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ABSTRACT

Compliant mechanisms, particularly helicoidal shell joints, present intriguing possibilities in
mechanical design with applications in medical devices, robotics, automotive, and aerospace
engineering. This research focuses on the synthesis of nonlinear torque-angle profiles using
a compliant helicoidal shell mechanism such as gravity-balancing profiles. This study re-
quired a thorough exploration of the mechanism’s diverse design variations through Finite
Element Modeling (FEM) and more specifically, Isogeometric Analysis (IGA). Subsequently, a
targeted optimization process is utilized, incorporating both global geometric parameter ad-
justments and localized modifications by using splines. The prominent challenge addressed
is the synthesis of gravity balancing torque-angle profile, achieved by tailoring the output
profile of a compliant shell mechanism through optimization. Considering the inherent sine
function output of a pendulum during gravitational equilibrium, an algorithm is developed
to optimize the mechanism’s behavior to align with a sine function, hence enabling grav-
ity balancing. Additionally, experimental validation was undertaken through manufactur-
ing prototypes and conducting measurements to provide a crucial link between simulations
and real-world behavior. The results of this research, encompassing optimized geometry
and experimental data, are presented, and comprehensively discussed. This research con-
tributes a numerical methodology that utilizes isogeometric analysis and optimization algo-
rithm within the framework of finite element analysis for achieving nonlinear torque-angle
profiles in complaint helicoidal shell mechanisms, such as gravity balancing profiles, offer-
ing valuable insights for possible applications in various engineering domains.

Keywords: Compliant mechanisms, complaint shell mechanisms, compliant joints, tun-
able joints, compliant revolute joints
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1
INTRODUCTION

1.1. BACKGROUND
For centuries, mechanisms have made our lives simpler. Early examples include primary
forms of wheels, gears, levers, and pulleys used by the Greeks and Romans [1]. Traditionally,
mechanisms are composed of rigid parts that are joined together with pins, hinges, or other
types of mechanical joints to enable the control and transfer of motion and force. How-
ever, the use of compliant materials in engineering has led to the development of compli-
ant mechanisms that are flexible, lightweight [2], and may offer more simplicity in design
[3]. Compliant mechanisms rely on the elastic deformation of their components to achieve
the desired motion or force output. Early examples of using compliance to achieve certain
functionalities include bow and arrow [4]. The benefits of compliant mechanisms can be
classified into two main groups [4]:

• Cost savings, which include reductions in the number of parts, assembly time, and
manufacturing complexity;

• Performance enhancements, such as improved precision, reliability, decreased wear,
lower weight, and reduced maintenance.

The capacity of compliant mechanisms to store and release energy is another advantage.
Flexible mechanisms can use the elastic deformation of their parts to store energy that can
later be released to perform mechanical work [5]. They are thus desirable for where energy
storage is essential, such as springs, beams, or other energy-storing elements.

Despite these advantages, the use of compliant mechanisms also presents some chal-
lenges. One of the primary challenges is the complexity of modeling and analysis [6]. Com-
pliant mechanisms are highly nonlinear, and their behavior is difficult to predict without
extensive testing and analysis. This can make the design process more challenging and time-
consuming than the traditional, rigid-body mechanisms.

Compliant joints are a subset of compliant mechanisms employed in different applica-
tions as mechanical joints, offering various advantages such as increased precision, high re-
liability, compactness, energy efficiency, and a high level of freedom in design. These advan-
tages make them suitable for various applications such as robotics, assistive medical devices,
and aerospace applications. These mechanisms achieve their unique performance through
the utilization of different designs, materials, structures, and working principles. This means
to customize their performance for specific applications and profiles, several aspects of such
mechanism can be modified and tailored for specific requirements. These variations lead to
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a rather diverse set of compliant joints which differ in stiffness, range of motion, compli-
ance, and mode of deformation. The ability of compliant joints to accommodate part mis-
alignment is one of their main benefits. Traditional rigid joints need the mating parts to be
precisely aligned, which can be challenging to do in practice. Conversely, because their parts
deform elastically, compliant joints can accommodate minor misalignment [7]. Since there
may be minor variations in the mating parts, they are ideal for applications where alignment
is challenging.

Compliant joints vary significantly in their structure and functionalities, the degrees of
freedom, the type of motion they transfer, and when it comes to compliance, the type of
deformation that occurs in the joint. Translational joints, revolute joints, and universal joints
are all different types of joints that could be made with compliant elements.

Howell et al. [5] have classified flexible elements as beams, revolute elements (includ-
ing hinges, scissors, torsion, and Lamina Emergent elements), translational, universal com-
pliant joints, and others. Additionally, compliant joints have also been classified as varia-
tions of either Notch-type joints or leaf springs [8]. In this classification, Notch-type joints
achieve their compliance from an indentation or notch in the structure of the flexible ele-
ment whereas deformation of an arrangement of leaf springs is the principle that the other
compliant joints utilize to achieve their specific properties.

To assess the performance of compliant joints, different aspects can be prioritized and
assessed. Trease et al. [8] have provided five criteria for the assessment of compliant joints.
They are as follows:

• Range of Motion: In most cases, compliant revolute joints might offer a limited range
of motion whereas rigid-body revolute joints usually offer an unlimited range of mo-
tion. The reason for this arises from the inherent properties of compliant mechanisms.
In large deformations, the risk of reaching yield stress and entering the plastic defor-
mation zone limits the range of motion as the plastic stress will lead to undesirable
behavior of the joint by making it unreliable and inconsistent.

• Axis Drift: While for a precise motion, a fixed center of rotation is desirable, in compli-
ant revolute joints, there is a possibility of drift in the axis of rotation which will lead to
parasitic motion.

• Off-Axis Stiffness: An ideal compliant revolute joint will have high compliance in its re-
spective axis of rotation while offering high stiffness (both rotational and translational)
in other directions.

• Stress Concentration Effects: In any mechanical element, the issue of stress concen-
tration, when a variation of geometry or material is present, is of concern to avoid the
failure of the structure.

• Compactness: In some compliant joint mechanisms, the precision and functionality
of the joint have a trade-off with its stiffness. While making the structure more com-
pact is ideal where there is limited spacing in a mechanical design, it might cause the
structure to have less off-axis stiffness [9].

1.2. RESEARCH PROBLEM
Synthesizing complaint joints can be approached with various objectives, methods, and
structures. Literature includes examples of the synthesis of constant-torque mechanisms
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[10, 11], as well as examples of nonlinear torque-angle profiles for specific applications such
as the study by Hampali et. al. [9, 12] which is an example of compliant shells designed
for a desirable output profile or achieving nonlinear torque-angle profiles using nonlinear
springs [13]. These examples show the significance of designing complaint mechanisms for
specific target profiles. In synthesizing nonlinear torque-angle profiles for compliant joints,
one significant objective is gravity-balancing profiles, examples of which include [14, 15].

To synthesize nonlinear torque-angle profiles, one approach is to analyze bistable struc-
tures and optimize their geometry to manipulate their output. The helicoidal shell mecha-
nism studied by Radaelli [16] is an example of constant-moment compliant joint. This joint
exhibits a gradual increase in the deformed region as the structure is twisted, this means the
applied torque is only affected by the portion of the structure that is deformed, and not the
structure as a whole. While this behavior can be utilized to obtain neutrally stable linkage
mechanisms [16], one promising potential is the possibility of utilizing this behavior in the
optimization of this geometry to achieve alternative nonlinear profiles. However, to achieve
possible negative stiffness regions, variations of this structure need to be studied such as the
introduction of a flange to this structure and the possibility of observing bistable behavior
such as the one seen in the study by Nobaveh et. al. [17].

