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CHAPTER 1. INTRODUCTION

1.1. Motives for the need of pressure vessel analysis.

Once the shape, overall dimensions and service loads for a pressure vessel
have been determined by the process requirements, the traditional method for
its further mechanical design is characterized by the existence of Design
Codes such as the "Grondslagen waarop de beoordeling van de constructie en
het materiaal van stoomtoestellen, damptoestellen en drukhouders berust"
(Principles for the assessment of the construction and of the materials used
in the construction of boilers and pressure vessels) [J.1] in The Netherlands
and Division 1 of Section VIII (Pressure Vessels) of the ASME Boiler and

Pressure Vessel Code [1.2] in the U.S.A. The traditional Codes have two main
limitations:

a. They only take into account the so-called primary stresses,
which are in equilibrium with the external loadings and do not
vary across the vessel thickness. Additional bending stresses
and stress concentrations are allowed for in so-called safety
factors, which are based on previous experience and therefore
often are ignorance factors. These factors enlarge the thick-
ness which does not always lead to an economic and more safe
design. For instance for nuclear pressure vessels we have

® enlarging of thermal stresses due to increasing of neutron
and y-absorption

® raised chance of inhomogeneities and local defects (wall
thickness P(ressurized)W(ater)R(eactor) vessels 200-300 mm,
steam generator tube plates up to about 650 mm).

b. They do not account for low-cycle fatigue failure. This type of
fatigue, with local plastic deformation at each loading cycle,
may lead to an unsafe design under certain operating conditions
such as rapid changes in temperature or pressure. For instance
for nuclear pressure vessels we have
® loading dependent variations of thermal stresses due to

neutron and y-absorption
® danger for fast growth of fatigue cracks due to embrittle-
ment of the vessel wall by fast neutron radiation.

For nuclear pressure vessels the above considerations have led to the follow-
ing ideas, formalized originally in the 1963 edition of Section III (Nuclear
Vessels) of the ASME Boiler and Pressure Vessel Code [1.3]:

a. Classification of the stresses in stress categories, i.e.
primary, secondary and peak stresses, depending on their effect
on the structure

b. Applying of different stress limits to the stresses of the
different categories, depending on the relevant mode of failure,
such as

® plastic instability
® incremental collapse
® low-cycle fatigue *)

A m??e:fetailed explanation of the philosophy underlying [].3] can be found
in [T.4].

*
) [3.3] does not provide a design criterion for another important mode of
fatlure, <.e. brittle fracture.
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The design of pressure vessels in accordance with this philosophy requires

in each category under all

the effect of each stress

This second requirement constitutes a tremendous challenge to the metallur-
gist and as yet requires continuing investigations on to the mechanisms of
creep, low-cycle fatigue and brittle fracture, together with their interact-

The present thesis restricts itself to contributing to the first require-
ment, resulting in a detailed stress analysis.

The financial consequences of designing on the basis of the above philosophy
and of utilizing the results of a detailed stress analysis are illustrated
in figure 1.1.1 (the dimensions in this figure have been extracted from
[1.5]) for a B(oiling)W(ater)R(eactor) and a PWR vessel.

From this figure the most
important areas for stress and
deformation analysis can be
seen to be the flange connect-
ion, the nozzles attached to
the cylindrical vessel, the
nozzles attached to the
spherical head or bottom and
the skirt transition. The
first two areas of these are
of major importance, the
former because of the extrem-
ely stringent leak-tightness
requirements and the latter
because it includes the region
of highest stresses.

Recognizing the importance of
the above safety and financi-
al considerations the ASME in
1968 introduced Division 2 of
Section VIII of the ASME
Boiler and Pressure Vessel
Code [1.6], providing alterna-
tive rules for the design of
conventional pressure vessels.
In fact, these rules consti-
tute the same philosophy as
established in [1.3:] for
nuclear pressure vessels.

The requirements for detailed
stress and deformation analy-
sis of pressure vessels
defined in [1.3] or [1.6] are
so far *) limited to the
elastic range.

In the case of low-cycle fatigue this is done by "econverting" plastic
strains to (imaginary) stresses by multiplying by Young's modulus. The
1971 edition of [1.3] permits the use of limit analysis for demonstrating
the adequacy of nozzle reinforcements.




1.2‘

Such analyses are usually carried out through one or two of the following
basic concepts

® linear thin shell theory analysis
° finite element analysis.

The analysis on the basis of linear thin shell theory has now become suffi-
ciently well established to be generally accepted. Its physical justifica-
tion can be found in the fact that the vast majority of pressure vessels
contain parts, where the ratio of the wall thickness to smallest middle
surface radius of curvature does not exceed (say) 1/10. However, its utili-
zation in design practice is mostly restricted to the case of axisymmetric
shells under axisymmetric loadings. Although, as indicated by the formulas
established in the Appendices of'[ﬁ.i] and [1.6] and by the analyses of
pressure vessel components presented e.g. in [J.j], this case covers an
important number of practical problems, it excludes for example the nozzle
attached to a cylindrical shell which is known to include the region of
highest stresses in a pressure vessel. In the present thesis the thin shell
theory concept has been utilized for the analysis of this non-axisymmetric
connection. It should be noticed already in this stage that any thin shell
theory remains essentially incapable of giving information about peak stress-
es. For this purpose the finite element concept has been incorporated into
the treatment of the non-axisymmetric case given in the present thesis.

As the application of both the thin shell theory and the finite element con-
cept requires basic knowledge about their foundations, these are summarized
in the next two sections. The last section of this chapter reviews the scope
of the present thesis. ‘

Foundations of the linear thin shell theory.

In its essence the use of a thin shell theory implies the simplification of
a three-dimensional problem to a two-dimensional problem by considering the
behaviour of the middle surface to be representative for the behaviour of
the three-dimensional shell. Mention should be made at this point of the
analogy with the theory of beams, where the behaviour of the axis is consi-
dered to be representative for the behaviour of the three-dimensional beam.
Thus any thin shell theory is necessarily of an approximate character.

In order to realize the simplification just mentioned, the three-dimensional
concepts strain and stress are replaced respectively by the two-dimensional
concepts middle surface strain and change of curvature on the one hand and
stress resultant (force) and stress couple (moment) on the other hand.

A first step in the study of the theory of shells usually consists of the
investigation of the geometrical properties of the deformations of shells.
For pressure vessel analysis this implies expressing the functional relation-
ships between the (generally three) middle surface strains and the (general-
ly three) middle surface changes of curvature on the one hand and the (gener-
ally three) middle surface displacements on the other hand. The only assump-
tion made 'in this step is that the displacements and their derivatives are
small everywhere in the shell (linear theory).

As usual in the theory of elasticity, the analysis of the deformations of
shells is followed by that of the corresponding stresses, resulting in the
equations of equilibrium and the dynamic boundary conditions. The classical
equations of equilibrium, as formulated by LOVE [1.8, Chapter XXIV, Article
33{], are six in number, viz. three force equations and three moment equa-
tions, and involve ten unknowns, viz. two membrane normal forces, two mem-
brane shear forces, two transverse shear forces, two bending moments and two
twisting moments. On the basis of the work done by GOL'DENVEIZER [1.Q] and
LUR'E [].1@], it was pointed out by NOVOZHILOV [1.11, Chapter I, par.!ﬂ



that these six equations in ten unknowns may be reduced to a system of three
equations involving no more than six unknowns, viz. two membrane normal
forces, one modified shear force, two bending moments and one modified
torsional moment (half the sum of the two original twisting moments). It
becomes clear from this reduction that the difference between the two origin-
al twisting moments does not appear in the modified equilibrium equations.
The physical explanation for this remarkable reduction has been given by
Koiter [1.12] and originates in the principle of virtual work. It may be
concluded from this explanation that the equations of equilibrium do not
involve any approximation.

The study of the state of stress in thin shells has to be completed with the
dynamic boundary conditions to which the forces and moments are subjected.
Starting from the original system of ten stress resultants and stress
couples, introduced before, one would think that the number of dynamic
boundary conditions must be equal to five. However, the number of independent
kinematic boundary quantities to be prescribed along an edge curve in the
middle surface is equal to four, viz. three edge displacements and the rota-
tion around the edge curve. Hence the principle of virtual work yields four
independent so-called natural dynamic boundary conditions, completely determ-
ining the solution for the stresses in a shell. This controversy has been
resolved by KELVIN and TAIT [1.13] for the special case of thin plate theory,
replacing the twisting couple and transverse shear force distributions along a
plate edge by a statically equivalent distribution of reduced transverse
shear forces. A similar argument has been applied in the theory of thin shells
(see e.g. [1.8, Chapter XXIV, Article 332] and [1.11, Chapter I, par. 11]).
It involves an appeal to St.-Venant's principle and assumes that the replace-
ment of the original edge loads by statically equivalent loads has a negli-
gible effect on the stress distribution in the interior of the shell at a
distance from the edges equal to at most a few times the shell thickness.
Thus the reduced dynamic boundary conditions appear to have an approximative
character. However, by introducing the modified membrane shear force and the
modified torsional moment, mentioned in the discussion of the equilibrium
equations, KOITER [1.1{] proved that appropriately formulated reduced dynam-
ic boundary conditions are rigorously valid. Again it turns out that the
difference between the two original internal twisting moments does not
appear in the reduced dynamic boundary conditions.

The previous discussion of the compatibility conditions for the middle
surface strains and changes of curvature and of the equations of equilibrium
and the boundary conditions for the stress resultants and stress couples did
not include any approximation, except for the assumption that the displace-
ments and their derivatives are small everywhere in the shell. The approxi-
mate nature of shell theory enters the picture at the final and critical
stage, where the constitutive relations are introduced between the stress
resultants and stress couples on the one hand and the middle surface strains
and curvatures on the other hand.

In classical thin shell theory these relations are derived on the basis of
the well-known Kirchhoff-Love assumptions:

a. The effect of the normal stress on surfaces parallel to the
middle surface may be neglected in the stress-strain relations.

b. Points which lie on one and the same normal to the undeformed
middle surface also lie on one and the same normal to the
deformed middle surface.

c. The displacements in the direction of the normal to the middle
surface are equal for all points on the same normal.

For homogeneous and isotropic materials obeying Hooke's law, the Kirchhoff-
Love hypotheses are mutually contradictory, as Poisson's ratio implies a
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strain in the direction normal to the shell middle surface under the ne-
glection of the normal stress on surfaces parallel to the middle surface in
the stress-strain relations.

Considerable progress with regard to this inconsistency of the classical
thin shell theory foundations was achieved by KOITER [1.15, 1.16] by re-
placing the Kirchhoff-Love hypotheses by the single assumption of an ap-
proximately plane state of stress parallel to the middle surface. After
rigorous elaborations he showed that the elastic energy on the basis of
this assumption may always be approximated by Love's so-called first ap-
proximation [1.8, Chapter XXIV, Article 329, equation (38)], as the sum of
stretching or extensional energy and bending or flexural energy, and that
no refinement of this first approximation is justified, if the basic
Kirchhoff-Love assumptions are retained. The relative error of this ap-
proximation (i.e. the error, as compared with the energy on the basis of
the plane stress assumption) is of order h/R or h?/L2? (whichever may be
critical), where h is the wall thickness of the shell, R the minimum prin-
cipal radius of curvature, and L the wave length of the deformation pat-
tern *). Moreover it was shown that the bending energy may be modified,
without loss in accuracy of the approximation, by adding terms of order
e/R to the measures for the changes of curvature, where € is a middle sur-
face strain. Thus it appeared in [1.15, 1.16] that most of the different
expressions for the changes of curvature occurring in literature are equiv-
alent. An inherent inadequacy of the foregoing thin shell theory founda-
tions is that no information is obtained on the actual magnitude of the
errors. In this respect major progress was achieved by JOHN [1.17] and
KOITER [1.18].

It may be concluded from their analyses that the relative error in Love's
approximate decomposition of elastic energy (i.e. the error, as compared
with the energy for the three-dimensional shell) is of order h/R or h2/L2.
Moreover the analysis given in [1.18] enables one to make precise error
estimates once the two-dimensional (approximate) shell solution is avail-
able.

The system of partial differential equations resulting for the general
linear theory of thin elastic shells within the basic assumptions discussed
above appears to be of eighth-order and is extremely complicated. Some sim-
plification is obviously desirable for application to a particular problem
and a wide variety of shell theories with a more or less approximate char-
acter are known from literature. A systematic classification of possible
simplifications of the general field equations has been given in [l.lQJ.
The two important parameters in this simplification process are shown to be
hk/e and L2/hR, where k is the maximum (absolute) curvature and e the max-
imum (absolute) middle surface strain.

One of the best known versions of simplified shell equations is referred

to as shallow shell theory and is utilized in Chapter 4 of the present the-
sis. Although it is very difficult to estimate a priori the errors due to
the simplifying assumptions made during the presentations of this theory in

¥) The wave length L is defined by
de) _ 4 (£ . dv) _ 5 1K
EI =0 [L] > ds! ~ 0 [L]

where € s a middle surface strain and x a middle surface change of
curvature, while ds denotes the arc element along any curve on the
middle surface and the symbol O [..]| denotes the order of magnitude.
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literature %), it seems justified to conclude from [1.19] that the appli-
cability of shallow shell theory is restricted to the following order of
magnitude of the two parameters mentioned above.

he _ L2 _
e [1] hR ~ 0 [1]

In view of the basic assumptions underlying the thin shell theory it may be
concluded from the order of magnitude of the second parameter that the

wave length L of the deformation pattern has to be small compared with the
minimum principal radius of curvature R.

Philosophy of the finite element procedure.

Essentially the finite element method can be considered as a generaliza-
tion of standard structural analysis procedures. It permits a detailed
stress and deflection analysis in two- and three-dimensional structures,
such as pressure vessels, by the same techniques which are applied in the
analysis of ordinary framed structures.

The method, having originally been developed in the aerospace industry, in
response to the need for a procedure providing refined solutions for ex-
tremely complex airframe configurations [1.20, 1.21], has now a fast
broadening field of non-aeronautical applications (such as the nuclear
one), particularly thanks to the availability of powerful automatic digi-
tal computer facilities.

The basic concept of the finite element method is that every structure may
be considered to be an assemblage of individual structural components or
elements. The mathematical model which describes the real construction con-
sits of a finite number of such elements, interconnected at a finite num-
ber of joints or nodal points. In the matrix displacement method, to which
the present thesis is restricted, the displacements of these nodal points
will be the basic unknown parameters of the problem.

The finite element analysis of a structure may be divided into four
phases: structural idealization, evaluation of element properties, struc-
tural analysis of the element assemblage, and interpretation (presenta-
tion) of the results. The structural idealization being merely the subdi-
vision of the original system into an assemblage of discrete elements the
evaluation of the element properties forms the critical phase of the anal-
ysis. Since the elements are assumed to be interconnected only at a limit-
ed number of nodal points the essential characteristics of an element are
represented by the relationship between a system of forces concentrated at
the nodes and their resulting deflections. In the matrix displacement
method (also called direct stiffness method) this force-deflection rela-
tionship may be expressed most conveniently by the stiffness matrix of the
element. A more general basis for the development of the element proper-
ties can be found in the virtual work equation or in the principle of min-

“imum potential energy: for a prescribed set of displacements and strains

the equilibrium conditions are satisfied when the values of these dis-
placements are such that the total potential energy reaches its minimum
value.

Once the element properties have been defined, the stress and deflection
analysis of the element assemblage resulting from any given loading

*) 4 general treatment of shallow shell theory is givem among others by
NOVOZHILOV [1.11, Chapter I, par. 17a].

_12_
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condition is a standard structural problem, which for a displacement meth-
od analysis consists of the following basic operations [1.22]:

1. Evaluation of the stiffness properties of the individual elements,
expressed in any convenient local (element) co-ordinate system.

2. Transformation of the element stiffness matrix from the local
co-ordinate system to a form relating to the global co-ordinate
system of the complete structural assemblage by means of trans-
formation of the nodal displacements.

3. Superposition of the individual element stiffnesses contributing
to each nodal point to obtain the total assemblage nodal stiffness
matrix.

4. Formulation and solution of the "equilibrium equations" resulting
from the virtual work equation.

5. Evaluation of the element deformations from the computed nodal
displacements by kinematic relationships.

6. Determination of element stresses by means of the stress-strain
relations.

7. Interpretation of the results. This includes presentation in an
appropriate form.

A comprehensive discussion of the analogy between the matrix equations re-
presenting the finite element method and the field equations of continuum
mechanics by BESSELING [1.23], demonstrates that the finite element equa-
tions are the complete equivalent in finite form of the standard equations
of elasticity. In order that the finite element idealization may provide a
reasonable representation of the actual continuum each element must be re-
quired to deform similarly to the deformations developed in the corre-
sponding region of the continuum. This objective may be accomplished most
conveniently by prescribing the deformation patterns which may develop
within each finite element by means of functions defining uniquely the
state of displacement in terms of its nodal point displacements. Thus the
basic and critical operation in the definition of an element stiffness ma-
trix is the choice of the displacement functions.

To ensure convergence of the finite element solution to the solution of

Ehe cTntinuum field equations the following restrictions may be imposed
1.24]:

1. The deformation characteristics chosen should be such that straining
of an element is excluded when the nodal displacements are caused
by rigid body displacements.

2. The deformation characteristics should include all uniform strain
states to obtain meaningful solutions for the case of nearly con-
stant strain conditions which will occur as the elements get
smaller.

3. To ensure compatibility between two elements, the displacements
at their interconnecting boundary should be uniquely determined
by their values at the nodal points along this boundary.

The first two conditions, referred to in literature as the completeness re-
quirements for the displacements, are necessary for convergence to the true
state of strain, while the third criterion, mentioned in literature as the
conformity requirement, is a sufficient condition for this convergence.

_13_




1.4. Outline of the present thesis.

The primary scope of the present thesis is to contribute to the elastic
analysis of two important pressure vessel components, i.e. the flange con-
nection and the nozzle-to-cylindrical vessel connection.

In order to realize this purpose Chapter 2 presents a twofold contribution
to the finite element analysis. Firstly, a triangular ring element with six
nodal points is developed for finite element analysis of solids of revolu-
tion under non-axisymmetric loads (Chapter 2.2). Secondly, the so-called
ana-element concept is introduced so as to incorporate parts of the
structure, whose equations of elasticity have a known analytical solution,
into the finite element approach (Chapter 2.3). This concept is applied to
a number of plate and shell elements of interest in pressure vessel analy-
sis.

The contribution on the analysis of flanges presented in Chapter 3, con-
centrates on large-diameter, high-pressure vessel flanges. Firstly, the de-
velopment is described of a systematic semi-empirical groupwise bolt-tight-
ening procedure for obtaining a bolt load distribution as uniform as pos-
sible in a single loading cycle (Chapter 3.2).

Secondly, a comparison between two alternative computational methods for
tapered hub behaviour is offered using a finite element analysis for re-
ference (Chapter 3.3.1). These methods consider the tapered hub either as a
thin cylindrical shell with varying wall thickness or as a ring with unde-
formable radial cross section. An improved version of the existing thin
shell approaches is presented for large values of the taper angle; in ad-
dition the influence coefficients for the finite element approach are given
in graphical form.

Finally, some experimental information is presented pertinent to the prob-
lem of determining the exact location of the point of application of the
gasket face reaction (Chapter 3.3.2.1), while, on the basis of this infor-
mation, an experimental check is given on the validity of the most accu-
rate method for predicting tapered hub behaviour in flange analysis, con-
sidering the hub as assemblage of finite elements (Chapter 3.3.2.2).

As regards the nozzle-to-cylindrical vessel connection the present thesis
investigates the potential of the flat plate analogy as a first step for
analysis of this intersection at nozzle-to-cylinder diameter ratios not ex-
ceeding v 1/4 (Chapter 4.2). This analogy enables to treat the problem as a
solid of revolution under non-axisymmetric loading.

Moreover, a generalization of this approach is offered for the nozzle-to-cy-
lindrical vessel problem, which still treats the nozzle itself as geomet-
rically axisymmetric, but considers the cylindrical vessel as a shallow cir-
cular cylindrical shell with a circular cutout (Chapter 4.3).

Finally, the two methods (nozzle-to-flat plate and nozzle-to-cylindrical
vessel) are compared with each other and the reliability of both is evalu-
ated by comparison with experimental evidence (Chapter 4.4).




CHAPTER 2. A CONTRIBUTION TO FINITE ELEMENT ANALYSIS

2+15

Introduction.

Historically speaking, the first types of structural elements for the ma-
trix displacement method were based upon very simple displacement patterns
with a linearly varying displacement distribution [1.21]. These primitive
elements are however being superseded by more sophisticated elements,
which nevertheless satisfy, in general, the basic requirements of the dis-
placement method mentioned in Chapter 1.3.

In nearly all these elements assumed displacement modes form the basis for
the evaluation of the stiffness matrix. However, a considerable number of
practical structures, particularly in pressure vessel technology, contain
parts where the solution of the elasticity equations is known to have a
special character (e.g. ring elements under non-axisymmetric loads) or may
even be completely known (e.g. plates and shells). In these cases a more
efficient use of computing time and of computer memory may be made by uti-
lizing this special character of the solution during the evaluation of the
element stiffness matrix in stead of using elements with an arbitrarily
assumed displacement distribution.

The case of solids of revolution under non-axisymmetric loads covers for
example the nozzle-to-spherical vessel connection under moment or shear
force loading and also the biaxially loaded nozzle-to-flat plate connec-
tion as a first approximation of the pressurized nozzle-to-cylindrical ves-
sel connection, which is one of the subjects of the present thesis (cf.
Chapter 4). Section 2.2 of the present chapter contributes to the analysis
of this type of structure by developing a triangular ring element with six
nodal points and a harmonic displacement distribution varying quadrat-
ically within the element cross section.

The application of finite elements whose stiffness matrices can be ob-
tained from known analytical solutions of the elasticity equations to
pressure vessel analysis may cover for instance the thin-walled vessel and
pipe regions adjacent to reinforced nozzle attachments and also the flange
ring of large-diameter, high-pressure vessel flanges, if this is considered
as a ring with undeformable radial cross section (cf. Chapter 3.3). Some
general consequences of the introduction of the so-called ana-element con-
cept in the finite element approach are discussed in Sub-section 2.3.1 of
this chapter, while the stiffness matrices for a number of plate and shell
elements of interest in pressure vessel analysis are derived in the Sub-sec-
tions 2.3.2 through 2.3.4.

In solving structural problems - such as the above-mentioned reinforced
nozzle-to-vessel connection - by means of combinations of shell (ana-) ele-
ments and two- or three-dimensional finite elements, the deformation pat-
terns of the former elements meet the Kirchhoff-Love assumptions under-
lying linear thin shell theory (cf. Chapter 1.2). One of the consequences
of these assumptions in the continuous theory is that we have ultimately
four independant kinematic boundary conditions along an arbitrary edge
curve in the middle surface (three edge displacements and the rotation of
the normal to the middle surface around the edge curve). These conditions,
which also have to be met for shell elements in the finite element ap-
proach, result in a linear distribution of the edge displacements about the
wall thickness and thereby form the basis for the compatibility conditions
at the intersection between a shell element and other finite elements. Some
general formulae resulting from these compatibility conditions are given in
Appendix 1.
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2.2. Finite element analysis of solids of revolution under non-axisymmetric
loads.

2.2.1. Theoretical basis of the method of analysis.

In the finite element approximation of axisymmetric solids under axisymmet-
ric loads, the continuous structure is known to be replaced by a system of
axisymmetrically loaded ring elements, which are interconnected at circum-
ferential joints or nodal circles.

The general outline for the finite element analysis of axisymmetric struc-
tures under non-axisymmetric loads has been given by WILSON [2.1]. This
method, which will be summarized in this subsection more systematically, is
also based upon the replacement of the structure by a system of ring ele-
ments, but involves expansion of the nodal circle displacements and of the
temperature distribution in Fourier's series.

Denoting the co-ordinate and displacement notations as shown in figure
2.2.1, z being the symmetry axis, the strain displacement relations become
(see e.g. [1.8], p. 56)

e - u
. r or
A
1 oV
\\\ i Ee —Tl:u+a—eJ
\\\
\\\ v - :a_w
N\ Z 0z
i (2.2.1)
: % . B g OF ek
L . — ré  r 3 dr r
|
A\ | o =2V, 1w
! 0z Z r 9
|
_du, ow
Yrz = 3z T 3r

FIGURE 2.2.1.

General co-ordinate and
displacement notations.

LOVE ([1.8], p. 102) derived a general expression for the elastic energy
of homogeneous isotropic solids for the case of mechanical loadings. In
polar co-ordinates and including thermal loadings, this expression has
the following form ¥)

*)

Throughout the whole thesis E denotes Young's modulus, while v denotes
Poisson's ratio.




8=2m
= ] E 21~ v) 2 4v .
Fe1 7 2 i eio I {2(1+67 [ (epreghe,) + thyy (eegrege vese,)
(2.2.2)
2 2 2 2E _3E
T YpetYetY ] 1=2v r 6 'z 1-2v [AT] .}dr rdf dz

T being the difference between the temperature which is a function of the
co-ordinates and a reference temperature. The Fourier's series expansions
for the displacements and for the temperature distribution are supposed to
describe the case of loads, which are symmetric about the x-z plane (6=0)

u = z u_cos nb v = z v sin nb w = Z w_cos nb (2.2.3)
& n n n
n=0 n=1 n=0
T= ) T_ cos nb (2.2.4)
L n

where Ry Voo ¥ and Tn are functions of r and z only. The strains corre-

sponding to these displacements are

oo o L -]
€ = z € cos nbd €, = z € cos nb € = Z € cos nb
’on r = n z B zn

(2.2.5)

o [ ]
Yre: Z Yren sin nb6 Yez: Z Yezn sin nb er= Z Y cos nb

n=1 1 n=0 Pzn
where
Ju oW
8 € = i—[u +nv ] € S i
rn or on r zZn 9z
(2:2:6)
ov v du ow
= - L (v ]+ 2 Yo ==Bod oy y =4z
Yren r n n ar 6zn 9z r n rnz 9z or

Substituting from (2.2.4) and (2.2.5) into (2.2.2) and making use of the
orthogonality, properties of the harmonic functions

ex:2f n = =0
2n
| cosnBcoske de=<{ mifn=k#O0
g 0ifn#k#0
- mifn=%k#0
of sin n6 sin k6 d6 = {if a5k
0
ifn=k=0
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leads to the following matrix expression for Eel

1 1
= W £ £ (50 - ETO) G (60 - eTO) r dr dz +

(2.2.7)
® ' U
+"%' ! [ (E. - E& ) G (e - E& ) r dr dz
n=lr z n
where
EPO ern ATD
€80 €on AT_
- E:ZO -_— Ezn _ ATn
€ = | o e = » , if n# 0 e = |o (2.2.8)
rén
’ Yozn 0
YI‘ZO Yr\zn 0
while G is the matrix of elastic coefficients
e, &, &, 0O 0 O
e, el e, 0O 0 O _ 2(1-v)
e, e, e 0 0 O 17 1-2v
= E 2 2 1 .
=31+ |0 0o o 1 o o] with o (2.2.9)
0O 0 0 0 1 0 €2 T 1-2v
0 0 0 0O 0 1

It thus follows from expression (2.2.7) that the three-dimensional analy-
sis is divided into a series of uncoupled two-dimensional analyses in which
the displacement amplitudes u s Vo, and w_ are the unknowns.

