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Abstract

The computation of complex turbulent flows design optimization processes is currently
limited by the lack of accuracy of Reynolds-Averaged Navier-Stokes (RANS) in massively
separated flows and the infeasible cost of multiple Large-Eddy Simulation (LES) eval-
uations. A novel method is presented, injecting data from LES or other high-fidelity
source such as DNS into the RANS equations, forming a Hybrid Injected RANS (HI-
RANS) model. The aim is to construct a multi-fidelity design optimization framework
that outperforms single-fidelity RANS and LES variants. Two different formulations, in-
jecting a scaled version of the non-dimensional anisotropic part of the Reynolds stress
tensor and both isotropic and anisotropic components, are tested in the periodic hill case.
A cost-effective LES configuration is assessed, and the agreement of the RANS and HI-
RANS results with respect to the LES reference is investigated. The original geometry
is parametrized using a hill width multiplier, computing several LES evaluations. The
injection of LES information from the same geometry into HIRANS and the prediction
capabilities when using interpolated data from different geometries are tested. A global
design optimization process is computed, using single-fidelity RANS, HIRANS and LES
Kriging and multi-fidelity RANS-LES and HIRANS-LES Co-Kriging surrogates. The ob-
jective function is based on a combination of turbulent mixing and total pressure losses.

The correction of the mean velocity components required of the injection of both isotropic
and anisotropic components for the test case. The LES setup analysis yielded similar re-
sults to the reference data with one tenth of grid points and forty percent of its averaging
period. The locally corrected HIRANS model successfully reduced the L2 norms of the
Reynolds stresses with respect to LES to a third part of the original RANS values in the
fifty-nine LES samples tested, with a modest improvement in the mean velocity compo-
nents. The non-local corrections yielded irregular results for the mean velocity compo-
nents, with successful corrections of the Reynolds stresses despite the long distances in the
parameter space and different flow features of neighbouring LES cases to interpolate from.
In the optimization process, the Co-Kriging LES-HIRANS was not able to outperform the
Co-Kriging LES-HIRANS and Kriging LES methods. It improved the initial prediction
of the underlying function, but the surrogate yielded artificially low predicted errors far
away from the LES samples, leading to an overly exploitative method. An error correc-
tion formulation combining two HIRANS fidelity levels was simulated using a modified
Kriging believer criterion, outperforming the original formulation and achieving similar
results as Kriging LES. The computational efficiency improvements for future research
of the Co-Kriging HIRANS are suggested to be linked to an adequate error estimation
integration into the surrogate model.
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Chapter 1

Introduction

1.1 Motivation: design optimization in fluid mechanics

In the context of modelling complex turbulent flows, Large-Eddy Simulation (LES) has
been widely successful at capturing features such as separation and recirculation in many
scenarios where other models, such as Reynolds-Averaged Navier-Stokes (RANS), often
find difficulties with. In industry nowadays, using a large number of LES simulations for a
design optimization process is prohibitively expensive. On the other hand, RANS or even
less computationally expensive methods show their limitations with tight optimization
margins or in environments where their intrinsic assumptions introduce large errors.

To achieve the ultimately goal of a computationally efficient multi-fidelity design optimiza-
tion process, several areas need to be considered, including the individual capabilities of
each of the solvers used, how to calculate their sensitivity to design parameters and the
techniques which allow to combine them.

To start with, the modelling capabilities of the different methods can greatly vary. Areas
like massively separated flows or low aspect ratio flow features, away from the usually
Thin Shear Flows trained regions of many turbulence models (Spalart et al., 1997), face
great challenges to RANS, while LES has a broader range in terms of accuracy, which
comes with its corresponding price tag.

In contrast, LES also has its own limitations: gradient-based optimization methods based
on adjoint formulations can suffer from the butterfly effect, where starting from very
similar initial conditions, the adjoint solution diverges when running backwards in time.
Current successful results in overcoming this problem, such as (Talnikar et al., 2015b)
often rely on stabilization techniques such as introducing artificial dissipation in some
regions. Other approaches have been implemented, such as the Least Squares Shadow-
ing, which “approximates the “shadow” trajectory in the phase space, avoiding the high
sensitivity of the initial value problem” (Blonigan et al., 2016), but with a cost orders
of magnitude higher than the actual flow simulation (Blonigan et al., 2016). This shad-
owing technique has also being used with the single step one-shot optimization method,
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which couples solver, adjoint and optimization equations (Günther et al., 2017), previ-
ously developed in (Özkaya and Gauger, 2009) and applied to Unsteady RANS (URANS)
in (Günther et al., 2016).

RANS can also be corrected in different ways. In the last years, several data processing
models, such as active learning with Machine Learning to produce augmented RANS
models (Duraisamy, 2015; Duraisamy et al., 2017), have been developed. This method
constructs a new field variable, which can be introduced either as a source term or as a
multiplier of some physical term, such as the dissipation part of the turbulent transport
equations. This variable is learnt by Machine Learning formulating an inverse problem
based on high fidelity data. Some of its caveats are exposed in Duraisamy et al. (2017),
where it is strongly suggested that one important factor to obtain accurate predictions is
not the singular values of the different terms, but obtaining the correct balance between
them. Poroseva et al. (2016) commented this issue, yielding large discrepancies even with
very small errors from second moment closure terms extracted from DNS data. Other
methods include nonlinear autoregressive models with exogenous input (Pham et al.,
2010) or RANS calibration and uncertainty analysis by Bayesian estimation (Cheung
et al., 2011; Edeling et al., 2014a,b; Guillas et al., 2014). These techniques often have two
main drawbacks: the computational resources required to correct the RANS method can
be of the order of magnitude of actually solving additional LES cases, and their prediction
capabilities are usually clustered in regions close to the local corrections, which are often
far away from a multi-parameter optimization process requirements.

Several attempts to combine RANS and LES by splitting the flowfield have also been
performed, such as in Detached-Eddy Simulation (DES) (Spalart et al., 1997; Spalart,
2009), where a criterion decides which regions are solved with each model. These are
not exempt of challenges too, specially concerning the transition regions between the two
models, as well as a consistent treatment of the two regions during the whole optimization
envelope. An alternative method to combine both solvers was proposed in (Marsden
et al., 2007). In the context of airfoil trailing edge aeroacoustics with load constraints,
the capabilities of RANS were used to firstly calculate the lift and drag, so only potential
candidates which meet these constraints were promoted to the aeroacoustics calculations.
These were performed splitting the domain into a LES region around the trailing edge,
and RANS for the rest of the domain.

The previous comments have been made about the accuracy of the solver in a local con-
text, but during a possibly non-convex optimization routine with multiple local minima,
the acquisition of new points also needs to be considered. Surrogate models based on
physical characteristics can be constructed, such as Proper Orthogonal Decomposition,
POD (Berkooz et al., 1993), which uses a kinetic energy criterion to identify the key
modes relevant to the flow. Extensions to it have been formulated, such as hyper re-
duction (Amsallem et al., 2015, 2012; Carlberg et al., 2011). This technique constructs
approximations that reduce the computational cost of the surrogate construction. Dy-
namic Mode Decomposition, DMD (Schmid, 2010) aims to find the modes not necessarily
with the greatest amount of kinetic energy, but most relevant in the dynamics of the flow
instead. Interpolation schemes can then be used to cover the whole studied envelope,
nevertheless these models have a similar drawback than calibration techniques, which is
their accuracy and response to non-linearities in the flow dynamics far away from the
already sampled points. Apart from well-known methods such as radial basis functions,
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alternative formulations can be found in literature, such as nonlinear manifold learning,
Isomap (Tenenbaum et al., 2000). Isomap aims to “preserve the geodesic distances be-
tween all pairs of points,” (Franz et al., 2014) which can be significantly different from
Euclidean distances, allowing for a more appropriate choice of neighbours than in tradi-
tional interpolation techniques.

Furthermore, a related branch to improve this dichotomy resources-accuracy involves the
data-driven surrogates based on Gaussian processes (O’Hagan and Kingman, 1978), such
as Bayesian optimization (Kushner, 1964) and Kriging methods (Krige, 1951; Matheron,
1962; Sasena, 2002), which have been utilized to construct response surfaces based on flow
or objective function quantities. Moreover, they have been also combined with POD-based
variants to predict behaviours outside of the snapshots points used for the POD model
(Xiao et al., 2010; Braconnier et al., 2011). These methods rely exclusively on the avail-
able data without taking consideration of the underlying physics of the problem, and can
be cheaply updated every time a new sample point is acquired to increase their accuracy.
Their main advantages are their ability to capture non-linearities in the objective function
response outside of the known locations and the cheap cost of choosing new acquisition
points. Gradient information can be introduced, as in Gradient-Enhanced Kriging (Fis-
cher and Grandhi, 2015), they can be parallelized to acquire multiple samples (Talnikar
et al., 2015a; Snoek et al., 2012) and tolerance to noise and the addition of inequality
constraints can be added (Gardner et al., 2014). These surrogates are often found in
global optimization processes, combined with criteria that combine exploration and ex-
ploitation (searching in the region of the best current point or exploring new ones), such
as Expected Improvement, EI (Talnikar et al., 2015a).

Bayesian optimization has been successfully applied to fluid mechanics problems, as in
turbulent channel drag reduction (Talnikar et al., 2015a) and transonic turbine blade
shape design (Talnikar et al., 2014), where downstream pressure loss was computed for 35
LES samples. The advantages and drawbacks of this method are reflected in this reference:
while Bayesian optimization, by itself, might be able to efficiently acquire the region of
the maximum of the objective function, it still required pure LES data. Extending the
problem to a larger amount of design parameters would likely make it infeasible in terms
of computational resources.

A key extension of Kriging for the present document was presented in Forrester et al.
(2007, 2008): Co-Kriging, which is able to compute different layers of fidelity, constructing
independent surrogate methods for each of them and incorporating the cheap dataset
information into the expensive one, for both translation and scaling. It has been already
applied for different levels of fidelity of RANS in Brooks et al. (2011) for a transonic
compressor rotor design.

The current scenario manifests that the gap between RANS and LES in global design
optimization for problems such as massively separated flows has not been bridged yet.
This is harnessing the potential of multi-fidelity frameworks such as Co-Kriging, where
the large differences between the two methods limits the usefulness of the information
that can be extracted from the cheap dataset. Acknowledging this situation, there seems
to be room for the formulation of new models focused in the local context of increasing
the computational efficiency within a design envelope. The aim is a qualitatively similar
at its best, not misleading at its worst, accuracy with respect to LES, while keeping a
much more contained cost.
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1.2 Research objectives

The main goal of this work can be stated in the proposed research question:

Does the combination of a hybrid LES-data-injected RANS solver with pure LES in a
Co-Kriging multi-fidelity global design optimization process outperform a single fidelity
method for a fixed computational budget in the context of turbulent incompressible fluid

flows for the specified periodic hill test cases?

Based on it, secondary questions arise:

(a) How reliably and consistently does a hybrid RANS method match the local LES model
in the mean flow quantities?

(b) What is the range in the parameter space (width of the periodic hill) where locally
corrected RANS methods still resemble the time-averaged LES dynamics?

(c) Which interpolation techniques provide a more robust set of tools within the com-
putational budget? How well can they resemble the higher fidelity features in the
hybrid model within the whole design envelope?

(d) What is the optimum amount of resources to be spent in higher and lower fidelity
computations to outperform a single-fidelity method? How is this balance linked with
the accuracy of the corrections of the hybrid model?

(e) Could this method be generalized to other problems, such as multi-parameter opti-
mization for the periodic hill test case?

These five sub-questions are related to the five main parts of the project, and provide
a framework to work on the proposal, testing and application of the hybrid model in
the optimization process (first, third and fourth question) and on the understanding of
limitation of boundaries of the studied formulation (second and fifth ones) on the different
stages of the project.

The objectives to be met based on these questions are:

(a) Introduce local corrections injecting LES information into the base RANS model for
the periodic hill case, and analyse their effect in terms of the main flow features, such
as velocity components, turbulent stresses and wall shear stress. Achieve a model
that is able to follow a similar trend as the time-averaged LES for the different
sample points within a specified range.

(b) Analyse the effect of LES corrections in new sample points for RANS, understanding
if the proposed model is suitable for the different conditions and correcting it if
necessary.

(c) Introduce interpolation schemes to introduce the sparse LES data into multiple
RANS cases, and combine this with the information of local corrections to determine
the minimum amount of LES cases needed.
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(d) Compute a Co-Kriging multi-fidelity design optimization routine based on the points
stated above, analysing different levels of the RANS-LES budget balance to outper-
form a single-fidelity global optimization method.

1.3 Contribution of this work

As it has been exposed, there are several limitations in the current methods for design
global optimization in the case of computationally expensive fluid flows. There is always
a compromise between the accuracy of the solution, the spent resources, and how well
can the model be generalized to other problems.

This document proposes a novel framework, which injects turbulent stresses from a high-
fidelity solution, such as LES, into a lower-fidelity model (RANS). The aim is to correct it,
constructing in practice a hybrid model, HIRANS (Hybrid Injected Reynolds-Averaged
Navier-Stokes). This allows to provide the necessary corrections to improve its accuracy
and its predictions capabilities beyond its original boundaries, while keeping the same
order of magnitude of cost as the additional RANS model. To the knowledge of the
author, no similar approaches can be found in literature in a similar context at the time
of the publication.

These corrections are based on the physical limitations of the RANS turbulence model
used, the OpenFOAM implementation of the 2-equation k − ω (Wilcox, 1998), which is
further described in Section 3.1.2. Due to the usage of Boussinesq’s hypothesis, where
the anisotropic part of the Reynolds stress tensor is modelled in an analogous way as the
viscous stress of a Newtonian fluid,

〈u′iu′j〉 −
2

3
kδij = −νt

(∂〈Ui〉
∂xj

+
∂〈Uj〉
∂xi

)
, (1.1)

the limitation of assuming a linear relation between the anisotropy and the mean velocity
gradients with the scaling of the turbulent viscosity highly constrains the flow in several
situations.

Understanding the importance of the anisotropy in the calculation of the Reynolds stresses,
information of the non-dimensional anisotropy tensor, as well as the full Reynolds stress
tensor from LES, can be injected, in the momentum and turbulent model equations. In
this document, different injection methods are proposed and evaluated to provide the re-
quired numerical stability and accuracy level. In fact, the corrections where the Reynolds
stress tensor from LES is introduced in the momentum equation and the non-dimensional
anisotropy tensor bij is injected in the production term for the turbulent kinetic energy
transport equation provides much closer results to the time-averaged LES results than
the baseline RANS model.

The corrections over the whole envelope of the optimization routine are performed us-
ing sparse LES cases and interpolating between them, using different methods based in
parameter, geometry and flow quantities.

The availability of a hybrid model whose predictions are much closer to its higher-fidelity
counterpart is a core factor in the usage of a multi-fidelity global optimization routine.



6 Introduction

The technique used in this document is Co-Kriging (Forrester et al., 2008), which allows
for a seamless introduction of a higher and a lower-fidelity model, using the information
of the lower one, with the assumption that the auto-regressive model which includes both
solutions has the form

Ze(x) = ρZc(x) + Zd(x), (1.2)

where the expensive results are approximated using a constant scaling factor ρ and a dif-
ference Zd using a Gaussian process between the scaled cheap code ρZc and the expensive
one Ze.

To validate this novel framework, the test case chosen is the widely known periodic hill
(Figure 1.1), following the geometry definition from Mellen et al. (2000), which retains
the original hill shape of Almeida et al. (1993) while doubling the distance between hills,
halving the height of the channel and removing the side walls and assuming periodic
boundary conditions in the spanwise and streamwise directions. Moreover, the Reynolds
number at the crest of the hill is Re = 10595, based on the hill height and the bulk
velocity Ub at the crest of the hill. The channel is comprised of a bottom wall where
the flow separates, creating a recirculation region, and a top wall where a boundary
layer is formed. Reference LES (Breuer et al., 2009) and Particle Image Velocimetry,
PIV (Rapp, 2009) data is available for this case at Re = 10595, and additional LES
solutions can be computed at a reasonable cost. The design parameter corresponds to
a hill width multiplier in the streamwise direction. The suitability of this case is due to
being a 2D geometry simple to parametrize, where RANS solvers usually struggle with,
and also hybrid solvers, such as DES. In previous studies, as in Šarić et al. (2007), the
limitations of a DES model with the same grid as a LES one are argued, observing that
at the Reynolds number considered the differences are still notable with respect to a
pure LES case. In Davidson and Peng (2003), a hybrid model where RANS is used in
the near-wall region, with the switch to LES in the logarithmic part of the boundary
layer, struggles in the feeding of RANS data into the LES region due to the poor spectral
properties of this information, but achieves acceptable mean velocity profiles. Moreover,
the hybrid URANS-LES of Temmerman et al. (2005), at a Reynolds number based on
the bulk velocity Reb = 21560 predicts the reattachment point around 0.7-1.1 hill heights
downstream of the reference data.
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Figure 1.1: Periodic hill geometry.

The previous discussion about the contributions of this work can be summarized in two
main arguments. On the one hand, a multi-fidelity Co-Kriging with LES and HIRANS
information is proposed and analysed. The goal is not to obtain the most accurate repre-
sentation of the local flow features, which could be achieved by other techniques, such as
Bayesian estimation of the coefficients of the turbulence model or diverse Machine Learn-
ing processes. Instead, the aim is to construct a method that qualitatively captures these
features and remains robust and consistent in its predictions within a parameter space,
comprised of a significantly larger amount of cheap samples compared to the expensive
ones to inject data from. The second of the contributions of this document is a valuable
database of several costly LES evaluations for different geometries. This information can
be used for future research of any novel or existing method that requires a construction
or validation set of this fidelity level.

1.4 Outline

This document is structured in four main chapters, which are directly linked with the
four research sub-questions. Firstly, a general overview of the numerical schemes and
computational setup is given in Chapter 2. After that, Chapter 3 tackles the first challenge
of this thesis: how to implement corrections over the baseline k− ω model using injected
LES information, constructing the novel scheme Hybrid Injected RANS. The tests in the
periodic hill case are shown, and the two different HIRANS formulations are analysed.
The next part of the multi-fidelity framework is portrayed in Chapter 4, where a reliable
and computationally feasible LES setup is explored.

With HIRANS and LES configurations already established, Chapter 5 explores the effect
of the HIRANS prediction when using interpolated LES injection from non-local geome-
tries. This information is used to construct for single and multi-fidelity optimization
methods in Chapter 6. A final discussion of the results and recommendations for future
work in Chapter 7.
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Chapter 2

Numerical schemes and
computational setup

2.1 Introduction

In this chapter, the main equations and numerical setup for the RANS, LES and Kriging/Co-
Kriging models are derived and presented. Additional formulations, such as the different
HIRANS models, are presented in subsequent chapters as they are employed along the
document.

2.2 RANS methodology

2.2.1 Derivation of RANS equations

In order to derive the RANS equations, the different variables are decomposed into mean
and fluctuating components (Reynolds decomposition). For example, for the velocity,

U(x, t) = 〈U(x, t)〉+ u′(x, t). (2.1)

Starting for the continuity equation for incompressible flow,

∂Ui
∂xi

=
∂

∂xi

(
〈Ui〉+ u′i

)
= 0. (2.2)

It is then observed that both mean and fluctuating component are solenoidal, as taking
the mean of (2.2) leads to ∂〈Ui〉/∂xi = 0, and subtracting this component the result
∂u′i∂xi = 0 is obtained.

9
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The momentum equation includes a nonlinear convective term, which is slightly more
elaborate to treat. Starting from the conservative form for the substantial derivative,

DUj
Dt

=
∂Uj
∂t

+
∂

∂xi
(UiUj). (2.3)

Taking the mean of this equation,

〈
DUj
Dt

〉
=
∂〈Uj〉
∂t

+
∂

∂xi
〈UiUj〉. (2.4)

If the Reynolds decomposition is applied for the nonlinear component, and applying the
fact that the mean of a single fluctuation component is null,

〈UiUj〉 = 〈(〈Ui〉+ u′i)(〈Uj〉+ u′j)〉
= 〈UiUj〉+ 〈u′iu′j〉.

(2.5)

The last term, which corresponds to the velocity covariances 〈u′iu′j〉, is called Reynolds
stresses.

Applying this result to the incompressible momentum equation results in

ρ〈Uj〉
∂〈Ui〉
∂xj

=
∂

∂xj

[
− 〈p〉δij + µ

(
∂〈Ui〉
∂xj

+
∂〈Uj〉
∂xi

)
− ρ〈u′iu′j〉

]
, (2.6)

which is similar to the general form of the momentum conservation equation, but with
an additional apparent stress, which comes from the fluctuations of the velocity field
in the form of the Reynolds stresses, which transfers momentum using the mechanism
of this fluctuating velocity field (Pope, 2000). The modelling of this tensor is crucial
in capturing the physics underlying it, and several models have been developed along
the years. Simple mixing length assumptions for the eddy viscosity νt from Boussinesq’s
hypothesis (1.1) have been formulated, such as Smagorinsky (Smagorinsky, 1963), Cebeci-
Smith (Smith and Cebeci, 1967) and Baldwin-Lomax (Baldwin and Lomax, 1978). An
alternative definition of the eddy viscosity in the popular Spalart-Allmaras model (Spalart
and Allmaras, 1992), and two-equation turbulent-kinetic-energy related models have been
widely adopted, such as k−ε (Jones and Launder, 1972; Launder and Sharma, 1974) k−ω
(Wilcox, 1988) and SST k− ω (Menter, 1993). More complex and costly Reynolds stress
models, with individual equations for each of the stress components, can be found in
Launder et al. (1975) and Speziale et al. (1991).

