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Abstract
Planetary rings seem to be a common appearance around large planets because every large planet in
the solar system has them. They have, however, not yet definitively been detected around exoplanets.
Because the formation of rings might be closely related to planetary formation, as well as the formation
of moons, much could be learned from discovering rings around exoplanets. To aid in this search,
we developed a radiative transfer model that includes all orders of scattering and polarization and can
calculate the reflected and transmitted light for any planetary orbit and ring geometry. Previous studies
have analyzed the effect that rings have on a transit as well as on the reflected light but those studies
have not included the polarization of light. Using the developed model, the effect that rings have on
the reflected flux, polarized flux, and the degree of polarization was characterized by varying the orbit
orientation, ring orientation, ring size, the optical thickness of a ring, and the ring particle properties. Our
study showed that rings introduce unique features in both the flux and degree of polarization curves.
Especially the existence of ring-plane crossings, when the ring is illuminated from the side, causes
distinct features in the light curves. Adding polarimetric capabilities to the next generation of telescopes
could help with determining the presence of rings due to the different scattering behavior of the ring
and planet.

The developed model allows for a fast and easy generation of accurate light curves which allowed
for two additional studies to be done. These were a bit smaller in scope and the first involved fitting
the transit of a planet with a potential ring. The result of the fit and subsequent analysis is that there is
likely no ring. However, because the model was not initially designed to deal with the close proximity
of the planet to its star no definitive conclusion can be drawn. In the second study, the reflected flux
and polarization of the transiting planet J1407b, which is suspected to have a large circumplanetary
disk, were computed to assess the detectability. These generated light curves and values were then
compared to unpublished observations made with the SPHERE/ZIMPOL instrument that detected no
signal. The computed flux and degree of polarization lie well below the detection limit and are thus in
agreement with the SPHERE/ZIMPOL observations.

vii





1
Introduction

The formation and evolution of planetary systems is an important topic in astronomy but for a long time
there was only one system that could be observed and studied: our own. Having only one data point
was not a problem for a long time since little was still known about the planets in the solar system.
It became a problem when advancements in computing power, paired with better observations, have
allowed for simulations that attempt to accurately model the formation of the planets in the solar system.
These models are often plagued by uncertainty in the starting values and the stochastic nature of planet
accretion [1]. Currently, there are multiple possible theories on the formation of planets making it an
active field of study [2]. Discovering other planetary systems could give clues on themost likely theories.
This has been happening ever since the first detection of another planetary system by Wolszczan and
Frail [3] in 1992. The system they found contained at least three exoplanets around a pulsar, thus
very different from our own solar system. Not long after however, the discovery of the first exoplanet
around a solar-type star by Mayor and Queloz [4] in 1995 truly led the way to exoplanet research. Since
then, the number of discovered exoplanets has increased rapidly. As of March 2023, there are 5336
confirmed exoplanets and another 2717 candidate planets a.

The increase is partly due to space telescopes such as NASA’s TESS (Transiting Exoplanet Survey
Satellite) and the Kepler space telescope. These missions were, and TESS still is, dedicated to finding
exoplanets around nearby stars and future space telescopes like ESA’s PLATO (PLAnetary Transits
and Oscillations of stars) will continue the search. Ground-based telescopes have also improved con-
siderably since those initial exoplanet discoveries. They were initially only used to detect exoplanets
using the radial velocity technique, which is the technique used in the detection made by Mayor and
Queloz [4], but new instruments like ZIMPOL (Zurich Imaging POLarimeter) that is part of the SPHERE
(Spectro-Polarimetric High-contrast Exoplanet Research) system on the VLT (Very Large Telescope)
[5] and GPI (Gemini Planet Finder) on the Gemini South telescope [6] represent a new generation of
instruments aimed at directly detecting exoplanets. They incorporate technologies like adaptive optics
and coronographs making it possible to directly observe large gaseous planets in the near-infrared,
as long as they are sufficiently separated from their host star. Direct detection is hard because of the
large difference in brightness, where the signal of the planet is easily lost in the glare of the star [7].
The first direct detection of a system containing large planets happened in 2008. Using the Keck and
Gemini telescopes Marois et al. [8] discovered a system containing three hot and very large planets
(5 − 13 𝑀Jup), so massive that some of them are on the edge of what is still called a planet. The first
direct detections of Jovian-type planets using GPI and SPHERE were reported by Macintosh et al. [9]
and Wagner et al. [10] respectively, again finding hot giant planets. The high sensitivity that these new
instruments have might also allow for the detection of rings around exoplanets.

To aid in discerning the reflected light from the stellar glare, GPI and SPHERE have polarimetric ca-
pabilities. Polarimetry can help because reflected light is polarised while direct starlight is not [11]. Due
to this, polarimetry has become more popular, with the proposed thirty-meter telescope (TMT) featuring
an instrument called PSI (Planetary Systems Imager) which will also be capable of doing polarimetry
[12].

This work will be about analyzing how the presence of rings around an exoplanet influences the
flux and degree of polarization of the reflected and transmitted starlight. Both rings like those around
Saturn as well as circumplanetary disks, very large rings that are created during planet formation, will
be investigated. For clarity, since both structures are technically rings, when rings are mentioned this
means Saturn-like rings. Circumplanetary disks will be called as such.

The next sections in this introduction will now be laid out. First, some background information on
rings is given followed by explaining why they should be studied in Sect. 1.1. Then in Sect. 1.2, the same
ahttp://exoplanet.eu/catalog/
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2 1. Introduction

is done for circumplanetary disks. In Sect. 1.3, there is a short overview of the history and methods to
discover extra-solar rings and disks. Followed by a summary of what has been discovered and potential
candidates. Section 1.4 is about the importance of polarimetry which is followed by the current body
of work in Sect. 1.5. The problem statement and research questions are posed in Sect. 1.6, and in
Sect. 1.7, finally, the outline of this thesis is presented.

1.1. Why study extra-solar rings?
Rings, as found around the giant planets in the solar system, are annular features usually composed of
a mixture of a large number of small bodies and smaller particles, unable to aggregate because of their
proximity to the planet or to moons. Their maximum stable radial extent is governed by the Roche limit,
which depends on the density of the planet, the density of the orbiting body/particle, and the radius of
said body/particle [2]. For a fully deformable body/particle, the Roche limit is defined as [13]

𝑅roche = 2.45𝑅𝑝 (
𝜌𝑝
𝜌𝑏
)
1/3
, (1.1)

where 𝑅𝑝 is the radius of the planet, 𝜌𝑝 the density of the planet and 𝜌𝑏 the density of the orbiting body.
All gas giants in the solar system have rings. Those of Saturn are the most recognizable and visible

and were observed by Galileo around 1620 but first described by Christiaan Huygens in 1659. The rings
around the other three large planets in the solar system (Jupiter, Uranus, and Neptune) were discovered
much later as they are much narrower and fainter. The remarkable thing is that the rings around the
four planets are different. They vary wildly in composition, particle size, radial extent, optical depth, and
albedo [2, 14]. So while every large planet in the solar system has rings, suggesting they are almost
guaranteed to form around giant planets and thus possibly by a process tied to planetary formation,
every ring is different, suggesting different, stochastic formation processes that are not necessarily tied
to the planet’s formation. Observing rings around exoplanets could indicate the most likely formation
processes using statistics. Saturn-like rings will be used in this work since they are the brightest and
largest. Even though they have not yet been discovered around exoplanets such rings would be the
easiest to actually observe around exoplanets [15]. Some of the fields of research that could advance
by discovering extra-solar rings are given below.

1.1.1. Formation of rings
The formation of rings is still shrouded in uncertainty. As mentioned before, all the giant planets in the
solar system have rings yet they are all different. The three main theories on the formation of rings
are that rings are either remnants of the circumplanetary disk, remnants of moons that ventured into
the Roche-limit, or remnants of captured comets [2]. If the first theory is correct, rings only have one
chance of forming rings while the latter two theories suggest it can happen multiple times and long
after the planet’s formation. It is of course also possible that all three theories are correct. Discovering
more rings, especially around younger planets could say something about the formation process. For
example, finding young planets with rings as well as moons would be a strong proponent for the theory
that rings can be remnants of the circumplanetary disk [14].

1.1.2. Lifetime of rings
The lifetime of rings, especially those of Saturn, is a debated topic. Simulations of the development of
moons around giant planets are inconclusive in showing the age of the rings [16]. While data from the
Cassini mission and some simulations are leaning toward the rings around Saturn [17] being relatively
young, the data is far from conclusive and there are enough studies that argue that the rings are older
[18, 19]. Especially the link between the current composition, an ice fraction of roughly 90% [20], of the
rings and the potential sources and sinks of material, the ice fraction of the nearby moons is around
60% [21], is problematic for the determination of the age of the rings [19].

Coupling the formation and the lifetime of rings to observations, a few things could be said. If rings
are remnants of circumplanetary disks, this would suggest they can be stable over very long time-
scales, which could explain the rings around Saturn [16, 18, 19, 22]. Finding that rings are common
could support this theory but could also mean that the formation of rings happens frequently while rings
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still decay relatively rapidly. Finding very few rings would in turn most likely mean that rings are not
stable over longer time periods and/or their formation does not happen frequently.

When observing rings, their age could be inferred from the age of the system, if the system is young
enough, but also from the composition of the rings. Micrometer-sized dust, for example, is removed
quite quickly from rings that are not optically thick enough [2]. Rings containing a lot of dust are thus
either young or have a mechanism for replenishing that dust, something that is observed for some
parts of the rings around Saturn. Because particle size is one of the parameters that influence the
polarization of reflected light, polarimetry could potentially infer the particle size remotely.

1.1.3. Extracting planetary features
An interesting remark is made by Schlichting and Chang [23] on ringed planets that orbit close to their
star. The obliqueness of rings around a planet depends on competing effects of the planet’s oblateness,
characterized by the quadrupolemoment 𝐽2 and the tidal effects of the star [24]. If 𝐽2 is not strong enough
to ”win” from the tidal effects, the ring will be warped and forced to be parallel to the orbital plane of
the planet instead of in the planet’s equatorial plane. The orientation of the ring can thus put an upper
bound on the value of 𝐽2 which can say things about the planet’s interior. Discovering rings could thus
also, incidentally improve the knowledge of the planet that harbors them.

1.2. Why study circumplanetary disks?
A circumplanetary disk is fundamentally different from rings found in the solar system since it is a
temporary structure, formed during the formation of planets [2]. To put the formation in context, a quick
and very abbreviated rundown on how a star system and gas giants form now follows. After a molecular
cloud, a cold and relatively dense region in the interstellar medium, collapses due to some destabilizing
event, a star can form at the center. Not all the material will fall into the star and the material that orbits
the newly formed star forms a circumstellar disk, also called a protoplanetary disk. The leading theory
on planet formation, called core accretion theory, then predicts that the dust and gas contained in the
disk will slowly aggregate to eventually form planetesimals. Planetesimals that are heavy enough will
also accumulate gas, causing a runaway gas accretion which will lead to the formation of large planets
like Saturn. During the formation of the planet, a disk of material surrounds it, which is called the
circumplanetary disk [2, 25, 26].

The material in a circumplanetary disk is not static and will either aggregate to form moons, get
thrown back into the circumstellar disk, or fall into the young planet. The exact process by which ei-
ther of these happens is not clear and there are multiple theories. Two popular ones are the minimum
mass model, first proposed by Lunine and Stevenson [27], and the gas-starved model, first proposed
by Canup and Ward [28, 29]. In the minimum mass model, all the mass that was present in the circum-
planetary disk ends up in the formed satellite system, requiring heavy disks. Moon formation thus only
starts after there is no more inflow of gas and dust from the protoplanetary disk. Miguel and Ida [30]
applied the minimum mass model to try to explain the formation of the Galilean moons around Jupiter.
They showed that in this model the system was unlikely to form because of fast accretion and migration
of solids preventing the formation of large satellites. This of course does not necessarily discredit this
theory for all planetary systems.

In the gas-starved model the circumplanetary disk is continuously fed gas and dust through a merid-
ional circulation [31] from just above the mid-plane of the protoplanetary disk [16]. Due to this slow
trickle of material, there is a continual generation of satellites at the outer edge of the circumplanetary
disk that then migrate inward due to satellite-disk interactions [28]. This quasi-steady state, where
satellites are formed semi-regularly while previously formed satellites fall into the planet allows for a
lower mass disk. Both Batygin and Morbidelli [16] and Cilibrasi et al. [32] show that the Galilean system
is a likely outcome in this model.

A less popular model by Crida and Charnoz [33, 34] is mentioned here because of the implications to
observations and an interesting link between circumplanetary disks and ordinary rings. Themodel could
be seen as an extension of the minimum mass model and suggests that regular satellites around giant
planets, especially Saturn, formed from the material coming frommassive rings. The big difference with
the minimum mass model is that the initial ring lies within the Roche limit and then migrates outward to
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form the satellites. If this were to be the case, these rings would again have to be as massive as the
formed satellites combined. For comparison, Saturn’s rings, which are the heaviest in the solar system,
have an estimated mass of only 1.7% the mass of Rhea, the largest satellite of Saturn proposed to be
formed in this way [2, 33]. These initial rings would thus have to be much more optically thick than
Saturn’s. Discovering very heavy, and thus likely very opaque rings extending only out to the Roche
limit around relatively young planets could thus lend credibility to this theory.

Detecting rings can also lead to the indirect detection of extra-solar moons. Gaps in the rings can
be explained by the presence of shepherd moons, as suggested by Kenworthy and Mamajek [35].

1.2.1. Potential properties
Since circumplanetary disks have already been observed both directly [36] and indirectly [37], it is a
good check if the ring formation theories mentioned above can be put into context. Before these and
other discoveries are tested to the theory in Sect. 1.3, it is good to first see what the theories on their
own would say about a circumplanetary disk and what the differences are between the models.

Starting with the gas density inside the disk, there is an immediate difference between the minimum
mass model and the gas-starved model. As the name suggests the gas-starved model assumes a
much lower gas density compared to the minimum mass model [30, 32].

The differences in disk lifetime are less obvious since the lifetime varies wildly for the minimum
mass model, between 104 and 107 years according to [30], where the disk lifetime is counted from the
moment moon formation ”begins”, which is when gas infall from the protoplanetary disk stops. Whether
this is also when the circumstellar disk dissipates is not mentioned by Miguel and Ida [30] so coupling
this to the lifetime of the system is difficult. The lifetime of the disk in the gas-starved model is tied to
the lifetime of the circumstellar disk which follows an exponential decay with a characteristic time of
2.5 × 106 yr [38]. This allows it to couple the age of the system, which is measured from the age of the
star, to the age of the disk and its remaining lifetime. The formation of moons is assumed to continue
until there is no more mass inside the circumplanetary disk, so it continues after the dissipation of the
circumstellar disk [28]. A period should thus exist where there is still a circumplanetary disk but no
more circumstellar disk. This would improve the odds of discovering the circumplanetary disk in transit
or with direct detection methods due to a larger contrast with its surroundings. For planets orbiting at
large distances from the star, at 25 AU for example, the lifetime of a circumplanetary disk, after the
dissipation of the circumstellar disk, is estimated by Mamajek et al. [37] to be on the order of 107 yr.

Particle sizes inside the circumplanetary disk vary from model to model. Due to their fast accretion
in the minimum mass model, the smaller particles quickly disappear, often within 100 yr [30]. In the
gas-starvation model, there is a constant influx of gas and dust so besides the satellites, the particle
size and amount of dust remain constant [39]. Particle sizes of 0.1mm are often assumed with surface
densities of 100 g/cm2 [16, 39].

In both models, the circumplanetary disk extends up to a significant portion of the Hill radius 0.1 −
0.3 𝑅hill. In the gas-starved model, it is hypothesized that there is a sharp boundary of particles after
85 𝑅𝑝, with 𝑅𝑝 the radius of the planet, due to streaming instability causing the rapid formation of
satellite seeds at that point in the disk [32, 39]. Streaming instability is a proposed mechanism of rapid
dust density increase due to drag, however, a full explanation is beyond the scope of this introduction.
Regardless of the model, a circumplanetary disk is expected to be significantly larger than the rings
found in the solar system.

1.3. Discovering rings around exoplanets
Compared to their host stars, exoplanets are extremely faint. Their close proximity to their star, on
the order of astronomical units (AU), paired with their large distance to us, on the order of light-years,
also means a very high angular resolution is needed to observe them directly. Direct detection, where
the reflected light or thermally emitted radiation of an exoplanet is observed directly has only relatively
recently been possible, see Fig. 1.1, but is slowly becoming a more used method for discovering exo-
planets now that is clear that most stars have planets.

Other methods of detecting exoplanets have beenmuchmore prominent and over the years multiple
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methods have been developed. Thesemethods do not attempt to directly observe the planet but instead
look at the effect an exoplanet has on the observed starlight. In Fig. 1.1 the different techniques and the
number of exoplanets discovered with them are shown. Of the four most popular methods displayed in
the plot, only transits, and imaging will allow for the detection of rings. In this section, some campaigns
to discover rings around exoplanets using the transit method will first be laid out. This is followed by
a few words on direct detection. Finally, the last two sections will be about the circumplanetary disks
and rings that have been found or are candidates.

Figure 1.1: The cumulative number of discovered exoplanets grouped by their method of detection, it
should be noted that not all listed methods are visible. https://exoplanetarchive.ipac.caltech.edu/

1.3.1. Transit
The transit method is a well-knownmethod of discovering exoplanets. It is based on the (partial) eclipse
that happens when a planet orbits in front of the star with respect to us. The method limits detection to
planets with an approximately edge-on orbit but can inform us about some properties of the planet [2].
There have been multiple efforts to find extra-solar rings from transit data. Heising et al. [40] looked
at 21 exoplanets discovered by Kepler but found no convincing evidence of rings. A similar study was
done by Aizawa et al. [41], who developed a methodology and applied it to 163 planets discovered by
Kepler [42]. Again no convincing evidence of rings was found.

1.3.2. Direct detection
Direct detection of exoplanets is difficult due to the large difference in intensity between the light emitted
by the star and the reflected or emitted light from the planet. In order for the planet to be spatially
resolved its distance to the star also needs to be sufficiently large, even with a high angular resolution.
A few techniques have been developed that aid in the direct detection of planets: a coronograph is
used to block the light from the star but allows surrounding light to pass [43], extreme adaptive optics
corrects the wave-front errors due to Earth’s atmosphere [44] and helps the coronograph perform better,
angular differential imaging [45] which reduces stochastic noise and polarimetric differential imaging
[46]. Despite the difficulties, direct imaging of exoplanets can provide several benefits compared to
the other methods. For example, using the combination of spectrometry and polarimetry, it is possible
to characterize the composition of atmospheres, the temperature of the planet, and/or the size of dust
grains surrounding the planet.

Even though it is expected that almost every star has planets [2], most direct detections of planets

https://exoplanetarchive.ipac.caltech.edu/
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were done for stars where it was already known that there were planets since searching for exoplanets
by directly observing is a time-intensive method of finding exoplanets. This is reflected in Fig. 1.1.

1.3.3. Found circumplanetary disks
Candidate circumplanetary disks have been either discovered from transit light curves or direct de-
tection. Below we provide a short overview of the current knowledge. The candidate circumplanetary
disks discovered in transit light curves are often characterized by unusual behavior (more on that next),
while the ones that are discovered by direct detection fall neatly into the theory of circumplanetary disk
formation and are confirmed observations of circumplanetary disks.

Examples of unusual transit light curves attributed to a planet surrounded by a circumplanetary disk
are: J1407b [35, 37], EPIC 204376071 [47] and V928 Tau [48]. Of these three examples, J1407b is
the most well-known. The culprit behind the unusual eclipse of the star is attributed to a young planet
with a circumplanetary disk. The transit that led to its discovery lasted for roughly 54 days and has
only been observed once. The photometry for the discovery comes from the SuperWASP (Super Wide
Angle Search for Planets) database [49] [50]. Later studies constrained the likely mass and eccentricity
of the planetary ring system to be between 20 − 100 MJup [51] and 𝑒 > 0.7 [52], respectively. Direct
observations with ALMA (Atacama Large Millimeter/submillimeter Array) did not detect anything at the
place where the ring system was expected to be but did observe something at a location that could be
consistent with an unbound object that moved in front of the star at the time of the stellar eclipse [53].
Based on these observations there are two principle options: The source they found is not the ring
system but rather some other phenomena, like a background galaxy, which makes the observation an
upper bound on the ring system in terms of brightness. Or, the source they found indeed caused the
unusual transit light curve, which would most likely make it an unbound object. In Sect. 4.2, I revisit the
J1407 system using new simulations and data from an unpublished article that favors the first option.

Due to the indirect nature of inferring what caused a transit light curve, circumplanetary disks dis-
covered from transit have not yet been confirmed. There are however, two confirmed circumplanetary
disks. Both of the disks have been detected using direct detection and are found in the same sys-
tem around a star that was already known to have a protoplanetary disk with gaps. The two objects,
named PDS70b [54] and PDS70c [55], show a circumplanetary disk in an earlier stage than J1407b
does. In a follow-up study by Benisty et al. [56] it was also shown that PDS70c nicely follows the gas-
starved model of circumplanetary disk development. This is another contrast with J1407, which falls a
bit outside the theory’s predictions due to its age and lack of circumstellar disk.