While studying and analyzing the different nonlinear behaviors shown by a compliant joint
is of importance, it is also important to analyze the tunability of these structures, and a key
objective for this matter is the possibility of introducing a gravity-balancing profile which
will be the focus of this study.

1.3. RESEARCH OBJECTIVE
The key research objective of this study is to develop a design based on a helicoidal shell
mechanism to synthesize a nonlinear torque-angle profile. Furthermore, this design is uti-
lized by geometric optimization to achieve a gravity-balancing torque-angle profile. Addi-
tionally, the objective is to complement this study by developing prototypes and conducting
experimental measurements to link computational simulation to real-world behavior.

1.4. RESEARCH FRAMEWORK
This research is conducted by a comprehensive study of several design variations of the heli-
coidal shell mechanism, originally studied by Radelli [16], and selecting possible design vari-
ations to be further studied and optimized for gravity-balancing profiles. This study is done
by computational simulation through Finite Element Modeling (FEM), and more specifically,
Isogeometric Analysis (IGA). In addition to that, prototypes with Stereolithography 3D print-
ing are developed and manufactured for experimental measurements.

1.5. THESIS ORGANIZATION
The second chapter of this thesis is a research paper dedicated to the main objective of this
study. The third chapter is the conclusion of this study and suggestions for further avenues of
research to enhance the work presented here and provide further insight into this field. The
first appendix is dedicated to a short theoretical background for the numerical approach uti-
lized in this study. The second appendix will provide an overview of alternative designs, and
the third appendix will provide supplementary optimization results that are not included in
the main paper but might interest readers for deeper insights. The last appendix will cover
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another target profile that is achieved with the methodology of this research and shows the
potential of the studied structure to be tuned for engineering applications.
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2
MAIN PAPER

Synthesizing gravity-balancing torque-angle profile using helicoidal shell
joints

Abstract: Compliant mechanisms, particularly helicoidal shell joints, present intriguing
possibilities in mechanical design. This paper focuses on the optimization and synthesis
of a gravity-balancing torque-angle profile using a compliant helicoidal shell mechanism.
The investigation commences with a meticulous exploration of the mechanism’s diverse de-
sign variations through Finite Element Modelling (FEM) and more specifically, Isogeometric
Analysis (IGA). Subsequently, a targeted optimization process unfolds, incorporating both
global geometric parameter adjustments and localized modifications using splines. The
prominent challenge addressed is the gravity balancing profile of the compliant mechanism,
achieved by tailoring the torque-angle output profile. Considering the inherent sine func-
tion output of a pendulum during gravitational equilibrium, an algorithm is developed to
optimize the mechanism’s behavior to align with a sine function, hence enabling gravity bal-
ancing. Experimental validation provides a crucial link between simulations and real-world
behavior. Results, encompassing optimized geometry and experimental measurements, are
presented and comprehensively discussed. This paper contributes a numerical methodol-
ogy for achieving gravity balancing in compliant helicoidal shell mechanisms, offering valu-
able insights for applications in various engineering domains.
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2.1. INTRODUCTION

Compliant mechanisms, with their abil-
ity to exploit material flexibility for func-
tional motion, have become a focal point
of research in mechanical engineering. Com-
pliant shells, exhibit intriguing character-
istics that make them suitable for various
applications [1–4]. These characteristics
include the lack of friction, play, wear, and
the requirement for assembly, or lubrica-
tion [5] as well as high tunability, spatial,
and slender design [2]. One notable ex-
ample of such mechanisms is a compli-
ant revolute joint based on reverse twist-
ing of helicoidal shells that has been pro-
posed and studied thoroughly by Radaelli
[5]. This mechanism offers low axis drift,
high support stiffness, and a large range
of motion. It exhibits a gradual increase of
deformation in the reversed region as the
joint is twisted, resulting in a constant re-
action moment. While this structure de-
picts an intriguing behavior that can be
utilized to achieve a range of neutrally sta-
ble linkages, the possibility of alternative
nonlinear torque-angle profiles remains an
interesting aspect, yet to be discovered and
to answer this question, the effect of de-
sign parameters and the shape of this struc-
ture on its torque-angle profile, need to be
thoroughly studied. Literature includes ap-
plications of compliant mechanisms for con-
stant torque profiles [2, 6, 7] as well as non-
linear torque profiles [8], including exam-
ples of profiles with negative-stiffness re-
gion [9], and bistability [10, 11].

Gravity balancing is a critical objective
in various mechanical systems [12–16], and
can be pursued through the tailoring of
the torque-angle output profile through a
recreation of the sine function profile, which
is observed in dynamics of a pendulum,
during gravitational equilibrium. There-
fore, a sine function to govern the torque-
angle relationship can be introduced as the
objective for this purpose. By employing
the knowledge of the alternative behaviors
exhibited by different variations of this he-

licoidal shell, through geometry optimiza-
tion, a gravity-balancing torque-angle pro-
file can be introduced. This study addresses
this challenge, combining isogeometric anal-
ysis within the framework of finite element
modeling, and geometric optimization to
synthesize a gravity-balancing torque-angle
profile for a helicoidal shell mechanism.
In the literature, there are examples of com-
pliant gravity-balancing structures [17–20],
and non-compliant structures [21–24]. While
in many examples in the literature, con-
ventional springs are utilized for the syn-
thesis of a desired output profile, [8, 25–
27], this study utilizes compliant joints to
achieve this objective.

This research contributes a comprehen-
sive analysis of variations in compliant he-
licoidal shell mechanism and, more criti-
cally, introduces a methodology for achiev-
ing gravity-balancing behavior through a
combination of isogeometric analysis and
optimization techniques. The aim is to demon-
strate the effectiveness of this approach in
tailoring the torque-angle profile to em-
ulate a sine function, thereby ensuring a
gravity-balancing behavior in the helicoidal
shell mechanism. This study leads to the
identification of a specific variation of the
helicoidal shell mechanism, namely, an L-
shape design, which is first analyzed para-
metrically, and then to achieve a gravity-
balancing profile, optimization is carried
out by employing both global and local ge-
ometric parameter approaches. The for-
mer enables an effective adjustment of the
mechanism’s global geometry, while the lat-
ter, utilizes the inherent implementation
of splines in isogeometric analysis to fa-
cilitate more fine-tuned modifications in
the shape of this structure.

Section 2.2 delves into the methodology,
elucidating the finite element modeling pro-
cess and detailing both the global and lo-
cal geometric parameter optimization ap-
proaches. Experimental validation proce-
dures are outlined in Section 2.2.3. Sec-
tion 2.3 unfolds the outcomes of this re-
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search, presenting optimized geometry (Sec-
tion 2.3.1 and 2.3.2) and experimental mea-
surements (Section 2.3.3). In Section 2.4,
these results are thoroughly discussed, pro-
viding insights into the effectiveness of the
proposed gravity balancing methodology.
Finally, Section 2.5 concludes this study,
summarizing key findings, addressing lim-
itations, and suggesting avenues for future
research.

