Eulerian mesh region.

7.5. Conclusions
The results presented above demonstrate the capability of VPMFoam to handle multi-
body problems, producing outcomes consistent with pure Eulerian solvers. Even in
cases where the two meshes overlap significantly (such as when the cylinders are placed
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(a) Tandem arrangement.

(b) Staggered arrangement.

Figure 7.5: Time history of the aerodynamic coefficients for the tandem and the staggered arrangements using
VPMFoam.

very close to each other), the results align with existing literature. The versatility of this
approach allows for the extension of the problem to incorporate additional cylinders and
multiple moving bodies, establishing it as a robust tool in the field of CFD.



8
Performance evaluation

In the previous three chapters, the hybrid solver was validated in stationary cases, both
with and without solid boundaries, in dynamic mesh simulations with and without solid
boundaries, and in multibody cases. Now that the solver has been validated, this chapter
focuses on its computational efficiency. Specifically, the computational efficiency of the
VPMFoam solver is compared to pure OpenFOAM simulations, using the flow around a
cylinder case, as presented earlier. Since a direct comparison is challenging, two factors
are considered in this chapter: the accuracy in computing the aerodynamic forces and the
conservation of wake structures in the wake region.
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8.1. Introduction
The VPMFoam is designed not only to take advantage of eliminating Eulerian solvers’
artificial diffusion in the wake and to harness the flexibility of Lagrangian solvers, but
also to maintain computational efficiency. This efficiency implies that the solver should
provide high accuracy in both aerodynamic forces and wake structures, while keeping
the computational cost comparable to, or even lower than, that of a fully Eulerian or
vortex particle simulation.

For instance, running an external aerodynamics case in OpenFOAM can result in
accurate predictions of aerodynamic forces, often without a significant computational
burden. However, when the focus shifts to preserving wake structures with minimal ar-
tificial diffusion, the computational cost can rise considerably.

On the other hand, vortex methods offer rapid computations for vortex interactions
with little to no numerical diffusion. However, accurately predicting aerodynamic forces
using this method is more challenging. A substantial number of particles are needed
in the boundary layer to capture viscous effects, which can make the method computa-
tionally expensive.

Here, the performance of VPMFoam will be evaluated by comparing its results and
computational cost against those of OpenFOAM. A direct comparison with a pure VPM
solver is not included, as additional solvers would be required to enforce boundary con-
ditions on the solid surface, which lies beyond the scope of this dissertation. For the
evaluation, the flow around a cylinder at Re = 550, as presented in Chapter 5, is consid-
ered.

The comparison between the two solvers is not straightforward. The key question is:
“Which part of the flow requires higher accuracy?”. Therefore, accuracy will be assessed
based on two criteria:

• Aerodynamic coefficients.

• Preservation of wake structures.

This distinction is crucial, as there is no singular method to assess the performance
of the code. Pure Eulerian solvers may offer good accuracy in aerodynamic force predic-
tions, but the wake far downstream of the object may become heavily diffused. Conse-
quently, both factors must be considered to fully evaluate the hybrid solvers objectives.
To ensure a fairer comparison, the following requirements will be enforced:

• Two Eulerian simulations will be presented (for the flow around a single cylin-
der case). In the first, the only requirement is to achieve converged aerodynamic
forces. In the second, wake structures must also be preserved, up to 40 diameters
downstream.

• One hybrid simulation will be presented, ensuring the convergence of aerody-
namic forces to a constant value.

• The near-wall mesh in the hybrid simulation will be identical to that of the full
Eulerian simulation.
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• Since the computational domain in the hybrid simulation is unbounded, a limit
will be imposed on the particles in the freestream direction. Particles crossing this
limit will be excluded from the advection and diffusion processes but will continue
to advect downstream solely with the freestream velocity.

• For all simulations, the simulation time will be set to tsi m = 150s, as found in Chap-
ter 5, where both simulations reach a periodic phase by this time.

• Given that the different solvers start from different initial phases, computational
time will be measured for the entire simulation and for four periods during the
periodic phase to ensure a fair comparison.

• The Eulerian part of the hybrid solver has the potential to be parallelized using
OpenFOAMs capabilities. However, this has not been implemented yet in the
solver. Therefore, assumptions will be made to estimate performance for a case
running on multiple cores.

8.2. Computational resources
For all simulations presented in this study, the DelftBlue cluster [83] was utilized. Open-
FOAM simulations were run exclusively on CPUs, using the type-b compute partition
of DelftBlue, which is equipped with Intel Xeon Gold 6448Y 32C 2.1 GHz CPUs. On the
other hand, VPMFoam required GPU nodes, as parts of the solver run on GPUs (can run
also in CPUs). For this purpose, the GPU type-b partition, featuring both Intel Xeon Gold
6448Y CPUs and NVIDIA Tesla A100 GPUs, was selected. Detailed specifications for both
partitions are as follows:

• Compute type-b (CPU-only nodes for OpenFOAM)

– CPU cores per node: 64 (across two sockets)

– CPU: 2x Intel Xeon Gold 6448Y 32C 2.1 GHz

– RAM: 256 GB DDR4 per node (2 NUMA nodes, 128 GB each)

• GPU type-b (GPU nodes for VPMFoam)

– CPU cores per node: 64 (across two sockets)

– CPU: 2x Intel Xeon Gold 6448Y 32C 2.1 GHz

– RAM: 512 GB DDR4 per node (4 NUMA nodes, 128 GB each)

– GPU per node: 4x NVIDIA Tesla A100 (80 GB each)

– Each GPU:

¦ FP32 (Single-Precision): Up to 19.5 TFLOPS

¦ FP64 (Double-Precision): Up to 9.7 TFLOPS

¦ CUDA cores: 6,912
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These nodes were selected because they are equipped with the same CPUs, allow-
ing for a direct comparison of the two software packages under identical computational
resources. For VPMFoam, the different processes occurring at each time-step are listed
below, along with the corresponding hardware used and software implemented for these
simulations. It should be noted that other options are available but are not used in this
particular setup:

• Advection:

– Hardware: GPU

– Method: Fast Multipole Method (FMM)

– Other options: Direct calculations using OpenMP on CPU, FMM on CPU, or
direct calculations on GPU using CUDA.

• Diffusion with redistribution:

– Hardware: Partially in CPU (using OpenMP) and partially in GPU (using CuPy)

– Other options: Full execution in CPU (serial) without OpenMP, or both parts
running entirely on the CPU.

• Eulerian (OpenFOAM component):

– Hardware: CPU

– Software: OpenFOAM

– Other options: Not applicable; only available on CPU.

• Correct Particles:

– Hardware: CPU

– Software: Serial execution in Python

– Other options: No alternatives available.

• Population and wake control:

– Hardware: CPU

– Software: Serial execution in Python

– Other options: No alternatives available.

8.3. OpenFOAM case: converged aerodynamic forces
The computational domain for this simulation was previously introduced in Chapter 5;
however, it is presented again here in Figure 8.1 for reference.

For this simulation, the 4th refinement level from Table 5.4 is used, which comprises
159,982 cells. This refinement level provides converged values for the mean drag coeffi-
cient, maximum lift coefficient, and the Strouhal number. The simulation is performed
with five different levels of parallelization, specifically using 1, 8, 16, 32 and 64 cores.



8

120 8. Performance evaluation

Figure 8.1: The geometry and boundary conditions for the pure Eulerian simulation of flow around a cylinder
at Re = 550.

The scotch decomposition technique [103] is employed to evaluate the speedup achieved
through multi-core processing and to determine the maximum possible efficiency gain.
Moreover, in all cases, the CPUs are selected from the same node within the cluster to
eliminate any inter-node communication latencies. This ensures that the simulation
benefits from faster intra-node memory access and avoids potential delays associated
with network communication between different nodes.

Figure 8.2 illustrates the computational time for the simulation across the five levels
of parallelization (varying core counts). The left subfigure shows the computational cost
per time-step, while the right subfigure depicts the total simulation time for each case.
Speedup achieved for each core configuration is annotated in black on the right subfig-
ure. Additionally, the computational time for four periods within the periodic phase of
the flow is indicated by the hatched region in the left plot and highlighted with a boxed
hatch pattern in the right plot, with the corresponding speedup for this time period an-
notated in white.

The maximum speedup is observed with 32 cores, achieving a total speedup of ap-
proximately ×15 for the entire simulation and ×11.5 for the last four periods. The cor-
responding simulation times for the full run and the four-period segment with 32 cores
are 1,730 s and 394 s, respectively. With 64 cores, the speedup is lower, likely due to com-
munication overhead or uneven distribution of tasks, such as the boundary layer, across
the cores.

8.4. VPMFoam case
For the hybrid case, the computational domain was introduced previously in Chapter 5,
and is presented again here in Figure 8.3. This domain corresponds to the inner mesh
of the Eulerian grid used earlier and consists of 20,592 cells. The particle spacing is set
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Figure 8.2: Computational time for the Eulerian simulation with 1, 8, 16, 32 and 64 cores (for the case of con-
verged aerodynamic forces). The left subfigure shows the computational cost per time-step, while the right
subfigure depicts the total simulation time, with speedup values annotated in black. The computational time
for four periods in the periodic phase is marked by the hatched region in the left plot and a boxed hatch pattern
in the right plot, with the corresponding speedup annotated in white.

to h = 0.035m, which approximately matches the size of the cells near the numerical
boundary. The time-step used in this simulation is the same as in the pure Eulerian
case.

Figure 8.3: The cylinder configuration used for the performance evaluation of VPMFoam.

The speedup for the hybrid case can be achieved through several approaches, in-
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cluding:

• Increasing the number of CPU cores handling particle redistribution and diffu-
sion, which speeds up these processes.

• Increasing the number of CPU cores allocated to the Eulerian part of the hybrid
solver, which would also accelerate the simulation. However, as mentioned earlier,
this feature is not yet implemented, but it could be considered for future develop-
ment.

• Increasing the Lagrangian time–step during the evolution process, which reduces
the computational time. In particular, the Lagrangian time-step can be increased
while keeping the Eulerian time-step the same, allowing for multiple Eulerian sub-
steps within one Lagrangian step, as discussed in Chapter 4. Caution is required
to ensure that the solution’s accuracy is not compromised.

To illustrate the potential for accelerating the hybrid simulation, a series of configu-
rations will be evaluated:

• 1 CPU, 1 GPU, ∆tL =∆tE .

• 8 CPUs, 1 GPU, ∆tL =∆tE .

• 16 CPUs, 1 GPU, ∆tL =∆tE .

• 32 CPUs, 1 GPU, ∆tL = 1∆tE .

• 32 CPUs, 1 GPU, ∆tL = 2∆tE .

• 32 CPUs, 1 GPU, ∆tL = 3∆tE .

Figure 8.4 shows the computational time for each part of the solver (advection, diffu-
sion with redistribution, Eulerian, correct particles, and population and wake control) at
every time-step for the case with 8 CPUs, 1 GPU, and ∆tL =∆tE . Figure 8.5 presents the
total computation time for all cases, highlighting the time spent on each component of
the solver and the speedup achieved for the entire simulation and the last four periods.

It can be observed that the most computationally expensive components are the Eu-
lerian part, advection, and diffusion with redistribution. The advection part, which al-
ways runs on a single GPU, does not show speedup but becomes a significant contribu-
tor to the total computational time as the number of particles increases. Diffusion, while
minimal with a lower number of particles, increases significantly as the number of parti-
cles grows. However, by using more CPU cores, the time required for diffusion decreases.
As noted, diffusion is divided between CPU and GPU, and increasing the number of CPU
cores reduces the CPU portion, while the GPU portion remains consistent beyond 8 CPU
cores.

The Eulerian part is the most computationally expensive in the hybrid simulation.
However, OpenFOAM’s potential for parallel execution in this part has not been utilized
here. Therefore, Figure 8.6 presents an estimate of the theoretical total computational
time if OpenFOAM were parallelized. This is a rough estimation based on theoretical
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speedups from multi-core execution using Message Passing Interface (MPI), but even
with more conservative speedups, the Eulerian part would cease to be the most compu-
tationally expensive component.

It is important to note that the total number of particles in these simulations is ap-
proximately 660,000, which is a large number. No merging techniques were applied,
meaning all particles have the same size, and many are concentrated in the wake region.

Figure 8.4: Computational time for each component of the VPMFoam solver (advection, diffusion with redistri-
bution, Eulerian, correct particles, and population and wake control) at each time-step for the case of 8 CPUs,
1 GPU, and ∆tL =∆tE .

Figure 8.5: Total computational time for all VPMFoam cases, showing the time required for each component
of the solver and the speedup achieved for the entire simulation and the last four periods.
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Figure 8.6: Theoretical total computational time for VPMFoam if OpenFOAMs parallel capabilities for the Eu-
lerian part were fully utilized, based on rough estimations of possible speedups from multi-core runs using
MPI.

In this case, it is ensured that the aerodynamic coefficients have converged, and their
values are presented in Chapter 5. However, as previously mentioned, to fully assess the
accuracy of the code compared to OpenFOAM, an additional factor must be considered:
the preservation of vorticity in the far-field regions.

To address this, the vorticity in the far-field region is illustrated in Figure 8.7. This
figure shows a comparison between the pure Eulerian solver (left) and the hybrid sim-
ulation (right). It can be observed that while the aerodynamic forces have converged to
constant values, the wake vorticity structures in the Eulerian simulation become highly
diffused. Even at x = 30.0m, the structures are significantly diffused, and beyond this
point, they lose their vorticity structure even further.