2.2.2 OpenFOAM k − ω

The open source software OpenFOAM (Weller et al., 1998, 2018) is used for the imple-
mentation of the turbulence model.
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Starting from the incompressible RANS momentum equation

ρ〈Uj〉
∂〈Ui〉
∂xj

=
∂

∂xj

[
− 〈p〉δij + µ

(
∂〈Ui〉
∂xj

+
∂〈Uj〉
∂xi

)
− ρ〈u′iu′j〉

]
. (2.7)

The turbulence model used is the OpenFOAM implementation of the k−ω model, which
is based on the 1988 Wilcox version (Wilcox, 1998), whose transport equations for k and
ω are

ρ
∂k

∂t
+ ρ〈Uj〉

∂k

∂xj
= τij

∂〈Ui〉
∂xj

− β∗ρkω +
∂

∂xj

[
(µ+ σ∗µT )

∂k

∂xj

]
, (2.8a)

ρ
∂ω

∂t
+ ρ〈Uj〉

∂ω

∂xj
= α

ω

k
τij
∂〈Ui〉
∂xj

− βω2 +
∂

∂xj

[
(µ+ σµT )

∂ω

∂xj

]
, (2.8b)

with the closure coefficients

α = 0.52, β = 0.072, β∗ = 9/100, σ = 1/2, σ∗ = 1/2, (2.9)

and the eddy viscosity computed as µT = ρk/ω.

2.2.3 Missing term in OpenFOAM

Apart from this, a remark must be made about the OpenFOAM model: in this eddy
viscosity model, Boussinesq’s hypothesis is used in order to provide the anisotropic part
of the Reynolds stresses:

〈u′iu′j〉 −
2

3
kδij = −νt

(
∂〈Ui〉
∂xj

+
∂〈Uj〉
∂xi

)
(2.10)

Nevertheless, the implementation in OpenFOAM lacks in both, momentum and k trans-
port equation, the second term in the left hand side of (2.10), which effectively means
that there is not a linear relation between the anisotropic stresses and the mean rate
of strain, but with the full Reynolds stress tensor instead. In the momentum equation,
the term corresponding to k can be absorbed as a modified pressure, as p∗ = p + 2/3k.
Nevertheless, in the k transport equation, this term, which appears in the production as
P = τij(∂〈Ui〉/∂xj), cannot be absorbed in such a trivial way, and the difference between
the standard Boussinesq’s hypothesis and the OpenFOAM implementation is:

PBoussinesq =
(
〈u′iu′j〉 −

2

3
kδij

)∂〈Ui〉
∂xj

(2.11a)

POpenFOAM = 〈u′iu′j〉
∂〈Ui〉
∂xj

(2.11b)
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For this document, it has been decided to add the isotropic turbulent contribution in
the k and ω equations on top of the OpenFOAM standard k − ω model, while leaving
the momentum equation untouched, which means that the pressure value obtained will
effectively be p∗ = p+ 2/3k.

The effect of this missing term is further assessed in Section 2.2.3, where it is shown that
its influence is not negligible, specially in regions close to walls.

2.2.4 Numerical discretization

In order to discretize the continuity, momentum and k−ω transport equations, the open
source software OpenFOAM has been used. This framework uses a finite volume method
(FVM) to evaluate the set of partial differential equations in the discrete plane on a
given mesh. The domain is divided into an arbitrary number of control volumes (cells),
where the different variables to be computed are located at the centroids of these cells.
The equations to be discretized are used in the integral formulation, applying it to each
control volume. To describe variations between different cell centroids (like gradients),
interpolation techniques are used. Volume integrals with divergence terms are converted
to surface integrals using the Gauss’ divergence theorem:

∫
V

(∇ · F) dV =

∫
S

(F · n) dS (2.12)

The integration of these quantities in the discrete space is performed in the numerical
setup OpenFOAM, in general, using the Gauss quadrature rule, which, for a function g
and a weighting function W , uses the approximation (Moroney (2006)):

∫ b

a
g(u)W (u)du ≈

p∑
j=1

wjg(uj) (2.13)

The sum of these quantities is performed with the values of the face centres, which need
to be interpolated from the calculated values at the cell centres. From the variety of
interpolation schemes available, linear interpolation has been applied by default, using
upwind schemes for the discretisation of the velocity gradients in the terms ∇ · (φU),
∇ · (φk), ∇ · (φω), where φ represents the velocity flux along a cell face.

After applying the discretization for the different quantities, the different equations need
to be solved. The continuity and momentum equation can be used to solve velocity
components and pressure. OpenFOAM stores all the primitive variables in the cell centres,
but as explained before,

Inherent to this formulation is the conservation of these numerical fluxes, which leads to
the conservation of quantities (mass, momentum, etc.), which is exactly satisfied for an
arbitrary number of control volumes, for any grid and for any part of the domain. The
flexibility of FVM approaches to create different structured and unstructured grid shapes
make them also suitable for complex geometries.
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2.3 LES methodology

2.3.1 Derivation of LES equations

LES (Smagorinsky, 1963; Lilly, 1966; Deardorff, 1974) was first developed for meteoro-
logical applications, and it has been widely used to perform high fidelity simulations of
fluid flows since then. In this formulation, the larger 3D unsteady turbulent motions are
solved, while the smaller scales use different models to approach reality. Because of it,
its computational cost is between RANS and direct numerical simulation (DNS). Using
Pope (2000) structure, the four steps in LES can be stated as follows:

(a) The velocity field U(x, t) is decomposed into a filtered component U(x, t) and a
residual, or subgrid-scale (SGS) component, u′(x, t). By filtering this field, it rep-
resents the features of the large scales, or eddies.

(b) The equations for the filtered velocity field can be derived from the Navier-Stokes,
showing a standard form with an additional residual-stress tensor (SGS stress ten-
sor) from the residual motions.

(c) The modellisation of this tensor leads to closure of the equations.

(d) The equations can be solved for the filtered velocity, providing an approximation in
one realization to the turbulent large scale motions of the flow.

The low-pass filtering (Leonard, 1975) can be defined as

U(x, t) =

∫
G(r, x)U(x− r, t)dr, (2.14)

with an integration over the whole domain, and a filter function G which satisfies∫
G(r, x)dr = 1. (2.15)

Many different filter functions have been tested in literature, with different properties,
such as box, Gaussian or sharp spectral filters. The filtered components will differ depend-
ing on a filter width ∆. For example, for a one-dimensional problem, the sharp spectral
filter function can be defined as G = sin(πr/∆)/πr, which gives a cut-off wavenumber
κc = π/∆. This means that in wavenumber space, this filter will cut all Fourier modes
which have a wavenumber |κ| greater than the cut-off value, producing a filtered energy
spectrum.

The velocity field, using the filtered and residual components, is finally decomposed as

U(x, t) = U(x, t) + u′(x, t). (2.16)

While it looks very similar to the Reynolds decomposition applied for the RANS equations,
in this case, U(x, t) is a random field, and the filtered residual is non-zero in general,

u′ 6= 0. (2.17)
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2.3.2 LES solver: INCA

The LES simulations are run using the academic solver INCA. This finite volume approach
for the filtered Navier-Stokes equation uses a third order Runge-Kutta scheme for time
integration, with a second order central difference scheme for the discretization of the
convective and diffusive fluxes. The second-order Poisson equation for the pressure can be
solved employing a wide variety of techniques, including Krylov subspace and multigrid
methods. An immersed boundaries method (Peskin, 1972) with first-order boundary
reconstruction is used.

The discretization is performed using implicit LES, where the subgrid-scale model and nu-
merical discretization are fully merged. An adaptive local deconvolution method (ALDM,
Hickel et al. (2006)) is implemented in INCA, providing “a truncation error which acts as
a subgrid-scale model, consistent with asymptotic turbulence theory” (Hickel and Adams,
2007). The wall modelling of the solver can be found in this last reference, comprising a
van Driest damping function “to compensate for increased SGS dissipation by reducing
the dissipative weight of the numerical flux function” (Hickel and Adams, 2007).

2.4 Kriging and Co-Kriging

As introduced in Section 1.1, efficient gradient-based methods such as adjoint have not
been widely developed for LES. Moreover, there is no guarantee that the global optimum
will be found if the objective function is non-convex, or that the optimizer will not get
trapped in large “valley” regions in this space. The lack of knowledge about the behaviour
of the objective function in this study adds another reason to consider global optimization
instead. Nevertheless, global optimization usually comes with a large number of samples
needed to explore the parameter space. Techniques such as Genetic Algorithms (Goldberg,
1989) require several generations for selection, crossover and mutation operations, which
rapidly becomes too costly for the problem considered in this document.

On the other hand, a surrogate model for the objective function can be constructed. Using
this information, it can be predicted how it will behave across the parameter space, and
apply a selection criterion to explore and exploit this surrogate model. The formulation
chosen in this work is the Kriging/Co-Kriging models, with the Expected/Co-Expected
Improvement criterion. A comprehensive discussion of the different equations can be
found in Forrester et al. (2008).

2.4.1 Surrogate model: Kriging

To start the optimization process, the design variables vector x = {x1, x2, ..., xk}T can
be constructed. This vector leads to the objective function values y, forming the data
pairs {(x(1), y(1)), (x(2), y(2)), ..., (x(n), y(n))} for n data samples. To construct a surrogate
model, from the wide range of functions available in literature, interpolating Radial Basis
Functions (RBF) are considered.
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Starting from the sampling plan X = {x(1), x(2), ..., x(n)}, with responses
y = {y(1), y(2), ..., y(n)}, the radial basis function approximation f̂(x) has the form

f̂(x) = wTψ =

nc∑
i=1

wiψ(||x− c(i)||) (2.18)

being c(i) the centre of the ith of the nc basis function centres, and ψ the nc-vector with
the values of the basis functions ψ, using Euclidean distances between the prediction
location x and the centres c(i) of the basis functions. There are several choices of the
basis functions themselves, such as linear , ψ(r) = r; cubic, ψ(r) = r3; or Gaussian,
ψ(r) = e−r

2/(2σ2).

Whichever the choice of the basis functions, x can be estimated easily, using the interpo-
lation condition

f̂(x(j)) =

nc∑
i=1

wiψ(||x− c(i)||) = y(j), j = 1, ..., n. (2.19)

The linear equation 2.19 allows to express nonlinear responses. With nc = n, this leads
to

Ψw = y, (2.20)

being Ψ the Gram matrix, which can be established as Ψi,j = ψ(||x(i) − x(j)||), i, j =
1, ..., n. Solving this equation for w allows to determine the different weighting parame-
ters.

If noisy data is expected, this model may be endangered by overfitting. In that case,
a regularization paramater λ (Hoerl and Kennard, 1970; Tikhonov and Arsenin, 1977;
Poggio and Girosi, 1990) can be added to the diagonal of the Gram matrix, as

w = (Ψ + λI)−1y, (2.21)

where I is the identity matrix. This regularization parameter is also labeled as nugget
in other references, such as in Sasena (2002), where it is applied to all elements of the
correlation vector of a new point with the existing samples. It is observed that the model
starts drift away from being purely interpolating and becomes more regressive as this
parameter λ is increased. Very close sample points can produce ill-conditioning of the
Gram matrix in the computations, which also encourages the addition of this parameter
in a very small quantity ε in several cases.

The main choice for the basis function in this work is the Kriging method (Krige, 1951;
Sacks et al., 1989), which is defined as

ψ(i) = exp

(
−

k∑
j=1

θj |x(i)
j − xj |pj

)
. (2.22)
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This defines a vector of hyperparameters θ = {θ1, θ2, ..., θk}T , with an additional varying
exponent pj = {p1, p2, ..., pk}T for each parameter dimension, with typical values of pj ∈
[1, 2]). If p is fixed to 2 and a constant θj is used for all dimensions, the Gaussian basis
function is obtained.

Using the assumption that the already sampled responses are coming from a stochastic
process, and using the set of random vectors

Y =

 Y (x(1))
...

Y (x(n)),

 (2.23)

the random field has a mean of 1µ, being 1 a column vector of n ones, and the random
variables are correlated as

cor[Y (x(i)), Y (x(l))] = exp

(
−

k∑
j=1

θj |x(i)
j − x

(l)
j |pj

)
, (2.24)

which allows to construct the n× n correlation matrix of the observed data

Ψ =

cor[Y (x(1)), Y (x(1))] · · · cor[Y (x(1)), Y (x(n))]
...

. . .
...

cor[Y (x(n)), Y (x(1))] · · · cor[Y (x(n)), Y (x(n))]

 (2.25)

and a covariance matrix

Cov(Y,Y) = σ2Ψ. (2.26)

This assumes that the function is smooth and continuous. A different value of a hy-
perparameter θj will affect the correlation, esentially the “width” of its influence away
from a sample point. Also, pj allows for a smooth correlation for pj = 2 near a sample
point, which becomes almost discontinuous as this parameter decreases. The hyperpa-
rameters can be estimated using Maximum Likelihood Estimation (MLE, see Forrester
et al. (2008)) and, in order to predict new points, a vector of correlations between the
observed data and the new prediction is defined as

ψ =

cor[Y (x(1)), Y (x)]
...

cor[Y (x(n)), Y (x)]

 =

ψ
(1)

...

ψ(n)

 . (2.27)

The MLE gives the final result for the predictions ŷ(x)

ŷ(x) = µ̂+ψTΨ−1(y − 1µ̂). (2.28)

The mean squared error (MSE) is then

ŝ2(x) = σ2(1−ψTΨ−1ψ), (2.29)

omitting the last term from Sacks et al. (1989), as it is usually very small and does not
appear if the derivation is performed from a Bayesian approach (Forrester et al., 2008).
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2.4.2 Balance exploration and exploitation: Expected Improvement

Once the surrogate model is constructed, a criterion which allows for a balance of local
minimization and local exploration needs to be assessed. The Expected Improvement is
used, which has been extensively applied in literature for Bayesian optimization (Wang
et al., 2016) and LES problems (Talnikar et al., 2015a). Its expression is

E[I(x)] =

{
(ymin − ŷ(x)− ξEI)Φ(Z) + sφ(Z) if s > 0,

0 if s = 0.
(2.30a)

Z =
ymin − ŷ(x)− ξEI

ŝ(x)
(2.30b)

In this expression, Φ(·) and φ(·) are the cumulative distribution function and the prob-
ability density function, respectively. The parameter ξEI controls a balance between
exploration and exploitation. A value ξEI > 0 promotes exploration, with ξEI < 0 doing
it for exploitation.

This criterion balances in each point the probability of finding an improvement over the
current minimum with the amount of additional information that can be gathered to
improve the quality of the surrogate model. This aims to avoid the optimizer getting
stuck in regions with marginal probabilities of improvement and also to simply improve
the accuracy of the predictions while not optimizing significantly the objective function.

2.4.3 Extension to multi-fidelity analysis: Co-Kriging

While a Kriging surrogate model allows the prediction over a small quantity of expensive
data, there exists the possibility of employing a greater amount of lower fidelity, cheaper
data corrected in some way to be coupled in the process and guide the surrogate model.
This essence lead to the Co-Kriging formulation (Forrester et al., 2007, 2008; Brooks et al.,
2011). This Kriging version correlates multiple datasets using the c and e sub-indices for
the cheap and expensive data, the sample locations are

X =

(
Xc

Xe

)
=



x
(1)
c
...

x
(nc)
c

x
(1)
e
...

x
(ne)
e


. (2.31)

Using the auto-regressive model (Kennedy and O’Hagan, 2000), assuming that

cov{Ye(x(i)), Yc(x)|Yc(x(i))} = 0,

which is translated to the hypothesis that nothing else can be learnt about Ye(x
(i)) from

the cheaper solution if this value is already known for the expensive code (Markov property
which states that the expensive simulation is treated as the ground truth).
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The local features of the cheap and expensive solutions are represented by Gaussian
processes Zc(·) and Ze(·). If the expensive code is approximated by the expensive one
multiplied by a constant scaling ρ and a difference Gaussian process Zd(·):

Ze(x) = ρZc(x) + Zd(x). (2.32)

The covariance matrix now needs to include the correlations between the cheap and
expensive models, as

C =

(
σ2
cΨc(XcXc) ρσ2

cΨc(XcXe)
ρσ2

cΨc(XeXc) ρ2σ2
cΨc(XeXe) + σ2

dΨd(XeXe)

)
. (2.33)

The hyperparameters to estimate are now θc, θd, pc and pd. As with Kriging, MLE can
be used with an augmented dataset, which leads to a prediction for the expensive points

ŷe(x) = µ̂+ cTC−1(y − 1µ̂), (2.34)

begin c the column vector of the covariance of X and a new predicted location x. The
estimated mean squared error is then

ŝ2(x) ≈ ρ2σ̂2
c + σ̂2

d − cTC−1c +
1− 1TC−1c

1TC−11
. (2.35)

This prediction can be used with a Co-Expected Improvement criterion to explore and
exploit the parameter space, in an analogous way as in 2.30a.

2.5 Summary

In this chapter, the general formulation of the different methods has been presented.
Starting from the derivation of the RANS and LES equations, a discussion about the
surrogate models, Kriging and Co-Kriging, with the acquisition criterion used, Expected
Improvement, followed.

The details regarding each specific model for each part of this work are further discussed
in each chapter.



Chapter 3

Local RANS corrections for reference
geometry

3.1 Hybrid Injected RANS models formulation

To efficiently perform a multi-fidelity global optimization routine, the two models, higher
and lower fidelity, ideally should have a high degree of correlation. In the present docu-
ment, RANS is considered the lower fidelity model, and LES the ground truth. Never-
theless, it should be noted that, for the current correction framework, the higher fidelity
method could well be any other (such as DNS, for example), as long as it contains the
necessary inputs for the RANS model.

RANS models have been proven moderately successful in predicting mean loads in a vari-
ety of fields, including aerospace applications, but easily find limitations when challenged
in certain situations. The contribution of the anisotropic components which can be found
in the Reynolds stresses is often mispredicted, depending on the assumptions made in
the specific turbulent model. Due to this, there is a need for correcting the RANS model
before introducing it in a multi-fidelity optimization process, in order to get it closer to
its higher fidelity counterpart.

3.1.1 HIRANSa: injection of anisotropy information

From the hypothesis that the anisotropy components can be highly relevant in the predic-
tion of the flow in near-wall regions, it is natural to aim to introduce this information into
the RANS model. To do this, a hybrid non-dimensional anisotropic part of the Reynolds
stresses can be formulated. Starting from the conventional normalized anisotropy tensor

bij =
aij
2k

=
〈u′iu′j〉
〈u′lu′l〉

− 1

3
δij , (3.1)
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the HIRANS hybrid Reynolds stress tensor is defined using the non-dimensionalized
anisotropy information bij from LES. Nevertheless, introducing the stress tensor infor-
mation directly from LES can result in ill-conditioning of the equations (Wu et al., 2018),
which can lead to large errors in the mean velocity components even if the stresses are
represented with great accuracy, as it is the case of the injection of information from very
accurate DNS simulations. In addition to this study, (Poroseva et al., 2016) shows that
this effect becomes more pronounced as the Reynolds number increases. To overcome
this, which does not only affect the accuracy of the mean velocity predictions but also the
numerical stability of the solver, the hybrid tensor is scaled with the value of k obtained
in the RANS transport equation, giving

τ∗a = 2kRANS(bijLES +
1

3
δij). (3.2)

Furthermore, injection parameters ξi can be used, in a similar way as the blending func-
tions in spatial hybrid RANS/LES approaches (Fan et al., 2001), with the difference that,
in the current case, the simulation is an entirely RANS model, and this parameter re-
mains constant spatially. These injection parameters control the amount of RANS and
LES information which is introduced in the HIRANS model. The stress tensor is then
expressed as

τHI = ξiτ
∗ + (1− ξi)τk−ω, (3.3)

where τk−ω is the part corresponding to the RANS stress tensor obtained using the stan-
dard k−ω equations. This hybrid tensor acts in both the momentum and the production
term of the k and ω transport equations, introducing a percentage of the LES anisotropy
in both of them, but consistently scaling it with the RANS isotropic component. Both
equations are then

ρ〈Uj〉
∂〈Ui〉
∂xj

=
∂

∂xj

[
− 〈p〉δij + 2µ〈Sij〉 − ρ

(
ξmτ

∗︸ ︷︷ ︸
Hybrid
form

+ (1− ξm)τijk−ω︸ ︷︷ ︸
Standard
k−ω

)]
, (3.4a)

ρ
∂k

∂t
+ ρ〈Uj〉

∂k

∂xj
=
(
ξtτ
∗︸︷︷︸

Hybrid
form

+ (1− ξt)τijk−ω︸ ︷︷ ︸
Standard
k−ω

)∂〈Ui〉
∂xj

− β∗ρkω +
∂

∂xj

[
(µ+ σ∗µT )

∂k

∂xj

]
,

(3.4b)

ρ
∂ω

∂t
+ ρ〈Uj〉

∂ω

∂xj
= α

ω

k

(
ξtτ
∗︸︷︷︸

Hybrid
form

+ (1− ξt)τijk−ω︸ ︷︷ ︸
Standard
k−ω

)∂〈Ui〉
∂xj

− βω2 +
∂

∂xj

[
(µ+ σµT )

∂ω

∂xj

]
,

(3.4c)

where 〈Sij〉 = 1/2(∂〈Ui〉/∂xj + ∂〈Uj〉/∂xi) is the mean strain rate and the subscripts
m, t correspond to independent values for the momentum and k transport equations,
respectively. The transport equation for ω is modified similarly as the one for k.
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3.1.2 HIRANSb: injection of full LES Reynolds stress tensor

The correction of the anisotropic contribution of the Reynolds stresses does only partially
take into account the overall mismatch between RANS and LES stress components. A
larger amount of information can be injected, using the full isotropic and anisotropic
components from LES. Nonetheless, major difficulties appeared in the convergence process
of the solver in the course of this document in this case, even using ξi injection parameters.