Once the choice of the displacement functions has been made, expression
(2.2.7) can be used as a starting point for the development of the element
stiffness matrix.

2.2.2. The triangular ring element with six nodal points.

For bodies of revolution under axisymmetric loading the TRIAX 6 element de-
veloped by ARGYRIS [2.2] has been applied extensively and proven reliable
and economic. This ring element has a triangular cross section with six
nodal points, describing a fully quadratic displacement distribution within
the element.

A generalization of the TRIAX 6 element to the case of harmonic loadings
has been developed simultaneously and independently by BUCK [2 3] and by
the author [2 4]. This generalization will be described now.

Starting from solution (2.2.3) for the displacements the following qua-
dratic expressions for uos vy and W describe a displacement distribution

that meets the conformity requirement (cf. Chapter 1.3) in a triangular
ring element with six nodal points (cf. figure 2.2.2)
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: FIGURE 2.2.2.

Cross—-section triangular ring
element with six nodal points.

4

2 2

u = Anl + Angr + Anaz + Anur + Ansrz + AnGZ
v = B +B,.r+B _z+B r2 + B .rz + B 22 (2.2.10)
n nl n2 n3 ni n5 n6 te
= C + C . r+C .,z +C r2 + C .rz + C 22
YnT Yol n2 n3 nk n5t2 n6
where

Ank’ Bnk and an (k=1, 2, «.., 6) are constants, while for n=0, Bnk=0.

Substitution from (2.2.10) into (2.2.6) and introduction of the vector *)

= |A A A A
an nl n2 An3 n4 nd An6
B B B B 2.
Bnl Bn2 n3 ny4 nb5 nb (2.2.11)
C c C
Cnl n2 n3 ny Cn5 Cn6
leads to the following matrix relation
e, " Cn an (2.2.12)
where the (6 x 18) matrix Cn has been defined in table 2.2.1.
°Ln= Ant An2 An3 Apg Aps Apg Bpy Bp2 Bp3 Bng Bns Bpg Cni Cn2 Chna Cha Cns Chps
0 1 0 2r z 0 0 0 0 0 0 0 0 0 0 0 0 0
X 4,z , , 2 n . om0, 5 5 5 g
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 r 2z
Cn=
—-';‘- -n _nr_x -nr  -nz -—:- -1 0 -% r 0 ‘xTZ 0 0 0 0 0 0
0 0 0 0 0 0 0 0 ¥ 0 r 2z -rl -n --nri -nr  -nz -# TABLE 2.2-1.
Lo 0 1 0 r 2z 0 0 0 0O o 0o o 1 0 2 z o | The Cn matrix.
!
¥*)

The transposed vector of E% will be denoted by E#. The introduction of
transposed vectors is only a matter of convenience.
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Substitution from (2.2.12) into (2.2.7) leads to the following basic inte-
gral, characterizing the stiffness of the triangular ring element

1 '
E =f/[€ Gt rdrdz = a_ H_ a (2.2.13)
n A n n n n n

where the (18 x 18) matrix

1
H = [ [C_ GcC_rdrdz (2.2.14)
n A n n

is shown in table 2.2.2. The integral expressions

R(p,q) = [ [ r? 29 rdrdz (2.2.15)
A

can be computed by means of the formulae given in Appendix 2.

The last step in the evaluation of the stiffness matrix consists of the
determination of the relationship between the unknown constants and the
values of us vV, and W in the nodal points (denoted by U Voo W . in

ni
nodal point i). From (2.2.10) it follows

% = Q An L Q Bn ®, = Q Cn (2.2.16)
where

1 3

“n - lunl Uny un2 un5 Un3 un6|

T = > " i

% |vnl Vu Vo2 Vos Vo3 Vn6! (2.2.17)

¥n T |wnl "t "n2 ns "n3 wnS‘ )

[ N

An - |Anl An2 An3 Anu An5 AnBI

' E

B = anl B, Bg B, B. Bn6| (2.2.18)

1

n - lcnl Cn2 Cn3 Cnu Cn5 Cn6I J

while the (6 x 6) matrix Q (independent of n!) has been defined in
table 2.2.3.

1
Ap = IArn An2 An3 Ana Ans Ans ‘

1 ry 74 ry? ryzq 2,2
.

1 Hrgerg) Flzgezg) Flryger)? Iirgergdlzyezg) -1—(:1§zz)z

1 ra 7y ra? rg 23 2,2

1 trgerg) Flzaezg) Firgarg)? Flrpergizgezy)  Flzp425)2

5 & o 2 - 2 TABLE 2.2.3.

1 -;-(ra‘r‘) +(13+z1) ‘1['('3 +ry )2 -1-(r3$r1 )(134-21) -1—(13¢t1)2J The Q matmm-
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Inverting (2.2.16) leads to

B W (2.2.19)
n

These vector relations can be combined to

a =PU (2.2.20)
n n

where the (18 x 1) vector 55 combines the three vectors (2.2.18), the
(18 x 1) vector U_ combines the three vectors (2.2.17), and the (18 x 18)
matrix P is equal to

The stiffness matrix S_ of the triangular ring element follows after sub-
stitution from (2.2.20) into (2.2.13)

] 1
PH PU =0 S U {2,2.22)
n n n n n n

1

PH P
n

2.3. The ana-element in the finite element approach.

2.3.1. General aspects of the introduction of the ana-element.

In Section 2.1 an ana-element has been defined as an element, the stiff-
ness matrix of which has been obtained from known analytical solutions of
the equations of elasticity. Some general consequences of the introduction
of the ana-element in the finite element approach will be discussed in the
present sub-section.
Figure 2.3.1 shows an ana-element
with volume V and surface S, which
will be described referring to a

cartesian co-ordinate system X5 %,

and x_,, denoted generally by s

39
This element will now be considered
a finite element in a more compli-
cated structure, interconnected
with other finite elements at the
surface SFE. Due to the external
loadings, a point of the ana-ele-
ment with co-ordinate x. undergoes
a displacement, the component of
which in the direction Xs will be
denoted by u; - Under the assumption

Schematic representation of of small deformations, the linear-
an ana—-element. ized strain tensor

d |

FIGURE 2.3.1.




[ui’j+uj’i] ($5°1)

N|=

€
1]

describes the deformed state of the ana-element, where a comma, followed by
an index indicates partial differentiation with respect to the correspon-
ding co-ordinate according to a convention that is usual in tensor analy-
sis, e.g.

Bui
u, . = — (2.3.2)
1,] ij

The stresses, belonging to this state of deformation, will be denoted by
the stress tensor Oij'

Let now Gui be a system of arbitrary additional displacements referred to

as virtual displacements. The corresponding virtual deformations will be
defined by the linearized virtual strain tensor

Se.. = % [8u. .+8u. . (2.3.3)
i 3 i:3 ]al]

The body-forces acting on the ana-element will be denoted by Xi’ while Ei

represents a system of external surface loadings, acting on the surface
s of s.

Under the assumption that the conformity requirement at the intersection
between the ana-element and the other finite elements, mentioned in Chap-
ter 1.3, is met, the contribution of the ana-element to the virtual work
equation of the complete construction is equal to

[o..68e..dv—[ X, 6u, dv—[_ p. 6u, ds (2.3.4)
v 13oid g & od S

In this expression use has been made of the summation convention, which im-
plies summation of an index from 1 to 3 if this index occurs twice in a
product term. The first term of expression (2.3.4) will be evaluated by
making use of the symmetry of the stress tensor

0.. = O.. (2.3.5)
ij ji

resulting from moment equilibrium of an infinitesimal element

f .. 8g,. dv = | o0,. Su, . dv =

] 1] 1,]
o.. §
1]

1]
* (2.3.6)

[

a5l g v =L oys

[
\%
é Gui dv

The first term in the right-hand member of this expression can be trans-
formed by applying the divergence theorem

£ [Oij Gui],j dv = é [Oij 6ui] By ds (2.3.7)

where n. stands for the component in the direction x. of the unit vector,

normal to the surface S. Substitution from (2.3.6) and (2.3.7) into (2.3.4)
results in the following contribution of the ana-element to the virtual
work equation for the complete structure
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é 0;5 By Su; ds — 5 [oij’j+xi] Su, dv — ép p, Su; ds (2.3.8)

At this point we take into account that the (known) analytical solution
satisfies the force equilibrium conditions of an infinitesimal element

.. . +X. =0 (2.3.9)
1],] L

and the boundary conditions for the surface loadings

- p
Gij nj = p; on S (2.3.10)

n., = p.FE on SFE (2.3.11)

0ij 3 i
Thus we arrive at the final expression for the contribution of the ana-ele-
ment to the virtual work equation for the complete construction

F
e B . 6u, ds (2.3.12)

This expression represents the virtual work due to a system of stresses
acting at the intersection between the ana-element and the other finite
elements.

It can be shown that this contribution is equal to the virtual_work done by
a general equilibrium system of boundary loadings acting at S (homoge-
neous solution), diminished by the virtual work d8ne by a system of so-
-called kinematically consistent edge loadings p? , defined by

KC =
IFE p. Su; ds = f X, u, dv + f

Gui ds (2.3.13)
S \ S

p Pi

Thus complete similarity is obtained with the way of analyzing beam-type
structures by means of the finite element method (cf. e.g. [2.5 ).

2.3.2. The infinitely large flat plate with a circular hole under in-plane
harmonic loading.

In this sub-section the element stiffness matrix will be derived for the
infinitely large flat plate with a circular hole under in-plane harmonic
loading.

Denoting the stress notations as shown in figure 2.3.2 and introducing a
stress function Yy, we have the following stress components (see e.g.[2.6],
pp. 55-57)

\ \\a, rd® [ "
[
|

\ N o dr + - log)dr aej
\\
b
T.q rde .. | Trgdr + = (T )drde]
*n ';/// \\\ LT TR e FIGURE 2.3.2.

)
| trg rd0 + L(trgr)drdeJ

Stress notations for the

J ‘_—___‘\ dr L or .
sgdr” //<<: PR S—— in-plane loaded flat plate.

dr
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e Trar " 22 % 2 Tro ar [p 36 $2:8.14)

The compatibility conditions for the strains lead for a material obeying
Hooke's law to the following equation for the homogeneous part of iy *)

2 2 2
Ead o,
Y 3r

9
8r2

2

L 3¥ - (2.3.15)
2 2

r 0

(

B~
H|=

Y
or *

Q

The general series solution for Y, being symmetrically with regard to 6=0
and satisfying (2.3.15) is [2.7]

2 2
= +
1] A.r BO * Cor Inp + Dolnp +

0
+ Ar 8 sin 8 + {B r_l + [C r2 + D lnp]r}cos 6 + (2.3.16)
1 1 1 1
P 2 -n 2 n
+ ) {[Ar°+B]Jr  + [cr®+ D ]r }cos noé
ne9 n n n n

where An’ Bn’ Cn and Drl are constants while p=r/ro, T, being the radius of
the circular hole. Substitution from (2.3.16) into (2.3.14) leads to

0r = Z o cos nb oe = z cen cos nb
n=0 n=0
. (2.3.17)
Tre = z Tren sin nb
n=1
where
00 = 28+ Cy [2 1np + 1] + D,y¥
(2.3.18)
6. =2A +C. [21lnp +3] - Dr 2
60 0 0 0
_ =1 _ -3 -1
Orl = 2Alr 2Blr + QClr + Dlr
. -3 -1
Ogq = QBlr + sclr + Dlr 3 (2.3.19)
T = -2B.r 2 4 2c.r + D,r *
rol 1 1 1 )
*)

In the absence of thermal and surface loadings this equation yields the
complete solution for V.
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-(n+2) 2 )

O = [(n+2)(n-l)Anr2 + n(n+l)Bn]P

- [(n-?)(n+l)cnr2 + n(n-l)Dn]rn_2

Oon = [(n-?)(n-l)Anr2 + n(n+l)Bn]r_(n+2) +
’ ifn>1 (2.3.20)
2 n-2
% [(n+2)(n+l)Cnr + n(n—l)Dn]r
Tt ~ [n(n—l)Anr2 + n(n+l)BnJr—(n+2) +

n-2

+ {n(n+l)C r2 + n(n-1)D ]r
n n

/

As the plate is considered to be of infinite size the solution must be fi-
nite at r = », which results in

Cn = 0 (0 & 0y 15 sas)
(2.3.21)

Dn =0 ifn> 2
In considering only the homogeneous solution (see Section 2.3.1) we have no
boundary forces at r = «. Thus we may put AO = 0, D, = 0.
Substitution from (2.3.18), (2.3.19) and (2.3.20) into Hooke's law and

using (2.3.21) and the first, second and fourth expression of (2.2.1) leads
to the following solutions for the in-plane displacements

u = z u_ cos nb v = 2 v sin n6 (2.3:22)
n n
n=0 n=1
where
1+v -1
= T — 2.3.
%o £ Do (2.3.23)
u, = i-{2A Inp + (14+v)B r—Q + (1-v) D, lnp + W
1 E bl 1 1

+ [Al(l-v) + 2Dl} 6 tan 6} + K -
> (2.3.24)

-1 "2 4o -

Vi =3 { 2Al [lnp+v] + (1+v)Blr (1-v) Dl[lnp l] -

+ [A,(1-v) + 2D.] [6 cotan & - 1]} - K

7/
u_ = i—[{n+2+v(n-2)} Ar? 4 (1+v)nB Jr—(n+l)
n E n n
ifn>1 (2.3.25)

v_ = i—[{n-u+vn} A v+ (1+v)nB ]r-(n+l)
n E n n
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In the above expressions the solution u = K cos 8, v = -K sin 6 (K being an
integration constant) represents a (stress-free) rigid body translation of
the plate in the 6 = 0 direction.

The displacements should be single-valued functions of 6, which leads with
(2.3.24) to

Al(l—v) + 2Dl =0 or Dl = - 5 A1 (2.3.26)

The condition of equilibrium of forces along the central circular hole in
the & = 0 direction leads with (2.3.17) to

[Orl]r:ro - [Tpel]p:ro ol (2.3.27)

By means of (2.3.19), (2.3.21), (2.3.26) and (2.3.27) follows

A, =D =0 (2.3.28)

In order to obtain the in-plane stiffness of the plate we have to find the
relationship between the unknown constants and the values 8 and gn of u
and . at the circular hole (radius ro). By means of (2.3.23), (2.3.24),
(2.3.25) and (2.3.28) follows

2
r E r B
0" 0 0 0 .0
D = = B, =—t— + 3.
0 1+v Yo 1% 2y Byt v BB
2 8+1E 0 o0 W
Ar_ = [u v ]

if
L T, (2.3.30)

_ 0 0
n - 2n(14+v)(3-v) [-{(1+v)n - H}url + {n+2+v(n—2)}vn]

7/
After substitution from (2.3.21), (2.3.28), (2.3.29) and (2.3.30) into
(2.3.18), (2.3.19) and (2.3.20) the virtual work &V . done by a general

1l,in
equilibrium system of boundary loadings acting at rp=’ro can be computed

5Vpl,in - 2wr0 hpl [OPO]r=r 680 *
~ amy B nzl { rn]r=ro o0 [Tren]r:ro oV } =
= ?igl Oo 68o iiﬁl (81 £ 81) 5(81 ¥ 91) .
+ T (l+i§(é-v) n§2 [(2n+l—\))(8n68n + gndgn) +
+ (n+2—vn)(9n68n + gnégn)} | ' (2.3.31)

hpl being the wall thickness of the plate.
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2.3.3. The infinitely large flat plate with a circular hole under harmonic
loading perpendicular to its plane.

In this sub-section the element stiffness matrix will be derived for the
infinitely large flat plate with a circular hole, loaded perpendicularly to
its plane by harmonic loading.
Denoting the shear forces
and moments per unit arc
- length of middle surface
as shown in figure 2.3.3
we have the following
(homogeneous) equilibrium

[ag or + 3 (agaras | equations
2 [war + 35wy ar o]
j&\\ - [Mor + & (Mg arae]
< _—ure+ganaew]  FIGURE 2.3.3.

/ / [H,rde+r(Mr"df"9] She.ar f‘qrces, moments and
o \ axtal displacement for the
9 r
\\N

flat plate, loaded perpen—

[wr a6 « 3 (wr) are] dicular to its plane.

2. (Qr) + 2. Q) =0 (2.3.32)
dr °p 96 9’ e

- _ 19 Q. -
Q, = - 7[5z (ur) + 55 (1) - M]

(2.3.33)

- _1 3 9

Q = -4 [55 (M) + 55 (Wr) + W]

The constitutive equations are (see [2.8], p. 283)

3
i 3oy 1 8% 1 ow
MP— 2+\)(—2-—7+;§)
12(1-v°) Lor r- 36
Eh 2 2
Mesz 1_23_;1+%g_w5+v3_;’ > (2.3.34)
12(1-v°) |r 96 or
3
Wos 1 1ot 1w
12(1+v) |[r 9ra6 rQ 96 J

where w is the normal displacement (cf. figure 2.3.3).
Substitution from (2.3.33) and (2.3.34) into (2.3.32) leads to the follow-
ing differential equation for w

2 2 2 2
3 1 1 29 d 109 1

(S trmt S S traw 3 370 el
ar r 96 ar r 96

Q)lQ)
>
N
N

_28_




The solution of (2.3.35) is assumed to be a Fourier's series in 6 direction

(=<}

W = z W cos nb (2.3.36)
L "n
n=0

=
1]

2 2
Ar + BO + Cor 1np + DO 1np

0 0
W, = [A1r2 + Bl]r_l + [clr2 + D, lnp]r (2.3.37)
W= [A r2 + B ]r_n + [C r2 +D ]rn ifn>1

n n n n n ’

In this solution An’ Bn’ Cn and Dn are constants while p = r/ro, r
the radius of the circular hole.

By means of (2.3.36) and (2.3.37) the following solution for the rotation ¢
in radial direction can be derived

0 being

oW =
- = = 2- .
$ = = Z ¢ cos nd (2.3.38)
n=0
where
6 =2ar+cC [21np + 1]r + Dr t
0 0 0 0
- 2 -2 2
¢, = [Alr Bl]r + 3¢, + D, [1np + 1] (2.3.39)
¢ = [-(n-2)A r? - n B ]r_(n+l) + [(n+2)C r? +nD ]rn_l , ifn>1
n n n n n

In the above expressions the solution w = Ay r cos 6, ¢ = A] cos 8 repre-
sents a (stress-free) rigid body rotation of the plate about the 6 = m/2
axis.

Substitution from the solution for w into (2.3.34) and (2.3.33) leads to

(2.3.40)

W= z W sin né
n
n=1




{2(1+v) A_+
12(1-v2) v

+ CO [2(l+v) lnp + 3 + v] - (1-v) Dor_2}

Eh3

%%{8 Cl r - 2Dlr’_
12(1-v7)

-

Eh3

_ Pl ro(1-v) B, r 3+ 2(3+v) ¢ r + (1+v) Dlr‘l S (2.3.42)
12(1-v°)

Eh3

_PL _ (1-v) {2Blr'
12(1-v7)

3 1

- 2Clr - Dlr }

3
Fo1 1

5 [un(n—l) Anr‘_n + 4n(n+l) Cnrn]
12(1-v°) T

EhS

- [{(n-l) [n-2 + v(n+2)] A r? 4 n(n+1)(1-v) Bn}
12(1-v°) B

r-(n+2) %

9 n=92 rif n > 1
{((n+1) [n+2 = v(n-2)] C_r® + n(a-1)(1-v) D} = ] (2.3.43)

B>

) S (1-v) |{n(n-1) A r2 + n(n+l) B_}r
12(1-v) [ " "

-(n+2) 2

{n(nt+1) C r2 + n(n-1) D }rn_2]
n n

The stresses must tend to zero at r = «, which results in

Ao

C
n

D 0, ifn>1
n

The reduced shear force along the central circular hole (radius ro) is
equal to




i, _ 1w _ v 5
Noad = [Qr T ae] = Z Q, cos né (2.3.45)
r=r n=0
0
where
60 = 0 (homogeneous solution)
3
Eh
q=-- 1 pa-vyer ®-(vorh
1 191-v%) To 1@ 170
(2.3.u46)
_ Ehsl 1 2
&= '——E———a— ;f-{n(n-l) (n+l4-vn) Anro +
12(1-v7) 70
-(n+
+0° (o+1)(1-v) Bn} r M 2), ifn>1

The moment equilibrium condition along the circular hole in 6 = =w/2 direc-
tion leads with (2.3.40) and (2.3.45) to

To [Ql] % [Mrl]pzpo =0 (2.3.47)

By means of (2.3.42), (2.3.46) and (2.3.47) follows
D, =0 (2.3.48)

In order to obtain the stiffness of the plate we have to find the relation-

ship between the unknown constants and the values gn and 8n of w and ¢n

at the circular hole. By means of (2.3.37), (2.3.39), (2.3.44) and (2.3.48)
follows

D, = r080 (2.3.49)
_ 0 n-2
A= 3 [nwrl + rogn]ro
ifn>0 (2.3.50)
0
B = 5 [-(n—2)wn - rogn]rg

After substitution from (2.3.49) and (2.3.50) into (2.3.41), (2.3.u42),

(2.3.43) and (2.3.46) the virtual work val J_done by a general equilibrium
3

system of boundary loadings acting at r = r, can be computed

val,J.: -2m s [Mro]r=r0680 +

-, Z
n=

-— 0 _
o e D), 68 1 =
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Eh3

= 27 __BE____ (1-v) 8 68 +
12(1-v2) ¢ e
3 =D
Eh _r
sr—PLO0 _ 105 (% 23558234
12(l—v2) St Lot
© 3 =2
Eh _.r ®
4 qp _PLO T {[2n - (1+v)] [n28n ng + rogn d(rogn)] +

12(1—v2) n=2
+ n[-2+n(1+v)][r08n 59+ 9 6(r08n)]} {2.3.51)

n n

hpl being the wall thickness of the plate.

2.3.4. The semi-infinite circular cylindrical shell under harmonic loading.

In this sub-section the element stiffness matrix will be derived for the
semi-infinite circular cylindrical shell with mid-surface radius R and wall
thickness h under harmonic loading. Figure 2.3.4 shows the shell middle
surface with co-ordinates, displacements, rotations and loadings along an
arbitrary edge curve.

FIGURE 2.3.4.

Cylindrical shell
middle surface
with co-ordinates,
deformations and
edge loadings.

Instead of the co-ordinates x (parallel with the axis of the cylinder) and
y (perpendicular to x) in the middle surface, the following dimensionless
co-ordinates o and B are defined

a = x/R B = y/R (2.3.52)

Differentiations to o and B will be denoted respectively by

5 B .
YELERE S 38 (...) = (..0) (2.3:53)

The Laplacian A with respect to a a and B is defined by

A (eawd = Cowed™ # ana)” (2.3.54)




A summary of the governing equations for circular cylindrical shells is
given in Appendix 3. The general solution of eq. (A.3.8) is again as-
sumed to be a Fourier's series in B direction

(e <]

w= ) W_cos nB (2.3.55)
n
n=0

where Wn for each value of n is a function of o only. Substitution from

(2.3.55) into (A.3.8) leads to an ordinary differential equation for Wn,
the solution of which has the following form

W =C_e (2.3.56)

where Cn is an integration constant and kn satisfies the following charac-
teristic equation

h2
12R2

(1~v") ¥ % FAl-n23? tal-nZei}® = @ (2.3.57)
n n n

This equation has eight roots ln for each value of n, being generally com-
plex

+

‘a1,z T K ti¥y hag 5 = Bag

1+

i
unl

(2.3.58)

+

An3,l+ - a2 T 1 Hpo An7,8 - o M2

+

W K K a iti %
here nl® Xp2° unl nd un2 are positive real numbers, dependent on n

As the cylindrical shell is considered to be semi-infinite, the stresses
must tend to zero at o = «. This results in the following homogeneous
solution for Wn only valid without edge loadings at a = = [2.9

1 8 .
W. = exp ( Kola) [COl cos ny,@ + C , sin uOla]

. 1 1 .
W. = exp ( KllG) [Cll cos u,,0 + C._ sin ulla] # Dl + D, a (2.3.59)

11 12 2

2

W = z exp (-Knia) [Ci

cos o + Ci
. nl uni
i=1

in sin unia], ifn>1

where C;B (i=1,2; j=1,2), Dl and D2 are integration constants. The solution

corresponding to D. represents a (stress-free) rigid body translation of

1
the cylinder in the B = 0 direction, while the solution corresponding to D
represents a rigid body rotation of the cylinder about the line a = 0,

B = m/2.