Figure 8.7: Far-field vorticity comparison between the pure Eulerian solver (left) and VPMFoam (right), in the
case where aerodynamic forces are the only measure of importance for the pure Eulerian simulation.
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8.5. OpenFOAM case: minimal wake diffusion
In order to preserve the vorticity structures in the wake region for the pure Eulerian sim-
ulation, similar to the hybrid case, an additional simulation is conducted. This time, the
wake region is more refined. Specifically, by maintaining the same resolution near the
solid body and increasing the resolution in the wake region, the new mesh comprises
718,818 cells. The far-field vorticity field for this case is shown in Figure 8.8, demon-
strating that the pure Eulerian simulation now approaches the accuracy of the hybrid
solver in preserving vorticity structures. For this case, the simulation time for different
numbers of CPU cores is shown in Figure 8.9.

Figure 8.8: Far-field vorticity comparison between the pure Eulerian solver (left) and VPMFoam (right), for the
case where preserving wake structures is also a focus in the pure Eulerian simulation.

The maximum speedup is observed with 64 cores, likely due to the increased work-
load per core and reduced relative communication overhead. The speedup is approxi-
mately ×54, with the full run taking 3,155 s and the four-period segment taking 722 s.
The speedup shows a converging trend as the number of cores increases from 8 to 64, in-
dicating that the limit is likely reached around this point. Beyond 64 cores, the speedup
would likely decrease, as additional cores would require CPUs from different nodes, in-
troducing inter-node communication overhead.

8.6. Conclusions
Considering the results above, VPMFoam demonstrates great efficiency compared to
OpenFOAM, particularly in cases where eliminating artificial diffusion in the wake is cru-
cial. The hybrid solver can complete the full simulation in 1,911 s using multiple CPU
cores and the same time-steps for both the Eulerian and Lagrangian parts. This time is
further reduced to 1,029 s when the Lagrangian time-step is twice as large as the Eule-
rian, and to 690 s when it is three times larger. This performance is impressive, especially
when compared to the best time achieved by the pure Eulerian simulation, which was
1,730 s with 32 cores for the first case, and 3,155 s for the second, more demanding case.

Additionally, the ease of grid generation in the hybrid solver highlights its efficiency
even further. In Eulerian simulations, creating the computational grid often requires
special meshing techniques, particularly when dealing with complex geometries, whereas
in the hybrid solver, only the region near the solid body needs to be meshed. The rest of
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Figure 8.9: Computational time for the Eulerian simulation using 1, 8, 16, 32, and 64 cores, in the case where
preserving vorticity structures in the wake is important. The left subfigure shows the computational cost per
time-step, while the right subfigure displays the total simulation time, with speedup values annotated in black.
The computational time for four periods in the periodic phase is indicated by the hatched region in the left
plot and highlighted with a boxed hatch pattern in the right plot, with the corresponding speedup annotated
in white.

the computational domain is handled by freely moving particles, simplifying the process
significantly.

This advantage becomes even more pronounced in multibody simulations. In the
hybrid solver, different regions can be meshed separately and solved in parallel on dif-
ferent CPU cores without significantly increasing the computational effort. In contrast,
OpenFOAM requires more demanding meshing, often involving overset mesh techniques
that can substantially increase computational costs. Furthermore, in OpenFOAM, addi-
tional bodies increase the number of cells, which in turn leads to longer computational
times.

For pure Eulerian simulations, increasing the number of CPU cores is necessary to
achieve speedup, especially for very large problems. As the problem size grows, the need
for using multiple nodes becomes inevitable, which introduces inter-node communica-
tion overhead. However, for the hybrid solver, it was demonstrated that even with just
8 CPU cores, efficient performance was achieved, and the simulations were completed
with the use of a single GPU.

This suggests that for larger problems, the number of CPUs may not be a limiting
factor for speedup in the hybrid solver. Instead, adding extra GPUs would significantly
enhance the speedup, making the hybrid approach highly scalable for larger-scale sim-
ulations.
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8.7. Further speed-up recommendations
The VPMFoam solver has already demonstrated great efficiency in terms of both compu-
tational cost and accuracy. However, there is potential to scale up its performance even
further, especially for large-scale simulations. Below are strategies for achieving further
acceleration of the solver:

• Parallel GPUs for convection and diffusion using CuPy: Currently, the advection
and diffusion processes are executed on a single GPU. By distributing these op-
erations across multiple GPUs, the workload can be shared, enabling parallel pro-
cessing of particle interactions and diffusion steps. Leveraging CUDA and CuPy for
GPU-based operations allows for a significant acceleration by dividing the com-
putational load, particularly as the number of particles increases. This approach
would prevent advection and diffusion from becoming bottlenecks, ensuring that
the solver can handle larger simulations more efficiently.

• Different evolution times for particles based on proximity: Not all particles in
the simulation require the same time-step. Particles near the solid body need finer
time-steps to accurately capture complex dynamics, while those further away, par-
ticularly in the wake region, can evolve with larger time-steps. By assigning differ-
ent time-steps based on a particle’s proximity to the body, the overall computa-
tional cost can be significantly reduced, as demonstrated earlier, without compro-
mising the accuracy of the solution. In the current setup, all particles were evolved
using the same time-step, which limited the maximum time-step to three times
the Eulerian time-step. However, by implementing a technique that allows differ-
ent time-steps for different particle regions, the time-step for particles in the wake
could be increased even further, leading to additional reductions in computational
time.

• Reduce particles number: Previously, it was mentioned that the total particle
count at the end of the hybrid simulation was around 660,000, while the number
of cells in the two Eulerian simulations was 159,982 and 718,818. However, un-
like the Eulerian approach, where the cells extend across the entire computational
domain to accommodate far-field boundary conditions, the Lagrangian particles
in the hybrid simulation are free to move and tend to concentrate in regions with
significant vorticity.

Figure 8.10 illustrates the computational elements for both the pure Eulerian and
hybrid simulations.

The Eulerian mesh (shown in black) spans from −40m to 80m in the x direction
and from −40m to 40m in the y direction. In contrast, the vortex particles (shown
in orange) only cover a smaller part of the domain, ranging from 0m to 80m in
the x direction and from approximately −8m to 8m in the y direction, primarily
following the wake pattern. This shows that a higher number of particles is used in
the hybrid simulation compared to the resolution of the pure Eulerian simulations.

This suggests that the particle count in the wake region could be reduced by merg-
ing particles to form larger particles without significantly sacrificing accuracy. Re-
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Figure 8.10: Comparison of the computational mesh in the pure Eulerian simulation (black) and the distribu-
tion of vortex particles in the hybrid simulation (orange). The Eulerian mesh extends across the entire domain,
while the vortex particles are concentrated in a smaller region, primarily within the wake.

ducing the particle count in these areas would lower both memory usage and com-
putational demand, allowing the solver to operate more efficiently while main-
taining accuracy. This would also significantly reduce the computational time re-
quired for the advection and diffusion processes, which are the most time-consuming
parts of the solver, as shown in Figure 8.4, where the computational time increases
as the particle count grows.

Work on particle merging has already been explored in the under-review paper by
J.D. Siemaszko, R. Pasolari, and A. van Zuijlen, Accelerating vortex particle methods
by downsampling the vorticity field representation, though it has not yet been im-
plemented in the VPMFoam. Additionally, Stock et al. [37] proposed an adaptive
VRM method, where particles increase in size while diffusing, allowing for larger
particles in the wake region.

Implementing these strategies would allow VPMFoam to further improve its scalability
and efficiency, particularly for simulations with extensive wake regions and high particle
counts. By reducing the number of particles and optimizing the use of computational
resources, the solver would be better suited for handling more complex and larger-scale
cases.
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9
Static stall of a NACA0012 at low

Reynolds number

In the previous part, the VPMFoam solver was presented and validated with simple cases
and geometries. This chapter begins the second part of the dissertation, focusing on ap-
plied cases of the solver involving more complex geometries and phenomena. Specifi-
cally, this chapter addresses the static stall of a National Advisory Committee for Aero-
nautics (NACA)0012 airfoil at Re = 1000. First, a brief literature review of static stall is pre-
sented, followed by the configuration of the case. The results obtained here are compared
with those from literature, demonstrating the accuracy of the hybrid Eulerian-Lagrangian
solver in replicating known static stall behaviors. This case not only confirms the capabil-
ity of hybrid solvers in accurately modeling challenging flows but also paves the way for
their increased application in the field of external aerodynamics.

Parts of this chapter have been published in: R. Pasolari, C.J. Ferreira, and A. van Zuijlen, Eulerian-Lagrangian
Hybrid Solvers in External Aerodynamics: Modeling and Analysis of Airfoil Stall, Physics of Fluids, vol. 36, no.
7, p. 077135, July 2024, ISSN: 1070-6631. DOI: 10.1063/5.0216634. [104]
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9.1. Introduction
Static stall refers to the phenomenon where an airfoil or wing loses lift when the angle
of attack (aoa) exceeds a certain critical value, known as the stall angle. Static stall also
leads to a significant increase in pressure drag. The primary reason for static stall is the
separation of airflow from the surface of the airfoil. This behavior is critical in the study
of aerodynamics as it affects the performance and stability of aircraft, wind turbines, and
other aerodynamic devices. Unlike dynamic stall, which involves unsteady flow condi-
tions and is characterized by delayed stall onset and hysteresis effects, static stall occurs
under steady-state conditions. Understanding static stall is essential for predicting and
improving the performance of airfoils. At low Reynolds numbers, static stall is particu-
larly important in applications such as Micro Air Vehicles (MAVs) and small unmanned
aerial systems.

The study of static stall has been a focal point in aerodynamic research for decades.
Numerous experimental and numerical investigations have been conducted to under-
stand the stall mechanisms and predict the stall angle accurately. For the NACA0012 air-
foil, Malhotra et al. [105] studied static stall at a Reynolds number of three million using
the k−ω SST turbulence model. Kurtulus [106] focused on investigating the same airfoil
at a lower Reynolds number, specifically Re = 1000, which has extensive applications
in MAVs. Using this case, Di Ilio et al. [107] validated the hybrid LBM they developed,
and Nguyen et al. [108] validated their low-order Brinkman penalized vortex method
and data-driven dynamic decomposition at aoa 20◦, 60◦ and 90◦. Experimental studies
on static stall at low Reynolds numbers are limited in literature. One notable work is by
Molaa et al. [109], but the lowest Reynolds number tested in this study is Re = 8 ·104.

Here, the hybrid solver is tested in the static stall case of the NACA0012 airfoil at Re =
1000. The airfoil is evaluated at various angles of attack, ranging from the symmetrical
configuration of 0◦ aoa up to 30◦ aoa, with an increment of 1◦. The results obtained here
will be compared with the corresponding numerical results from Kurtulus [106], Di Ilio
et al. [107], and Liu et al. [110].

9.2. Case configuration and convergence tests
To ensure the accuracy of the simulation, conducting a convergence test is crucial. This
involves identifying the optimal mesh resolution, time-step, and particles’ resolution (in
terms of the particles’ spacing h). The convergence test focuses on the airfoil at a 4◦
angle of attack. The selected mesh is C-shaped, entirely composed of hexahedra, and
was generated using Gmsh [86]. Visual representations of the mesh, including detailed
views of the leading edge, trailing edge, and top surface, are presented in Figure 9.1.
Additionally, a summary of all simulation parameters employed in this study is provided
in Table 9.1.

For the spatial convergence, the mesh resolution and the particle spacing change
simultaneously, while the time-step is chosen to be small enough that even for the most
refined mesh, the Courant number remains under 1.0. The cell size and the particle size
are refined by a factor of r =p

2. However, since an exponential expansion is used in the
normal direction of the airfoil, the total number of cells does not increase by a factor of
2 (as expected). The findings of the spatial convergence study are detailed in Table 9.2,
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where h, Cl , Cd , and p represent the particle spacing, the instantaneous lift and drag
coefficient, and the convergence order, respectively. The highlighted row indicates the
case chosen, which appears to be converged.

Figure 9.1: The mesh of the NACA0012 airfoil created in Gmsh [86]. Snippets of the leading edge, the trailing
edge, and the top surface of the airfoil are also present.

Table 9.1: The simulation parameters used for the case of the flow around a NACA0012 at Re = 1000 and angle
of attack ranging from 0◦ to 30◦, using VPMFoam.

Parameter Symbol Value Dimension

Reynolds number Re 103 −
Freestream velocity Ui n f 1.0 m/s
Chord length C 1.0 m
Simulation time tsi m 100 s
Interpolation domain offset dBdr y 0.1 m

The relative error is computed as
C lnew −C lold

C lnew
·100%. It can be seen in Table 9.2 that the

aerodynamic coefficients converge to a solution, allowing Cl and Cd to be determined
as Cl = 0.1920 and Cd = 0.1244. Therefore, it can be concluded that the fourth level of
refinement is sufficient for running the rest of the simulations (the changes in both the
lift and drag coefficients are ≤ 1%.). For an additional check, the order of convergence p
can be calculated, using the formula in Equation 9.1, where fleveli is the solution at the
current refinement level and r is the refinement factor.

p = ln
fleveli−1 − fleveli−2

fleveli − fleveli−1

/ln(r ) (9.1)
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Table 9.2: Mesh and particles’ spacing convergence study for the case of the flow around a NACA0012 at Re =
1000 and 4◦ aoa, using VPMFoam.