1.3.4. Potential rings or disks
While there are currently no confirmed observations of exoplanets with rings there are some candidate
planets. These candidates mostly fall into a group of planets called ”super-puffs” [57]. This group of
planets appears to have a very low density, 𝜌𝑝 ≤ 0.3 g cm−3 ([57] and references therein). These plan-
ets often orbit close to their star which can lead to expanded(puffed up) atmospheres and therefore
lower densities[58]. However, another possible explanation is that the radius of the planet is overes-
timated, driving the density down. The radius of the planet is estimated using the depth of the transit
[2]. The existence of a sufficiently opaque ring would drop the depth of the transit light curve which in
turn would increase the inferred area. Since the radius of the planet is estimated using the area, this
would overestimate the radius

𝑅inf. = (𝐴inf./𝜋)1/2 ≥ 𝑅𝑝 , (1.2)

with 𝑅inf. the inferred radius of the planet and 𝐴inf. the inferred area of the planet. A recent analysis
by Piro and Vissapragada [57] found that rings are a plausible explanation for at least three of the
ten super-puffs used in the study and with small adjustments to their assumptions for another three.
However, to properly confirm the presence of rings, the sensitivity of the observations would need to
increase to roughly 10 − 50 ppm. According to the study, the most interesting ringed planet candidate
is the recently discovered HIP 41378f [59]. This planet differs from the other super-puffs by orbiting
further out, at 1.37 AU compared to 0.1-0.7 AU. The plausibility of rings explaining the low density was
confirmed in studies by Akinsanmi et al. [60] and Alam et al. [61]. The study by Akinsanmi et al. [60]
showed that a planet with a ring was as probable in explaining the transit light curve as a planet with
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no ring when only considering the fit of the light curve. Other characteristics of the planet, however,
such as the absence of a clear, low-metallicity atmosphere, make an expanded atmosphere less likely.
That the atmosphere could not be a clear, low-metallicity atmosphere was shown by Alam et al. [61],
who used transmission observations made in the near infrared (NIR).

The proximity of these super-puffs to their star places constraints on the properties that such rings
could have. The particle composition cannot be icy due to the higher temperatures closer to the star.
The particles around those super-puffs can therefore only be made of more refractory materials [2].
The composition determines the particle’s albedo which in turn is one of the determining factors of
the visibility. Rings around super-puffs are therefore expected to be less visible than the ones around
Saturn for example. Their proximity to their star also affects the stability of any potential ring as was
already touched upon in Sect. 1.1.3.

Candidates outside of the super-puff group often have features in their transit light curve that could
be caused by the presence of a ring. As was shown by Barnes and Fortney [14], the presence of a
ring can make the ingress and egress of a transit curve consist of multiple steps as more of the ring
is eclipsing the star. It can also cause increases in flux just before and after the ingress and egress
respectively, due to forward scattering. An example of a candidate system, which will be expanded
upon in Sect. A.1, is AU Microscopii b. The ingress and egress of its transit light curve have unusual
features but according to the analysis in Sect. A.1, this is most likely caused by stellar activity.

1.4. The importance of polarimetry
Polarimetry as a tool to detect exoplanets has become available with the development of the aforemen-
tioned instruments for VLT and Gemini but has already a long history in planetary science. A famous
example is the characterization of the cloud particles in Venus’ atmosphere by Hansen and Hovenier
[62]. Using the disk-integrated light from Venus, so no spatial resolution across the planetary disk, they
were able to characterize the shape, size, and size distribution of the particles in the cloud or haze layer
around Venus, and the altitude of said layer. Using this information on the particles, they were able to
confirm their composition to be mostly sulfuric acid. Due to the difficulties in direct imaging, exoplanets
will consist of single pixel signals, thus also disk integrated, for the foreseeable future.

Using polarimetry has some key advantages when discerning light reflected off a planet from the light
of the star. Light from a solar-type star can be assumed to be unpolarized [11], while light that has been
scattered by the atmosphere of a planet and/or the particles in the ring is often linearly polarized. The
degree of polarization varies with the phase angle of the planet but also the particles and/or molecules in
the atmosphere of said planet. Depending on the composition of the planet/atmosphere, at the phase
angles where the planet is most easily discerned from the star (around 90∘) the polarization is high
enough to be detectable [7]. Because the scattered light of dust in a circumstellar disk can dominate
the signal from a circumplanetary disk or planet, polarimetry is best suited for use on older systems
where stellar companions orbit in a largely dust-free environment.

The use of polarimetry is not limited to cases where the light reflected by the planet is spatially
resolved from the star. Since the starlight is unpolarized, any degree of polarization can be attributed
to come from reflected light. Due to the intensity difference, however, the degree of polarization is
expected to be very small ( 10−5) [63].

Even though using the polarization of reflected light is a well-known technique it is a relatively new
method of detecting and characterizing exoplanets. There has been a body of work investigating the
polarization signal exoplanets. Modeling the polarized light reflected by Earth-like exoplanets has been
done by Stam [64]. This work has been expanded multiple times by adding more planetary features.
Some examples of this are: Zugger et al. [65] showed the effect oceans have on the signal, Karalidi et al.
[66] demonstrated the effect of clouds and Berdyugina et al. [67] suggested using polarization to detect
biomarkers. Reflected light signatures of giant extrasolar planets, like Jupiter, have also been studied
extensively. Seager et al. [63] showed the signal of close-in giant planets and showed that the signal
was highly dependent on condensates in the atmosphere. Stam et al. [7] and Buenzli and Schmid [68]
characterized the effect of different atmospheres for Jupiter-like exoplanets as a function of the phase
angle. An analytical framework is presented by Madhusudhan and Burrows [69]. Inhomogeneous
atmospheres on Jupiter-sized exoplanets are presented in Karalidi et al. [70]. A more recent study



8 1. Introduction

computes the needed accuracy of future instruments to be able to assess the sulfuric acid concentration
in cloudy exoplanetary atmospheres [71]. Their study focussed on planets thought to be in the habitable
zone of their star and they show that polarimetric capabilities are essential in the determination of the
acid concentration. Polarization signals during transit have also been investigated [72] [73]. The above
articles are examples of what has been done in this field so far.

1.5. Current body of work

There is already a body of work done on ringed exoplanets despite the fact that a ringed exoplanet is
yet to be found. There have been multiple studies on what the signal from a ringed exoplanet would
look like. Barnes and Fortney [14] modeled the transit of ring systems of giant extrasolar planets.
They found that the transit of a ringed planet would only be discerned from a larger, non-ringed planet
during the ingress and egress of the transit, limiting the detection to high-resolution instruments, both
photometric as well as temporal. Work done on the reflected light from planets with rings of different
sizes, assuming planets on circular orbits with isotropically scattering (Lambertian) surfaces and rings
with isotropically scattering particles by Arnold and Schneider [74]. Improved upon by Dyudina et al.
[15] by implementing the anisotropic scattering of Jupiter, Saturn, and Saturn’s rings, which is a more
realistic behavior. They also modeled the effect of eccentric orbits. Another study showed that the
variability in the flux of light perceived to be coming from a stable star due to the reflected light coming
from the planet and ring might be large enough to be detectable [75], removing the need to directly
image and spatially resolve the planet. A recent paper by Zuluaga et al. [76] describes a Python
package they developed called Pryngles with which the total flux curve of ringed planets can easily
be computed for any desired system geometry. In their paper, they only model a Lambertian reflecting
planet and ring but this could be expanded upon with more sophisticated methods of scattering light
which has been done in this study. Work has also been done on the transmission of light through
circumplanetary disks, see for example Ohno and Fortney [77].

An important thing to note about the studies above is that they do not include the polarization of
light. As shown in Sect. 1.4, polarimetry can provide unique information on the planet and its rings.
The usefulness of polarimetry has also been demonstrated in an article by Stolker et al. [54] where
the effect of rings around a self-luminous giant planet is modeled. They showed that a planet with cold
Saturn-like rings around it produces a significant and detectable amount of linear polarization, 1±0.05%
depending on the orientation and oblateness of the planet. However, the properties of the rings or the
system geometry were not varied much. A very recent paper, not yet published as of writing, by Lietzow
and Wolf [78] does vary the properties of the rings and also includes the polarized flux signal. Using
a Monte Carlo simulation to model the reflected light they vary the ring’s size and orientation, the ring
particle’s size and composition, and lastly the wavelength at which the behavior is simulated. They do,
however, use Mie-theory to describe the scattering of the ring particles which has some inaccuracies
because the particles are assumed to be perfect spheres and only use an edge-on orbit. Despite the
similarity between this thesis work and the paper by Lietzow and Wolf [78] the work presented here is
still unique. Modeling the reflected light coming from a planet with a ring including polarization effects for
various: orbital geometries, ring sizes, ring optical thicknesses, ring particle properties (using realistic
scattering matrices), and ring orientations has not been done before.

1.6. Research framework

The aim of this study is two-fold. First, to investigate the flux and polarization curves of light reflected off
an exoplanet with a dusty ring imaged as an unresolved source of light as a function of the properties
and orientations of the ring and orbit geometry by modeling the transmission and reflection of light.
Second, to find the flux and degree of polarization curves of an exoplanet with a dusty, cold circum-
planetary disk imaged as an unresolved source of light, that has properties obtained from fitting to an
observed transit light curve.
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1.6.1. Research questions
To help answer the research goal three research questions are introduced, each with sub-questions.
The first research question pertains to the general work that needs to be done for both research goals.
Both goals are described in the subsequent research questions.

RQ1 – What determines the flux and degree of polarization curves of an exoplanet with an unresolved
dusty ring for various orbit and ring orientations as well as ring sizes and dust properties?

RQ1.1 – How does the reflection of light, including the physics behind polarization, work?

RQ1.2 – What are good algorithms to model the scattering of light with?

RQ1.3 – What are the scattering properties of a ringed planet?

RQ1.4 – How to model all the possible orbit and ring orientations?

RQ2 – What do the flux and degree of polarization curves look like as a function of the true anomaly?

RQ2.1 – What is the effect of different orbit and ring orientations on the flux and degree of polar-
ization curves?

RQ2.2 – What is the effect of different ring properties on the flux and degree of polarization
curves?

RQ2.3 – What are the characteristics of the flux and degree of polarization curves obtained that
could lead to the detection of dusty rings?

RQ3 – Can a transit fit predict the flux and degree of polarization curves along the rest of the orbit?

RQ3.1 – Which discovered ring or circumplanetary disk has a transit curve that is well suited to
be fit using the developed model?

RQ3.2 – What is the effect of forward scattering on the generated transit curve?

RQ3.3 – How many parameters of the circumplanetary disk are constrained by the fit?

RQ3.4 – Are the possible degree of polarization curves constrained enough to converge to a
most likely curve?

Research Objectives
The main objective, as stated previously, can be divided into sub-objectives that define the path the
research takes to answer the research questions.

OB1 – Model the light reflected by a planet with a simple atmosphere.

OB2 – Model the particulate reflection and transmission of dusty rings.

OB3 – Generate flux and degree of polarization curves of a planet with a ring orbiting a star for different
ring orientations and properties.

OB4 – Analyse the flux and polarization curves for a planet with a ring orbiting a star and assess the
dependency of the curves on the properties of the ring and the orientation of the orbit.

OB5 – Model the transit of a planet, with a simple atmosphere and a ring or circumplanetary disk.

OB6 – Analyse the transit curve and assess the dependency of the transit curve on the properties of
the ring or disk.

OB7 – Use the developed code to fit available transit data, or use the properties obtained from a
previous fit, to generate possible flux and degree of polarization curves for future observations.
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1.7. Outline of this thesis report
This thesis is split into three parts. The first part (Sect. 2) is a paper that contains most of the work and
the theory necessary for a correct interpretation of the data, this paper will be submitted to Astronomy
& Astrophysics. It is a collaboration with the research group based in Colombia that developed the
geometric base of the radiative transfer model that was developed, called Pryngles. The radiative
transfer part of the model is based on the adding-doubling algorithm. In the paper, the model will
be described and its capabilities are explored by doing a characterization of the flux and degree of
polarization curves produced by ringed exoplanets. As such it will answer the first and second research
questions.

Sect. 3, will be an expansion upon the theory presented in the paper. It will go more in-depth on the
fundamentals of light scattering and introduce some new definitions. Some of the terms and theories
that were mentioned in the paper, like Rayleigh-scattering or Mie-scattering will be briefly explained.

In the third part, Sect. 4, some of the results that are outside the paper’s scope are presented and
discussed. The section starts with some validation tests of the planetary atmosphere that were per-
formed for the paper. This is then followed by a study that was born from the flexibility that Pryngles
poses, allowing for the simulation of many interesting systems with relative ease. To still have a decent
analysis of the results, only two planetary systems were checked: the J1407 system and the AU Micro-
scopii system. Only the results of the study of J1407 are presented in Sect. 4, the results of the other
study can be found in the Appendix. The planets in both systems orbit such that they transit in front of
their star and J1407b, the potential planet around J1407, is also suspected to have a circumplanetary
disk. Together these two systems can be considered as an attempt to answer RQ3. The results of
these studies are presented as case studies, with their own discussion and conclusion.
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ABSTRACT

Aims. We aim to develop a more robust model to study the complete phase curve of exoplanets as

they move along their orbit. In particular, we focus on gas giants that have a ring and investigate

the effect that their rings have on the reflected flux and polarization curves as a function of their

true anomaly.

Methods. We improve the general photometric model Pryngles by basing the radiative transfer

calculations on an adding-doubling algorithm that includes all orders of scattering and polar-

ization. Using this improved model, we compute the reflected flux, linearly polarized flux, and

degree of polarization curves of a gas giant with a ring as a function of its true anomaly and vary

its properties such as the orbit inclination, ring orientation, ring size, the ring particle albedo, and

the optical thickness of the ring. The ring will be populated with irregularly shaped particles that
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have their optical properties based on measurements. We also demonstrate the usefulness of the

model by predicting the reflected flux and polarized flux of the "puffed-up" planet HIP 41378f.

Results. Spatially unresolved dusty rings can increase and decrease the total flux of reflected

starlight compared to that of a ring-less planet, depending on the ring properties and the geome-

tries along the planet’s orbit. They generally decrease the degree of polarization along the entire

orbit. During ring-plane crossings, when the ring is illuminated edge-on, the flux and degree of

polarization return close to the value of a ring-less planet which causes sharp changes in the

respective curves. In general, ringed planets that orbit edge-on are more difficult to distinguish

from ring-less planets based only on their reflected light and degree of polarization. Rings with

higher optical thicknesses, brighter particles, and that are larger produce more distinct features

and are more easily observable. We also show that if HIP 41378f is indeed surrounded by a ring,

its reflected flux compared to the star is on the order of 10−9, and its ring will decrease the degree

of polarization in a detectable way.

Conclusions. Using the presented improvements to Pryngles we have shown that dusty rings

produce distinct features in the flux, polarized flux, and degree of polarization curves, with the

most convincing of these features caused by the ring-plane crossings that can produce sharp dis-

continuities in the degree of polarization curves. The short case study shows, that while HIP 41378f

can not yet be directly imaged, the addition of polarimetry to future observations would aid in the

characterization of the system.

Key words. Planetary Systems - Planets and satellites: rings - Methods: Numerical - Radiative

Transfer - Polarization

1. Introduction

Transit photometry has proven to be a quite successful technique to detect and follow up on exo-

planets (see, e.g. Perryman 2018; Deeg & Alonso 2018). Studying the light curve of a star, such as

a TESS/Kepler Interest Object (TOI or KOI), can help determine if the star is capable of hosting

exoplanets. Additionally, this approach provides valuable insights into the properties of the planets

themselves. Transits mostly yield information about planetary architectures, allowing us to con-

strain the orbits of exoplanets and at least one of their bulk parameters, that is, their size or physical

radius (Seager & Mallén-Ornelas 2003). However, to take the biggest advantage of planetary tran-

sits, a given observer needs some ‘special’ types of orbits (i.e. orbits near to edge-on orientations)

which allow detecting the drop in stellar flux produced by the combination of observed star, extra-

solar planet, and Earth.

Following the success of the transit technique in finding exoplanets, attention began to focus on

the geometric aspects of the signal that could reveal additional characteristics of exoplanets. These

features include, among others, deviations from the spherical shape of planets (Barnes & Fortney

2003; Akinsanmi et al. 2020a), exomoons (Cabrera & Schneider 2007; Simon et al. 2007; Kipping

2009; Heller et al. 2016), and planetary rings (Barnes & Fortney 2004; Zuluaga et al. 2015).
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Among all the discovered exoplanets thus far, and despite that most of such planets are gas

giants, the discovery of planetary rings remains elusive (e.g. Piro & Vissapragada 2020). Although

the absence of rings around extrasolar planets might seem like an unsolved mystery, it could be

due to the limitations of the methods and techniques we use to detect them. For instance, the

rings around the giant planets of our Solar System were discovered through in situ observations by

spacecraft, such as Voyager I and II for Jupiter and Neptune, and through the detection of anomalies

in the light curve of precise stellar occultations for Uranus (Charnoz et al. 2018). However, current

techniques to detect rings around exoplanets, similar to the latter method, have been unsuccessful

thus far. Moreover, it is worth noting that a ringed exoplanet should project a larger area on the

stellar disk than an exoplanet without rings, and so this type of exoplanet should have a larger

apparent size when observed indirectly through planetary transits (Zuluaga et al. 2015, 2022; Ohno

& Fortney 2022). However, during the rest of their orbital phase, and depending on the geometry

of the system, planetary rings can contribute to a noticeable increase in stellar flux (Arnold &

Schneider 2004; Dyudina et al. 2005; Sucerquia et al. 2020), increasing the chances of detection

by an alternative route.

In light of the above, scattered/polarized light measurements have recently emerged as a crucial

tool in the study of exoplanets, revealing valuable information about their properties that cannot be

obtained using traditional techniques. For instance, instruments such as SPHERE/ZIMPOL intend

to use light polarized from planetary surfaces to characterize cold planets (Knutson et al. 2007;

Schmid et al. 2018), and other studies have proposed similar methods for the detection and char-

acterization of directly imaged exoplanets using scattered light (see, e.g. Stam et al. 2004; Karalidi

et al. 2012, 2013; Stolker et al. 2017). All of these techniques, along with the appropriate instru-

ments, might help us understand the nature of many extrasolar systems that have behaviors still

awaiting an explanation, such as the case of 55 Cancri e’s phase curves with a time-varying occul-

tation depth (Tamburo et al. 2018; Morris et al. 2021) that defy current models of light reflection

and emission (Demory et al. 2022). Or the discoveries of "puffed-up" planets that appear to have

extraordinarily low densities (Piro & Vissapragada 2020).

Moreover, polarimetry is also a valuable method for detecting and characterizing the magnetic

fields of exoplanets, particularly those with a system of rings around them. As in the case of the

giant planets in the Solar System (and in the debris disks around young stars), the effect of the

planet’s magnetic field on its rings can modify the optical properties of the particles that make

up these structures by means of grain orientations (Dollfus 1984; Lazarian 2007), thus providing

valuable information about the composition, structure, and dynamics of the planet’s interior, which

in turn could provide clues about the habitability of these worlds and their possible satellites (see,

e.g. Heller & Zuluaga 2013, and references therein).

Regarding the above, this paper presents a novel addition to the Pryngles python package

(see, Zuluaga et al. 2022) that enables the computation of flux, degree of polarization, and linearly

polarized flux for ringed exoplanets. This upgrade to Pryngles uses data generated by the adding-
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doubling algorithm, which includes the treatment of polarization and all orders of light scattering

(de Haan et al. 1987), to compute the reflected light curves of ringed exoplanets.

Ideally, the ringed planet that we use in our simulations would resemble Saturn such that the

computed flux and polarization phase curves could be verified with observations. This is, however,

not possible due to the fact that ground-based telescopes (or space telescopes in the vicinity of

Earth), can only see the giant planets at small phase angles. Therefore, the degree of polarization

of the reflected light is very small because of the symmetric geometry. Observing these planets

as if they were exoplanets is only possible with orbiters, such as the Cassini spacecraft. Cassini’s

Imaging Science Subsystem (ISS) instrument had polarimetric capabilities (Porco et al. 2004), but

we have not found published polarimetric observations of Saturn and its ring system (West 2022).

It is important to note that previous work, such as that of Lietzow & Wolf (2023), has made

considerable efforts to estimate the properties of the light scattered by planetary rings, as well as

its degree of polarisation. However, the model presented in this paper does not use the assumption

that the dust particles are spherical as a working hypothesis, but instead uses observations of actual

particles which allows a more accurate calculation of the properties of the light emanating from

these structures. In addition, the inclusion of our results in a freely available package such as

Pryngles allows a quick implementation for the analysis of any candidate system with ringed

planets. This also allows us to explore a much wider parameter space in terms of illumination and

viewing geometries and ring orientations.

These new features of the Pryngles package allow for a more comprehensive and accurate

simulation of the reflected light curves of ringed exoplanets. In fact, Sect. 2 gives a brief overview

of the Pryngles package and the other numerical methods that we used for our simulations of

the total and polarized fluxes and the degree of polarization of light that is reflected by ringed

exoplanets. In Sect. 3, we describe the physical properties of the model planet and its ring that

we used in this study. In Sect. 4, we present and discuss computed fluxes and polarization of our

standard model planet-ring system and variations thereon. In Sect. 5, finally, we summarize and

discuss the main implications of our results for the search and characterization of rings around

exoplanets.

2. Numerical method

Figure 1 illustrates a ringed planet that is orbiting its parent star. The Saturn-like ring is inclined

with respect to the observer and with respect to the planet’s orbital plane (see also Fig. 2). Along

the orbit, the illumination and viewing geometries of the planet-ring system change: it can be seen

how the ring casts its shadow on different regions on the planet and/or how it sometimes occults

different regions on the planet, and how the planet’s shadow moves across the ring along the orbit.

Also, for half of the orbit the ring is seen in reflected starlight (the bottom part of the figure), while

for the other half (the upper part of the figure) it is seen in diffusely transmitted starlight.
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Fig. 1: An illustration of the various illumination and viewing geometries that can occur in a planet-
ring system. The star (white dot) and the planetary orbit are not to scale. The circular planetary
orbit has an inclination angle i of 60◦. The ring has an inclination angle γ of 70◦ and an inclination
longitude angle λr of 0◦ (this system is thus mirror–symmetric from left to right). The planet’s true
anomaly ν at each point is shown next to the planet and increases rotating anti-clockwise from 0◦
at the bottom-center. For this system, the ring-plane crossings occur at ν = 90◦ and 270◦. Along
the part of the orbit in the upper half of the figure, the ring is seen in diffusely transmitted starlight,
while in the lower half of the figure, it is seen in reflected starlight (see also Fig. 2). Spangles that
are dark-blue colored indicate shadows on the planet and/or the ring. The dark-gray, small patterns
on the planet and the ring are a moiré pattern that is caused by the spangles used in pryngles.