A slightly less greedy approach can be taken, if the turbulent transport equations re-
main as in the previous model, but the direct contribution in the momentum equation is
modelled using the full τLES . This introduces two different hybrid tensors,

τHIm = ξmτLES + (1− ξm)τk−ω, (3.5a)

τHIt = ξtτ
∗ + (1− ξt)τk−ω, (3.5b)

where τ∗ is the same hybrid tensor formulated in the previous HIRANS model in (3.2).

If the isotropic part of the Reynolds stress tensor is absorbed into a modified pressure,
p∗ = 〈p〉 + 2/3k, the effective anisotropic part of the Reynolds stress tensor in the mo-
mentum equation is

aijm =


2kRANS

[
ξmbijLES +(1− ξm)bijRANS

]
for HIRANSa,

2kRANS

[
ξmbijLES

kLES
kRANS

+(1− ξm)bijRANS

]
for HIRANSb.

(3.6)

The difference between both terms, non-dimensionalizing it with kLES , is

aijb − aija
2kLES

= ξmbijLES

(
1− kRANS

kLES

)
, (3.7a)

τijb − τija
2kLES

= ξm(bijLES +
1

3
δij)
(

1− kRANS
kLES

)
. (3.7b)

The expression (3.7b) draws the following conclusion: the relative levels of anisotropy
between both models depend on only two factors, for the same value of the injection
parameter ξm: the ratio between the turbulent kinetic energy of RANS and LES and the
local non-dimensional anisotropy of the LES solution. That is, a non-accurate prediction
of the isotropic part of the turbulence in the RANS model means also that HIRANSa will
compute anisotropy levels further away from HIRANSb, which uses more LES information.
Both models would be identical if kRANS → kLES . For the case of purely isotropic
turbulence, if bijLES → 0, assuming finite values of k for RANS and LES, both solutions
would also collapse into the same anisotropy, but, as (3.7a) shows, the Reynolds stress
tensor will only be the same if kRANS = kLES . As it has already been mentioned, the
isotropic part can be absorbed as part of a modified pressure p∗, so this does not affect
the computations in the current model.
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The momentum equation is then

ρ〈Uj〉
∂〈Ui〉
∂xj

=
∂

∂xj

[
− 〈p〉δij + 2µ〈Sij〉 − ρ

(
ξmτLES︸ ︷︷ ︸

Pure
LES

+ (1− ξm)τijk−ω︸ ︷︷ ︸
Standard
k−ω

)]
. (3.8)

As previously stated, the k and ω transport equations are the same as in the previous
HIRANS model, (3.4b, 3.4c).

3.2 Numerical setup

The HIRANS framework has been developed by a Python 2.7 framework (van Rossum,
1995; Team, 2018), which, given the input parameters, is able to automatically mesh,
setup, run and postprocess multiple simulations.

3.2.1 Flow parameters and mesh quality
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Figure 3.1: Left: grid used for the RANS case.
Right: y+ values for the RANS bottom ( ) and top ( ) walls and
LES bottom ( ) and top ( ) walls.

To ensure that the quality of the solution is at the required standards, the grid has been
properly assessed. As observed in Figure 3.1, the values of y+ have been kept below 1
in the majority of the bottom wall, with the exceptions of the first flat part after the
leeward hill and on the high peak of shear stress in the windward hill. The resolution of
the top wall is less relevant for the different features of interest to be corrected and has
been kept around 2 for computational cost purposes and to avoid high aspect ratio cells
near the wall. A sensitivity study has been performed with the HIRANS solution with
respect to near-wall resolution. The results of it do not provide any overall benefits with
respect to the mesh shown. The reference LES data used for the injection of information
provides very low values of y+ for the bottom wall and a DNS-like resolution for the top
one, not achievable without a large cost penalty in the current study. The number of cells
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in the RANS case is 120 × 130 in streamwise and normal direction, respectively, while
the reference LES uses around 298× 220× 200 cells in streamwise, normal and spanwise
directions.

The simulations were performed at Re = 10595 using the previously shown SIMPLE
OpenFOAM algorithm for pressure-velocity coupling, with second order Gauss integration
for gradient and divergence terms as a default, using upwind options for the fluxes of U ,
k and ω. The turbulence model used was the OpenFOAM implementation of k − ω with
the addition of the isotropic missing term explained in Section 2.2.3. The pressure was
solved using geometric-algebraic multigrid with a Gauss-Seidel iterative solver for the
smoother step. Velocity components, k and ω were solved using a Diagonal-Incomplete-
LU-preconditioned BiCG method.

3.2.2 Mass flow control

In order to keep the mass flow in the required level to achieve a Reynolds number at the
crest of the hill of ReS = 10595, a forcing term needs to be added. The relation between
the Reynolds number at the hill crest and the one using the bulk velocity along the whole
domain, ReB, can be calculated via a geometric factor Γ (Balakumar et al., 2014), as

ReB = ΓReS. (3.9)

This geometric factor can be calculated as

Γ =
Lyx=0

1/Lx
∫ Lx

0 Ly(x)dx
. (3.10)

This geometric factor has an approximate value of Γ ≈ 0.72 for the reference periodic hill
geometry. This factor is used to ensure that there is the proper momentum in the global
field. A source term fp in the form of a pressure-gradient volumetric force is added to
the right hand side of the momentum equation, which corrects the field momentum to
achieve the correct value of UB at every iteration.

3.2.3 Injection strategy and convergence control

The process of injecting an exogenous input to the RANS equation may introduce nu-
merical instabilities, potentially unsurpassable for the method. Due to this, an injection
strategy for the parameters ξi is proposed,

ξi =

ξi0 + (ξif − ξi0)

(
t

tf − t∗
)

for t ≤ tf − t∗,

ξif for t > tf − t∗,
(3.11)

where the parameters ξi are not fully introduced from the first iteration, but rather start
from values ξi0 and then ramp up linearly until achieving their maximum values ξif , with
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t∗ iterations left until the simulation stops at its final tf . This method fulfils two goals:
on the one hand, it allows the solver to gradually treat the external information, and on
the other hand, the t∗ iterations allow it to converge (if convergence exists) to the solution
once the injection factor is at the maximum desired value. Unless explicitly mentioned,
the parameters used in the different simulations are ξi0 = ξif /2 and t∗ = 5000 iterations,
with tf = 10000 iterations.

To monitor the convergence process, and also to formulate criteria with respect to the
numerical stability of the solution, the residuals from the different main quantities (pres-
sure, velocity components, k and ω) are taken, as well as the force coefficients from the
flowfield. The assessment of them is performed after a filtering process, as

R
n+1

=
R
n

min(n, α− 1) +Rn+1

min(n+ 1, α)
, (3.12)

where the quantity R is any residual or load, the filtered quantity at the first iteration
is R0 = R0 and the filtering constant is fixed to α = 1000 iterations. For the force
coefficients, a similar filtering is applied to a non-dimensional numerical gradient with
respect to the previous iteration c′

n

i , as

c′
n

i =
cni − cn−1

i

ciBSL

. (3.13)

In this expression, the subscript i refers to the difference force coefficients (lift and drag),
and the superscripts refer to the correspondent iteration number. The filtered force
coefficients ciBSL are computed from the baseline RANS iteration (that is, pure k − ω).
This numerical gradient, which evaluates the influence of the current iteration on the
filtering quantity, allows to show the growth of the perturbations for the unstable cases.

3.3 Results

3.3.1 Baseline RANS model

As expressed before, the periodic hill test case has been chosen based on previous results
from literature which show the limitations of several RANS models to quantitatively
predict features such as the recirculation region and the reattachment location. While
qualitatively these phenomena are greatly influenced by the geometric constraints, as seen
in Figure 3.2, it is expected that the baseline k− ω model is a significant departure from
the reference LES case in both mean and turbulence quantities. The differences between
RANS and LES cases are evaluated as

∆{ui} = uiRANS − uiLES , (3.14)

which are then appropriately non-dimensionalized using the bulk velocity at the crest of
the hill Ub. The results for the velocity components are illustrated in Figure 3.3. There is
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Figure 3.2: Streamwise velocity contours for RANS (left) and LES (right) solutions.

a significant difference with respect to the LES solution in both streamwise and vertical
velocities, which is pronounced near the separation region of the first hill and becomes
highly relevant close to the reattachment point. For this baseline case, the k − ω model
predicts a much larger separation region, with a reattachment point much further than
the reference LES.
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Figure 3.3: Differences of RANS streamwise (left) and vertical (right) velocity components
with respect to the LES solution.

Figure 3.4 shows this last point, where it is observed how the shear stress distribution at
the bottom wall is significantly different from the one of the reference LES case. Starting
from the separation location, this one occurs roughly at the same location, as it could be
expected based on the strong local pressure gradient, which is the dominant factor at this
location. Nevertheless, a much higher peak of shear is observed close to the top of the
first hill in RANS. This peak also corresponds to a locally higher Re close to the wall,
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Method Reattachment location [x/h]

RANS 5.74
LES 4.71

0 2 4 6 8

x/h

−0.010

−0.005

0.000

0.005

0.010

0.015

0.020

τ w
Figure 3.4 & Table 3.1: Left: Reattachment locations.

Right: Wall shear stress distribution for RANS ( ) and
LES ( ).

as can be observed if looking at the distribution of streamwise velocity, which somewhat
prevents its separation for some time, until the pressure gradient becomes too strong.
The explanation of this difference in the local Re close to the wall is also related to the
physics close to the second hill. While RANS predicts the increment in wall shear stress
due to the slope of the geometry fairly well in location, it fails to capture its magnitude,
having lesser stresses during all the second section, but also not going close to zero as the
LES solution on the cyclic boundary. Due to this, these conditions are translated to the
first cyclic boundary, and a higher shear at the beginning prevents the flow to separate
at the same location. It can also be observed that this shift is almost irrelevant at the
next location downstream close to the wall, as RANS is able to capture quite well the
separated region downhill. Nevertheless, the difference in the intensity of the fluctuations
in the shear layer shifts the reattachment point to around one x/h unit more downstream,
which explains the streamwise velocity deficit observed between the two hills in Figure
3.3.

With respect to the hypothesis of the lack of accuracy of the baseline RANS in the
prediction of the anisotropy of the flow, Figure 3.5 shows that these deviations do indeed
exist, but they are not the most dominant ones for this case. The most important stress
component which is underpredicted is 〈u′u′〉, which presents large deviations in the shear
layer region on the separation after the first hill. This contribution is dominant in the
underprediction of the turbulent kinetic energy in this region. On the other hand, it
is observed how RANS overpredicts the 〈v′v′〉 stress close to the top of the second hill.
This is the region of the highest wall shear stress of the flow (which, as it has been
shown, is slightly shifted downstream in the RANS solution). Moreover, the spanwise
component 〈w′w′〉 is underpredicted as well, as it could be expected due to the lack of
three-dimensional vortical features in the RANS solution.

To explain this behaviour, it is relevant to look at the different structures which can be
found in the LES reference data (Breuer et al., 2009). In this reference, for the case of low
Re, that is, Re = 200, there are highly elongated structures close to the second hill, which
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Figure 3.5: Top: 〈u′u′〉 for RANS (left) and LES (right).
Rest: Reynolds stresses differences with respect to LES values.
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Figure 3.6: Contours of turbulent kinetic energy for RANS (left) and LES (right) solutions.

are argued to be created by centrifugal forces, as shown by (Görtler, 1940), or by Craik-
Leibovich type-2 instabilites (Phillips and Wu, 1994). These structures are located along
a large region of the second hill, highly affecting the vertical and spanwise components.
At the higher Reynolds number considered in this document, those structures would be
expected to be substantially smaller. This is supported by (Fröhlich et al., 2005), which
shows that for Re = 10595, these structures are found in different spanwise locations,
introducing flow rotation in the spanwise component. This simply cannot be predicted
by the 2D RANS analysis, where 〈w′w′〉 ≈ 2/3k.

Furthermore, observing Figure 3.6, not only is the anisotropy of the flow poorly predicted
by the k − ω model, but also the isotropic turbulent kinetic energy. There is a tendency
of the RANS model to overpredict the value of k on the windward side of the hill, close to
the top. However, the Kelvin-Helmholtz-type vortices observed for the LES solution, in
the high shear region where separation occurs, do not seem to be predicted quantitatively
in the steady RANS simulation.

Using these observations, it seems appropriate to hypothesize that, to increase the ac-
curacy of the RANS model, the anisotropy components, while relevant, are not the only
factor to consider. If structures such as the fluctuating shear layer in this flow (or any
other kind of instability or large-scale fluctuating component) are not able to be captured
appropriately by the steady RANS, injecting uniquely information about the anisotropy
will likely still give stresses that deviate from the higher fidelity solution and, with that,
misleading mean components. This hypothesis motivates the two formulations studied in
the current document. In the first model, scaled anisotropy information is injected, and
in the second one, the full Reynolds stress tensor is injected into the momentum equation,
while keeping the anisotropy correction of the first formulation for the turbulent transport
equations.
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3.3.2 HIRANSa: injection of anisotropy information

The first hybrid model is constructed following the previously shown expression

τ∗ = 2kRANS(bijLES +
1

3
δij). (3.15)

This hybrid Reynolds stress tensor utilizes the anisotropy of the LES solution and is
injected using ξi factors in the momentum equation and the production term for k. It is
expected, a priori, that the mean flow quantities will be affected by the modification in
the anisotropy. Nevertheless, in the regions where the mismatch of the RANS isotropic
contribution with respect to LES is important quantitatively, such as in the shear layer
after the separation region, the improvements are expected to be modest.
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Figure 3.7: Baseline RANS case (ξi = 0).
Left: filtered residuals of 〈p〉 ( ), 〈Ux〉 ( ), 〈Uy〉 ( ),
k ( ) and ω ( ).
Right: Non-dimensional filtered lift ( ) and drag ( ) coefficients
gradient per iteration.

Convergence

Before presenting the results, it is relevant to mention the strong effect which the injection
factors ξi have in the convergence and stability of the numerical solution. It is desirable to
increase these factors as close to 1 as possible, to maximize the LES anisotropy injection.
Nevertheless, the tests performed show numerical stability only for injection factors
ξi ≤ 0.8, with ξi0 = 0 and t∗ = tf/2 = 5000 iterations, as shown in Figure 3.7 for
the baseline RANS model and Figure 3.8 for the HIRANS tests. There is a clear trend
in the different cases: they are numerically stable as the injection factor is increased,
until it reaches a certain point where the solver cannot withstand it. In all the tests
performed, a small kink appears when ξit = ξimax . For the stable cases, the solution keeps
converging after a certain number of iterations after this kink (around 1000), but for the
unstable ones, the instabilities grow in amplitude as the iteration number increases with
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an exponential trend and an increasing slope as the injection factor grows, as observed
for the cases regarding ξi = 0.9 and ξi = 1.

The spectral radius change on the matrices for the iterating procedure when injecting the
LES information is significant, as the replacement of the stabilizing term of the Reynolds
stresses is changed by an exogenous source, τ∗. The importance of this term is highlighted
in the fact that more greedy approaches in the production term definition, as introducing
mean velocity components from LES, failed in the convergence progress. It is specially
relevant in the case of the solving process of the velocity components, which suffer a
sharp change of trend around values of ξm ≈ 0.9. This observation could potentially
allow to perform simulations close to this value, injecting linearly ξi with a cut-off of the
solving process when ξm = 0.9, without allowing any additional iterations to relax. This
method has the advantage of maximizing the amount of LES information injected, going
beyond ξi = 0.8, but the clear downside is that the simulation stops in a region where the
discrete system for calculating the velocity components is already unstable. It could be
argued that a more refined analysis could be performed, evaluating where is the instability
threshold, and the exact mechanism which promotes it, while seeking for solutions for its
damping.

For the current study, injection factors of ξi = 0.8 have been used, as they provide a stable
solution in terms of the filtered residuals and load coefficients, both for local and non-
local analysis for small departures of the baseline geometry, which allows to evaluate the
performance of the injection techniques in those cases in a robust way. Higher injection
factors closer to the instability threshold would result in different values of ξi for different
geometries, which would introduce an additional variable in the analysis clouding the
results. For a further discussion about the convergence process, the reader can refer to
Appendix A, where higher injection factors are tested for the second HIRANS model.
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Figure 3.8: HIRANS cases for ξi = 0.8 (top), ξi = 0.9 (center) and ξi = 1 (bottom).
Left: filtered residuals of 〈p〉 ( ), 〈Ux〉 ( ), 〈Uy〉 ( ),
k ( ) and ω ( ).
Right: Non-dimensional filtered lift ( ) and drag ( ) coefficients
gradients per iteration.
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Figure 3.9: Differences of HIRANS streamwise (left) and vertical (right) velocity compo-
nents with respect to the LES solution.

The results for the mean velocity components with respect to the LES solution, which
can be observed in Figure 3.9, are not specially encouraging for this case: there is hardly
any difference compared to the baseline RANS result on the shear layer and recirculation
region. However, the correction on the anisotropy leads to a much better agreement near
the top wall than the baseline RANS results.

The corrections for the different components of the Reynolds stresses show (Figure 3.10)
an improvement over the baseline results. It should be noted that the contours presented
correspond to the effective stress tensor which enters in the momentum equation, that is,
τHIm = ξmτ

∗ + (1 − ξm)τk−ω . With respect to the streamwise normal stress 〈u′u′〉, the
differences in the shear layer are reduced to around half the magnitude with respect to the
baseline RANS case. Even though, it can be argued that they are still very noticeable,
and that there is a deficit of these fluctuations in the recirculating regions. For the
〈v′v′〉 component, the differences also become much smaller than on the previous case,
improving specially in the high shear region close to the windward part of the hill. The
〈w′w′〉 component seems less affected by the results, still showing an underprediction in
the accelerating flow part of the second hill. Finally, for the shear component 〈u′v′〉, the
best correction has been observed, with a close agreement with respect to the LES results.

Looking at the individual components of the Reynolds stresses and their modest improve-
ment in the first HIRANS model, the question of why the mean velocity components do
not seem to follow the same path arises. Firstly, while along the whole flowfield there is
indeed a closer correlation between the HIRANS and LES solutions, in the places where
the individual components are dominant quantitatively in the latter (separated region
and shear layer region for 〈u′u′〉 and 〈v′v′〉, windward side of the hill for 〈w′w′〉) are still
far off from the LES values. Especially relevant are the large fluctuations of streamwise
and normal velocity components on the leeward part of the hill, which are not being able
to be captured accurately by this HIRANS method.
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Figure 3.10: Reynolds stresses differences with respect to LES values

Moreover, Figure 3.11 shows that while there has been an improvement of the individual
components, the trace of the Reynolds stress tensor is still far off from the LES values.
The turbulent kinetic energy is largely underpredicted after the separation point, and
the picture of it does not look much different from the baseline RANS case. This is not
surprising, as if the expression used for the production of k in its transport equation (2.8a)
is recalled, only the anisotropy has been modified. This corrected anisotropy is scaled by
the mean velocity gradients, which are not very different from the standard k − ω case.
In the end, it results in a very “mild” correction, which does not lead to a great difference
in effect in the momentum equation. If the anisotropic part is following Boussinesq’s
hypothesis and the isotropic part is hardly changed, it is then expected that the mean
velocity profiles should also be quite similar, as it is the case, showing the interlinking
between the momentum and k transport equations.
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Figure 3.11: Contours of turbulent kinetic energy for HIRANS (left) and LES (right) solu-
tions.