2.2. METHODOLOGY

Discovering the potential nonlinear pro-
files exhibited by the helicoidal shell mech-
anism and synthesis of a nonlinear torque-
angle profile requires analyzing different
methods to introduce alternative behav-
iors to the helicoidal shell joint. The com-
pliant shell mechanism studied by Radaelli
[5] exhibits a constant moment profile. The
underlying cause of this behavior is the fact
that as the angle of twist increases, the por-
tion of the shell that reverses its direction
of twist also increases. This structure which
consists of at least three shells with a com-
mon edge, follows the assumption of in-
extensible shells which results in the preser-
vation of the Gaussian curvature as the struc-
ture is twisted. An intriguing behviour oc-
curs when the twisting is introduced grad-
ually. When a relative rotation is applied
to the two ends of the joint, a section of
the helicoid rapidly transitions into a reverse-
twist state due to the low deformation en-
ergy associated with that mode. Meanwhile,
the remaining portion of the helicoid re-
mains nearly unaffected. This deforma-
tion state gives rise to two distinctive and
peculiar phenomena. The initial observa-
tion is that the length of the reverse-twist
region is directly proportional to the ap-
plied rotation angle. Consequently, the elas-
tic energy shows a linear increase with the
applied rotation angle. According to the
definition of generalized conservative forces,
the reaction moment corresponding to the
applied rotation remains constant, result-

ing in zero rotational stiffness. This con-
dition of a constant moment and zero stiff-
ness persists until the entire joint is reversed.
The second notable phenomenon is that
when the rotation angle is kept constant,
the reverse-twist region’s position can be
adjusted along the structure without al-
tering its length. This implies a constant
total stored energy, and each position of
the reverse-twist region achieves static equi-
librium, rendering it neutrally stable. Ad-
ditionally, the reversed-twist region can be
vertically adjusted by rotating it around the
middle axis, essentially creating a zero-moment
rotational joint [5].

Figure 2.1 shows the schematic of this
compliant helicoidal shell mechanism and
its geometrical parameters. Radaelli [5] has
studied the effect of the geometric param-
eters, the thickness(t), width(w), and an-
gle of twist(α) (the pitch), analytically and
numerically as shown in Figure 2.2 and from
these graphs the effect of geometric pa-
rameters can be observed to have a promi-
nent shifting effect on the torque-angle pro-
file when they are changed as a single vary-
ing parameter. The analytical results have
been also compared with the experimen-
tal data in this study [5]. The reference
geometry has a thickness of 0.4×10−3 m,
width of 0.1×10−1 m, angle of twist equal
to π

0.1 r ad m−1.
The study of this helicoidal shell by Radaelli

[5] lays the foundation for the research pre-
sented here. To acquire an overview of al-
ternative torque-angle profiles of this he-
licoidal shell, several design variations based
on the helicoidal shell studied by Radaelli
[5] were developed and studied, and the
results were used for optimizing the torque-
angle profile for gravity balancing function.
The next sections will show how these de-
sign variations were developed, studied,
and later optimized for gravity balancing.

2.2.1. FINITE ELEMENT ANALYSIS

The primary tool employed in this research
is Isogeometric Analysis (IGA) within the
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Figure 2.1.: a) Schematic of helicoidal
shell and its geometric pa-
rameters and b) The FEM
model for helicoidal shell [5].

framework of Finite Element Modeling (FEM),
a schematic of the finite element model is
seen in Figure 2.1. The isogeometric study
is based on a program implemented in MAT-
LAB software based on the work of A.P. Nagy
[28]. For this study, the geometry is de-
fined by a network of control points, each
having three coordinates in the cylindri-
cal coordinate system, radius, height, and
angle. These coordinates are later trans-
formed into a Cartesian coordinate system.
The network of control points is then uti-
lized by a Non-uniform rational B-spline
(NURBS) algorithm to create a surface for
the study domain. In the base helicoidal
shell mechanism, the middle edge nodes
are constrained, and the bottom edge nodes
are clamped to be fixed while the upper
edge nodes are clamped to be rotated with
a desired angle. In some variations, such
as the study of an L-shape cross-section,
the web is clamped similarly, whereas the
flange is free to allow for warping. The un-
derlying mathematical model for the sim-

ulation of this problem is the Kirchhoff-
Love theory of plates.

Several variations of the base helicoidal
shell (the original mechanism studied by
Radaelli [5]) were analyzed for this research.
One key aspect of this helicoidal shell mech-
anism is critical in developing alternative
designs, which is the gradual deformation
of the shell in the direction of its height
when twisted. This means if the same be-
havior were to be recreated in modified
designs, as the structure is twisted, only
the change of geometry in the deformed
region is observed in the torque-angle pro-
file, meaning the possibility of local con-
trol for the behavior of this joint. The se-
lected design variation which is compre-
hensively studied in this research and op-
timized for gravity-balancing behavior, is
the helicoidal shell with an L-shape cross-
section. To create this cross-section, a curved
flange is designed based on the cylindri-
cal coordinates, therefore, the flange is shaped
as a circular arc. To control the shape of
this flange, two geometrical factors were
created, a length factor (L f ) and a sharp-
ness factor (S f ). The length factor is the
ratio of the flange length (arc length) to
the width of the shell (web length), and
the sharpness factor is defined as the ra-
tio between the radius of the endpoint of
the arc at θar c (where θar c is the arc angle)
and the width of the shell (web length). In
theory, the minimum value for the length
factor can be as low as zero which is the
simple helicoidal shell that does not have
an additional flange, and the minimum value
for the sharpness factor is one, as the min-
imum radius of any point on the arc is the
same as the shell width. The control points
on the flange starting from the endpoint
of the web to the endpoint of the arc at
θar c , are defined linearly varying from w
to S f ×w . A higher value for the sharpness
factor translates to a less sharp L-shape.
Figure 2.3 shows the schematic of the cross-
section of the L-shape design. In this schematic,
w is the width of the web, r is the radius
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Figure 2.2.: Torque-angle profile for varying a) thickness b) width, and c) angle of twist [5].

of the endpoint of the flange, s is the arc
corresponding to the flange, and r ′ repre-
sents an alternative radius of flange if S f

exceeds one. The length factor and the
sharpness factor can be defined as follows:

L f =
s

w
(2.1)

S f =
r ′

w
(2.2)

Figure 2.3.: a) Schematic of L-shape de-
sign and b) Variation of sharp-
ness factor

The finite element model is the simula-
tion of a single-shell structure. However,
the helicoidal shell joint can have a de-
sired number of shells with a minimum
number of 3 [5]. The output profile of this
joint corresponds to the summation of the
resisting moments of these shells. Figure
2.4 shows the cross-section of an L-shape

helicoidal shell joint with 6 shells. The ma-
terial properties used for simulation cor-
respond to Nylon (PA12) are presented in
Table 2.1 [5].