Section 2.1 describes how we use the Pryngles package (see Zuluaga et al. 2022) to compute

the illumination and viewing geometries of the planet and its ring along the orbit, which includes

determining which regions on the planet and/or the ring are occulted and/or shadowed1. Section 2.2

provides our definitions of fluxes and polarization. Section 2.3 describes how we use that geomet-

rical information to compute the starlight that is locally reflected by the planet or the ring, and the

starlight that is transmitted through the ring. Section 2.4, finally, describes how we calculate the

total flux and polarization signals of the planet-ring system along the planetary orbit.

2.1. The illumination and viewing geometries of the planet and its ring

To be able to compute the total flux and polarization of the starlight that is reflected by a planet

and that is reflected or transmitted by the ring, we have to know the illumination and viewing ge-

ometries across the planet and the ring along the planetary orbit. Pryngles (Zuluaga et al. 2022)

discretizes the surface (or upper atmosphere) of a planet and the surface of a ring with plane, cir-

cular area elements called ‘spangles’ (see Fig. 1), which resemble sequins or spangles found on

elegant clothing. The spangles are uniformly distributed over a surface using Fibonacci spiral sam-

pling, which prevents, for instance, oversampling. In particular, Pryngles incorporates the fibpy

algorithm based on the work of Vogel (1979)2. The position and orientation of a given spangle are

1 The region on the planetary disk that is occulted by the ring remains the same along the orbit as is the
region of the ring that is occulted by the planet
2 fibpy is available at https://github.com/matt77hias/fibpy (last accessed on April 6th, 2023.).
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described by its spherical coordinates and its normal vector. Note that Pryngles assumes a flat,

infinitely thin ring (see Sect. 3) and a given part of the ring is thus covered by a single spangle.

For each spangle, we have to know the local stellar zenith angle θ0, which is the angle between

the local zenith direction and the direction towards the star, the local viewing zenith angle θ, which

is the angle between the local zenith direction and the direction towards the observer, and the local

azimuthal difference angle ϕ − ϕ0, which is the angle between the plane that contains the direction

towards the local zenith and the direction towards the observer, and the plane that contains the

direction towards the local zenith and the direction of propagation of the incident starlight. Angle

ϕ − ϕ0 is measured rotating in the clockwise direction when looking towards the local zenith. For

a more detailed description of ϕ − ϕ0 and how we calculate it, see the App. A. We assume uni-

directional incident starlight, which precludes computations for planets that are in very close orbits

around their stars.

As can be seen in Figs. 1 and 2, the illumination and viewing geometries in a planet-ring

system generally depend not only on the location of the planet along its orbit, but also on the

orbital inclination angle i, the ring inclination angle γ, and the azimuthal rotation angle λr of the

ring if it is inclined with respect to the observer.

To compute all angles, Pryngles (Zuluaga et al. 2022) uses a Cartesian coordinate system

centred on the planet with the +z-axis pointing towards the observer and the +x-axis in the plane of

the ecliptic. The inclination of the planet’s orbit, i, is defined as the angle between the xz-plane and

the normal vector on the orbital plane (see Fig. 2). For i = 0◦, the orbit is seen face-on, while for

i = 90◦, the orbit is seen edge-on. The position of the planet along its orbit, and thus its position

with respect to the star, is given by the planet’s true anomaly ν. At ν = 0◦, the planet is between the

observer and the star (if i ≈ 90◦, it would be transiting its star), and at ν = 180◦, the star is between

the observer and the planet. If i = 0, ν is defined to be such that ν = 0◦ when the planet is directly

below the star, as viewed from the observer (see Fig. 2), and ν = 180◦ when the planet is directly

above the star.

Except when i = 0◦ (a face-on orbit), the planet’s phase angle α changes with ν along the orbit.

Angle α is defined as the angle between the directions to the star and the observer as measured

from the center of the planet: if α = 0◦, the planet is fully illuminated (ignoring the possible

influence of a ring), and if α = 180◦, the full nightside of the planet is in view. The range of values

that α of a planet can attain along a given orbit, depends on inclination angle i (see also Fig. 2):

90◦ − i ≤ α ≤ 90◦ + i.

The orientation of the ring is described by its inclination angle, γ, and its inclination longitude

angle, λr (see Figs. 1 and 2). Inclination angle γ is measured between the normal vector on the ring

and the xz-plane: if γ = 0◦ or 90◦, the ring is seen face-on or edge-on, respectively. The inclination

longitude angle λr indicates how an inclined ring is rotated with respect to the observer (if γ = 90◦,

λr is undefined): it is the angle between the projection of the normal vector on the ring on the

xz-plane and the +z-axis, measured anti-clockwise when looking towards the -y-axis.
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Fig. 2: Side-view of the planet-ring system that was also shown in Fig. 1 at the orbital locations
where the planet’s true anomaly ν is 0◦ and 180◦. Indicated are: the orbital inclination angle i and
the ring inclination angle γ, which equal, respectively, 60◦ and 70◦ for this system. Also shown is
the planetary phase angle α, which equals 90◦ + i = 150◦ at ν = 0◦, and 90◦ − i = 30◦ at ν = 180◦.

Summarizing, given angles i, γ, and λr, Pryngles computes for each given true anomaly ν

along the planetary orbit, phase angle α, and for each spangle on the planet and the ring, angles

θ0, θ, and ϕ − ϕ0 (note that unlike the planet spangles, all ring spangles have the same illumination

and viewing geometries). Then, taking into account the radius of the planet, and the inner and outer

radii of the ring, Pryngles computes for each spangle that is both (in principle) illuminated by

the star and visible for the observer, whether it is in the shadow of the ring (for planet-spangles) or

the planet (for ring-spangles), and/or whether it is occulted by the ring (for planet-spangles) or the

planet (for ring-spangles).

Note that because the ring will not be completely opaque, it will transmit direct and diffusely

scattered starlight from the star onto the planet (spangles in the ring-shadow will thus not be com-

pletely dark) and it will transmit light from the planet towards the observer (the observer can ’see’

the planet through the ring). With increasing ring optical thickness the contribution of this trans-

mitted light will usually decrease (see Sect. 4.2).

Pryngles identifies so-called ’active spangles’: these are illuminated, visible, and not obscured

or shadowed by an opaque body. There can be up to six types of active spangles in our planet-ring

system. Four types are active planet spangles:

Table 1: Conditions for the different planetary spangle types.

Spangle type Shadowed Occulted
1 no no
2 no yes
3 yes no
4 yes yes

In Fig. 1, type 1 spangles are yellow, type 2 spangles are purple, type 3 spangles are blue, and

type 4 spangles are red. There are only a few type 4 spangles (that are thus both in the ring shadow

and occulted by the ring) in Fig. 1: only at ν = 45◦ and 315◦. And there are two types of active
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ring spangles based on their interaction with the incident starlight (note that ring spangles in the

shadow of the planet are inactive):

Table 2: Conditions for the different ring spangle types.

Spangle type Reflecting Transmitting
5 yes no
6 no yes

In Fig. 1, type 5 spangles are cyan, while type 6 spangles are green,

Because Pryngles assumes a flat, infinitely thin ring (see Sect. 3), the ring will be dark during

the so-called ring-plane crossings, i.e. the locations where the parent star is in the ring-plane and

thus illuminates the thin edge of the ring, which then cast an infinitely narrow shadow on the planet.

At the ring-plane crossings, the ring spangles are thus effectively not illuminated and inactive.

Due to our coordinate system, the true anomaly ν at which the ring-plane crossings take place

depends not only on the ring inclination longitude λr but also the ring inclination γ and the orbital

inclination i 3. In Fig. 1, λr = 0◦ and the crossings occur at ν = 90◦ and 270◦ (they are always

180◦ apart): in the figure the rings are colored white, just like the night-side of the planet, at the

crossings. The location of the ring-plane crossings can be calculated by solving

nr · nstar = 0 , (1)

with nr the normal vector of the ring in the observer reference frame and nstar the normal vector

pointing from the planet to the star. By writing out this equation we get

sin (λr) cos (γ) sin (νrp) + (cos (λr) cos (γ) sin (i) − sin (γ) cos (i)) cos (νrp) = 0, (2)

with νrp the true anomaly of the ring-plane crossings. While at the ring-plane crossings, the rings

are not illuminated and cast only an infinitely narrow shadow on the planet, they can still occult

part of the planet for the observer and thus still influence the total signal of the system.

In our simulations of the total flux and polarisation signals of the planet-ring system, we ignore

light that is scattered by the ring and that is subsequently reflected by the planet towards the ob-

server (ring-shine) and light that is reflected by the planet towards the ring and that is subsequently

reflected or transmitted towards the observer (planet-shine). These contributions will in most cases

be negligible (see Porco et al. 2008) and would unnecessarily complicate our numerical model.

3 If the ring is in the orbital plane, there is a perpetual ring-plane crossing geometry.
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2.2. Our definitions of light and polarization

We describe uni-directional beams of light using Stokes vectors (Hansen & Travis 1974; Hovenier

et al. 2004)

F =



F

Q

U

V


, (3)

with F the total flux, Q and U the linearly polarized fluxes, and V the circularly polarized flux,

all measured in W m−2 or W m−3 if the wavelength is included. The circularly polarized flux V is

usually very small compared to F, Q and U, so we will neglect it in our computations (Rossi &

Stam 2018). This does not yield significant errors in the computed F, Q, and U (Stam & Hovenier

2005).

Linearly polarized fluxes Q and U are defined with respect to a reference plane. We will use

different reference planes for the locally reflected and transmitted light (see Sect. 2.3) and for the

light that has been reflected by the planet-ring system as a whole (see Sect. 2.4). Stokes vectors can

be rotated from one reference plane to another using a so-called rotation matrix (see e.g. Hovenier

et al. 2004). Neglecting circular polarization, a rotation matrix L is described by

L(βn) =


1 0 0

0 cos 2βn sin 2βn

0 − sin 2βn cos 2βn

 , (4)

with βn the angle between the old and the new reference planes, measured rotating in the anti-

clockwise direction when looking towards the observer (βn ≥ 0◦). For a description of how we

calculate βn, see App. A.

The choice of reference plane does not affect the polarized flux Fpol which is defined as

Fpol =
√

Q2 + U2, (5)

nor does it affect the degree of polarization P which is defined as

P =
Fpol

F
. (6)

2.3. The locally reflected and transmitted starlight

We can compute the Stokes vector of light that is either reflected by a spangle or transmitted by a

(ring) spangle that arrives at the observer (see Sects. 2 and 3 in Zuluaga et al. 2022) once we have

the illumination and viewing geometries for all the active spangles covering the planet and the ring.
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To obtain the Stokes vector of light that is reflected by the planet-ring system as a whole, we will

add the contributions of the individual spangles (see Sect. 2.4).

For the locally reflected or transmitted light, the reference plane for Stokes parameters Q and

U is assumed to be the local meridian plane which contains the local zenith direction (of the span-

gle) and the direction towards the observer. Note that spangles covering the planet generally have

different local meridian planes, whereas the ring spangles all have the same local meridian plane.

The Stokes vector that is locally reflected by a planet or ring spangle n (n ≤ Nx, the number of

active spangles) at a given wavelength is calculated according to Hansen & Travis (1974):

Fx
n(µ0n, µn, ϕn − ϕ0n) = µn Rx

1n(µ0n, µn, ϕn − ϕ0n) µ0nF0, (7)

where x is either ‘p’ or ‘r’ in case of a planet or a ring spangle, respectively. Furthermore, Rx
1n is the

first column of the local reflection matrix, µn = cos θn with θn the local viewing angle, µ0n = cos θ0n

with θ0n the local illumination angle, ϕn − ϕ0n is the local azimuthal difference angle, and F0 the

flux of the incident starlight measured perpendicularly to the propagation direction. We assume

that this starlight is uni-directional and unpolarized when integrated over the stellar disk. This

assumption is based on the very small disk-integrated polarized fluxes of active and inactive FGK-

stars (Cotton et al. 2017) and on measurements of the Sun (Kemp et al. 1987). Indeed, because of

this assumption, the full reflection matrix is not needed in Eq. 7 but only its first column.

The Stokes vector for light that is diffusely transmitted through the ring is calculated using:

Fx
n(µ0n, µn, ϕn − ϕ0n) = µn Tx

1n(µ0n, µn, ϕn − ϕ0n) µ0nF0, (8)

with T r
1n the local transmission of the ring spangle. While transits are not the focus of this study

it is good to mention that when modeling a transit the light that goes directly through the ring is

diminished by a factor exp−b/ cos θ0, where b is the optical thickness of the ring.

The local reflection and transmission matrices Rp
1n, R r

1n, and T r
1n depend on the physical prop-

erties of the local spangle, such as the composition, size and shape of the scattering particles in the

local planetary atmosphere or in the ring. Pryngles allows giving each spangle different proper-

ties, but to not complicate our numerical simulations too much, we use a single set of properties for

the planet spangles and a single set of properties for the ring spangles, as described in more detail

in Sect. 3, and compute the local reflection and transmission matrices for those properties.

We do not calculate the reflection and transmission matrices for each spangle and local illumi-

nation and viewing angles separately but instead use coefficients of the Fourier expansion of Rp
1,

R r
1 , and T r

1 . These Fourier coefficients have been pre-calculated for various combinations of µ0 and

µ using an adding–doubling algorithm that fully includes polarization for all orders of scattering

(see de Haan et al. 1987, for a detailed description of the adding-doubling algorithm and the Fourier

series expansion). Using pre-calculated coefficients saves a lot of time when having to compute the

reflection and transmission matrices for the many different geometries that we encounter across the
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planet and the ring along the orbit. For spangle combinations of µ0 and/or µ that have not been pre-

calculated, Rp
1n, R r

1n, and T1n are calculated using bi-cubic spline interpolation. This use of Fourier

coefficients is also described by Rossi et al. (2018).

2.4. The reflected starlight of the planet-ring system

The Stokes vector of the starlight that is reflected by the spatially unresolved planet-ring system

can be written as

F = F p + F r (9)

where F p and F r are the Stokes vectors of the planet and the ring, respectively.

The Stokes vector F p of the light that is reflected by the planet can be written as the sum of the

local Stokes vectors over the Np active spangles on the planet, as follows

F p(ν) =
F0

d2

Np∑
n=1

e−ban µn µ0n L(βn) Rp
1n(µn, µ0n, ϕn − ϕ0n) dOn,p, (10)

with d the distance between the planet-ring system and the observer, b the optical thickness of the

ring (see Sect. 3), dOn the surface area of a spangle, L(βn) is a rotation matrix (see Sect. 2.2), and an

a parameter that depends on the type of spangle and that describes the influence of the occultation

by the ring and/or the ring shadow. The surface area of every planetary spangle is the same and

4πr2 =
∑Np

n dOn,p, with r the radius of the planet.

The value of parameter an for each of the four types of active planet spangles (see Sect. 2.1) is

as follows:

Table 3: The value of the parameter an for every spangle type.

Spangle type an
1 0.0
2 cos−1 θn
3 cos−1 θ0n
4 cos−1 θn + cos−1 θ0n

The rotation matrix L in Eq. 10, is used to rotate each local Stokes vector, defined with respect

to the local meridian plane, to the reference plane of the planet-star system as a whole before adding

it to the total sum. For the system as a whole, we use a reference plane that is fixed with respect to

the planet and its ring, equivalent to the xz-plane when viewed from the observer reference frame.

We will call our reference plane ’the detector plane’, as it is fixed to an observer or telescope on or

near the Earth4.

4 This detector plane is generally different from the reference plane employed by e.g. Stam et al. (2004);
Rossi et al. (2018) as that is the plane through the star, the planet, and the observer. That so-called ’planetary
scattering plane’ is convenient for planets that are mirror-symmetric with respect to the line through the planet
and the star, as then the planet’s Stokes parameter U will equal zero. However, for a planet with a ring, U will
generally not equal zero with respect to the planetary scattering plane. Without this benefit, the detector plane
appears to be more directly connected to observations.
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The Stokes vector of the ring, F r that appears in Eq. 9 can be written as

F r(α) =
F0

d2

Nr∑
n=1

µ µ0 L(β) R r
1n(µ, µ0, ϕ − ϕ0) dOn,r, (11)

along the part of the orbit where the ring reflects the incident starlight (in Fig. 1, the part from

ν = 270◦ till 90◦), with Nr the number of active ring spangles, or as

F r(α) =
F0

d2

Nr∑
n=1

µ µ0 L(β) T r
1(µ, µ0, ϕ − ϕ0) dOn,r, (12)

along the part of the orbit where the ring is seen in transmitted light (in Fig. 1, the part from ν = 90◦

till 270◦). Note that for the flat ring, µ, µ0, ϕ − ϕ0, and β are the same for all spangles at a given

location along the orbit. Indeed, µ is the same along the whole orbit. Just as with the planetary

spangles, the surface area of all the ring spangles is the same.

Varying the eccentricity of the orbit is possible in Pryngles. In this study, however, we assume

a circular orbit to reduce the number of free parameters in Sect. 4. Also, it is possible to convert

the results as if they were for an eccentric orbit. The total and polarized fluxes would need to be

multiplied by a factor that represented the actual incident flux on the planet and its ring. As Kane &

Gelino (2010) showed, the observed flux curves can be strongly affected by the eccentricity of the

orbit. A potential complexity with simulating a ringed planet that has a large eccentricity is that,

depending on the size of the rings and the semi-major axis of the orbit, the illumination angle might

no longer be uniform across the ring. We assume uniform illumination angles across the ring for

our results but Pryngles has the capability to calculate the direction of incoming light for every

spangle individually.

For the results presented in Sect. 4, we use

F0
r2

d2 = 1, (13)

with r the radius of the planet. We further normalize the reflected fluxes such that at α = 0◦, the

flux that is reflected by the planet without the ring equals the planet’s geometric albedo. Adapting

the results to a specific planetary system will then just involve scaling our computed fluxes with

the relevant values of F0, r, and d. For that reason, the fluxes that we present are unit less.

3. Properties of the model planet and its ring

Our model planet will be kept simple to focus on the effect that a ring has on the reflected flux

and polarization curves. The planet will be perfectly spherical with a simple, purely gaseous atmo-

sphere that is bounded below by a Lambertian reflecting surface with an albedo of 0.5, mimicking

a deep cloud layer. The gas molecules in the atmosphere are anisotropic Rayleigh scatterers with

a depolarization factor of 0.02, a typical value for H2 (Hansen & Travis 1974). In future studies,

clouds and/or absorbing molecules like CH4 could be added to simulate the more complex plan-

Article number, page 12 of 34



Veenstra et al.: A polarimetric model for transiting and non-transiting exoplanets with rings

etary atmospheres that are found in our Solar System. Examples of the effects of adding clouds

or absorbing methane gas on the total flux and polarization signals of planets can be found in (for

example, Stam et al. 2004; Karalidi et al. 2012, 2013; Rossi et al. 2018). The effect that something

like planetary oblateness has on the flux and polarization could also be added in future studies.

Examples of the effect of planetary oblateness on the flux can be found in Dyudina et al. (2005)

and the effect of a combination of clouds and oblateness on the flux and degree of polarization can

be found in Stolker et al. (2017).

To focus on the effect of a ring on the reflected flux and polarization signals, we use a simple,

spherical model planet. The effects of planetary oblateness on the reflected light signals mostly

show a dependency on the amount of visible and illuminated planet area (Dyudina et al. 2005).

The ring we use is flat, circular, horizontally homogeneous, and its inner and outer radii are

denoted as rin and rout, respectively. We express these radii in fractions of the radius of the planet.

While geometrically, the ring is infinitely thin, it is composed of irregularly shaped particles. The

total flux and polarization of light that interacts with the ring depends besides on the illumination

and viewing geometries, on the ring optical thickness, and the optical properties of the ring particles

like their single scattering albedo ϖ and scattering matrix (Mishchenko 2009).

Both the single scattering albedo and scattering matrix depend on the size, shape, and composi-

tion of the particles, and, for non-spherical particles, on their orientation. Our model ring particles

are irregularly shaped and randomly oriented. Using irregularly shaped particles is important to

avoid sharp angular features such as rainbows or glories that are typical features when using spher-

ical particles (Goloub et al. 2000; Nousiainen et al. 2012). The single scattering properties of our

ring particles are based on laboratory measurements of light that is singly scattered by olivine par-

ticles (Muñoz et al. 2000). The scattering matrix of these particles was calculated by Moreno et al.

(2006) using the Discrete Dipole Approximation (DDA) method (Draine & Flatau 1994, 2004) to

fit the measurements. The light scattering measurements have been done at both 442 and 633 nm.

We use the 633 nm data, keeping in mind the wavelength region and capabilities of JWST (Rieke

et al. 2005; Jakobsen et al. 2022).

The flux F and degree of polarization P of the light that is singly scattered by the particles is

shown in Fig. 3 together with F and P of the gaseous molecules. Note that in the measurements

by Muñoz et al. (2000), the phase functions have not been absolutely calibrated since the number

of particles in the aerosol beam in the laboratory experiment is not known. The singly scattered

fluxes, which are also called the phase functions, have been normalized such that their average

over all directions equal one (Hansen & Travis 1974).