Case Cells Time-step(s) h(m) Cl(∆∆∆Cl) Cd(∆∆∆Cd) p

Coarse 3864 7.5 ·10−4 0.0424 0.1641 0.1239 −
Refined (level 1) 6766 7.5 ·10−4 0.0300 0.1819 (9.8%) 0.1244 (0.4%) −
Refined (level 2) 11844 7.5 ·10−4 0.0212 0.1867 (2.6%) 0.1244 (0.0%) 3.8
Refined (level 3) 20956 7.5 ·10−4 0.0150 0.1900 (1.7%) 0.1244 (0.0%) 1.2
Refined (level 4) 36544 7.5 ·10−4 0.0106 0.1920 (1.0%) 0.1244 (0.0%) 1.3

From the value of p in Table 9.2, it can be seen that the first set of solutions is outside
the asymptotic range, while the next two sets are within the asymptotic range, with the
order of convergence between 1.2 and 1.3. Although the discretization schemes used
here are second-order, this order of convergence is not achieved due to several factors,
such as the dependence of particle resolution on the mesh, grid quality, etc.

Now, having identified the mesh for which the solution can be considered indepen-
dent, a time-step convergence study can be conducted. As before, a second-order tem-
poral discretization scheme is used. The convergence study results are presented in Ta-
ble 9.3.

Table 9.3: Time-step convergence study for the case of the flow around a NACA0012 at Re = 1000 and 4◦ aoa.

Temporal case Spatial case Time-step(s) Cl(∆∆∆Cl) Cd(∆∆∆Cd)

Coarse Refined (level 4) 1.50 ·10−3 0.1956 0.1244
Refined (level 1) Refined (level 4) 1.06 ·10−3 0.1935 (-1.1%) 0.1244 (0.0%)
Refined (level 2) Refined (level 4) 7.50 ·10−4 0.1920 (-0.8%) 0.1244 (0.0%)
Refined (level 3) Refined (level 4) 5.30 ·10−4 0.1916 (-0.2%) 0.1244 (0.0%)

The solution appears to converge more quickly for the time-step convergence study.
From the results in Table 9.3, it can be observed that the second level of time-step refine-
ment (∆t = 7.5 ·10−4 s) results in changes of less than 1% for both aerodynamic coeffi-
cients. Hence, the highlighted row indicates the case chosen as converged.

9.3. Results
First, the flow fields are explored. Figure 9.2 showcases the vorticity field and the veloc-
ity magnitude field across various aoa. At aoa of 8◦ or lower, the wake remains steady
without any flow instabilities. This observation aligns with the prediction by Di Ilio et al.
[107], who suggested that instability begins at an aoa of 8◦. The present findings indi-
cate that instability onset occurs between 8◦ and 9◦. Specifically, at 8◦ (Figure 9.2c), the
flow is stable, but at 9◦ (Figure 9.2d), instability is already evident. Beyond these angles,
the wake becomes unsteady, exhibiting a Von Kármán vortex street. This phenomenon
also reflects on the aerodynamic forces, leading to oscillations as depicted in Figure 9.3
where the lift and drag coefficients are plotted for seven different aoa. At higher aoa,
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such as 25◦ and 28◦, the wake no longer exhibits its sinusoidal periodicity and transi-
tions into a more complex form, as shown in both the contour plots (Figure 9.2) and the
aerodynamic coefficients (Figure 9.3). Flow separation, which initiates at lower aoa (for
instance, 4◦) near the trailing edge, gradually progresses towards the leading edge as the
aoa increases.

(a) aoa=2

(b) aoa=4

(c) aoa=8

(d) aoa=9

Figure 9.2: Cont.
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(e) aoa=14

(f) aoa=25

(g) aoa=28

Figure 9.2: Flow field of NACA0012 airfoil at Re = 1000 for varying angles of attack, using VPMFoam. The
left panels illustrate the vorticity field while the right panels display velocity magnitude contours. The shape
formed by the black dashed line [ ] defines the Eulerian mesh region.

In order to assess the aerodynamic performance of the hybrid solver and its capabil-
ity to predict the static stall of the airfoil, the lift coefficient is plotted over the angle of
attack. The plot can be seen in Figure 9.4. It must be mentioned here that a mean value is
calculated for the cases where the wake is unsteady, excluding the first 10 seconds of the
simulation where the transient phenomena dominate. The results are compared with
those from three bibliographical references [106, 107, 110]. It is observed that VPMFoam
shows great agreement with the references. Specifically, up to 12◦ aoa, all the solvers
predict the lift coefficient similarly. However, there are slight deviations within the ac-
ceptable range after this point. It can be seen that up to 22◦ aoa, VPMFoam has a better
agreement with the results from Di Ilio et al. [107], while for the rest, the agreement is
closer to the results of Kurtulus [106]. The present solver, as well as the results from Kur-
tulus [106] and Di Ilio et al. [107], predict that the static stall occurs between 25◦− 26◦
aoa, while Liu et al. [110] predict a much higher lift coefficient for 27◦ aoa, and then the
airfoil stalls. The results from Di Ilio et al. [107] differ from the other two references at
29◦, while the present solver agrees with them. Finally, the result for 30◦ aoa has been
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Figure 9.3: Aerodynamic coefficients of NACA0012 airfoil at Re = 1000 for varying angles of attack, using VPM-
Foam. The left plot illustrates the lift coefficient over the aoa, while the right plot displays the drag coefficient
over the aoa.

included for VPMFoam. It can be mentioned here that slight differences in the aerody-
namic coefficient in the high aoa regime may be present due to the high unsteadiness of
the solution.

Figure 9.4: Lift coefficient as a function of the aoa. The present results are compared with the corresponding
results from Kurtulus [106], Di Ilio et al. [107] and Liu et al. [110].

Figure 9.5 shows the ratio between the lift and drag coefficient for the different aoa.
Again, there is a very nice agreement between VPMFoam and the references [106, 107].
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The present solver is in slightly better agreement with the results from Di Ilio et al. [107],
especially for the aoa between 5◦−12◦, where the results from Kurtulus [106] differ slightly,
within acceptable limits again. All the solvers predict similarly that the highest Cl /Cd oc-
curs for aoa around 10◦ to 12◦.

Figure 9.5: Ratio of the lift and drag coefficients as a function of the aoa. The present results are compared with
the corresponding results from Kurtulus [106] and Di Ilio et al. [107].

9.4. Conclusions
The results confirm that VPMFoam accurately captures the static stall of the NACA0012
airfoil at low Reynolds numbers. The solver successfully models both steady and un-
steady flow behaviors, including vortex shedding and stall onset. The close agreement
with established results from the literature demonstrates the robustness of the hybrid
Eulerian-Lagrangian approach for simulating complex aerodynamic phenomena in ex-
ternal aerodynamics.





10
Dynamic stall of a NACA0012 at

low Reynolds number

The previous chapter dealt with the static stall of a NACA0012 airfoil at Re = 1000. In this
chapter, another very interesting phenomenon is investigated: dynamic stall. For this case,
the same airfoil and Reynolds number are used. First, a brief literature review is presented,
followed by the case configuration and the simulation parameters. Then, the results ob-
tained from the simulation are presented and compared with reference data from pure
OpenFOAM simulations.

Parts of this chapter have been published in: R. Pasolari, C.J. Ferreira, and A. van Zuijlen, Eulerian-Lagrangian
Hybrid Solvers in External Aerodynamics: Modeling and Analysis of Airfoil Stall, Physics of Fluids, vol. 36, no.
7, p. 077135, July 2024, ISSN: 1070-6631. DOI: 10.1063/5.0216634. [104]
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10.1. Introduction
A critical phenomenon observed in airfoils is the dynamic stall. Unlike static stall, which
is observed in fixed angles of attack (aoa), dynamic stall involves the rapid variation of
the angle of attack, introducing additional complexities into the airflow behavior around
airfoils. The dynamic stall is characterized by delayed stall onset, a temporary lift over-
shoot, and complex vortex-shedding patterns that significantly influence the lift and
drag experienced by the airfoil. This phenomenon is particularly relevant in wind tur-
bines, both Horizontal Axis Wind Turbines (HAWTs) [111] and Vertical Axis Wind Tur-
bines (VAWTs) [112], helicopters [113], highly maneuverable fighters [114] and MAVs.
Wang et al. [115] investigated computationally the dynamic stall of the NACA0012 airfoil
at Re = 105 and compared the CFD results with experimental. They used two different
sets of oscillating patterns. Akbari et al. [116] used a vortex method to investigate the
dynamic stall for the NACA0012 airfoil at Re = 104 and different oscillation patterns.

After the static stall case presented in the previous chapter, the solver is applied to
investigate the dynamic stall of the NACA0012 at Re = 1000, a Reynolds number signifi-
cant for many applications, such as the MAVs, and which has not been investigated thor-
oughly in the bibliography. Existing studies primarily focus on higher Reynolds numbers
[115, 116], or do not address dynamic stall directly. For example, Kurtulus [117] explored
small amplitude oscillations of 1◦ pitch at frequencies of 1H z and 4H z, comparing these
to a non-oscillatory case. To support the hybrid simulations, pure OpenFOAM simula-
tions are also conducted to ensure result validation.

10.2. Case configuration and simulation parameters
The airfoil is set to oscillate around its aerodynamic center, located a quarter chord
(0.25C ) from the leading edge. This oscillation is characterized by a mean angle of attack

(α0), an oscillation amplitude (αamp ), and a reduced frequency (k = fang

2
C

Uinf
), where C

is the chord length, Uinf is the freestream velocity, and fang is the angular frequency of
the oscillation. The angle of attack varies over time as follows:

aoa =α0 −αamp · sin( fang t ) (10.1)

Figure 10.1: The NACA0012 airfoil oscillates from the initial aoa a0, with an angular frequency fang and am-
plitude aamp .

In this analysis, the initial angle of attack is specified as α0 = 15◦, with an amplitude
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also set at 15◦ (αamp = 15◦). The investigation will incorporate four distinct reduced
frequencies: k = 0.1,0.2,0.4,0.6.

Experimental data are not present in the bibliography for this Reynolds number, so
the results will be compared to those of a pure Eulerian simulation in OpenFOAM. The
computational domain used in the pure OpenFOAM simulations is illustrated in Fig-
ure 10.2. The oscillatory rotating motion of the airfoil is modeled using the cyclic AMI
feature of OpenFOAM [88], which is widely used in many applications for airfoil sim-
ulations, like the work of Pan et al. [118]. A mesh and time-step convergence test has
also been employed for the OpenFOAM case to have a fair comparison of the converged
OpenFOAM and hybrid solver solutions. The OpenFOAM results refer to the converged
cases for all the cases presented in this section.

Figure 10.2: The computational domain for the pure OpenFOAM simulation of the dynamic stall of a
NACA0012 airfoil.

Dynamic stall is a highly complex phenomenon affected by various parameters, one
of which is the mesh. To ensure consistency between the OpenFOAM solution and the
solution obtained from the hybrid solver, a different mesh is employed than that used in
the static case (see Chapter 9). Specifically, the inner mesh of the full OpenFOAM solu-
tion is utilized, which, in OpenFOAM, is the region that rotates, as the complete mesh
for the hybrid solution. This mesh is depicted in Figure 10.3. It is a circular mesh with
a radius twice the chord length, created using the snappyHexMesh tool of OpenFOAM.
The mesh features four levels of refinement as it approaches the surface.

10.3. Results
10.3.1. Flow fields
Figure 10.4 illustrates the vorticity fields for different pitching reduced frequencies and
angles of attack. On the left, the results obtained from pure OpenFOAM simulations
are depicted for arbitrary phases of the motion, while the corresponding results from
the hybrid solver are illustrated on the right panel of Figure 10.4. Across all scenarios,
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Figure 10.3: The inner mesh of the full OpenFOAM simulation, which is here utilized as the entire mesh for the
hybrid simulation.

similar wake structures are observed from both solvers. The only noticeable difference
is that in the OpenFOAM case, the wake vortices are somewhat more diffused than those
in the hybrid solver. This was expected, as the vortex particles in the hybrid solver ensure
very minimal numerical diffusion is added to the flow. The artificial diffusion into the
wake is more obvious in the wake structures depicted in Figure 10.5. This is the wake
for the case of k = 0.6 and aoa = 19.5◦, with the airfoil ascending. In this contour, the
absolute vorticity is illustrated. It can be seen that the wake vortices in the OpenFOAM
case (left) are more diffused than the corresponding vortices in the hybrid solver (right).
Even with three levels of refinement in the wake for the OpenFOAM case, and despite
the aerodynamic coefficients being converged, the artificial diffusion has an impact on
the wake structures.

(a) k = 0.1, aoa = 23◦ ↑

Figure 10.4: Cont.
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(b) k = 0.2, aoa = 1.3◦ ↓

(c) k = 0.4, aoa = 4◦ ↑

(d) k = 0.6, aoa = 19.5◦ ↑

Figure 10.4: Vorticity fields for the dynamic case of the NACA0012 airfoil at Re = 1000. The contours repre-
sent different pitching reduced frequencies and time instances. On the left panel, the OpenFOAM results are
depicted, while on the right panel, the results from the hybrid solver are illustrated. The circle formed by the
black dashed line [ ] defines the Eulerian mesh region in the hybrid case.

10.3.2. Hysteresis loops
Figure 10.6 depicts the hysteresis loops for the four different reduced frequency cases.
The initial observation here is that, as expected, the pitching airfoil can reach higher
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Figure 10.5: The wake for the case of k = 0.6, aoa = 19.5◦, with the airfoil ascending. On the left is the result
from OpenFOAM, while on the right is the result from the hybrid solver. The absolute vorticity is plotted.

angles of attack before stalling compared to the static airfoil. This is particularly evident
in the cases of k = 0.4 and k = 0.6, where the airfoil reaches 29◦− 30◦ without stalling,
while in the static case, stalling occurs between 25◦ and 26◦. As the frequency increases,
the airfoil does not have sufficient time to stall, allowing the lift coefficient to increase
beyond the static stall point. In lower reduced frequencies, like the case of k = 0.1, a
more complex situation arises, as depicted in Figure 10.6a, where the airfoil has enough
time to adapt to its state.