Figure 2.4.: Cross-section view of the L-
shape helicoidal shell joint

Table 2.1.: Material Properties for FEM

Property Value Unit

Young’s Modulus 1.8 Gpa
Poisson’s Ratio 0.38 -

2.2.2. OPTIMIZATION

IMPLEMENTATION

The optimization algorithm is first imple-
mented for the base helicoidal shell de-
sign studied by Radaelli [5], and then it
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is utilized for the L-shape helicoidal shell.
The choice of L-shape design is due to its
ability to exhibit a bistable behavior and
a negative stiffness region. Having these
characteristics leads to a potential for pro-
files similar to a sine function, and hence,
the possibility of introducing gravity-balancing
profiles for this compliant shell mechanism.

To achieve a gravity-balancing profile through
geometric design optimization, two differ-
ent approaches are employed, Global Ge-
ometric Parameters Approach, and Local
Geometric Parameters Approach which are
discussed in the following sections. For
this study, each optimization approach was
simulated four times, with four different
angle windows, 90, 180, 270, and 360 de-
grees. To achieve a gravity-balancing pro-
file, the sine function is used as a target
function for optimization. The reason for
this is that a simple pendulum with mass
m, connected at the end of a rod of neg-
ligible mass with the length L, requires a
counteracting torque equivalent to mg Lsi n(θ).
To shape the output profile of the helicoidal
joint, the simulated torque response is nor-
malized and compared to a sine function
with an amplitude of one. The compari-
son is implemented by a root-mean-square-
error calculation, which is minimized as
the objective function by the optimizer to
achieve the target behavior. This is shown
in Equation 2.3. T̃t ar g et is the target nor-
malized torque values corresponding to a
sine, T̃ is the normalized simulated torque,
and n is the number of data points.

RMSE =
√

(T̃target − T̃ )2

n
(2.3)

GLOBAL GEOMETRIC PARAMETERS

APPROACH

The first optimization approach is optimiz-
ing global geometric parameters, which refers
to parameters that change the structure
as a whole, and the cross-section remains
constant throughout the height of the he-
licoidal shell. While the effect of the main

geometrical parameters of the base heli-
coidal shell joint has been studied by Radaelli
[5], the proportionality of these factors af-
fects the behavior of the joint and is, there-
fore, the reason to include them as opti-
mization variables.

• Thickness (T)

• Width (W)

• Pitch (P)

• Height (H)

• Length Factor (L f )

• Sharpness Factor (S f )

The optimization of the L-shape design
for obtaining a gravity-balancing profile with
this approach is done by gradually increas-
ing the complexity of the optimization, start-
ing with only the length factor and sharp-
ness factor for the L-shape design, and then
implementing a six-variable optimization
including the four fundamental geomet-
ric parameters, T, W, P, H, in addition to
the length factor and the sharpness factor
which are the additional geometric param-
eters for the L-shape design variation. Ta-
ble 2.2 includes the optimization parame-
ters their set value, and the lower and up-
per bounds used in the optimization.

LOCAL GEOMETRIC PARAMETERS

APPROACH

This approach is pursued based on the in-
herent characteristic of the helicoidal shell
mechanism studied by Radaelli [5], where
deformation happens locally and is grad-
ually increased along the height of the shell
when the structure is twisted. This pro-
posed the idea for local control over the
geometry introducing an evenly spaced out
set of control points along the height and
optimizing the geometry by controlling the
four parameters each set of the control points
possesses. This results in a cross-section
and geometry that varies along the height
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Table 2.2.: Optimization parameters and their bounds

Parameter Value Lower Bound Upper Bound

T (Thickness) 0.0004[m] 0.0001 0.001
W (Width) 0.01[m] 0.001 0.02
P (Pitch) 0.2[m] 0.1 0.3
H (Height) 0.1[m] 0.01 0.2
L f (Length Factor) 0.75 0.1 2
S f (Sharpness Factor) 1 1 2.5

of the helicoidal shell. The local geomet-
ric parameters introduced for each set of
evenly spaced out control points are

• Radius (Width)

• Angle (Pitch)

• Length Factor (L f )

• Sharpness Factor (S f )

As the number of control points along
the height of the shell in this approach is
decreased compared to the defined geom-
etry that was discussed in 2.2.1, spline re-
finement is required to interpolate other
points in between these control points to
create a surface. First, a set of five and
then a set of ten evenly spaced control points
are introduced along the height of the he-
licoidal shell, which means the height re-
mains constant. Naturally, increasing the
number of control points makes the op-
timization more complex in computation
while it may increase the refinement of the
results. Additionally, it should be noted
that thickness acts as a global parameter
here and remains constant.

2.2.3. EXPERIMENTAL

VALIDATION

While the finite element software and the
corresponding model have been validated
in the previous study [5], to compare the
simulated behavior of the L-shape helicoidal
shell joint with the real behavior of a pro-
totype, two CAD models were created with

five symmetrical shells as seen in Figure
2.5 which were later printed with Stere-
olithography (SLA) 3D printing method us-
ing Tough 1500 resin [29] with Form 3+ 3D
printer [30]. A tensile machine was used
for the experiment, twisting the structure
with a constant rate of 2π

60 r ad/s. Two ex-
periments were conducted; one for the L-
shape design with the set default geomet-
ric values, as seen in Table 2.2, and one to
validate the results of a gravity-balancing
optimized profile for target 90 degrees sine
function. Figure 2.5 (a) shows the proto-
type corresponding to the former which
has attached clamps and (b) corresponds
to the latter with separate detachable clamps.
The CAD model for the default L-shape de-
sign includes two hexagon-shaped ends to
aid clamping in the tensile machine. The
hexagon-shaped clamps are attached to a
cylindrical part which is fixed to the upper
and lower edges of the helicoidal shell. This
design allows space for the warping of the
shells in their flange. However, the pro-
totype for a 90-degree optimized gravity-
balancing profile has separate clamps to
minimize the stress concentration on the
lower edge of shells by minimizing the con-
tact surface at gripping points and avoid-
ing structure failure. Both prototypes were
printed with the SLA method and Tough
1500 resin. The simulation results for com-
parison are also simulated and optimized
respectively for material properties of Tough
1500. A Young’s modulus of E = 1.5GPa
and a Poisson’s ratio of ν = 0.35 was used
for the simulation. The experiment of the
default L-shape design was done in differ-
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ent stages with each having an increased
range of twist with angles of 90, 180,270,
and 340 degrees. Figure 2.6 shows the pic-
ture of the 3D-printed prototype and the
test setup for the experimental measure-
ment.

Figure 2.5.: Schematic of the CAD mod-
els created for the experi-
ment: (a) Default L-shape de-
sign (b) Optimized L-shape
design for 90-degree gravity-
balancing profile

2.3. RESULTS
In section 2.2, the geometric analysis of
the base helicoidal shell was mentioned.
It should be noted that due to the work-
ing principle of this particular structure as
discussed previously, the effect of height
was not studied as the structure exhibits a
gradual deformation along the height. In
other words, for a constant angle of twist,
the deformed region is dependent on the
pitch, and for a constant pitch, height al-
lows for a certain maximum twisting an-

Figure 2.6.: 3D-printed prototype and the
test setup

gle. This, however, is not true for the L-
shape design, as the bistable behavior shows
the deformation of the structure as a whole
as well as gradual deformation along the
height. In this sense, the L-shape shell acts
as a hybrid between the total deformation
of cross-sections along the height, and com-
plete gradual deformation seen in the base
helicoidal shell mechanism. In the next
section, the impact of geometric factors
on the L-shape design variation of the com-
pliant helicoidal shell mechanism is pre-
sented, and subsequently, the result of the
optimization will be presented, for both
the global geometric and local geometric
parameters approach. For the optimiza-
tion results, the normalized resisting mo-
ment is used for shaping and comparison
of the torque-angle profile. Optimization
is done and presented by a step-by-step
increase of the target angle window. It should
be noted that not all structures simulated
based on optimized solutions allow for a
full twist in the target optimized range, mean-
ing they result in structure failure when
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they are twisted for the full targeted angle
window.