Substitution from (2.3.55) and (2.3.59) into (A.3.7) leads to the following
solution for u and v

2

L] (e +]

u= ) U_ cos ng v= ] V_ sin nB (2.3.60)
L “n n
n=0 n=1
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where
U = exp (-k,.,a) [Al cos |, .o + Al sin a] + D
0 01 01 01 02 01 3
U, = exp (-k, .a) [Al cos H,.a + Al sin uo.al - D (2.3.61)
1 11 11 11 12 11 2
2 .
Uu = z exp (-k_.a) [Al cos u_.o + A sin .a] ifn>1
n j=1 ni nl ni 2 ni -°?®
and
V. = exp (-x,.,a) [Bl cos o + Bl sin a] - D, - D, a
1 B 3%y 11 H11 12 P13 1 2
(2.3.62)
g i i
Vn = izl exp (-Knia) [Bnl cos unia + Bn2 sin unia], ifn>1

while the solution corresponding to the integration constant D3 represents
a (stress-free) rigid body displacement in the direction of the shell axis.
The relationship between the constants A;., B;. on one hand and the con-

stants C;. on the other hand follows from the above mentioned substitution

and has the following form

(2.3.63)

g
[
1]
H 1N

. . i 2 . :
i i i i i
anjk an an kzl bnjk an

k=1

and b;j are shown in table 2.3.1.

. .. i
where the equations determining a K

jk

4 2. 2 4 2 2 4 i
[xi -6 % Wi +H; -2n “li2‘l-l| ) +n } A,'n R T [x,z-uiz—nz] A:,; =, [v(x,z—-Bu,z)4n2]C,',1—ui [v(3x,2-ui2)+anC:,7

4% ui [xiz-u,Q-an A,'n + [x,‘—ﬁxiz u,2+ui‘—2nz (\t,z—uiz)-o n‘]A,',z =y, {v(?uiz - u.2)¢n2]c,',1 + U [v(u|2—3ui2)¢nz]c,"2

2

4 2 2 4 2 2 4 2 2 i 2 2 2 i
[xl ~6 % W v M m2nT (g -u,2)+n ]B,’”-Ax, u,[xi ~ @ -n }an =n {(Zov)(xi =y y=n ]C,f,1-2(29v)nxi u.C,-I,z

2 2 .2 4 2 2 4 2 2 2 4 i
L T [x, =fh{ ~n 18,‘,‘ +[x' =6%; B +uj -2 (n -t )+ }an =2(2+v)ny uiC,,'|1+n [(ZQV)(XIZ—ulz)—nz}C:ﬂ

TABLE 2.3.1.
Equations determining a ., and b’ ., .
njk nJ

The rotation b in o direction follows from (A.3.1), (2.3.55) and (2.3.59)

6= ) ¢, cos nB (2.3.64)
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where

) ) 1 1
beo = T &P (mxg0) [(=Co o kpy + Copmg
1 1 )
(Coy Ko1 * Cop Mop) Sim uy,0]
1 1
= = - - + €
beq = g P (kpge) [(<Cp) kg + Cpuy
1 1 .
- +
(Cyp Kyq * Cyq Mpg) sinowgja] +
- 2 i {
¢xn .Z R %P (=kpi%) [(—Cnl ni d Cn
1=1
i i .
- (Cn2 ni " Cnl uni) s unim:| ’

Substitution from (2.3.59) to (2.3.63) into
the series solution for the modified stress

Now the boundary loadings at the edge a = 0 of the cylindrical shell can
be found by substitution from this solution into (A.3.5) and taking a = 0
[ﬁ'] _ = z [ﬁ ] _, COs npB [ﬁ. ] = z [ﬁ ] _~ sin nB
X4 a=0 w= xn-a=0 E ot el . yn'a=0
(2.3.66)
[ red]a=0 - Z [Qn] =0 £OR e [Mn]a=0 - Z [Mnn]a:O cos nf
n=0 n=0
where
2 s i 2
- Eh i i h i
[N ] __ = ) |{-a K . +a .ot [v+ (1-v) ————] nb +
xn- a=0 (1—v2)R is1 nll ni n2l1 "ni 12R2 nll
h? 2. i i i
& [V * (1-v) 2 = ]} Cnl ¥ {_ale Kni ¥ an22 uni ¥
12R
BE i e o 4
+ + (1- w3
[v + (1-v) 12R2] nble}CDQ] (2.3.67a)

(2.3.65)

. L F
2 unl) o un1Ol
ifn>1

(A.3.2) and (A.3.3) leads to
resultants and stress couples.
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[ﬁ}’n]azo - (1—%)1& (i=v] izl {2+ 12Rz) ”8;11 -z br1111 “ni T

+3 briz21 Mni T 12_22 D Kni }er;l * fl=d # 1_}211%) n.ajllQ *

-1 brl112 Moot li} nu ;) ;2 (2.3.67b)
[6£]a=0 = I;?I%%g;gg iil [{Kni [Kii - 3u§i - (2-v) n’ + 1] +

2 i i ; 2 2 2
+ (1-v) n anll} Cqt {u_; [ Bk s tu. ¥ (2-v) n 1] +

. . 2 . .
y i 3 3l h i
2 Do1o ®ns * % Prop Puit T3 B W0, (2.3.67b)
12R
3 2 " .
Eh 2 2 2 1 i
[M]_=—Z {¢“. - u°. + (1-vn") + (1-v) nb _.} C +
nn- a=0 12(1-v2)R2 t=q ni ni nll nl
i i
+ {-2« ., u .+ (1-v) nb ..} C (2.3.67d)
ni ni nl2 n2

The condition of equilibrium of forces along the edge o = 0 in the B = 0
direction and the moment equilibrium condition along the same edge in the
B = m/2 direction lead with (2.3.66) to

i

yl]u=0

[Ql]a=0

"

(2.3.68)

- ol
[le]a=0 - [E Mnl]a=0

After utilizing the solution for aijk and bijk (3j=1,23 k=1,2) resulting

from table 2.3.1 for n = 1 and realizing that x,., and u are roots of the

y [ 1.1
characteristic equation (2.3.57) it can be shown that the solution (2.3.67)

automatically satisfies the conditions (2.3.68).
For the sake of brevity the relationship between the boundary loadings and
the integration constants will be written in matrix notation as follows

an - ann (2.3.69)
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where

Ne

Wl R o B

1 1

ICnl n2

W,

2
nil

nn}a=0l’

yn- a=0
if n €-d

2
n2|’

ifngl1

1

[aﬁ]a:o h{Mnn]a=O|’

ifn>1

while the Kn matrices follow from (2.3.67).

From (2.3.59), (2.3.61), (2.3.62), (2.3.63) and (2.3.65) follows the rela-
tionship between the Fourier's coefficients of the kinematic boundary
quantities at a = 0 and the unknown constants

where

and

w

n

£]- =|-

2| -

1 0
| 01 M
[ 1

+

(1 b111
_(_Kll+a
—al a

nll
1
nll

1 0
L_Knl M

nl

1
bi1o
( +al
1173110
2 22
4n11 . %n12
2 2
bnll ble
1 0
®n2 Mn2

)

b

ifn>1

> (2.3.70)

ifn>1

’ (2.3.71)

(2.3.72)
> (2.3.73)
ifn>1
J/
> (2.3.74)
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From (2.3.72) and (2.3.69) follows

- -1 —
q = KL "W (2.8.75)

The virtual work 6Vc done by a general equilibrium system of boundary

yl
loadings acting at a = 0 is equal to

1 1

&6 {
o ommses -—*— — —

Gvcyl = - (2 7T™R qO Gwo + m™R 4 éwl* + ™R nzz q, éwn] (2.3.76)
where

|

= |v,] N, .] [Q,] Ewm ] | (2.3.77)

9 x1a=0 y1da=0 Mf1da=0 R "n1da=0 e
while

|

— ¥

Wy F ’[Ul]azo [Vl]a=0 [Wl]a:o [ ¢xl]a=O] (2.3.78)

Substitution from (2.3.68) and (2.3.75) into (2.3.76) leads to the follow-
ing expression for &V

cyl
1 | 1
= -1 ' =1 T -1 1 —_
6chl = - 121TR W, [L ] K GWO + ™R W, [Ll ] 1 Gwl +
o ! '
S -l ' ———
+ TR DZQ wo (L] K awn] (2.3.79)
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CHAPTER 3. ANALYSIS OF LARGE-DIAMETER, HIGH-PRESSURE VESSEL FLANGES

3.1. Introduction.

Interest in the behaviour of high-pressure flanges has been stimulated by
the advent of light-water-cooled and moderated nuclear reactors. The bolted
flange joint between the pressure vessel head and body combines large size
(typically, PWR with inside vessel diameter = 3.5 - 4.5 m for = 155 bar
internal pressure and BWR with inside vessel diameter = 5.5 - 6.5 m for

= 70 bar internal pressure) with unusually stringent leak-tightness re-
quirement (typically, zero leakage past the outer O-ring during normal op-
eration and transients). Figure 3.1.1 shows the tapered hub design and
metal-to-metal gasket aided by concentric metal O-rings typical for such
flange joints. The most significant difference between the type of flange
joint shown and the more common low-pressure flanges concerns the flange
ring thickness to width ratio, whose magnitude is of order unity for the
high-pressure case while it is relatively small (say < . %J for the low-
-pressure case. Therefore the (elastic) thin plate approach for the flange
ring, underlying flange design according to the Divisions 1 and 2 of Sec-
tion VIII of the ASME Boiler and Pressure Vessel Code [1.2, 1.6}, and de-
veloped in the classic paper by WATERS, WESSTROM, ROSSHEIM and WILLIAMS
[3.1], cannot be utilized for the purpose of the present thesis.

As pointed out in Chapter 1.1 the (overall) behaviour of the flange connec-
tion is assumed to be elastic, thereby excluding methods of analysis which
account for plastic hinges near the juncture between the flange and the
vessel. These methods have been developed e.g. by LAKE and BOYD [3.2] (thin
plate approach for flange ring), underlying the British Code BS 1500 [3.3],
and by SIEBEL and KRAGELOH [3.4] (rigid ring approach for flange ring),
underlying the German Code [3.5]. They should be excluded for the large-
-diameter high-pressure flanges of interest because of the extremely
stringent leak-tightness requirements mentioned before which enforce the
deformation of the flange ring to be restricted within narrow limits.

An essential step in meeting the leak-tightness requirements consists of
tightening the bolted flange connection in such a way that the total load

is distributed as uniformly as possible over the individual bolts. This
problem has been known for a long time and has been solved satisfactorily
for most applications by straightforward practical engineering, e.g. the

use of torque wrenches. In the case of the flange joints for large-diameter,
high-pressure vessels of interest for the present thesis, however, the pro-
blem acquires a new importance due to the extremely high requirements for
leak-tightness. Size and accessibility of the bolts having led to the almost
exclusive use of hydraulic bolt tensioners (cf. figure 3.1.1), one solution
-patented in some countries- has been to provide a "crown" of such hydrau-
lic jacks for simultaneous extension of all the bolts. The next section of
the present chapter describes the development of an alternative method for
obtaining the desired uniform load distribution, in which the bolts are
tightened groupwise in a single loading cycle.

Starting from a supposedly uniform distribution of bolt load, all methods
commonly used in flange analysis assume both the loading and the geometry
of the flange to be axisymmetric. An appraisal of this approximation has
been given by MENKEN [3.6] who investigated an integral flange model with-
out weakening by bolt holes and with concentrated bolt loads at the bolt
pitch circle. From the numerical results given in [3.6] the important con-
clusion can be drawn that the influence of the local character of bolt
loads on the average flange deformation pattern is negligibly small for the
range of flange dimensions of interest for large-diameter, high-pressure
vessels, i.e.
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FIGURE 3.1.1.

Flange and sealing arrangements
for a 1:4 scale model of the
50 MWe Dodewaard BWR vessel.
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g being the radius of the flange ring center of gravity circle, b_ the

F
flange ring width and t the thickness of the flange ring (cf. figure 3.1.2).

Mp = ap Py ALL DYNAMIC QUANTITIES ARE MEASURED PER UNIT
Mg=agPq ARC LENGTH IN CIRCUMFERENTIAL DIRECTION OF
CYLINDRICAL SHELL MID-SURFACE

9p

! :-Rl-i{ A1 -1_1 o LGTJ% Mo Mo Qo
AT § rE <—T SALIERY
S N S SO N

FLANGE RING TAPERED HUB CYLINDRICAL SHELL

g
.5
fef
9
p 'i]

FIGURE 3.1.2.

Constituent elements with in— and external loading.

On the basis of the axisymmetric character of loading and geometry, the
general practice in deformation and stress analysis of pressure vessel
flanges is to divide each member into its three constituent elements, i.e.
ring, hub and shell (cf. figure 3.1.2). After determining the external
loadings, the deformation of each of the three elements can be expressed
in terms of the redundant shear forces and moments at their junctions. By
applying the conditions of equilibrium and compatibility at the junctions,
a set of simultaneous linear equations is obtained, which can be solved for
the redundant forces and moments. Evaluation of the flange deformation is
then a straightforward matter. In determining the deformation of the sep-
arate elements the following schematizations are usual:

a. The flange ring is supposed to have an undeformable radial cross
section. A rigorous numerical investigation carried out by VISSER
[3.7] on the basis of the finite element method for the represen-
tative case

UW#

=.1.353 r_ = 0.19; — = 0.06
F cf I‘O

showed, as one might expect, that this is a realistic assumption,
except for a small region in the neighbourhood of the gasket face,
where plastic deformation can be expected to occur. The implications
of this local effect will be discussed later. Experimental results
reported by VAN CAMPEN and BROEKHOVEN [3.8] for the same case com-
pletely confirmed the numerical results.
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b. The cylindrical or the spherical shell is treated by thin shell
theory, using the GECKELER approximation [3.9] in the case of
hemispherical head.

c. The tapered hub is considered either as a thin cylindrical shell
with linearly varying thickness and a small taper [3.10, 311, 3.12]
or as a ring with undeformable radial cross section [3.13]. Par-
ticularly for the tapered hub of the head flange shown in figure 3.1.1,
the former approach may become doubtful because of the large taper
and the short length of the hub. At the same time this squat shape
suggests the much simpler alternative of the latter approach. Sec-
tion 3.3.1 therefore offers a comparison between these alternatives
using a finite element analysis for reference.

An important consequence of the compact geometry of large-diameter, high-
-pressure vessel flanges is the small difference between the bolt pitch

radius ry and that of the centroid of the (full) flange cross section T

Thus, their radial distance (rb -

£
of C ab) may be considerably smaller

than the radial distance from the centroid to the point of application of
the gasket force Pg (rcf

of the gasket reaction moment Mg (figure 3.1.2) as compared to the bolting

- Pg = ag), which enhances the relative importance

moment Mb' The importance of this effect can be exemplified by the geometry

of the vessel flange shown in figure 3.1.1. For initial bolt loading, where
Pg equals Pb’ the resulting moment Mg will vary between the extreme values

24 Mb and 12 Mb’ corresponding to the point of application being taken at

the inner rim or at the outer rim of the gasket surface respectively. By
contrast the geometry of the low-pressure (18.7 bar) flange investigated by
MURRAY and STUART [3.10] is such that the radial distance from the bolt
circle to the centroid exceeds that from the possible point of application
of P by a factor of about 8. Thus, the relative importance of Mg is almost

negligible. The above discussion poses the problem of determining the exact
location of the point of application of the gasket force Pg. The last sub-

-section of this chapter presents some experimental information pertinent
to this problem and, on the basis of this information, offers an experimen-
tal check on the validity of the computational method.

3.2. A systematic semi-empirical bolt-tightening procedure.

3.2.1. Experimental equipment.

The experiments from which the tightening procedure was gleaned have been
carried out on a 1l:4 scale model of the reactor pressure vessel of the

50 MWe Dodewaard BWR (design pressure 87.9 atm; design temperature 301.6 °c).
The 36 bolts of the flange connection (shown in figure 3.1.1) of this model
vessel were prestressed by nine hydraulic jacks, in four groups of nine
bolts each. The nine hydraulic jacks were pressurized simultaneously by a
hand-operated plunger pump through a manifold and nine high-pressure hoses.
The maximum jack loading achievable with the plunger pump is about 28 tf,
corresponding to a jack pressure of 1,000 bar.

After prestressing, the nine cylindrical nuts of the group were turned
hand-tight, after which the jacks were relieved. Tightening of each of the
nuts was done with a cylindrical pin, fitting in radial holes in the nut.
The bolt forces have been determined with strain gages of flat-wire grid
construction and of 3 mm filament length. In order to obtain detailed in-
formation on the distribution of bolt moments acting in the plane through
the bolt axis and the vessel axis, each bolt has been provided with four
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gages in this plane (cf. figure 3.2.1).
[1"‘[1 Due to the small clearance between the
bolt shaft and the bolt holes in the head
; flange, it has been necessary to grind
‘ ‘ two flat faces on the bolts to minimize
(28 . the risk of damaging the strain gauges
|
\
J
|

during the assembly of the head flange.

Figure 3.2.2 shows the test arrangement
for hydraulic tightening of the flange

! _ ! connection of the model vessel. The strains

< 5 | were measured by means of a fully auto-
|=STRAINGAUGE 1 i matical digital installation which could

D g scan 400 strain gauges at a speed of 4
gauges per second. The strains measured
were punched by an 8-channel tape puncher
and were consecutively fed into an elec-
tronic digital computer in order to cor-
rect for zero-drift, k-factor and wire re-
- B0 sistance and to calculate all strains and
stresses required.

T0 BE GROUND

# 26.50
110

The four groups of nine bolts each men-
1 tioned before will be denoted further as
— v series 1 through 4, series 1 starting with
bolt 1, series 2 starting with bolt 3,
[ series 3 starting with bolt 2, and series
M2 4 4 starting with bolt 4 (cf. figure 3.2.3,
see p. 45).

FIGURE 3.2.1.

Measuring bolt with strain
gauges.

3.2.2. Experiments on the interaction between groups of bolts.

In order to determine the behaviour of the bolts and to obtain information
on the interaction between the various groups of bolts during prestressing,
the following experiments have been carried out consecutively:

Experiment 1.

The strains in the bolts of series 1 were determined for 50 bar jack
pressure loading. Subsequently the nuts were turned handtight, jack pres-
sure was released, and the remaining strains in the bolts were mea-
sured. Similar measurements have been performed at jack pressures in-
creasing in steps of 50 bar up to 800 bar inclusive. This last pres-
sure is representative for the mean jack pressure required for tight-
ening the flange connection for an internal vessel pressure of 120 bar
(the test pressure).

After this procedure, the nuts of series 1 were loosened, and the same
measurements were performed on the series 2, 3 and 4.

Experiment 2.

The Bolts of series 1 were tightened by loading the bolts with a jack
pressure of 500 bar, fastening the nuts handtight, and relieving the
jacks. After measuring the strains, the bolts of series 2 were tightened
at a jack pressure of 50 bar and the strains in the bolts of series 1

_]43_.




- HH -

FIGURE 3.2.2.

Hydraulic bolt tightening of the flange connection of the model vessel.
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VESSEL ~ ~{_N4 SERIES 1 CONSISTS OF BOLTS 1,

5,9,13,17, 21, 25, 29 AND 33
SERIES 2 CONSISTS OF BOLTS 3,

FIGURE 3.2.3. 7,11,15,19,23, 27, 31 AND 35
SERIES 3 CONSISTS OF BOLTS 2,

v

[anbemng Of bolts and 6,10, 14,18, 22, 26, 30 AND 34
bol SERIES 4 CONSISTS OF BOLTS 4,

groups Of olts. 8,12,16,20, 24,28, 32 AND 36

and 2 were measured both under jack pressure loading and after fas-
tening the nuts at released pressure. Similar measurements have been
performed at jack pressures increasing in steps of 50 bar up to 500
bar inclusive. Subsequently the same procedure has been applied to
the series 3 and 4, measuring at each jack pressure step the strains
in all the stressed bolts at pressure loading and after fastening the
nuts at released jack pressure.

Experiment 3.

This experiment was identical to the preceding experiment, except
that the ultimate jack pressure for each of the bolt series was
equal to 800 bar in stead of 500 bar. Again tightening of the series
2, 3 and 4 took place in steps of 50 bar.

Experiment 4.

The bolts of series 1 were tightened at a jack pressure of 50 bar and
the strains were measured. After this, the bolts of series 2 were
tightened at a jack pressure of 500 bar and the strains in the bolts
of series 1 and 2 were measured both at jack pressure loading and
after fastening the nuts at released pressure. Subsequently the bolts
of series 2 were tightened at a jack pressure of 800 bar and the same
measurements were performed.

After this procedure, the nuts of series 2 and 1 were loosened and
similar measurements performed at jack pressures for series 1 in-
creasing in steps of 50 bar up to 800 bar inclusive, while in each
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FIGURE 3.2.4.
Results of experiment 1:
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this pressure and mean remaining strains.




case the jack pressures applied for series 2 were 500 bar and 800 bar
respectively.

Experiment 5.

The bolts of series 1 and 2 were tightened successively at a jack
pressure of 50 bar and the strains were measured. After this, the
bolts of series 3 were tightened at a jack pressure of 500 bar and
the strains in the bolts of series 1, 2 and 3 were measured both at
jack pressure loading and after fastening the nuts at released pres-
sure. Subsequently the bolts of series 3 were tightened at a jack
pressure of 800 bar and the same measurements were performed.

After this procedure, the nuts of series 3, 2 and 1 were loosened and
similar measurements have been performed at jack pressures for series
1 and 2 increasing in steps of 50 bar up to 800 bar inclusive, while
the jack pressures applied for series 2 again were 500 bar and 800 bar
respectively.

The results of the experiments described above will be discussed now in
some detail.

Experiment 1.

Figure 3.2.4 shows the relation between the o0il pressure in the jacks
and the mean strain in each of the bolt series occurring at this pres-
sure, together with the remaining mean strains in the bolt series after
fastening the nuts and relieving the jacks.

Inasmuch as the mean strain in a bolt is proportional to the normal
force in that bolt and the oil pressure in the jack is proportional to
the normal force in the bolt occurring at this pressure, the relation
between the remaining and the applied mean normal force per series
immediately follows from this figure. The ratio between these two forces
is defined to be the (mean) jack efficiency (although this efficiency
does not depend solely on the jack).

The (relatively small) differences between the remaining mean strains
in the bolt series after relieving the jacks are caused by small dif-
ferences in the measures of the spherical washers under the nuts, and
by differences due to the manual nut-tightening procedure following
pressurizing of the jacks. These last differences have been kept as
small as is feasible by measuring the tightening moment on the nut with
strain gauges attached to the cylindrical pin. It should be pointed out
that the relative differences between the remaining mean strain in a
bolt series and the remaining mean strains in the individual bolts of
this series at 800 bar tightening never exceeded 7.5%.

From figure 3.2.4 the important conclusion can be drawn that the re-
lationship between the remaining mean strains and the oil pressure in
the jacks becomes linear for each bolt series as the jack pressure
rises. The slope in this linear relationship can be assumed to be the
same for all the bolt series within sufficient accuracy. On the other
hand, this slope differs from the slope in the linear relationship be-
tween the mean strains at jack pressure and this pressure itself. This
means that the former slope has to be determined by a two-step tightening
of each bolt series.

Experiments 2 and 3.

Tables 3.2.1 and 3.2.2 (see p. 50) summarize the results of these ex-
periments, considered as tightening experiments for the head flange at
jack pressures of 500 bar and 800 bar respectively. For the sake of
brevity only the more detailed results of experiment 3 will be given.
Figures 3.2.5, 3.2.6 and 3.2.7 (see pp. 48, 49 and 51) show the decrease
of the mean strains of the bolt series 1, 2 and 3 respectively due to
the tightening of subsequent bolt series both at jack pressure loading
and after fastening the nuts and relieving the jacks. From these figures
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the important conclusion can be drawn that the relationship between
the decrease of mean strain and the jack pressure of subsequently
tightened series may assumed to be linear within sufficient accuracy
from a practical point of view at jack pressures exceeding about 200
bar. An exception to this conclusion is given by the decrease of the
mean strain of series 1 at tightening of series 2 (cf. figure 3.2.5).
Due to the relatively small deviation from linearity the relationship
mentioned previously is also assumed to be linear in this case. It
should be noted that the results of experiment 2 completely justified
the above conclusion and did not show a relevant deviation from lin-
earity in the case mentioned before.

1,2 1,2,3
AND 3 AND 4

TIGHTENED BOLT SERIES 1 1 AND 2

JACK PRESSURE (bar) 500 500 500 500

MEAN STRAIN 1 830 706 611 s41
(p strain) 2 830 725 649
IN EACH BOLT
SERIES

TABLE 3.2.1.

Results of tightening head flange at
Jack pressures of 500 bar.

1.2 1.2,3

IGHTEN 0 RI
TIGHTENED BOLT SERIES 1 1 AND 2 AND 3 AND 4

JACK PRESSURE (bar) 800 800 800 800

MEAN STRAIN 1 1450 1276 1163 1071

(u strain) 2 1450 1332 1235
IN EACH BOLT 3 1450 1378

SERIES
4 1450

TABLE 3.2.2.

Results of tightening head flange at
Jack pressures of 800 bar.
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Results of experiment 3:

Decrease of mean strain of series 3 at tightening of
series 4.

Experiments 4 and 5.

Figure 3.2.8 (see p. 52) shows the decrease of the mean strain of
bolt series 1 due to subsequent tightening of bolt series 2 at
variable jack pressures for series 1. Figure 3.2.9 (see p. 53)
gives similar results for the decrease of the mean strain of the
bolt series 1 and 2 due to subsequent tightening of bolt series 3.
It should be noted in this context that the results did not show a
relevant difference between the decrease of the mean strains of the
bolt series 1 and 2. From figures 3.2.8 and 3.2.9 it appears that
the relationship between the decrease of mean strain of a bolt
series and the jack pressure applied during tightening of that
series may assumed to be linear from practical point of view at
jack pressures exceeding about 350 bar.

As a supplementary result from these experiments it appeared that
the mean strains of bolt series during tightening of these series
are not influenced by the jack pressures of previously tightened
series.
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3.2.3. A systematic tightening procedure.