Now, when comparing the hysteresis loops obtained from the pure OpenFOAM sim-
ulations with those from the hybrid solver, no differences are observed. The hysteresis
loops for all the reduced frequencies match exactly, demonstrating that VPMFoam can
accurately reproduce the results that OpenFOAM produces. Some spikes present in the
hysteresis loops of the hybrid solver results are due to the phenomenon that appeared in
dynamic mesh simulations (this was studied in Chapter 6 and in the publication [87]).
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(a) k = 0.1 (b) k = 0.2

(c) k = 0.4 (d) k = 0.6

Figure 10.6: Hysteresis loops for the dynamic stall case of a NACA0012 airfoil at Re = 1000, and reduced fre-
quencies k = 0.1,0.2,0.4,0.6.

10.4. Conclusions
The results show that VPMFoam successfully simulates the dynamic stall of the NACA0012
airfoil at Re = 1000, matching the accuracy of OpenFOAM. The hybrid solver provides
similar wake structures and hysteresis loops, with the key advantage of reduced artificial
diffusion in the wake due to its Lagrangian method. This demonstrates that VPMFoam
is a reliable and accurate alternative for simulating complex unsteady flows, especially
when wake fidelity is crucial.
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Hybrid Darrieus-Savonius

turbine using actuator models

The previous two chapters discussed the stall (static and dynamic) of an airfoil. In this
chapter, a two-dimensional hybrid Darrieus-Savonius VAWT is explored, using actuator
models. The chapter begins with a brief introduction to Darrieus and Savonius wind tur-
bines, followed by their combination into the hybrid Darrieus-Savonius VAWT. The chap-
ter then proceeds to the modeling method used here. Two different configurations of the
hybrid solver are presented, illustrating the range of variable choices available in the hy-
brid context, depending on the desired level of fidelity. The results from the simulations
are compared with corresponding results obtained from OpenFOAM.

Parts of this chapter are based on the dissertation: J. Pan, Towards hybrid modeling of hybrid VAWT, Delft
University of Technology, 2024. [Online]. Available: https://repository.tudelft.nl/record/uuid:
30929ef5-705d-4fc6-9251-8d159e6b1139. Accessed: 2024-09-10. [119]
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11.1. Introduction
Wind energy, as a field of external aerodynamics, is well-suited for hybrid Eulerian-
Lagrangian solvers due to the strong body-vortex interactions involved. Accurate model-
ing of wakes is crucial, particularly in configurations with multiple wind turbines, where
wake interactions play a significant role. This field continues to attract research atten-
tion, with new designs and configurations constantly emerging. However, achieving
high-fidelity results remains computationally demanding, especially when simulating
entire wind farms, which can pose challenges in practical applications.

One of the main classifications of wind turbines is based on the axis of rotation. Wind
turbines can be categorized into two types: horizontal axis (HAWT) and vertical axis
(VAWT) turbines. In HAWTs, the rotational axis is parallel to the ground and aligned
with the wind direction, whereas in VAWTs, the rotational axis is perpendicular to both
the ground and the wind direction. Today, most commercial developments focus on
HAWTs due to their higher performance. However, over the past two decades, VAWTs
have garnered increasing attention for several reasons: they perform better in low or un-
steady wind conditions, produce much less noise, do not require a starting mechanism
(except for the Darrieus type), and have lower cut-in speeds [120]. These advantages
make VAWTs particularly appealing in urban areas where wind conditions are more tur-
bulent, and factors like noise and size are critical. Nevertheless, a detailed analysis of
VAWTs is beyond the scope of this dissertation, as this case is used primarily as a valida-
tion example for the hybrid solver, demonstrating its potential in the wind energy sector.
For further information on VAWTs, the reader can refer to the review by Kumar et al.
[120].

Wind turbines, including VAWTs, can also be classified into drag-based and lift-based
turbines. Savonius turbines [121] represent the drag-based category, while Darrieus tur-
bines [122] represent the lift-based category. Savonius turbines operate at low cut-in
speeds, with their simplest form being two half-cylinders facing in opposite directions,
forming an S-shape. However, their main drawback is their relatively poor aerodynamic
performance compared to other turbines [120]. On the other hand, Darrieus turbines,
which have better aerodynamic performance, are lift-based turbines with airfoils that
move in a circular path.

In an effort to combine the advantages of both types of VAWTs, researchers have de-
veloped hybrid Darrieus-Savonius turbines. An example of such a hybrid turbine is the
PowerNEST [123], shown in Figure 11.1. In hybrid turbines, the two types are often con-
nected to the same shaft to increase the power coefficient, while also incorporating the
benefits of Savonius turbines, such as low cut-in speeds and self-starting capabilities. As
mentioned earlier, the focus of this chapter is not on the technology of hybrid turbines,
but rather on comparing the results with those obtained from pure Eulerian solvers. For
more detailed information on hybrid turbines, the reader can refer to the review by Ku-
mar et al. [120] and the doctoral thesis by Pan [119].

In her doctoral thesis, Pan [119] focused on modeling a hybrid Darrieus-Savonius
wind turbine using various computational tools. The main objective of this chapter is
to compare the results presented in her thesis using OpenFOAM with the corresponding
results produced by VPMFoam.
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Figure 11.1: A hybrid Darrieus-Savonius wind turbine called PowerNEST [123].

11.2. Cases configuration and modeling
The two combined turbines are modeled here through their force fields. Specifically,
an Actuator Disk (AD) model is used to represent the Savonius wind turbine, while an
Actuator Cylinder (AC) model is used for the Darrieus wind turbine. Pan [119] explored
the idealized hybrid VAWT with thrust coefficients cT,AD = 0.1 for the actuator disk and
cT,AC = 0.7 for the actuator cylinder. The thrust coefficient cT is theoretically related to
the power coefficient cP as follows:

cP = cT

(
0.5+0.5

√
1− cT

)
(11.1)

The power coefficient cP is related to the turbine’s torque M , rotational speed Ω, air den-
sity ρ, inflow velocity Ui n f , and the turbine’s swept area A, through the following expres-
sion:

cP = ΩM

0.5ρU 3
i n f A

(11.2)

Two different configurations of the hybrid solver are explored here. The first configura-
tion includes both turbines in the Eulerian domain and models them with actuators, as
described earlier. The second configuration includes only the Savonius turbine in the
Eulerian domain, while the Darrieus turbine is modeled as point vortices shed from its
airfoils. This approach can be further refined by using the actual geometries of the tur-
bines. For instance, the Savonius turbine could be modeled as a separate domain based
on its geometry or as an actuator disk. Similarly, the Darrieus turbine could be repre-
sented by two independent Eulerian domains, each corresponding to one of its airfoils,
or alternatively as point vortices or an actuator cylinder. Of course, various combina-
tions of these models could be employed depending on the specific objectives of the
simulation. However, in this chapter, the focus is only on the two configurations men-
tioned above. The following paragraphs briefly present these two cases, along with the
pure Eulerian configuration analyzed by Pan [119].
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AD and AC in OpenFOAM
In the pure OpenFOAM case, both the actuator disk and the actuator cylinder are in-
cluded within the Eulerian domain, as shown in Figure 11.2. The computational domain
extends 30RAC in the y direction and 50RAC in the x direction, where RAC is the radius of
the actuator cylinder. As depicted in Figure 11.2, the actuator disk generates a uniform
force field in the x direction.

Figure 11.2: The configuration of the AD and the AC in the pure OpenFOAM case. Note: Scale is illustrative
only, not representative of actual proportions.

Given the value of cT,AD , the total thrust of the actuator disk TAD is calculated as:

TAD = 0.5cTADρU 2
i n f A AD (11.3)

Thus, the force applied to each cell of the actuator disk can be computed as:

TADcel l = TAD
VADcel l

VAD
(11.4)

where V denotes volume, with VAD being the total volume of the actuator disk and
VAD,cel l the volume of each cell in the actuator disk.

For the actuator cylinder, the force field is more complex as it has two components.
Assuming a uniform force field normal to the cylinder (denoted as Qn in Figure 11.2), the
total thrust in the x direction is calculated as:

TAC = 0.5cT,ACρU 2
i n f A AC (11.5)

The total volumetric force can then be computed from the thrust force using the formula:

Qn,V = TAC∑nAC ,cel l

i=0 sin

(
arctan

|x −x0,c |
|y − y0,c |

)
Vi

(11.6)
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Figure 11.3: Decomposition of the normal force of a cell in the actuator cylinder into the thrust force TAC ,cel l
and the y-direction component L AC ,cel l .

where x and y are the coordinates of the point on the actuator cylinder, and x0,c and y0,c

represent the center of the actuator cylinder, as shown in Figure 11.3.
Qn,V is the value of the volumetric force vector Qn,V, which points in the normal di-
rection of the cylinder. For each cell in the actuator cylinder, a direction vector is con-
structed as follows:

dcell =


sin

(
arctan

|x −x0,c |
|y − y0,c |

)
cos

(
arctan

|x −x0,c |
|y − y0,c |

)
 (11.7)

To ensure the correct y direction (pointing in the negative direction for cells in the first
and third quadrants), the direction vector for these cells is adjusted as follows:

dcell =




sin

(
arctan

|x −x0,c |
|y − y0,c |

)
−cos

(
arctan

|x −x0,c |
|y − y0,c |

)
 , if

x −x0,c

y − y0,c
< 0


sin

(
arctan

|x −x0,c |
|y − y0,c |

)
cos

(
arctan

|x −x0,c |
|y − y0,c |

)
 , otherwise

(11.8)

Finally, the force applied to each cell in the two directions, with TACcel l representing the
thrust in the x direction and L ACcel l the component in the y direction, is calculated as:TACcel l

L ACcel l

=Qn,V Vcel l dcell (11.9)
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AD and AC in VPMFoam
In the second case, the VPMFoam is used instead of pure OpenFOAM. Both actuators
are once again placed inside the Eulerian domain, which is a circular domain with a
diameter of 3.8RAC , as shown in Figure 11.4. All aspects of the two actuators are identical
to the OpenFOAM case presented above.

Figure 11.4: The configuration of the AD and the AC in the VPMFoam case.

AD and point vortices in VPMFoam
In the third and final case, the configuration is slightly different. The VPMFoam is again
used, but this time only the Savonius turbine is modeled as an actuator. As shown in Fig-
ure 11.5, the Eulerian domain is a square with the actuator disk inside, and its dimension
is reduced to 1.6RAC .

The Darrieus turbine is not modeled as an actuator cylinder; instead, point vortices
are introduced at the top and bottom of the Eulerian domain, at the locations where
vorticity is shed from the turbine. In this idealized case, without considering diffusion or
vortex stretching, vorticity can only be introduced by a change in external body forces f :

Dωωω

Dt
=∇× f (11.10)

which, for a 2D case, leads to:

Dωωω

Dt
=



0

0

∂ fy

∂x
− ∂ fx

∂y

 (11.11)

Hence, for the actuator cylinder, the only locations where shed vorticity is created are
the points where vortices are introduced into the flow. The amount of circulation Γ gen-
erated at each time-step of the simulation is calculated using the thrust coefficient cT,AC
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Figure 11.5: The configuration of the AD and the point vortices in the VPMFoam case.

(as previously applied to the actuator cylinder), the freestream velocity Ui n f , and the
time-step size ∆t , according to the following formula [124]:

Γ= 0.5cT,ACU 2
i n f ∆t (11.12)

11.3. Results
First, the results of the three cases are compared in terms of the produced velocity and
vorticity fields. Figure 11.6 shows the vorticity field on the left and the normalized ve-
locity magnitude field (normalized with Ui n f ) on the right for the three different cases.
Comparing the contours, it can be observed that the velocity fields show good agreement
across the cases. However, some differences are evident in the vorticity field. Specifically,
in the pure Eulerian solver, the effect of artificial diffusion is noticeable, with the shed
vorticity being diffused rapidly behind the actuators.

In contrast, the vorticity field in the two hybrid solver cases appears to be more con-
served. The locations where vorticity is shed seem to match across all cases. One in-
teresting observation in the hybrid cases, particularly in the case where point vortices
are used, is that layers of opposite vorticity are formed in the wake of the Darrieus tur-
bine. This occurs on both sides of the turbine. The cause of this phenomenon is the
redistribution method employed in the solver. The redistribution kernel, presented in
Figure 2.5, can assign negative values to neighboring particles during the redistribution
process to conserve circulation. These negative values, combined with the high advec-
tion in this case, result in particles of opposite circulation not having sufficient time to
diffuse, causing layers of negative and positive vorticity to form. Despite this, the effect
does not seem to significantly impact the results.



11.3. Results

11

157

(a) AD and AC in OpenFOAM.

(b) AD and AC in VPMFoam.

(c) AD and point vortices in VPMFoam.

Figure 11.6: Flow fields of the hybrid Darrieus-Savonius turbines using three different modeling methods. The
left panels illustrate the vorticity fields while the right panels display normalized velocity magnitude contours.

Another important result to discuss is the velocity profile. Figure 11.7 shows the
streamwise velocity profile (in the x direction) at y = 0 for the three different cases. The
plot also includes two theoretical values for comparison.