For use in our adding-doubling radiative transfer algorithm, we expand the scattering matrix

elements into generalized spherical functions (de Rooij & van der Stap 1984). Specifically, the

matrix elements are representative for what Moreno et al. (2006) call the ‘shape 5’ particles, with

an average projected surface area of 4.2 µm2 and equivalent radii of up to 1 µm. The modeled ring

will therefore be more akin to the E-ring of Saturn which has particle sizes between 0.2 and 10 µm

Article number, page 13 of 34



Veenstra et al.: A polarimetric model for transiting and non-transiting exoplanets with rings

Fig. 3: The phase function or flux (top) and degree of polarization (bottom) of incident unpolarized
light that has been singly scattered by gas molecules (orange, dashed) and the irregularly shaped
ring particles (Moreno et al. 2006) (blue, solid) as functions of the single scattering angle Θ. The
fluxes have been normalised such their average over all scattering directions equals one (Hansen
& Travis 1974). Positive (negative) polarization indicates a direction of polarization perpendicular
(parallel) to the plane through the incident and scattered light beams.

(Ye et al. 2016). Using larger, macroscopic particles would mean that their mutual shadowing

would have to be taken into account. This is not needed to illustrate the basic effects of a ring on

the reflected flux and degree of polarization of a planet.

Our model ring is assumed to be horizontally homogeneous with an optical thickness b, the

value of which we will vary between 0.01 and 4.0. This is approximately the range of optical thick-

nesses at visible wavelengths found across Saturn’s horizontally inhomogeneous rings (Lissauer &

de Pater 2019).

4. Results

Before presenting and discussing the reflected light signals of planets with rings, we first discuss

the signals of a planet without a ring. Figure 4 shows the reflected flux F, the polarized flux Fpol,
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Fig. 4: The influence of the orbital inclination angle i on the reflected light of the ring-less planet
as functions of the planet’s true anomaly ν. From top to bottom: total flux F, polarized flux Fpol,
and degree of polarization P. For i = 0◦, phase angle α is 90◦ everywhere along the orbit. For
i > 0◦, the planet is at its maximum phase angle αmax at ν = 0◦ and 360◦, and at its minimum phase
angle αmin at ν = 180◦ (for i = 90◦, the planet is then precisely behind its star). The different lines
pertain to the following combinations: i = 0◦ (solid, blue): α = 90◦; i = 20◦ (dashed, orange):
αmin = 70◦, αmax = 110◦; i = 40◦ (dot-dashed, green): αmin = 50◦, αmax = 130◦; i = 60◦ (dotted,
pink): αmin = 30◦, αmax = 150◦; i = 90◦ (dot-dashed, purple): αmin = 0◦, αmax = 180◦.

and the degree of polarization P of our model planet as a function of the planet’s true anomaly ν

for orbital inclination angles i ranging from 0◦ (a face-on orbit) to 90◦ (an edge-on orbit). Similar

curves, although not computed using Pryngles, have been presented by e.g. Stam et al. (2004);

Buenzli & Schmid (2009) and the curves presented here are in agreement with those.

As can be seen in Fig 4, for i = 0◦, phase angle α is always 90◦, and consequently, F, Fpol, and

P are constant along the orbit. For i > 0◦, the planets are at their largest phase angles at ν = 0◦ and

360◦, while at ν = 180◦, they are at their smallest phase angles. For the edge-on orbit with i = 90◦,

the planet is precisely in front of its star at ν = 0◦ and 360◦, and thus in transit, and at ν = 180◦, the
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planet is precisely behind its star. While transit signals can be computed with Pryngles, they are

not included in our simulations.

As expected, P is largest around ν = 90◦ and 270◦ when α ≈ 90◦ and the single scattering

degree of polarization of the gaseous molecules is highest (see Fig. 3). The peak polarized flux

shifts towards ν = 180◦ with decreasing i because it is modulated with the total amount of reflected

light, which increases with decreasing α. The small peaks in P for i = 90◦ and small and large

values of ν are caused by light that has been scattered twice (Stam et al. 2004). The direction of

polarization of this light is parallel to the detector plane.

To explore the influence of a ring on the reflected light of a planet-ring system, we define a

standard system with a wide ring with rin = 1.2 and rout = 2.25 planet radii, similar to Saturn’s

ring (Lissauer & de Pater 2019). The ring optical thickness b is 1.0 and the ring particles have a

single scattering albedo ϖ of 0.8. Such a high albedo mimics the bright, icy particles in Saturn’s

ring. Considering the small probability that a ring has either exactly γ = 0◦ or γ = 90◦ and λr = 0◦

or λr = 90◦, we use more arbitrary parameter values. For our standard system, i = 20◦, λr = 30◦,

and γ = 60◦. Using Eq 1 we can calculate that the ring-plane crossings in this system happen at

ν = 69.4◦ and ν = 249.4◦. Between these true anomalies, the ring is seen in diffusely transmitted

light, while at smaller or larger values of ν, the ring is seen in reflected light.

In Sect. 4.1, we vary the ring orientation and orbital inclination. In Sects. 4.2 and 4.3, we show

the influence of the optical thickness b of the ring and the ring particle albedo ϖ. And lastly, in

Sect. 4.4, we look at the effect of different values of the outer ring radius rout on the light curves.

4.1. The influence of the ring orientation

Here we show the influence of the orientation of the ring for a given planetary orbital inclination

angle i. To limit the number of free parameters, we consider only two orbital inclination angles

i, namely 20◦ and 90◦, with the first inclination angle representing a planetary system that would

have been discovered using direct imaging, and the latter a system typically discovered using the

transit method.

Figure 5 shows for i = 20◦, F, Fpol, and P for ring inclination angles γ equal to 0◦ (a face-on

ring), 30◦, 60◦, and 90◦ (edge-on), and for ring inclination longitudes λr equal to 0◦, 30◦, 60◦, and

90◦. Figure 6 is similar to Fig. 5 except for i = 90◦. For comparison, the figures also include lines

representing the planet without a ring for the same i. Most of the curves in Figs. 5 and 6 show

angular features that are predominantly due to changing shadows (cf. Fig. 1). We will not discuss

all features in detail but rather point out a few characteristic ones.

First, while the phase curves of the planet itself are symmetric around ν = 0◦, a non-zero

ring inclination longitude λr makes them asymmetric. This has already been noted by Arnold &

Schneider (2004); Dyudina et al. (2005). We first discuss the case of i = 20◦ (Fig. 5). All curves

with γ = 90◦ (an edge-on ring) are the same, because the view on the ring is independent of

λr. In this edge-on orientation, the observer will receive no light that has either been reflected or
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Fig. 5: F (left), Fpol (middle), and P (right) of the light that is reflected by the model planet with a
Saturn-like ring with rin = 1.2 and rout = 2.25, b = 1.0, and i = 20◦ (αmin = 70◦ and αmax = 110◦) as
functions of the true anomaly ν. The ring inclination longitude λr is 0◦ (first row), 30◦ (second row),
60◦ (third row), and 90◦ (bottom row). For λr = 90◦ the ring is edge-on. The ring inclination angle
γ is 0◦ (blue, dash-dot-dot), 30◦ (green, long-dashed), 60◦ (red, long-dash-dot), or 90◦ (purple, dot-
dot). For γ = 90◦, there is no dependence on λr. The black lines are for the planet without a ring.
The images on the left illustrate the planet with its ring at ν = 0◦, thus when it is between the star
and the observer.

transmitted by the ring. That does, however, not mean that the ring leaves no trace in the light

curves: the shadow the ring casts on the planet reduces F and Fpol mostly between approximately

ν = 50◦ and 130◦, and 230◦ and 310◦. For λr = 90◦, the ring is seen edge-on independent of γ and

all differences with the ring-less planet curves are thus due to ring shadows on the planet.

For all geometries, the curves approach the curves of the ring-less planet at the ring-plane

crossings, where the ring is illuminated on its edge and the shadow is infinitely narrow. Depending

on its orientation, the ring can, however, still occult part of the planetary disk at the ring-plane

crossings, thus preventing the curves to be equal. An example of this is the curve for λr = 0◦ and

γ = 60◦, where F of the ringed planet is slightly lower than that of the ring-less planet at the ring-

plane crossing. For λr = 0◦, the ring-plane crossings occur at ν = 90◦ and 270◦ but for other values
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of λr and/or γ (the latter only when λr , 0), the location of the ring-plane crossings are different

and can be calculated using Eq. 1.

The ring-plane crossings usually manifest themselves in the light curves as sharp discontinu-

ities. A prime example of this discontinuity in Fig. 5 is the γ = 60◦ curve at λr = 0◦. Between

ν = 0◦ and ν = 90◦, the ring reflects light, strongly increasing F of the planet-ring system com-

pared to that of a ring-less planet. After the ring-plane crossing, the ring instead transmits light

and casts a shadow on the planet, decreasing F. The γ = 0◦ curve in the same plot shows similar

behavior but here the ring transmits and reflects along different parts of the orbit. The ring-plane

crossings appear to be even more pronounced in P than in the F and Fpol curves.

Looking at plots for Fpol, it is clear that the light that is reflected or transmitted by the ring

is usually less polarized than the light that is reflected by the planet and this suppresses P of the

system as a whole. This is straightforward to understand by looking at Fig. 3: on top of having a

lower P, at large scattering angles (small phase angles) the particles in the ring also scatter the light

with an opposite direction of polarization compared to the light that is scattered by the gas in the

planetary atmosphere, which further decreases P.

The ring shadow on the planet can increase P as it can break the symmetry of the illuminated

and visible part of the planet. Clear examples of this are all the curves with γ = 90◦. The edge-on

orientation of the ring prevents it from adding any reflected flux but there is still a slight increase

in P just before and after the ring-plane crossings. Another example is the initial dip in the curves

that γ = 60◦ has for both λr = 0◦ and 30◦. For these geometries, the ring will cast a shadow on the

planet just before the ring-plane crossing, further increasing the sharpness of the discontinuity.

The changes to the polarized flux curves due to the ring are less straightforward to understand

because it is not consistently lower than a ring-less planet. For example, for λr = 30◦ or λr = 60◦

the amount of polarized light is often higher in the second part of the orbit. This is a combination

of no, or less, shadowing of the planet by the ring and a high ring flux which, even though it has a

lower P, still has some P. The latter point is also clearly visible in polarized flux curves in Fig. 6

for λr < 90◦ that show bumps in the polarized flux curves at the beginning and end of their orbit.

It is interesting to note that although the ring does not reflect any light when λr = 90◦, the

presence of the ring, while faint, is still visible. In fact, very few geometries allow the ring to be

completely undetected. One such geometry is shown in Fig. 6. When γ = 90◦ the thin ring does

not cast a shadow nor does it reflect light. In fact, with the current model, any configuration where

the orbital inclination is the same as the ring inclination the ring is undetectable. If planet-shine

was to be added, the cases where the ring would be completely undetectable decrease to only one:

γ = 90◦ and i = 90◦.

Looking at an i of 90◦ in Fig. 6, the first thing to note is that the ring is much brighter when

transmitting light compared to when it’s reflecting light, the opposite of the behavior that was seen

in Fig. 5. To increase the clarity of the figure the peaks around 0◦ and 360◦ are cut off at 1, the value

of the peaks are mentioned in the figure subtext. The peaks can again be explained by looking at
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Fig. 6: Similar to Fig. 5, except for i = 90◦. The images on the left illustrate the system at ν = 0◦,
which, for i = 90◦, is precisely in front of the star, thus the nightside of the planet is turned towards
the observer. To keep the structures in the curves visible, we have limited the vertical axis in the
graphs for F, thus in some cases cutting off the forward scattering peaks. The missing peak values
are the following: for λr = 0◦ the lines reach 6.13, 5.37, and 2.25 for γ = 0◦, 30◦, and 60◦,
respectively. For λr = 30◦, they reach 5.36, 4.61, and 1.55, and for λr = 30◦ 2.38 and 1.65 for
γ = 0◦ and γ = 30◦, respectively.

Fig. 3 and the large peak at a scattering angle of 0◦. The forward scattering flux of the ring particles

can be almost a factor of 10 brighter than the maximum planetary flux. This peak also happens

at a moment in the planet’s orbit when the planet itself is very faint. Only considering the curves

as shown in Figs. 5 and 6 it might seem that a system with i = 90◦, λr = 0◦, and γ = 0◦ would

be more easily observed than any situation in Fig. 5. Practically, however, the large peak would

be hard to observe using direct imaging due to the small angular separation of the planet from the

star at that moment in its orbit. Depending on the distance to the star and the size of the planet

and ring these peaks could however be observable as stellar fluctuations. This has already been

demonstrated (Placek et al. 2014) in the infrared where a hot giant planet is comparatively much

brighter (Stam et al. 2004) but could in theory also be done in the visible part of the spectrum

(Sucerquia et al. 2020).
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Rotating the ring inclination longitude moves the ring-plane crossing but does not move the

location of the peak as it did in Fig. 5. This is to be expected as a scattering angle of 0◦ can only

happen when the ring is in between the observer and the star. The dramatic drops in P that were

present in Fig. 5 are still present in Fig. 6 but no longer completely change the shape of the curve.

Instead, the peak P is often only lowered, making it difficult to distinguish the curves from a ring-

less planet. A ring-less planet with clouds or an atmosphere that has a different molecular make-up,

for example, can already change the P significantly (see Stam et al. 2004; Karalidi et al. 2012).

Possible exceptions to the decreased distinguishability are the curves with λr = 30◦ as they show

unsymmetrical behavior. Observations during the two points in the orbit with the largest angular

separation, ν = 90◦ and ν = 270◦, would measure different valeus for F as well as for P. Such

unsymmetrical behavior is also possible due to seasonal effects for a horizontally inhomogeneous

ring-less planet as was already remarked by Dyudina et al. (2005). Seasonal effects can however

not explain the sharp changes at, for example, ν = 300◦ in F and P that occur at the ring–plane

crossings. These occurrences would therefore be something to search for.

4.2. The influence of the ring optical thickness

Figure 7 shows the influence of the ring optical thickness b on F, Fpol, and P of the light that is

reflected by the standard planet-ring system. First, we’ll discuss the influence of b on the light of

the system along the part of the orbit where the ring reflects, then the more complicated influence

along the part of the orbit where the ring diffusely transmits the incident light.

Where the ring reflects incident light (ν < 69.4◦ and ν > 249.4◦ in Fig. 7), the ring generally

increases the F of the system as whole, and this increase in F increases with b. The reflected F

does, however, not increase linearly with b: Fig. 7 shows that with increasing b, the increase in F

vanishes because the reflection by the ring reaches its asymptotic value. Note that along this part

of the orbit, the planet casts its shadow on a large part of the ring, which decreases the contribution

of F of the ring, although part of this shadow is also on the night-side of the planet, while the ring

hardly casts a shadow on the planet.

In reflected light, the polarized flux Fpol of the system is smaller than that of the ring-less planet

at the small values of ν, while it is larger at the large values of ν, and the difference increases with

increasing b but converges for the larger values of b. The reason for the lower and higher values of

P when the ring is added are due to the P of the light that is singly scattered by the ring particles,

which has an opposite direction of the P of the planet at the small values of ν, where the single

scattering angle is larger than 150◦, and the same direction at the largest values of ν, where the

single scattering angle is smaller than 150◦ (see Fig. 3).

What happens along the orbit where the ring diffusely transmits light (69.4◦ < ν < 249.4◦) is

more complicated: light that is transmitted through the ring adds to the flux of the system, and at

the same time shadows cast by the ring on the planet and the occultation by the ring of otherwise

illuminated parts of the planet play an important role by suppressing the flux of the planet (see
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Fig. 7: F (top), Fpol (middle), and P (bottom) as functions of ν for different values of the ring
optical thickness b. For this planet-ring system, i = 20◦, λr = 30◦, γ = 60◦, rin = 1.20, rout = 2.25,
and ϖ = 0.8. Optical thickness b ranges from 0.01 (dark blue) to 4.0 (brown). The solid black line
represents the planet without a ring.

Fig. 1). Figure 8 shows F, Fpol, and P of the diffusely transmitted light for a viewing angle of

0◦, different angles of incidence and as functions of b. The curves for F increase with b due to

increased scattering of light by the ring particles, until about b = 1 to 3 (depending on θ0 and

θ as that affects the effective optical thickness). For b = 1, F increases to higher than the flux

of the planet without ring. Increasing b further leads to a decrease of F as less and less photons

manage to get through the ring. The large drop in F when b = 4 can be explained as a combination

of a decreased planetary flux due to the shadowing and occultation and a strong drop-off in the

transmitted light by the ring.
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The relative larger values of F between about ν = 100◦ and 210◦, with the peak around ν = 160◦

are due to the changing size of the shadow of the planet on the ring. A similar behavior can be seen

for Fpol. Degree of polarization P decreases with increasing b as the amount of multiple scattered,

generally low polarized, light, also increases with b.

This is also a good time to mention when the assumption of rings with homogeneous optical

thicknesses breaks down. As long as the entire ring is illuminated and visible the assumption is

valid, regardless of the orientation of the ring. The problem lies with the occultations and shad-

owing of both the ring onto the planet and vice versa. In the case of an inhomogeneous ring, the

reflected or transmitted flux by the ring becomes dependent on the radius and an occultation of, or

shadow cast on, part of the ring would therefore have more or less effect. The error the assumption

introduces, considering two similar-sized rings, should be largest if the inner part of the ring is

much thinner. In a follow-up study, these effects could be explored.

Looking at the curves for P, it is clear that the weakly polarized ring-light dilutes Fpol of the

planet and thus decreases P of the planet-ring system. Between ν = 69.4◦ and ν = 249.4◦ when the

ring-flux is small, this depolarizing effect is less prominent, especially for b = 4.0: the very small

ring-flux hardly contributes to F while at the same time, the ring strongly shadows and occults the

planet.

4.3. The influence of the single scattering albedo

Next, we vary the single scattering albedo ϖ of the ring particles to mimic different compositions.

The icy particles surrounding Saturn would, for example, not survive at the distance between the

Earth and the Sun. Considering the recent discoveries of puffed-up planets, of which the transit

depth combined with their mass would indicate very small densities, that could possibly be ex-

plained by the presence of a ring (Piro & Vissapragada 2020) (as that could increase the transit

depth), it is important to also look at refractory materials (which have a lower albedo in the visible)

(Piironen et al. 1998; Ostrowski & Bryson 2019). Figure 9 shows F, Fpol, and P for the standard

planet-ring system and for ϖ ranging from 0.05 to 0.8.

Not surprisingly, increasingϖ increases F, regardless of whether the ring is seen in reflected or

transmitted light. Because for a given value of b, ϖ has no effect on the shadowing or occultation

by the ring, and because the single scattering polarization of the particles is independent ofϖ, Fpol

shows little dependence on ϖ, indirectly showing how small the contribution of the ring is to Fpol.

The variation in P is thus mostly due to the variation of F.

From comparing Figs. 7 and 9, we can conclude that for this planet-ring system, it appears

to be difficult to distinguish whether a curve is due to a larger ring optical thickness or a higher

albedo. Increases in either parameter lead to higher fluxes when the ring is reflecting light and a

larger b can also increase the transmitted flux: a fit of a measured light curve could be made with

some uncertainties in the optical thickness b and/or particle albedo ϖ. For a different orientation
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Fig. 8: The diffusely transmitted F (top), Fpol (middle), and P (bottom) as functions of the ring
optical thickness b for illumination angles θ0 ranging from 0◦ (blue) to 80◦ (green). The viewing
angle θ is 0◦.

of the ring and/or planetary orbit, this might be different, however, and that is something that a full

retrieval algorithm could find out.

4.4. The influence of the ring radius

The influence of the outer ring radius rout is shown in Fig. 10. The curves are very similar to the

curves obtained by varying the optical thickness b (Fig. 7) since increasing rout increases the re-

flected fluxes and, depending on the geometry, also the shadows in a similar way as increasing b.

There are some key differences, however. For example, along parts of the orbit where the ring is

transmitting light, the ring flux increases with increasing rout while it would decrease with increas-

ing b beyond a value of about 1.0 (see Fig. 11).
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Fig. 9: F, Fpol, and P as functions of ν for different single scattering albedosϖ of the ring particles:
0.05 (blue, dashed), 0.3 (orange, dashed-dot-dot), 0.5 (green, dotted), and 0.8 (red, short-dashed-
dotted). The system-parameters are i = 20◦, λr = 30◦, γ = 60◦, rin = 1.2, rout = 2.25, and b = 1.0.
The black line represents the planet without a ring.

Another difference compared to changing b is found in the polarized flux curves. Whereas

increasing b decreases Fpol because light that has been scattered multiple times is less polarized,

there is no such relation with the ring size: the larger the ring, the larger the amount of Fpol that

is added to the signal of the planet-ring system. With increasing rout, the curves for P converge as

the polarization signal of the rings starts to dominate that of the planet, except close to the ring-

plane crossing locations. This trend is helped by the fact that eventually, increasing rout no longer

increases the extent of the shadows on the planet.

The dips around ν = 15◦ and ν = 290◦ are interesting because they become more pronounced

when the ring becomes brighter as is evident from Figs. 7, 9, and 10. What is happening here is

that at these locations in the orbit, the scattering angle of the light that interacts with the ring is

opposite to the angle of the light that interacts with the planet. They thus cancel out and decrease

Article number, page 24 of 34



Veenstra et al.: A polarimetric model for transiting and non-transiting exoplanets with rings

Fig. 10: F, Fpol, and P as functions of ν for different values of the outer ring radius rout: 1.75 (blue,
dashed), 2.0 (green, dashed), 2.25 (purple, dashed), 2.5 (pink, dashed), 3.0 (orange, dashed), 4.0
(red,dashed), and 5.0 (brown, dashed). The system-parameters are i = 20◦, λr = 30◦, γ = 60◦,
rin = 1.2, ϖ = 0.8, and b = 1.0. The black line represents the planet without a ring.

P, which becomes more prominent when the ring flux is larger. For a ring size of rout = 5.0, the

ring flux dominates the planetary flux and P no longer approaches zero.

4.5. A Case Study

As a case study, we simulate the signals of "puffed-up" planet HIP 41378 f (Akinsanmi et al.