As an introduction to the tightening procedure to be proposed in this sub-
-section the author should like to recall an earlier more simple procedure
developed in [3.14] and based on less rigorous experiments. The basic
assumptions of this procedure consisted of:

a. Proportionality between the remaining mean strain in any one bolt
series and the jack pressure applied during tightening of that
series, together with independence of this strain of the jack
pressures of previously tightened series.

b. Proportionality between the decrease of mean strain in any bolt
series and the jack pressures of subsequently tightened bolt
series, together with independence of this decrease of both the
jack pressures of previously tightened series and the jack pressure
applied to that series itself.

Under these assumptions, the following formulas describe an arbitrary
tightening procedure (to be denoted further as simplified tightening pro-
cedure)

+ a

a19Py T @19Py T @y4P5 T AP, T Dy

ay,Py + 355P5 * 3y, P = by
a34P3 * 33,P, = by
APy = By

in which a11 through A

aij <0, if 1 # j), while Py through p, are associated with the bolt series

are functions of the flange geometry (aii > 03

1 through 4, and bl through bu represent the mean strains remaining in the

series 1, 2, 3 and 4 respectively after the tightening procedure. These
formulas can be written also as follows

3 pj = bi (i = 1, 25 85 ) (3.2.1)

L e I =
1]

j=1i

Determination of the "influence coefficients" a . required a preliminary
tightening experiment, which could, in principle, be of arbitrary nature,
provided the hydraulic jack pressures for this experiment were selected in

reasonable agreement with one of the pressures estimated for the ultimate
tightening procedure.

On the basis of the results of the experiments described in the preceding
paragraph an improved tightening procedure can be obtained by replacing the
assumptions underlying (3.2.1) by:

a. Linear relationship between the remaining mean strain in any one bolt
series and the jack pressure applied during tightening of that
series (experiment 1), together with independence of this strain
of the jack pressures of previously tightened series (experiments 4
and 5).

b. Linear relationship between the decrease of mean strain in any one bolt
series and the jack pressures of subsequently tightened bolt series
(experiments 2 and 3), together with linearity between this decrease
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and the jack pressure applied during tightening of that series
itself (experiments 4 and 5).

On the basis of these assumptions the following formulas describe an im-
proved tightening procedure

n
.p. + c..| = b. i = 3.2.2
.E. [ai]p] clj] bl (i 1, 2, 3, 4) ( )
j=1i
where
1~1
. = a.. " .2,
aij al]O + Z aljkpk (8.2.3)
k=1
T=1
- T o 2.4
Cij Cle * X Cl]kpk (3 )
k=1
In these formulas aijk and cijk are functions of the flange geometry,

while, on the basis of the second part of assumption a, we have

a.., =0
iik
if k>0 (3.2.5)

|
(@]

Ceseq =
iik

From the experiments 2, 3, 4 and 5 the following conclusion can be drawn

Cosi = D if k>0 (3.2.6)
ijk
The following supplementary relations for the coefficients a5 p and sk
result from symmetry considerations J J
4110 T %220 T @330 T %yyo * 110 T ©220 T 330 T Suyo
2130 - 230 T %10 T Pou0 > ©130 T 230 T 1m0 T om0
3131 - %232 T 141 T Foy2 P F01 T @3u3 (3.2.7)
3120 T %340 * 120 T 30 > %143 T q2u3
a = a = a - a = a = g

132 142 231 241 341 342

Thus we arrive at the final formulas describing an improved tightening pro-
cedure, being given in table 3.2.3 (see p. 56). Due to the more complicated
character of these formulas, as compared with (3.2.1), the determination of

the 7 unknown coefficients aijk and the 3 unknown coefficients cijo needs,
in general, two preliminary tightening experiments.

Once the coefficients aijk and CijO are known, the relationships from table

3.2.3 can be used once more for the determination of a tightening procedure
resulting in uniform mean bolt strains for each bolt series if

b, =b,=b,=Db, =b (3.2.8)
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%9110 P1* Hm"[{“nu + 0121 P1}92 = Hzo]'[{“no ¥ 0431 P1 % 9152 Pz}’: . ‘130]'““130 +01931P1 *9132P2* 9143 P:}Pa ¢ °130J = by
["110 Py * °no]‘[{°no * 0132 Pt 9 Pz} P3* cuo]’[{“uo *0932P1 * 9131 P2 * 143 PJ} Pa* Cnn] = b
[“no Pye H1o]'l{°1zo va132 [Py + Py )+ 9qp ’3}’4 “!20] = by

["110 Py + °11u] = by

TABLE 3.2.3.

Formulas deseribing an improved tightening procedure.

By prescribing b it is possible, in principle, to determine the remaining
four unknown jack pressures by means of the four equations, as a result of
which the various jack pressures will not be equal. However, at this point
it should be noticed that the first three equations are non-linear in the
jack pressures. The best possible way to overcome this difficulty can be
found by applying an iterative process. This process is started with a set
of equal initial values for the jack pressures

Py = Py ¥ Py = Dy (3.2.9)

where P, follows from the fourth equation given in table 3.2.3. Substitu-

tion from these pressures into the left-hand members of the first three
equations leads to a set of remaining mean strains bg (i =1, 2, 3) in the
bolt series 1, 2 and 3, the deviation of which from b is equal to

Abg = b - b, (GGi=1, 2, 3) (3.2.10)

The second step in the iterative process consists of the determination of
corrected values for the jack pressures

0 .
pi = p; + Apg (i=1, 2, 3) (3.2.11)

After substituting from these expressions into the first three equations of
table 3.2.3 and putting all the right-hand members equal to b, the resul-

ting equations may be linearized with respect to Api if

<< P, (1= 1, 2, & (3.2.12)

0
.

Subtraction of the equations given in table 3.2.3 from these linearized
equations leads to three equations for Api (i =1, 2, 3) shown in table
3.2.4.

The quality of the corrected jack pressures can be judged by substituting
from p% (i =1, 2, 3) into the first three equations of table 3.2.3 and

checking the right-hand members. If the difference between these right-hand

members bi (i =1, 2, 3) and b is too large, a third step in the iterative
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|
| o110 8P ¢ H"na * %421 P1°}°Pz°’ 12197 AP1°]'H°130' 9131 P17+ 943 °z°} 8p3 * 0131 p3 8y + 0132 93°A°z°]’["13194“1° * 013204897 + 9y43P4 AP:°] = 8by |

|

| o o 0 o 0
‘l 9110 8P ¢ “"uo «fy37 Py * 913102 } 8pF+ 0432 P8P+ 0431 P7 “2“]'[“131’1 8Py ¢ 043y PgBPT + Oyq3Py AP;°] = &b,
|

\

0 o 0 o o
9110 8e3 ¢ [“132"4 (8py" + Bpy )+ 0y Py BP3 ] = 4by

TABLE 3.2.4.

Linearized equations determining corrected jack pressures.

process, similar to the previous one, has to be carried out.
Thus we have obtained, more or less, a mathematical simulation of groupwise
bolt-tightening in a number of loading cycles.

In an additional note [3.15] to [3.14] the author proposed a corrected sim-
plified tightening procedure, the basic assumptions of which consisted of
the first assumption of the improved tightening procedure, together with
the second assumption of the simplified tightening procedure

[a1Py + cq] +ajp, + 2Py +ayp, = by

[y, + cpp) +ayps +ayp, = B,
(3.2.13)

[a3gP5 *+ c53] + agyp, = by

layypy * ey = B,

In these formulas a; . and c,; are independent of the jack pressures, while

the following relations hold because of symmetry considerations

451 7

- 433

11

22

33 (3.2.14)

a a C C C c

22 Yy Ly
Due to the lack of experimental information, the practical importance of
(3.2.13) could not be discussed in [3.15]. However, it should be noted
that the determination of the the influence coefficients a, . and c;y Te-
quires only one preliminary tightening experiment, during wgich the first
bolt series has to be tightened in two steps.

3.2.4. Verification of the tightening procedures.

As a first step in the verification process of the tightening procedures,
described in the preceding sub-section, the results of the experiments 1,
2 and 3, discussed in the sub-section on the interaction among groups of
bolts, will be used to determine the coefficients of the jack pressures and

the startup effects in the
The values, concluded from
p- 58). It should be noted
dure and for the corrected
being considered, in which

relations underlying the tightening procedures.
these experiments, are given in table 3.2.5 (see
that both for the simplified tightening proce-
simplified tightening procedure two cases are
respectively the results from table 3.2.1

(tightening at 500 bar jack pressures) and from table 3.2.2 (tightening at

- 57 -




58

CORRECT
COEFFICIENTS SIMPLIFIED SmpLE‘FIEE%
aij IN TIGHTENING TIGHTENING
u strain/bar PROCEDURE PROCEDURE IMPROVED TIGHTENING
AND PROCEDURE
cij IN CASE 1: CASE 2 CASE 1: CASE 2:
u strain BASIS BASIS BASIS BASIS
TABLE 3.2.1| TABLE3.22| TABLE 3.2.1| TABLE 322
i
949 1.660 1.813 2.062 2.062 Q4990 = 2 062 y strain/bar
€11 - - - 200 - 200 €410 =~ 200 u strain
G420 = —0.331 p strain/bar
a7 -0.248 -0.218 -0.248 -0.218
G429 =127x 107¢ u strain/bar?
934 =0.122 l -0.080 =0:122 =0090 €y20 = 10 W strain
!
a3 -0.190 ; -0 141 -0.190 -0141 0439 = -0309 u strain/bor
| G437 =1.29x10"*% y strain/bar?
PP -0.140 ’ -0.115 —0.140 =~0.115
| a432=0.80x10"% y strain/bar?
073 =0.210 ‘ -0148 -0.210 -0.148 €930 = 10 p strain
024 -0152 [ -oa121 -0 152 -0.121 0443 = 0.34x107% y strain/bar?
1

TABLE 3.2.56.
Coefficients for different tightening procedures.

800 bar jack pressures) form the basis of the values.

A first check on the validity of the results for the improved tightening
procedure can already be made at this stage by predicting the results of
experiments 4 and 5 from the values given in table 3.2.5. Table 3.2.6 shows
a comparison between the predicted and the measured decrease of the mean
strain in bolt series 1 due to subsequent tightening of the bolt series 2
and 3 as a function of the jack pressure p,. This comparison sounds rea-
sonably good from practical point of. view, particularly if one takes into
account the scatter in the experimental results shown in figures 3.2.8 and
3.2.9.

The next step in the verification process consists of a comparison of re-
sults obtained by means of two tightening experiments and results predicted
by means of the different tightening procedures on the basis of the coeffi-
cients from table 3.2.5. The two experiments consisted of determining via
trial and error a jack pressure for each bolt series, resulting in the
highest bolt-strain uniformity
over the whole flange connection
in its final tightened stage

DECREASE OF MEAN STRAIN

OF BOLT SERIES 1

PREDICTED

MEASURED

EXPERIMENT

4

Py = 500 bar

py = 800 bar

156 - 0.064 p,

254-0.102 p,

151 - 0.053 p,

246 - 0.096 p,

EXPERIMENT
5

py = 500 bar

800 bar

145 - 0105 py

237 - 0.167 p,

142 - 0.096 py

225- 0.139 p,

TABLE 3.2.6.

Comparison between predicted and
measured results for experiments

4 and 5.

with desired strains of 675 u
strain and 1250 p strain re-
spectively. Tables 3.2.7 and
3.2.8 compare the results pre-
dicted by means of the different
tightening procedures and the
results measured during the real
tightening. The relative differ-
ences between the predicted and
the measured results are seen to
fall within 5% for the improved
tightening procedure and could
have been even better if the
scatter in the measured re-
maining mean strains for the




675 u case should have been less. The comparison between the predicted and
the experimental results is also seen to be very good for the corrected
simplified tightening procedure in the case that the jack pressures

choosen during the preliminary tightening procedure are in the neighbour-
hood of those applied at ultimate tightening. This comparison is seen to
be reasonably good from practical point of view for the corrected simpli-
fied tightening procedure in the case that this restriction is not satis-
fied and for the simplified tightening procedure in the case that this re-
striction is satisfied.

CORRECTE
SIMPLIFIED smmnsoo IMPROVED
TIGHTENING TIGHTENING TIGHTENING
PROCEDURE R icEoliE PROCEDURE
WITH ONE | EXPERIMENT
ITERATION |
CASE 1° CASE 2: CASE 1: CASE 2: e ’
BASIS BASIS BASIS BASIS
TABLE 3.2.1 | TABLE 3.2.2 | TABLE 3.2.1 | TABLE 3.2.2 |
Py 566 478 555 529 554 l 565
JACK Py 499 429 501 481 497 505
PRESSURES
(bar) Py 436 391 450 443 458 465
Py 407 372 424 424 424 | 425
MEAN by 674 587
STRAIN
(u strain) | bz DESIRED REMAINING MEAN STRAINS : 675 704
REMAINING
IN EACH by by =bz =b3=by =675 p strain 674 685
BOLT
SERIES by 675 652
(DESIRED)

TABLE 3.2.7.

Comparison between predicted and measured results at
tightening for b = 675 u strain.

SIMPLIFIED g?::f&'ég IMPROVED
TIGHTENING TIGHTENING [LOHEENING !
PROCEDURE SROCEOURE PROCEDURE ‘
WITH ONE | EXPERIMENT |
ITERATION
case 1 ['cAsE 2: CASE 1: CASE 2: &TEp 0
BASIS BASIS BASIS BASIS
TABLE 3.2.1| TABLE 3.2.2 | TABLE 3.2 1| TABLE 3.2.2
Py 1047 884 919 877 860 880
JACK Py 924 794 831 797 783 810
PRESSURES
(bar) Py 808 724 745 L 134 735 750
Py 753 689 703 703 703 720
MEAN b, 1250 1252
STRAIN
(u strain) by DESIRED REMAINING MEAN STRAINS 1252 1260
REMAINING
IN EACH by by =bg =by = bg=1250 p strain 1244 1213
BoOLT
SERIES by 1250 1253
(DESIRED)

TABLE 3.2.8.

Comparison between predicted and measured results at
tightening for b = 1250 u strain.
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3.3. Deformation of large taper hub flanges.

3.3.1. Tapered hub behaviour.

_60_

In order to obtain a systematic approach and to restrict the number of
geometrical parameters during the basic phase of the flange analysis the
external flange loading has been replaced by two basic external loading
components (figure 3.3.1), i.e., unit pressure loading p = 1 and unit
moment loading M = 1. The unit pressure loading is in equilibrium with an
equivalent external bolting force on the outside of the flange ring. This
schematization is allowable because of the supposed rigid ring behaviour
of the flange ring.

For the sake of brevity the present sub-section restricts itself to the
case that the taper hub flange is connected to a circular cylindrical
shell.

i —eE

|

b;! ‘ h——@ am—

| 1{ | Mi7 T |

!'u; ' 91 Py {

| x !

| | { { % S iy

i (I - 1} “F e
!wr] EARRARRNRALARI
L1 ! Pl FIGURE 3.3.1.
| . | i Equivalent external
o e

loading.

The thin shell approach of the tapered hub used by MURRAY and STUART [3.10]
as well as in papers on tapered transition joints by RODABAUGH and ATTERBURY
[3.11] and HAMADA et al. [3.16] is based upon the solution given by
TIMOSHENKO [2.8, Chapter 15, Article 118] and FLOGGE [3.17, Chapter 5.5.3]
for a thin shell with a circular cylindrical shape of the middle plane and

a thickness varying linearly as a function of the axial hub co-ordinate.

The same solution is used in the present sub-section, yielding the follow-
ing expression for the radial displacement w (figure 3.1.2)

w=-=[c ber' (&) +c, bei' (£) +C, ker' (£) + C, kei' (£)] +
(B.8.X]
prg (1-v/9)

+
E an

where £ = 2p /ﬁ, with p =

while n is the axial hub co-ordinate defined in figure 3.1.2.

In this solution ber' (&), bei' (g£), ker' (&) and kei' (&) represent the
derivatives of the so-called Thomson functions with respect to n. The end

rotations ¢O and ¢l, the end moments MO and Ml and the end shear forces

QO and Ql can be expressed in the integration constants C., through Cu,

1
considering that




Eg3

12(1-v2) dn

dQW]

2]

Eg3 d2w
2
12(l-v2) dn

M

e |
Q = F £8:3.2)

At this point the critical stage in the thin shell approach is reached,
where the continuity conditions at the hub boundaries have to be satisfied.
In satisfying these conditions MURRAY and STUART in their classical paper
on the behaviour of large taper hub flanges [3.10] assume the pressure
forces (stress resultants) at the cylindrical shell and the flange ring
junctures to act in parallel with the vessel axis and to have their points
of application in the hub middle surface (cf. figure 3.3.2). However, this

{

RODABAUGH &
ATTERBURY ;
HAMADA ET AL
[3.11, 3.16)

\

Qo=

<~ MURRAY & STUART [3.10] [

-

“~PRESENT THESIS

FIGURE 3.3.2.

Pressure forces in
satisfying the con-
tinuity conditions

at the hub bounda-
ries.

is not consistent with the basic thin shell solution mentioned above, as
the conical shape of the middle plane, i.e., the difference between the
radii r. + g0/2 and r, + g1/2, produces an additional moment increasing

with n (cf. figure 3.1.2) along the axial length of the hub. As indicated
by the experimental evidence presented in [3.11], this effect becomes quite

significant for g /g. ratios exceeding about 1.5 and h/Yr_g values not
& 1’89 0%

exceeding about 2 V2, i.e. for hub dimensions relevant in the context of
the present thesis. To take this effect into account both the analyses
given in [3.11] and [3.16] assume the pressure forces at the cylindrical
shell and the flange ring junctures to be located in the conical hub middle
surface, thereby introducing a radial shear force at each of these junc-
tures (cf. figure 3.3.2). In order to assess the reliability of this cor-
rection the present section offers a comparison between the two approaches
mentioned above and simultaneously offers a third approach where the shape
of the hub middle surface is assumed to be cylindrical in satisfying the
continuity conditions (cf. figure 3.3.2). The system of four equations re-
sulting from the continuity conditions at the hub boundaries for the latter
case is conveniently presented in tabulated form in table 3.3.1. (see p.62)

The alternative approach mentioned before is to treat the hub as a ring
with undeformable cross section, i.e., in the same way as the flange ring.
This results in two separate modes of deformation undergone by the hub: (1)
rotation of the cross section around the centroid due to the resultant
twisting moment MWh and (2) radial displacement of the cross section due to

the resultant radial force through the centroid (both Mw and Qh are mea-

h
sured per unit arc length in circumferential direction of the cylindrical
shell midsurface).

It can easily be shown [3.18, PP. 430—438] that the corresponding values
for the angle of rotation ¢h and the radial displacement of the centroid w

will be .
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Equations for the case that hub is considered as a
cetlindrical shell with variable wall thickness.




ol ) of ) o) FIGURE 3.3.3.

W4 Wh Wo
t T Hub geometry detatls (rigid
ho91*29 Sh 2t 9 r’l:ng approach).

EEETEITEE T v

[ ‘m'-f ’%‘(2!"90)\ "'% l"’:’o":—“: !
" (Ay+Az = Ap) M r
| NE— o = wn "0 Ton
9 _ \ = —
_n AR R | e h E Ih
R 1 S . (3.3.3)
; N (AR A ) -
‘1‘*"’“' f;T‘i?‘t'g‘\llil 1'1 . _Qh 0 ch
i b T ‘ i . \‘“Aé’"’o Ne h E Ah
fen A % || N 91-90
(i 3 91+99 {\L ’,! 6 99+9p
- i i where the centroid radius
‘ L, g8 :
. I LI S 2 B r_, may be expressed in
e [P — ﬁAW;_ﬁ terms of figures 3.1.2 and
T . 3.3.3 as follows
% + < + 3r.(g,+g.)
€1 * 818 T & ri\81"8
“ch © 3(g.+tg ) (3.3.4)
= gl gO .
while
3 : + 4 + z
_n° & €180 T &g
I * 36 + (3.3.5)
€178
The radial displacements w, and W, at the shell and flange side boundaries,
respectively, being
wO = W + ¢hd and Wy = woo ¢hc (3.3.6)

can then be expressed in terms of the redundant shear forces and moments
QO, Ql’ MO and Ml by simple geometric and arithmetic considerations. By

applying the continuity conditions at the hub boundaries a system of four
equations is again obtained, as tabulated in table 3.3.2 (see p. 64).

From tables 3.3.1 and 3.3.2, the remarkable conclusion can be drawn that
multiplying all dimensions by the same scale factor does not change the
flange ring rotation if the basic pressure loading remains unchanged and
the basic moment loading is multiplied by the square of the scale factor.
Assuming the real bolt loading to be proportional to the axial pressure
reaction and assuming the same (relative) location of the resulting gasket
face reaction in the unscaled and the scaled position, it is possible to
prove that scaling of the dimensions results in square scaling of the basic
moment loading. Therefore, it can be stated that scaling of the dimensions
does not change the flange ring rotation under the real external loading
conditions. The importance of this conclusion for pressure vessel research
using scale models is evident.

The final part of this sub-section offers a comparison between the three
thin shell approaches and the rigid ring approach for the tapered hub dis-
cussed before, using a finite element analysis as the yardstick for their
validity. The finite element approach utilizes the ana-element concept
developed in Chapter 2.3 for the flange ring and the cylindrical vessel,
while the elements used for the description of the tapered hub behaviour
are the TRIAX 6 elements discussed in Chapter 2.2.2. In this approach the
displacement continuity conditions at the flange ring and vessel boundaries
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TABLE 3.3.2.

Equations for the case that the hub is considered as a rigid ring.

are satisfied by specifying the general formulae developed in Appendix 1.
A flowchart of the general computer program underlying the numerical in-
vestigations is shown in figure 3.3.4.

Py The calculations have
been carried out for the
" representative case
%& = 1.25;
F
b
r F
" ", - 0:23
cf
g
;Q,: 0.085,
0
| . _ 2
! while E = 2,100,000 kgf/cm
| and v = 0.3.
11

FIGURE 3.3.6.
Flange geometry symbols.
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The results of the comparison are given in figure 3.3.6 (see p. 67) for
unit moment loading (representative for tightening conditions) and in
figures 3.3.7 and 3.3.8 for representative operating conditions. The addi-
tional assumptions for some geometrical and loading parameters for the
latter loading case are indicated in the figures. The results are presented
in terms of the flange ring rotation as a function of gl/gO for several

4 s
values of the dimensionless parameter r\Ogo/h, covering the range of prac-

tical interest (i.e. rOgo/h = 1, 2, 4, 8). It may be concluded from these
figures that the thin shell approach developed by RODABAUGH and ATTERBURY
[3.11] and utilized by HAMADA et al. [3.12, 3.16| gives the most accurate
values for the flange ring rotation over nearly the whole range of these
two dimensionless parameters, except for relatively large values of
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Validity range for
rigid ring approach
of tapered hub.

0%0/h and correspondingly large values of gl/go, i.e. for large values of

the taper angle a (i.e. a 3 . 550), where the approach considering the hub
middle surface to be cylindrical in satisfying the continuity conditions
gives the best results. However, this latter approach also gives results
within a sufficiently accuracy from a practical point of view for other
values of a. The thin shell approach used by MURRAY and STUART [3.10]
underestimates the flange ring rotation considerably, particularly for re-

latively large values of the taper angle.

As regards the validity of the rigid ring approach for the hub, figure

. . v
3.3.9 shows the boundaries in the gl/gO = POgO/h - plane where the rela-

tive deviation of the rigid ring approach under tightening conditions and
operating conditions equals 5% and 10% respectively.




As can be seen from figure 3.3.4 an additional output obtainable from the
finite element computations is formed by the influence coefficients for the
tapered hub. These influence coefficients can be used in a very easy way by
design engineers who do not generally have finite element programs at their
disposal for including tapered hub behaviour in deformation analysis of
flanges. They are therefore presented in graphical form in Appendix 4.

3.3.2. Experimental data on flange ring deformation and comparison with numeri-
cal results.

3.3.2.1. Test results on behaviour of metal-to-metal contact sealing faces and
on bolt forces.

In Section 3.1 the importance has been illustrated quantitatively of
knowing the exact location of the point of application of the gasket force
P (cf. figure 3.1.2). Prior to comparing the analytical results obtained

by the methods of the preceding sub-section with experimental evidence it
is therefore desirable to obtain information on this point in order to in-
sert correct values for M when utilizing the computer program of figure

3.3.4 for the flange geometry under consideration; such information will
have to be of an experimental nature.

UPPER VIEW

N2, Ng AND N5 ARE NOZZLES
ATTACHED TO THE CYLINDRICAL VESSEL

GASKET 4AIN GAGES /
| SPRING LEAF

>
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o
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o
.
o
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-
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FIGURE 3.3.10.

Measuring device for gasket face rotationm.

To obtain experimental information on the gasket face behaviour, the device
shown in figure 3.3.10 was mounted in three longitudinal head flange cross

sections (120o apart) of the 1:4 scale model (r_ = 361 mm) of the Dodewaard

BWR vessel investigated in the author's laboratory [3.8]. From the vertical
displacements of the sensing pins resting on the vessel flange gasket face,
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the rotations of parts A and B relative to their initial position *) can be
obtained in the manner described in Appendix 5, provided that the rotation
of the outer flange rim, where the leaf springs are clamped, is known. This
rotation, which is also required for comparison with the analytical results
obtained by the methods of the preceding sub-section, was measured by means
of tangential strain gauges on the outer flange rims (2 gauges each at the
3 longitudinal cross sections mentioned above). The data mentioned above
were obtained successively for two geometries of the upper (head flange)
gasket face: perpendicular to the vessel centerline, i.e. parallel to the
lower gasket face in the unbolted condition, and with an outward taper of

about 3.5x10 . rad, intended to obtain parallelism of the gasket faces
under design conditions. The selection of this taper angle was made on the
basis of measurements performed on the untapered gasket geometry; for brev-
ity's sake, these measurements are omitted from the present text.

Figure 3.3.11 shows the schematized position of the vessel flange gasket
face after tightening the flange connection for the design pressure of 30
bar and obtained from the mean values of the sensing pin displacements over
the three longitudinal cross sections. Inasmuch as ¢A is seen to exceed ¢B

it can be concluded from this figure that the point of application of the
gasket force Pg after

Q . .