Using the exact expression for the production term

P = −〈u′iu′j〉
∂〈Ui〉
∂xj

, (3.16)

and knowing that only the symmetric part of the velocity-gradient tensor and the anisotropic
part of the Reynolds stresses affect the production, (3.16) can also be written in terms of
the anisotropic stresses and the mean rate of strain as

P = −aij〈Sij〉. (3.17)

Examining (3.17), it is clear that if only the anisotropic parts of the stresses are “implic-
itly” injected (the “implicit” nomenclature arises from the similarity of this treatment
to the one found in Wu et al. (2018), as they are non-dimensionalized with kRANS), the
effect is going to likely be only limited.

The hybrid stress tensor constructed, τ∗, is damped by the local value of kRANS , and
this damped tensor is introduced in the momentum equation, which eventually leads to
similar velocity components, and with that, velocity gradients, as the baseline RANS.
While this is a “virtuous” circle in terms of the stability of the solver, it is a “vicious” one
in terms of the actual departure from the k−ω solution, where even high values of ξi are
eventually dominated by the local values of k computed by the k−ω transport equation.
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3.3.3 HIRANSb: injection of full LES Reynolds stress tensor

The second HIRANS model introduces an injection of the full Reynolds stress tensor τLES
from a LES (or any other higher fidelity) solution, as formulated in (3.18). The aim is
to directly act on the contribution of the mean velocity components in the momentum
equation, but still retaining the hybrid stress tensor τ∗ in the k transport equation which
provides numerical stability to the method, resulting in

τHIm = ξmτLES + (1− ξm)τk−ω, (3.18a)

τHIt = ξtτ
∗ + (1− ξt)τk−ω. (3.18b)

If the mean velocity gradients have been explicitly modified by the contribution of the LES
stresses in (3.8), the production of the turbulent kinetic energy would also be affected, as
formulated in (3.4b), modifying its quantitative value towards the LES solution but still
retaining a certain amount of damping which would help the solution to not diverge after
introducing an exogenous input.

In terms of the numerical stability of this approach, the results were qualitatively similar
to the ones shown for the anisotropy injection, with values of ξi ≤ 0.8 providing stable
solutions. A more detailed report of the convergence for different cases can be found in
Appendix B, where the convergence and results for ξi ≥ 0.8 and two different values of
t∗ are analysed. The results presented, unless explicitly specified, correspond to injection
factors of ξm = 0.8, ξt = 0.3. The motivation behind this choice is discussed in Section
3.3.5.
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Figure 3.12: Differences of HIRANS streamwise (left) and vertical (right) mean velocity
components with respect to the LES solution.

The results for the mean velocity components were much better for this case, being in
a close agreement with the reference LES solution in the majority of the flowfield, as
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Method Reattachment location [x/h]

RANS 5.78
HIRANSa 7.61
HIRANSb 4.68
LES 4.67
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Figure 3.13 & Table 3.2: Left: Reattachment locations.

Right: Wall shear stress distribution for the bottom wall for
LES ( ), RANS ( ),
HIRANS with anisotropy injection ( ) and
HIRANS with full τLES injection ( ).

shown in Figure 3.12. The differences in the mean streamwise component were reduced
to less than ±5% in the whole domain, excepting a small region close to the separation
point, where the value of 〈Ux〉 in the boundary layer was overpredicted in the HIRANS
solution. It should be noted that, apart from the differences on the models used in the
different solvers, the mesh resolution in the HIRANS case was not as fine as the reference
LES case near the peak of the first hill, and that the upstream conditions (that is, the
accelerated part of the second hill, which is introduced as a periodic boundary condition)
showed already mean velocity differences within the boundary layer. The value of y+ for
the HIRANS case achieved a peak of around 1.25 in that region, albeit still slightly failed
to predict the velocity magnitude there, which is propagated downstream.

The wall shear stress distribution shown in Figure 3.13 for the different models highlights
the improvement achieved with this method: from a reattachment location further away
one x/h in the k − ω model, the HIRANS case offered an almost perfect match between
x/h = 4 and x/h = 7, and a virtually identical reattachment point as the LES solution
used for the mapping. In addition, this new HIRANS framework achieved a much closer
behaviour on the leeward hill, but still underestimated the negative streamwise velocity
component in the recirculating part close to the wall.

There is one common feature of all the RANS and HIRANS models: the inability to
accurately represent the peak of wall shear stress in the windward hill. This shift in loca-
tion and magnitude affected also the separation point, which was in practically the same
location in all the non-LES models. A careful inspection of the velocity differences with
respect to the LES cases (Figures 3.9 and 3.12 for HIRANSa and HIRANSb, respectively)
shows that the boundary layer profiles looked quite different in this region, thinner in the
HIRANS cases, but also with lower gradients close to the wall, which can be related to the
turbulence model not being able to capture the gradients from the acceleration region. It
is also worth mentioning that the RANS mesh was coarser in the streamwise component,
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Figure 3.14: Reynolds stresses differences with respect to LES values

with approximately half of the cells of the LES solution, so it is a potentially problematic
area for the data injection due to the high velocity gradients found in this streamwise
direction. A change of interpolation procedure from linear to cubic of the LES data did
not significantly improve the results overall.

The limitations of the RANS part of the model were revealed in the strongest geometry-
related dynamics: the flow acceleration on the windward hill and the separation on the
leeward one. The LES injection was able to work successfully in the rest of the flowfield,
but exhibited difficulties in sections with large fluctuating components and strong pressure
gradients.

A conclusion can be drawn looking at the individual stresses components in Figure 3.14.
The regions with the higher degree of discrepancy in the wall shear stress for the bot-
tom wall were also the ones with greater differences in these contours. In particular, the
separation region still exhibited an underprediction of 〈u′u′〉, and the recirculating region
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Figure 3.15: Contours of turbulent kinetic energy for HIRANS (left) and LES (right) solu-
tions.

and the highly accelerated windward hill showed the largest differences in the spanwise
component 〈w′w′〉. Both regions were likely to be very difficult to be corrected further:
for the separation region, the oscillating solution in the unsteady region which has been
averaged in the LES solution contains a richness of different structures that the RANS
model cannot capture. For the 〈w′w′〉 discrepancies, the absence of a 3D solution, and
hence, a null anisotropic contribution following Boussinesq’s hypothesis for this compo-
nent, greatly limits the RANS part of the model.

Lastly, it is observed from the turbulent kinetic energy contours (Figure 3.15) very close
distributions with respect to the LES reference. All the regions had a qualitatively proper
distribution of k, with the peak seen on the previous RANS results on the windward hill
almost gone and the shear layer fluctuations after the separation very close in size, while
slightly underpredicted in magnitude.

3.3.4 Differences between anisotropy and mean flow corrections

The tests performed before for the two HIRANS models have highlighted the fact that a
correction of the anisotropy levels of the Reynolds stresses using a higher fidelity solution
does not need to necessary correlate with an improvement of the mean dynamics of
the flow prediction. To show this, the barycentric map (Banerjee et al., 2007) for the
anisotropy tensor bij (Figure 3.16) is used as a metric. This map uses the eigenvalues of
this non-dimensional anisotropy tensor to describe the state of the turbulent anisotropy
at each location. For further details of this metric, please refer to Appendix C.

Figure 3.17 shows the barycentric maps for two different x/h locations. The k−ω solution
gave turbulence components which did not deviate from the linear plane strain line, as
expected from the Boussinesq’s hypothesis of the model. This was clearly not the case for
the LES solution, with significant departures from it, with a variety of eigenvalues closer
to the linear contraction region and closer to the two-component limit.
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Figure 3.16: Barycentric map for the anisotropy tensor.

The first HIRANS model, with the anisotropy injection, certainly provided a much closer
eigenvalue distribution of the Reynolds stress tensor, but as it was stated in Section 3.3.2,
the mean dynamics of the flow were not accurately represented, and they even provided a
further departure from the LES solution in certain regions. When looking at the second
HIRANS model, with full τLES injection, the eigenvalues distribution was even closer to
the LES one, but not significantly different from the first HIRANS case. However, as
observed in Section 3.3.3, this model provided a much more accurate solution of the LES
mean flow dynamics.

2-comp 1-comp

3-comp

2-comp 1-comp

3-comp

Figure 3.17: Barycentric maps for x/h = 3.97 (left) and x/h = 8.01 (right). Eigenvalues for
LES ( ), RANS ( ), HIRANS with LES anisotropy injection ( ) and HIRANS
with τLES injection ( ).

This observation allows to draw an important conclusion: there could be, for some test
cases as the one observed in this periodic hill, a dichotomy between uniquely correcting
the anisotropy of the flow and actually accurately represent the rest of the mean flow
quantities. The eigenvalues of the Reynolds stress tensor certainly give an idea about the
turbulent state of the flow, but both corrections are not always correlated, and this should
be taken into account if this metric is used, as it may need to be complemented with others
(for instance, the deviation of other flow quantities as velocity components with respect
to the reference one, or other test case-based quantities such as the reattachment point
for the periodic hill) to fulfil the original goal.
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3.3.5 Sensitivity of the solution to the injection factors ξi
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Figure 3.18: Separation (left) and reattachment (right) locations for HIRANS with LES
anisotropy injection ( ) and HIRANS with τLES injection ( ).

The previous sections have shown the performance of the two HIRANS models with re-
spect to LES. While the majority of the analysis has been centred in offering qualitative
results about the improvements of the different variables on the flowfield, it is also neces-
sary to show the magnitude of the improvements achieved. In this section, it is exposed
how the variation of the two different injection factors, ξm and ξt, affects the solution.

Some obvious metrics for this case are the separation and reattachment locations at the
lower wall. Figure 3.18 shows the results for a variation of the two injection factors ξi at
the same time. Starting from the separation location, there was only a clear trend which
can be observed in the first HIRANS case, where only the non-dimensional turbulent
anisotropy is injected. Fairly surprisingly, and despite the not particularly good results in
capturing the mean velocity components, the separation location seemed to get closer to
the LES solution as the injection factors ξi were increased. This is consistent with Figure
3.13, which showed that in the small region near the separation, this is the model which
behaves closest to the LES reference. Moreover, this first HIRANS model exhibited a
good match to the LES reference in the mean streamwise velocity component in that area
(Figure 3.9), despite the poor agreement in the fluctuating components (Figure 3.10),
specially in 〈u′u′〉. The explanation for this could be motivated in the non-dimensional
formulation for the hybrid Reynolds stress tensor τ∗: as the anisotropy components are
non-dimensionalized with kRANS from the modified k transport equation, the numerator
and denominator could be minimizing these discrepancies. Nevertheless, it is not well
understood why the tendency was so consistent as more LES information is injected, or
why the second HIRANS model, which showed very small discrepancies of the different
turbulent stresses in this area, was not able to achieve a similar behaviour. This metric
should be taken with care, as the cell size in streamwise direction was of approximately
dx ≈ 0.08, so the maximum variations achieved were of around a 5 cells distance.

With respect to the reattachment point, the second HIRANS model achieved a remarkable
result, getting towards the LES location as the ξi factors are increased. For the first
HIRANS model, the discrepancy in the different mean velocity components was also
reproduced in the reattachment location. The jump observed between ξi = 0.4 and
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ξi = 0.5 was due to the presence of a secondary recirculation region on the windward hill,
which merged with the main one as the injection factors were increased, creating a large
recirculation region between the two hills.

The global field data discrepancy can also be quantified. In order to perform that, the
different norms can be defined,

L1{yRANS} =

N∑
i=1
|yRANS − yLES |Vi
N∑
i=1
|yLES |Vi

, (3.19a)

L2{yRANS} =

√√√√√√√√
N∑
i=1

(yRANS − yLES)2Vi

N∑
i=1

(yLES)2Vi

, (3.19b)

L∞{yRANS} =
sup |yRANS − yLES |

sup |yLES |
. (3.19c)

In these expressions, yRANS and yLES are any flow quantity, and Vi is the local cell
volume. The norms are non-dimensionalized with the LES results and integrated for each
cell, to minimize the effect of the mesh and the scaling of the variable to study, excepting
variables along a line, as the wall shear stress, which are integrated along the line segment
and not the cell volume, to avoid a weighting based on the scaling on the normal direction.

The results for the different field variables are presented in Figure 3.19. It is observed
how the first HIRANS model achieved dubious results: while there were certain norms
that are indeed reduced (especially the ones related with 〈v′v′〉), not all of them followed
the same trajectory. The L1 and L2 norms for 〈Ux〉 and 〈Uy〉 increased from the baseline
RANS model. This reinforces the stated hypothesis that, for this case, an improvement
of the non-dimensional turbulent anisotropy does not necessarily need to be correlated
with an improvement of the mean velocity components.

The second HIRANS model behaved as expected from the previous results, significantly
lowering the majority of the norms throughout the ξi parameter space as these factors
were increased. One exception escaped from this trend: the L∞ norm for 〈Uy〉. A
further scrutinisation of it reveals that the location of it was approximately the same
for the different cases: the second cell close to the wall on the windward hill, around
x = 8.51− 8.57 for the different cases, shifting its location between two adjacent cells. As
it has been already mentioned, the accelerating part on this second hill has proven to be
challenging for this HIRANS model, not being able to significantly correct the wall shear
stress and the velocity components very close to the wall there.

To further visualize the independent contribution of the two ξi parameters in the HIRANS
model with τLES injection, Figure 3.20 shows the trend over different variables. It was
observed that, in general, for the L2 norms, the quantitatively dominant factor was the
one corresponding to the injection of LES information in the momentum equation, ξm. For
every variable which has been studied in this document, this data injection has introduced
a significant reduction in its L2 norm, achieving a value of around 20-25% of the baseline



42 Local RANS corrections for reference geometry

0.0 0.2 0.4 0.6 0.8
ξm, ξt

0.0

0.1

0.2

0.3

0.4

0.5
L

1
,
L

2

0.0 0.2 0.4 0.6 0.8
ξm, ξt

0.0

0.1

0.2

0.3

0.4

0.5

L
1
,
L

2

0.0 0.2 0.4 0.6 0.8
ξm, ξt

0.00

0.25

0.50

0.75

1.00

1.25

L
∞

0.0 0.2 0.4 0.6 0.8
ξm, ξt

0.00

0.25

0.50

0.75

1.00

1.25

L
∞

Figure 3.19: L1 ( ), L2 ( ) and L∞ ( ) norms of 〈Ux〉 ( ), 〈Uy〉
( ), 〈u′u′〉 ( ), 〈v′v′〉 ( ), 〈w′w′〉 ( ) and 〈u′v′〉 ( ) of HIRANS with LES
anisotropy injection (left) and HIRANS with τLES injection (right).

RANS values for the velocity components and the different shear stresses. The wall
shear stress effect was less significant, as while there were certain regions, such as the
recirculating part, which were greatly improved, the discrepancies in the accelerating
part of the windward hill remained similar to the RANS case.

The effect of the hybrid tensor τ∗ for the k transport equation was less straightforward.
Depending on the field variable and norm, its effect became beneficial or detrimental.
Globally, there was a worsening of the L2 norms for 〈Ux〉 and 〈Uy〉, which mainly came
from the cells close to the top wall. Nevertheless, its effect in the L∞ norms was always
positive, as well as in the wall shear stress norms. This suggested that introducing this
factor improved the behaviour of the RANS model close to the walls, where the majority
of the L∞ norms are located (see Appendix A), but did not necessarily correlate with
an improvement along the whole flowfield. This idea can be linked with the observation
of the positive behaviour of the first HIRANS model in predicting a separation location
closer to the LES model, using the same τ∗ tensor.
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Based on this, which injection factor should be chosen? The answer is, as many times
in science and engineering: “depends”. Concerning the momentum equation factor ξm,
keeping it as high as possible will likely result in the best agreement with the higher fidelity
results, as the information is directly affecting the mean velocity components solving
process. The turbulent transport equations factor ξt does not have such a straightforward
influence, and it has been shown that, depending on the quantity of study, the correlation
with the LES results can be better or worse when increasing it. It is also reasonable to
expect this trend to be case-dependent. A compromise between all the different metrics
concluded in utilizing ξm = 0.8, ξt = 0.3 for the rest of this work.
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Figure 3.20: L2 (left) and L∞ (right) norms of 〈Ux〉 (top) and 〈Uy〉 (centre) and τw (bot-
tom) for HIRANS with τLES injection. Contours linearly interpolated from 81
sample points (×).
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3.4 Summary

In this chapter, the formulation and results from the baseline k − ω RANS model and
the two different HIRANS models, with injected anisotropy information and the full LES
Reynolds stress tensor, have been presented.

For the baseline RANS model, the discrepancies with respect to the reference LES case
were manifested in both mean velocity components and stresses. The Boussinesq’s hy-
pothesis applied for the turbulence model tended to underpredict the magnitude of the
different stresses, both isotropic and anisotropic contributions, and created a very large
recirculating region.

The correction of the anisotropy by the first HIRANS model was successfully achieved, but
this was not translated to an overall better distribution of the mean velocity components
in the flowfield. The isotropic component k was qualitatively unaffected, and as the
constructed hybrid tensor τ∗ was scaled by this value of kRANS , there was not a great
departure from the baseline RANS model.

On the other hand, the injection of the full τLES fulfilled the objective: the differences on
the different stresses components with respect to the LES values became almost negligible
quantitatively for the purpose of this study in the majority of the flowfield (within ±1%
of the scaled quantities with U2

b ). There were some small region exceptions, located at
the separation region for 〈u′u′〉, the top of the windward hill for 〈v′v′〉 and the foot of it
for 〈w′w′〉. In all those cases, though, the differences were still smaller than the baseline
RANS case. Furthermore, the wall shear stress distribution on the lower wall was much
better represented, capturing a virtually identical reattachment point as the LES solution,
but still showing an underprediction of the high shear region on the top of the second hill
and of the negative shear on the flat recirculating part.

Furthermore, from the results of the barycentric map for the eigenvalues of the Reynolds
stress tensor for the different cases, it was extracted that a correction metric based on the
anisotropy of the flow and its resemblance to a higher fidelity solution may not always be
correlated with a better prediction of other quantities within the flowfield.

The positive results from the second HIRANS model justify its application for the next
part of this document, where sparse LES cases are interpolated into non-locally corrected
(in terms of geometry) RANS cases, and compared with LES references and locally cor-
rected ones, as well as the baseline k − ω model for those geometries.
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Chapter 4

LES setup and analysis

4.1 Introduction and LES setup

In order to validate the HIRANS framework for different geometries, a higher fidelity
LES code must be used. In this chapter, a brief description of the different configurations
which have been studied is given, to introduce a reliable, yet computationally feasible
setup for the comparison with the HIRANS results and to produce several samples for
the Kriging and Co-Kriging optimization routines.

While the LES solver INCA has already been tested for the reference periodic hill geometry
(Hickel et al., 2008), several modifications have been implemented during the course of
this work to increase its computational efficiency. The simulations have been performed
in the TU Delft HPC, with 20 cores Intel(R) Xeon(R) CPU E5-2670v2 at 2.5 GHz and
128 GB of RAM.

The results of these simulations are compared with the LES results from Breuer et al.
(2009), used as a reference to validate the HIRANS framework, and with PIV experimental
data from Rapp (2009).

4.2 Computational performance

Despite the moderately low Reynolds number of the simulations (Re = 10595), there is
a rich variety of structures which make the LES simulations particularly challenging in
terms of the computational effort needed to achieve accurate results. Investigations from
Fröhlich et al. (2005) and Breuer et al. (2009) show this fact, where the former remarks
the high level of turbulent intensity in the spanwise direction for the post-reattachment
region, confirmed by the features also captured by the latter author in a wide range of
Reynolds numbers. Thus, a high streamwise and normal resolution is in principle needed
to capture the shear layer at the separation location, and a relatively large domain of
around Lz = 4.5h is recommended by Fröhlich et al. (2005), with an averaging period of 55

47
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flow-through times. Breuer et al. (2009) employed an even larger averaging period of 140
flow-through times. The summation of all of these effects introduces several constraints
for an accurate LES simulation, and a practically infeasible configuration for the available
resources and the multiple samples needed for the study.

There are two main ways to tackle this problem: increasing the computational perfor-
mance of the solver and/or accepting a trade-off between accuracy and simulation time.

With respect to the first argument, the main bottleneck found during the course of this
study has been the Poisson solver for the pressure, spending well more than 50% of
the computational time in the TU Delft cluster arrangement. Using this knowledge,
different state-of-the-art iterative solvers were tested: from V-cycle and full multigrid
configurations to Fast Fourier Transform and Krylov subspace methods such as BiCGStab
and GMRES, with further preconditioning given by Gauss-Seidel and multigrid. While
some of the methods were slightly faster than others, being BiCGStab with an algebraic
multigrid preconditioner generally the superior one, the order of magnitude of their speed
were qualitatively the same. It is important to note that, due to memory requirements,
the GMRES computations were always restarted, damaging its convergence properties.
For the finer grids, it even failed to converge if applied for the first time steps. Starting
the simulation with BiCGStab and continuing with GMRES later on still did not deliver
a significant boost of performance. Some other methods were implemented, such as GCR
(Vuik and Lahaye, 2012) and Recursive GMRES, GMRESR, (Van der Vorst and Vuik,
1994). However, for the test case, they resulted in a lack of a speed improvement and
convergence, respectively.