2020b; Alam et al. 2022), assuming that instead of a single planet, this is actually a planet with

a ring. It is suspected to have a ring because of the abnormally low planetary density of ρp =

0.09 ± 0.02 g cm−3 that a normal transit fit predicts. By including an opaque ring in the transit

fit Akinsanmi et al. (2020b) finds an average density of ρp = 1.2 ± 0.4 g cm−3 instead. Other

properties of this exoplanet that make it interesting to look at in this study are the following. The
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Table 4: System parameters determined by Akinsanmi et al. (2020b), presented here without their
uncertainty. The orientation of the ring is defined differently by Akinsanmi et al. (2020b) so our
values for γ and λr are different than theirs but represent the same ring orientation.

Parameter Value
Rp [R⊕] 3.7
a/R∗ 231.0
ip [◦] 89.97
rin [Rp] 1.05
rout [Rp] 2.6
γ [◦] -2.11
λr [◦] -24.92

planet has a relatively large semi-major axis of roughly 1.4 AU that, at 103 pc, translates to a

sky-projected angular separation of ∼13 mas (Santerne et al. 2019). This is large enough that the

planet could be resolved by proposed direct imaging telescopes like the Large UV/Optical/Infrared

Surveyor (LUVOIR) (The LUVOIR Team 2019). The planet is also cool (Teq = 294 K), so there is

no significant thermal emission that decreases the relevancy of the reflected light or the perceived

P. And lastly, the transit has been observed as part of the K2 mission (Howell et al. 2014) which

observed in similar wavelengths as the 633 nm that was used for the other results of this study.

A detailed fit of the transit using Pryngles is outside of the scope of this study so the results

of this simulation should be seen as a demonstration of the capabilities of Pryngles and a rough

indication of the detectability of the reflected light of this system. The system properties for a

ringed planet that were determined by (Akinsanmi et al. 2020b) are repeated in Table 4 and will

also be used here. In order to show the detectability of the reflected light, the two outermost values

of the optical thickness and the single scattering albedo of the ring particles that are possible within

the constraints of the values in Table 4, will be used to show four "extreme" situations. Especially

the particle albedo is hardly constrained by the transit fit but, as was shown in Fig. 9, can have a

big impact on the reflected flux. The two outer values of ϖ that were used to generate Fig. 9, 0.05

and 0.8, will also be used here, where it should be noted that aϖ of 0.8 is high for particles that are

presumed to be made of rocky materials considering the proximity of the planet to the star. Both

papers, however, predict that the average density ρ of the ring particles is 1.08 ± 0.3 g cm−3 which

is low compared to most rocky materials. This can be explained by porous materials (Carry 2012)

but perhaps also due to the presence of ice that is continuously deposited by some unknown source.

Regardless of the likeliness of icy particles, it is instructive to look at an upper limit which a ϖ of

0.8 represents.

Both studies assumed that the ring was completely opaque (Akinsanmi et al. 2020b; Alam et al.

2022) but this is not very realistic nor is it necessary for a similar transit depth. Above an optical

thickness of 4, modeled transits (not shown here) show that the transit depth is fairly close to the

one observed. Therefore, the lower bound is set at 4 and the upper bound is set at 20, which is high

enough to be a completely opaque ring for all intents and purposes. Since the orientation and size

of the ring are a much more direct result of the transit fit these things will not be varied. Again the

olivine particles are used which are comparable in size to the particles that were used in the follow-
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Fig. 11: F, Fpol, and P of HIP 41378f for different values of b andϖ as functions of ν. The magenta
curves pertain to the planet when assuming it is "puffed up", and the black curves to the planet when
assuming it has a ring, both based on values from Akinsanmi et al. (2020b). The magenta curve
has been omitted from the Fpol plot for clarity: it has the same shape as the black curve, but with
maximum values up to 0.0015 ppm. In the P-plot, the black and magenta curves overlap.

up study by (Alam et al. 2022). For simplicity, the same planetary atmosphere as in the previous

results has been used. For the planet-ring model this should be fine but considering the low density

that the planet in the planet-only model has, a simple, one-gas-type atmosphere is likely not the

right approximation.

The results of the simulation are shown in Fig. 11. It shows that even in the most favorable case

the contrast required to reliably observe the planet, in case it has rings, needs to be on the order

of 10−9. Such a contrast is currently not attainable with SPHERE/ZIMPOL (Thalmann et al. 2008)

or JWST (Carter et al. 2022), especially at the small angular separation of 13 mas. If we assume

that in the future the contrast and resolution that is needed can be achieved, we can start to say
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something about the differences between the planet-only model and the planet-ring model. Note

that the large spike in the curve of P before ν = 60◦ would not be observable due to the low flux at

that point in the orbit.

If we take the curve for the planet-only model as unknown in exact brightness but having the

presented shape, then it becomes clear that at least two measurements are necessary to reliably

differentiate between the two models. Considering the angular separation is largest around ν = 90◦

and ν = 270◦ the focus should be on differences in that region. Luckily, this is also where the

biggest differences are in both F and P. If there is a ring, a flux difference would be found when

measuring at ν = 90◦ and ν = 270◦ which would not be the case for the presented planet-only

model. This flux difference is there regardless of the optical thickness or single scattering albedo of

the ring but could be absent or changed if the ring has a different orientation. If the polarization of

the light is also measured, something could be said about the composition of the ring. For example,

assuming that the ring is truly opaque, so b = 20, P at ν = 90◦ would be a function of ϖ and so

could potentially be extracted. A thorough analysis of observations could extract both the optical

thickness and albedo based on the difference in P at ν = 90◦ and ν = 270◦.

Based on these results it should be possible to distinguish between a planet with a simple atmo-

sphere and a planet with a ring if they could be directly observed. If P is also measured it should

even be possible to extract some of the properties of the ring. As was mentioned in Sect. 4.1 and by

Dyudina et al. (2005), a planet that shows seasonal activities might also produce asymmetrical light

curves. A follow-up study could investigate this possibility based on the proposed atmospheres by

Alam et al. (2022). A third possible explanation comes from a recent study that shows that the ob-

served transit can be explained by the presence of an exomoon (Harada et al. 2023). The reflected

light of a planet with an exomoon could in theory also lead to a measured flux difference because

the moon may move in front of the planet, or vice versa. The chance of this happening during an

observation depends on the size and period of the moon as well as the observation frequency but

should be small, as was shown by Berzosa Molina et al. (2018). Berzosa Molina et al. (2018) also

showed that such transits (of the moon in front of the planet or vice versa) only result in shallow,

brief dips in the light curve. The dips were especially small in the curves for P (around 2%) and so

should be distinguishable from the effects of a ring.

5. Summary and Conclusions

We have looked at what effect a ring around an extrasolar planet has on the total reflected and

polarized flux. To compute the light curves we improved the python package Pryngles by basing

the radiative transfer calculations on an adding-doubling algorithm that includes all orders of scat-

tering and polarization (de Haan et al. 1987). In most of our results we used dusty rings that are

comprised of irregularly shaped particles with an effective radius of 1 µm. By varying different sys-

tem parameters their effect on the light curves has been characterized. The system parameters that

were varied are the ring orientation (see Sect. 4.1), the optical thickness of the ring (see Sect. 4.2),
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the single scattering albedo of the ring particles (see Sect. 4.3), and the ring size (see Sect. 4.4. To

put the work into context we finished by performing a simple case study of the HIP 41378 f planet

in Sect. 4.5.

Based on the characterization we can identify a number of general signatures indicative of the

presence of a ring. In general, the presence of a ring, that is not seen edge-on, causes the flux curve

to display two peaks due to the difference in reflected and transmitted flux. This behavior was also

reported in previous articles (Arnold & Schneider 2004; Dyudina et al. 2005). The inclusion of

polarization in this study, however, allows us to expand upon this and show that the increase in

flux due to the ring that caused the second peak has a substantially lower degree of polarization.

The lower degree of polarization of the light reflected or transmitted by the ring comes from the

difference between molecules and particles and is therefore almost always present. This dichotomy

between higher flux but a lower degree of polarization is therefore a key signature of a ring and

was also reported in a recent study by Lietzow & Wolf (2023). A notable exception to this would

be a planet that shows large, seasonal activity, as was also reported by Dyudina et al. (2005).

What sets the effect of rings apart from such a planet are the large changes in flux and degree

of polarization around the ring-plane crossings, when the ring is illuminated edge-on. Therefore

these sharp discontinuities would be something to look for in future observations. Lastly, due to the

occultation of the ring in front of the planet or the shadow cast onto the planet, the received flux

can be lower than expected, even when the ring is seen edge-on.

While each of the system parameters that were varied has distinct effects on the light curve

we demonstrated that there is also a big overlap between them. Especially when it comes to the

properties of the ring such as optical thickness, particle albedo, and size. Some of these properties,

like the size of the ring and its optical thickness, also have an effect on the stability of the ring.

So in order to draw a good conclusion, future observations should perform thorough fits of the

parameter space to extract as much information as possible. Such a fit should include eccentric

orbits, which is possible using Pryngles, and different planetary atmospheres as was done by

Lietzow & Wolf (2023). The variation of the latter is interesting to combine with observations in

different wavelength bands, in particular at wavelengths where gases in the planetary atmosphere

absorb, and where the planet is thus dark, which could highlight the presence of rings and help to

characterize them.

The case study showed that while it is currently not yet possible to directly observe such a

system, it might be with the next generation of telescopes like LUVOIR (The LUVOIR Team

2019). We show that it would be beneficial for those instruments to use polarimetry as it allows for

the identification of properties like the optical thickness and particle albedo of the ring, something

not possible using only flux measurements.

We find that the presence of a ring introduces unique features in the reflected and polarized flux

of a planet-ring system that depend on various ring properties. In order to identify rings, observa-

tions along the planetary orbit would be needed, in particular covering the ring-plane crossings,
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where discontinuities in the signals could be detected. Combining total and polarized flux obser-

vations could help to characterize the physical properties of rings, which would allow us to better

understand planet formation and the formation and evolution of the rings around the planets in our

Solar System.
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Appendix A: Computing ϕ − ϕ0 and β

We describe here the calculations for (ϕ − ϕ0) and β in more detail. Starting with the azimuthal

difference angle, and followed by the reference plane rotation angle β.

The azimuthal angles (ϕ and ϕ0) can be defined with respect to any plane containing the local

z-axis which makes the plane that also contains the observer an obvious choice since this eliminates

one of the two angles that need to be calculated, namely ϕ. Thus an expression is needed for ϕ0

which then automatically also becomes an expression for ϕ− ϕ0. Using the spherical law of cosine

an expression can be found for an intermediate angle we name δ which is used to find ϕ0 with

respect to the plane containing the direction to the observer and local z-axis,

ϕi,0 = π − δi , (A.1)

δi = arccos
(

cosα − cos θi,0 cos θi
sin θi,0 sin θi

)
, (A.2)

where the subscript i stands for the ith spangle.

Care has to be taken, however, in making sure the angle that is found using the above equation

is for a rotation that is clockwise when looking in the positive local zenith direction. Whether

the found angle needs to be adjusted depends generally on the orientation of the spangle, be it

planetary or ring, and the direction of the star-light. The dependency on the location of the star can

be understood from Fig. A.1 where α will change during the orbit, eventually moving to the other

side of the plane formed by ûi and ûobs, the normal vector of the spangle and the normal vector

Fig. A.1: The angles and unit vectors associated with each individual spangle i. They are: the phase
angle α, direction to observer ûobs, direction to the star ûs, normal vector ûi, illumination angle θi,0,
viewing angle θi, azimuthal angle ϕ0,i, and intermediate angle δi. The rotation angle βi is not shown
here.
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pointing to the observer respectively. For planetary spangles, the angles are modified as

(ϕi − ϕi,0) = ϕi,0 , (A.3)

(ϕi − ϕi,0) = −ϕi,0 , if yscat
i < 0 , (A.4)

with yscat
i the y-location of the spangle with respect to the planetary scattering plane. Where the

criterion there is to compensate for the flipping of the normal vector for spangles on the "southern"

hemisphere. The dependency on the location of the star is already incorporated into the y-location

with respect to the planetary scattering plane.

Since all ring spangles have the same normal vector there is no dependency on their location

on the ring. There is, however, a dependency on the orientation of the ring since it determines the

locations in the orbit where the flip in the rotation direction happens. The locations of these flips

are defined as the place where the plane containing the star, the planet, and the observer and the

plane containing the normal vector of the ring and the observer are parallel. A 2D projection of the

problem is shown in Fig. A.2 with the two vectors in the direction of the star ûstar, (1,2) representing

two moments in the orbit.

Two situations arise, depending on the orientation of the ring. If the normal vector of the

ring ûring is pointing in the +y direction,

(ϕi − ϕi,0) = −ϕi,0 , (A.5)

when the vector pointing to the star ûstar is on the −x side of the plane formed by ûring and the

observer. If ûring is pointing in the −y direction,

(ϕi − ϕi,0) = −ϕi,0 , (A.6)

when ûstar is on the +x side of the plane formed by that same plane.

The angle between the local meridian plane and the detector plane, β, is also calculated differently

for ring spangles compared to planetary spangles. For planetary spangles, the angle is only depen-

dent on their location on the planet. With the detector plane as the reference plane, β is calculated

as

xiyi ≥ 0 : βi = arctan
yi

xi
, (A.7)

xiyi < 0 : βi = π + arctan
yi

xi
, (A.8)

where the coordinates (xi, yi) are in the observer reference frame. The addition of π is there to make

sure the angle that is calculated rotates in the correct direction.

Because all ring spangles have the same normal vector the rotation angle does not depend on

the location of the individual spangles. Using the spherical cosine law we can find an equation that
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Fig. A.2: Illustration of the condition for changing the calculation of β, described in the text.

instead depends on the orientation of the ring

β = arccos
(

cosσ
sin θi

)
, (A.9)

β = π − arccos
(

cosσ
sin θi

)
, if ûy

ring < 0 , (A.10)

with σ = arctan2
(
ûz

ring/û
x
ring

)
the angle the normal vector makes with the x-axis and ûz

ring the z-

component of the normal vector. Again the condition of ûring
y < 0 is added to make sure the rotation

direction stays the same.
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3
Additional Theory

This part of the thesis provides additional background on the theory already presented in the paper
and adds some theory to topics that were used in the paper but for which no further explanation was
given. It will start with a very broad description of light followed by a more physical description of it than
was given in the paper. In this part, Sect. 3.1.1, some of the benefits of using Stokes parameters are
proven and given a bit more background. The next section, Sect. 3.2, gives some more background
on the phase matrix or scattering matrix as it was called in the paper. Sections 3.2.1 and 3.2.2 give
a short explanation of two scattering mechanics that were used in the paper, Rayleigh scattering, and
Mie scattering respectively. Lastly, Sect. 3.3 is about the two main particle distributions used when
describing the scattering of light by particles.

3.1. Polarization of light
Light can be described as a wave. This wave can be scattered by molecules and particles. The
atmosphere of Earth, for example, is blue due to molecules scattering the incident sunlight and clouds
are white because the incident sunlight is scattered by the large cloud particles. Describing these
phenomena mathematically is one of the oldest fields in physics. The theory for this section is taken
from Hansen and Travis [79] and Hovenier et al. [80] unless stated differently.

The flux of electromagnetic radiation is defined as the rate of energy that flows across a unit area
perpendicular to the direction of propagation. Because light is not a scalar wave, such as sound waves,
the flux alone is not a full description. The transverse nature of the electromagnetic wave gives rise to
polarization, a phenomenon where there is a preferred oscillation direction of the electric and magnetic
fields for all waves. In general, each wave is monochromatic and completely elliptically polarized.
Geometrically this means that the vector that represents the electrical field, at a fixed point in space,
rotates around the vector representing the direction of travel. Two special cases of the ellipse are a
straight line and a circle, corresponding to linear and circular polarization respectively.

Light is measured as the net effect of many waves, or photons, and is therefore generally partially
polarized. For light that is completely polarized, all waves have identical polarization ellipses. Light
coming from a star, when integrated over the stellar disk, is generally not polarized: all the waves have
completely uncorrelated polarization ellipses, and measuring the light on any meaningful time scale
would show no preferred direction of oscillation[11]. The flux of any arbitrary beam of light generally
contains a polarized and unpolarized part

𝐹 = 𝐹unpol + 𝐹pol. (3.1)

3.1.1. Exponential wave functions
Consider a parallel beam of light. In the plane perpendicular to the travel direction, two rectangular
axes 𝑙 and 𝑟 can be chosen coming from a point 𝑂 somewhere on the beam. The axes can also be
represented as mutually perpendicular unit vectors 𝑟𝑟𝑟 and 𝑙𝑙𝑙. Assuming the beam travels in the positive
z-direction, which is also defined as the direction of the vector product 𝑟𝑟𝑟 × 𝑙𝑙𝑙, the components of the
electric field are described as

𝐸𝑙(𝑡) = 𝑎𝑙(𝑡)𝑒𝑖(𝜔𝑡−𝑘𝑧−𝜖𝑙(𝑡)), (3.2)
𝐸𝑟(𝑡) = 𝑎𝑟(𝑡)𝑒𝑖(𝜔𝑡−𝑘𝑧−𝜖𝑟(𝑡)), (3.3)

where 𝑡 is time, 𝑘 = 2𝜋
𝜆 the wavenumber with 𝜆 the wavelength, 𝑎𝑙(𝑡) and 𝑎𝑟(𝑡) are the amplitudes

in the respective directions, 𝜖𝑙(𝑡) and 𝜖𝑟(𝑡) are the phases of the respective directions and 𝜔 is the
circular frequency. In Fig. 3.1 an example of a polarization ellipse is shown. The angle 𝜒 is the angle
between the semi-major axis of the ellipse and the 𝑙 axis, rotated anti-clockwise when looking in the
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Figure 3.1: The polarization ellipse for the electric vector. The direction of propagation is into the paper.
Taken from Hovenier et al. [80].

direction of propagation. The angle 𝛽 is not the angle between reference planes as it was defined in
the paper but rather a measure of the ellipticity. It is defined as

tan 2𝛽 = 𝑉
√𝑈2 + 𝑄2𝑉2

. (3.4)

For linearly polarized light, as was the topic in the paper, 𝛽 = 0∘. From now on 𝛽 will again be the angle
between reference planes unless stated otherwise.

Assuming linearly polarized light 𝜒 defines the direction of the polarized flux with respect to the
reference plane and is defined as

tan 2𝜒 = 𝑈
𝑄 , (3.5)

with 0∘ ≤ 𝜒 < 180∘, and with its value chosen such that cos 2𝜒 has the same sign as 𝑄.
This is also a good time to mention a different way of defining the degree of polarization that can

add a bit more information. When 𝑈 = 0, the light is either polarized perpendicular (𝑄 < 0, 𝜒 = 90∘) or
parallel (𝑄 > 0, 𝜒 = 0∘) to the reference plane and the degree of polarization can be defined as

𝑃 = −𝑄𝐹 , (3.6)

so that 𝑃 < 0 if the polarization is parallel and 𝑃 > 0 when the polarization is perpendicular to the
reference plane.

The Stokes parameters, as described in the paper, can also be expressed in terms of the electric
field components as

𝐹 = ⟨𝐸𝑙𝐸∗𝑙 + 𝐸𝑟𝐸∗𝑟 ⟩ = ⟨𝑎𝑙(𝑡)2 + 𝑎𝑟(𝑡)2⟩ , (3.7)
𝑄 = ⟨𝐸𝑙𝐸∗𝑙 − 𝐸𝑟𝐸∗𝑟 ⟩ = ⟨𝑎𝑙(𝑡)2 − 𝑎𝑟(𝑡)2⟩ , (3.8)
𝑈 = ⟨𝐸𝑙𝐸∗𝑟 + 𝐸𝑟𝐸∗𝑙 ⟩ = 2 ⟨𝑎𝑙(𝑡)𝑎𝑟(𝑡) cos 𝛿(𝑡)⟩ , (3.9)
𝑉 = 𝑖 ⟨𝐸𝑙𝐸∗𝑟 − 𝐸𝑟𝐸∗𝑙 ⟩ = 2 ⟨𝑎𝑙(𝑡)𝑎𝑟(𝑡) sin 𝛿(𝑡)⟩ , (3.10)

where 𝛿(𝑡) = 𝜖𝑙(𝑡) − 𝜖𝑟(𝑡), the brackets ⟨⟩ mean that the time average is taken and the asterisk repre-
sents the complex conjugate. A common factor is omitted from the right-hand sides of Eqs. (3.7–3.10)
since Stokes parameters are often only used in a relative sense, comparing them only to other Stokes
parameters from the same beam or another beam. The physical definition of the Stokes parameters
can be deduced from

Φ(𝜓, 𝜖) = 1
2 [𝐹 + 𝑄 cos 2𝜓 + (𝑈 cos 𝜖 + 𝑉 sin 𝜖) sin 2𝜓] , (3.11)
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where Φ(𝜓, 𝜖) is the flux one would measure through a linear polarisation filter with its optical axis
making an angle 𝜓 with the 𝑙𝑙𝑙 direction and 𝜖 is the constant retardation of 𝐸𝑟 with respect to 𝐸𝑙[79].
Using Eq. 3.11 it can be derived how the different Stokes parameters could be measured using a
rotating polarization filter, namely

𝐹 = Φ(0∘, 0) + Φ(90∘, 0) = 𝐹𝑙 + 𝐹𝑟 , (3.12)
𝑄 = Φ(0∘, 0) − Φ(90∘, 0) = 𝐹𝑙 − 𝐹𝑟 , (3.13)
𝑈 = Φ(45∘, 0) − Φ(135∘, 0), (3.14)
𝑉 = Φ(45∘, 𝜋/2) − Φ(135∘, 𝜋/2). (3.15)

Equations (3.12–3.15) show that 𝐹 is the total flux of light received, 𝑄 is the excess of flux having linear
polarization in the 𝑙𝑙𝑙 direction over flux that has linear polarization in the 𝑟𝑟𝑟 direction, 𝑈 is analogous to
𝑄 but in the directions 𝜓 = 45∘ and 𝜓 = 135∘, and 𝑉 is the excess of right-handed circular polarization
over left-handed circular polarization. Polarization is right-handed if, for an observer looking in the
direction of propagation, the electric vector moves in the clockwise direction.