Gpfo——— B LEow 4L“, L thet;gmemngp?mm-
GHER P — — o [ dure for 90 bar is l?—
SIDE ' SIDE cated between the points
VESSEL GASKET FACE OF VESSEL FLANGE VESSEL .

Qm and Ql’ i.e. between

* the inner rim and half-

2 S R B way the gasket surface.

4

E
E (] . S—
‘; & - *p=232x 10'3211
z
- 10
- N
| . S
= N,
8
< " — -
& o
a \
v —
. :
MEASURED ROTATION OF \
0l ouTER B oF YLSREL } o = FIGURE 3.3.11.
FLANGE=1.51x 1073 rad ‘ N — [#g=111x10"3rad i ..

2 preceeny N Schematized position of

% e vessel flange gasket

S ,AA,ﬁ“+ﬁ _ N face after tightening

2 ‘ for 90 bar.

Figure 3.3.12 shows the change in the angles of rotation for parts A and B
of the vessel flange gasket face during pressurization up to 90 bar vessel
pressure. This pressurization process took place in the following pressure
steps: 0 bar - 22} bar - 0 bar - 45 bar - 0 bar - 673 bar - 0 bar - 90 bar.
The relatively large scatter in the results for the three sections (in
particular for part B of the gasket face, which contains the point of
application of Pg after tightening) is probably caused by sliding of the

gasket faces along each other due to different radial expansions of the
head and vessel flanges during pressurizing. Although this phenomenon could

) E.g. after bolt tightening relative to their untightened position and

during pressurizing relative to their position after bolt tightening.
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FIGURE 3.3.12.

Measured gasket face behaviour during pressurization of BWR model vessel.

not be observed explicitely during the experiments, it has been observed
recently during the hydro tests for a number of large scale LWR vessels in-
vestigated by the author's laboratory at the pressure vessel manufacturer.
Moreover it should be realized that errors up to about 25% of the maximum
value can be expected to occur in the measured rotations shown in figure
3.3.12 because of their relatively small values. In conjunction with ex-
perimental and numerical results on the flange ring rotations further con-
clusions from the above experiments on the gasket face behaviour will be
drawn in the next paragraph.

Not only its plane of application but also the value to be taken for P re-

quires experimental information, at least for pressurized conditions, where
it cannot be obtained from simple considerations of equilibrium unless one
knows the actual value of the bolting force Pb. This value has been ob-
tained for the above model vessel by means of the strain gauges mentioned
in Section 3.2.1.

Figure 3.3.13 (see p. 74) shows some typical bolt stresses at tightening




74

——— STRESS IN kgf /em?

— = STRESS IN kgt/cm?

2600 —r . — -
T
BOLT 1 I —]J
2400 —
2200 \ ‘ i
TRESS
TENSWE ST =1
2000 T ~N— f T 1
| {
1800 T T <1
| | | !
1 | | 1
1600 i +— T 1
uoo——+——+——4— —L —t
‘ ; 1 |
1200 i f T 1
| |
1000 T T !
i ‘ | I
I T
BENDING STRESS AT LOWER SIDE
600 P T 1 i s
S T _;!""—E'TD_IHG—ETRESS AT UPPER S‘IDE
400 P T : — :
/: | | |
20014 1 . .
/ 1
) 1 |
o - Yo 225 45 675 90
o
o w w W —— PRESSURE IN bar
z
wooopopu
T x x x
] © ° I
= = = =
- o~ ™ -
g £ 8 2
@ @ @ @
w w w w
w w w w
2600 T |
BOLT 9 I |
2400 T {
| | |
zzcc\ 1 1
2000 \

TENSILE STRESS

I
—

1600f———— I
1400 — -
| ‘
1200f———+— |
[
1000 . | |
| i
000}———— T
BENDING STRESS AT_LOWER SIDE
600r— - = T T T |
e
//
00— 37—+ |
rd
-
200t |
PPER SIDE
0 BENDING STRESS AT UPERE -

1

1

90

- 200 ! < i S
o o o o0 225 45 67.5
w w w w
z z z Z —— PRESSURE IN bar
w w w w
- b= - -
I B X I
) © ) ]
- - r=g -
- ~ L) -
[ n
O A
@ @ @ @
w w w w
0 ) 0 0

N.B.

2600 3 s e
| BoLT s i
2400 = B o — = _4“,7 —— |
! |
2200
TRESS ——
. \ TENSILE S
£ 2000 e 5 |
—— |
- |
2 1800} ‘ |
z :
1600———— [
w | [
& | |
& 1400 - : ‘ |
P ‘ ‘
(4 | |
1200 - — } |
{ | | |
) 1000 ! 1 }
‘ ‘ 1 ‘
800 | { ‘ .
ING STRESS AT_LOWER SID
,P_E_P_r.._.,..__l, 9
600 s |
> T + ‘
- |
400~ I !
V [ ‘
200} L |
0 | ;
| |
= | NDING 55 AT UPPER SIDE
200_______,;_._._9_._0_.,_.1.&5_#.—1
JRPYY] S . |
o o o o0 225 45 675 90
z z z Z o PRESSUR
fr] w w w SURE IN bar
- - - -
3 x T T
e e © e
- P = =
- ~ o %
un (0] w "
w w w w
@ @ @ x
w w w w
0 n 0 "
2600 ; I
| BOLT 13
uoo\ ‘, == —
N |
2200 ™S R RN SR
| : 33
E N TENSILE STRE
S 2000 ; T |
E | ; | ‘
< 1800} . I | J
1
= |
» 1600 S |
r |
¥ 1e00——r- : | |
IS |
v i
1200 ‘ 1 !
1000}——— 4 | |
| |
800 TRESS AT LOWER SID!
BENDING STRESS AT LOWER S
600}——— ——p=—— S T B
(/
400 z ; | |
7
Vv | |
200f—— [BENDING STRESS AT_UPPER SIDE
S SRS | bt i T y
0 L ! . I i
o o o o0 225 45 67.5 90
Y Y ¥ ¥ PRESSURE IN bar
w w w w
s - - -
T T x x
© o o) )
- p= b =
- ~ & <
g & 5 8
@ @ @ =
w w w w
w wn wn w

BENDING STRESSES ARE DEFINED TO BE POSITIVE AT THE INNER VESSEL SIDE
THE NUMBERING OF BOLTS AND GROUPS OF BOLTS IS INDICATED IN FIG.3.2 3

THE STRAIN GAUGE LOCATIONS ARE

FIGURE 3.3.173.

INDICATED IN FIG.3.2.1

Typical bolt stresses at tightening and during pressuring.




and during pressurizing of the model vessel. The increase in the bolt force

Pb from preloading to design conditions turned out to be about 7.5 percent,

for a preloading force equal to 1.125 times the final axial hydrostatic
force.

The large scatter in the bending stresses, occurring in particular at the
upper side of the bolts, is caused by the differences in the measures of
the spherical washers under the nuts already mentioned in Section 3.2.2
(discussion of experiment 1) *). From the experiments the bending stresses
could be seen to mount up to about 35% of the tensile stresses. Although
these bending stresses are of extreme importance in bolt design, it can be
concluded from their values that the influence of the bending moments trans-
ferred by the bolts to the flanges on the overall deformations (rotations)
of the flanges is negligibly small. Assuming for example the bending stress

in each bolt at the vessel flange juncture to be 1000 kgf/cmz, the total
moment transferred from the bolts to the vessel flange and measured per
unit arc length of the cylindrical vessel middle surface amounts to about
300 kgf cm/cm, while the moment M, + Mg (cf. figure 3.1.2) after tightening

b
equals about 7000 kgf cm/cm. In conclusion it can be stated that the moment
Mbex and the force Qb defined in figure 3.1.2 can be neglected in the de-

formation analysis of flanges whose dimensions are of interest for the
present thesis.

3.3.2.2. Comparison of numerical and experimental results on flange deformation.

The validity of the computational method underlying the computer program of
figure 3.3.4 has been tested by comparing the numerical results obtained
from this computer program with the experimental information obtained for
the 1:4 scale model ¥%) of the Dodewaard BWR vessel shown in figures 3.1.1
and 3.2.2. As indicated by the title of this paragraph this comparison has
been restricted to the rotations of the vessel and head flange rings,
thereby excluding a comparison for the stresses, which generally are of
lesser importance in the design of the large-diameter, high-pressure vessel
flanges of interest for the present thesis. In the computations the hub was
considered as an assemblage of TRIAX 6 elements (third option of flowchart
figure 3.3.4).

The calculations have been carried out for two geometries of the vessel and
head flange rings. The first of these is identical to the one shown in
figure 3.1.1, while the outside flange ring diameters of the second geometry
have been reduced in such a way that the reduction in volume of each flange
ring equals the volume of the bolt holes in that ring. It can be concluded
from an analysis given by BICKELL and DANCE [3.19], utilizing the plain
strain elastic solution for an infinitely long straight strip of finite
width containing an eccentrically located infinite series of holes, that
this correction yields a valid first approximation for the influence of
bolt holes on flange deformation behaviour.

The calculations have been carried out for three locations of the point of

application of the gasket force P_, i.e. at the inner rim (r_= 351 mm), at
halfway the gasket surface (r_ = 361 mm) and at the outer rim (r_ = 371 mm)
respectively. & g

*)

This is also the reason for the negative bending stress occurring at
the upper side of bolt 5.

**) £ = 2,100,000 kgf/em’; v = 0.29.
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In accordance with the results of the experiments described in the preceding
paragraph the increase in the bolt force from preloading to design condi-
tions (design pressure 90 bar) has been taken equal to 7.5 percent, for a
preloading force equal to 1.125 times the final axial hydrostatic force.

The moments and the shear forces transferred from the bolts to the flanges
have been neglected in accordance with the findings of the preceding para-
graph. As the tapered hub has been considered as an assemblage of TRIAX 6
elements, special caution is required in formulating the shear force conti-
nuity condition at the juncture between the tapered hub of the head flange
and the spherical shell, where the membrane vessel force has, in general, a
component in the direction perpendicular to the vessel axis, which has to be
added to the edge effect solution for the vessel.

The rotations of the vessel and head flange rings were measured by means of
tangential strain gauges mounted on the outer flange rims in the three lon-
gitudinal cross sections indicated in figure 3.3.10.

POSITIVE ROTATION FLANGE RING ROTATION IN 10-7 rad CALCULATED RADIAL
HEAD FLANGE DISPLACEMENT AT
GASKET FACE
~—POSITIVE ROTATION NUMERICAL W 1o Fi
VESSEL FLANGE EXPERI-

= = MENTAL
rg= rg=

"9= r,- l‘g: fg-
351 mm | 36Tmm | 371 mm 351mm [ 361mm | 371 mm

WITHOUT CORRECTION

FOR BOLT HOLES 1.58 L% b 4 0.76 =5.22 -0.%0 =0.59

VESSEL
FLANGE

WITH CORRECTION

3 , - ~0. -
5K BOIT SRR 63 1.21 0.78 1.28 0.95 0.62

WITHOUT CORRECTION

FOR BOLT HOLES 2.08 1.49 0.97 -145 |-107 |-o0.70

HEAD
FLANGE

WITH CORRECTION

FOR BOLT HOLES 2.14 1539 1.03 -1,56 =116 -0.78

TABLE 3.3.3.

Comparison between calculated and measured flange ring
deformations after bolt tightening the model vessel.

Table 3.3.3 gives a comparison between the numerical and experimental
flange ring rotations after tightening the flange connection of the model
vessel. In calculating these rotations it has been assumed that no friction
force develops at the gasket faces during the tightening process (i.e. Qg =

in figure 3.1.2). The measured rotations have been obtained from the mean
strain gauge values over the three longitudinal cross sections.

It can be concluded from these results that, as already predicted by the
test results on the deformation of the vessel flange sealing face presented
in the preceding paragraph (cf. figure 3.3.11), the point of application of
the gasket force P_ is indeed located between the inner rim and halfway the
gasket face. The location calculated after combining the numerical and the
experimental results from the table appears, as it should be, the same for

both flanges, i.e. r_ = 354 mm, which corroborates the validity of the nu-
merical and the expe%imental results. This validity is corroborated further-
more by the fact that the calculated rotation of the vessel flange ring
after bolt tightening is in between the corresponding vessel flange gasket
face rotations ¢A and ¢B indicated in figure 3.3.11.
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POSITIVE ROTATION FLANGE RING ROTATION IN 10~ rad CALCULATED RADIAL
HEAD FLANGE DISPLACEMENT AT
GASKET FACE
POSITIVE ROTATION NUMERICAL EXPERI- IN 10" mm
VESSEL FLANGE
rg = rg = rg = MENTAL rg = rg= rg=
351mm | 361 mm | 371 mm 351mm | 361mm | 371 mm
WITHOUT FRICTION 1.76 1.68 1.60 -0.38 -0.32 -0.26
VESSEL 1.79
FLANGE ’
fg =03 1.93 1.85 1.76 -0.57 -0.51 -0.45
WITHOUT FRICTION 218 2.08 1.97 -1.15 -1.08 -1.00
HEAD 1.80
FLANGE ’
19= 0.3 1.98 1.87 .77 -0.95 -0.87 -0.80
TABLE 3.3.4.

Comparison between calculated and measured flange ring
deformations after pressurizing the model vessel.

Table 3.3.4 gives a comparison between the numerical and the experimental
flange ring rotations after pressurizing up to 90 bar vessel pressure. As
regards the calculated rotations, only the values obtained by correcting
for the influence of the bolt holes are indicated in the table.

The calculations have been carried out for two values of the friction force
Qg at the gasket faces. The first of these was equal to zero, while the

second equalled an arbitrary friction coefficient f = 0.3 times the gasket
force Pg at 90 bar. -

By combining the numerical and the experimental results from the table both
the actual location of the point of application of the gasket force P and
the magnitude of the friction force Q_ can be computed. For this purp%se

the numerical results for each of the two flanges have to be re-interpreted
as follows

ractual = ®lnumerical *
{numericall P located at r,, and £ =0
g i2 g
¥ Arg ®humerical ™=
no bolt forces and internal pressure
P moves in outward direction for a
distance Ar = 1
f =0
g ]
" fg ¢rnumerical
no bolt forces and internal pressure
P =0 (3.3.7)
fg =1
L & J
where r., is defined in figure 3.3.5, while Ar = [rg - r.2] and the
actual
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magnitude of the three rotations defined in the right-hand side of (3.3.7) -
can be obtained from the table. By putting the numerical rotations on the
basis of (3.3.7) equal to the corresponding experimental values a system of
two equations is obtained, which yields the solution

r = 369 mm, f = 0.31
gactual g

Thus it seems justified to conclude from the results given in the tables
3.3.3 and 3.3.4 that the point of application of the gasket force Pg moves

in outward direction along the gasket faces during pressurizing. This con-
clusion is at least not contradicted by the test results on the deformation
of the vessel flange sealing face presented in figure 3.3.12 which show the
inner half B of this face to rotate in the same direction as the complete
vessel and head flange rings.

In addition it can be concluded from the results presented in table 3.3.4
that the influence of the friction force Qg is not negligibly small. The

value chosen for Q (i.e. 0.3 P ) seems to give a reasonably good descrip-

tion of the deformation behaviour of the flange connection under consider-
ation because, after combining the numerical and the experimental results,
it yields, as it should, about the same location of the point of applica-
tion of Pg for both flanges, i.e. Pg = 368 mm (between halfway the gasket

face and its outer rim).

Comparison of the results of table 3.3.3 and 3.3.4 confirms that the in-
fluence of the location of the point of application of the gasket force P

on the resulting flange ring rotations is considerable after tightening,
while it is much smaller after pressurizing.

The sum of flange ring rotations of the model vessel after pressurizing

fits with the outward taper angle of the head flange gasket face. Therefore,
perhaps somewhat prematurely and at least anticipating further experimental
evidence on gasket face deformation to be gathered in the author's labora-
tory, it may tentatively be stated at this stage that a first approximation
for satisfactorily tapering the head flange gasket face can be found by
choosing the taper angle equal to the sum of the calculated rotations of the
head flange ring and the vessel flange ring under a representative
(operating!) condition.
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CHAPTER 4. ANALYSIS OF NOZZLE-TO-CYLINDER CONNECTIONS FOR SMALL DIAMETER RATIOS

4.1. Introduction.

The availability of an accurate computational method for determining both
the maximum elastic stress concentration factor and the stress distribution
in the neighbourhood of nozzle-to-cylinder connections is essential for de-
signing against the various possible modes of failure at such intersections.
In particular, to predict the formation of plastic hinge circles at the on-
set of plastic collapse caused either by a single overload (bursting) or by
thermal ratcheting (incremental collapse) in a reliable manner knowledge of
the elastic stress distribution across the entire load-bearing cross sec-
tion is a prerequisite. On the other hand the prediction of fatigue crack
formation and growth requires knowledge of the maximum local elastic stress
occurring anywhere in the structure.

However, due to the non-axisymmetric character of the geometry and the
loading, the elasticity problem for nozzle-to-cylinder connections is very
complicated. Consequently, until only a few years ago the investigations
reported in literature were nearly all experimental (cf. e.g. [4.1], [u.2],
[v.3], [#.4], [u.5], [«.6], [%.7], [4.8]). The following computational
methods with a more or less approximate character are known from literature
and design practice:

1. The area method. This method, developed by LIND [4.9], gives some
useful design formulae for the maximum stress concentration factor
at internal pressure loading. These are, however, not based on a
more or less rigorous analytical treatment but on a rough estimation
of the stress raising effect. A basic assumption in this method is
the occurrence of the maximum stress in the longitudinal section,
while the shell behaviour is supposed to be dominant.

2. The thin shell theory method. An extensive historical survey of the
thin shell theory analyses reported in literature has been given
by LEKKERKERKER [4.10]. For the small nozzle-to-cylinder diameter
ratios relevant in the context of the present thesis the treatment
developed by LEKKERKERKER in his doctoral thesis [H.ll] seems the
most promising one. This analysis utilizes shallow shell theory
for the main shell, whereas the branch pipe is approximated by a
flat-ended tube.

By their very nature the above two methods lack the possibility to predict
the highly localized peak stresses -occurring e.g. at the in- and outside
fillets- required for fatigue analyses. The computation of these stresses
requires the use of

3. The finite element method.

3.1. Application of two-dimensional elements. Approximations utilizing
ring elements under axisymmetric loading are sometimes used by
design engineers, who replace the cylindrical vessel by a spheri-
cal shell with a radius of 1.5 or 2 times the vessel radius.

3.2. Application of three-dimensional finite elements. Approaches using
these elements have been reported by ARGYRIS [4.13, 4.14], by
HELLEN and MONEY [u4.15], by RASHID and GILMAN [4.16] and by
KRISHNAMURTHY [4.17]. They offer a rigorous solution of the prob-
lem but a disadvantage, of course, is the large number of elements
and nodal points needed. Therefore this approach is generally too
expensive for practical applications.

The present thesis proposes a combination of the second and third methods
for obtaining the stress distribution in the reinforced nozzle-to-cylinder

_79_



attachments of interest in high-pressure vessel technology, where the ratio
between the outer diameter of the nozzle and the diameter of the cylinder
does not exceed a value of e.g. 1/4 %). From a typical configuration shown
in figure 4.1.1 it becomes clear
that the thick-walled reinforced
nozzle part excludes a two-piece
thin shell analysis. Consequently,
the connection will be schematized
into its three constituent elements,
viz. cylindrical shell, reinforced
section and branch pipe. As a first
step the present chapter investi-
gates the potential of the flat
plate analogy for the analysis of
the above mentioned nozzle-to-cyl-
FIGURE 4.1.1. inde? intersections. This analogy

permits to treat the structure as a
Typieal reinforced nozzle solid of revolution under non-axi-
configuration. symmetric loading.

Subsequently the nozzle-to-flat

plate computational method is ex-
tended to the nozzle-to-cylindrical vessel geometry. This generalization
still treats the nozzle itself as geometrically rotationally symmetric, but
considers the cylindrical vessel as a shallow cylindrical shell with a cir-
cular cutout.

-
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4.2. Computational method for the biaxially loaded nozzle-to-flat plate connec-
tion.

The computational method for the nozzle-to-flat plate connection is based
in principle upon the finite element method for solids of revolution under
non-axisymmetric loadings. The general outline of this method has been
given in Chapter 2.2.1 and implies a Fourier's series solution for the de-
formations and stresses in a direction tangential to the nozzle axis.
Starting from this general outline the computational method proceeds to di-
vide the structure into its three constituent elements, i.e. flat plate,
reinforced section and cylindrical pipe and to determine the stiffness of
each of these. In the case of the reinforced section this is done by sub-
dividing it into the triangular ring elements developed in for this purpose
in Chapter 2.2.2. The stiffnesses of the flat plate and the cylindrical
pipe are determined by using the analytical solutions of the plate and shell
equations for these elements in the way shown in the Chapters 2.3.2, 2.3.3
and 2.3.4.

*) For the sake of completeness it should be remarked that large branch

pipe-to-cylinder diameter ratios, of particular interest in piping sys-
tems, present an even more difficult problem. The applicability of
shallow shell theory for the main shell becomes doubtful, while the
intersecting shell is not nearly flat-ended. Therefore all numerical re-
sults reported in literature for this structure are obtained via the
uttlization of shell elements in a finite element approach. One of the
best currently available shell elements has been developed by CLOUGH and
JOHNSON [4.12], being of arbitrary quadrilateral shape and assembled
from four triangular flat sub-elements which do not necessarily lie in
the same plane.
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Once the elastic stiffnesses of the elements introduced before have been
determined the compatibility conditions between the different elements have
to be satisfied. The compatibility conditions between the triangular ring
elements of the reinforced section can be satisfied by a suitable arrange-
ment of the displacement parameters of each element in one displacement
vector for the entire reinforced section. At the juncture of the reinforced
section and the flat plate c.q. the cylindrical pipe the displacement para-
meters of the triangular ring elements should depend on the edge displace-
ments and edge rotations of the flat plate c.q. the cylindrical pipe. This
dependence has been expressed by specifying the general formulae developed
in Appendix 1, i.e. by taking into account the basic Kirchhoff-Love as-
sumptions from linear thin shell theory. Thus, as may be shown, complete
compatibility is ensured over the whole boundary length at the two junc-
tures between the constituent elements. It should be kept in mind that in
satisfying the above compatibility conditions the particular part of the
analytical plate and shell solutions (i.e. the free displacements due to
the external loadings) enters the picture. For the cylindrical pipe under
internal pressure loading the well-known particular solution for the radial
displacement can be used (cf. [2.8, pP. 482]), while the free edge displace-
ments of a circular hole in an infinitely large rectangular plate under 1:2
biaxial tension are as follows (cf. e.g. [4.18])

r.ag

g = 2= [3 - 2 cos 26 (4.2.1)
i o]
9= g = 2 sin 26 (4.2.2)

r, being the hole radius, o_ the smallest tensile stress, 6 the circumfer-
ential angle measured from the direction in which the smallest tensile
stress is acting, 8 the radial displacement, 9 the circumferential dis-
placement and E Young's modulus. The part of this solution that does not
depend on 6 represents the edge displacements of the hole due to 1.5:1.5
biaxial plate tension (i.e. axisymmetric loading), while the remaining part

represents the corresponding displacements due to -0.5:0.5 biaxial plate
tension (cf. figure 4.2.1). '
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Types of symmetry of the plate load.
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READ GENERAL INPUT QUANTITIES :

n

(= NUMBER OF THE COEFFICIENT IN THE
FOURIER ‘S SERIES SOLUTION TO BE CONSIDERED)

nnp (=TOTAL NUMBER OF NODAL POINTS)

(=BAND WIDTH RESULTING MATRIX EQUATION)
(= YOUNG 'S MODULUS)

v (=POISSON 'S COEFFICIENT)
ro (=RADIUS OF CIRCULAR HOLE IN PLATE)
hpt (=WALL THICKNESS OF PLATE)
R (=MID- SURFACE RADIUS OF CYLINDRICAL PIPE)
h (= WALL THICKNESS OF CYLINDRICAL PIPE)

p (= INTERNAL PRESSURE IN SIMULATED VESSEL)

READ

en (= ELEMENT NUMBER)

NO

FIGURE 4.2.2.

Flowchart of the computer program
for the analysis of the nozzle-to-
flat plate connection.
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Therefore it may be concluded from these formulae that the original three-
-dimensional finite element problem is split into two uncoupled quasi-two-
-dimensional problems, one of which is a real physical axisymmetric problem,

while the other contains only solutions of the type {SEE}QG. "Uncoupled"

means that each external boundary loading of a certain harmonic type causes
only displacements of the same type.

The virtual work equation for the nozzle-to-flat plate structure can now be
completed by:

- putting the displacement at the plate juncture parallel to the nozzle
axis equal to zero, thereby excluding the corresponding rigid body
displacement

- introducing the so-called kinematically consistent loadings (cf.
Chapter 2.3.1) in the relevant nodal points of the triangular ring
elements subject to internal pressure

- taking into account the axial pressure force in the cylindrical pipe
as a kinematically consistent force acting at the nodal points at
the pipe juncture.

Figure 4.2.2 shows the flowchart of the computer program developed on the
basis of the computational method described above. This flowchart needs no
supplementary information, except for the following points:

- the number of elements adjacent to the plate juncture is equal to
4, while the same holds for the number of elements adjacent to the
pipe juncture

- the elements adjacent to the plate juncture are numbered 1, 2, 3 and
4, while the elements adjacent to the pipe juncture are numbered 5,
6, 7 and 8

- after numbering the elements, the numbers of those elements which
are subject to internal pressure receive a negative sign.

4.3. Generalization for the nozzle-to-cylinder connection.

4.3.1. Introductory remarks.

As mentioned before, in extending the preceding computational method to the
nozzle-to-cylindrical vessel problem the assumption of completely axi-sym-
metric geometry with regard to the nozzle axis is maintained for the rein-
forced nozzle part. Therefore the analysis of the reinforced nozzle and cy-
lindrical pipe part is identical, in principle, to the one described in the
preceding section. In order to save computer time and memory the best way
to incorporate this in the present context is to introduce a series of
boundary loadings at the juncture with the cylindrical vessel and to calcu-
late influence coefficients referring to a Fourier's series expansion. This
has been worked out in the next sub-section.