After all these unsuccessful attempts, one of the methods tested finally achieved its goal:
the Stone’s Strongly Implicit Procedure, SIP, (Stone, 1968). Its formulation can be found
in Appendix E. In the present document, this method was used for preconditioning the
Poisson equation system, which was then solved with BiCGStab. This allowed to accel-
erate the code around five to six times in the test case compared to full and V-cycles
multigrid, Jacobi and Gauss-Seidel preconditioners, offering a consistently similar per-
formance on further computations, allowing a greater variety of mesh resolution and
averaging time tests. Incomplete LU factorization was unavailable at the time of the
computations for the INCA solver, which did not allow a direct comparison with it. It is
believed that the periodic boundary conditions combined with the immersed boundaries
first-order reconstruction were the main reason of the poor conditioning of the system.
Indeed, the latter part of it was significant in the stability of the system, which was not
able to converge when a second-order reconstruction of the hill shape was attempted.
In terms of the conditioning of the preconditioned system, while the multigrid methods
were able to provide a significant reduction of Poisson iterations with respect to Jacobi or
Gauss-Seidel, their cost per iteration was significantly higher, which overall only slightly
increased the computational performance. The SIP method was comparable in terms
of overall Poisson iterations, but the large reduction of cost per iteration was the main
responsible of the improvement in CPU time.
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4.3 Effect of spanwise extent, mesh resolution and averag-
ing time

The INCA LES implementation is compared with reference LES and experimental data.
The two main LES works of Fröhlich et al. (2005) and Breuer et al. (2009) are both with
curviliner grids, with a number of interior cells of Nx×Ny×Nz = 196×128×186 for the
first case, and an increase of the resolution up to around 298×220×200 for the second one,
allowing for a DNS-like representation of the upper wall in this case. Due to the readily
available field data, the comparison in this and the next sections is performed with the
latter simulation as the reference data. Three main parameters are investigated: spanwise
extent, mesh resolution and averaging time. Unless explicitly specified, the averaging time
considered is 33 flow-through times, starting the samples at 22 flow-through times, with
the flow-through time defined as tflow-through = xmax/Ub.

4.3.1 Spanwise extent

Case Lz Nx Ny Nz N

Full 4.5 140 280 144 5.6 · 106

Semi 1.5 140 280 48 1.2 · 106

Narrow 0.5 140 280 14 3.5 · 105

Breuer et al. (2009) 4.5 298 220 200 1.3 · 107

Table 4.1: Grid properties of the different cases for the spanwise extent study.

Using the recommendation of Fröhlich et al. (2005), for both LES and hybrid RANS-
LES results, while the correlation coefficients as a function of the separation dz for the
turbulent fluctuations are non-zero for Lz = 4.5, the error introduced is estimated to be
small. Longer spanwise extents would provide little quantitative benefits for the extra
cost needed for their simulation. As there exist wide vortical structures, reducing the
spanwise domain length would hurt the averaging representativeness.

To confirm it, and to evaluate the errors with respect to the baseline extent of 4.5h, in the
aid of bringing down the computational cost, three different configurations are studied,
as shown in Table 4.1, with noticeable reductions in computational requirements.

Nevertheless, Figure 4.1 represents a clear picture: reducing the spanwise extent rapidly
reduced the accuracy of the LES computations. The recirculation region was wrongly
calculated even in the “semi” case, becoming larger as the domain gets narrower. This
was in agreement with the discussion in Fröhlich et al. (2005), following the data of
Klostermeier (2001) and the dissertation of Fröhlich (1990). There, it is stated that only
the very largest structures get “squeezed” when narrowing the domain size, which could
be partially the case of the shear layer region, damaging the spanwise average if the
domain is not large enough. The 2-point correlations in Klostermeier (2001) suggest that
structures close to the upper wall and the separation region have a considerable size in
the spanwise direction, the latter with an approximate size of 3 hill heights. Therefore,
not even this “semi” case could properly represent some of the flow features. Figure 4.2
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Figure 4.1: Mean velocity components at different x/h stations for
Breuer et al. (2009) LES ( ), Rapp (2009) PIV ( ),
full ( ), semi ( ), and narrow ( ) INCA cases.

shows the large underprediction of the different turbulent stress components. The narrow
case, in every single variable and location, showed a completely wrong pattern, with very
high turbulent stresses probably coming from non-fully represented structures.

The simulation performed for the “full” case showed a much closer agreement with respect
to the reference LES and PIV data, despite its considerably shorter averaging time, 33
flow-through times for the INCA simulations versus 140 for the reference data. The
recirculation region was underpredicted, which, due to the conservation of momentum
within the periodic domain, is reflected in a lower momentum close to the upper wall,
and the turbulent stresses show a similar shape as the reference data, being qualitatively
similar to both LES and experimental cases.
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Figure 4.2: Turbulent stresses at different x/h stations for
Breuer et al. (2009) LES ( ), Rapp (2009) PIV ( ),
full ( ), semi ( ), and narrow ( ) INCA cases
(experimental data not available for 〈w′w′〉).
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Figure 4.3: Mesh for fine (top) and coarse (bottom) cases.

4.3.2 Grid resolution

The previous section showed the need to perform a simulation over the recommended
spanwise extent of Lz = 4.5h. However, the INCA case with the fine grid resolution con-
sidered is computationally too expensive to produce several samples for an optimization
routine in this study, with an approximate cost of around 20 CPU days per case. An al-
ternative grid with a coarser resolution principally in the normal and spanwise directions
is also tested, with almost a fifth of the nodes of the finer mesh, as shown in Table 4.2.

Method nx ny nz N y+
bottom wall

Fine mesh 140 280 144 5.6 · 106 < 1− 14
Coarse mesh 128 100 96 1.2 · 106 < 1− 20
Breuer et al. (2009) 298 220 200 1.3 · 107 < 1− 1.2
RANS/HIRANS 120 130 - 15600 < 1− 1.5

Table 4.2: Grid properties of the different cases for the grid resolution study.

Figure 4.3 shows the key differences between the two grids. While the finer one has
a much better resolution overall, it is particularly refined in the separation region and
both bottom and top walls. As observed in Table 4.2, the Cartesian grids for the INCA
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Figure 4.4: Mean velocity components at different x/h stations for
Breuer et al. (2009) LES ( ), Rapp (2009) PIV ( ),
fine ( ), and coarse ( ) INCA cases.

cases struggle with the near-wall resolution, with relatively high peak y+ values close to
the highly curved, not streamwise aligned regions of the bottom wall, compared to the
body-fitted grids of Breuer et al. (2009) and RANS. Nevertheless, the values are still
within the range for adequate wall function treatment. The coarser mesh keeps a good
resolution near the separation region, but sacrifices it in the rest of the domain. Despite
this coarsening, the aspect ratio of the cells is improved, as in the finer case they become
very elongated in the streamwise direction due to the very high resolution in the normal
one.

The results of the grid coarsening for the mean velocity components can be observed in
Figure 4.4. Starting from the streamwise velocity results, there seemed to be a much
better prediction of the recirculation extent with the fine mesh. Indeed, both lines at
x/h = 4.0 and x/h = 6.0 had a very close agreement with the experimental data, being
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virtually identical on the first case. Not only that, but the prediction on the lower part
of the domain showed excellent agreement, with a slight deficit of momentum at around
y/h = 1.0 − 2.0, which resulted in a worse prediction of the top wall. The discrepancy
with Breuer et al. (2009) in this upper region can be attributed to the fact that this
reference had a DNS-like representation there, while, as it was observed in Figure 4.3,
the resolution in the normal direction between y/h = 2.0 − 3.0 in the INCA coarse case
was not so high, with around an order of magnitude of difference in y+. The results
for the vertical component of the mean velocity were also remarkably good, achieving an
arguably similar or better result in the majority of the domain, excepting the near-wall
separation region.

While the mean velocity components were very satisfactory, the turbulent stresses were,
in general, too. As Figure 4.5 shows, the overprediction of the streamwise velocity fluctu-
ations in the shear layer region after separation became slightly smaller and closer to the
experimental data, following this trend with increasing x/h. The region near the top wall
did not follow the trends of the rest of the simulations. It is suggested that this part of
the domain had not completely developed for this case, and its effect is further analysed
in Section 4.3.3. Despite this result, the rest of the domain seemed to follow the expected
shape of the finer grid. With respect to 〈v′v′〉, it was also observed how the exaggerated
peak in the beginning of the shear layer followed much closer the reference LES data, and
a similar result occurred for 〈u′v′〉. Nevertheless, it must be noted that, for these last
two components, the results from Breuer et al. (2009) showed a closer agreement with the
PIV data.

Overall, the mesh coarsening does not seem to be a step back, but even a step forward. It
is somewhat surprising, as it would be expected that the finer grid achieved more accurate
results, especially taking into account the evident lack of full development of the solution
on the top wall for the coarser case. Nevertheless, the next part of this document, Section
4.3.3, shows that the averaging time for these simulations suggest that the case is not
fully developed until well beyond the calculated period here. Hence, the error due to
the lack of development and an excessively short averaging period could be greater than
the discretization error in this case. The lack of accuracy of the fine mesh could be also
affected by the high aspect ratio present in the elongated cells in streamwise direction,
but conclusive results about this hypothesis would need additional research.
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Figure 4.5: Turbulent stresses at different x/h stations for
Breuer et al. (2009) LES ( ), Rapp (2009) PIV ( ),
fine ( ), and coarse ( ) INCA cases (experimental data not
available for 〈w′w′〉).
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4.3.3 Averaging period: start and extent

The results from the mesh resolution study show a potentially important issue with the
simulations performed: having a properly developed flow over a sufficiently long averaging
time. This section addresses both questions, in order to be able to produce reliable
computations for the different geometries considered along the document.

Method Starting averaging time Averaging period

Baseline 22 33
Extended A 55 33
Extended B 55 55
Extended C 89 33
Extended D 89 55
Fröhlich et al. (2005) 23 55
Breuer et al. (2009) - 140

Table 4.3: Test matrix of averaging period cases. Both starting time and averaging period
are in flow-through times (tflow-through = xmax/Ub). Values truncated to integer
numbers.

Table 5.1 shows the different starting times and averaging periods tested. Due to the
successful results of the coarse mesh and resource constraints, all the simulations were
performed with it. As it is observed, both effects, averaging period and starting averaging
time are considered. For the remaining part of this section, only results for the Extended
A and Extended D simulations are shown. The rest of the cases are included in Appendix
F.

To study the adequacy of the selected values for starting the averaging process and the
length of the average period, two different variables are considered. The first one is the
additional forcing term which is added to drive the channel at constant Re, fp. This is
added as a proportional-integral-derivative (PID) controller each time step, as

fp = Kstatic

(
Kpe(t) +Ki

∫ t

0
e(t′)dt′ +Kd

de(t)

dt

)
, (4.1)

where the e(t) function refers to the bulk velocity over the domain at the instant i with
respect to the target (solution) one, as e(t) = (Ubsol −Ubi)/Ubsol , and Ki are the different
constants.

The second variable to study is a measure of the fluctuations of the velocity components
in a root mean squared sense, uRMS , as

uRMS =

√√√√ 3∑
i=1

(ui − ūi)2, (4.2)

where ūi is the averaged velocity component over the entire simulation.
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Figure 4.6: Volumetric forcing (top) and root-mean-square velocity (bottom) for the Ex-
tended D simulation (left) and averaging period (right). The mean quantities
over the averaging period are represented by ( ).

Figure 4.6 shows the development of these quantities over the course of the Extended
D simulation, the longest one from the tests. In these figures, the initial transient state
can be clearly observed in the uRMS variable. The fluctuations in the first flow-through
times started to decay and seem to achieve a value which oscillates around uRMS ≈
0.25. Looking at the fp term, it could be argued that both metrics seemed valid to
start the averaging period as soon as 25 flow-through times. Nevertheless, the overall
picture is not so simple: around 75 flow-through times, there was an increase of the uRMS

over the previously predicted value, which could lead to a misleading average if this one
was performed between 75 and 100 flow-through times. Based on this observation, low
frequency oscillations may play an important role in the dynamics of the system, and,
looking at uRMS , it seems that after around 85 flow-through times, the system started to
decrease the magnitude of these peaks.

A further analysis applying a Fast Fourier Transform (FFT) to fp and uRMS is shown in
Figure 4.7. It is observed how, for both variables, for earlier times, tflow-through = [22, 55],
the Extended D simulation showed a very low frequency oscillation at around 6 × 10−2

flow-through times. This component was dampened as the simulation progresses and it
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Figure 4.7: FFT for the volumetric forcing (left) and root-mean-square velocity (right) for
Extended D, flow-through-times 89-144 ( ),
Extended D, flow-through-times 22-55 ( ),
fine mesh, flow-through-times 22-55 ( ).
Reference slopes ( ).

did not appear in the converged solution. Furthermore, the fine mesh did not show this
behaviour in the averaging period. This oscillation could be the cause for the upper wall
non-converged behaviour in 〈u′u′〉 in the coarse mesh, not present in the finer one. Looking
at the spectrum, while the fine mesh starts to resemble the converged solution, it still
needed further development. The fp plot showed a peak which progressed in the direction
towards a single flow-through period for the converged Extended D case, while the uRMS

showed it at approximately one order of magnitude lower in frequency. This oscillation
was likely related with the Kevin-Helmholtz instability present in the shear layer after
separation. This information motivated the reasoning to run the simulation well beyond
the original value of 55 flow-through times. Not only that, but it also suggested that, with
the current forcing in the initial time step of perturbations of 0.32% of Ub in the streamwise
velocity component, a transient state significantly longer than the 23 flow-through times
present in Fröhlich et al. (2005) is preferred to be calculated before starting the averaging
period. Based on the frequency of the different oscillations present, it is also inferred that
this longer averaging period could be beneficial in the calculation of a robust solution for
different geometries. It is not trivial to understand a priori how the oscillations of the
transient system for the different geometries will be until the simulations have already
been run, which is not practical within the optimization routine framework.

Figure 4.9 shows the mean velocity components behaviour for the baseline simulation, the
effect of starting averaging later (Extended A) and both the effects of a delayed start and
a longer averaging period (Extended D). Starting with 〈Ux〉, the greatest differences were
located in the central and upper parts of the domain for every x/h station considered.
Despite the relatively coarse mesh, which was around 10% of the size of Breuer et al.
(2009), the results for the extended simulations, especially for Extended D, were strikingly
similar to the PIV reference in a large part of the domain and even closer than the LES
reference. The only exception was found near the separation region. This could be related
with the first-order reconstruction in the immersed boundaries setting for the INCA LES
cases and the relatively high y+ values in the curved regions of the bottom wall. This



4.3 Effect of spanwise extent, mesh resolution and averaging time 59

B
re

ue
r

et
al

.
(2

00
9)

B
as

el
in

e

E
xt

en
de

d
A

E
xt

en
de

d
D

0.0

0.2

0.4

L
2

B
re

ue
r

et
al

.
(2

00
9)

B
as

el
in

e

E
xt

en
de

d
A

E
xt

en
de

d
D

0.0

0.2

0.4

0.6

0.8

L
∞

Figure 4.8: Mean and standard deviation of L2 ( ) and L∞ ( ) norms
computed against PIV data over the different x/h stations of 〈Ux〉 ( ), 〈Uy〉
( ), 〈u′u′〉 ( ), 〈v′v′〉 ( ) and 〈u′v′〉 ( ) for the different cases.

discrepancy, as explained before, also affects the top wall results due to the boundary
conditions imposed. The vertical velocity component seemed to be hardly affected in the
extended simulations, only being noticeable in the windward hill, with an increase of 〈Uy〉
over the baseline simulation, showing the convergence of the results to the PIV solution
as it is extended.

The turbulent stresses showed a much clearer trend in Figure 4.10. For 〈u′u′〉, the re-
sults significantly differed from the baseline solutions, and also seemed to converge when
extending the simulation. The Extended A computation was a major alteration of the
baseline results, correcting the wrong shape near the top wall, but not necessarily bring-
ing them closer to the PIV reference in some parts of the domain. Notwithstanding, both
extended simulations showed similar shapes qualitatively to the LES reference. A similar
conclusion can be drawn of the rest of the components, 〈v′v′〉 and 〈u′v′〉: they seemed
to converge at every station quantitatively, but for values that differed more to the PIV
reference than for the mean velocity components. This was not an issue only related with
these simulations, as Breuer et al. (2009) achieved similar results qualitatively.

To quantify the magnitude of the discrepancy with respect to the PIV results, L2 and L∞

norms were calculated between the different cases and the PIV data, using 3.19 and shown
in Figure 4.8. The comparison was performed using all x/h lines available in the PIV data,
calculating the pointwise discrepancy with respect to the LES solution (interpolated in the
PIV points) and averaging these discrepancies over all the x/h stations. The conclusions
from these figures are closely related to the ones drawn from the previous analysis. The
baseline simulation was a significant departure of the extended cases, which seemed to be
very similar between each other in the majority of the flow variables considered. The only
exception was found in 〈u′u′〉, which was highly affected by the fluctuating shear layer and
recirculation regions, suggesting that a fully representative average of this variable would
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Figure 4.9: Mean velocity components at different x/h stations for
Breuer et al. (2009) LES ( ), Rapp (2009) PIV ( ),
baseline ( ), Extended A ( ) and Extended D ( )
INCA cases.

need a longer averaging period. Nevertheless, it is noted that for every norm, the mean
results for the Extended D simulation were comparatively roughly as good compared to
PIV data as the ones achieved in Breuer et al. (2009), with a notable emphasis in the
accurate characterization of the mean streamwise velocity component. With respect to
the standard deviation, similar results can be drawn, with a particularly low value for the
〈u′u′〉 component in the Extended D case.
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Figure 4.10: Turbulent stresses at different x/h stations for
Breuer et al. (2009) LES ( ), Rapp (2009) PIV ( ),
baseline ( ), Extended A ( ) and Extended D ( )
INCA cases.



62 LES setup and analysis

4.4 Configuration choice and summary

The LES setup has established itself as a challenging part of the current study, even
for the simple geometry and moderate Reynolds number considered. The constraints in
computational resources available and the accuracy required to be used for the HIRANS
model determined the testing of different strategies until finding the final configuration.

Starting from the computational performance, the main limitation was found in the Pois-
son solver, which was tackled using several methods, such as multigrid, Krylov subspace
solvers or Fast Fourier Transform. The introduction of the Stone’s Strongly Implicit Pro-
cedure allowed to accelerate the overall computational time around five to six times by
decreasing the iteration time with respect to multigrid methods, giving also the possibility
to test finer grids.

To reduce even further the computational cost, narrower domains in the spanwise direction
were considered. Neither the narrower or even the “semi” domains were successful in any
way. The large flow structures constrained the restriction of the spanwise domain, to at
least an extent of Lz = 4.5h between the three considered cases.

The grid resolution study revealed that even a coarser mesh of around one million cells
was able to capture the main dynamics of the flow and be qualitatively representative
in comparison with LES and PIV reference data. Coarsening the mesh resolution also
affected greatly the recirculation length, which was unexpectedly better represented in
the coarser case.

The most fruitful part was the averaging period study: it detected that, for the coarser
mesh case and the tested forcing term in the initial time step, the simulation needed
as long as at least 55 to 89 flow-through times to achieve better converged statistics.
Increasing the averaging period could also become beneficial if low-frequency oscillations
are present in different geometries, such as steeper ones with several recirculating regions.
In addition, this effect could also explain why the finer grid achieved a worse performance
compared to reference data, based on the balance between discretization and convergence
errors. Extending the simulation showed an excellent agreement in the mean velocity
components with respect to PIV data, being also positive in the turbulent stresses, with
similar discrepancy levels as Breuer et al. (2009).

Due to the time constraints of this work, solving a simulation with the finer grid for a
longer amount of time was not studied. With the current configuration, solving up to 55
flow-through times took around 15-20 CPU days in the TU Delft cluster arrangement,
compared to the approximately 2 CPU days of the coarser mesh for the Extended D case,
which ran until around 144 flow-through times. Triplicating the needed time for a single
configuration in the fine mesh is out of the scope of this document, as it is focused on
calculating several samples within the design optimization framework.

Thus, the final configuration, which is then translated to the different geometries, is the
Extended D setup: spanwise extent of Lz = 4.5h, 1.2×106 grid points and a total running
period of 144 flow-through times. It provides a robust, yet not prohibitively expensive
framework which can be used to acquire several samples in the different geometries,
interpolation and design optimization parts of this work.