In the case of a monochromatic beam of light 𝑎𝑙 , 𝑎𝑟, and 𝛿 are independent of time and the time
averaging is no longer needed. In this case it follows from Eqs. (3.7–3.10) that

𝐹 = √𝑄2 + 𝑈2 + 𝑉2, (3.16)

which corresponds to completely polarized light. In general, however, light is only partially polarized
and the equation turns into an inequality

𝐹 ≥ √𝑄2 + 𝑈2 + 𝑉2. (3.17)

As already mentioned in the paper, the Stokes parameters are often described by the column vector 𝐹𝐹𝐹
as

𝐹𝐹𝐹 = [𝐹, 𝑄, 𝑈, 𝑉], (3.18)

with again 𝐹 the total flux, 𝑄 and 𝑈 the linearly polarised fluxes and 𝑉 the circular polarized flux. Previ-
ously, it was stated that light can be split into polarized and unpolarized parts. This important property
can be proven using the above expression of the Stokes parameters. From Eq. 3.17 a possible ex-
pression for the unpolarized part of the light is found to be

𝐹𝐹𝐹𝑢𝑛𝑝𝑜𝑙 = [𝐹 − (𝑄2 + 𝑈2 + 𝑉2)1/2, 0, 0, 0] (3.19)

while the expression for the completely polarized part of the light is

𝐹𝐹𝐹𝑝𝑜𝑙 = [(𝑄2 + 𝑈2 + 𝑉2)1/2, 𝑄, 𝑈, 𝑉] . (3.20)

Bringing these equations together, the equality

𝐹𝐹𝐹 = 𝐹𝐹𝐹𝑢𝑛𝑝𝑜𝑙 +𝐹𝐹𝐹𝑝𝑜𝑙 , (3.21)

is indeed found.

3.2. Scattering
The scattering of light, when described using Stokes vectors, can be expressed in its most basic form
as a series of matrix multiplications [54] [80]

𝐹𝐹𝐹′(𝜆, Θ) = 𝐿𝐿𝐿(𝛽)𝑃𝑃𝑃(𝜆, Θ)𝐿𝐿𝐿(−𝛽)𝐹𝐹𝐹(𝜆, Θ), (3.22)

with 𝐹𝐹𝐹′(𝜆, Θ) the Stokes vector after scattering, 𝐿𝐿𝐿(−𝛽) the rotation matrix to rotate from the reference
plane to the scattering plane, 𝐿𝐿𝐿(𝛽) to rotate back to the reference plane, and𝑃𝑃𝑃(𝜆, Θ) the phase matrix (in
the paper called ”the scattering matrix”) which is a function of the particle composition, particle shape,
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particle size, particle orientation, the wavelength 𝜆 and the scattering angle Θ which is 0 for forward
scattering. The scattering plane is formed by the propagation direction of the incoming light and the
azimuthal direction in which the particle scatters the light. The phase matrix, in its most general form,
is a 4 x 4 Mueller matrix

𝑃𝑃𝑃(𝜆, Θ) = 𝜎𝑠𝑐𝑎𝑡
4𝜋𝑅2

⎡
⎢
⎢
⎢
⎢
⎣

𝑃11 𝑃12 𝑃13 𝑃14
𝑃21 𝑃22 𝑃23 𝑃24
𝑃31 𝑃32 𝑃33 𝑃34
𝑃41 𝑃42 𝑃43 𝑃44

⎤
⎥
⎥
⎥
⎥
⎦

, (3.23)

where 𝜎𝑠𝑐𝑎𝑡 is the scattering cross-section of the particle, 𝑅 is the distance to the particle and the
elements of the matrix are functions of the (confusingly called) scattering matrix 𝑆𝑆𝑆(Θ, 𝜙) with 𝜙 the
azimuthal scattering angle of the particle with respect to the incident radiation.

The scatteringmatrix describes how the electric field of the incident light changed after the scattering

(
𝐸𝑙
𝐸𝑟
) = 𝑒𝑖𝑘(𝑧−𝑅)

𝑖𝑘𝑅 𝑆𝑆𝑆(Θ, 𝜙)(
𝐸0𝑙
𝐸0𝑟
) (3.24)

with 𝐸0𝑙 and 𝐸0𝑟 the electric field components before the scattering and 𝑆𝑆𝑆(Θ, 𝜙) a 2x2 matrix defined as

𝑆𝑆𝑆(Θ, 𝜙) = [
𝑆2(Θ, 𝜙) 𝑆3(Θ, 𝜙)
𝑆4(Θ, 𝜙) 𝑆1(Θ, 𝜙)

] . (3.25)

The general form of the phase matrix has 16 unique elements making it computationally expensive
to work with. Luckily, multiple special cases based on symmetry arguments have been found to reduce
the number of independent parameters. These cases are frequently used because they are more easily
solvable and also represent common physical phenomena. The three cases that allow for the number
of independent elements of the phase matrix to be reduced are:

1. Perfectly spherical particles.
2. Randomly oriented particles, each with a plane of symmetry.
3. Randomly oriented asymmetric particles, if half the particles are mirror images of the other half.
4. Particles that are small compared to the wavelength.

If particles fall into any of the above, the phase matrix can be reduced to a matrix containing 6
independent parameters

𝑃𝑃𝑃(𝜆, Θ) = 𝜎𝑠𝑐𝑎𝑡
4𝜋𝑅2

⎡
⎢
⎢
⎢
⎢
⎣

𝑃11 𝑃21 0 0
𝑃21 𝑃22 0 0
0 0 𝑃33 𝑃43
0 0 −𝑃43 𝑃44

⎤
⎥
⎥
⎥
⎥
⎦

. (3.26)

Two well-known cases that fall into the categories described above are Rayleigh scattering and Mie
scattering. Both of which will be expanded upon in the next two sections.

3.2.1. Rayleigh scattering
Rayleigh scattering happens when the size of the particle is less than the wavelength of the incident
radiation and smaller than the wavelength inside the particle. It mainly happens in atmospheres or gas
clouds so it is important when modeling the light reflected by an extrasolar planet with an atmosphere.
The scattering matrix for very small particles is given by Hovenier et al. [80] as

𝑆𝑆𝑆(Θ) = 𝑖𝑘3𝛼 [
cosΘ 0
0 1

] , (3.27)

with 𝛼 the polarizability of the particle which is assumed to be isotropic. The polarizability of a material
is the tendency of said material to form a dipole moment when subjected to an electric field. If the
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polarizability is assumed to be isotropic it is defined as the ratio between the induced dipole 𝑝 and the
electric field 𝐸 that is inducing said dipole

𝑝𝑝𝑝 = 𝛼𝐸𝐸𝐸. (3.28)

The phase matrix corresponding to the scattering matrix shown in Eq. 3.27 is given by Hovenier
et al. [80] as

𝑃𝑃𝑃(Θ) = 𝜎𝑠𝑐𝑎𝑡
4𝜋𝑅2

⎡
⎢
⎢
⎢
⎢
⎣

1 + cos2 Θ cos2 Θ − 1 0 0
cos2 Θ − 1 1 + cos2 Θ 0 0

0 0 2 cosΘ 0
0 0 0 2 cosΘ

⎤
⎥
⎥
⎥
⎥
⎦

. (3.29)

In general, however, particles do not have truly isotropic polarizability and 𝛼 becomes a 3x3 tensor
describing the ratios for every combination of scattering directions. For anisotropic particles in a random
orientation, the phase matrix is given by Hansen and Travis [79] as

𝑅𝑅𝑅(Θ) = 𝜎𝑠𝑐𝑎𝑡
4𝜋𝑅2

⎛
⎜⎜

⎝

Δ

⎡
⎢
⎢
⎢
⎢
⎣

1 + cos2 Θ cos2 Θ − 1 0 0
cos2 Θ − 1 1 + cos2 Θ 0 0

0 0 2 cosΘ 0
0 0 0 2Δ′ cosΘ

⎤
⎥
⎥
⎥
⎥
⎦

+ (1 − Δ)

⎡
⎢
⎢
⎢
⎢
⎣

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥
⎥
⎥
⎥
⎦

⎞
⎟⎟

⎠

. (3.30)

where

Δ = 1 − 𝛿
1 + 𝛿/2 , (3.31)

Δ = 1 − 2𝛿
1 − 𝛿 , (3.32)

with 𝛿 defined as the depolarization factor which is the ratio of intensities parallel and perpendicular
to the plane of scattering, 𝐹𝑙/𝐹𝑟, for light scattered at Θ = 90∘ with unpolarized incident light. Isotropic
Rayleigh scatterers have 𝛿 = 0 while in general scatterers have 0 ≤ 𝛿 ≤ 1/2.

The only thing left to fully describe Rayleigh scattering is the scattering cross-section of the particles
which is given by [54][81]

𝜎𝑠𝑐𝑎𝑡 =
24𝜋3
𝑁2𝜆4 (

𝑛2 − 1
𝑛2 + 2)

2 6 + 3𝛿
6 − 7𝛿 , (3.33)

with 𝑁 the number of molecules per unit volume and 𝑛 the real part of the refractive index. Because
the refractive index of a gas is often close to one and so 𝑛2 + 𝑛 ≈ 3, the above equation is sometimes
also written as

𝜎𝑠𝑐𝑎𝑡 =
8𝜋3
3
(𝑛2 − 1)2
𝑁2𝜆4

6 + 3𝛿
6 − 7𝛿 . (3.34)

For a detailed derivation of the scattering cross-section for Rayleigh scattering the book by Liou [81]
provides a comprehensive explanation.

A good example of Rayleigh scattering is a phenomenon that is observable (almost) every day:
the blue sky. Because the molecules in the air are small enough compared to the wavelength of the
incident sunlight, they behave as Rayleigh scatterers. Rayleigh scattering is dependent on the wave-
length of the incoming radiation as 𝜆−4 (see 3.34), meaning that shorter wavelengths, i.e. blue light,
get scattered more.

3.2.2. Mie scattering
Mie scattering describes the scattering of light by homogeneous spheres and stems from the solution
of Maxwell’s equations for spheres, named after Gustav Mie. For these particles, the scattering matrix
is given by

𝑆𝑆𝑆(Θ) = [
𝑆1(Θ) 0
0 𝑆2(Θ)

] , (3.35)
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where

𝑆1(Θ) =
∞

∑
𝑛=1

2𝑛 + 1
𝑛(𝑛 + 1) [𝑎𝑛𝜋𝑛(cosΘ) + 𝑏𝑛𝜏𝑛(cosΘ)] , (3.36)

𝑆2(Θ) =
∞

∑
𝑛=1

2𝑛 + 1
𝑛(𝑛 + 1) [𝑏𝑛𝜋𝑛(cosΘ) + 𝑎𝑛𝜏𝑛(cosΘ)] , (3.37)

and

𝜋𝑛(cosΘ) =
𝑑𝑃𝑛(cosΘ)
𝑑 cosΘ , (3.38)

𝜏𝑛(cosΘ) = cosΘ 𝜋𝑛(cosΘ) − sin2 Θ 𝑑𝜋𝑛(cosΘ)𝑑 cosΘ , (3.39)

with 𝑃𝑛(cosΘ) a Legendre polynomial and 𝑎𝑛 and 𝑏𝑛 coefficients that depend on the complex refractive
index 𝑛𝑐 = 𝑛𝑟 − 𝑖𝑛𝑖 and the size parameter 𝑥 of the sphere

𝑥 = 𝑘𝑟 = 2𝜋𝑟
𝜆 (3.40)

with 𝑟 the radius of the sphere, 𝑘 the wavenumber as defined in Eq. 3.2, and 𝜆 the wavelength. The
relation between the scattering matrix and the elements of the phase matrix, as given by Eq. 3.26 is

𝑃11 =
2𝜋𝑅2
𝜎𝑠𝑐𝑎𝑡

(𝑆1𝑆∗1 + 𝑆2𝑆∗2), (3.41)

𝑃21 =
2𝜋𝑅2
𝜎𝑠𝑐𝑎𝑡

(𝑆1𝑆∗1 − 𝑆2𝑆∗2), (3.42)

𝑃22 = 𝑃11, (3.43)

𝑃33 =
2𝜋𝑅2
𝜎𝑠𝑐𝑎𝑡

(𝑆1𝑆∗2 + 𝑆2𝑆∗1), (3.44)

𝑃43 = 𝑖
2𝜋𝑅2
𝜎𝑠𝑐𝑎𝑡

(𝑆1𝑆∗2 − 𝑆2𝑆∗1), (3.45)

𝑃44 = 𝑃33. (3.46)

Computing 𝑎𝑛 and 𝑏𝑛 is crucial in determining the phase matrix and thus the scattering behavior of
spheres. A full treatment of how to compute these coefficients is beyond this report but is well de-
scribed in Hovenier et al. [80] and Mishchenko [82]. Numerical methods to calculate the coefficients
can be found in Dave [83] and Kattawar and Plass [84].

3.3. Particle size distributions
For particles too large to fall into the Rayleigh-scattering criterion their size becomes an important
property. Naturally occurring particles do not all have the same size but instead follow a size distribution
𝑛(𝑟). This particle size distribution is used to modify the phase matrix to simulate the phase matrix of
a unit volume with particles. When modifying the phase matrix, each element becomes

𝑃𝑖𝑗(Θ) = ∫
𝑟2

𝑟1
𝑃𝑖𝑗(Θ, 𝑟)𝑛(𝑟)𝑑𝑟 , (3.47)

where 𝑃𝑖𝑗(Θ) now describes the interaction with a unit volume instead of a single particle and it is
assumed that the size distribution is normalized.

A standard and often used size distribution is given by Hansen [85]

𝑛(𝑟) = 𝐶𝑟(1−3𝜈𝑒𝑓𝑓)/𝜈𝑒𝑓𝑓𝑒−𝑟/(𝑟𝑒𝑓𝑓𝜈𝑒𝑓𝑓), (3.48)
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where 𝐶 is a proportionality constant, 𝑟𝑒𝑓𝑓 is the effective radius of the particles and 𝜈𝑒𝑓𝑓 is the effective
variance of the size distribution which are defined as

𝑟𝑒𝑓𝑓 =
∫𝑟2𝑟1 𝑟𝜋𝑟

2𝑛(𝑟) 𝑑𝑟
∫𝑟2𝑟1 𝜋𝑟

2𝑛(𝑟) 𝑑𝑟
, (3.49)

𝜈𝑒𝑓𝑓 =
1
𝑟2𝑒𝑓𝑓

∫𝑟2𝑟1 (𝑟 − 𝑟𝑒𝑓𝑓)
2𝜋𝑟2𝑛(𝑟) 𝑑𝑟

∫𝑟2𝑟1 𝜋𝑟
2𝑛(𝑟) 𝑑𝑟

(3.50)

respectively. This distribution is a variation of a gamma distribution and is often used to describe
particles in planetary atmospheres [54, 79].

Particles in rings, like those around Saturn, are assumed to have a different size distribution which
is best approximated by a power law [2, 86, 87]

𝑑𝑛
𝑑𝑟 ∝ 𝑟

−𝜇 . (3.51)

This is the outcome of an ideal collisional cascade and is, for example, also observed in the mass
distribution of asteroids [88]. The size distribution for a system following a power-law is defined by
setting a minimum and maximum particle size and is dependent on the value of the power-law index
𝜇. Rewriting to put the size distribution in the same form as Eq. 3.48 gives

𝑛(𝑟) = 𝑛0 (
𝑟
𝑟0
)
−𝜇
, 𝑟𝑚𝑖𝑛 ≤ 𝑟 ≤ 𝑟𝑚𝑎𝑥 , (3.52)

with 𝑛0 the number of particles at reference radius 𝑟0.





4
Additional results

In this chapter, some results that were generated but that were not relevant to the paper are presented.
They are included because they represent interesting behavior that is worth sharing and further show-
case the versatility of the model that was developed. The topics are a bit unconnected so each section
will have its own short introduction and discussion and conclusion section. In Sect. 4.1 the planetary at-
mosphere that was used in the paper and all other computations, unless stated otherwise, is described.
To include this in the paper would have been a bit much but some interesting conclusions about the
scattering of light can still be drawn from the results. Following that, Sect. 4.2 tries to answer the third
research question: Can a transit fit predict the flux and degree of polarization curves along the rest
of the orbit?. To do this the light curve of the well-known system J1407 is computed based on data
gathered from numerous papers. The computed light curve will serve as an upper limit for unpublished
data, courtesy of Matthew Kenworthy.

4.1. Different planetary atmospheres

Before any of the computations that were done for the paper on different ring orientations and com-
positions, a suitable model for the planet had to be chosen. To not complicate the results, a simple
atmosphere that consisted of only gas and that was made up of a single layer would suffice. That still
left a choice in the optical thickness of the atmosphere and the surface albedo of the planet.

In Fig. 4.1 the flux, polarized flux √𝑄2 + 𝑈2 and degree of polarization are shown for a planet with
an orbital inclination 𝑖 of 60∘ with different surface albedos and optical thicknesses. As expected, all
configurations have their maximum flux at a true anomaly 𝜈 of 180∘, when the phase angle is smallest.
The difference in reflected flux because of different optical thicknesses is also most apparent at this
point. A smaller optical thickness means more light reaches the surface which explains why the flux is
smaller for smaller optical thicknesses as long as the surface albedo is not zero. Increasing the surface
albedo causes a slight increase in the reflected flux if the optical thickness is small enough. When the
atmosphere has an optical depth of 80 the flux curves show almost no dependency on the surface
albedo. The absolute difference between a surface albedo of 0.0 and 0.5 is approximately 2 × 10−4.
At this optical depth, the light that reaches the surface, and gets reflected back, is negligible and the
atmosphere is almost completely opaque. Increasing the surface albedo to 1.0 causes all the curves
to overlap as this effectively makes the optical thickness arbitrarily high.

Perhaps the most interesting result is that the polarized flux curves all overlap, even though there
is a difference in total flux. This can be explained by the fact, that beyond a certain optical thickness,
increasing the optical thickness only increases the flux from light that has been scattered multiple times.
Multiply scattered light is only weakly polarized [7] and the majority of polarized flux comes from singly
scattered light which has already reached its maximum contribution at the optical thicknesses consid-
ered. Zooming in on the results, which is done in Fig. 4.2, the small increases in polarized flux can be
made visible. The values that are shown, are the increase in polarized flux compared to the curve with
an optical thickness of 10. The surface albedo does not add any polarized flux so the differences are
purely due to the optical thickness differences. While there are differences, they are so small that they
are completely irrelevant for any detection. That multiply scattered light is only weakly polarized can
also be deduced from the degree of polarization curves, which show a decrease with increasing optical
thickness.

55
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Figure 4.1: The reflected total flux 𝐹 (left), the polarized flux √𝑄2 + 𝑈2 (middle), and the degree of
polarization 𝑃 (right) of a planet with an orbital inclination 𝑖 of 60∘ for different planetary surface albedos,

increasing from top to bottom from 0 to 1, and various optical thicknesses of the atmosphere:
𝑏𝑎𝑡𝑚𝑜𝑠 = 10, 20, 40, 50, and 80.

4.1.1. Summary and discussion
Based on the results presented here it was decided that the atmosphere of the planet should have
a small optical thickness to make it stand out from a completely opaque planet. An optical thickness
of 10, paired with a surface albedo of 0.5 was chosen as the planet to be used in the simulations
presented in the paper. The surface albedo of 0.5 can represent the presence of a deep cloud layer
when averaged over the entire sphere of the planet. The chosen planet can best be described as the
least boring option out of multiple boring options. It is clear that without adding any real clouds or other
absorbing gasses, like CH4 the reflection of a planet is pretty featureless. This is fine for demonstrating
the effect that rings have on the light curve but for a follow-up study of rings around exoplanets, it might
be interesting to add methane or clouds to the planet to increase the realism and make the signal of the
planet more wavelength dependent. Some examples of studies demonstrating the effect that clouds
or the presence of other absorbing gases in the atmosphere have on the flux and polarization curves
are Stam et al. [7], Karalidi et al. [66, 70], Rossi et al. [89].
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Figure 4.2: The absolute difference in polarized flux compared to a planet with an optical thickness of 10 for
different surface albedos. The system has the same parameters as the one shown in Fig. 4.1. Note the

scale on the y-axis for a surface albedo of 1.
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4.2. Predicting the flux and polarization signal of J1407b
One of the research questions that was posed in the introduction is about modeling the light curve of
a ringed-planet candidate based on information that has been gained from a fit of its transit. Perhaps
the most (in)famous example of a possible ringed-planet candidate is J1407b, as was also mentioned
in the introduction. There has already been a lot of analysis of the transit (see e.g. Kenworthy and
Mamajek [35], Mamajek et al. [37]) and the dynamics of the system (see e.g. Rieder and Kenworthy
[51], Sutton et al. [90]). Since no new transit has been observed and given the existing amount of
research, there is little scientific gain from fitting the transit again using Pryngles.