Figure 2.7 shows the effect of the six ge-
ometric variables on the torque-angle pro-
file of the L-shape design. While the effect
of multiple factors acting simultaneously
on the torque-angle output of the struc-
ture can be difficult to decompose in opti-
mization results, the effect of a single vari-
able provides valuable insights into the im-
pact of each geometric design variable.

As seen in Figure 2.7, increasing the thick-
ness, which leads to a bulkier structure as
a whole, creates an overall higher stiffness
in the structure, causing a shift in the re-
sulting torque-angle profile and higher re-
sistance to being twisted. The resisting mo-
ment exhibits an approximate twofold in-
crease for every one-fold increase in thick-
ness.

As for the width, the effect is somehow
similar to thickness, but less significant,
and affects the peaks and valleys more promi-
nently. However, the constant torque re-
gion between the peak and valley does not
change significantly, due to their small mag-
nitude, as well as the location of the peak
and the valley.

As for the pitch and the height, their ef-
fect is in a sense similar to each other and
leads to the scaling of the torque-angle pro-
file along the angle range. This means how
much of the shell’s behavior is observed if
the twisting angle is the same, as well as
other geometric variables. However, the
effect of height on scaling the torque-angle
output is more prominent, with the effect
of increasing the height being similar to
decreasing the pitch and vice versa.

As for the length factor, it affects the con-
stant torque region of the profile, as well
as the location of the peaks. As the length
factor increases, the constant region gets
steeper but continuing this increase and
having a higher length factor from a cer-
tain point, flattens the constant region again
and this increase fully changes and devi-
ates the behavior of the structure, and a

bistable structure can no longer be seen.
As seen in the simulations, it was observed
that the length factor drastically affects the
hybrid behavior of the L-shaped helicoidal
shell. While the original helicoidal shell
shows gradual deformation, L-shape vari-
ation shows a gradual deformation as well
as deformation of the structure as a whole,
therefore a hybrid between these two ex-
tremes is seen. Decreasing the length fac-
tor shifts the behavior to more gradual de-
formation and vice versa.

The effect of the sharpness factor is very
significant as it also changes the hybrid
dynamic of this structure, higher sharp-
ness factors result in structures that be-
have more similarly to the original heli-
coidal shell, therefore a more flat constant
region is seen, while lower sharpness fac-
tor, pushes the behavior more towards a
sine shape, decreasing the slope of the bistable
region.

2.3.1. OPTIMIZED GEOMETRY

FROM GLOBAL

OPTIMIZATION APPROACH

The main difference between the base he-
licoidal shell and the L-shape variation is
the introduction of a flange and the changed
cross-section. The length factor (L f ) and
the sharpness factor (S f ) are the two pri-
mary factors affecting this cross-section.
Figure 2.8 shows the optimized profile for
90, 180, 270, and 360-degree windows by
optimizing the length factor and the sharp-
ness factor. While the balanced profile for
the 90-degree target window shows a line
closer to a straight line, for larger angle win-
dows the balanced profile is very much de-
viated from a straight line.

While the length factor and the sharp-
ness factor provide a significant level of
control on the behavior of this compliant
joint, without utilizing all six variables em-
ulating a sine function is not achieved. There-
fore an optimization with all six variables
is presented in Figure 2.9 for 90 and 180
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Figure 2.7.: L-shape Design: effect of geometric parameters

degrees. While for the 90-degree angle win-
dow, the balanced profile is close to a straight
line (gravity-balanced) optimization for an-
gles above 180 does not yield a sine func-
tion. This can also be seen in Figure 2.9
(b) in angles close to 180 degrees as the
balanced profile deviated from a straight
line.

2.3.2. OPTIMIZED GEOMETRY

FROM LOCAL

OPTIMIZATION APPROACH

The global geometric approach allows for
the optimization of geometric variables that
affect the whole structure; however, by uti-
lizing spline refinements, optimization can
be applied on a local scale, hence the pos-
sibility of allowing for a higher level of con-

trol of the torque-angle profile and fine-
tuning the output of the joint. This ap-
proach starts with the base helicoidal shell
joint, and it is then applied to the L-shape
design variation.

Figure 2.10 shows the optimization re-
sult for the base helicoidal shell by using
five control points in the target window
of 90 and 180 degrees by local variation
of radius (width) along the height (in to-
tal five optimization variables). While this
shows a close profile to gravity-balancing
for the range of 90 degrees, larger target
windows are not possible as this structure
does not exhibit a bistable behavior.

If the number of control points is increased,
and ten points are used for optimization
of both the radius (width) and angle (in
total twenty optimization variables), a nearly
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Figure 2.8.: The optimized torque-angle profile, based on the variation of L f and S f for a) 90,
b) 180, c) 270 d) 360 degrees.

Figure 2.9.: The optimized torque-angle profile, based on the variation of all six geometric
variables for a) 90, b) 180 degrees.
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Figure 2.10.: The optimized torque-angle profile for the base helicoidal shell, based on the
variation radius (width) along the height for a) 90, b) 180 degrees.

perfect balanced torque-angle profile can
be produced with the base helicoidal shell
joint as seen in Figure 2.11.

The local optimization approach for the
L-shape variation introduces the possibil-
ity of a more complex optimization by adding
two new variables; the length factor and
the sharpness factor. Figure 2.12 shows
the optimized profile of the L-shape he-
licoidal shell by using five control points
and varying the radius (width) along the
height (in total five optimization variables).

By increasing the variables and using five
control points and varying radius(width),
angle, length factor, and sharpness factor,
to achieve gravity balancing for a higher
target window, a rather balanced profile
can be obtained with a straight line up un-
til 140 degrees, which is shown in Figure
2.13 (a) and (b) shows the corresponding
geometry.

2.3.3. EXPERIMENTAL

MEASUREMENTS

Two 3D-printed prototypes are used for the
experimental measurement, both correspond-
ing to simulation with material properties
of Tough 1500. The prototype seen in Fig-
ure 2.5 (a) represents the default L-shape
helicoidal shell joint with the set geomet-
ric values seen in Table 2.2 and (b) is the

CAD model corresponding to the helicoidal
L-shape prototype optimized for a 90-degree
window using the global geometric opti-
mization with six optimization variables
and adjusted bounds for limitations of man-
ufacturing and testing. Table 2.3 includes
the geometric parameters used for the de-
sign of this prototype.

Figure 2.14 (a) shows the output profile
of the default L-shape helicoidal shell joint
and (b) shows the normalized profile. Fig-
ure 2.15 (a) shows the output profile of the
optimized L-shape helicoidal shell joint for
the 90-degree target window and (b) shows
the corresponding normalized moment. Fig-
ure 2.16 shows the picture of the default
L-shape prototype getting twisted in dif-
ferent stages. It can be observed from both
these prototypes that while the prototype
conforms to the same behavior, as evident
from the normalized output, the actual out-
put deviates from the simulation, by show-
ing a softer structure, showing less resis-
tance to being twisted.