To calculate the theoretical values of the velocity deficit at the rotor and in the wake,
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Figure 11.7: Streamwise velocity profile at y = 0 for the three different models, along with theoretical values at
the center of the rotor and in the wake.

the induction factor α is used. The induction factor is given by:

α= 0.5−0.5
√

1− cT (11.13)

Using this, the theoretical values for the streamwise velocity at the center of the rotor
and in the wake are:

Ur otor =Ui n f (1−α) , Uw ake =Ui n f (1−2α) (11.14)

In Figure 11.7, it can be observed that all the solvers predict the velocity at the center of
the rotor quite well. For the wake region, the results from all three models are close. How-
ever, OpenFOAM predicts a slightly lower velocity due to numerical diffusion, whereas
the VPMFoam results for both cases align closely with the theoretical values.

11.4. Conclusions
The results presented in this chapter demonstrate the accuracy of VPMFoam when ap-
plied to the simulation of hybrid Darrieus-Savonius 2D VAWTs using actuator models.
Across all cases, VPMFoam produced results consistent with those obtained from Open-
FOAM, particularly in terms of velocity profiles and wake structures. Moreover, the re-
sults highlight the versatility of VPMFoam, which enables the use of various modeling
approaches, such as actuator disks, actuator cylinders, and point vortices, offering flex-
ibility depending on the level of fidelity required. This adaptability provides significant
advantages for optimizing simulations based on available computational resources and
accuracy needs.
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Future developments could focus on extending this hybrid framework by incorporat-
ing actual turbine geometries and advancing to 3D simulations, further expanding the
applicability of VPMFoam for more complex and realistic turbine configurations.
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12
Conclusions and reflections

This chapter wraps up the key findings presented throughout the dissertation, reflecting on
the challenges addressed and the performance of the developed solver in terms of accuracy
and efficiency. Additionally, it demonstrates the broader impact of the solver on external
aerodynamics, highlighting its contributions to the field.
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After validating the hybrid solver in numerous scenarios, including static cases, dynamic
cases, and multibody problems, assessing its efficiency, and applying it to more realis-
tic two-dimensional scenarios, it is now time to summarize the key findings from these
efforts. The following bullet points gather the main outcomes of this work and present
personal reflections on the development and application of the solver.

• A significant advantage of the hybrid solver is its versatility and ease of use in mul-
tiple aspects. First, running a case with VPMFoam is much simpler since the user
does not need to spend time constructing complex meshes. A very simple mesh
around the object is sufficient (e.g., cylindrical for a cylinder, C-shaped, cylindri-
cal, or elliptical for an airfoil), without requiring distinct boundary patches; the
entire outer boundary can be treated as a single entity, referred to here as the nu-
merical boundary. The rest of the domain is handled by particles, which are initial-
ized in the Eulerian domain on a structured grid and advected downstream. The
only parameters that need to be specified are the overlap ratio, λ, and the particle
spacing, h. This simplification becomes even more beneficial in multibody cases,
where traditional meshing becomes particularly challenging, a point that will be
further discussed later in this chapter.

Furthermore, the hybrid solver offers a high degree of versatility in managing the
particles. Particles can be removed based on criteria such as their circulation or
location, new particles can be introduced to model vorticity generation, and par-
ticles can even be merged, as demonstrated in the works of Stock et al. [37] and
Rossi [125].

Additionally, the solver is flexible with respect to time-step management. The
Eulerian part of the solver requires smaller time-steps to accurately resolve the
boundary layer and vorticity generation, whereas particles, particularly those far
from boundary layers, can evolve with larger time-steps. In the current version of
the code, the entire Lagrangian solver evolves with a single time-step. However,
this can be modified to allow different sets of particles to evolve at different time-
steps, similar to the approach taken by Billuart et al. [65], where particles had two
distinct redistribution frequencies.

• OpenFOAM, being open-source, provided the ideal framework for the coupling
with the VPM solver due to its flexibility and extensive capabilities. The versatil-
ity offered by OpenFOAM makes it highly suitable for integrating with other soft-
ware and custom-built codes. Various coupling techniques are possible, with one
powerful option being preCICE [56], which allows for efficient, numerically stable
coupling between different solvers by facilitating data exchange between them in
partitioned multi-physics simulations.

Here, the coupling between the VPM and OpenFOAM was achieved by modifying
the pimpleFoam solver into a class-based structure, named EulerianPimpleFoam1.
This approach provided enhanced flexibility by transforming OpenFOAM from an

1The original code was developed by Carlos F. Baptista (personal communication). Significant modifications
have been made to this work.
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application solver into a modular structure, enabling custom workflows and cou-
pling strategies. Interestingly, newer versions of OpenFOAM (v11 and later) have
implemented modular solvers that offer similar flexibility, replacing traditional
solvers like pimpleFoam with structures such as incompressibleFluid. These up-
dates allow for more versatile solver functionality, facilitating multi-physics cou-
pling in a way that mirrors the custom modularity introduced in this work. How-
ever, this flexibility was not available in the earlier versions of OpenFOAM, in-
cluding OpenFOAM v4, which was used by Carlos F. Baptista, and OpenFOAM v9,
which was used here. These versions required the custom development of modu-
larity and solver flexibility seen in this dissertation.

By using a Python wrapper, full control of OpenFOAM was integrated into a Python
interface, allowing flexible management of intermediate steps such as data im-
ports, exports, and synchronization between solvers. This structure greatly en-
hances versatility, particularly in hybrid simulations where complex coupling is
required.

• The solver demonstrated excellent accuracy in simulating various types of flows,
comparable to the precision achieved by pure Eulerian solvers like pimpleFoam
in OpenFOAM. Specifically, the solver was validated against static cases without
solid bodies (such as the Lamb-Oseen vortex and dipole cases), as well as static
cases with solid bodies (flow around a cylinder and flow around an airfoil). It
also handled dynamic cases, including the traveling cylinder, the rotating cylin-
der (Magnus effect), and the pitching airfoil. Additionally, the solver was tested in
cases incorporating actuator models (such as actuator disk and actuator cylinder)
and delivered accuracy comparable with OpenFOAM.

The solver successfully simulated more complex fluid phenomena, such as the
Magnus effect at various rotational speeds, the static stall of an airfoil, and the
dynamic stall of an airfoil. This comprehensive validation process establishes con-
fidence in the hybrid solver’s ability to handle external aerodynamic simulations,
making it a reliable tool for such cases. The only remaining step for completing
the 2D validation of the solver is its application to flows in the turbulent regime.

• VPMFoam demonstrated excellent accuracy in simulating multibody problems.
One key advantage of the solver is its ability to simplify the discretization of the
computational domain. Very simple meshes are created for each object in the
flow, while the rest of the domain is handled by particles that are free to move.
In contrast, for the same problem, a pure Eulerian solver requires much more ef-
fort and time in mesh construction. A simpler approach in Eulerian solvers is to
use overset mesh techniques, but in OpenFOAM, this feature is only available in
the version developed by ESI-OpenCFD [48]. Additionally, when the objects are
in close proximity, the meshing process becomes increasingly complex because
the mesh needs to maintain high resolution around the objects while avoiding
mesh distortion or poor cell quality due to overlapping regions. On the other
hand, the hybrid solver successfully ran simulations even when the subdomains
nearly touched other solid bodies. All cases, even those with very close objects
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and significant domain overlap, produced results that were in very good agree-
ment with corresponding pure Eulerian solvers. The hybrid solver offers an ele-
gant and straightforward method for handling multibody problems, where each
Eulerian subdomain is treated independently and solved, with particles intercon-
necting the different regions.

A potential issue in the hybrid solver arises when simulating multibody interac-
tions in which the mesh of one object intrudes into the solid body of another as
they move very close to each other. When this occurs, the Eulerian solver within
the hybrid framework could incorrectly assign a velocity to the overlapping region,
which is physically unrealistic. A potential solution is to introduce constraints on
certain parts of the mesh that would force the velocity in those regions to be zero.
However, this requires identifying these regions dynamically at each time-step and
applying the appropriate constraints. OpenFOAM offers the capability to imple-
ment such constraints using the fvConstraints feature [126], but this case warrants
further exploration. This kind of case does not pose a problem only for hybrid
solvers; an issue will most probably arise in pure Eulerian solvers as well. When
the objects are in very close proximity and morphing meshes are used, the mesh
can become highly skewed. This leads to significant numerical challenges, such as
cell distortion and instability, which degrade the accuracy of the simulation.

• An important numerical phenomenon was revealed in hybrid solvers using a re-
distribution method when simulating moving bodies. In hybrid solvers that do
not incorporate surface elements to capture wall vorticity in the Lagrangian solver,
such as in the present work and in the work by Billuart et al. [65], a constant shift
in the distribution of particles near the solid boundary occurs as the mesh moves
through space (see Figure 6.11). The Eulerian mesh, along with the solid body,
moves, while the particles are continuously redistributed at specific points on a
fixed Lagrangian grid, altering their distribution. These particles, carrying the
highest vorticity in the flow, significantly impact the boundary conditions. Con-
sequently, high-frequency oscillations arise in the boundary conditions, affecting
the forces acting on the body. While these oscillations do not alter the mean drag
coefficient, they increase the amplitude of force oscillations. However, these oscil-
lations can be mitigated either by increasing the particle resolution or by synchro-
nizing the movement of the particle grid with that of the Eulerian mesh.

• When addressing the efficiency of the code, especially in comparison to Open-
FOAM, an important distinction must be made. The key question is: “Which part
of the domain needs to be resolved with high accuracy?”. This distinction is elab-
orated in Chapter 8, where the performance evaluation of VPMFoam is discussed.
It was shown that if the primary objective is to compute aerodynamic coefficients,
OpenFOAM can generally run quite efficiently. However, the simulation effort can
increase significantly if an accurate representation of the wake is also required, as
the number of cells in the wake region needs to be increased substantially. This
challenge becomes even more pronounced when simulating multibody cases.

In contrast, VPMFoam exhibited excellent performance in cases where wake preser-
vation is critical, due to the advantage of the Lagrangian solver in reducing artifi-
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cial diffusion. Particularly in cases with dense wakes, VPMFoam demonstrated a
potential speedup of approximately five times, using a time-step for the Lagrangian
part that was three times larger than that used for the Eulerian part, and also as-
suming that the Eulerian portion is parallelized across multiple cores.

Here, it is important to mention that for the pure OpenFOAM simulations, the
speedup for the dense wake case was achieved using 64 cores of a single node in
DelftBlue [83], which is the total number of cores available on one node. This in-
dicates that such simulations can only be efficiently run on a cluster. On the other
hand, VPMFoam achieved optimal speedups using just 8 CPU cores and a single
GPU, making it feasible to run on local machines such as laptops or personal com-
puters.

As discussed in Chapter 8, this speedup could be further enhanced. In this work,
an excessive number of particles was used, covering areas where vorticity is present.
While this resulted in a very large number of particles, future improvements aim
to reduce this number, which is addressed in the following chapter.



13
Future recommendations

This chapter outlines future recommendations, focusing on potential changes and im-
provements to the VPMFoam. It discusses areas that warrant further exploration, strate-
gies for increasing code efficiency, possible extensions of the solver, and its potential appli-
cations in broader contexts. These recommendations aim to guide future work in refining
and expanding the solver’s capabilities.
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VPMFoam has demonstrated great accuracy and efficiency in the various test cases through-
out this dissertation, validating its performance in a range of external aerodynamic ap-
plications. However, there is always room for improvement. This chapter presents areas
where enhancements can be made, as well as potential applications and further tests
that could extend the solver’s capabilities. These recommendations are outlined in the
bullet points below:

• Parallelize the Eulerian part. As discussed in Chapter 8, the Eulerian part of VPM-
Foam currently runs on a single CPU core, without utilizing OpenFOAM’s par-
allel capabilities through MPI. Since OpenFOAM operates within the VPMFoam
via a Python environment, MPI should be initialized in a way that aligns with
OpenFOAM’s parallel setup, but through Python. While OpenFOAM already sup-
ports this feature, it needs to be enabled for VPMFoam as well. Implementing this
change would minimize the computational load of the Eulerian part in hybrid sim-
ulations due to the small cell count, which would result in a significant impact on
the efficiency of the solver.

• Incorporate turbulence modeling. OpenFOAM already has robust turbulence
modeling capabilities in its Eulerian framework, which can also be utilized in VPM-
Foam for handling external flows at high Reynolds numbers. However, to accu-
rately simulate these flows, turbulence must also be modeled in the Lagrangian
component of VPMFoam, where particles represent vorticity and flow structures.

Currently, the Lagrangian particles capture and transport vorticity, but they lack
direct turbulence modeling. This presents a limitation in high-Reynolds number
flows, where small eddies and turbulent scales are crucial. By introducing Subgrid-
scale (SGS) models into the particles, turbulence effects can be better captured,
with unresolved eddies modeled similarly to how Large Eddy Simulation (LES)
works in the Eulerian framework. This would improve the accuracy of the simula-
tions, particularly in regions far from solid boundaries where Lagrangian particles
dominate.

• Extend the code in 3D. This dissertation focuses on the 2D version of the solver,
but the overall goal is to extend it into three dimensions. The Eulerian part is al-
ready compatible with 3D, as OpenFOAM is inherently 3D. Current 2D simulations
are achieved by “limiting” the third direction (using 1 cell in the third direction and
empty boundary types and boundary conditions). The primary challenge lies in
extending the Lagrangian part and the coupling between the two solvers.