Chapter 5

HIRANS for different periodic hill
geometries

5.1 Introduction

The HIRANS framework with τLES injection has proven successful in correcting the mean
velocity components and turbulent stresses in the periodic hill test. However, in the
context of a multi-fidelity design optimization routine, it would be desirable to be able to
compute a large number of HIRANS samples with a significantly lower number of LES
cases.

This chapter addresses how well does the hybrid injected RANS formulation adapt to
variations of the original periodic hill geometry with varying flow features. Firstly, the
periodic hill is parametrized using a single degree of freedom. After this, RANS, LES
and HIRANS cases are run for them, to compare the capabilities of the model with local
injection from the same geometry.

Furthermore, the prediction capabilities of the framework are analysed, in order to provide
insight of how accurate the different flow magnitudes can be with respect to the LES
information when no local data is available, and interpolation between different geometries
is needed.

A comparison with the known LES information, locally injected HIRANS and RANS is
given, discussing the shortcomings of the method as long as potential pitfalls of it.

5.2 Local injection of LES data

This section involves the parametrization of the original geometry, as well as the different
results for the local injection of LES data for 7 different cases.

63
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5.2.1 Geometry definition and study cases

The baseline periodic hill geometry is defined in Almeida et al. (1993). The hill is divided
in six segments with seven control points, with each segment defined as a fourth-order
polynomial. This allows for a simple way of controlling different sections. To introduce
a parameter space of multiple dimensions, a linear system can be constructed, fixing the
x/h positions of the different control points and imposing continuity in the y/h locations,
first and second derivatives. This results in a 24× 24 system, which can be easily solved
to obtain the new coefficients for the piecewise continuous function. From the multiple
possibilities to parametrize this, the following one has been implemented, with varying xi
and yi positions for the bottom wall coordinates,

xi = ψ

(
xi0 + ximult

h

)
, (5.1a)

yi =

(
yi0 + yimult

h

)
, (5.1b)

where the subscripts 0, mult refer to the baseline and the new multiplier values, respec-
tively. Fixing the extrema, there are 5 interior points which, with varying ximult

, yimult

and the width of the hill ψ, allow for up to 11 degrees of freedom. The complete derivation
for the calculation of the system can be found in Appendix D.
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Figure 5.1: Geometry for different hill width values:
baseline, ψ = 1.0 ( ),
steeper cases, ψ = (0.25, 0.5, 0.75), ( ),
and less steep cases, ψ = (2.0, 3.0, 4.0), ( ).

In the context of this study, only the hill width factor ψ has been modified. A total of
7 geometries are tested in this chapter, from configurations significantly steeper than the
reference one, ψ < 1, to the less steep ones, ψ > 1. Figure 5.1 shows that, even with
this single degree of freedom, the geometry can become significantly different from the
reference one. Doing so, it also involves different kinds of flow features, with little to no
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Figure 5.2: Streamlines with streamwise velocity contours of LES cases for the steepest
(ψ = 0.25, left) and least steep (ψ = 4.0, right) cases.

separation at all expected in the least steep configurations and secondary recirculating
regions in the steepest ones. For some configurations with high values of ψ, the two hills
even start to touch, joining in a single one with a sharp junction. Figure 5.2 shows how
distant the flow features are in the two limiting cases. On the steepest one, ψ = 0.25,
the leeward hill shows a secondary recirculation region, and the main one is significantly
bigger than in the baseline case. Moreover, the windward hill exhibits its own reversed
flow region close to its foot. On the other hand, the ψ = 4.0 case has attached flow along
the entirety of the bottom wall.

5.2.2 Results

In a similar way as it was presented in Section 3.3.5, L1, L2 and L∞ norms for different
flow variables are calculated to determine the difference between the RANS/HIRANS
and LES solutions. It must be noted that all the results shown in this and the following
sections for the HIRANS model correspond to the injection factors ξm = 0.8 and ξt = 0.3.

Figure 5.3 shows the performance of the HIRANS model compared to the baseline k − ω
results. Despite having a much coarser LES solution to be injected from, which includes
sections near to the walls with y+

LES significantly higher than its RANS counterpart,
the model performed well in the majority of the envelope considered. Starting with the
mean velocity components, there was a notable improvement in many points, which was
especially reflected in locations where the baseline RANS differed significantly from the
LES solution, such as ψ = 2.0. This did not always happen, though, as there were
exceptions to it, which were the points with the best performance in the baseline RANS
model. In this cases, such as ψ = 3.0 and ψ = 4.0, the norms even slightly increased. So,
while the HIRANS model was not able to always decrease the difference between RANS
and LES solutions for these field variables, it did keep them below a certain threshold for
the whole envelope, achieving a much more consistent difference. This is highly relevant
for the design optimization part, as the Co-Kriging model would have a much easier task
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Figure 5.3: L1 ( ), L2 ( ) and L∞ ( ) norms for different geometries
of 〈Ux〉 ( ), 〈Uy〉 ( ), 〈u′u′〉 ( ), 〈v′v′〉 ( ), 〈w′w′〉 ( ) and 〈u′v′〉 ( ) of RANS
(left) and HIRANS with τLES injection (right).

of combining the information of low and high fidelity data if the differences between them
are bounded more tightly.

With respect to the turbulent stresses, the results showed a vast improvement, for every
single sample point considered. The injection of LES data allowed to severely correct the
different components. As an example, the L∞ norm for 〈u′v′〉 and ψ = 0.25 was reduced
to around one fourth of its original magnitude, and the 〈v′v′〉, to one fifth in the same
geometry.

For the mean velocity components, a great part of the L∞ values were obtained in the
highly accelerated part of the windward hill in a high curvature region, close to the
top, and in the first 5 cells from the wall. The LES solution employed as an input for
the injection process had, in some of these locations, a value of y+ of around an order of
magnitude higher of the HIRANS case. This created a large discrepancy between the true
behaviour of the flow and the linear interpolation performed to inject the information
from the LES cells. Alternative interpolation procedures close to the wall, following
similar progressions as the physical development of the different quantities, could achieve
a better match in these regions.
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5.3 HIRANS non-local prediction with sparse LES data

5.3.1 Introduction

This section challenges the HIRANS model, using LES data from different geometries to
predict the value at a new location. A description of the different interpolation techniques
used to combine the LES cases is given, and their results are assessed. Additional com-
ments on the potential non-physical features which can be predicted and a comparison
with RANS and locally injected HIRANS follows.

In the previous chapter, the performance of the HIRANS model was validated for the
periodic hill test cases when the injected information came from a LES case with the
same geometry. Nevertheless, for a design optimization routine, sampling each point with
the high fidelity data is not only prohibitive in terms of computational cost, but also does
not bring any tangible benefit in the interpolating Co-Kriging framework, as one of the
assumptions of this model, discussed in Section 2.4.3, is that no more can be learnt using
low fidelity data in a point already sampled with the high fidelity one.

In consequence, it brings the necessity of being able to use the HIRANS model for ge-
ometries where no high fidelity data is available. This would lead to an envelope with
numerous HIRANS point which only use sparse LES (or any other high fidelity) data.
The choice of which high fidelity information should be used is certainly broad: when
interpolating non-locally, in this highly non-linear flow, sophisticated techniques might
be needed.

5.3.2 Interpolation techniques

The different techniques to interpolate τLES data into a HIRANS case are described in
this section. While all of them are based in different quantities, they are also a linear
combination of weightings based on the chosen metric. It must also be noted that the
interpolation was performed in a cell-to-cell basis, irrespective of the position of the cell
centres in each geometry. As the mesh grows in y direction, fixing the x positions, only
a difference in height between corresponding nodes existed.

Parameter space interpolation

The first and simplest choice for interpolation is to perform it in the ψ parameter space.
For each LES case i, and considering the new width of the hill as ψnew, the Euclidean
distances pi can be computed as

pi = |ψnew − ψi|. (5.2)

Using this, a linear weighting procedure is applied, giving higher importance to the cases
closest to the new HIRANS sample, as

αi =
1

NLES − 1

(
1− pi∑NLES

j=1 pj

)
. (5.3)
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Finally, any interpolated variable β from the LES solution is the linear combination

βnew =

NLES∑
i=1

αiβLESi . (5.4)

In this formulation, all the LES cases are taken into account into the interpolation proce-
dure. However, due to the different flow features that can be found in the envelope of the
parameter space, this could potentially create very noisy and/or non-physical solutions.
Due to this, instead of taking all the LES cases, only two of them, the ones which are
“left” and “right” of the current one ψnew, can be used to interpolate from, as

ψL = argmin
ψ∈ψLES

(|ψ − ψnew|, ψ < ψnew), (5.5a)

ψR = argmin
ψ∈ψLES

(|ψ − ψnew|, ψ > ψnew). (5.5b)

Bottom wall distance interpolation

Interpolating on the parameter space could be misleading, as a linearity in this one might
not be aligned with the non-linearities in the geometry definition and the flow solution.
Recalling 5.1, the parameter ψ acts linearly over the x/h dimension, but not over y/h.
This one (see Appendix D) is a fourth order piecewise continuous polynomial.

Using the bottom wall y coordinates, a geometry-based interpolation distance can be
defined, as

pi =

nx∑
k=1

|ynewk
− yik |. (5.6)

In this expression, nx is the number of nodes in the x direction, and the coordinates y
are referred to the first cell centres.

After the computation of the distances, the weighting coefficients and the interpolated
variables are computed in an analogous way to (5.3) and (5.4).

Kriging flow variable interpolation

Using a geometry-based interpolation allows to capture large differences in the geometry
topology, which do not necessarily correlate with the flow topology. That is, a small
change in the curvature of a region could be taken as a small difference in a geometry-
based interpolation, but could also mean the limit between a separated and an attached
flow, or the formation of a secondary recirculation region.

While the flow topology might not be known a priori, it can certainly be approximated.
From the myriad of ways of doing this, a Kriging surrogate model can be constructed.
Using this information, the value of a certain flow variable can be predicted and used as
a metric for the interpolation weighting coefficients pi.
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With the Kriging framework developed in this work, 2.22, a prediction of a flow vari-
able βnew is performed, as β̂new, using all the LES data available. With the predictor
constructed for the chosen variable space, this leads to

pi = |β̂new − βi|. (5.7)

While this formulation might have the advantage of better capturing the flow charac-
teristics in the design envelope, it is not exempt of the discussion of which variable to
choose and how well can it be predicted in a highly non-linear flow with sparse initial
data. A Co-Kriging could be implemented to improve this introducing RANS or HIRANS
as cheap datasets, albeit it is not clear how misleading could be the information if large
discrepancies are found between RANS and LES. Also, employing HIRANS would be
biased by the fact that every new sample point would be dependent on the weighting
coefficients which were also sampled before using the initial high fidelity data.

5.3.3 Results

Choice of interpolation technique

ψnew Parameter Bottom wall Kriging k Kriging fp

0.50 0.50 0.086 0.60 0.47
0.75 0.50 0.092 0.50 0.45
1.0 0.80 0.40 0.78 0.61
2.0 0.50 0.35 0.24 0.97
3.0 0.50 0.30 0.26 0.31

Table 5.1: Values of the weighting coefficient for the “left” LES neighbour, αψL
, for neigh-

bouring interpolation. The right neighbour value is αψR
= 1− αψL

.

In this part, the different interpolation techniques (parameter, bottom wall and Kriging
flow variable) are compared. The main metrics to be used are the Li norms with respect
to the corresponding LES solution in the local geometry.

Figure 5.4 shows the average values of the norms of all the ψ cases considered. It is
visually evident how interpolating using the neighbouring cases provided a much closer
picture with respect to the LES solution in terms of the different discrepancies. This
was especially noticeable in the different turbulent stress components, whose L1 and
L2 norms were up to 3-5 times higher when injecting information of all the available
LES data, whichever interpolation technique (parameter, bottom wall or Kriging) was
utilized. This effect similarly happened for the L∞ norms, where the turbulent stresses
showed around twice the difference with respect to the LES case. This was not shockingly
surprising, as, recalling Figure 5.5, the dynamics in the steepest and least steep cases
are very different, and injecting turbulent stresses information of a non-separated case
into a geometry where a single (or double) recirculation region is expected, even with
low weighting values, introduces data which does not correspond with the reality of the
flowfield.
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Figure 5.4: Mean and standard deviation of L2 (top) and L∞ (bottom) norms for different
geometries of 〈Ux〉 ( ), 〈Uy〉 ( ), 〈u′u′〉 ( ), 〈v′v′〉 ( ), 〈w′w′〉 ( ) and 〈u′v′〉
( ) of interpolation with neighbouring (left) and all (right) cases.

Non-physical features discussion

This phenomenon can be observed in Figure 5.5. The distribution of the turbulent kinetic
energy in this case, when using all LES data available, did not contribute to a distribution
that was even physical with these boundary conditions. It is observed that there was some
resemblance of the peak k around x/h = 3.0 and y/h ≈ 0.8, corresponding to the Kelvin-
Helmholtz instability produced after the separation region. However, tracing that back
downstream, there was an exaggerated curvature in the contour levels, which probably
were due to the different curvature around the body-fitted mesh in the ψ ≤ 0.75 case
which it had been interpolated from. This is an important point, as the linear weighting
procedure gave a relatively high influence to the ψ = 0.25 and ψ = 0.5 cases, as they
are close in the parameter space. Moreover, there was no clear increase of k along the
instability, and there were very low values along the leeward hill. This was probably
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Figure 5.5: Turbulent kinetic energy contours (top) and streamlines (bottom) for ψ = 1.0.
Left: all cases, parameter interpolation. Right: LES solution.

related to the delay of the separation in the x/h direction for ψ ≥ 2.0. As the grid
locations were fixed in this axis, and the interpolation was performed in a cell-to-cell
basis, the (i, 0) cell, where the subindex i refers to the x direction and the 0 is the first
cell starting from the bottom wall, received injected values of a flow where the separation
did not occur yet.

Moreover, the streamlines show that there was still a separation region, but what hap-
pened downstream was highly non-physical: there was a secondary recirculation region
with highly curved streamlines near the foot of the leeward hill, representing a much
higher adverse pressure gradient dynamics that the real scenario. The main recirculation
region was also significantly extended.

It is concluded that choosing neighbouring cases is the appropriate choice in all the metrics
considered. Even in this case, if very different physical features were used for the injection
process, non-physical results could still appear.
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Comparison with local injection and RANS
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Figure 5.6: L2 ( ) norms for different geometries of 〈Ux〉 ( ), 〈Uy〉 ( ), 〈u′u′〉 ( ),
〈v′v′〉 ( ), 〈w′w′〉 ( ) and 〈u′v′〉 ( ) with respect to local injection (left) and
pure RANS (right) values for neighbouring parameter interpolation.

To quantitatively analyse how the non-local interpolation of the injected stresses performs,
Figure 5.6 shows the norms for the different geometries non-dimensionalized with the
values of local injection and pure RANS cases. As expected, the non-local injection with
sparse LES data performed significantly worse to the local injection for virtually every
value considered. While the mean velocity components seemed to be relatively similar,
the turbulent stresses showed major variations, being three-four times worse than the
local solution at ψ = 2.0. With respect to the RANS solution, the conclusion which can
be derived is that non-local injection seemed to consistently work well for the different
components of τ , with non-concluding results for the velocity components, which were
significantly better (ψ = 1.0) or worse (ψ = 0.5, ψ = 4.0) depending on the specific case
considered. Interestingly, the greatest variations in turbulent stresses did not correlate
with the ones in the mean velocity components. Further analysis is performed in Section
6.7.2 with a larger amount of LES samples.
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5.4 Summary

In this chapter, the HIRANS formulation with τLES injection has been tested for different
periodic hill geometries, to understand its capabilities and its limitations.

On the first place, the periodic hill geometry was parametrized with respect to the width
hill with a single factor ψ. This allowed to test a variety of geometries with different flow
features, ranging from double recirculation regions to no flow separation at all. Using
information from a local LES case, it was observed that the HIRANS model consistently
achieved closer result to the reference data in comparison with its k − ω counterpart.
This was especially notable in the turbulent stresses. The mean velocity components
were corrected in a lesser degree.

With respect to the prediction cases when applying non-local injection, three main differ-
ent interpolation techniques for the τLES term were tested: in the parameter, bottom wall
and flow quantities space. The three of them were tested choosing only the neighbouring
geometries and all available cases for interpolation. As expected, neighbouring cases were
the most suitable choice. When all cases were injected, there was a risk of non-physical
features developing, highlighting the importance of injecting similar flow features, as vor-
tices or recirculating regions, as the expected in the new geometry. With respect to the
interpolation methods, they were qualitatively similar, being the parameter and Kriging
methods almost identical. This was attributed to the fact that the final interpolation step
was based on a linear combination, and the different techniques only affected the values
of the weightings of each left and right cases. The results for the non-local prediction
resulted in a less reliable method than using local injection, but still offered a significant
advantage over RANS in the turbulent stresses, whilst the mean velocity components
were only improved in some particular cases cases, and significantly worsened in others.

This chapter reveals that the HIRANS method can robustly correct turbulent stresses
in the test case considered, which makes it suitable to be introduced in a multi-fidelity
optimization routine with LES as the expensive solver if the objective function is linked
with turbulent quantities, such as turbulent mixing. Nevertheless, the model could also
potentially not provide an increase of accuracy over RANS, or even underperform it,
if the mean velocity components are quantitatively relevant in the objective function
determination.
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Chapter 6

Kriging and Co-Kriging optimization

6.1 Introduction

The previous chapters have given an analysis of the potential of the HIRANS framework in
both local injection and prediction. In this final chapter, all the different pieces which have
been previously investigated in the context of global design optimization are combined.

Kriging (2.22) and its multi-fidelity extension Co-Kriging (2.32) are used for this purpose.
As stated in the introduction, RANS and LES solutions might yield significantly different
results, which can consequently lead to different regions of local and global minima when
using both of them separately. The Co-Kriging framework allows to obtain a model
which interpolates the expensive, assumed to be the ground truth, solver data points,
while regressing over the cheaper ones. However, if the cheap solution is far away from
the true shape of the objective function along the parameter space, this regression might
not be able to reduce the true error compared to a single fidelity model and even introduce
a misleading direction in the global search.

This chapter starts by presenting the ten optimization processes setup: Kriging with LES,
RANS and HIRANS and Co-Kriging using LES-RANS and LES-HIRANS, each of them
for two different objective functions. After this, the results of the different optimization
strategies are presented, analysing the performance of the different methods and debating
over the suitability of each of them for the current test cases.

This global optimization framework has a significant number of parameters, comprising
the balance between exploration and exploitation ξEI, the injection parameters ξt, ξm for
the HIRANS model and the number of initial samples. All of these are discussed, espe-
cially focusing in the shortcomings of the current formulation. Moreover, error corrections
over the tested Co-Kriging with LES and HIRANS model are proposed.

To conclude, all the LES samples from every single optimization process are compared
with RANS and HIRANS data, giving a quantitative figure of the improvement of this
novel method compared to the general k−ω in both flow and the chosen objective function
quantities.

75
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6.2 Setup

A brief description of the tests performed is given, comprising the parameter space and
objective function, the five different methods for the two cases tested, in addition to
the surrogate construction and acquisition criteria. The algorithms used correspond to
Forrester et al. (2008), whose original MATLABR© code has been adapted to Python.

6.2.1 Parameter space and objective function

The parameter space is a scaled version of the width hill ψ presented in (5.1), as

x1 =
ψ − 0.25

3.75
, x ∈ [0, 1], ψ ∈ [0.25, 4.0]. (6.1)

The objective function J to use for this project is a linear combination which balances
turbulent mixing with a penalty on the total pressure losses, as

J = − αk + βfp
|JLESBSL

| , α = 1, β =

{
− (5/2)α,−(5.83/2)α

}
, (6.2)

where k is the mean turbulent kinetic energy over the flowfield and fp is the needed
pressure gradient volumetric forcing term to drive the periodic hill channel at the desired
Reynolds number. The multipliers α and β control their balance, which is modified for
the two different cases by changing the latter. For the LES samples, this quantity is the
mean over the averaging period. This function is scaled with JLESBSL

, which corresponds
to the LES value of the original periodic hill geometry. Finally, the minus sign before the
quotient is given as the Kriging framework used in this document is setup for minimization,
hence the opposite of the desired quantity to maximise is formulated as J .

6.2.2 Routines description

The objective function J is evaluated by five different methods:

(a) Kriging LES.

(b) Kriging RANS.

(c) Kriging HIRANS.

(d) Co-Kriging LES-RANS.

(e) Co-Kriging LES-HIRANS.

The only combination which has not been studied is the Co-Kriging framework combining
HIRANS and RANS, as both of them have a comparable computational cost. If HIRANS
is believed to offer a significant advantage in accuracy over RANS, employing it as an
expensive model would not be particularly useful for this framework, and vice versa. In
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addition, the HIRANS model would also be limited by the amount of LES information
provided in the initial sampling plan. If the accuracy of both methods is unknown, there
would exist a dilemma over which one to use as the expensive model. In situations where
this could be predicted a priori with certain confidence, this could be a potential option.
Based on this, a dynamic HIRANS model, with varying ξm and ξt injection factors is
explored in Section 6.5.3.