The cylindrical vessel is treated separately and considered as a shallow

thin circular cylindrical shell with a circular cutout. The stress distri-
bution in this shell is written as the combination of a membrane state of
stress (as would be present in the unweakened shell) and a stress distribu-
tion ensuing from a self-equilibrating boundary load along the edge of the
circular hole. The latter problem is solved on the basis of the method de-
veloped by LEKKERKERKER [4.19, u.lO]. For this purpose a computer program
[4.20] has been utilized which enables to evaluate influence coefficients
referring to a Fourier's series expansion of the boundary loadings along

the circular cutout. This program has been somewhat adapted for our purposes,




by transferring the boundary loadings acting in the sense of the shell sur-
face co-ordinates to a statically equivalent system of loads acting in a
plane z = constant in the sense of the cylindrical nozzle co-ordinates r,

8, z, viz. the plane that is tangent to the shell middle surface. This
adaptation is described in Section 4.3.3. The corresponding adaptation for
the membrane solution in the unweakened shell is described in Section 4.3.4.
At this point the important difference with the computational method for
the nozzle-to-flat plate structure becomes clear, as each separate boundary

loading of the type {;zi}ne gives rise to a number of Fourier's coefficients

in the series solutions for the boundary displacements and the edge rotation.
This coupling effect influences the stress distribution in the reinforced
nozzle and cylindrical pipe part via the last step in the computational
method, where the continuity of the boundary loadings and the compatibility
requirements at the cylindrical vessel juncture have to be satisfied. These
requirements are specified in Section 4.3.5.

4.3.2. Influence coefficients for the reinforced nozzle and cylindrical pipe
part.

As pointed out in the preceding sub-section the analysis of the reinforced
nozzle and cylindrical pipe part does not differ, in principle, from the
one described in Section 4.2. In fact, the flat plate ana-element in the
latter analysis is replaced by a system of boundary forces and moments (cf.
figure 4.3.1), which is written as a Fourier's series expansion in a direc-
tion tangential to the nozzle axis %)

|\\NOZZLE AXIS I’“‘NDZZLE AXIS

FIGURE 4.3.1.
Loadings and deformations along the edge of the reinforced nozzle part.

0 % 0 0 1 0
N_ = N _ cos 2%y N = ) N sin 2%y
r 20 rf rY 2=1 ry%
(4.3.1)
L0 n% L0 o "1 o0
= M = — M _ cos 2%y Q = ) Q. cos 2%y
PO r 220 ro r r =0 ri

where the integer number % is related to the integer number n used in Chap-
ter 2 in that 22 = n. It should be noticed that the co-ordinate y in these

) The superscript 0 refers to the value of a quantity at the boundary r).
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expressions differs from the co-ordinate 6 defined in Chapter 2, i.e. y = -6.
This has been done in order to obtain the same positive sense for both the
reinforced nozzle and the cylindrical vessel co-ordinate system.
The expansions (4.3.1) restrict the solution of the nozzle-to-cylindrical
vessel problem to external loadings on the structure, containing two planes
of symmetry, i.e. the plane y = 0 through the nozzle axis and the vessel

m

axis and the plane y = 5 through the nozzle axis perpendicular to the ves-

sel axis. These symmetry aspects are not found in the cases of moment and
shear force loadings on the nozzle. It is shown, however, in [3.8] by ex-
perimental evidence that the peak strains and stresses for internal pressure
loading exceed by far those resulting from all other kinds of external load-
ings to be expected in practice. So these cases of mechanical loading seem
to be of less importance and they will not be treated here.

In analogy with the analysis of the nozzle-to-flat plate connection the de-
formation of the reinforced nozzle edge plane at the cylindrical vessel
juncture is completely described by the middle surface displacements and
the edge rotation (cf. figure 4.3.1) by prescribing this plane to have a
Kirchhoff-Love type of deformation. Again these middle surface edge defor-
mations are written as Fourier's series expansions

1 1
g = ) u, cos 28y 9= ) gl sin 2%y
2=0 2=1
(4.3.2)
n n
1 1
8 = z 82 cos 28y r08 = z rogl cos 2%y
2=0 2=0

In accordance with the nozzle-to-flat plate analysis the original three-
-dimensional finite element problem for the reinforced nozzle and cylindri-
cal pipe part is split into a series of uncoupled quasi-two-dimensional
problems, the solutions of which may be written as follows

0 0
0o 1 0
Y = %110 Moo T %120 Ty Mo T 5
’ (4.3.3)
0 0
) 1
I’080 %10 Moo T %220 r Moot r08p
J
3 0 0 0 L0 3
Up = O Npg t %g0p Nopg + %3 Qg + gy E o
: 0 0 0 L0
Ve T %019 Npg t %o0p Noyg  %03p Qg t %ouy Eg'Mrz s h>0
> (4.3.4)
. 0 0 0 L0
= N + —_
Mo T %310 Moo t %50p Moy a3 Qg T %y v et
g 0 0 0 L0
r = + —
0% 7 %12 Npg t %op Noyn t %uap Qg T %y r, g
/

_85_




k. 0000

In these solutions 8 and r08p represent the free edge deformations, i.e.

the deformations due to the external loadings on the reinforced nozzle and
cylindrical pipe part of the complete structure (e.g. internal pressure).
As becomes clear from (4.3.2) these loadings are subjected to the (not es-

sential) restriction that they are axisymmetric with regard to the nozzle
0

axis. They are necessarily in equilibrium with the boundary force QrO'

The influence coefficients aij2 (= ajil) can now be determined by replacing

the contribution of the flat plate to the virtual work equation of the
nozzle-to-flat plate structure by the virtual work done by the boundary
loadings (4.3.1) and by solving the resulting set of linear equations in
the displacement parameters for unit loading systems. It results from
(4.3.3) and (4.3.4) that we have three loading systems for & = 0 and four
loading systems for £ > 0. It should be noticed that solving a large set of
linear equations for a number of right-hand members (i.e. 3 for 2 = 0 and

4 for £ > 0) with the existing standard computer programs (Gauss, Cholesky)
does hardly increase the computing time required.

4.3.3. Influence coefficients for the cylindrical vessel.

4.3.3.1. Loadings and deformations in Lekkerkerker's notation.

A symmary of Lekkerkerker's shallow thin shell theory method, utilized for
the evaluation of appropriate influence coefficients for the cylindrical
vessel part, is given in Appendix 6. The influence coefficients resulting
from LEKKERKERKER's original analysis [4.19] refer to the following system
of loadings, acting in the sense of the cylindrical shell surface co-ordi-
nates %) along the edge of the circular cutout, and to the edge deformations
resulting therefrom (cf. figure 4.3.2)

%\NOZZLE AXIS L\NOZZLE AXIS

FIGURE 4.3.2.

Loadings and deformations along the edge of a eircular cutout in the
cylindrical shell.

*) We shall use the non-dimensional co-ordinate p = r/PO.
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g:"3¢L. 0 (1) 0 "1 0 (2)
N = } N cos 2%¢ Ny = ) N s Sin 209
P 9=0 P g=1 P
> (4.3.5)
I n
0 1 0 0% 1 0%
L
l—-M = z e M () cos 2%¢ Q.= 2 Q (2) cos 2%¢
Yo P e=0 To # =0 * )
o ™ o o ™ o i
U = ) U ) cos 204 u, = ) U () sin 20
P =0 g=1 ¢
5 (4.3.6)
n n
M RNC o1 Y
W= ) W cos 2%¢ ry & = ) r, o cos 229
2,:0 p R,:O p

/

where within the assumptions underlying the shallow thin shell theory

0
® = [U] (4.3.7)
P I r r=r

Before formulating the continuity conditions for the boundary loadings and
deformations at the reinforced nozzle juncture the above quantities have
to be replaced by equivalent edge loadings and deformations acting in the
sense of the cylindrical nozzle co-ordinates (cf. figure 4.3.1).

4.3.3.2. Adaptation of the boundary loadings.

Considering first the boundary loadings, this transformation may be accom-
plished most conveniently in the following consecutive steps:

*ly-css] FIGURE 4.3.3.

% i Co-ordinates and
U L notations for cylin-
| 1 drical shell edge.

1. Transferring the loading system shown in figure 4.3.2 from point A in
the cylindrical shell mid-surface (cf. figure 4.3.3) to point B in
the reinforced nozzle mid-surface (cf. figure 4.3.3), without
changing the directions of the forces and the bending moments. This
results in the following modified quantities, indicated by a super-
script m
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Om 0 Om 0

N = N N = N

0 o po o

0m 0 0

1y =2 [y +n ri-cosf (4.3.8)
r o r o p cos B

0 0

g*m - 8* N 1 3 [O 1 - cos B]

p o PO [0 pod cos B

The second term in the latter expression takes into account the effect
of the change of the torsional edge moment on the reduced transverse
shear force.
0 m 0 m
2. Replacement of the forces N and N in a plane through point B paral-
P pé 0O m 0 m
lel to the tangent plane through A by two equivalent forces NX and NB

in the same plane, parallel and perpendicular to the x axis respec-

tively

0O m Om 0 m
N = N cos - N sin

X p ¢ (o) ¢

(4.3.9)

Om 0O m 0 m
N =N cos + N sin

B (o] ¢ p ¢

Om Om O%m
3. Replacement of the forces N , N and Q , acting in point B, by three

0c 0c¥* ofc

equivalent forces Nr s NPY and Qr , also acting in point B, in the

directions r, Yy and z (or the radial, tangential and axial directions)
respectively of the cylindrical nozzle co-ordinate system

0 c 0O m Om O#%m
Nr = NX cos y + [NB cos B - Qp sin B] sin y
0 c 0O m O%m Om

= |N cos - sin cos - N sin 4.3.10
oy [ 5 B - Q 8] Y- N Y ( )
0 c O%m Om

= cos + N sin
Q, =Q B+ Ny B

0 c

0 c 0 0 c
The modified boundary loadings Nr s N

s — M and Q_ can be expressed in
ry’ vy P r

the original dynamic boundary quantities (4.3.5) after substitution of
(4.3.8) and (4.3.9) into (4.3.10). The co-ordinate B can be eliminated from
the resulting expressions by taking into account the relationship between B8
and ¢ following from figure 4.3.3
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o
sin B = R sin ¢ (4.3.11)

The resulting expressions can be modified by a simplification that is con-
sistent with the inaccuracies due to the shallow shell theory underlying
the analysis. It may be concluded from the discussion given in Chapter 6
of [u.ll that the main additional quantitative consequence of these in-
accuracies, as compared to the basic errors underlying thin shell theory

(cf. Chapter 1.2), is the neglection of POQ/RQ with respect to 1 if

u= 3 3 12(1-\J2 PO//Eﬁ is small (h being the vessel thickness) or the ne-

" 2 . : ;
glection of y r, /R2 with respect to 1 if p is large. Consequently, the
O
contribution of the original reduced transverse shear force Q to the first

two expressions of (4.3.10) can be neglected, while the factors cos B in
(4.3.10) can be replaced by 1 and the factors (1 - cos B)/cos B in (4.3.8)
can be replaced by r02 sin2 ¢/(2R2).

After utilizing the goniometrical relationships

|
N

sin 2%y cos 2y = [sin 2(2+1)y + sin 2(£—l)y]

sin 2(2+1)y - sin 2(2—1)Y]

N=

cos 2%y sin 2y
(4.3.12)

-

cos 2(2-1)y]

N

cos 2%y cos 2y

[
[cos 2(2+1)y
[

sin 22y sin 2y = -3 |cos 2(&+1)y - cos 2(2~l)y]

the following final expressions for the modified boundary loadings are ob-

tained
oc "1 0 (1) 0ec ™ o0 s
N,= ] N cos 2Ly N_= ] N sin 28y
2=0 Y og=p PO
(%.3.13)
n n
0 m 1 0 m 0c 1 0O0c
1
Ly =7 L ) g apy e =3 o @ cos 20y
r p r p T r
0 20 "0 2=0
where
V(O (O vy’ (2 (O -y (]
P P 8R P P
2
r 0 0 0
0 (0) (1) (2)
+ -2N + 2N -N 4.3.14
-2 % 0 o : )
+ r02 [— 3 (4-1) + 2 8 L g (£+l)] if 2> 1
8R P P o »
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It should be noticed that the reduced transverse shear force Qr

0 & 0% r 0 0 0
(0) (0) , 0 (0) _ o (1) (1)
% - Qp TR [2 No No ' No¢ ]
0c 0% r 0 0 0 0
(1) _ (1) _ 0 r_ (0) (1) _ 4 (2) (1)
Q, o +L+R[2Np t 2N N +2No¢]
(4.3.15)
0 c 0% r 0 0 0
(2) _ (L) , "0 r_ 4 (2-1) () _ , (2+1)
Q, ol ¥ o [ N t 2N N +
0 0 0
- ) 8D o oy ) ey (“1)}, if 2> 1
po po po
0c
(O) van-

ishes automatically because of the self-equilibrating character of the
boundary loadings mentioned in Section 4.3.1.

4.3.3.3. Adaptation of the edgé deformations.

The transformation of the edge deformations (4.3.6) can be accomplished in
the following consecutive steps:

1.
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Replacement of the edge deformations shown in figure 4.3.2 by the
corresponding modified deformations in point B in the reinforced
nozzle mid-surface (cf. figure 4.3.3), taking into account the
Kirchhoff-Love assumptions for the deformations

0 m 0 0
U =u -eRrRI_CSE
p p p cos B

0 m 0 0

1 - cos B

= U, - R ——— 4.3.16
U¢ () ¢ cos B ( )
0 m 0 0 m 0
W = W [0} = ¢
P p

where within the assumptions underlying the shallow thin shell theory

0
1 oW
o = [= 2 (4.3.17)
¢ ro9dT,oy,
0
0 m 0 m
Replacement of the displacements Up and U¢ of point B parallel to

the tangent plane through point A by two equivalent displacements
0 m 0m
U and U
X B

x axis respectively

in the same plane, parallel and perpendicular to the




Om 0O m 0 m

UX = U cos ¢ - U¢ sin ¢
(4.3.18)
Om O m 0O m
U = U cos + U sin
g = Y% ** 0 ¢

0 0 m 0 m
3. Replacement the three displacement components U , U and W of
0c 0c* 0 c
point B by three equivalent components Ur s UY and W of the same

m

point in the directions r, y and z respectively of the cylindrical
nozzle co-ordinate system

0 e 0 m 0O m 0Om
Ur = U cos y + [UB cos B + W sin B] sin y
0 . 0 m 0 m 0Om
UY = [UB cos B+ W sin B] cos y - UX sin vy (4.3.19)
0 c 0 m 0 m
W =W cos B - UB sin B
Oc 0c Oc 0 m

The modified edge deformations Ur , U W and Qp can be expressed in

the original kinematic boundary quantities (4.3.6) after substitution of
(4.3.16) and (4.3.18) into (4.3.19). The resulting expressions can again
be modified by a simplification that is consistent with the inaccuracies
due to the shallow thin shell theory. Consequently the following final ex-
pressions for the modified edge deformations are obtained

0oc ™ oc () 0c ™ o0ec (2)
Ur = 2 Ur cos 2%y g = 2 U sin 2%y
2=0 Y =1 Y
(4.3.20)
0c M o0 om ™ 0
~ (2) _ (2)
W = z ) cos 2%y ro o] = z r, ] cos 28y
20 LS =10
where
0 c 0 r 0 0 0 0
(0) (0) 0 (0) (1) (0) (1)
= U + — - b ! -
u, ; i (2 % W tirg 2277+ }]

(4.3.21a)
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c 0
g ).y @, Q2w (0  , 4 _4 @
r p 4R
0 0 0
+1r {20 (0) _ 55 (1) 4y (2)}] (4.3.21b)
0 P P p
0c 0 b 0 0 0
g W) -y )y _g_[_ w A1) o () (A1)
r p 4R
0 0 0
(2-1) (2) (2+1) :
t3r, LN -2+ }, if 2> 1 (4.3.21c)
and
0c 0 r 0 0 0
(1) (1) 0 (0) (1) _ (2)
u, =0, 4 ol EA +2W 3 W 4]
(%.3,22)
0c 0 r 0 0 0
U, (%) - U¢(2) + E%'[_ (2-2) w A ponw ) (ae2) W (2+1)]

4.3.4. Adaptation of the internal pressure membrane solution.

As pointed out in Section 4.3.1 the above self-equilibrating boundary load-
ings (4.3.13) and the corresponding edge deformations (4.3.20) ~to which we
shall refer as the homogeneous solution- have to be increased by the mem-
brane loadings and deformations as would be present in the unweakened shell
-to which we shall refer as the particular solution. This unweakened shell
solution should again refer to the polar nozzle co-ordinate system because
of the assumed axisymmetric geometry of the reinforced nozzle part.

As the membrane solution for the unweakened cylindrical shell does not pos-
sess only membrane characteristics with regard to the middle surface of the
reinforced nozzle model at the cylindrical vessel juncture two possible in-
ternal pressure membrane solutions appear to be of interest.

The first of these, which one would think to be the most consistent and to
give the most reliable results, originates from the well-known membrane so-
lution for an unweakened circular cylindrical shell in the x-B co-ordinate
system. This solution transforms as follows in the p-¢ co-ordinate system

\
N =2 pR (3 -cos?2 N =ypR |3+ cos 2
TRy W, cipR| |
{4,3.23)
Np¢,p = & p R sin 2¢
3
TP
Up 5 =g P R 3(3 - v) (1 + cos 2¢)
r
rp L
U¢ " =-z, PR 3(3 - v) sin 2¢ (4.3.24)
R
wp =E—hpR(l-%\))
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Applying the same transformation procedure as described before for the
self-equilibrating boundary loadings and the corresponding edge deformations
the following non-zero boundary quantities in the r-y co-ordinate system

are obtained

0 c 0 c 0 ¢
N =N (0) + N (1) cos 2y
r,p r,p r,p
0 c 0 c
N = N (1) sin 2y
rY.p Y ,p
»(4.3.25)
0O m Om O m O m
%&-M — %&-M (0) +-%7-M (1) cos 2y +-l;-M (2) cos Y4y
0 PP 0 PsP 0 PP PO PSP
0 c 0 ¢ 0 ¢ 0 c
_ (0) (1) (2)
Q = + cos 2y + cos U4
r,p QP P QP P ¥ Qr sP *




(0) _ "0 3 _
Ur,p = g5 P R2(1-v)
(4.3.28)
0 c 0 c r
(1) _ _ (1) _ __0 1
o T %o "R ERELLT W

The second internal pressure membrane solution of interest originates from
the infinitely large unweakened flat plate under 1:2 biaxial tension. Again
the corresponding boundary quantities can be written as (4.3.25) and
(4.3.27), where the Fourier's coefficients do not differ from (4.3.26) and
(4.3.28), except that %)

O m 0O m Om
Ly .1, " W.1,"%@,,
I‘O pPsP PO PSP 0 P sP
(4.3.29)
0 c (0] o 0 c
1 2
g ag 3 o7 _,
r,p r,p r,p
and
0 e
W =0 (4.3.30)
p

The reliability of the two above approaches, i.e. their influence on the
behaviour of the reinforced nozzle part, will be tested by experimental
evidence in Section 4.4.3.

4.3.5. Continuity conditions at the cylindrical vessel juncture.

In order to satisfy the continuity conditions at the cylindrical vessel
juncture the influence coefficients for the cylindrical vessel part, resul-
ting from the analysis described in Sub-section 4.3.3, will be located into
a ((4n1+2) x (4n,+2)) flexibility matrix MC. This matrix relates the vec-

1
tor of homogeneous (i.e. self-equilibrating) boundary loadings qﬁ, defined
by
) |
_ 0 0 0 0 0 e 0
c _ |y (@ 1 2 ™) (1) (1) (1) 1 ;" (1)
q = N — M N N Q M P77 sasass
P r. p P pd r r. p
0 0
(4.3.31)
0 0 c 0m
..... N (nl) (n,) (nl) 1y (nl)
P ] r ry P
*)

Apart from a co-ordinate definition these results do not differ from the
corresponding solution utilized by LEKKERKERKER in Chapter 5.4 of [4.11]
for the analysis of a thin-walled circular cylindrical branch pipe at-
tached to the main shell.
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to the vector of corresponding homogeneous edge deformations w; , defined
by
'
f c 0 0 c 0 c 0 0
Lolgf@ g ;@ ;@ g g
h r 0p r Y 0p
(4.3.32)
0 c 0 c 0 0
eeenu, () g ) g @) g (ny)
r Y 0p
viz.
c <
= 4.3.383
" = MC oy ( )

Introducing the vector of particular boundary loadings q;, defined by

1

_— 0 c 0O m 0 c 0 c 0 c O m
L=y @ 1Ly " y®@ " (1) 1, (1)
P r,p PO PP r,p rY,p r,p PO PP
(4.3.34)
0 c 0 m
0 0 Q (2) — M (2) . 0O 0 0 O
r,p rO PSP

and the vector of corresponding particular edge deformations wg » defined
by

(1)

(4.3.35)

the resulting boundary loadings (located in a vector qc) and the resulting

5 " c
edge deformations (located in a vector w ) are equal to

¢ _ ¢ ¢ ¢ _ ¢ . ¢ )
qQ =q + qp wosw t wp (4.3.36)

From (4.3.33) and (4.3.36) the following relationship can be obtained be-
tween the vector of resulting boundary loadings and the vector of resulting
edge deformations for the cylindrical vessel

(4.3.37)
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The second step before satisfying the continuity conditions at the cylindri-
cal vessel juncture consists of locating the influence coefficients for the
reinforced nozzle and cylindrical pipe part, resulting from the analysis
described in Section 4.3.2, into a ((4n1+2) X (4n1+2)) flexibility matrix

MN. This matrix relates the vector of homogeneous (i.e. self-equilibrating)

boundary loadings qE, defined by

1
—n 0 1 0 0 0 0 1 0
= [N — M N N =M _ .....
qh r0 ro r0 rl ryl er po rl
(4.3.38)
0 0 0 1 0
: i " n an T
rny ryn, 1 0 rnl
to the vector of homogeneous edge deformations wE ,» defined by
— 0 0 0 . 0
W = (uO - up) p0(¢o - ¢p) up vy W, by ...
(4.3.39)
. u v W r ¢
nl nl nl 0 nl
viz.
n _ n
wh = MN qh (4.3.40)
The structure of the MN matrix is shown in table 4.3.1.
—"'110 @420 )
@210 %220 O _______ O
2111 121 a131 a141
a211 @221 @231 241
O @311 @321 @z @gm O
2411 Q421 ay31 Qg4
| | N\ |
I | s |
MN = | | N |
| | \\ |
| | N I
| | N
@11ny %12ny %1307 %140y
@21ny @22nqy %23nq %24n,
O O T 7T aaing @3y @33y @34n, TABLE 4.3.1.
L @41nqy %42ny %43ny ﬂun1— The MN matri:c.

It can be concluded from the analysis given in Section 4.3.2 (cf. (4.3.3)

and (4.3.4)) that the vector of homogeneous boundary loadings q; equals the

corresponding vector of total boundary loadings qn, while the total edge
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5 : n . 3 5
deformations (located in a vector w ) can be obtained by increasing the

vector w. by the vector of particular edge deformations

h

1
— 0 0
w.z|u ré 0 0O O 0 .....

D p O0p

(4.3.41)
..0 0 0 0
Le€u
Wtz oW+ Wl : (4.3.42)
h P

From (4.3.40) and (4.3.42) the following relationship can be obtained be-
tween the vector of resulting boundary loadings and the vector of resulting
edge deformations for the reinforced nozzle and cylindrical pipe part

n
%

w' = MN q" + w (4.3.43)

From figures 4.3.1 and 4.3.2 the continuity conditions for the boundary
loadings and the edge deformations at the cylindrical vessel juncture read

“=q" W= (4.3.44)
By means of (4.3.37), (4.3.43) and (4.3.44) the following set of equations
can be obtained for the unknown boundary loadings located in the vector

c
q

¢ _y c_.c,.n
[MC - MN] q~ = MC q, "Wyt (4.3.45)

It should be remarked that the coupling effect, mentioned in Section 4.3.1,
which makes the nozzle-to-cylindrical vessel computational method essen-
tially different from the nozzle-to-flat plate computational method, is en-
sured in (4.3.45) by the nature of matrix MC.

Once the boundary loadings have been solved from (4.3.45) the complete dis-
tribution of strain and stress in the nozzle-to-cylinder connection can be
determined.

4.4. Evaluation by comparison with experimental results.

4.4.1. Description of test arrangement.

To provide a basis for comparison with the computational results, two se-
ries of experiments have been carried out, both referring to the three
nozzles N2, N4, and N5 attached to the cylindrical part of the 1:4 scale
model (internal diameter 702 mm) of the 50 MWe Dodewaard BWR vessel (design
pressure 87.9 atm; design temperature 301.6 ©C) shown in figure 3.2.2.

One of these series refers to the internal pressure loading of the nozzles




in their actual location in the vessel. The second refers to the simulated
internal pressure loading of identical nozzles %) attached to a flat plate.
In both cases the nozzles were fabricated to identical drawings *) pres-
cribing extremely close tolerances. In actual fact the nozzles welded into
the vessel were fabricated with the aid of replicas taken off the corre-
sponding nozzles in the flat plate.

The shape and dimensions of the nozzles mentioned above are indicated in
figure 4.4.1, while figure 4.4.2 (see p. 100) shows the locations of the
strain gauges attached to the model vessel nozzles. These gauges had a
filament length of about 0.5 mm.

The strain gauge locations for the inner surfaces of the flat plate nozzles
were practically identical to those for the model vessel nozzles, while the
locations for the outer surfaces were practically identical to the corre-
sponding locations for the sections through the nozzle axis and the vessel
axis. The exact locations of the strain gauges have been determined after
the attachment by means of the optical instruments shown in figure 4.4.3
(see p. 101). The strains were measured by means of the automatic instal-
lation mentioned in Chapter 3.2.1.