First, vortex stretching (the additional term in 3D, as shown in Equation 2.4) must
be incorporated into the evolution step of the Lagrangian solver. Furthermore,
functions for calculating induced fields, diffusing, and redistributing, currently
implemented for 2D, need to be extended to 3D. While extending these functions
is expected to be less difficult, some remarks must be made.

As mentioned earlier, the calculation of induced fields can be performed serially
or in parallel on a CPU, and in parallel on a GPU. However, for the induced veloc-
ity (the most computationally demanding part, which must be calculated at each
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iteration), FMM libraries are used in 2D. These libraries, developed by Goude et
al. [15] and Engblom [16], run in parallel on both CPU and GPU. In 3D, due to
the large number of particles and the increased number of calculations, a FMM
becomes even more crucial. A suitable library for this is FMM3D, an adaptive dis-
tributed FMM in 3D, developed by Bull et al. [127] and available as open-source
software online at https://user.it.uu.se/~steng957/freeware.html. This
library is designed for computations involving the scalar potential and thus would
require additional development to extend it for use with the Biot-Savart formula-
tion. Nonetheless, adopting FMM3D would represent a valuable extension of the
existing FMM code to three-dimensional problems.

In terms of coupling the two solvers, after extending the induced velocity calcula-
tion on the Lagrangian side, the boundary conditions calculation will be straight-
forward. The correction step can be achieved by adapting the method proposed
by Billuart et al. [65] and used here, integrating over the faces of a cube instead of
a square.

Finally, the number of particles involved in 3D will increase significantly, so effi-
cient particle control and the use of acceleration techniques (with the potential to
add more) will be essential for maintaining performance.

• Run in multiple GPUs. Currently, the solver runs on a single GPU. The main com-
ponents leveraging GPU acceleration are the calculation of induced fields (using
CUDA) and part of the diffusion process (using CuPy). Expanding these computa-
tions to multiple GPUs in a cluster environment would significantly enhance the
solvers performance, particularly as the number of particles increases substan-
tially. Efficiently distributing these tasks across multiple GPUs would be crucial in
achieving better scalability and reducing computational time in large-scale simu-
lations.

• Transition the solver in C++. Currently, VPMFoam is built in Python. The main
part of the VPM solver is entirely in Python1. Over time, critical components have
been accelerated using languages like C, C++, and CUDA, as explained in Chap-
ter 2. The communication between the Eulerian (OpenFOAM) and Lagrangian
(VPM) components is also managed through Python 1. Furthermore, OpenFOAM’s
pimpleFoam solver has been wrapped in Python and is controlled via Python in-
terfaces. This Python-based class structure enables seamless coupling with the
VPM solver, as outlined in Chapter 12.

However, with the introduction of modular solvers in OpenFOAM v11 and later,
solvers like pimpleFoam have been replaced by more flexible and modular alter-
natives, which inherently facilitate easier coupling between solvers. This presents
an opportunity for further improvement.

A potential future enhancement would be to rewrite the entire hybrid solver, in-
cluding the VPM and the communication framework, in C++, OpenFOAM’s native

1The original code was developed by Palha et al. [31] in the context of pHyFlow solver. Significant modifica-
tions have been made to this work.

https://user.it.uu.se/~steng957/freeware.html


13

173

language. By doing this, the VPM solver could be integrated directly into Open-
FOAM as a library. This approach would eliminate the need for Python in the
workflow and streamline the process for users already familiar with OpenFOAM.
Instead of learning to operate a separate VPMFoam code, users could run the hy-
brid solver just like any standard OpenFOAM case. This integration would not only
improve performance by minimizing the overhead of cross-language communica-
tion but also make the hybrid solver more accessible to a broader range of users
who are proficient with OpenFOAM’s C++ environment.

• Explore coupled Dirichlet/Neumann boundary conditions. To enhance the ac-
curacy of the velocity boundary conditions, it is worth exploring alternatives be-
yond the Dirichlet conditions currently used in the solver. Presently, Dirichlet
boundary conditions for the velocity field across the numerical boundary intro-
duce challenges, as artificial vorticity can reflect off the boundary. This is miti-
gated by eliminating 2− 3 cells during the correction step. The underlying issue
stems from the fact that, when assigning the velocity field based on the particles’
induced velocity, the actual velocity field is a continuous distribution, but a single
value is assigned at the center of each boundary face. Small corrections are then
applied along the boundary to ensure that the continuity equation is satisfied.

To improve boundary conditions, a more nuanced approach could involve using
Dirichlet conditions for the velocity on faces where the flow enters the domain,
and Neumann conditions for the velocity on faces where the flow exits. For the
pressure field, the opposite could be applied: Neumann conditions where the flow
enters, allowing the pressure to be calculated naturally, and Dirichlet conditions
where the flow exits, ensuring the pressure is well-defined at the outlet.

This coupled Dirichlet/Neumann approach would allow for more physical flexi-
bility in the boundary treatment. The velocity would be enforced at the inlet while
giving the solver freedom to compute velocity naturally at the outlet. Similarly, by
specifying pressure at the outlet and leaving it flexible at the inlet, the solver could
maintain the correct balance between velocity and pressure across the boundary.
Implementing this could reduce artificial reflections at the boundary and improve
the overall accuracy of the flow field.

• Optimize particle count by merging and adaptive diffusion techniques. In the
simulations presented above, the reduction in the number of particles has pri-
marily been achieved by removing particles based on low circulation or their loca-
tion, such as particles that have drifted far from the solid object. However, particle
count can also be reduced through particle merging, a technique applied in other
works, such as those by Stock et al. [37] and Rossi [125]. In this approach, parti-
cles that are close to one another can be merged into a larger particle, effectively
reducing computational load without sacrificing accuracy in regions where high
precision is not needed. A code for particle merging was developed and presented
in the under-review paper by J.D. Siemaszko, R. Pasolari, and A. van Zuijlen, Accel-
erating vortex particle methods by downsampling the vorticity field representation,
which involves merging particles or regridding a set of particles into a coarser dis-
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tribution with larger core sizes. However, this merging technique has not yet been
incorporated into the hybrid solver.

Applying this merging technique would be especially beneficial for the hybrid solver,
as particles far from the solid object can be consolidated into larger particles, dra-
matically reducing computational effort, as illustrated in Figure 8.4. This would
be a particularly valuable optimization for regions where vorticity is weaker or less
critical to the accuracy of the solution.

Additionally, another algorithm that fits well with the hybrid solver is the adap-
tive diffusion method proposed by Stock et al. [37], where particle sizes adjust dy-
namically during the diffusion step. This adaptive approach allows particles to
grow larger in regions far from solid objects, further enhancing computational ef-
ficiency.

The main challenges in implementing these improvements in the current version
of the hybrid solver are twofold: first, the FMM code used for accelerating the
solver is currently designed to handle particles with identical core sizes (though
direct GPU-accelerated calculations can accommodate particles of varying core
sizes); second, the diffusion with redistribution step, which currently follows the
method proposed by Tutty [36], also requires particles to be equally spaced.

Possible solutions to these challenges include adapting the FMM code to handle
particles with varying core sizes or switching to direct calculations, and replacing
the current diffusion algorithm with the adaptive approach proposed by Stock et
al. [37], which would allow for more flexible particle distributions during diffusion.

• Expand applications. VPMFoam was validated in this dissertation using simple
test cases and later applied to more complex scenarios, such as the airfoil stall.
Having established the solver’s accuracy and versatility, it can now be applied to
more realistic case studies, such as the hybrid Darrieus-Savonius turbine discussed
in Chapter 11. This time, however, real geometries of the turbines should be used.
A potential configuration would divide the domain into three Eulerian subdomain-
sone for the Savonius turbine and two identical ones for the blades of the Dar-
rieus turbine. Each region would rotate around the central shaft, with the Savo-
nius mesh rotating about its center and the two Darrieus blades undergoing both
rotation and translation. This setup would test the solver in a more realistic and
challenging scenario.

Additionally, while the solver was designed for external aerodynamic cases, it could
potentially be adapted for other applications, such as internal flow simulations.
One real-world example could be the flow in heat exchangers, where cylindrical
objects are placed inside pipes to enhance heat transfer. Similar to the multibody
case presented in Chapter 7, internal objects and flow could be simulated using
separate Eulerian meshes for the walls, where particles would not be inserted. Al-
ternatively, boundary conditions could be applied using an external panel code to
simulate interactions at the walls. This would open up new avenues for using the
solver beyond external aerodynamics.
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A
Mathematics of the Vortex

Particle Method

Velocity-Vorticity Formulation of N-S equations
The velocity-pressure formulation of the incompressible N-S equation with constant vis-
cosity is :

∂u
∂t︸︷︷︸

time derivative

+ (u ·∇)u︸ ︷︷ ︸
non-linear advection

=− ∇
(

p

ρ

)
︸ ︷︷ ︸

pressure gradient

+ ν∇2u︸ ︷︷ ︸
viscous term

+ f︸︷︷︸
body accelarations

(A.1)

where

• u is the velocity field.

• t is the time.

• ∇ is the nabla operator.

• p is the pressure field.

• ρ is the mass density.

• ν is the kinematic viscosity.

• f is the body acceleration acting on the fluid (e.g. gravity).

The vorticity field is defined as the curl of the velocity field :

ωωω=∇×u (A.2)

Taking the curl of the Equation A.1 yields:

177
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∇×
(
∂u
∂t

+ (u ·∇)u
)
=∇×

(
−∇

(
p

ρ

)
+ν∇2u+ f

)
=⇒

=⇒∇× ∂u
∂t

+∇× (u ·∇)u=∇×
(
−∇

(
p

ρ

))
+∇× (ν∇2u)+∇× f

(A.3)

Each term can now be analyzed separately to simplify the expression:

• Time derivative

∇× ∂u
∂t

= ∂ (∇×u)

∂t
= ∂ωωω

∂t

• Non-linear advection

Using the vector identities :

∇× (u ·∇)u= (u ·∇)(∇×u)− (∇×u) ·∇u=
(u ·∇)ωωω−ωωω ·∇u=
(u ·∇)ωωω− (ωωω ·∇)u

• Pressure gradient

The curl of a gradient field is by definition zero, so:

∇×
(
−∇

(
p

ρ

))
= 0

• Viscous term

∇× (ν∇2u) = ν∇2(∇×u) = ν∇2ωωω

• Body accelaration

∇× f

Combining all the terms together back to Equation A.3 and rearranging, the velocity-
vorticity formulation of an incompressible fluid with constant viscosity in 3D yields:

∂ωωω

∂t︸︷︷︸
time derivative

+ (u ·∇)ωωω︸ ︷︷ ︸
advective term

= (ωωω ·∇)u︸ ︷︷ ︸
stretching term

+ ν∇2ωωω︸ ︷︷ ︸
viscous term

+ ∇× f︸ ︷︷ ︸
external forces term

(A.4)

A new term appeared in the equation, which is the stretching term. This term is associ-
ated with the stretching and tilting of the vorticity lines, which is essential in turbulence.
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During this process, the vortices break into smaller scales, leading to the energy cascade
from the larger to the smaller scales.
Equation A.4, in absence of body forces can be written as :

∂ωωω

∂t︸︷︷︸
time derivative

+ (u ·∇)ωωω︸ ︷︷ ︸
advective term

= (ωωω ·∇)u︸ ︷︷ ︸
stretching term

+ ν∇2ωωω︸ ︷︷ ︸
viscous term

(A.5)

In 2D, the stretching term has all its components zero, and the vorticity field has only
one non-zero component, making it a scalar. Therefore, in 2D and without any external
forces, Equation A.5 can be written as:

∂ωωω

∂t
+ (u ·∇)ωωω=����:0

(ωωω ·∇)u+ν∇2ωωω =⇒

=⇒ ∂ω

∂t︸︷︷︸
time derivative

+ (u ·∇)ω︸ ︷︷ ︸
advective term

= ν∇2ω︸ ︷︷ ︸
viscous term

(A.6)

Continuous Biot-Savart law in 2D
In 2D, the vorticity field has only one non-zero component, which is perpendicular to
the 2D plane x y . So, in 2D the vorticity is considered a scalar :

ω=ωz = ∂v

∂x
− ∂u

∂y
(A.7)

In an incompressible 2D flow, the velocity field can be expressed in terms of a stream-
function ψ such that:

u = ∂ψ

∂x
, v =−∂ψ

∂y
(A.8)

Combining Equation A.8 and Equation A.7 yields:

ω=
∂

(
−∂ψ

∂x

)
∂x

−
∂

(
∂ψ

∂y

)
∂y

=⇒

=⇒ ω=−∇2ψ

(A.9)

Equation A.9 is a Poisson equation, and it can be solved using Green’s function approach.
The Green’s function G for the 2D Laplacian is :

∇2G(x,x′) = δ(x−x′) (A.10)

where δ is the Dirac delta function. In two dimensions :

G(x,x′) = 1

2π
ln‖ x−x′‖ (A.11)
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The streamfunction ψ can be written as a convolution of the Green’s function with the
vorticity distribution:

ψ(x) =−
∫
R2

G(x,x′)ω(x′)dx′ =⇒

=⇒ ψ(x) =− 1

2π

∫
R2

ln‖ x−x′‖ ω(x′)dx′
(A.12)

Now, taking into account the Equation A.8, the two components of the velocity can be
written as:

u(x) = ∂ψ(x)

∂y
= ∂

∂y

(
− 1

2π

∫
R2

ln‖ x−x′‖ ω(x′)dx′
)
=⇒

=⇒ u(x) =− 1

2π

∫
R2

ω(x′)
∂

∂y

(
ln‖ x−x′‖ )

dx′ =⇒

=⇒ u(x) =− 1

2π

∫
R2

ω(x′)
y − y ′

‖ x−x′‖ 2 dx′

(A.13)

and

v(x) =−∂ψ(y)

∂x
=− ∂

∂x

(
− 1

2π

∫
R2

ln‖ x−x′‖ ω(x′)dx′
)
=⇒

=⇒ v(x) = 1

2π

∫
R2

ω(x′)
∂

∂x

(
ln‖ x−x′‖ )

dx′ =⇒

=⇒ v(x) = 1

2π

∫
R2

ω(x′)
x −x ′

‖ x−x′‖ 2 dx′

(A.14)

Combining the components, the velocity field u = (u, v) at point x due to a vorticity
distribution ω can be expressed as:

u(x) =− 1

2π

∫
R2

ω(x′)
(x−x′)⊥

‖ x−x′‖ 2 dx′ (A.15)

where (x−x′)⊥ is the perpendicular vector to x−x′, defined as:

(x−x′)⊥ = (y − y ′,−(x −x ′))

Discretization into Vortex Particles
To discretize the vorticity field ω(x) into vortex particles, the continuous vorticity distri-
bution is approximated by a sum of Dirac delta functions, each representing a discrete
vortex particle:
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ω(x) ≈
N∑

i=1
Γiδ(x−xi ) (A.16)

where:

• Γi is the circulation of the i -th vortex particle.