2.4. DISCUSSION

Although an analytic model was not de-
veloped in this study, the effect of geomet-
ric parameters on the L-shape helicoidal
shell mechanism was observed through fi-
nite element simulation. This study com-
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Figure 2.11.: (a) The optimized torque-angle profile for the base helicoidal shell, based on
variation of radius (width) and angle with ten control points for 90 degrees and
(b) The corresponding optimized geometry

Figure 2.12.: The optimized torque-angle profile for the L-shape helicoidal shell that is based
on the variation radius (width) along the height for a) 90, b) 180 degrees.

Figure 2.13.: The optimized torque-angle profile for the L-shape helicoidal shell in the target
window of 180 degrees, based on the variation of radius (width), angle, L f , and
S f b) The corresponding optimized geometry
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Figure 2.14.: (a) Output profile of default L-shape prototype: FEM VS. experimental data and
(b) Normalized moment

Figure 2.15.: (a) Output profile of optimized L-shape prototype for 90 degrees: FEM VS. ex-
perimental data and (b) Normalized moment

Figure 2.16.: Default L-shape design deformation: (a) Initial position (b) 90 degrees (c) 180
degrees (d) 270 degrees (e) 340 degrees
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Table 2.3.: Optimization parameters for
3D printed Prototype

Parameter Value

T (Thickness) 0.0005[m]
W (Width) 0.0066[m]
P (Pitch) 0.1040[m]
H (Height) 0.0727[m]
L f 0.9274
S f 1.1592

menced with an understanding of the hy-
brid behavior of the L-shape helicoidal shell
where the structure can behave more sim-
ilarly to the base helicoidal shell or deform
as a whole when external force is applied.
This alternating behavior is heavily influ-
enced by the length factor and the sharp-
ness factor as these two parameters affect
the key difference between the above-mentioned
design variants: the flange. This means
a less wide flange and a less sharp flange
lead to behavior closer to the base heli-
coidal shell, and the larger flange and the
sharper it is, triggers the bistability and the
negative stiffness region between the two
stable points.

The global geometric parameters approach
is very useful to find a starting point for
finer optimization through local geomet-
ric adjustment as these parameters affect
the whole structure, however, due to the
lack of local control, its ability to manip-
ulate the nonlinear behavior of the heli-
coidal shell is limited. With that said, if
local geometric parameter adjustment is
also used, a satisfactory balanced profile
can be achieved.

As for the base helicoidal shell, it can be
observed that by controlling local param-
eters a very well-balanced gravity-balancing
profile can be optimized for a 90-degree
angle window, however, exceeding this win-
dow, does not result in balanced profiles,
as this structure does not exhibit bistabil-
ity and hence the possibility of a negative

stiffness region. To make the balanced pro-
file even more enhanced, increasing the
number of control points is key. This was
shown by the enhanced balanced profile
from five control points to ten control points.

For the L-shape helicoidal shell, recre-
ating a gravity-balanced profile with global
geometric parameters approach until 90
degrees is accessible, however, this approach
is not enough to produce gravity-balanced
profiles for larger angle windows. The re-
sult of the local geometric optimization ap-
proach for the L-shape design is promis-
ing and shows an ideal balanced profile
up to 140 degrees. However, even both the
approaches used in this study were unable
to achieve a full 180-degree gravity-balanced
profile which shows the limitation of op-
timizing of a single shell.

The experimental results show a rather
considerable difference in the actual re-
sisting moment of this structure. The ma-
terial used for the prototype studied in this
paper is highly viscoelastic, and its behav-
ior changes over time. Additionally, the
type of resin used for this printing method
is very dependent on the curing procedure,
time, and temperature [31], and if any of
these parameters are somewhat changed,
the properties of this material are altered,
which can be a hypothetical reason for this
disparity.

2.5. CONCLUSION

In this study, we conducted a comprehen-
sive investigation into the geometric anal-
ysis, optimization, and experimental val-
idation of a novel helicoidal shell design
studied by Radaelli [5], particularly focus-
ing on developing an L-shape variant of
this structure. The intricate relationship
between geometric parameters and the re-
sulting torque-angle profile was explored
through both global and local optimiza-
tion approaches, shedding light on the chal-
lenges and opportunities in tailoring com-
pliant joint behavior.
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The impact of parameters such as thick-
ness, width, pitch, height, length factor,
and sharpness factor on the torque-angle
profile was analyzed in detail. These in-
sights served as a foundation for the sub-
sequent optimization efforts, revealing the
complex interplay of these factors in achiev-
ing desired joint behaviors.

While the bistable behavior shows a po-
tential for profiles emulating a sine func-
tion, reaching a total sine function with
the presented approaches in the study was
only realized up until 140 degrees and larger
angle windows remain an intriguing prospect
to be studied. As this structure consists of
a number of similar shells, the behavior
is limited to the profile exhibited by each
shell. However, by making a more com-
plex algorithm, and optimizing two or more
shells simultaneously (for example, opti-
mizing a cross-section like a Z-shape), more
control is achieved on the torque-angle pro-
file. An even more complex optimization
algorithm can be developed to optimize
separate shells (with separate thicknesses).
This shows potential for recreating a larger
range of nonlinear torque-angle profiles,
and not only the possibility of achieving
gravity-balancing for a larger angle win-
dow but also the possibility of achieving
potentially a neutrally stable joint.

Furthermore, more complex optimiza-
tion does not always lead to better results
as the search domain gets larger and the
possibility of reaching a local minimum
instead of a global minimum increases. De-
veloping optimization with multiple start-
ing points can be a promising solution for
this possible error.

Additionally, this study was first carried
out through simulation and numerical anal-
ysis and then experimental validations were
undertaken by considering the limitations
of manufacturing and testing. This study
can start from the fabrication, and then
enhance the numerical model to correctly
predict the behavior, by taking into account
the proper material models. The fabrica-

tion of prototypes, especially, with the goal
of reducing the stress concentrations, is
another suggestion for future studies.
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3
CONCLUSION

This study investigated the possibility of synthesizing nonlinear torque-angle profiles us-
ing helicoidal shell joints by analyzing different design variants and developing an L-shape
design with bistable behavior. The primary focus of this research was introducing a gravity-
balancing profile and it was shown that with the methods and design variants proposed in
this study, an adequate gravity-balancing profile up until 140 degrees was achievable. Two
optimization approaches were utilized and the results of them were presented. Addition-
ally, CAD models and prototypes were developed to provide a link between simulation and
the real behavior of the models. The strengths and limitations of the approaches presented
as well as the limits of the studied structures were presented and discussed. Furthermore,
the differences and disparity between simulation and experimental results were presented
and analyzed. This study concluded with suggestions for further research and methods to
enhance gravity-balancing using helicoidal shell joints.

The author of this thesis proposes further study of this compliant shell mechanism for
achieving gravity-balancing profiles with larger angle windows as well as synthesizing al-
ternative nonlinear torque-angle profiles, such as neutrally stable profiles. Additionally, an
application-based approach can enhance this study by synthesizing nonlinear torque-angle
profiles using the methodology presented in this research for engineering applications, such
as gravity-balancing medical devices and structures in the field of biomechanical design.
This study showed the potential of helicoidal shells for designing compliant joints, however,
this potential should also be studied for implementation and practical use.