Given the novelty of Pryngles, computing the reflected light would still be interesting, although
it will not be the first time that the reflected (or transmitted) light of the system will be modeled [53].
The previously published model, however, was focused on creating an upper limit for measurements
done using the ALMA radio telescope so computing the reflected light at 633 nm, including the de-
gree of polarization, is new. A distinction between published and unpublished was made because,
through contact with Dr. M. Kenworthy, I learned that there has been an observation campaign of
J1407 using the SPHERE/ZIMPOL instrument but that the data was never published. As mentioned
in the introduction, ZIMPOL is capable of measuring the degree of polarization of light that is reflected
by exoplanets, which makes the use of Pryngles even more relevant. The observations showed no
signal so computing the reflected light would serve as an upper limit to the expected signal and confirm,
or disprove, the non-detection. Such an upper-limit study was also performed by van Dam et al. [91]
(the unpublished paper) by computing the light reflected by a simple model of the disk. The disk was
modeled using MCMax [92] and they varied the grain size of the particles in the disk between 0.1, 1.0,
and 10 microns, each for different distances from the star expressed as angular separations of 30 up
to 80 milliarcseconds (mas) in steps of 10 mas [91]. The model that was used had some shortcomings,
however, which could be improved upon. Some of the shortcomings were: The use of a single grain
size instead of a size distribution, not varying the orientation of the ring system with respect to the
star, and not varying the optical thickness of the ring. It was also unclear what orientation the ring had
that they used; what shape the particles had or what they were made of. Some of these things will,
hopefully, be improved in the following analysis.

4.2.1. Parameter Sweep
To better understand the effect that different properties of the ring and orbit have on the reflected light a
parameter sweep is done. The parameters that will be varied are the eccentricity of the orbit, the optical
thickness of the ring, and the particle type/size. The range of these parameters needs to be realistic
and so their values are taken from the numerous papers written about J1407b, they are displayed in
Table 4.1. These choices, however, need some explanation before the results of the simulation will be
shown as some of the values are quite uncertain.

Figure 4.3: The modeled system, shown here with an eccentricity of 0.4 and at a true anomaly of 0∘. The
yellow dot is the star and the white dot is the planet.
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Table 4.1: The model parameters that were used for the parameter sweep. The values were taken from
different studies (but not the unpublished study [91]) where necessary. Values that have – as the source are

either derived from other values or chosen.

Parameter Value Source
𝑀J1407 1.0 𝑀⊙ [51, 90]
𝑑 139 pc [53]
𝑖 [89.1∘, 88.8∘, 88.3∘, 87.3∘,84.8∘] –

𝑀J1407b 20 𝑀Jupiter [35, 90]
𝑅J1407b 1.5 𝑅Jupiter –
𝑎 5 AU [52, 93]
𝑒 [0.4,0.5,0.6,0.7,0.8] [35, 51, 90]
𝑟in 0.2 AU [35]
𝑟out 0.6 AU [35]
𝛾 65.8∘ [35]
𝜆𝑟 33.43∘ [35]
𝑏 [0.1, 0.6, 1.0, 1.4] –
𝜛 0.3 –

Particle Olivine dust (𝑟eff = 1 𝜇𝑚 [94]) & perfect spheres (𝑟eff = 5 𝜇𝑚) [53]

In this study, it is assumed that the object that caused the transit light curve is on a bound orbit
around its star J1407 (so it will be called J1407b) and that the point where it transits is at the orbit’s
pericenter. The latter is needed to account for the highest observed transit velocity of 32.2 kms−1 [52].
As this is meant as an upper limit test the semi-major axis 𝑎 is initially kept fixed at 5 AU to account for
the shortest possible orbital period of approximately 11 years [93]. A smaller semi-major axis means
a higher reflected flux. The eccentricity 𝑒 is varied to show the effect of different separations and also
because the eccentricity is a topic of contention, with different papers finding different values [51, 90].
The assumed eccentricity is always quite high though (𝑒 > 0.4) which makes the pericenter distance
quite small (around 1 AU). This, paired with the large size of the ring, makes the assumption of uni-
directional light problematic. To fix this, the Pryngles code was adjusted such that spangles can have
their own illumination angle. The assumption that the star is a point source still remains, however. A
more detailed description of the solution and the study surrounding it can be found in Sect. A.1 (where it
is described as the ”simple” solution). The orbital inclination 𝑖 was varied because the impact parameter
obtained from the fit of the transit, done by Kenworthy and Mamajek [35], was dependent on the transit
velocity. As the eccentricity changes with a fixed semi-major axis the distance to the star as well as the
speed at the pericenter will also change. Due to the way the transit velocity was measured, based on
the rate of change of the flux, there were multiple observed transit velocities. Thus changing the speed
does not immediately discredit the model (it was also done in previous articles [51, 90]).

The mass of J1407b is still debated and the value chosen here is a bit of a guess. Luckily, it does
not directly influence the data as the orbits are not simulated but it does have an effect on the possible
size of the planet. The value for 𝑅𝐽1407𝑏 is a bit arbitrary but lies in the range of possible sizes for a
small brown-dwarf [95] or a gas giant and is also close to the values of 1.3𝑅𝐽𝑢𝑝𝑖𝑡𝑒𝑟 and 1.46𝑅𝐽𝑢𝑝𝑖𝑡𝑒𝑟
that have been used before by Kenworthy et al. [53] and Mamajek et al. [37] respectively. The ring
size and orientation are based on the fit of the transit made by Kenworthy and Mamajek [35]. The
optical thickness of the ring is based on the values found for different parts of the ring in that same
fit. A ring with a homogenous optical thickness is used for simplicity and again to represent an upper
limit. Considering the age of the system, estimated to be around 21 Myr [93], and the potentially
close approach of around 1 AU, pure icy particles are unlikely. Instead, a mixture of ice and refractory
material is approximated by giving the particles an albedo 𝜛 of 0.3. Lastly, the particles are chosen
to demonstrate the difference in particle size, as well as the difference between irregular particles and
perfect spheres. This latter is also done as a demonstration of the problems with using perfect spheres
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as was mentioned already in the paper (see Sect. 2). It should be noted that due to the sharp forward
scattering peak that these larger spherical particles have, the interpolation method had to be changed
to a bilinear interpolator instead of the bicubic spline interpolator that was used for the results presented
in the paper (see Sect. 2) to avoid interpolation artifacts such as overshoots. Tests, not shown here,
have proven that the bilinear interpolator does not introduce significant errors but in the future, a more
well-rounded interpolation algorithm should be found/used. To better understand the supposed size of
J1407b and show the orientation of the ring, Fig. 4.3 shows the system at a true anomaly of 0∘. On
visual inspection, it appears to be the same as the one that was displayed in Kenworthy and Mamajek
[35].

4.2.2. Results of the parameter sweep

The flux, polarized flux, and degree of polarization curves generated in the parameter sweep using
olivine dust particles are shown in Fig. 4.4 and those using spherical particles in Fig. 4.5. Contrary to
the results shown in the paper (see Sect. 2), the presented fluxes are given in terms of the difference
in magnitude Δ𝑚 compared to the stellar magnitude. This is a logarithmic scale defined as

Δ𝑚 = −2.5 log10 (
𝐹J1407b
𝐹star

) (4.1)

where lower values correspond to higher fluxes. These units were chosen because they were also
used in the unpublished article which made comparisons easier. Since the point is to say something
about the upper limit of detectability the discussion of the results will only be brief and will only focus
on some of the key features.

The most striking features of the flux, polarized flux, and degree of polarization curves are probably
the sharp peaks that occur at around 125∘ and 305∘ in all three. These are the ring-plane crossings,
where the ring is lit edge-on, and they show just how little light the planet reflects in comparison to the
giant ring. The light reflected by the ring is only lightly polarized, something that is evident from the
sharp peaks in the degree of polarization plots that are caused by the planet-only signal. Unexpect-
edly, varying the orbital eccentricity (from top to bottom) appears to move the location of the ring-plane
crossings a tiny bit. What is happening is that the orbital inclination changes due to the eccentricity
which in turn moves the ring-plane crossings. Changing the eccentricity scales the reflected and trans-
mitted flux because of the changes in the distance to the star. There is also a large difference in the
amount of reflected light going from an optical thickness of 0.1 to >0.6 which initially looks wrong but
can be explained by looking at Fig. 4.6. In this figure, the reflected flux is shown as a function of the
optical thickness for different illumination angles. Looking at the flux curve, there is a large decrease for
𝑏 = 0.1 compared to the other optical thicknesses, regardless of the illumination angle, which explains
the behavior observed in Fig. 4.4 and Fig. 4.5.

On a side note, the graphs shown in Fig. 4.6 also show some interesting behavior that is worth
explaining, but slightly off-topic. The behavior is only visible when the degree of polarization is defined
using Eq. 3.6. Each curve in the degree of polarization graph in Fig. 4.6 starts with either 𝑄 > 0 or
𝑄 < 0 depending on the scattering angle. This is again made visible in Fig. 4.7 that shows the angle
of the polarization 𝜒 and 𝑄 itself. At what scattering angle the sign of 𝑄 changes is a direct result of
the single scattering behavior of the particles, as shown in Fig. 3 in the paper. Single scattering is
not the only source of polarized light though and as the optical thickness increases, multiple scattering
of light begins to also add some polarized light. This light is polarized less strongly and is polarized
perpendicular to the scattering plane. Knowing this, the sign change of 𝑃 that is observed for 𝜃0 = 30∘
is easily explained as the polarized flux due to multiple scattering overpowering the single scattering
polarized flux that is parallel polarized. The same thing happens for 𝜃0 = 10∘ and 𝜃0 = 20∘ but the
effect is less extreme, as can be seen in the polarized flux plot of Fig. 4.6 and in the 𝑄 plot of Fig. 4.7.



4.2. Predicting the flux and polarization signal of J1407b 61

Figure 4.4: The reflected total flux 𝐹 (left), the polarized flux √𝑄2 + 𝑈2 (middle), and the degree of
polarization 𝑃 (right) of the circumplanetary disk around J1407b for different ring optical thicknesses and
orbital eccentricities. Modeled at a wavelength of 633 nm. The disk is made up of the same olivine dusty

particles as in the article 2, with an albedo of 0.3.
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Figure 4.5: Similar to Fig. 4.4 but with a disk that contains spherical particles with a refractive index of 1.6, a
radius of 5 𝜇m, with the ring modeled at a wavelength of 1000 nm, and the planet at 633 nm. The difference
in wavelength between the ring and the planet is small enough, and the flux of the planet is insignificant

enough that this should not be a problem.
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Figure 4.6: The diffusely reflected flux, polarized flux, and degree of polarization as a function of the optical
thickness for various illumination angles 𝜃0. The viewing angle is constant and set to 0∘.

Figure 4.7: The graph on the left shows the scattering angle 𝜒 and the graph on the right is the linearly
polarized flux 𝑄, both as a function of the optical thickness and for various illumination angles 𝜃0 similarly

to Fig. 4.6.
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Coming back to Fig. 4.4 and Fig. 4.5 it is interesting to look at the differences between using irregular
particles and perfect spheres (Mie-scattering) as the latter is often used when modeling reflected light.
There are some known artifacts when using Mie-scattering, however, like rainbow and glory effects
that cause high degrees of polarization. The rainbow effect is also clearly visible in the graphs as the
large spikes around a true anomaly of 180∘. Another clear effect of using Mie-scattering is the lower
back-scattering flux compared to the olivine particles. Besides the peak, at around a true anomaly
of 180∘, the back-scattered light using Mie-scattering is consistently lower than when irregular particles
are used. This is in part also due to a larger particle size which lowers the back-scattering but increases
the forward-scattering peak. Particles that are found in the rings in the solar system are not perfectly
spherical and there is no indication that this is not a general property of ring particles. Using the Mie-
scattering results to set an upper limit on the degree of polarization is therefore not very realistic. Mie-
scattering can, however, be accurate in predicting the forward scattering peak, as that is mostly a
function of particle size [96, 97]. So the results for the initial and final part of the orbit could be used to
set an upper limit on the particle size.

Figure 4.8: Adapted from Fig. 6 from van Dam et al.
[91]. Their calculated detection limit in Δ𝑚 for the

intensity is given as a function of angular separation
in milliarcseconds mas.

The highest fluxes occur when the rings are trans-
mitting light, which was expected given the orbit ge-
ometry and the results from the paper. When the flux
is highest, however, the planet and ring are also at a
point in the orbit where the angular separation is the
smallest. This means it won’t be easy to directly ob-
serve the planet at that point. In both Fig. 4.4 and
Fig. 4.5, the forward scattering peak reaches a Δ𝑚 of
around 6, which equals a reflected flux to stellar flux
ratio of about 0.4%. While an increase like that should
be possible to detect, no notion of such an increase in
the observations could be found in any published pa-
pers. The star is also quite young so an increase in
flux could have been attributed to stellar activity given
that only a single transit has been observed. The com-
puted transmitted light thus does not yet constrain any
of the parameters.

To set an upper limit for the reflected flux it is per-
haps more important to do this at the point in the orbit
where the angular separation is maximum. There are

two points in the orbit where this occurs but because the light curve is not symmetrical the flux is differ-
ent at each point. The two points of maximum angular separation lie between a true anomaly of 110∘
and 150∘ and between 210∘ and 250∘, depending on the eccentricity. For example, when the eccentric-
ity is 0.4 the maximum occurs at a true anomaly of 110∘ and 250∘. The upper limit, as a function of the
angular separation, was set by van Dam et al. [91] and is shown in Fig. 4.8. At an angular separation
of 30 mas, the detection limit, expressed in Δ𝑚, is roughly 1.2. Considering that the maximum angular
separation in Fig. 4.4 and Fig. 4.5 lies between 22 and 33 mas (depending on the eccentricity) and that
the reflected flux has a Δ𝑚 of around 12 at that point (regardless of the eccentricity), it can be concluded
that purely the reflected flux would be well below the detection limit. The detection limit becomes better
with a larger angular separation but the reflected flux would also decrease with distance so this is still
not good enough to detect the reflected light. It is good to keep in mind that the system that was sim-
ulated was an almost best-case scenario in terms of the reflected flux because of the lowest possible
semi-major axis of 5 AU [93] and small particle size (in the case of the olivine particles). The latter
statement can be drawn from the results shown in Fig. 4.9. If J1407b were to emit thermal radiation it
could be brighter, regardless of the distance to its star, which was also assumed by van Dam et al. [91]
but in terms of reflected flux it seems correct that they did not detect anything.
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Figure 4.9: The flux (top) and degree of polarization (bottom) of incident unpolarized light that has been
singly scattered by the gas molecules, the irregularly shaped ring particles [94, 98], and perfect spheres
with radii of 20𝜇m and 40𝜇m as functions of the single scattering angle. Similar to the single scattering

figure in the paper (see, Sect. 2). This figure is copied over from App. A for clarity.
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Table 4.2: The model parameters that were used for the distance dependency study. Any value not
mentioned here is the same as in Table 4.1.

Parameter Value
𝑖 89.0∘

𝑒 0
𝜈 270∘

𝑎 3 − 20 AU
𝑏 1.0
𝜛 0.3

Particle Olivine dust (𝑟𝑒𝑓𝑓 = 1 𝜇𝑚 [94])

4.2.3. Varying the distance
Even though it is clear that the expected reflected flux is well below the detection limit, the degree of
polarization was also measured. In the unpublished paper by van Dam et al. [91] they also reported
on the detection limit of the degree of polarization which can be seen in Fig. 4.10. They assumed that
the flux of J1407b would mostly be due to thermal emissions, a reasonable assumption considering
the young age of the system and the suspected mass of J1407b. Any polarized flux would then come
only from the reflected starlight because thermal emissions have low polarization [7]. The magnitude
difference in the title of each plot alludes to the flux of J1407b which is dominated by the thermal emis-
sions. In order to compare any results better to the calculated detection limit, another computation will
be done to show the reflected flux, polarized flux, and degree of polarization as a function of the angular
separation. To do this the ring orientation is assumed to be known as both the original paper reporting
on J1407b [37] as well as the detailed fit show a similar orientation [35]. Since only the distance to the
star is important, the computations are done using a circular orbit, with an orbital inclination of 89∘, and
the data has been obtained at a true anomaly of 270∘. The ring has an optical thickness of 1.0 and is
assumed to be comprised of the more realistic olivine particles. A list of the used model parameters is
shown in Table 4.2.

The results of these extra computations are shown in Fig.4.11 and again confirm that the flux of
the system is well below the detection limit. The degree of the polarization curve cannot be compared
directly with the detection limit as shown in Fig. 4.10 because Fig. 4.11 only shows the reflected light.
This light has a quite high 10% degree of polarization but would not be observable due to the low
flux. Before a proper comparison with the detection limit is made, the unexpected changes in the
degree of polarization will be explained. Since the orbit is circular, and the degree of polarization is a
relative measure, it should remain constant when the distance to the star is increased (or decreased).
This is not the case here because of the large size of the ring and the therefore non-unidirectional
illumination angles. Even though the increase in the degree of polarization is small, only around 0.1%,
using unidirectional illumination angles would have introduced a significant overestimation considering
the detection limit for Δ𝑚 = 3 mag and Δ𝑚 = 4 mag is accurate on the order of 0.1%. As expected,
when the planet and ring move away from the star this effect diminishes, and beyond 100 mas the
assumption of uni-directional incident light would be accurate enough.

To properly compare the computed degree of polarization with the calculated detection limits, the
computed polarized flux has been used to calculate the degree of polarization in the case that there is
thermal emission. Assuming that the thermal emission is unpolarized the reflected light would be the
only source of polarization. Since the reflected flux is rather small the degree of polarization can be
approximated as

𝑃 =
√𝑄2𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑒𝑑 + 𝑈2𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑒𝑑

𝐹𝑡ℎ𝑒𝑟𝑚𝑎𝑙
(4.2)

with 𝐹𝑡ℎ𝑒𝑟𝑚𝑎𝑙 the thermal radiation that is assumed to be 3, 4, 5, or 6 mag. This degree of polarization
is shown in Fig. 4.12.

Comparing these results to Fig. 4.10 it is clear that again the simulated values are below the de-
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Figure 4.10: Results from van Dam et al. [91]. Their degree of polarization assumes a planet that
predominantly emits thermal radiation and that reflects little light. The degree of polarization, and the
respective detection limits, are shown as a function of angular separation in milliarcseconds (mas) for

different planetary brightnesses.

Figure 4.11: The reflected flux, polarized flux, and degree of polarization as a function of the angular
separation in mas.

tection limit. The upper limit simulations that were done by van Dam et al. [91] come to the same
conclusion. What is interesting though is that when comparing the results from Fig. 4.12 to the 1 𝜇m
lines in Fig. 4.10 the newly obtained values appear to be much lower. In the unpublished paper by van
Dam et al. [91] they mention that for Δ𝑚 = 6 mag at 40 mas the degree of polarization is 0.5% which is
significantly higher than the 0.03% obtained here. Our lower values are probably caused by some of
the differences in the model. Since the orientation of the ring is not mentioned by van Dam et al. [91]
the reason for the differences is difficult to determine here and will have to wait for a follow-up study.
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Figure 4.12: The degree of polarization as a function of the angular separation in milliarcseconds assuming
the flux is dominated by thermal emission of the planet.

4.2.4. Summary and discussion
This has been a brief look at J1407b and a wide part of the parameter space was explored. Some
missing differences in this study are the lack of different ring orientations, ring sizes, and the fact that
homogeneous rings were used. These were omitted to keep the study small and clear but it’s possible
that some important insights have been missed.

What gives some validity to the presented results is that both the parameter sweep and distance
dependency study show that, according to the simulations, the predicted flux lies well below the detec-
tion limit. Which is the same conclusion as van Dam et al. [91]. The modeling of the full orbit has given
some extra insights such as that it is reasonable that no forward scattering peak was found, given the
used telescopes and the young age of the star. Something that a priori might be expected of such a
large ring. The model that is presented here is most likely more accurate in terms of scattering behavior
than the one presented in the paper. This gives the nondetection more validity and should pave the
way to more observations, especially because van Dam et al. [91] reported that the observation con-
ditions were very poor, resulting in much higher detection limits. The theoretical contrast limit is 10−5
[99] which corresponds to a Δ𝑚 of 12.5 which would be enough to constrain the possible distance of
J1407b to the star significantly, or of course detect it.

It should also briefly be noted that Stolker et al. [54] showed that the assumption that thermal ra-
diation is unpolarized might not be completely true. Both the results for the degree of polarization
presented here as well as in van Dam et al. [91] might thus be either on the low or high side, depending
on the orientation of the polarization of the thermally emitted radiation.

In a follow-up study, and/or following more observations, the parameter sweep should be expanded
to include different ring orientations and non-homogenous rings. Especially the latter is interesting
to further investigate for two reasons. One is that if the asymmetric and variable transit light curve
that was observed before, is indeed confirmed with new observations, it is likely caused by a ring.
This ring is then expected to have radial optical thickness variations based on its transit light curve
and a new simulation should reflect that. Second is the novelty of such a study as the reflected light
and polarization signal of non-homogenous rings have never been modeled. Such non-homogeneities
might have a big impact on the degree of polarization depending on the orientation of the ring. Going
back to Fig. 4.6, imagine a ring illuminated at 30∘, the polarized flux from the optically thick regions might
cancel the polarization of the optically thin regions which could result in distinct dips in the polarization
signal that would be hard to explain otherwise.



5
Recommendations

The following is a list of recommendations for new research and improvements to Pryngles:
• Add methane or clouds to the model of the planet to increase the realism and make the signal
of the planet more wavelength dependent as done by Stam et al. [7], Karalidi et al. [70]. The
addition of methane could make the planet fainter in some wavelengths leading to a possible
underestimation of the size of the ring. Observing at multiple wavelengths could then in turn allow
for more accurate ring size estimates without a transit. Any clouds in the planetary atmosphere
could have the opposite effect, boosting the reflected flux as well as decreasing the degree of
polarization (only in some orientations), leading to a possible overestimation of the ring size. It
should be noted that the percentage of methane in the atmosphere and/or the percentage of
cloud coverage of an exoplanet is unknown so it will still be difficult to estimate the ring radius.
Characterizing the effect of these three properties: methane, clouds, and a ring and how they
interact with each other would be a good follow-up study.

• Implement the correct illumination angles for when the planet is close to the star. As mentioned
in Sect. A.1.2, this could potentially give a significant increase in accuracy, especially when com-
puting the transit of a close-in planet. Given the bias of the transit method for detecting close-in
giant planets, such a correction would be very relevant.