• xi = (xi , yi ) is the position of the i -th vortex particle.

Substituting this discrete vorticity distribution into the continuous Biot-Savart law:

u(x) =− 1

2π

∫
R2

(
N∑

i=1
Γiδ(x′−xi )

)
(x−x′)⊥

‖ x−x′‖ 2 dx′ (A.17)

The Dirac delta function δ(x′−xi ) acts as a filter, picking out the contribution precisely
at x′ = xi . This allows the integral to be simplified by evaluating only at these specific
points:

u(x) =− 1

2π

N∑
i=1

Γi

∫
R2

δ(x′−xi )
(x−x′)⊥

‖ x−x′‖ 2 dx′ (A.18)

Since the delta function δ(x′−xi ) is nonzero only at x′ =xi , the integral evaluates to:

u(x) =− 1

2π

N∑
i=1

Γi
(x−xi )⊥

‖ x−xi‖ 2 (A.19)

Biot-Savart law with Gaussian kernel
Instead of using the Dirac delta function to represent the vorticity of each vortex particle,
a smooth kernel function K is used. The vorticity distribution ω(x) is approximated by:

ω(x) ≈
N∑

i=1
Γi K (x−xi ) (A.20)

where K is a kernel function centered at xi . Substituting this into the continuous Biot-
Savart law, yields:

u(x) =− 1

2π

∫
R2

(
N∑

i=1
Γi K (x′−xi )

)
(x−x′)⊥

‖ x−x′‖ 2 dx′ (A.21)

Since the kernel function K (x′−xi ) is centered at xi , the integral can be simplified by
interchanging the summation and the integral:

u(x) =− 1

2π

N∑
i=1

Γi

∫
R2

K (x′−xi )
(x−x′)⊥

‖ x−x′‖ 2 dx′ (A.22)

Now, K is defined as a Gaussian kernel:

K (x−xi ) = 1

2πσ2 exp

(
−‖ x−xi‖ 2

2σ2

)
(A.23)
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where σ is the standard deviation of the Gaussian, controlling the spread of the vorticity
around each particle. The standard deviation σ represents the radius of the particle as
well.

Using the Gaussian kernel, the velocity field induced by the i -th vortex particle be-
comes:

ui (x) =− Γi

2π

∫
R2

1

2πσ2 exp

(
−‖ x′−xi‖ 2

2σ2

)
(x−x′)⊥

‖ x−x′‖ 2 dx′ (A.24)

Combining the contributions from all particles, the total velocity field is:

u(x) =− 1

2π

N∑
i=1

Γi

∫
R2

1

2πσ2 exp

(
−‖ x′−xi‖ 2

2σ2

)
(x−x′)⊥

‖ x−x′‖ 2 dx′ (A.25)

The integral above can be computed, and the equation for the velocity u(x) can be writ-
ten as :

u(x) =− 1

2π

N∑
i=1

Γi

(
1−exp

(
−‖ x−xi‖ 2

2σ2

))
(x−xi )⊥

‖ x−xi‖ 2 (A.26)

The expression for the vorticity field is:

ω(x) =
N∑

i=1
Γi

1

2πσ2 exp

(
−‖ x−xi‖ 2

2σ2

)
(A.27)



B
Finite volume discretization

The incompressible N-S equations in 3D can be written as:

∂u
∂t

+ (u ·∇)u=−∇
(

p

ρ

)
+∇· (ν∇u) (B.1)

The same equation can be written for a generalized scalar ϕ instead of the vector u, and
p instead of the ratio p/ρ for simplicity:

∂ϕ

∂t
+ (u ·∇)ϕ=−∇p +∇· (ν∇ϕ) (B.2)

In the FVM approach, the equation is solved in its integral form, and so the entire equa-
tion is integrated over a small control volume dV . As dV approaches zero, the following
internal form must hold for every infinitesimally small volume in the domain.

Ñ
V

(
∂ϕ

∂t
+ (u ·∇)ϕ

)
dV =

Ñ
V

(−∇p +∇· (ν∇ϕ)
)

dV =⇒

=⇒
Ñ

V

∂ϕ

∂t
dV +

Ñ
V

(
(u ·∇)ϕ

)
dV =−

Ñ
V
∇pdV +

Ñ
V

(∇· (ν∇ϕ)
)

dV

(B.3)

Figure B.1 illustrates a 3D cuboid finite volume. This control volume features a central
point where variables are computed (collocated grid) and six faces where fluxes are de-
termined. The central node is denoted by the letter P (for polar), with adjacent nodes
labeled N (north) at the top, S (south) at the bottom, E (east) on the right, W (west) on
the left, and T (front) and B (back) representing the front and back nodes, respectively.
The nodes are designated with uppercase letters, each of which is associated with a low-
ercase letter that identifies the corresponding face of the cell.

Equation B.3 is solved for every finite volume in the computational domain, and each
term of the equation is discretized. Here, the discretization process for each term of the
equation is presented separately. The schemes mentioned here are written in the way
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184 B. Finite volume discretization

Figure B.1: A cuboid finite volume. The cuboid has a central point (denoted by the letter P), where the flow
fields are computed, and six faces where the fluxes are determined. The six central nodes of the adjacent cells
are also illustrated, denoted by the letter of their direction: N (north) at the top, S (south) at the bottom, E (east)
on the right, W (west) on the left, T (front) and B (back).

that someone can find them in OpenFOAM, but they can also be found in most other
CFD software.

• Temporal term

Ñ
V

∂ϕ

∂t
dV =VP

(
∂ϕ

∂t

)
P

In OpenFOAM there are different options for discretizing the term

(
∂ϕ

∂t

)
P

with the

most common to be:

– steadyState : sets time derivatives to zero.(
∂ϕ

∂t

)
P
= 0

– Euler : transient, first order implicit, bounded.

(
∂ϕ

∂t

)
P
= ϕn+1

P −ϕn
P

∆t
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– backward : transient, second order implicit, potentially unbounded.(
∂ϕ

∂t

)
P
= 3ϕn+1

P −4ϕn
P +ϕn−1

P

2∆t

Note that n indicates the time level, not the face-orientation index as used else-
where.

• Advection term

Ñ
V

(
(u ·∇)ϕ

)
dV =

Ñ
V

(∇·uϕ+����:0
ϕ∇·u)dV =

Ñ
V
∇· (uϕ)

dV =⇒

=⇒
Ñ

V
∇· (uϕ)

dV
Gauss=

Theorem

Ó
S

(u · n̂)ϕdS

The surface integral can be transformed into a summation over all the faces around
the control volume:

Ó
S

(u · n̂)ϕdS =∑
f

(u f ·S f )ϕ f =
∑

f
(u f ·S f )ϕ f

The term u f ·S f is called the flux through the face f . The velocity u f is calculated
on the face f using the linear interpolation scheme. The most important issue
here is the way the advected property ϕ f is expressed. There are different schemes
that can be used to express this property. Some of the most common schemes in
OpenFOAM, which are also present in most CFD tools, are:

– Gauss upwind : first order bounded.

In the upwind scheme, the value assigned to the property depends on the
sign of the flux. For example, for the face n, the flux is un ·Sn , and the value
of ϕn is determined as:

ϕn =
{
ϕP if un ·Sn > 0

ϕN if un ·Sn < 0

– Gauss linear: second order, unbounded.

In the linear scheme, the property is calculated as a linear interpolation be-
tween the cell P and the cell adjacent to the face. For example, for the face n,
ϕn is approximated as:

ϕn = ϕP +ϕN

2
This averaging assumes that the cells P and N are of equal size and symmet-
rically arranged. If the grid is non-uniform or the cells differ in size, a proper
linear interpolation weighted by the distances to the face from each cell cen-
ter should be used to preserve accuracy.
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• Gradient term Ñ
V
∇pdV

Gauss=
Theorem

Ó
S

pn̂dS

The surface integral around the volume P can be transformed into a summation
over all the faces of the control volume, such that:

Ó
S

pn̂dS =∑
f

p f S f =

= pnSn +psSs +pw Sw +peSe +pbSb +pt St

Now the question is how the pressure terms will be calculated, since the values are
stored at the cell centers (collocated grid). Different methods to calculate the face
values include:

– Gauss linear: second order scheme.

The face values are calculated as linear interpolations (central differences)
between the current cell P and the cell adjacent to the face. For example, the
term pnSn yields:

pnSn = pP +pN

2
Sn

– Gauss cubic: third order scheme

There are also schemes that do not make use of the Gauss theorem. For example,
the leastSquares scheme, which is a second-order scheme, evaluates the gradient
term using all the neighboring cells and a least squares finite difference method.

• Laplacian term Ñ
V

(∇· (ν∇ϕ)
)

dV
Gauss=

Theorem

Ó
S
ν∇ϕ · n̂dS

The integral can be transformed into a summation over the faces around the con-
trol volume:

Ó
S
ν∇ϕ · n̂dS =∑

f
ν f ∇ϕ f ·S f =

= νn∇ϕn ·Sn +νs∇ϕs ·Ss +νw∇ϕw ·Sw +νe∇ϕe ·Se +νb∇ϕb ·Sb +νt∇ϕt ·St

Now the values of the gradient and the diffusion coefficient (here the kinematic
viscosity ν) should be transferred from the faces to the cell center. For the diffu-
sion coefficient, the scheme used is linear, so the coefficient is calculated as an
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interpolation between the cell P and the cell adjacent to the face. For example, the
value of νn is approximated as:

νn = νP +νN

2

This averaging again assumes that the cells P and N are of equal size and symmet-
rically arranged. If the grid is non-uniform or the cells differ in size, a proper linear
interpolation weighted by the distances to the face from each cell center should be
used. The gradient is calculated using the surface normal gradient schemes, de-
noted as snGradSchemes in OpenFOAM. When the face is orthogonal, the gradient
is calculated as:

∇ϕn = ϕN −ϕP

|d| n̂ f

where d=xN −xP is the vector between the centers of the neighboring cells P and
N , and n̂ f is the unit normal vector to the face. This approximation is valid when
the face is orthogonal, i.e., when d is aligned with the face normal.

When the face is not orthogonal, i.e., when the vector connecting the centers of
adjacent control volumes is not aligned with the face normal, a non-orthogonal
correction must be applied. In OpenFOAM, the surface-normal gradient is typi-
cally decomposed into two components. The first is the orthogonal contribution,
while the second accounts for the non-orthogonality between the face normal and
the vector connecting the neighboring cell centers. OpenFOAM implements sev-
eral non-orthogonal correction strategies which control the accuracy and stability
of the scheme depending on the mesh quality. For more information please refer
to the book by Greenshields et al. [46].

These are just a few of the discretization schemes used in OpenFOAM. There are many
more schemes available, including those designed for cases where the mesh quality is
not as high as the example shown in Figure B.1, which is extremely simple. Readers are
encouraged to consult the book by Greenshields et al. [46], the book by F. Moukalled [52],
as well as the user guide provided by The OpenFOAM Foundation [73].





C
Source code of pimpleFoam

solver

The pimpleFoam solver in OpenFOAM implements the PIMPLE algorithm, a hybrid of
the PISO and SIMPLE algorithms. This hybrid method enables efficient handling of both
transient and steady-state simulations by balancing computational cost and accuracy.

The solver begins by including essential header files, followed by entering the main
PIMPLE loop. In the first PIMPLE iteration, or whenever moveMeshOuterCorrectors is set
to true, the mesh is updated. Additionally, quantities such as the finite volume models
(fvModels) and the fluxes (phi) are appropriately corrected to account for changes in the
mesh or flow conditions.

The solver then iteratively handles the momentum and pressure equations. This pro-
cess also includes updating turbulence quantities as necessary, ensuring accurate tur-
bulence modeling during the simulation. The same sequence of corrections is repeated
until the specified number of PIMPLE iterations is reached or when a predefined con-
vergence criterion, such as an error threshold, is satisfied.

Thus, the mesh updates and solution advancements occur simultaneously within
each PIMPLE loop iteration, ensuring the solution remains consistent with the evolving
geometry and flow conditions.

Listing C.1: Source code of the pimpleFoam solver in OpenFOAM v9 illustrating the PIMPLE algorithm’s imple-
mentation.