All the methods have been tested in two different cases which differ in the number of
initial LES sample points (with the trivial exception of the Kriging RANS method) and
the balance between turbulent mixing and pressure losses, as:

(a) Case A: β = (−5.0/2)α, with 6 initial samples, corresponding to the ones studied
in Section 5.2.1, leaving out ψ = 0.75.

(b) Case B: β = (−5.83/2)α, with all the 7 initial samples from Section 5.2.1.

The reasoning over this choice is to provide two different scenarios in terms of the mag-
nitude and location of the minima, whilst also testing two different degrees of fidelity for
the HIRANS prediction, as the left-out point (ψ = 0.75) concerns a region with significant
changes in the flow topology in a relatively small distance in the parameter space.

6.2.3 Hyperparameter estimation

The determination of the different hyperparameters θ, θc, θd and ρ for the surrogate
models has been performed for all the methods using a Maximum Likelihood Estimation
(MLE). Their global search was computed using a Basin-Hopping algorithm (Wales and
Doye, 1997), with a L-BFGS-B minimization criterion (Malouf, 2002). It is important
to remark that this method has an important cost if a large amount of samples exist or
are going to be predicted. This is due to the multiple matrix-inversion operations needed
for the correlation matrix Ψ (2.25). This is executed by Cholesky factorization, with a
penalty in the MLE applied to the situations where, if x is densely sampled, this may fail
due to encountering a non-positive-definite matrix. There are different ways to reduce
this cost. The first one is reducing the amount of the iterations given to the MLE in the
global estimation of hyperparameters, or reduce the amount of iterations needed until
convergence. This could be applied starting from the second additional sample, where
a reasonable estimation of the hyperparameters has already been computed, and it can
be given as the the initial point. An alternative is to keep the same hyperparameters
for a certain number of iterations, and only computing them after the sampled space
has been considerably modified. The balance of improving the surrogate quality and its
cost penalty depends on each particular application. In this study, the maximum cost of
performing this procedure has been comparable to a RANS sample, significantly lower to
an expensive evaluation, and hence it was decided to update the surrogate each iteration.

Moreover, a regularization parameter λ has been introduced in order to improve the
conditioning of the covariance matrices, as described in 2.4.1. It is especially relevant
when many samples are very close to each other, as it happens with a densely populated
parameter space or in some of the locally exploiting evaluations, where the acquisition
criterion decides to apply a very small departure from an existing sample point, usually the
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current minimum. This can lead to ill-conditioning of these matrices (Micchelli, 1984).
An increase of this regularization parameter would create a more regressing, but less
interpolating model.A small value was chosen for all the methods, λ = 10−9 , preventing
the ill-conditioning but yielding an interpolating model over the high fidelity samples.

6.2.4 Additional samples acquisition

LES evaluations

Method Total number Exploring Exploiting

Kriging LES 6 1st-3rd, 5th 4th, 6th

Kriging RANS 1 - 1st

Kriging HIRANS 3 - 1st-3rd

Co-Kriging RANS 6 3rd, 5th-6th 1st-2nd, 4th

Co-Kriging HIRANS 6 3rd, 5th-6th 1st-2nd, 4th

Table 6.1: Number of acquired LES evaluations for the different methods with their corre-
sponding exploring/exploiting decisions.

In all the methods, the predicted minimum was assessed by a LES evaluation. In the
single-fidelity RANS and HIRANS methods, the x1 location given by these solvers was
then evaluated with LES. The total number of additional LES samples is presented in
Table 6.1. For Kriging RANS, there was no possibility of updating the model after the
predicted point, hence a single LES sample was computed. In Kriging HIRANS, the
model could be resampled using the new LES information, but it was decided during
the process to keep the number of acquired samples to 3. The method focused in the
vicinities of local minima, and very slight departures of it where obtained regardless of
the exploration-exploitation bias within the bounds tested.

As described in Section 2.4.2, the acquisition of new samples was performed using the
Expected Improvement (EI) criterion, allowing to balance between exploration and ex-
ploitation along the optimization process. Nevertheless, the large cost for a single LES
evaluation did not permit a large number of additional samples. With the computa-
tional resources available at the time of the first evaluations, the original budget for the
Co-Kriging methods was 2 additional samples. Using the unmodified EI criterion, they
would have had at least one of the two points in regions where intuitively there was a very
small chance of improving the initial minima. Due to this, it was decided to intervene in
the bias of the exploration/exploitation balance, using the ξEI parameter from (2.30a).
A complete guideline of the parameters used for the different methods can be found in
Appendix G. The first iterations of the Kriging LES methods did not necessarily need
this bias, as the lower amount of samples provided larger estimated mean squared errors,
which yielded sufficiently suitable locations. In these situations, they are labelled as “ex-
ploring” samples, but they were given an almost neutral value of ξEI = 0.01, as in Lizotte
(2008). Additional computational budget to perform LES simulations was available after
this, which allowed to increase the number of additional samples of these methods to 6.
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6.2.5 Flowchart
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Figure 6.1: Kriging and Co-Kriging flowchart.

Figure 6.1 shows the process followed in the different methods for a fixed computational
budget, where the termination condition could be trivially replaced for a target improve-
ment. In this chart, the Kriging RANS scheme is not shown in the loop, as, inherently
to its construction, it is only possible to run a single LES point in the minimum location
of the Kriging surrogate, with no possibility of updating the model with the new LES
information. In the HIRANS methods, an additional resampling was performed in the
domain of influence (DoI) of the new LES location, that is, between its left and right
LES neighbours, in the order of ncresampled

≈ nc/(ne − 1) locations, updating the injected
information in the new region.
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6.3 Initial sampling plans

In this section, the initial sampling plans for the two different cases are shown, commenting
the particularities of each different method. In all the methods involving RANS and
HIRANS, a linearly spaced division of the parameter space has been performed, with a
number of cheap points of nc = 50. In the Co-Kriging methods, the cheap data in the
expensive locations is also added, as needed by the surrogate model. This augments the
number of cheap samples to nc = 50 − 2 + ne, as the two extrema of the linear spacing
also correspond to LES points.

6.3.1 Case A: βA = (−5.0/2)α, neinit
= 6

The results of the initial sampling plan for the first case can be observed in Figures 6.2,
6.3. Starting with the single fidelity Kriging, the first feature which can be observed is
the substantial difference between the RANS and LES surrogates. While it is uncertain
how the LES solution might develop when acquiring new samples, the Kriging model
predicted a possibly non-convex optimization problem. In contrast, and excepting the
first two sample points, with x1 close to zero, the RANS prediction was a very smooth
function with a clear minimum. The Expected Improvement criterion, biased towards
exploitation for this latter method, gave the next sample point in a location close to
x1 = 0.5. Nonetheless, the bias in this metho was almost irrelevant, as the linear spacing
between points still drove the acquisition criterion towards regions close to the predicted
minimum. In contrast, the LES surrogate showed quite a different picture. There were
several points which could be sampled within a ŷ ± 2ŝ region with a potentially lower
value than the initial minimum. Thus, there were different distinct peaks in this Expected
Improvement function, with a different magnitude as the parameter ξEI is modified. As
the first sample was decided to be exploratory, the acquisition model promoted a new
evaluation in a region with high uncertainty, to improve the quality of the surrogate
model before exploiting.

The non-uniform division of the samples, with larger distance between them in the ones
corresponding to the higher values of x1, seemed to be an apparent disadvantage in this
aspect. Despite a better representation of the steeper configuration regions, where more
variations are expected in J due to the greater flow features change in the vicinity of
these points in the parameter space, a neutral or exploration-biased surrogate tended to
provide at least one or two samples in the least steep regions, ψ > 2.0. If the number of
additional expensive samples is sufficient, this does not provide major complications in
the overall process, otherwise, it becomes a considerable limitation. An initial sampling
plan with linearly spaced points could overcome this, as the predictor would be inclined
to explore the segment in the regions with higher probability of improvement.
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Figure 6.2: Initial expensive ( ) samples, Kriging ŷ ± 2ŝ ( ), Expected Improvement
( ) and maximum EI location ( ) for the single fidelity methods for case
A. Kriging LES (top), RANS (centre) and HIRANS (bottom).
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Figure 6.3: Initial expensive ( ) and cheap ( ) samples in expensive locations. Rest of cheap
samples ( ) . Co-Kriging ŷ±2ŝ ( ), Expected Improvement ( ) and
maximum EI location ( ) for the multi-fidelity methods for Case A. Co-Kriging
RANS (top) and HIRANS (bottom).

With respect to the Co-Kriging methods, major differences between using RANS or HI-
RANS as the cheap dataset can be observed in Figure 6.3. For the former, the magnitude
of the predicted error, while still lower than in regular Kriging, was still significantly high.
RANS predicted a shape which resembled in some way the surrogate close to x1 ≈ 0 and
x1 > 0.5, whilst differing substantially in the rest of them. In particular, the second,
third and fourth LES sample points, x1 ∈ [0.05, 0.50], had a similar value of the objective
function J , but in RANS they were markedly decreasing.

Conversely, using the HIRANS model, the predicted error was notably reduced, and the
Co-Kriging surrogate did closely regress over the cheap dataset. This allowed to see a
clear minimum located at around x1 ≈ 0.42, with a steep gradient of J after it. The
Expected Improvement criterion, biased towards exploitation, predicted very different
locations. While in the RANS method the hyperparameter determination provided a
smooth function over the second and LES sample, x1 ≈ 0.12− 0.20, hence deciding that
an improvement could be located in that region, the HIRANS predicted the opposite
trend there.
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6.3.2 Case B: βB = (−5.83/2)α, neinit
= 7
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Figure 6.4: Initial expensive ( ) samples, Kriging ŷ ± 2ŝ ( ), Expected Improvement
( ) and maximum EI location ( ) for the single fidelity methods for Case
B. Kriging LES (top), RANS (centre) and HIRANS (bottom).
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This second case included an additional sample point, the one corresponding to ψ = 0.75,
as well as an additional weight over the total pressure losses with respect to the turbulent
mixing, which produced two comparable minima, at ψ = 0.75 and ψ = 2.0, in the initial
LES samples, challenging the surrogate model to exploit in the neighbourhood of these
two locations and exploring the rest of the space.

Looking at Figure 6.4, the differences between RANS and LES were significant for the
single fidelity methods. RANS showed a very similar pattern as the one observed in case A,
with a predicted minimum around x1 ≈ 0.62 and no sign of the change in convexity of the
LES surrogate. In contrast, HIRANS was able to qualitatively predict the locations of the
change in curvature of the objective function, but the magnitude of the predicted mean
differed from it, yielding a potential improvement of the objective function at around
x1 ≈ 0.45, considering the one at x1 ≈ 0.14 as lower in comparison. This outlines
the importance of a sufficiently space-filling initial sampling plan when using HIRANS
methods: this method was not able to predict accurately the steep gradient in J found
in the ψ = 0.75 sample, which shifted the surrogate away from this potential global
minimum location.

Similarly as in the first configuration (case A), the Co-Kriging models responded in unre-
lated directions when introducing RANS and HIRANS information. The first one barely
changed the shape of the regular LES Kriging, with relatively high predicted confidence
intervals, while the second followed much closer the expensive samples and has a clear
regression over the cheap ones. The bias towards exploitation in these two models was
noticeable in the HIRANS method, with a very small departure from the vicinity of an
existing sample, performing a highly localized exploitation.
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Figure 6.5: Initial expensive ( ) and cheap ( ) samples in expensive locations. Rest of cheap
samples ( ) . Co-Kriging ŷ±2ŝ ( ), Expected Improvement ( ) and
maximum EI location ( ) for the multi-fidelity methods for case B. Co-Kriging
RANS (top) and HIRANS (bottom).
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6.4 Results

In this section, the results from the ten different configurations are discussed. The perfor-
mance of the different methods is assessed, in terms of the final improvements achieved,
the explored regions and the progression per iteration. A separate discussion follows on
the behaviour of the Co-Kriging with HIRANS data method, commenting its advantages
and shortcomings. The balance between a purely interpolating or regressing surrogate
is also investigated, with a new proposal for the regularization parameter λ for future
research. Lastly, the final results are shown and compared with the original periodic hill
geometry. A visual guide of the parameter space knowledge is given in the figures, com-
puted by a regressive Kriging LES surrogate, with ne = 59 and a regularization parameter
of λ = 10−6.

6.4.1 Objective function improvements

The results of the two different routines for the five methods can be observed in Figure 6.6.
Each scatter symbol and colour corresponds to the acquired samples using one method
(e.g., Kriging LES). In these plots, the initial and acquired samples from all the different
configurations corresponding to each case (A and B) are introduced. Furthermore, the
rest of the LES samples available, corresponding to the other case or additional space-
filling evaluations are labelled as “additional samples”, for visualisation purposes of where
the “true” minima lie. The right plots are detailed views of the samples within the most
improved regions.

Starting from case A, two minima can be observed, one of them very close to the removed
sample for this case, ψ = 0.75. The only surrogate model which was able to find it was
the Co-Kriging with RANS information. The rest of the methods decided to explore other
regions of the parameter space, especially the other minimum in the neighbourhood of
x1 ≈ 0.35− 0.50. The Kriging LES surrogate successfully exploited this region, followed
closely by the Co-Kriging with HIRANS. In contrast, both single fidelity Kriging for
RANS and HIRANS fixated in a limited location of the parameter space. The former
did not achieve a significant improvement over the initial sampling data, while the latter,
even if updated with new injected information, was slow in the hill descending process
compared to its Co-Kriging version.

The results for case B showed a similar picture: Co-Kriging with RANS and Kriging
with LES were similar in their improvement results, with Co-Kriging with HIRANS after
them. In the last acquired sample for this method, it jumped to a different location
of the parameter space, x1 ≈ 0.31, at the other side of the “true valley”, x1 ≈ 0.39.
With respect to the single fidelity methods, Kriging with HIRANS sampled in an almost
identical location as its Co-Kriging counterpart, but it was not able to progress much
further.

An argument could be made about how physical are the features observed in these figures,
especially the ones seen in the first valley, x1 ≈ 0.15. It is observed how the regressing
Kriging surrogate does not pass through them, and instead gives a similar value for the
two minima. A discussion about an estimation of the noise levels of the LES evaluations
is given in Section 6.4.2.
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Figure 6.6: LES samples for cases A (top) and B (bottom). Entire parameter space (left)
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).

Quantitative metrics for the improvements can be calculated as

(∆J)BSL[%] =
min(J)− JBSL

JBSL
· 100, (6.3a)

(∆J)IS [%] =
min(J)−min(J)IS

min(J)IS
· 100. (6.3b)

The first equation is a reference to the baseline values JBSL corresponding to the original
periodic hill geometry, ψ = 1.0, while the second metric is the one which shows the
improvements with respect to the best point of the corresponding initial sampling plan
min(J)IS . Both metrics are calculated using the confirmation LES evaluations, including
the single-fidelity RANS and HIRANS methods.

The improvements of the different methods are shown in Table 6.2. As previously outlined,
Co-Kriging with RANS information outperformed the rest of the formulations for case
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Case A Case B

Method (∆J)BSL[%] (∆J)IS [%] (∆J)BSL[%] (∆J)IS [%]

Kriging LES 51.03 41.00 423.2 45.11
Kriging RANS 1.151 1.151 0.000 0.000
Kriging HIRANS 35.52 26.53 308.7 13.35
Co-Kriging RANS 68.23 57.06 429.5 46.87
Co-Kriging HIRANS 42.01 32.58 370.1 30.38

Table 6.2: Improvements of the objective function for the different methods with respect to
the baseline periodic hill geometry, JBSL (ψ = 1.0) and minimum of the initial
sampling plans, min(J)IS .

A, but in Case B, its result is within the tolerance margin of the Kriging LES method.
Both HIRANS methods were also able to provide significant improvements, with a better
performance of its multi-fidelity version for both of them. One of the main assumptions
of this work is that, in many situations, such as in massively separated flows, RANS
and LES can have disproportionately large differences in their calculations of certain
quantities, such as the turbulent kinetic energy. This has been corroborated in this test:
the single fidelity RANS model achieved either a negligible improvement (case A) or no
improvement at all (case B), as the predicted minimum location in this last case yielded
a worse result than the original geometry.

Improvements per iteration

The progression of the different frameworks along the iterations is presented in Figure
6.7. A particular feature of this plot is that it does not only show the quantitative
improvements, but how were they achieved, in terms of the bias between exploration and
exploitation. This illustrates how three of the methods (Kriging HIRANS and the two
Co-Kriging) achieved their highest improvements in exploitation-biased (ξEI < 0) samples
for case A, while Kriging LES did it in an exploratory one. It should be borne in mind that
this metric is related to the particular bias achieved with the ξEI parameter, which does
not always correlate with local exploitation or global exploration, especially for a sparsely
sampled parameter space. Indeed, dating back to Figure 6.3, the exploitation sample of
the Co-Kriging with RANS was performed in a region with significant predicted mean
squared error, as the RANS model did not adjust particularly well to the LES information.

The results corresponding to case B show that both HIRANS methods initially succeeded
in exploiting the surrogate, being unmatched for the first two iterations. After that,
the Co-Kriging HIRANS exploration allowed it to achieve a further improvement in the
last acquired sample. A consistent picture can be constructed for these models using this
knowledge. In both cases, they outperformed the rest of the methods (excepting the global
minimum found in case A by the Co-Kriging HIRANS model) for the first iterations (albeit
with different ξEI), while being harnessed in further ones by the lack of exploration. Even
for the sparsely sampled parameter space at the beginning of the process, the HIRANS
models were able to encounter regions of local minima. In addition, working with a
multi-fidelity framework was especially successful as the routines progressed.
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Figure 6.7: Objective function improvement per LES evaluation for cases A (left) and B
(right). Kriging LES ( ), Kriging RANS ( ), Kriging HIRANS ( ), Co-Kriging
RANS ( ) and Co-Kriging HIRANS ( ).
Exploring ( ) and exploiting ( ) samples.

Moreover, Figure 6.8 represents the L2 norm of the different predictors with respect to the
“true” LES values, computed with a Kriging surrogate with ne = 59. It can be observed
that for both cases, the Co-Kriging HIRANS is the model which better resembles the
true data, doing it 12 and 22 percent better than the single-fidelity Kriging LES for
cases A and B, respectively, and 13 and 14 percent in the vicinities of the minima, that
is, x1 ∈ [0.1, 0.5] and x1 ∈ [0.3, 0.5] for A and B cases. Nevertheless, after the entire
optimization process, the overly exploitative model only achieved a modest increase of its
prediction capabilities, being inferior to Kriging LES by 23 and 40 percent. While global
accuracy is not required per se, as a better mapping in the regions of the true minima is
usually preferred for the optimization purpose, it also gives an estimation of how far the
models are in comparison with the true values. Consequently, Co-Kriging RANS had the
best resemblance with respect to the true values, while also being able to find the global
minima. As it has been observed, Kriging RANS showed notable differences compared
to the rest of the methods, being substantially more unreliable in shape and magnitude,
while its multi-fidelity version achieved the best prediction of the objective function in
terms of the L2 error overall.

Co-Kriging HIRANS discussion

A relevant question to be asked is: if the Co-Kriging with HIRANS information was the
model which most closely resembled the “true” shape of J , why was it not able to yield
the best results in the optimization process? There are (at least) two main coupled factors
which can contribute to this.

On the first place, the surrogate is oblivious of the loss of accuracy of the HIRANS
points as they become further away from LES locations. The Co-Kriging model can only
employ the information of the error at known LES locations (2.32), and in Section 5.3,
it was highlighted how much this accuracy was worsened when using non-local injection.
Therefore, the predictor cannot calculate how much should it regress over these additional
cheap points, or how should the uncertainties grow away from the known high fidelity



90 Kriging and Co-Kriging optimization

K
ri

gi
ng

L
E

S
K

ri
gi

ng
R

A
N

S
K

ri
gi

ng
H

IR
A

N
S

C
o-

K
ri

gi
ng

R
A

N
S

C
o-

K
ri

gi
ng

H
IR

A
N

S

0.0

0.2

0.4

0.6

0.8

1.0

L
2

K
ri

gi
ng

L
E

S
K

ri
gi

ng
R

A
N

S
K

ri
gi

ng
H

IR
A

N
S

C
o-

K
ri

gi
ng

R
A

N
S

C
o-

K
ri

gi
ng

H
IR

A
N

S

0.0

0.5

1.0

1.5

2.0

L
2

Figure 6.8: L2 norms of surrogates with respect to regressive Kriging LES surrogate with
ne = 59 for cases A (left) and B (right). Initial sampling plan ( ) and end of
optimization process ( ) values.

locations. This results in artificially low predicted error bands, which do not correspond
with the true accuracy of the model and conduce to an excessively exploitative method.