• Implement the use of a more well-rounded interpolation algorithm, such as a weighted bicubic
spline interpolator [100, 101]. This is especially important to be able to simulate particles that
have a higher size parameter 𝑥, and thus a larger forward scattering peak. The bicubic spline
interpolator that is currently being used, as mentioned in Sect. 2, produces overshoots in the
Fourier-coefficients when 𝑥 becomes too large.

• Include the possibility to use different irregular particles into the Pryngles package, such as
some of the particles found in the Amsterdam-Granada database [102]. As was shown in Sect. 4.2
and Fig. A.3 the size and shape of a particle can have a big influence on its scattering behavior. It
is therefore important for future fitting of reflected light observations to be able to vary the particle
size without having to use less realistic Mie-scatterers.
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A
Appendix

The study in Sect. A has been moved to the appendix because of too many open questions regarding
the results of the fit. Sect. A.1 shows the fit of a transit that had some interesting features, that were
possibly caused by the presence of a ring. The system posed some interesting technical problems that
needed to be fixed before a proper transit fit could be made. These problems and the result of the fit
are discussed below but a follow-up study should be performed to answer these questions and further
validate the results.

A.1. Fitting a transit
One of the advantages of Pryngles is that it can also simulate the transit instead of only the reflected
light. Other methods of simulating the reflected light that exist like the Monte-Carlo codes: MCMax [92],
POLARIS [103], and ARTES [54], are unable to effectively simulate a transit. Fitting a transit and then
simulating the reflected light along the orbit is also an interesting project that has not yet been done by
using a single code for both tasks and that includes the polarization of light. An interesting candidate
for this project was found to be the planet AU Microscopii b since it has already been fitted by a different
group and has some interesting features in its transit [104]. Since the planet has already been fitted
using a different code, this study could also be used to further verify Pryngles. The features appeared
to originate from a ring, which added another reason to look at this system. After contact with the lead
author of the paper, Peter Plavchan, he graciously sent over the data. The relevant observations were
made using the 4.5 𝜇m band on the Spitzer telescope [105].

Some background of the system is given in the paper by Plavchan et al. [104] which will be para-
phrased here for clarity. AU Microscopii (AU Mic) is a young star system, roughly 22 Myr old [106], that
is the second closest pre-main-sequence star, at a distance of only 9.79 parsecs. It has an edge-on
debris disk extending from about 35 to 210 astronomical units (AU) from the star [107]. The transit fit
that was already done was not based on the data shown in Fig. A.1 but on two transits observed using
TESS and one using the Spitzer telescope. The fit finds that the planet, AU Mic b, has an orbital period
of 8.46 days, an orbital distance of 0.07 AU, and a radius of 0.4 Jupiter radii at 3𝜎 confidence. The
mass of the planet is less than 0.18 Jupiter masses and is deduced from radial velocity measurements
that were also performed. The young age of the star makes the detection of transits harder because
of spots, plage, flares, and other manifestations of magnetic ‘activity’ on the star.

The fit of the transit that is presented here is mainly for demonstration purposes. Due to time
constraints, it was not possible to perform an analysis of all the possibilities or to properly evaluate
the significance of the obtained results. Still, the results and conclusions of the study are interesting
enough to show as some general properties of transits are extracted. First, the detrended data will be
shown and discussed in Sect. A.1.1. To try and fit the transit somewhat properly, parts of the Pryngles
code had to be changed. What needed to be changed and the reason behind those changes will be
explained in Sect. A.1.2. After that, the fit parameters and method will be given in Sect. A.1.3, followed
by the results, a discussion of said results, and the conclusion in Sect. A.1.4.

A.1.1. The transit data
Of the three transits observed with the Spitzer telescope the third is used for the fit in this study as the
detrended data shows some unusual behavior. Detrending the data attempts to eliminate the stellar
activity that is present in the data. The detrended data is shown in Fig. A.1 and the peak at ingress as
well as the sloped egress are features that could perhaps be due to a ring. In the detrended data from
the transits observed by the TESS telescope, these features are not visible. This is then also a good
time to mention that it is possible that the detrending of the Spitzer data was not completely successful
in removing the effects of the stellar activity and that this causes these features to appear.
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Figure A.1: The image on the left shows all the detrended data of the third transit that was observed with
the Spitzer telescope. The right image contains the same data but zoomed in on the part that was used for

the fit. The ingress happens around 0.45 days and the egress at 0.6 days.

A.1.2. Changes to the Pryngles code
The changes in the Pryngles code that had to be made had to do with the geometry of this particular
system and not transits in general. At 0.07 AU, AU Mic b orbits very close to the star, for reference:
Mercury has a semi-major axis of 0.387 AU [2]. It is also quite large, and the combination of those two
properties makes the assumption of uni-directional illumination problematic. This decreases the accu-
racy of the computed forward scattering peak caused by a potential ring. To try and fix this problem two
solutions, a simple and a more complicated one, were considered. The simple solution still assumes
that the star is a point source but no longer assumes parallel incoming light so every spangle has its
own, and different, illumination angle. The more complicated solution also assumes that the star has
a size, describing the star as a flat plate that has been discretized into segments that each emit light.
This solution would require a major rework of the code and also constitutes a significant increase in
computation time. Both solutions were tested using the parameters for AU Mic b as mentioned above
but assuming a circular orbit. In this system, the radius of the planet has an angular size of 0.16∘ when
seen from the star. For the test, a ring was added with an outer radius of 2.25 planetary radii. This
roughly doubled the angular size of the planet ring system to 0.35∘. The difference in the reflected
flux is calculated for a single spangle at the outermost edge of the ring. Some other necessary model
parameters are the radius of the star: AU Mic has a radius of 0.75𝑅⊙ [104] and the particles that are
used: both the olivine particles [94, 98] as well as perfect spheres with a radius of 20 𝜇m will be tested.
The scattering of light by the perfect spheres is modeled at a wavelength of 4.5 𝜇m like the Spitzer
telescope, the scattering of light by the olivine particles is again modeled at 633 nm.

Spangle

Ring StarTo observer

Figure A.2: A, not to scale, representation of the problem and the two possible solutions.

Figure A.2 is a representation of the two solutions, the distances and angles are not to scale. In the
simple solution, the 𝛼 angle is used as the illumination angle instead of the 0∘ if parallel light beams were
assumed. The more complex solution uses the range of angles 𝛽 that originate from 1000 uniformly
but randomly distributed points on the star disk (the line shown in the image is a 2D representation of
the disk). The differences in transmitted flux will be given as percentages of the flux obtained when
assuming parallel light beams and are shown in Table A.1. Both the simple and complex solutions show
a decrease in flux, which is to be expected because assuming parallel incoming light overestimates the
reflected light at high phase angles. For example, if the planet is perfectly in between the star and
observer, a phase angle of 180∘, assuming parallel incoming light gives a scattering angle of 0∘ over
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the entire ring. Looking at Fig. A.2 it becomes clear that this should not be the case. In fact, no ring
spangle can even have a scattering angle of 0∘ because the planet is located at the center.

Table A.1: Relative changes in the flux when using the simple or complex solution to the parallel light
problem.

Method Percentage Percentage decrease

Simple (olivine) 99.934% 0.061%
Complex (olivine) 97.912% 2.088%
Simple (spherical) 98.966% 1.034%
Complex (spherical) 73.873% 26.127%

Figure A.3: The flux (top) and degree of polarization
(bottom) of incident unpolarized light that has been singly
scattered by the gas molecules, the irregularly shaped ring
particles [94, 98], and perfect spheres with radii of 20𝜇m
and 40𝜇m as functions of the single scattering angle.
Similar to the single scattering figure in the paper.

The difference in flux also changes quite dras-
tically when different particle types are used. It
does not alter the relative behavior of the two so-
lutions but changes the impact of the error that
is introduced when parallel incoming light is as-
sumed. This is easily explained by looking at
Fig. A.3 which shows the single scattering behav-
ior of the olivine particles, perfect spheres with a
radii of 20 𝜇mand 40 𝜇m, andmolecules as refer-
ence. The larger particles have a higher forward
scattering peak which makes them more sensi-
tive to small changes in the scattering angle in
that region. Both solutions change the illumina-
tion angle which in the test case is equivalent to
the scattering angle because the viewing angle is
0∘. This also means that when modeling a tran-
sit it is extra important to check the validity of the
assumption of parallel incoming light.

What is a bit unexpected is that the difference
between the two solutions is this large. It might
be a problem with the implementation of the more
complex solution since the limb-darkening effect
is not taken into account. This should, however,
have been compensated by the fact that all meth-
ods use the same amount of samples so the in-
coming intensity should be the same. To verify if
these decreases are in fact because the solution
is improved a good test is to increase the semi-
major axis and check if the results of the three
methods converge. Setting the semi-major axis
to 1 AU and using spherical particles decreases
the differences to 0.005% and 0.170% for the
simple and complex solutions respectively. This
suggests that both solutions will in fact increase
the accuracy but the more complex solution is
significantly better at it. Unfortunately, the more
complex solution would take too much time to im-
plement at this stage in the thesis, it is therefore
left as a firm recommendation for a follow-up study.

Another test was performed to check the differences (only with the simple solution) during an actual
transit. Using a similar orbit as in the previous test, not exactly the same but it is the difference that is
important, with the same size ring placed almost face-on with an inclination of 10∘ and 𝜆𝑟 = 0. The ring
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has an optical thickness of 2 and is made up of perfect spheres that have a single scattering albedo
of 0.3 and a refractive index of 1.5. Figure A.4 shows both the total flux of the reflected light in parts
per million (ppm) as well as the difference that using the simple solution causes. At a true anomaly
of 0∘ the percentage difference is 2.24% so a slight increase over the numbers given in Table A.1. This
is to be expected because the errors compound, scaling with the radial distance a spangle has to the
center of the planet.

All in all, the improvement of the simple solution is not drastic but is measurable and as it is still an
improvement it will be used for the remainder of this study. Knowing that a better solution exists and
that it would likely give a lower forward scattering peak, the results that will be presented should be
considered as an upper limit.

Figure A.4: The forward scattering during a transit modeled for a system similar to AU Mic with a ring that
has a 10∘ inclination. The left image shows both the total flux when using parallel incoming light and with
the simple solution, labeled as Varying. The right image is the difference between them. Between roughly

𝜈 = −2.5∘ and 𝜈 = 2.5∘ the planet and ring move in front of the star.

A.1.3. Fit parameters

Table A.2: Values for the different settings of
the optimizer that were used. Any setting that
is not mentioned in the list above uses its

default value.

Setting Value

Popsize 56
Updating deferred
Mutation (0.1,1.5)
Recombination 0.4
Workers 14
Seed 4
Integrality active

With the changes to the code explained, the fitting method
and parameters can be described. As mentioned in the in-
troduction to this study, the fitting method will be kept simple
because of time constraints. To fit the model to the data, 12
parameters that describe the system were given as input
to the differential_evolution optimizer that is part
of the SciPy python package. The settings of the opti-
mizer that were used to find the results that are presented
in Sect. A.1.4 are given in Table A.2. A detailed explana-
tion of each setting can be found in the documentation of
the functiona. To assess the fitness of each combination of
parameters the root-mean-square error (RMSE) the result-
ing model has with the data was used. The 12 parameters
that were used are shown in Table A.3. Any parameter that
is not associated with the ring has its interval range defined
as the 68% credibility interval from the fit done by Plavchan et al. [104]. The radius of the star was not
included in the fit because it was determined via a different, independent, method [104]. The particles
ahttps://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.differential_evolution.html#scipy.optimize.differential_evolution

https://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.differential_evolution.html#scipy.optimize.differential_evolution
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are perfectly spherical particles and are modeled using Mie-scattering, no irregular particles that had
measurements of their scattering properties done at 4.5 𝜇m could be found. This is not a big problem,
however, because the forward scattering behavior is dominated by the size of the particle. Figure A.3
sort of confirms as the shape of the curve is quite similar up until a scattering angle of 80∘. For that rea-
son, the olivine particles were also included even though the measurements were performed at 633 nm.
At 633 nm they have a size parameter of approximately 10 which translates to a 𝑟𝑒𝑓𝑓 of 7.1 𝜇m at a
wavelength of 4.5 𝜇m. For every optical thickness, a different Fourier-coefficient file needs to be gen-
erated so they are handled as discrete steps by the optimizer, the same applies to the particle radius.
The transit is assumed to happen at the apocenter of the orbit because preliminary testing showed
problems with reaching the transit duration otherwise. This might be a false assumption, however, so
a follow-up study should check if changing this affects the results significantly. Lastly, the transit is
modeled at 200 points which are then linearly interpolated to generate the root-mean-square error.

Table A.3: The range of values for the 12 parameters that were used to fit the transit. Where applicable the
range is the 68% credibility interval from the fit done by Plavchan et al. [104].

Parameter Value range
Impact parameter 𝑏 [0.05, 0.3]
Ring inclination 𝛾 [1∘, 89∘]
Ring inclination longitude 𝜆𝑟 [−89∘, 89∘]
Planet radius 𝑅𝑝 [0.357, 0.393] 𝑅𝐽𝑢𝑝𝑖𝑡𝑒𝑟
Semi-major axis 𝑎 [0.06, 0.073] AU
Eccentricity 𝑒 [0.01, 0.27]
Inner ring radius 𝑟𝑖𝑛 [1.2, 2] 𝑅𝑝
Outer ring radius 𝑟𝑜𝑢𝑡 [2.01, 4] 𝑅𝑝
Linear limb-darkening coef. 𝑐1 [0.05, 0.39]
Quadratic limb-darkening coef. 𝑐2 [0.0, 0.42]
Optical thickness 𝜏 [0.0, 0.002, 0.01, 0.05, 0.1, 0.2, 0.6, 1.0, 1.2, 1.6, 2.0, 4.0, 8.0]
Particle radius 𝑟𝑒𝑓𝑓 [7.1 𝜇m, 20 𝜇m, 40 𝜇m]

A.1.4. Fit results, summary and discussion
The fitting took roughly 12 hours to complete and the optimizer went through 14,109 different config-
urations to end up with a set of parameters that had a RMSE of 0.0004976. The fitting parameters of
the best fit as well as the mean value of the best 10 fits are displayed in Table A.4. These values show
that, while the fit prefers a system with a ring, it is optically very thin.
All the top configurations have the lowest possible optical thickness without going to zero, which was
possible in the parameter space. It seems that the ring is only there to increase the transit duration
and slightly smooth the ingress and egress. This conclusion is based on a couple of observations
of the standard deviation of some of the average parameters. The parameters with low variation are
the radius of the planet, the semi-major axis, the eccentricity, the size of the ring, the limb-darkening
coefficients, and the optical thickness. Most of these relate to the orbit of the planet which therefore
seems to have converged. It is interesting to note that due to the close proximity to the star, the impact
parameter 𝑏 has only a limited effect on the duration of the orbit and therefore has a larger variation.

The other thing that seems to have converged is the presence of a ring which is evident from the
optical thickness and the stable size of the ring. As long as the ring does not have a highly inclined
orientation, the transit depth and duration of a ring are mostly defined by the size of the ring. This
leaves the orientation of the ring partially unconstrained, as long as 𝛾 and 𝜆𝑟 do not become too large
the timing of the transit is not affected much. Lastly, with the low optical thickness the make-up of the
ring becomes completely unconstrained since the forward scattering will not produce any significant
flux.

The transit curves of the top ten fits are displayed in Fig. A.5, it shows that all the 10 curves fit the
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Table A.4: Parameters of the best fitting solution and the average of the 10 best fitting solutions together
with their standard deviation.

Parameter Value best fit Average over 10 best
𝑏 0.084 0.09 ± 0.01
𝛾 14.25∘ 25∘ ± 21∘

𝜆𝑟 13.47∘ 14∘ ± 14∘

𝑅𝑝 0.367 𝑅𝐽𝑢𝑝𝑖𝑡𝑒𝑟 0.3667 ± 0.0006 𝑅𝐽𝑢𝑝𝑖𝑡𝑒𝑟
𝑎 0.071 AU 0.0714 ± 0.0002 AU
𝑒 0.255 0.258 ± 0.005
𝑟𝑖𝑛 1.87 𝑅𝑝 1.82 ± 0.07 𝑅𝑝
𝑟𝑜𝑢𝑡 2.48 𝑅𝑝 2.49 ± 0.08 𝑅𝑝
𝑐1 0.11 0.114 ± 0.004
𝑐2 0.23 0.23 ± 0.01
𝜏 0.002 0.002 ± 0.0
𝑟𝑒𝑓𝑓 40 𝜇m All three occur

data quite well and, again, that the influence of the ring is very small. In the middle plot, the transit
depth caused by the ring alone is displayed for each solution. The depth is a function of the ring size,
orientation, and optical thickness. Since the optical thickness and size is roughly constant, these lines
show the effect that the orientation of the ring has. The light that is blocked by the ring during the transit
is roughly a factor of 100 smaller than that of the planet.

In the right plot, the forward scattering flux due to the different ring configurations is shown. There
are relatively large differences between the solutions due to the different particle sizes and ring orien-
tations. Because the flux is so small, however, these variations do not influence the quality of the fit
and the particle size is unconstrained. The lines on the bottom are from rings that contain the olivine
particles which have a smaller radius and, therefore, scatter less light in the forward direction. The
forward scattering flux of the ring is roughly a factor of 50 smaller than the transit depth of the ring and
so both effects are way too small to be reliably detected given the stellar activity. This is also confirmed
by the error in the observation data that is presented in Fig A.6.

Figure A.5: This figure shows the 10 best-fitting curves to the data, the best fit has been plotted with a solid
line. The left image shows the generated transit curves plotted on top of the data. In the middle image, the
transit depth of the ring is shown, note the switch to ppm in the y-axis scale. The right image shows the
forward scattering flux of the ring, again in ppm, the lines on the bottom are from rings that contain the

olivine particles.
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Figure A.6: The residuals (blue dots) of the transit fit, the average value of the residuals (red solid line), the
standard deviation of the residuals (red dashed lines), and the standard error of the detrended data points
(black line and area) with values in parts per thousand (p.p.t). The distribution of the residuals is displayed

in the histogram on the right together with a fitted normal distribution.

Since the 10 transit curves are so similar, only the residuals of the best fit will be shown in Fig. A.6.
The features in the data such as the peak at the ingress of the transit as well as a slight downward
slope at the end of, and just after, the transit are clearly visible in the residuals. The model is thus
unable to generate these features and that results in a worse fit. The average value of the residuals
is 5 × 10−6 ± 5 × 10−4 so there is no large-scale systematic error but the standard deviation is indeed
higher than the error of the data points, which are the black lines in Fig. A.6.

The conclusion that was previously drawn about how the ring is only there to increase the transit
duration and slightly smooth the ingress and egress also has some problems. If the first part of that
conclusion were the case the semi-major axis or eccentricity could also increase but both parameters
seem to be fixed for the 10 best solutions. Given the nature of the genetic optimizer, it is possible that
a local minimum was found in which the orbital elements stay constant but the ring size is optimized.
The second part of the conclusion also has some problems because of the large difference in transit
depth between the planet and the ring. At ingress or egress, only half of the ring is in front of the star,
a depth of roughly 7.5 ppm, which is much smaller than the error on the data points or residuals.

Figure A.7: Transit and forward scattering curves of a best-case scenario in terms of the largest forward
scattering peak. The left two figures show the transit with and without forward scattering and a close-up of
the ingress. The right figure only shows the forward scattering peak. Orbital parameters are based on the

best fit.

Another problem is with the model itself. As has already been mentioned, the ”simple” solution has
poor performance compared to the ”complex” solution, in solving the parallel incoming light problem.
Tests showed that the ”complex” solution decreased the flux by up to 26% compared to the 1% of the
”simple” solution. Whether this outcome is correct and the decrease constitutes an improvement is still
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a bit unclear and would need to be investigated further. Considering the low forward scattering fluxes
obtained in the fit, a 26% decrease would not affect the results at all. If implementing the ”complex”
solution affects the forward scattering flux in the same way as the ”simple” method does, Fig. A.4
suggests that the peak would get smeared out even more. This could then perhaps explain the egress
part of the light curve but not the ingress peak. That initial peak is already hard to explain as a result of
forward scattering because of the sharp drop beforehand, no similar peak at egress, and the apparent
increase of flux of around 5×10−4. To illustrate the latter a ring with an optical thickness of 0.6, that has
a face-on orientation, and is populated with 40 𝜇m particles is simulated. This is a best-case scenario
for the forward scattering peak and the results are shown in Fig. A.7. The transit depth is significantly
deeper due to the large and optically thicker ring, but the forward scattering peak at ingress and egress
is only 20 ppm. After the peak at ingress, the drop-off is also slow and gradual, unlike the observation
data. The forward scattering peak has become quite significant which even makes the transit light
curve shallower. It thus seems that the peak at the ingress cannot be caused by a ring, and while there
are definitely some problems with the model, none seem big enough to disprove this.

A final problem that will be brought up has to do with the fitting method. Not performing a second fit
for a planet without a ring has probably been a mistake. The existence of a ring affects almost all other
parameters which can make it hard for the optimizer to explore the whole parameter space. It also
makes it hard to compare whether a ring improves the fit quality or not. There has also not been any
rigorous local optimization besides the one that the differential_evolution function performs at
the end. The addition of a test fit to see the likely range of parameters could also have helped with
the convergence. Especially the range of values for the optical thickness of the ring could have been
greatly reduced.

Besides the problems that are mentioned above, the fact that the fit, as it is done here, is unable
to generate a light curve with these features could just be because there is no ring. It is very plausible
that the weird features in the data are due to stellar activity that has not been filtered out correctly by
the detrending. To be sure about this though a follow-up study should explore the ”complex” solution
in more detail and do a more thorough fit of the data, including a ring-less planet fit. Another point of
improvement could be to look at the detrending again.
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