1 while ( pimple .run( runTime ))
2 {
3 # include " readDyMControls .H"
4 if (LTS)
5 {
6 # include " setRDeltaT .H"
7 }
8 else
9 {

10 # include " CourantNo .H"
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11 # include " setDeltaT .H"
12 }
13

14 runTime ++;
15

16 Info << "Time = " << runTime . timeName () << nl << endl;
17

18 // --- Pressure - velocity PIMPLE corrector loop
19 while ( pimple .loop ())
20 {
21 if ( pimple . firstPimpleIter () || moveMeshOuterCorrectors )
22 {
23 fvModels . preUpdateMesh ();
24

25 mesh. update ();
26

27 if (mesh. changing ())
28 {
29 MRF. update ();
30

31 if ( correctPhi )
32 {
33 # include " correctPhi .H"
34 }
35

36 if ( checkMeshCourantNo )
37 {
38 # include " meshCourantNo .H"
39 }
40 }
41 }
42

43 fvModels . correct ();
44

45 # include "UEqn.H"
46

47 // --- Pressure corrector loop
48 while ( pimple . correct ())
49 {
50 # include "pEqn.H"
51 }
52

53 if ( pimple . turbCorr ())
54 {
55 laminarTransport . correct ();
56 turbulence -> correct ();
57 }
58 }
59 runTime . write ();
60 }



D
VPMFoam folder structure
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Figure D.1: Folder structure diagram of the hybrid solver VPMFoam.



E
Calculation of pressure gradient

using vortex particles

To determine the pressure gradient induced by a set of vortex particles, it is useful to
first analyze the contribution from a single particle. The pressure gradient at a point
x = (x, y), due to a vortex particle i located at xi = (xi , yi ), can be derived from the N-S
equations. In this context, p denotes the pressure normalized by the constant density
ρ for simplicity. The relative position vector between the point of interest and the vor-
tex particle is expressed as ri (x,xi (t )) = [

x −xi (t ), y − yi (t )
]
, and so the corresponding

magnitude is given by ‖ri‖ =
√

(x −xi (t ))2 + (y − yi (t ))2.

∂u
∂t

+ (u ·∇)u=−∇p +ν∇2u =⇒

=⇒∇p =−∂u
∂t

− (u ·∇)u+ν∇2u
(E.1)

From this equation, the pressure gradient can be derived if all the terms on the RHS are
calculated. Each term will be treated separately in the following steps.

• Temporal term

∂u(ri (t ))

∂t
Chain=

rule
∇ru(r(t )) · dri (t )

d t (E.2)

An equivalent of ∇r can be derived using the following equations:

x= ri +xi =⇒ ∇xx=∇xri (t )+∇xxi (t ) =⇒ I=∇xri (t ) =⇒ ∇xri (t ) = I (E.3)
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∇x = ∂

∂x = ∂ri (t )

∂x
∂

∂ri (t )
+
�

�
��>

0
∂xi (t )

∂x
∂

∂xi (t )
=⇒

=⇒ ∇x =∇xri (t )∇r
Eq. E.3=⇒ ∇x = I∇r =⇒ ∇x =∇r

(E.4)

Moreover, given that ri (t ) =x−xi (t ):

ri (t ) =x−xi (t ) =⇒ dri (t )

d t
= dx

d t
− dxi (t )

d t
=⇒ dri (t )

d t
=−dxi (t )

d t
(E.5)

Hence, Equation E.2 can be written in Jacobian matrix form as:

∂u(ri (t ))

∂t
=−∇xu(ri (t )) · dxt (t )

d t
=⇒

=⇒ ∂u(ri (t ))

∂t
=−


∂u(ri (t ))

∂x

∂u(ri (t ))

∂y

∂v(ri (t ))

∂x

∂v(ri (t ))

∂y


ẋi (t )

ẏi (t )

 (E.6)

• Advection term

At the end of the calculation of the temporal term, the gradient of the velocity ap-
pears. However, since it also appears in the advective term, the calculation will be
presented here.

u ·∇u=[
u(r(t )) v(ri (t ))

] ·

∂u(ri (t ))

∂x

∂u(ri (t ))

∂y

∂v(ri (t ))

∂x

∂v(ri (t ))

∂y

=

=


∂u(ri (t ))

∂x

∂u(ri (t ))

∂y

∂v(ri (t ))

∂x

∂v(ri (t ))

∂y


u(ri (t ))

v(ri (t ))


(E.7)

where ∇xu(ri (t )) =
[
∂u(ri (t ))

∂x
∂u(ri (t ))

∂y
∂v(ri (t ))

∂x
∂v(ri (t ))

∂y

]
, being the velocity gradient.

The induced velocity of a single particle, as shown in Appendix A, can be expressed
as:
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u(x(t )) =− 1

2π
Γi

(
1−exp

(
−‖x−xi‖2

2σ2

))
(x−xi )⊥

‖x−xi‖2 (E.8)

and for simplicity, it can be written as:

u(ri (t )) =ϕu(ri (t ))ζ(‖ri (t )‖2/2σ2) (E.9)

where ϕu(ri (t )) =− 1

2π
Γi

r⊥i
‖ri (t )‖2 and ζ(‖ri (t )‖2/2σ2) =

(
1−exp

(
−‖ri (t )‖2

2σ2

))

So, the velocity gradient in a matrix form can be written as:

∇xu(ri (t )) =


∂

∂x

(
ϕu(ri (t ))ζ

(‖ri (t )‖2

2σ2

))
∂

∂y

(
ϕu(ri (t ))ζ

(‖ri (t )‖2

2σ2

))
∂

∂x

(
ϕv (ri (t ))ζ

(‖ri (t )‖2

2σ2

))
∂

∂y

(
ϕv (ri (t ))ζ

(‖ri (t )‖2

2σ2

))


=



∂ϕu(ri (t ))

∂x
ζ

(‖ri (t )‖2

2σ2

)
+

ϕu(ri (t ))
∂

∂x
ζ

(‖ri (t )‖2

2σ2

)
∂ϕu(ri (t ))

∂y
ζ

(‖ri (t )‖2

2σ2

)
+

ϕu(ri (t ))
∂

∂y
ζ

(‖ri (t )‖2

2σ2

)

∂ϕv (ri (t ))

∂x
ζ

(‖ri (t )‖2

2σ2

)
+

ϕv (ri (t ))
∂

∂x
ζ

(‖ri (t )‖2

2σ2

)
∂ϕv (ri (t ))

∂y
ζ

(‖ri (t )‖2

2σ2

)
+

ϕv (ri (t ))
∂

∂y
ζ

(‖ri (t )‖2

2σ2

)



(E.10)

Now, the task is to calculate each derivative term in the matrix above:
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∂ϕu(ri (t ))

∂x
= ∂

∂x

(−Γi

2π

−(y − yi )

(x −xi )2 + (y − yi )2

)
=−Γ

π

(y − yi )(x −xi )

‖ri (t )‖4

∂ϕu(ri (t ))

∂y
= ∂

∂y

(−Γi

2π

−(y − yi )

(x −xi )2 + (y − yi )2

)
=−Γ

π

(y − yi )2 −1/2|‖ri (t )‖2

‖ri (t )‖4

∂ϕv (ri (t ))

∂x
= ∂

∂x

(−Γi

2π

(x −xi )

(x −xi )2 + (y − yi )2

)
= Γ

π

(x −xi )2 −1/2|‖ri (t )‖2

‖ri (t )‖4

∂ϕv (ri (t ))

∂y
= ∂

∂x

(−Γi

2π

(x −xi )

(x −xi )2 + (y − yi )2

)
= Γ

π

(x −xi )(y − yi )

‖ri (t )‖4

∂

∂x
ζ

(‖ri (t )‖2

2σ2

)
= x −xi

σ2 exp

(
− (x −xi )2

2σ2

)

∂

∂y
ζ

(‖ri (t )‖2

2σ2

)
= y − yi

σ2 exp

(
− (x −xi )2

2σ2

)

(E.11)

Once all the terms of the velocity gradient matrix are known, the velocity gradient
can be computed by substituting the variables with their respective values.

• Diffusion term

The diffusion term is given by:

ν∇2u(ri (t )) = ν


∂

∂x

(
∂u(ri (t ))

∂x

)
∂

∂y

(
∂v(ri (t ))

∂y

)
 (E.12)

Knowing the partial derivatives in the parentheses, the diffusion term can be com-
puted as well.

So the final form of the equation is given by:
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∇p(ri (t )) =−∂u(ri (t ))

∂t
− (u(ri (t )) ·∇)u(ri (t ))+ν∇2u(ri (t ))

=⇒∇p(ri (t )) =−

−

∂u(ri (t ))

∂x

∂u(ri (t ))

∂y

∂v(ri (t ))

∂x

∂v(ri (t ))

∂y


ẋi (t )

ẏi (t )




−


∂u(ri (t ))

∂x

∂u(ri (t ))

∂y

∂v(ri (t ))

∂x

∂v(ri (t ))

∂y


u(ri (t ))

v(ri (t ))

+ν


∂

∂x

(
∂u(ri (t ))

∂x

)
∂

∂y

(
∂v(ri (t ))

∂y

)


=⇒∇p(ri (t )) =


∂u(ri (t ))

∂x

∂u(ri (t ))

∂y

∂v(ri (t ))

∂x

∂v(ri (t ))

∂y


ẋi (t )−u(ri (t ))

ẏi (t )− v(ri (t ))

+ν


∂

∂x

(
∂u(ri (t ))

∂x

)
∂

∂y

(
∂v(ri (t ))

∂y

)


(E.13)

And so the pressure gradient due to a set of particles can be obtained from summing all
the individual contributions:

∇p(r(t )) =
N∑

i=1



∂u(ri (t ))

∂x

∂u(ri (t ))

∂y

∂v(ri (t ))

∂x

∂v(ri (t ))

∂y


ẋi (t )−u(ri (t ))

ẏi (t )− v(ri (t ))

+ν


∂

∂x

(
∂u(ri (t ))

∂x

)
∂

∂y

(
∂v(ri (t ))

∂y

)



(E.14)
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Nomenclature

Greek symbols

α Angle of attack; used as the spin coefficient in Chapter 6 and as the
induction factor in Chapter 11

Γ Circulation (vortex strength)

δ Dirac delta function; occasionally used to denote distance

∆ Finite difference

λ Overlap ratio

ν Kinematic viscosity

π Irrational number pi

ρ Density

σ Core radius

Σ Summation

τ Time constant

ϕ Generalized scalar

ψ Stream function

ω Vorticity (vector form denoted by ωωω)

Ω Region; used as the rotational speed in Chapter 11

Latin symbols

A Amplitude

C Line path; occasionally used to denote chord length

Cd Drag coefficient

Cl Lift coefficient

Co Courant number

CP Power coefficient

CT Thrust coefficient
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216 Nomenclature

D Diameter

ê Unit vector

E Error

f Force (vector form denoted by f ); occasionally used to denote fre-
quency

G Green’s function

h Particle spacing; when written as hν, denotes the characteristic dif-
fusion length

î, ĵ, k̂ Unit vectors in the x-, y-, and z-directions

k Gaussian cutoff parameter; occasionally used to denote the number
of substeps or the reduced frequency

K Gaussian kernel

L Length; occasionally used to denote horizontal distance

lim Limit

M Torque

n̂ Normal unit vector

O Order

p Pressure; occasionally used to denote the convergence order

Q Force

r Distance (vector form denoted by r); occasionally used to denote
the refinement factor

R Radius

Re Reynolds number

S Surface

St Strouhal number

t Time

T Vertical distance; occasionally used to denote the thrust force

u,U Velocity vector

u, v x- and y-components of the velocity vector u

V Volume

W Kernel
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x Position vector

x, y, z x-, y-, and z-components of the position vector x

Subscripts

0 Initial

θ Circumferential

A Analytical

amp Amplitude

ang Angular

Bdr y Boundary

cell(s) Eulerian mesh cell(s)

C Center

E Eulerian

ext External

f Face

F Front

g lob Global

H Hybrid

i , q Counters

inf,∞ Freestream condition

i nt Interpolation

L Lagrangian; occasionally used to denote lower

loc Local

max Maximum

n Normal; occasionally used to denote the north face of a cell, and the
time level

osc Oscillation

p Particle’s property

pop.contr ol Population control

r Radial

R Rear



218 Nomenclature

r ed Redistribution

r ot Rotation

si m Simulation

U Upper

v Vortex

x, y, z Directions x, y , and z
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Aerodynamics is a constantly evolving
field, driven by the demands of diverse
and rapidly advancing applications:
from aviation and space exploration to 
renewable energy and modern transporta-
tion. At the core of aerodynamic research 
lies Computational Fluid Dynamics (CFD), 
with two dominant approaches: Eulerian 
and Lagrangian. Each has its strengths and 
limitations. Eulerian methods often suffer 
from artificial diffusion in sparsely meshed 
regions, mitigated only by significantly 
increasing computational cost. Lagrangian 
methods, while advantageous in many 
respects, continue to face challenges in 
accurately resolving boundary layers.

This work introduces VPMFoam,
a two- dimensional, incompressible
hybrid Eulerian–Lagrangian solver that
integrates the open-source platform 
OpenFOAM with a Vortex Particle Method 
(VPM). By leveraging the strengths of both
approaches, VPMFoam reduces artificial 
diffusion, preserves vorticity structures
with high fidelity, and significantly lowers 
computational requirements. The solver
is rigorously verified across multiple 2D 
benchmark cases, laying a solid foundation 
for its application in external aerodynamics.

VPMFoam emerges as a promising,
efficient, and accurate tool for the future
of aerodynamic simulation, built for the 
evolving needs of the industry.
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