Furthermore, developing a functional joint is beyond the possible nonlinear profiles ob-
tained by simulations, or even one-time experimental measurements. The effects of fatigue
and creep can significantly affect the functionality of a joint, as the question arises whether
the obtained nonlinear behavior is repeatable. Additionally, putting the result of this re-
search to good use, requires a detailed study of fabrication methods and materials, to pro-
vide adequate mechanical behaviors in joints made for engineering applications. This also
requires enhancing the numerical methodology by taking into account the nonlinearities of
the materials as well as using alternatives to linear-elastic models to simulate more precise
results.
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A
THEORETICAL BACKGROUND

This appendix will provide a brief introductory overview of the main theoretical foundations
that worked as the underlying basis for the numerical methodology employed in this thesis.
Additionally, further resources will be recommended to interested readers.

A.1. ISOGEOMETRIC ANALYSIS AND NURBS
Isogeometric analysis (IGA) is a relatively recent technology in computational mechanics
that enables the integration of Finite Element Analysis (FEA) and Computer-Aided Design
(CAD) into a unified process. This has significant implications for practical engineering de-
sign scenarios, reducing the time from design to analysis and resulting in notable efficiency
gains. Some key advantages of IGA over traditional Finite Element Methods (FEM) include
[1]:

• IGA utilizes NURBS (Non-Uniform Rational B-Splines), a type of spline commonly
used in CAD, as its basic function for analysis. This eliminates the need for time-
consuming and error-prone meshing, allowing the exact representation of complex
geometries.

• IGA eliminates the requirement for re-meshing when there are changes in geometry,
which is particularly advantageous in applications such as fluid dynamics.

• IGA can address a broader range of problems compared to traditional FEM, including
those involving high-order derivatives.

• IGA is recognized for its higher accuracy when using the same degree of polynomial
approximation as traditional FEM.

The procedure used in IGA can be summarized as follows [2]:

• A CAD model of the problem domain is created.

• The CAD model is converted into a mesh of NURBS (Non-Uniform Rational B-Splines)
control points.

• The NURBS control points are used to define the basis functions for the IGA solution.

• The PDEs governing the problem are solved using the IGA basis functions.

• The solution is then used to obtain the desired engineering results, such as stresses,
strains, and displacements.
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It should be noted that in isogeometric analysis (IGA), a CAD model is typically utilized as
the starting point for the analysis. However, IGA itself is not responsible for creating the CAD
model. Instead, it leverages the existing CAD model of the problem domain. The general
workflow in IGA involves taking the CAD model, which represents the geometric details of
the structure or object, and converting it into a mesh of Non-Uniform Rational B-Splines
(NURBS) control points. This conversion allows IGA to seamlessly integrate the geometric
representation with the mathematical framework used for analysis.

NURBS, or Non-Uniform Rational B-Splines, are mathematical representations commonly
used in computer-aided design (CAD) and computer graphics. They provide a flexible and
precise way to represent curves and surfaces, making them an essential tool in geometric
modeling. NURBS-based geometry is the application of NURBS curves and surfaces to de-
fine shapes and surfaces in digital design and engineering.

B-Splines are a type of mathematical curve that uses piecewise-defined polynomial func-
tions to interpolate or approximate points in space. They are defined by control points
and basis functions. NURBS (Non-Uniform Rational B-Splines) are a type of mathemati-
cal function that is used in computer-aided design (CAD) to represent curves and surfaces.
NURBS are a generalization of B-Splines, which were first introduced by mathematician Carl
Friedrich Gauss in the 18th century [1].NURBS can represent a wider variety of curves and
surfaces, including conic sections such as circles and ellipses, which cannot be represented
exactly by B-Splines. NURBS are more efficient to evaluate and refine than B-Splines. The
"non-uniform" aspect means that the spacing between control points is not necessarily uni-
form. This allows for more flexibility in shaping curves and surfaces. The "rational" part
refers to the fact that NURBS curves and surfaces use rational functions. Each control point
has an associated weight, allowing for additional control over the shape. NURBS are used in
various applications, including computer-aided design (CAD), computer-aided manufactur-
ing (CAM), and computer graphics. NURBS are also used in the automotive, aerospace, and
shipbuilding industries to design complex parts [1]. NURBS are used to model everything
from automobile bodies and ship hulls to animated characters in the latest feature-length
film. To fully exploit the flexibility of NURBS, a thorough working knowledge of the underly-
ing mathematics is necessary [3]. NURBS are also used as the basis functions in isogeometric
analysis because they offer some advantages over traditional finite element basis functions,
including [4]:

• Flexibility: NURBS are capable of representing complex geometries with ease.

• Accuracy: NURBS are very accurate, even for high-order problems.

• Discontinuity control: NURBS basis functions can be discontinuous across element
boundaries, which can be beneficial for certain applications.

• Convergence: NURBS-based methods are known to converge rapidly, even for prob-
lems with complex geometries.

In addition to these advantages, as NURBS are the basis functions of choice in many CAD
systems, this makes them a natural choice for isogeometric analysis, as it eliminates the need
to convert between different types of basis functions.

NURBS curves are defined by a set of control points and associated weights. The curve
smoothly passes through these control points, and the weights determine the influence of
each control point on the curve’s shape. The degree of the curve indicates the order of the
polynomial functions used. NURBS surfaces extend the concept of NURBS curves into two
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dimensions. They are defined by a grid of control points in both the u- and v-directions, each
with an associated weight. The weights provide additional control over the shape and surface
properties. NURBS-based geometry provides a precise and flexible way to represent complex
shapes. The ability to control the degree, weights, and arrangement of control points allows
for the creation of a wide variety of shapes, from simple to highly intricate. NURBS can be
used for both interpolation (passing through specified points) and approximation (fitting
a curve or surface to given data). This versatility makes them suitable for various design
applications.

For a more in-depth exploration of Isogeometric Analysis and NURBS, readers are encour-
aged to consult the recommended references[1–6].

A.2. KIRCHHOFF–LOVE PLATE THEORY
Kirchhoff-Love Theory is a fundamental principle in the field of plate theory, providing a set
of equations that describe the behavior of thin plates under various loads. The Kirchhoff
plate theory or classical plate theory (CPT) is an extension of the Euler–Bernoulli beam the-
ory to plates. Kirchhoff-Love theory was developed by Augustus Edward Hough Love in 1888,
using the ideas of Gustav Kirchhoff. It is based on the assumption that straight lines perpen-
dicular to the mid-surface (i.e., transverse normals) before deformation remain straight after
deformation. The Kirchhoff hypothesis consists of the following three parts [7]:

1) Straight lines perpendicular to the mid-surface (i.e., transverse normals) before defor-
mation remain straight after deformation.