To simulate the static load in the pressurized vessel for the flat plate
nozzles each of these has been exposed to the following consecutive load-
ing modes:

- uniaxial tension of the plate to a stress equal to the tangential
membrane stress in the undisturbed pressurized vessel

- internal hydraulic pressurization of the nozzle (cf. figure 4.4.4,
see p. 101)

- " m 2 .
- axial tensile load on the nozzle equal to ﬂ-di Ps di being the
internal nozzle diameter.

Superposition of the strains measured at these loadings and of those which
would have resulted from uniaxial tension of the plate in a direction per-
pendicular to the above to cause a stress equal to the axial membrane stress
results in total strains directly comparable to those in the actual pres-
surized vessel.

The uniaxial tensioning of the plate has been performed by means of a 200 tf
uniaxial tensile machine shown in figure 4.4.5 (see p. 102). The equipment
for axial tensioning of the nozzle is shown in figure 4.4.6 (see p. 102),
where the diameter of the cylinder transferring the tensile load to the
plate equals 90 cm.

A detailed description of the above experiments can be found in [4.21] for
the three flat plate nozzles and in [4.22] for the corresponding three
model vessel nozzles. At each test a positive load (internal pressure or
tension) was applied and increased stepwise after measuring the strains.
After reaching the maximum the load was again reduced stepwise. At each
step the strains were measured and from these data the representative elas-
tic strains and stresses at a pressure of 90 kgf/cm2 (about the design
pressure) were computed by applying a least squares technique. Thereby pos-
sible deviations from the desired proportionality between the applied load
and the corresponding strains have been eliminated. Such (small) deviations
occurred e.g. during the uniaxial plate tensioning at small tension loads.
The results of the experiments will be discussed in the next two sub-sec-
tions in conjunction with the results of the numerical predictionms.

¥} Of course only the longitudinal cross sections of the model vessel

nozzles are identical to those of the flat plate nozzles.
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As regards the test accuracy it can be concluded from a detailed discussion
in [4.21] that errors up to 3% of the measured strains must be accounted

for because of the accuracy of the gauge factor, the transverse sensitivity
of the strain gauges and the accuracy of the test apparatus *). This value
may be exceeded for the strain gauges attached to the inner and outer nozzle
fillets due to the fact that these gauges are attached to strongly curved
surfaces.

Comparison of experimental and numerical model vessel and flat plate
results.

4.4.2.1. Introductory remarks.

A detailed comparison of the calculated and measured strain distributions
for both the model vessel and the flat plate nozzles N2, N4 and N5 at a

pressure of 90 kgf/cm2 is shown in the figures 4.4.7, 4.4.8 and 4.4.9 res-
pectively. The right-hand side of each of these figures gives the strain
distributions for the longitudinal section (y = 0 rad), while the left-hand
side shows the distributions for the transversal section (y = "/2 rad). The
finite element mesh underlying the computations is indicated for each of
the nozzles in the right-hand side of the corresponding figure.

The calculations for the three model vessel nozzles have been carried out
utilizing the influence coefficients for the cylindrical vessel derived in
Section 4.3.3 and the corresponding consistent membrane solution for the
unweakened shell given in the first part of Section 4.3.4. The series so-
lutions (4.3.13) and (4.3.20) for the boundary loadings and the edge defor-
mations at the cylindrical vessel juncture have been truncated at a value

n, = 1. It was found during the numerical investigations that truncating at

a higher value of n, does not affect the relevant strains in the reinforced

!
nozzle part within 0.03% for nozzle N2, within 0.07% for nozzle N4 and
within 1% for nozzle N5. Thus truncating at n, = 1 is admissible from a

practical point of view and consequently mainly terms for £ = 0 and 2 = 1
play a role in the solution.
In addition it could be concluded from the computations that truncating at

a value of ny exceeding 2 does not affect the results within 0.05% as com-

pared with truncating at n, = 2. This conclusion is completely in accordance

1
with the numerical results given in Chapter 5.4 of [4.11] for the analysis
of a thin-walled circular cylindrical branch pipe attached to the main
shell.

*)

The effect of hydrostatic pressure on the electric strain gauge resis-
tance has been tested for gauges attached to a flat surface and appeared
to be negligibly small in that case.
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4.4.2.2. Discussion of the results for the flat plate nozzles.

The discussion of the results presented in the figures 4.4.7, 4.4.8 and
4.4.9 will first be directed towards the flat plate nozzles. The agreement
between the experimental and the numerical results for these nozzles is
satisfactory outside the regions where the strain peaks occur *). The
highest strain peak at the longitudinal inner surface, which is the most
important one in nozzle design, is predicted by the computations with a
very high accuracy for the smallest nozzle N2 and with a decreasing accu-
racy for the larger nozzles N4 (relative discrepancy 3.8%) and N5 (relative
discrepancy 8.8%). Whereas the measured values show a trend to increase
slightly, the calculated maximum strain decreases at increasing nozzle di-
mensions. Although the experimental results may represent relative errors
up to 3% of the measured strains for reasons mentioned in Sub-section 4.4.1,
the main reason for the increasing discrepancies is thought to be of nu-
merical nature. Comparing the element networks for the three flat plate
nozzles, the element dimensions are seen to be identical for the elements
at the inner fillet (radius 5 mm for all nozzles), whereas the element di-
mensions increase with increasing nozzle dimensions for elements adjacent
to the former ones in the plate direction. Apparently this results in a
decrease of the maximum strain and the element grids for the nozzles N4 and
N5 in the neighbourhood of the inner fillet have to be refined to obtain
better results. In addition to the above it can be remarked that the rela-
tively small differences between the measured and calculated location of
the highest strain peak never exceed the mutual strain gauge distance of
1.5 mm (cf. figure 4.4.2) at this location.

As regards the strain peaks at the longitudinal and transversal outer fil-
lets of the three flat plate nozzles, which are of lesser importance in
nozzle design, the considerable differences between the experimental and
numerical results are mainly caused by the fact that the element networks
in the neighbourhood of these regions are too rough. This conclusion is
corroborated by the deviations between the in-plane strains at identical
(nodal) triangular corner points of different elements near the outer fil-
lets, mounting up to 200 u strain #x).

A final point worth noticing in the discussion of the results for the flat
plate nozzles is formed by the irregularities in the distributions of the
experimental in-plane strains at the inner fillets, which are not predicted
by the computations. Although these (relatively small) strain peaks may
probably be predicted numerically by refining the element mesh, their in-
fluence in the context of the present thesis is minor.

4.4.2.3. Discussion of the results for the model vessel nozzles.

The discussion of the results presented in the figures 4.4.7, 4.4.8 and

4.4.9 will next be directed towards the model vessel nozzles. The agreement
between the predicted and the measured strains does not appear very satis-
factory. Considering in particular the maximum strains at the longitudinal

¥)

Of course this conclusion can only be drawm for the outer surfaces on
the basis of the information given in the figures 4.4.7, 4.4.8 and 4.4.9,
as the inner surfaces were not completely provided with strain gauges
(cf. figure 4.4.2). However, the results of a preliminary experiment
carried out on a less accurately fabricated replica of model vessel
nozzle N5, completely provided with 1.5 mm strain gauges [4.23], Justify
the same conclusion for the inner surfaces.

¥} The values for the in-plane strains at the element cormer points indi-

cated in the figures are mean values.
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inner surfaces, which have been indicated already as the most important in
nozzle design, the deviation between the numerical and the experimental
values is seen to increase rapidly at increasing rO/R ratios. Although the

inaccuracy of the shallow thin shell theory underlying the cylindrical ves-
sel analysis increases at increasing ro/R ratios while the hole is no longer

a circle in the developed middle surface of the cylindrical shell in that
case (cf. Appendix 6), it is thought that the deviation between the numeri-
cal and the experimental maximum strain for nozzle N5 (PO/R = 0.25) is too

large to be caused by these effects only. Apparently the deviation of the
reinforced nozzle geometry from the assumed axisymmetric one constitutes
the main reason for the above discrepancies. As a consequence of this devi-
ation the boundary loadings and the edge deformations of the cylindrical
vessel at the reinforced nozzle juncture have been adapted following the
processes described in the Sections 4.3.3.2 and 4.3.3.3 *). Sub-section
4.4.3 therefore offers a comparison of the influence of various boundary
conditions at the cylindrical vessel juncture on the numerical strain dis-
tribution in the reinforced nozzle.

4.4.2.4. Comparison of experimental model vessel and flat plate results.

The final part of the discussion of the results presented in the figures
4.4.7, 4.4.8 and 4.4.9 consists of a comparison between the measured strain
distributions for the model vessel nozzles and those for the flat plate noz-
zles. Considered as a whole the potential of the flat plate analogy can be
concluded to yield a convenient first approximation for the strain distribu-
tion in reinforced nozzle-to-cylinder attachments, where the ratio between
the outer diameter of the nozzle and the diameter of the cylinder does not
exceed a value of e.g. %. This conclusion may be of particular use for ex-
perimental investigations on the fatigue behaviour of these nozzles, where
the flat plate approach leads to a (relatively) cheap and simple experimen-
tal arrangement [M.B].

The magnitude of the highest strain peak in the above nozzle-to-cylinder
intersections is predicted by the flat plate approach with an accuracy which
is thought to be an increasing function of the reinforcement volume and a
decreasing function of the ratio between the outer diameter of the nozzle
and the diameter of the cylinder. The measured relative discrepancy rises
from 9.4% for the smallest nozzle N2 via 3.1% for the larger nozzle N4 to
13.5% for the largest nozzle N5. It will be pointed out in the next sub-
-section how the flat plate approach for the nozzle-to-cylindrical vessel
problem can be slightly improved.

A final point worth noticing in the experimental results concerns the maxi-
mum stress concentration factor for model vessel nozzle N5 (i.e. referred
to the tangential membrane stress in the undisturbed vessel), which can be
concluded to amount to 3.10 at the longitudinal inner fillet and thus
exceeds the experimental values commonly reported in literature.

% As a matter of fact it can already be expected that the experimental and

the numerical strain distributions in the transversal cross section near
the cylindrical vessel juncture will not coincide for the larger nozzles,
because of the geometrical discontinuity in the middle surface of the
computational model at this location. This expectation is completely con—
firmed by the results given in the figures.
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4.4.3. Comparison of various boundary conditions in the computational method for

the nozzle-to-cylinder connection.

In order to check whether or not the transformation of the boundary load-
ings and the edge deformations of the cylindrical vessel at the reinforced
nozzle juncture, described in Section 4.3.3 and in the first part of Sec-
tion 4.3.4, is the most reliable one of all possible (consistent %) adapta-
tions of the (homogeneous and particular) cylindrical shell solutions, the
following additional modified transformations have been considered subse-
quently:

first modification.

The adaptation processes for the (self-equilibrating and internal
pressure membrane) boundary loadings and edge deformations are
identical, in principle, to those described in the Sections 4.3.3.2
and 4.3.3.3, except that the first step in these processes is deleted.
Thus only the change in direction of the boundary forces and edge
displacements is accounted for.

gecond modification.

The continuity conditions for the self-equilibrating boundary load-
ings and the resulting edge deformations are identical to those of
the original calculations, while the adaptation of the internal mem-
brane solution is identical to the one used in the first modification
mentioned before.

MAXIMUM STRAIN
IN p strain
FOR MODEL VESSEL NOZZLE
N2 N4 N5
MEASURED VALUE 2240 2121 2410
ORIGINAL
CONTINUITY 1935 1777 1673
CONDITIONS TABLE 4.4.1.
CALCULATED FIRST . . ., »
VALUE MODIFICATION | " sl By Influence of continuity conditions
SECOND i | ot | at cylindrical vessel juncture on
MODIFICATION -2 4
maximum strain.

Table 4.4.1 compares the measured maximum strains for the three model ves-
sel nozzles with those computed on the basis of the different adaptations
described above. As could already be expected it can indeed be concluded
that the original continuity conditions at the cylindrical vessel juncture
yield the best approximation for the maximum strain.

In addition to the above modifications the sensitivity of the solution to
different locations of the reinforced nozzle part in the computational mod-
el has been assessed by transferring the reinforced nozzle mid-surface at
the cylindrical vessel juncture (i.e. the plane z = 0, tangent to the mid-
dle surface of the shell) to the plane perpendicular to the nozzle axis
through the point ¢ = "/2 rad (cf. figures 4.3.2 and 4.3.3) of the cylin-
drical shell edge. Thereby in the first step of the original adaptation

*) 4 consistent adaptation yields a shear force in the transformed membrane

solution for the umveakened cylindrical shell, which is in equilibrium
with the resulting pressure force m p ry in the axial direction of the
reinforced nozzle.
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|_NOZZLE AXIS FIGURE 4.4.10

Location of nozzle in additional
modified computational model.

processes point B is replaced by point C, as indicated in figure 4.4.10.
This resulted in a considerable increase of the maximum strain (by about
50% for nozzle N2), whereas its location shifted from the inner fillet in
the longitudinal section to a point of the inner surface of the same sec-
tion above the plane z = 0 (i.e. the point z = 16 mm for nozzle N2).

As mentioned before the main reason for the unsatisfactory numerical re-
sults probably originates from the assumed axisymmetric reinforced nozzle
geometry. In particular, the transformation of the membrame solution for
the unweakened cylindrical shell yields an adapted solution, which includes
bending as well as membrane characteristics with regard to the middle sur-
face of the reinforced nozzle at the cylindrical vessel juncture (i.e. the
plane z = 0). Therefore, in a perhaps somewhat unscientific attempt to ob-
tain a better approximation this solution has been replaced by the membrane
solution for the infinitely large unweakened flat plate under 1:2 biaxial
tension given in the second part of Section 4.3.4. The influence coeffi-
cients for the cylindrical shell have been kept identical to those derived
in Section 4.3.3. As regards the particular (internal pressure) solution
for the reinforced nozzle and cylindrical pipe part the following possibil-
ities have been investigated:

first particular reinforced nozzle solution

The pressure is acting at the complete inner surface of the cylindrical
pipe and the reinforced nozzle. Consequently an equilibrium shear force
perpendicular to the reinforced nozzle mid-surface is acting along the
edge at the cylindrical vessel juncture. The magnitude of this force

is 3 p r, per unit length along this edge.

gecond particular reinforced nozzle solution

The pressure is only acting at the complete inner surface of the cylin-
drical pipe and that part of the reinforced nozzle being parallel to
the nozzle axis. The resulting axial pressure force is in equilibrium
with a shear force acting along the edge at the cylindrical vessel
juncture, whose magnitude per unit arc length along this edge equals

m 2
rd.’p/ (2nr),
di being the internal nozzle diameter.

third particular reinforced nozzle solution

The pressure is acting at the same part of the inner surface as in the
preceding approximation. The resulting axial pressure force is in equi-
librium with a normal force acting along the cylindrical pipe edge at
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the reinforced nozzle juncture, whose magnitude per unit arc length along
this edge equals
m 2
Fi s t s
m di P / [v (dl hplpe)J’
h_. being the wall thickness of the pipe.
pipe
fourth particular reinforced nozzle solution
No pressure is acting at the inner surface of the reinforced nozzle and

cylindrical pipe.

MAXIMUM STRAIN
IN u strain
FOR MODEL VESSEL NOZZLE

N2 N4 NS

MEASURED VALUE 2240 2121 2410

CALCULATED VALUE FOR
ORIGINAL CONTINUITY CONDITIONS

1935 1777 1673

FIRST
APPROXIMATION

2002 1964 1982

CALCULATED

VALUE FOR SECOND 2121 . 2075
PARTICULAR APPROXIMATION
SOLUTION ON THE
BASIS OF THE | 1hiRD
UNWEAKE NED 2146 2097 2119 TABLE 4.4.2
FLAT PLATE APPROXIMATION L4 .
FOURTH 2100 | 2088 | 2078 Influence of particular reinforced

APPROXIMATION

nozzle solution on maximum strain.

Table 4.4.2 compares the measured maximum strains for the three model ves-
sel nozzles with those computed on the basis of the different approximations
described above. It can be concluded from the results given in the table
that for all four possibilities given above the particular unweakened shell
solution on the basis of the infinitely large flat plate yields an improved
approximation for the maximum strain in the three nozzles. The improved re-
sults confirm the somewhat surprisingly experimental tendency that the
maximum strain for the nozzles N2 and N5 exceeds that for the nozzle Nui.

As regards the influence of the different particular reinforced nozzle so-
lutions the best results are believed to be obtained by applying the third
approximation described above. In the context of the motivation of the uti-
lization of the membrane solution for the unweakened flat plate given be-
fore it should be realized here that in this particular reinforced nozzle
solution (and also in the one used for the fourth approximation) no shear
force (giving rise to bending effects) is acting along the edge at the cy-
lindrical vessel Jjuncture.

In addition it can be concluded from the results listed in the table that
the flat plate approach for the reinforced nozzle-to-cylindrical vessel
configurations of interest for the present thesis can be improved by re-
placing the particular reinforced nozzle solution resulting from the des-
cription given in Sub-section 4.4.1 by the third approximation defined
above. Indeed, this adaptation resulted in an increase of the calculated
maximum strain by 1.6% for flat plate nozzle N2, by 1.9% for flat plate
nozzle N4 and by 3.0% for flat plate nozzle N5. The consequence of this
improvement for experimental investigations on the fatigue behaviour of
reinforced cylindrical vessel nozzles based on the flat plate approach
should be a modification of the axial nozzle tensioning arrangement shown
in figure 4.4.6.

- 114 -




The figures 4.4.11, 4.4.12 and 4.4.13 show a comparison between the calcu-
lated original strain distributions, the calculated strain distributions on
the basis of the above mentioned third approximation, and the measured
strain distributions for the three model vessel nozzles N2, N4 and N5, res-
pectively. The relative discrepancies between the measured and the calcu-
lated improved maximum strains are seen to amount to 4.2% for the smallest
nozzle N2, 1.1% for the larger nozzle N4 and 12.1% for the largest nozzle
N5. In view of the discussion of the experimental and the numerical results
for the flat plate nozzles given in the preceding sub-section it seems evi-
dent that the relatively large discrepancies between the experimental and
the improved numerical maximum strains for model nozzle N5 must for the
greater part be blamed on the fact that the finite element mesh near the
inner fillet of this nozzle is too rough. Summarizing the results it can be
concluded that the third approximation defined above predicts, for an ap-
propriate choice of the finite element mesh, the maximum strain in the re-
inforced nozzle configurations of interest for the present thesis with an

inaccuracy not exceeding 5% even if rO/R gets near . The validity of this

conclusion for ro/R ratios of about 1/3, of interest for large PWR vessels

is presently under investigation in the author's laboratory by experimental
and numerical means.

In spite of the (relatively small) inaccuracies the improved computational
method is believed to constitute a powerful tool for design engineers in
predicting the peak strains and the strain distributions in reinforced
nozzle-to-cylinder attachments. As compared with three-dimensional finite
element approaches, the major advantage of the present method is the reduc-
tion of the computing time by a factor of about 10, whereas the preparation
of the input data is considerably simplified.

It can be concluded from the discussion given in Sub-section 4.4.2.1 that
truncating of the series solutions (4.3.13) and (4.3.20) for the boundary

loadings and the edge deformations at a value n, = 1 is admissable from a

practical point of view and consequently mainly terms for & = 0 and £ = 1
play a role in the solution. The original three-dimensional finite element
problem for the nozzle-to-flat plate structure being split into two un-—
coupled quasi-two-dimensional problems for £ = 0 and 2 = 1 (cf. Section
4.2), the computational method for the nozzle-to-cylinder attachment, as
compared with the computational method for the former structure, does hard-
ly more than couple the Fourier's coefficients in the series solutions for
the displacements of the reinforced nozzle part for % = 0 and & = 1. The
incorporation of this coupling effect appears to be possible without a rel-
evant increase in computing time, due to the fact that the calculation of
the influence coefficients for the cylindrical vessel on the basis of the
formulae given in Section 4.3.3 requires only a few seconds computing time
on an IBM 360/65 computer, while the calculation of the displacement para-
meters of the reinforced nozzle part for a number of unit boundary loading
systems hardly increases the computing time at all (cf. Section 4.3.2).
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APPENDICES

Appendix 1. Compatibility conditions at the intersection between a shell element
and other finite elements.

In this appendix the compatibility conditions shall be derived at the inter-
section between a shell element and other finite elements. The general com-
patibility conditions will be specified for the case of solids of revolution
under non-axisymmetric loads.

EDGE CURVE OF
SHELL ELEMENT

FIGURE A.1.1.

Edge displacements and
edge rotations of a
$n shell element.

Let nt denote the outward normal unit vector in the tangent plane to, the
edge curve in the undeformed middle surface of a shell element, and t the
unit_ tangent vector to this curve (cf. figure A.1.1). The unit normal vec-
tor n to the undeformed middle surface at the edge curve is defined by
means of the cross product of these two vectors

— >

; = nt x t (A.1.1)

- > > . .
where the right-hand screw rule applies between nt, t and n in this se-
—_ > > . :
quence. The three vectors nt, t and n will be decomposed with respect to
the three unit base vectors Zi (i =1, 2, 3) in a fixed global co-ordinate

system 0 Xy x2 x3 in space

— >
nt = nt. e

. - . e, (A.1.2)
i1 i1 i7i

where the summation convention has been applied for a repeated index, which
implies summation of an index from 1 to 3 if this index occurs twice in a
product term.

5
Let u (z) denote the displacement vector of a material point of the boundary
section of our shell element at a distance z above the middle surface, while

- >

u is the value of u (z) for z = 0. This displacement vector will be decom-
: : —_ > -

posed with respect to the three unit vectors nt, t and n as follows

> — -> >
u = nt + u, t +wn (A.1.3)
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p > ¥ §
The unit normal vector n to the deformed middle surface at the edge curve
—_ > >
will also be decomposed with respect to the three vectors nt, t and n

nt=n-o6 nt-o t (A.1.4)
n it
where Qn and Qt are the physical components of the rotation of the normal

to the middle surface at the edge curve (cf. figure A.1.1). General expres-
sions for ¢n and &, as a function of the middle surface displacements are

given e.g. in [1.16] and have the following form

oW Uy Yt
WTwm TR T HelsBs
n
u u
_ OW T n
<I>,c = o —Rt t T (A.1.6)

where Rn’ Rt and T are the radii of curvature and the radius of torsion

along the parametric curves n and s shown in figure A.1.1.

By taking into account the Kirchhoff-Love assumptions from,linear thin shell
theory, discussed in Chapter 1.2, the displacement vector u (z) can be ex-
pressed as a function of the middle surface edge displacements and edge ro-
tations

U(z) =0+ z [; ¥ . ;] =
— - >
= [un -z @n] nt + [ut -z Qt] t+wn=
= {[un = 9 ®n] nt. + [ut -~ 2 Qt] t; twnl} gi (A.1.7)

Let 3k denote the displacement vector of a nodal point, identified by the
index k, of a finite element adjacent to the shell element under consider-
ation. This nodal point is assumed to be located in the plane of intersec-
tion with the shell element at a distance z, above the shell middle surface,
where the co-ordinate s aiong the edge curve (cf. figure A.1.1) equals Sy
The displacement Xector uy will be decomposed with respect to the three
unit base vectors e;

u i &5 (A.1.8)
By means of the vector equation, resulting from (A.1.7) and (A.1.8), we ar-
rive at the general formulae for the compatibility requirements

e = luge m g ol nt + ug -z 0] by ey (A:1.8)

where the subscript k refers to the value of a quantity at the point s = S
At this point the reader should recall that the only independent kinematic
boundary quantities of the shell element, occurring in the right-hand mem-
ber of (A.1.9), are Ubs Yger Wy and an' With the three displacements

prescribed along the edge curve, the rotation Qt follows from (A.1.6) to
be a known quantity.
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Up = up cOS O +

+wsin®

FIGURE A.1.2.

Co-ordinate and displace-
ment notations for shell

of revolution.

In order to specify the general formulae (A.1.9) for the case of solids of
revolution under non-axisymmetric loads, we introduce the co-ordinate defi-
nitions shown in figure A.1.2. The components nt., t. and n. of the unit

vectors nt, t and ;, defined by (A.1.3), are specified as féllows

nt, =

t =

(=]
]

sin 6

0

-cos 6

nt2 =0 nt3 =
t2=l t3:
n2 =0 n3 =

Substitution from (A.1.10) into (A.1.9) leads to

Y T

( Yo

Uys ~

uvk

Yk

Uhk

where u, and u

=i &

- Z

X an sin 6

X an cos 6

are defined in figure A.1.2, while

cos 6

0

sin 6

Appendix 2. Formulae for the integral expressions R(p,q).

(A.1.10)

(A.1.11)

(A.1.12)

(A.1.13)

(A.1.14)

(A.1.15)

In this appendix the formulae shall be given for the integral expressions

R(p,q) = I f Pp zq rdrdz

A

occuring in the coefficients of the H matrix defined in table 2.2.2. The

sequence in the numbering of the triangular corner points shall always be
assumed to be counter clockwise (cf. figure A.2.1).
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z FIGURE A.2.1.

(rq.z29)=1(rg,24)
t il Numbering of triangular cormer
7 points.

A general expression for R(p,q), where p 3 -1, @ 3 0, has been developed by
ALMERING [A.l], making use of the series expansion for the beta function
for positive integer arguments

3
_ 2 (pt1)! q!
R(psa) = (p+q+3)! Z Az *
=1
ptl % £ o - . S
1t] ptl+q-1-] p+l-i i Q-3 _J
) -Z ‘2 ( i ) ( p+tl-i ) Ty Tot1 2o 2941 (A.2.1)
1=0 3=0
where
R T RLER (A.2.2)
L 2 LT+l 2+1 ‘2

is the area of the triangle (0, £, 2+1), while

n'

ny\ _ o
(k) ~ k! (n-k)!