2) The transverse normals do not experience elongation (i.e., they are inextensible).
3) The middle surface of the plate is in a state of plane stress.
The main equations of Kirchhoff-Love Theory describe the relationships between the mo-

ments, shears, and bending moments in terms of the plate deflections. The theory is widely
used in engineering and physics to analyze the behavior of structures such as beams and
plates under various loading conditions. It’s important to note that while Kirchhoff’s Love
Theory is suitable for thin plates, it may not be accurate for thick plates, and more advanced
theories, such as the Mindlin-Reissner theory, are used in those cases. It is also not valid for
plates with large deflections, shear deformations, or thickness variations. Detailed formula-
tion of this theory can be found in [7].
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B
ALTERNATIVE DESIGNS

B.1. DESIGN MODIFICATION APPROACH
To explore the potential nonlinear torque-angle profiles, three main approaches were ini-
tially utilized to modify the original compliant helicoidal shell mechanism studied by Radaelli
[1]. These approaches are described below.

• Applying mathematical functions to the outer edge of the helicoidal shell: In this ap-
proach, different mathematical functions such as taper, polynomial (2nd, 3rd, and 4th

degree), and cosine function with different periods were implemented as and the re-
sulting torque-angle profile was observed. In other words, instead of a constant width,
w = w(z) is used as a varying width. Another approach utilized in this research based
on applying mathematical functions is developing a double-sided model (with the
middle edge constrained) and applying different mathematical functions to each side
such as w1 = w1(z) and w2 = w2(z).

• Applying different cross-sections to the helicoidal shell: The inspiration for this ap-
proach was testing the common cross-section shapes that can be seen in beams. An
example can be seen in Figure B.1. L-shape, C-shape, Z-shape, and T-shape cross sec-
tions are developed for the helicoidal shell in this study and the resulting torque-angle
profile is observed. To create these cross sections, a curved flange was designed based
on the cylindrical coordinates, therefore, the flange is shaped as a circular arc. To con-
trol the shape of this flange, two geometrical factors were created, length factor (L f )
and sharpness factor (S f ). The length factor is the ratio of the flange length (arc length)
to the width of the shell (web length), and the sharpness factor is defined as the ratio
between the radius of the endpoint of the arc at θar c where θar c is the arc angle and the
width of the shell (web length). In theory, the minimum value for the length factor can
be as low as zero which is the simple helicoidal shell that does not have an additional
flange, and the minimum value for the sharpness factor is one, as the minimum radius
of any point on the arc is the same as the shell width. The control points on the flange
starting from the endpoint of the web to the endpoint of the arc at θar c , are defined
linearly varying from w to Sh f ×w . A higher value for the sharpness factor translates
to a less sharp L-shape. Figure B.2 depicts the Finite Element Model (FEM) for each of
the implemented cross-sections.

• Applying varying pitch to the helicoidal shell: While the original helicoidal shell struc-
ture has a constant pitch, varying pitch values for the helicoidal shell are studied in this
research to observe their effect. This includes having linearly increasing or decreasing
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pitch along the shell’s height so that pitch would be p = p(z), half helix shape (utilizing
both negative and positive pitch in the lower and upper half of the helicoidal shell).
Figure B.3 shows the finite element model as an example of varying pitch, where the
pitch goes from positive to negative at the middle of the helicoidal shell.

Figure B.1.: Typical cross-sections in beams [2].

Figure B.2.: Finite Element Models for different cross sections: (a) L-shape (b) T-shape: Type
I (c) T-shape: Type II (d) Z-shape (e) C-shape.
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Figure B.3.: Half-helix design for helicoidal shell





C
SUPPLEMENTARY OPTIMIZATION RESULTS

This appendix includes supplementary optimization results for the main paper as well as the
results included in the main paper in one place. These results can provide further insights
into how different combinations in optimization can show different levels of tunability in the
structure.

Figure C.1.: The optimized torque-angle profile, based on the variation of L f and S f for a)
90, b) 180, c) 270 d) 360 degrees.
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Figure C.2.: The optimized torque-angle profile, based on the variation of all six geometric
variables for a) 90, b) 180 degrees.

Figure C.3.: The optimized torque-angle profile for the base helicoidal shell, based on the
variation radius (width) along the height for a) 90, b) 180 degrees.

Figure C.4.: The optimized torque-angle profile for the base helicoidal shell, based on the
variation radius and angle along the height for a) 90, and b) 180 degrees.
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Figure C.5.: (a) The optimized torque-angle profile for the base helicoidal shell, based on
variation of radius (width) and angle with ten control points for 90 degrees and
(b) The corresponding optimized geometry

Figure C.6.: The optimized torque-angle profile for the L-shape helicoidal shell that is based
on the variation radius (width) along the height for a) 90, b) 180 degrees.

Figure C.7.: The optimized torque-angle profile for the L-shape helicoidal shell in the target
window of 180 degrees that is based on the variation of radius and a) length fac-
tor, b) sharpness factor along the height.
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Figure C.8.: The optimized torque-angle profile for the L-shape helicoidal shell in the target
window of 180 degrees that is based on the variation of a) length factor, b) length
factor, and sharpness factor along the height.

Figure C.9.: (a) Output profile of default L-shape prototype: FEM VS. experimental data and
(b) Normalized moment

Figure C.10.: (a) Output profile of optimized L-shape prototype for 90 degrees: FEM VS. ex-
perimental data and (b) Normalized moment



D
SYNTHESIS OF NONLINEAR OUTPUT

PROFILES: AN EXAMPLE

The main focus of this research was directed towards obtaining a gravity-balancing profile
using variations of a helicoidal shell joint. However, in the grand scheme of things, the objec-
tive is to propose a tunable structure where a wide range of nonlinear torque-angle profiles
can be achieved This appendix will address an example of a joint, studied by Hampali et. al.
[1], which is designed for a particular nonlinear profile, and recreating this profile by opti-
mizing the L-shape helicoidal joint. Hampali et. al. [1] have developed two variants of their
design. Figure D.1 (a) and (b) show the undeformed and deformed shape of the first type of
this joint respectively and Figure D.1 (c) and (d) show the undeformed and deformed shape
of the second type of this joint respectively. Figure D.2 shows the target profile (a) envisioned
profile and (b) implemented profile by Hamapali et. al. [1]. By using a normalized target
function, we can attempt to recreate this profile by optimizing the L-shape helicoidal joint.
Figure D.3 shows the optimized profile achieved by the L-shape helicoidal joint by using the
methodology employed in this thesis. This result shows further tunability and potential of
helicoidal shells for the synthesis of nonlinear torque-angle profiles. Figure D.4 shows the
CAD model corresponding to this optimized joint.

Figure D.1.: The compliant joint studied by Hampalt et. al. [1]
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Figure D.2.: (a) Qualitative target profile b) Actual target profile (simulation and experiment.)
[1]

Figure D.3.: The recreated optimized profile bu using L-shape helicoidal joint
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Figure D.4.: The CAD model for the optimized joint




	Contents
	Abstract
	Introduction
	Background
	Research Problem
	Research Objective
	Research Framework
	Thesis Organization
	References

	Main Paper
	Introduction
	Methodology
	Finite Element Analysis
	Optimization Implementation
	Experimental Validation

	Results
	Optimized Geometry from global optimization approach
	Optimized Geometry from local optimization approach
	Experimental Measurements

	Discussion
	Conclusion
	References

	Conclusion
	Theoretical Background
	Isogeometric Analysis and NURBS
	Kirchhoff–Love plate theory
	References

	Alternative Designs
	Design Modification Approach
	References

	Supplementary Optimization Results
	Synthesis of Nonlinear Output Profiles: An Example
	References