As can be seen from table 2.2.2 the case p 3 -1, q@ 3 0 covers all possibili-
ties, with the exception of R(-2,q), q 3 0. The expression for R(-2,q),
where 0 3 q 3 4, has been developed by MEIJERS [A.Q]. Assuming r., to be the
largest of the corner point radii and assuming also the smallest of these
radii to be nonzero, he defined

R(-2,q) = Izl(q) B 123(q) - I..(q) (A.2.3)

31
where 12 (q) is the integral over the area 22'1, I23(q) the integral over
the area 22'3'3 and I 1(q) the integral over the area 33'l (cf. figure

A.2.1). A detailed analysis of these integrals leads to the following re-




2
(20) = - G+ [ 2

) 2,72, 2q+t1 1 ri—rj 2n
2 & n(2n+2gq+1) |[r.+r.
n=1 1 7]

. z.,-2.12q+2 ® 1 r.-r.12n-1
I;; (2at1) =2 [—iiéq [ = 3}

n=1 (2n-1)(2n+2q+1) ri+rj

Appendix 3. Summary of governing equations for circular cylindrical shells.

For circular cylindrical shells the relations between the components of the
rotation vector and the displacements resulting from the general linear
theory of thin elastic shells have the following form (see [1.16], equations
(3.10), (3.11) and (3.12))

— u.

R (A.3.1)
Starting from a modified expression for the strain energy for circular cy-
lindrical shells, including no other assumptions than those basic to linear
thin shell theory (cf. Chapter 1.2), KOITER [A.3] defined the following
modified stress resultants and stress couples

Eh

— u' + v(v'+ w) + (1-v)
(1-vo)R *

Eh

—— |vu' + (v'+ W) +
(l-v2)R L

Eh
(l-v2)R

%%(l-v)(u'+ v')

£l %ﬁ(l-v)(u'+ vy

(l—v2)R

3 r
e f b g +

2,2
12(1-v7)R™ -

Eh3

12(1-v2)R?

Eh3

. 1
(1-v)w'" + = (1-v)(u"- v')]
12(1-v>)R® [ £




In combination with the modified stress couples, the associated modified
transverse shear forces are defined in [A.3]

3
* 1 *! *° Eh 1 . ;
Q =-=[M +M ] =- ———— [(twtw)' += (1-v)(u"+ v")"]
X R X VX 12(1—v2)R3 2
(A.3.3)
. 3
* 1 *' # Eh . 4 .
Q =-=[M +M ]=-—"—— [(awtw)" == (1-v)(u'+ v")']
y Roxy y 12(1-v%)R® 4

From the principle of virtual work we obtain the following three homogeneous
equations of equilibrium

' » ' .
N+ Nt = o0 NY st = o0
X yx Xy y
(A.3.4)
2 : .
¥ *
——Ehﬁ—— va' + v' + w + h 5 (Awtw) | - Qi'E -Q = 0
(1-v)R 12R N y

and the following four dynamic boundary conditions along an arbitrary edge
curve (cf. figure 2.3.4)

= — 1 —

N'n_ +N'.n =N n +Nn =N -=[Mn +Mn] =N

X X yX y X Xy X vy y R t x Yred
M'nZ + ou* non + M2 = M (A.3.5)

Xy Y Y n
oM
* * 3 * * * 2 2 . T t _ =
anx i Qyny 9s [(My Mx) nxny i Mxy (nx ny)] = Q s Qred

Substitution from (A.3.2) and (A.3.3) into (A.3.4) leads to three homoge-
neous equations for the displacements u, v, and w

ut? +-%i(1—v)u" +-%f(l+v)v" + w' = 0

%(l-f\))u" +%(l—v)v" + v +w =0 (A.3.6)

2
(A+l)2 w =0

va' + v + w +
12R

Expressing u and v in w by means of the two first equations we obtain

2 rtr

A"u = - w .

+ w'"" Av = = (2+V)w''" - w " (A.3.7)

Substitution from this equation into the last equation of (A.3.6) leads to
the following equation for w

h2

12R

(l-v2)w"" = A2 (A+1)2 w=20 (A.3.8)

2
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The partial differential equations (A.3.7) and (A.3.8) are the so-called
Morley equations. However, MORLEY [A.H] derived his equations in a rather
opaque way, being different from the above summarized derivation, proposed
by KOITER EA.S]. Morley proposed his equations as a correction on the well-
-known DONNELL equations [A.S], which imply the following assumption

|aw| >> |w] (A.3.9)

SIMMONDS [A.S] developed a fourth order equation for a complex-valued dis-
placement-stress function, being equivalent to (A.3.8). However, where a
stress function is occurring in this equation, it is more straight-forward
to use (A.3.8) as a starting point for practical applications.

Appendix 4. Influence coefficients for the tapered hub considered as an assem-
blage of TRIAX 6 elements.

In this appendix the influence coefficients will be presented for the ta-
pered hub considered as an assemblage of TRIAX 6 elements. At first glance,
one would think that these influence coefficients should refer to the hub
boundary loadings QO, MO’ Q1 and Ml shown in figure 3.1.2 and the edge de-

formations w and ¢l resulting therefrom. However, in this case

o’ ¢09 wl
these influence coefficients can be shown to depend on the three dimension-
less parameters

g g Y ’
. 4 N 1 and I,Og
To €

A closer inspection of the equations underlying the thin shell analysis
discussed in Chapter 3.3.1 reveals that appropriately defined influence

coefficients only depend on the two dimensionless parameters gl/gO and
Vrogo/h. As the thin shell behaviour of the tapered hub has been shown dom-

inant in Chapter 3.3.1 it can be stated with sufficient accuracy from a
practical point of view that these influence coefficients will also only
depend on the above parameters when the hub is considered as an assemblage
of TRIAX 6 elements.

The modified influence coefficients a.. = a.. (i =1, .., 43 j =1, .., 4)
are defined as follows +J I

r 2 g M g
_ 1% [ /% 0 _ /%
o T T (go ) @1 QO ro + a a Q +

0 127, " "13 71" r
M PP
1} 0
e a (A.4.1)
14 7, 1p E g,
r 2 g M g
=, 317 O [ /20 _0 _ 2o
r080% * E (g ) %y Q VT T T T %% YT
0 0 0 0
" P rg
- a,, ;;] 2 E g, (A.4.2)
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where o and o,  are proportional to the free edge deformations

s O, 5, Q

Ip” 2p° 3p bp

due to the internal loading (including the axial pressure force) acting on
the tapered hub. The modified influence coefficients are given in graphical
form in figures A.4.1 through A.4.5 (cf. pp. 129-133) as a function of
gl/gO for several values of Vrogo/h (i.e. Vrogo/h = 3,1, 2, 4, 8) and in-

tend to cover the range of practical interest. In order to obtain a system-
atic presentation the coefficients oy and a, have been replaced by

1 - I Vo=
Z[alp + asp] and [alp aap] rogo/h ¥). For values of rogo/h between the

values mentioned above the influence coefficients can be obtained via in-
terpolation.

Appendix 5. Determination of relative gasket face rotations from sensing pin
displacements.

Figure A.5.1 shows a schematic representation of the leaf spring deformation
and the sensing pin displacement during an experiment. Part a of this figure
shows an arbitrary starting position, while part b shows the final position
after the experiment during which the rotation of the head flange at the
clamping point of the leaf spring on the outside is ¢F radians.

With the strain gages being attached on the leaf spring we measure the
difference m between the vertical displacement w of point Q relative to
poitnt P, and the product of ¢F and the sensing pin length 2

mE W - gt (A.5.1)

In considering (cf. figure A.5.2) three sensing pins in one longitudinal
section it is possible to determine the relative vertical displacement A

between the points Qk and QZ (positively if Qk moves away from Ql in head

flange direction) as well as the relative vertical displacement Alm between

*)

The first of these quantities is proportional to the mean value of the
two free edge displacements, while the second 18 proportional to the
free rotation obtained by dividing the difference between these dis-—
placements by the axial length of the hub.




Schematic representation of the
deformation of leaf spring and
sensing pin during an experiment.

_LEAF_SPRING

:‘ : - FIGURE A.5.1.
|
|
|
|

a. STARTING POSITION
SENSING PIN

b. FINAL POSITION

\ Q

L

P = CLAMPING POINT OF LEAF SPRING ON THE OUTSIDE OF THE
HEAD FLANGE

Q = POINT OF CONTACT OF SENSING PIN AND VESSEL FLANGE
SEALING FACE

~OUTSIDE HEAD FLANGE
N

Pm 7
Py !
Py tk
FIGURE A.S5.2.
. . ~SEALING FACE
Schematic representation of three A I o vEesEL e
sensing pins in one section. 9 9 U

the points Ql and Qm (positively if Qz moves away from Qm in head flange
direction). For this purpose the following assumptions have been made:
1. The relative vertical displacements between the points P, and P

(cf. figure A.5.2) and between the points P_ and Pm are negligible.

4
2. The change in rotation of the head flange at the points Pk’ P2 and
Pm is identical and equal to ¢F during the experiment.
From (A.5.1) follows
A=W —w, =m -m - ¢ (22 - lk) (A.5.2)
Azm W, T W EW,-mo - ¢F (Qm - 22) (A.5.3)
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The rotations ¢A and ¢B of the parts A and B of the vessel flange sealing

face have been defined in the following way

A m - m
£

by = 7 k_ - = zk . 21 - ¢ (A.5.4)
'3 k 2 k
A m, - m

_ 2m _ 2 m

%5 L -2 "% -2 or (A.5.5)

m £ m L .

Appendix 6. Summary of Lekkerkerker's shallow thin shell theory method.

In this appendix the analysis is summarized of a thin circular cylindrical
shell, weakened by a circular hole, and subjected to a self-equilibrating
boundary load along the edge of the hole. The method of analysis, developed
by LEKKERKERKER [u.lo, 4.11], is based on shallow shell theory and conse-
quently the deformation pattern has to be rapidly varying, i.e. the wave
length of the deformation pattern must be small with respect to the shell
radius R (cf. Chapter 1.2). A second essential approximation in the anal-
ysis is connected with the employed polar co-ordinate system in the devel-
oped middle surface of the shell. As a consequence the actual cylindrical
shell is replaced by a hypothetical spiral shell model where the actual
connection along the generator opposite the hole centre is neglected, while
furthermore the hole is assumed to be circular in the developed shell sur-
face as this coincides with one of the co-ordinate lines. A comprehensive
qualitative study of the inaccuracies due to the approximate character of
the theory underlying the analysis in Chapter 6 of 4.11] indicates that
the analysis can be expected accurate if the hole radius to shell radius

ratio rO/R is comparatively small, e.g. smaller than 3.

FIGURE A.6.1.

Geometry and co-ordinate
systems of a cylindrical
shell with a circular
hole.

The geometry of the shell middle surface is described with respect to the
rectangular co-ordinates x, y, and in addition with respect to the polar
co-ordinates r, ¢ (cf. figure A.6.1). The origin of both co-ordinate sys-
tems coincides with the centre of the circular hole, while instead of the
co-ordinates x, y and r the non-dimensional co-ordinates a = x/R, B = y/R
and p = r/rO are introduced.

Following shallow shell theory for cylindrical shells the displacements and
stresses can be expressed in terms of one complex function Y. The real part
of this function denotes the non-dimensional radial displacement component

Re (¢) = -‘;— (A.6.1)
0
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FIGURE A.6.2.

Cylindrical shell element in polar co-ordinates
with displacements, stress resultants and stress
couples.

The stress couples and the transverse shear forces indicated in figure
A.6.2, together with the reduced transverse shear force

Q* -q - p (A.6.2)

are expressed in terms of W by expressions identical to those used in

Kirchhoff's flat plate theory (cf. Chapter 2.3.3, equations (2.3.33) and
(2.3.34)): The imaginary part of ¢ is proportional to Airy's stress func-
tion & (cf. Chapter 2.3.2) for the direct and shear stress resultants Np,

N, and Np = N¢p indicated in figure A.6.2

¢ ¢
/12(l—v2)

2
PO Eh

Im (]b) = o (A.6.3)

The compatibility condition for the middle surface strains and the force
equilibrium equation of a shell element in normal direction lead to the
basic complex partial differential equation for y of fourth order (cf. e.g.
GREEN and ZERNA [A.7, p. 418])

r 8 3

2 .2
Ak + B § o 3—% = 0 (A.6.4)
0 a

where A denotes the Laplacian operator

2
9 1 29
3—0 +—2—2) (A.6.5)
aa 9B r ap p 99

+
o |

while the non-dimensional curvature parameter u is equal to

N2(1-v2)  To

4 = ; (A.6.6)
YR h

It is shown in Chapter 3.2 of [4.11] and in Section 3 of Part II of [4.10]
that the complete solutions of the two partial differential equations of
second order.
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R

(A +2 1 /I-u ;5 ga) v =0 (A.6.7)
. &~ R

(A -2i/iu_- %;) p =0 (A.6.8)

0

together represent the complete solution of the basic equations (A.6.4).

The solutions of the differential equations (A.6.7) and (A.6.8) are written
as a series of products of Hankel functions and exponential functions,
while the latter functions are expanded as Fourier Bessel series. Within

the restriction to functions { that are
normal displacements are single-valued)
the following expression represents the

single-valued (in order that the
and that are bounded at infinity
complete solution of the basic

equation

IEED) ) i [An + (—1)k én] ei(n-k)¢ Hﬁl) (up Vi) Iy Cwe Vi)
(A.6.9)

In this solution An and Bn are complex integration constants to be deter-

1 - -
mined by the boundary conditions, while Hi ) (up i) and I\ (up ¥i) repre-
sent the Hankel and Bessel functions with argument up /i.

Since the region occupied by the middle surface of the spiral shell model
is doubly-connected, the restriction to single-valued functions ¢ does not
necessarily give rise to single-valued in-plane displacements. It is shown
in Chapter 3.4 of [4.11] and in Section 4 of Part II of [4.10] that the
uniqueness of the axial displacement is ensured automatically by single-
-valued functions Y, while the uniqueness of the circumferential displace-
ment is only ensured if the integration constants in the solution (A.6.9)
satisfy the condition

o

Im {(1+i) ) i

n=-o

n N n _
[-a + (1) B]}=0

(A.6.10)

In addition to the above it is shown in Chapter 3.3 of [4.11] and in Section
5 of Part II of [4.10] that the solution (A.6.9) restricts the analysis to
self-equilibrating loads along the hole boundary, except for the resulting
moment M of the edge load about the y-axis, which is equal to

3
AR . A+ (-1)" B ]}
n n

12(1-v2)

Re {pu Vi ) it [-

n: -0

M= (A.6.11)

In view of the practical application of the analysis to the pressurized
nozzle-to-cylindrical-vessel attachment in Chapter 4 of the present thesis,
this limitation is not too serious. In the case of loading by internal
pressure the stress distribution and consequently the solution of the basic
differential equation will be symmetric with respect to both the generator
(¢ = 0, ¢ = m) and the parallel circle (¢ = m/2, ¢ = 31/2) that pass through
the hole centre. It follows immediately from (A.6.9) that this doubly sym-
metric solution is culled out of the complete solution (A.6.9) by imposing
the following condition for the complex integration constants
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[An 5 (_1)k én] =0 for odd values of (n-k),

or (A.6.12)

noo_
A -(-1)"B =0

With this restriction the requirement (A.6.10) ensuring the uniqueness of
the displacements is automatically met.
Defining a new complex integration constant

cC =A +(-1)"B (A.6.13)
n n n

we obtain from (A.6.9) and (A.6.12)

(@]

_ . kT i(n-k)¢
Y = 2 z i . e Han +
n=even k=even

ko . i(n-k)¢ HJ

v ] ) 1 C, I (A.6.14)
n=odd k=odd
where we wrote, in view of conciseness
H = H(l) (yp ¥i) and J, = J, (wp Vi) (A.6.15)
n n k k

As the factor n-k is always an even integer in (A.6.14), we can introduce
the integer number %, defined by n-k = 22, and write Y as a double summa-
tion with respect to n and 2. Truncating at n = 2nl and at & = n, we ob-
tain

2n n
1 1
. nt2%
v=3 L L 1T (2ms )(2-8, ) x
n=0 2=0
x [{(cos 22¢ + 1 sin 22¢) Jn—22 + (cos 2%¢ - i sin 22¢) Jn+2l} Can +
+ {(cos 22¢ + i sin 22¢) Jn+2£ + (cos 22¢ - i sin 22¢) Jn—21} C_nH_n}
where the Kronecker's delta is defined as (A.6.16)
018 k j
P 73 (A.6.17)
] 1 i€ =3

while the following well-known relation for the Bessel functions has been
utilized

L0 g0 * e (A.6.18)

In view of the doubly symmetric character a second restriction upon the
complex integration constant follows from (A.6.16) by noticing that the
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coefficient of sin 2%2¢ must vanish for all possible values

~ ~

1}
o

[Jn-Ql * Jn+22] [Can - C-nH-n]

In view of a relation for the Hankel
dition (A.6.19) is identical to

c = (-1)" ¢
n -n

.3 _ ~
An 1 Bn i” (2 6n0) Cn
and defining furthermore the function Amnj of p
A =it (-16 )W +J ) H .
mnj 2 "no n-m n+m’ n+j

we arrive at the following solution of the basic equation
2nl n,

v=Y J (A +iB)A
n=0 2£=0 n o

(22)n0 cos 2%¢

placement W and the slope o

2nl n

In the formal expressions of the functions hﬁn derivatives

A are denoted by superscripts as follows

p
)\(p) = P d )‘mnj _ Hp Vi [ (p-1) ~ )\(p—l)
mnj doP 7. m(n-1)(j+1) m(n+1)(3-1)
(p-1) _ A(p-l) ]
mn(j-1) mn(j+1)

of p, i.e.

(A.6.19)

functions similar to (A.6.18) the con-

(A.6.20)

Introducing the real integration constants An and Bn ds follows

(A.6.21)

(A.6.22)

(A.6.23)

Substitution from the solution (A.6.23) into the relationships between the
stress resultants and stress couples on the one hand and the complex func-
tion Y on the other hand mentioned previously leads to expressions of these
dynamic quantities in terms of the integration constants. The normal dis-

can also be expressed directly into the inte-

gration constants by means of (A.6.23). Finally the in-plane displacement
components Up and U, are obtained by integrating the constitutive relations

expressed in terms of the displacements and their derivatives.
A1l expressions of stress and displacement quantities are written as

£, =4 E Z [Im (hﬁn) A+ Re (hﬁn) B_] GP (m¢) (p =1, 2, .., 10)
n=0 2=0
(A.6.24)
where m = 2%.
Here d_ is a dimensional factor listed together with the complex functions
hin and the trigonometric functions GP (m¢) in table A.6.1.

of the functions

+

(A.6.25)




. ~—  TABLE A.6.1.
P 'P dp hmn 9
: " Dimensional fac-
Eh
Y| Veoove %[x'“”""“'“"] cos tors and complex
En? L[ (@) funetions in the
2N | V(v | P LA™ e expressions
en t [afp 500 (A.6.24).
PN | Voot ;r[m mno mno}] sin
: 2 (1)
n i (2) (1
B 12(1522).—0 '#[“"‘"O'ano‘"‘!)‘mno] cos
. i (3) (2) (1)
5| 9% ——12(::2)r3 #[‘xmnO'xmnO'{1O(Z-V)mz})‘mnoo(3-v)mzkmno] cos
L v o =ikmno cos
i 1
8 ‘3)_? 1 _TerIn)O cos
g (3) (1)
9 Up '% ‘(m—g_;‘)‘{u,;p,[lmno-{1—vo(2~v)m’}kmno.
2 i (1)
*3m* A mng [+ | (1-8mo *Bm2) (A(m_2)n0*
() (1)
—(Zm-1)l(m-;)n°)>2(xmno-xmno)ox(m,z)no.
’(2"“1)”""7)“0]} cos
3 (2) (1)
10| Ve % %{?1?[)‘"'“0'"""'0’V'“’\mno]"[("Bmo‘bmz)-
. (9
'k(m—Z)nO’zxmnO'l(moz)no]‘Thmn} sin

where use has been made of a well-known recurrent formula for the deriva-
tives of Bessel functions, while

A (A.6.26)
mnj mnj

The displacements and stresses in the cylindrical shellare known as soon as
we know the (4n1+2) integration constants An and Bn occurring in (A.6.23)

and in all subsequent expressions listed in table A.6.1. The equations by
which these constants are determined arise from boundary conditions to be
enforced. For the present thesis are of interest the dynamic boundary con-
ditions, where at first glance we would think of prescribing along the hole
boundary p = 1 the value of each separate term in the Fourier's series ex-

. * . . § G .
pansions of Np, N Mp and Qp. However, in view of the utilization of the

p¢’
analysis summarized in this appendix for the nozzle-to-cylindrical vessel
problem it is more convenient to replace the above dynamic boundary quan-
tities by equivalent edge loadings acting in the sense of the cylindrical

nozzle co-ordinates (cf. Chapter 4.3.3). Thereby a system of (4n1+2) linear

equations is obtained, determining uniquely the (unl+2) integration con-
stants.
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SAMENVATTING

Het primaire doel van deze dissertatie vormt het leveren van een bijdrage
tot de elastische analyse van twee belangrijke drukvatcomponenten, te weten
de flensverbinding en de radiaal op een cilindrisch vat geplaatste stomp.
Ter realisering van deze doelstelling wordt in hoofdstuk 2 een tweevoudige
bijdrage geleverd tot de vervormings- en spanningsanalyse middels de op
energiecriteria gebaseerde eindige elementenmethode. Allereerst wordt een
driehoekig ringelement ontwikkeld met zes knooppunten ter analysering van
omwentelingslichamen onder niet axiaal-symmetrische belastingen (hoofdstuk
2.2). Tevens wordt het begrip ana-element op systematische wijze geIntrodu-
ceerd (hoofdstuk 2.3). Met behulp hiervan is het mogelijk constructiedelen,
waarvan de elasticiteits-vergelijkingen een bekende analytische oplossing
bezitten, in de eindige elementenformulering te integreren. Het begrip ana-
-element wordt nader uitgewerkt voor een aantal plaat- en schaalelementen
welke van belang zijn bij de vervormings- en spanningsanalyse van drukvaten.

Voor wat betreft de analyse van flensverbindingen heeft de in hoofdstuk 3
gepresenteerde bijdrage betrekking op voor vaten met grote diameters (tot
ca. 6,5 m) en hoge drukken (tot ca. 155 bar) gebruikelijke constructies.
Allereerst wordt de ontwikkeling beschreven van een systematische semi-em-
pirische procedure voor het vastzetten van de bouten van een dergelijke
flensconstructie, indien het aanhalen groepsgewijs plaatsvindt (hoofdstuk
3.2). Deze procedure beoogt een zo gelijkmatig mogelijke verdeling van de
boutbelasting over alle bouten te verkrijgen na het vastzetten in é&n rond-
gang.

Vervolgens wordt een vergelijking gegeven tussen twee alternatieve bereke-
ningsmethoden voor het gedrag van het conische overgangsgedeelte (hals)
tussen flensring en drukvat, waarbij de hals achtereenvolgens wordt opgevat
als een dunwandige cilinderschaal met verlopende wanddikte en als een ring
met onvervormbare diametraaldoorsnede (kantelring), terwijl een analyse
volgens de eindige elementenmethode als vergelijkingsbasis wordt gebruikt
(hoofdstuk 3.3.1). Voor relatief grote waarden van de hoek tussen binnen-
en buitenoppervlak wordt een verbeterde versie gepresenteerd van de in de
literatuur voorkomende op de schaaltheorie gebaseerde berekeningsmethoden,
terwijl bovendien de invloedsgetallen, resulterend uit de analyse volgens
de eindige elementenmethode, in grafische vorm worden weergegeven.
Tenslotte wordt enige experimentele informatie verstrekt welke betrekking
heeft op de lokatie van het aangrijpingspunt van de pakkingvlakbelasting
(hoofdstuk 3.3.2.1), terwijl gebruik makend van deze informatie, voor een
concreet geval een vergelijking wordt gemaakt tussen berekende en gemeten
flensringrotaties (hoofdstuk 3.3.2.2).

Voor wat betreft de analyse van drukvatstompen wordt in hoofdstuk 4 aller-
eerst een behandeling gegeven van de vervormings- en spanningsanalyse van
de loodrecht op een biaxiaal belaste vlakke plaat geplaatste stomp (biaxi-
aliteit 1:2) welke een eerste benadering beoogt te zijn van de radiaal op
een dunwandig cirkelcilindrisch vat geplaatste stomp voor voldoend kleine
verhoudingen van stompdiameter (d) en vatdiameter (D): d/D < - & (hoofdstuk
4.2). De gepresenteerde berekeningsmethode is in beginsel gebaseerd op de
eindige elementenmethode voor omwentelingslichamen onder niet axiaal-symme-
trische belasting, waarbij het cilindrisch pijpdeel en de vlakke plaat wor-
den opgevat als ana-elementen. In vervolg hierop wordt een verfijning van
deze berekeningsmethode ontwikkeld voor de op een cilindrisch vat geplaatste
stomp, waarbij de stomp zelf weer als geometrisch rotatie-symmetrisch wordt

opgevat, terwijl het vat wordt beschouwd als zijnde een dunwandige flauw-
gekromde cirkelcilindrische schaal met een cirkelvormig gat (hoofdstuk 4.3).

Tenslotte wordt de betrouwbaarheid van de beide bovengenoemde berekenings-
methoden getest aan de hand van metingen met zogenaamde micro-rekstrookjes,
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waarvan de filamentlengte ongeveer 3 mm bedraagt, terwijl tevens de beide

berekeningsmethoden met elkaar worden vergeleken (hoofdstuk 4.4).
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indruk verkregen worden van het vervormings- en spanningsbeeld van een flensver-
binding onder invloed van thermische belasting, waarbij echter rekening moet
worden gehouden met fouten tot ca. 60%. Vanwege de schematisering van bouten en
pakking vanaf de aangehaalde toestand tot lineaire veren moet deze methode ech-
ter voor de in de reactordrukvattechniek voorkomende relatief smalle en hoge
flenzen als niet aanbevelenswaardig bestempeld worden.

DUDLEY, W.M., Deflection of heat exchanger flanged joints as

affected by barreling and warping, Trans. ASME, Series B, Vol. 83,

No. 4, November 1961.

Zie ook:

VAN CAMPEN, D.H., Classificatie van berekeningsmethoden voor flens-

verbindingen onder statische omstandigheden, Rapport WTHD No.9,
Afdeling der Werktuigbouwkunde der T.H. Delft, November 1968.

5
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