The second added challenge is inherent to this particular tested configuration: the objec-
tive function contains k as one of its main variables, which is linearly interpolated from
neighbouring LES samples and injected in the HIRANS solution. The result of this is
that the HIRANS model tends to have a close-to-linear k distribution in many regions
of the parameter space, which makes even more difficult to the surrogate model to find
hidden non-linearities in the objective function. Generally speaking, if HIRANS is used
with very high injection factors ξm, ξt, it is possible that this flow solution behaves some-
what similarly to a linear interpolation over the J space, due to the constraints imposed.
If the k contribution is quantitatively relevant in the objective function, the additional
layer of running a flow solver, which might also be able to predict non-linearities in other
parameters such as fp, is the added benefit which contributes to the increased accuracy
of the surrogate model over a simple linear interpolation model.

6.4.2 Interpolation and regression

One additional remark must be made about the accuracy of the flow solution. In all the
calculated methods, the values of the LES quantities have been treated as the ground
truth. This is a strong assumption, which ignores the different uncertainties concerning
the obtained results. An estimation of the expected deviations in k and fp is given. Using
subdomain branching (Algorithm 1), the averaging period is divided in progressively
smaller domains. Distinct mean quantities are computed for each division. These results
are treated as a distribution to calculate the standard deviation from. Up to 55 divisions
(Nmax = 10 subdomains) were chosen in the calculations, combined with (H.2b) to obtain
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Algorithm 1: Subdomain branching for error prediction of k and fp.

Function subdomain branching(tstart0, tend0, uRMS, fp, Nmax):

m = 1.

∆t = tend0 − tstart0 .

for j=1:1:Nmax do

# Number of subdomains.

for i=1:1:j do

# Current subdomain.

tstarti = tstart0 +
∆t

j
i.

tendi = tstart0 +
∆t

j
(i+ 1).

uRMSm =
∑tendi

l=tstarti

1

∆t
uRMSl

.

fpm =
∑tendi

l=tstarti

1

∆t
fpl .

m = m + 1.
end for

end for

# Statistics over all subdomains.

ūRMS =
∑m

l=1

1

m
uRMSl

.

f̄p =
∑m

l=1

1

m
fpl .

ûRMS =

√
1

m− 1

(∑m
l=1(uRMSl

− ūRMS)2

)
.

k̂ =
1√
2
ûRMS ūRMS .

f̂p =

√
1

m− 1

(∑m
l=1(fpl − f̄p)2

)
.

return (k̂, f̂p).

Ĵ , particularized for the baseline geometry. While these calculations suffer from some
undesirable properties (correlation between the subdomains, dependence on the arbitrary
number of domains considered, small averaging time, calculated only for the original
geometry), they serve as an estimation of how robust could be the values of the inputs for
the objective function. Figure 6.9 illustrates this. The observed valley in the objective
function at x1 ≈ 0.14 is produced by a local increase in k and a specially notable decrease
in fp. The exacerbated peak in J of around 20% is mainly a contribution of the forcing
term which, despite not visually evident, drops around 15% of its value in a very localized
region, to later recover the general trend. The estimated standard deviation does suggest
that part of it could be attributed to the uncertainty over the accuracy of the averaging
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process, as a 3σ region would include the general trend. These estimations suggest that
further analysis would need to be performed to ensure that the valley corresponding to
the global minimum for case A, x1 ≈ 0.14, physically exists.
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Figure 6.9: Top: LES k ( ) and fp ( ) samples with estimated 3σ regions.
Bottom: Objective function for case A ( ) with estimated 3σ regions.
Entire parameter space (left) and detail of the minimum vicinities (right).

A proposal connected with the uncertainty analysis can be found in Talnikar et al. (2015a)
as snapping. This technique was used in Bayesian optimization with LES samples, where,
apart from exploration and exploitation, the additional option of running an existing sam-
ple for a longer averaging time was also introduced. It allowed to reduce the uncertainty
of the design point, with a lower cost than a new sample, due to the savings of avoiding
the computation of the transient period. In the simulations tested in this document, this
idea was not considered, as the total number of samples for each particular method was
rather low nemax = 13 samples, but it would be something which could be taken into
account once the parameter space fills and local exploitation appears. A discussion about
possible integrations of snapping in the predictor can be found in Appendix H.

6.4.3 Optimum geometries compared to baseline

To finish with the results section, the optimum geometries obtained are presented in
Figure 6.10. The difference in the balance between turbulent mixing and total pressure
losses is clearly visualized, with the best case A geometry being focused mainly in the
former and the case B one in the latter. This second geometry is a larger departure from
the original geometry, with a much smaller recirculation region.
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Figure 6.10: Mean streamwise velocities (left) and turbulent kinetic energy (right) for base-
line geometry (ψ = 1.00, top) and optimum geometries for cases A (ψ = 0.759,
center) and B (ψ = 1.69, bottom).
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6.5 Influence of HIRANS and Co-Kriging parameters

In this section, the influence of different parameters regarding the HIRANS and surrogate
models is studied. Unless explicitly specified, all these studies are performed using the
initial sampling plan of case A and ξEI = 0.

6.5.1 Influence of the exploration-exploitation factor ξEI
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Figure 6.11: Top: Initial expensive ( ) and cheap ( ) samples for case A, Co-Kriging HI-
RANS ŷ ± 2ŝ ( ).
Bottom: Expected Improvement and maximum EI locations with
ξEI = −0.5 ( , ), ξEI = 0 ( , ) and ξEI = 0.5 ( , ).

The exploration-exploitation balance can be tuned using the Expected Improvement pa-
rameter ξEI. Figure 6.11 illustrates the importance of choosing a right value for this
parameter if the number of samples to acquire is small. In this occasion, choosing a
neutral magnitude (ξEI = 0) would still give a fairly exploitative method for this specific
sample, due to the reduced predicted error of the Co-Kriging method with respect to its
single fidelity counterpart. Switching to a exploitative value (ξEI = −0.5) exaggerates the
regions with lower predicted values, as it is observed in the small secondary peak in the
EI for x1 ≈ 0.1. Recalling Figure 6.6, this was a region which actually corresponded to



6.5 Influence of HIRANS and Co-Kriging parameters 95

the true global minimum, and which was not predicted accurately in the surrogate model
with HIRANS information, as the cheap samples suggested a concave shape of J in that
vicinity.

On the other hand, an exploratory value (ξEI = 0.5) can unduly promote regions with
slightly larger uncertainty, but with remote possibilities of being an improvement over
the current minimum at the initial stages of this routine. This observation needs to be
put into the context of this specific situation, as progressing into the optimization process
would narrow the predicted error, and the exploring bias could become relevant to query
in regions outside the clustered predicted minima.

It is unclear which value of this parameter is optimum for each configuration. Several
examples in literature do not consider this balance in their acquisition formulation, as
in the popular EGO original algorithm (Jones et al., 1998), despite its somewhat related
appearance as a parameter ε in the Probability of Improvement criterion (Kushner, 1964),
being this the sought improvement over the current minimum. A generalised Expected
Improvement with a cool criterion is described in Sasena (2002), with a modified EGO
algorithm which starts a global search to focus in local exploitation as the number of
iterations increase. Other methods such as the lower confidence bounds (Cox and John,
1992) inherently incorporate an arbitrary value which shapes the bias of the routine
in this respect. Additional studies in Bayesian Optimization analysis, such as Lizotte
(2008), propose an almost neutral value of ξEI = 0.01, after stating that it provided
the most robust configuration of this study, including in the comparison a cool criterion.
Nonetheless, it is noted that the configuration of each specific setup is crucial for this
parameter. In this last reference, 500 samples were acquired in a single fidelity framework,
a significantly larger value than the available high fidelity budget of the present document,
nemax = 13.

Lastly, the objectives of the optimization process must also be considered. Is it purely
based on achieving a marginally better design or is there a desire of increasing the quality
of the knowledge of the behaviour of J along the parameter space? The latter could
provide solutions that, in an industrial context and given several comparable minima,
would be more suitable for subsequent processes, such as fabrication or cost constraints,
which would lead to an increased bias towards exploration.
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6.5.2 Influence of the number of initial samples
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Figure 6.12: Top: Co-Kriging HIRANS ŷ ± 2ŝ, expensive and cheap samples for 11
( , , ), 9 ( , , ) and 6 ( , , ) initial LES points.
Bottom: Expected Improvement and maximum EI locations with
ξEI = −0.5 ( , ), ξEI = 0 ( , ) and ξEI = 0.5 ( , ).

A good space-filling initial sampling plan is crucial for the purpose of global optimization,
but if the computational resources are limited to a small amount of total sample points,
it can also prevent from being able to exploit local minima. Figure 6.12 shows the result
of the initial Co-Kriging sampling plan with 6, 9 and 11 samples, where the additional
samples have been located at the regions which were more sparsely sample in the middle
part of the domain and close to the extrema, respectively. It is observed that, for this
particular case, the change from 6 to 9 initial expensive samples was highly relevant in the
Co-Kriging predictor shape. In contrast, the 2 additional points for 11 initial samples did
not provide relevant qualitative differences in any of the potential minima regions. The
reasoning behind this is that in those regions, both k and fp behave quasi-linearly (Figure
6.9), similarly to the prediction given by the cheap dataset utilised for regression. This is
related to the flow topology in these regions, with distinct two counter-rotating structures
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and no separation in the left and right extrema of the parameter space, respectively. A
single recirculating region, as in the original geometry, ψ = 1.0, is encountered in more
interior locations.

Low fidelity samples
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Figure 6.13: Top: Co-Kriging HIRANS ŷ±2ŝ, expensive and cheap samples for 48 ( , ),
24 ( , ) and 12 ( , ) interior HIRANS points. LES samples ( ).
Bottom: Expected Improvement and maximum EI locations with
48 ( , ), 24 ( , ) and 12 ( , ) interior HIRANS points.

One of the main drawbacks of the current Co-Kriging HIRANS formulation, as discussed
in Section 6.4.1, is its overexploiting tendency. Figure 6.13 illustrates this: decreasing the
number of cheap evaluations did not significantly affect the quality of the Kriging predic-
tor, as the HIRANS surrogate itself was remarkably smooth, without showing high noisy
peaks in any location of the parameter space. Decreasing the cheap interior samples to 12
only seemed to slightly alter the Co-Kriging prediction around x1 ≈ 0.1. The Expected
Improvement maximum location did not significantly change, but instead promoted re-
gions with secondary peaks such as in x1 ≈ 0.3. This is a positive result, which shows
that the number of interior HIRANS points computed, nc = 48 + ne, was probably not
the most efficient choice, both in terms of resources and potential. A lower number of
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cheap initial samples, such as nc ≈ 3ne, would provide computational resources savings,
whilst also preventing the surrogate model to contrive to become trapped in a possibly
non-optimal local exploitation region.

This reasoning does not necessarily imply that the number of the cheap dataset points
should be static with updates uniquely in the locations of high fidelity queries. An alterna-
tive strategy could be to keep a constant ratio between lower and higher fidelity samples,
fixating it at a value such as nc ≈ (2, 3)ne in contrast with the value of nc ≈ (5, 6)ne
tested, using internal equispaced locations inside each segment comprising two high fi-
delity points. This would enforce sufficient space-filling while avoiding to overconstrain
the surrogate in regions without enough expensive data to ensure the reliability of the
HIRANS solution.

6.5.3 Influence of the HIRANS injection factors ξm, ξt

To evaluate the influence of the injection factors in the multi-fidelity analysis, additional
routines are computed with lower values of ξm and ξt.

The injection factors are scaled using a factor α, such as

ξm = αξmmax , (6.4a)

ξt = αξtmax , (6.4b)

with ξmmax = 0.8 and ξtmax = 0.3.

Figure 6.14 shows the progression followed when decreasing the injection factors. Simi-
larly to the results obtained for the majority of the flow variables for the original periodic
hill geometry (Figure 3.19), the largest differences were obtained in the range close to the
maximum amount of LES information injected, that is, ξm = [0.6, 0.8], ξt = [0.225, 0.3].
The regression shape of these two configurations was nearly identical, shifting their con-
vexity along the different high fidelity segments when approximately half of the maximum
LES data was injected. This was corroborated by the Expected Improvement criterion,
which decided to sample in the vicinity of x1 ≈ 0.4 for the three methods with higher
high fidelity data injected, and closer to x1 ≈ 0.9 as the predicted mean squared error
was growing.

It can be concluded that, for the current cases, the highest injection factors tested are de-
sirable. If a dynamic ξm, ξt approach were attempted, a non-physical sawtooth predictor
would be obtained.
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Figure 6.14: Top: Co-Kriging HIRANS ŷ ± 2ŝ for α = 1 ( ), α = 0.75 ( ), α = 0.5 ( ),
α = 0.25 ( ) and α = 0 ( ).
Bottom: Expected Improvement and maximum EI locations with
α = 1 ( , ), α = 0.75 ( , ), α = 0.5 ( , ),
α = 0.25 ( , ) and α = 0 ( , ).
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6.6 Predicted error correction using multi-level HIRANS

While the idea of including dynamic injection factors may not be able to be naively
introduced in this test case, there is an indirect way to include more than two fidelity
levels in the surrogate model. This multi-level approach, combining locally and non-
locally injected HIRANS surrogates in the LES locations, can be formulated to correct
the predicted error in the rest of the linearly spaced, non-locally injected HIRANS points.
The new predicted error can be computed using a combination of the two surrogates.

The process can be outlined as follows. Firstly, a regular Co-Kriging HIRANS surrogate
model is constructed. A secondary surrogate is constructed by replacing the interior
locally-injected HIRANS points by non-locally injected values using the neighbouring left
and right LES samples, conserving the rest of the previous HIRANS values. The predicted
errors from the two Co-Kriging surrogates are then combined.

A desirable property would be that the error converges to the regular Co-Kriging with
locally injected values close to the LES locations and grows towards the predictor with
non-locally injected samples when increasing the distance from them. A distance metric
with respect to the neighbouring left and right LES points {xL, xR} can be formed as

d(x) =

(
(x− xL)2 + (x− xR)2

(xL − xR)2

)1/2

. (6.5)

This distance is maximum at an LES location, and minimum when the new sample is
equidistant to existing LES points. By scaling it to the range [0, 1],

η(x) =
1

1−
√

1/2

[
d(x)− 1

]
+ 1. (6.6)

Finally, this parameter η is used to correct the estimated error as

ŝ2(x) = ŝ2
local(x) + α(1− η)|ŝ2

local − ŝ2
non−local|. (6.7)

where the subscripts local and non− local refer to the regular (locally injected HIRANS)
and secondary (non-locally injected HIRANS) Co-Kriging surrogates. The factor α con-
trols the fact that the error estimates for the non-local predictions have been computed
with artificially long sample distances with respect to the ones present in the primary rou-
tine. As an example, for equispaced expensive samples x1 = {0.0, 0.2, 0.4, 0.6, 0.8, 1.0}, the
HIRANS value for the second surrogate at x1 = 0.4 would be calculated with xL = 0.2
and xR = 0.6. Thus, the distance with respect to its neighbouring points would be
|x − xL|max = |x − xR|max = 0.2 for each of them, twice the maximum possible distance
in the primary surrogate, as |x − xL|max = 0.1 with local injection. A simple value of
α = 1/4 can be used, assuming a linear progression of the predicted error when walking
away from LES locations.

The entire process is outlined in Algorithm 2. There are several advantages about this
method. The first one is the computational cost: only ne−2 (as the extrema are excluded)
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Algorithm 2: Multi-level HIRANS error correction and prediction.

Function corrected surrogate multi level(xe, ye, xc, yc, ξEI):

Construct Co-Kriging surrogate→ ŷ, ŝ2
local.

Use LES and locally injected HIRANS points.

Run additional HIRANS in LES interior points.

Use non-local information with left-right neighbours (5.3.2).

Construct secondary Co-Kriging surrogate→ ŝ2
non−local.

Use LES and non-locally injected HIRANS points.

Compute distance of predictor points to LES neighbours (6.5).

Scale distances to [0, 1] range (6.6).

Correct ŝ2 with ŝ2
local and ŝ2

non−local (6.7).

Compute Expected Improvement and choose new sample point.→ xenew , ŷenew .

return (xenew , ŷenew).

additional cheap function evaluations are needed. Moreover, the model is roughly as
robust as the underlying HIRANS solver, and it should increase this robustness as the
optimization process progresses and the distances between sample points start to narrow.
The possibility of breakdown exists if HIRANS fails to converge in non-locally injected
samples, albeit it has not been the case in any of the tests performed in this document. If
that occurred, the non-local injection could be performed globally with decreased ξm, ξt. It
would still give an estimation (albeit arguably less accurate) which would more reasonably
resemble the true estimates than the original method, unless the error growth when
increasing the distance from an LES location is far from the linear assumption. As the
most critical situation would be in the first iteration, using the initial sampling plan, this
could be easily assessed by running locally and non-locally injected points and assuring
that this assumption could hold before progressing with the optimization process. In the
case of breakdown, using an arbitrary multiplier for the first iterations, as ŝ2

non−local =
1/αmax(ŝ2

local), should provide a reasonable estimate, until HIRANS converged with non-
locally injected information and could be introduced into the predictor.

Figure 6.15 shows the result of applying this correction. In the vicinities of the LES
locations, the estimates closely followed the shape of the primary predictor, growing
towards approximately half the distance between the locally and non-locally injected
dataset predictions at the centre of each segment. Comparing the ŷ±2ŝ region with respect
to the original one, it yielded a much more realistic balance, covering a larger part of the
underlying “true” function but without the excessive error estimation in regions with less
variations of J , x1 > 0.5. It was also supported by the Expected Improvement: the
next point to be acquired was located in a similar region with respect to the original Co-
Kriging predictor, but the region with high locations of it was significantly wider, giving
additional weight to the points with the increase predicted error. Moreover, it did not
deceptively accept disproportionately large uncertainties in regions with low possibilities
of improving the current minimum, as in the case of the non-locally injected surrogate.



102 Kriging and Co-Kriging optimization

0.0 0.2 0.4 0.6 0.8 1.0
x1

−1.5

−1.0

−0.5

0.0

J

0.0 0.2 0.4 0.6 0.8 1.0
x1

0.0

0.2

0.4

0.6

0.8

1.0

1.2

E
I/

m
ax

(E
I)

Figure 6.15: Top: Initial expensive ( ) and cheap ( ) samples, Co-Kriging HIRANS ŷ ± 2ŝ
for locally injected ( ), non-locally injected ( ) and corrected ( )
models. Visual guide using regressive Kriging LES surrogate with ne = 59 (

).
Bottom: Expected Improvement and maximum EI locations for locally injected
( , ), non-locally injected ( , ) and corrected ( , )
models.

While this simple correction achieved the purpose of addressing the main drawback of the
current formulation, there are certainly additional questions which are raised. Choosing
non-locally injected points to construct the multi-level surrogate, with unduly long dis-
tances in the parameter space, could lead to an excessively conservative model in the error
estimates. It could also be unaware of the non-linearities present in the region between the
left and right neighbours which it has been interpolated from, aliasing potential minimum
candidates in the unexplored regions. In addition, it has not been thoroughly studied how
does the error grow when going away from LES locations, and a simple linear distance
metric could also not represent the reality. Lastly, the additional cost of the multi-level
approach needs to be taken into account, as it needs to be updated in every iteration. In
the current test cases, as the cost of RANS/HIRANS is orders of magnitude lower than a
new LES sample, and the updates only need to take into account the new sampled region
each iteration, it is not a limiting factor. Indeed, the cost is rather small if nc >> ne, as
each segment update requires the update of the points without a LES solution and the
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non-locally injected cheap samples in the two extrema. This could be a relevant cost if
the cheap and expensive function evaluations are similar in computational cost, and in
occasions with a large number of expensive samples, where nc ≈ ne.

6.6.1 Simulation using modified Kriging believer

Algorithm 3: Modified Kriging believer sampling strategy

Read initial HIRANS and LES samples.

Read master HIRANS and LES Kriging surrogates, ne = nc = 59.

Construct initial Co-Kriging surrogate.

Obtain first expensive location to sample, xadd0 (Algorithm 2).

for j = 0, nadd do

Acquire j − th expensive sample, yaddj

Use modified Kriging believer and LES master surrogate.

Obtain HIRANS response at new expensive location.

Use modified Kriging believer and HIRANS master surrogate.

Resample HIRANS in xaddj domain of influence.

Use inner HIRANS loop with ninit and j − th locations.

Construct new Co-Kriging surrogate.

Scale ŝ2
non−localj (xnew), (6.9), xnew ∈ [xLESL

, xLESR
].

Correct ŝ2
j (6.7).

Use ŝ2
non−localjand new Co-Kriging surrogate.

Compute EI and choose new sample point.

end for

To study the potential performance improvement using this correction, a simulation based
on a modified Kriging believer criterion can be performed. The classic Kriging believer
(Ginsbourger et al., 2010; Talnikar et al., 2014) is a heuristic strategy which allows to
perform multi-point acquisitions. This method is based on believing the value of the
Kriging predictor and modifying the response of the model based on that information
to apply the acquisition function for subsequent sample points. An alternative is the
constant liar strategy, where the response of each acquisition point is given by a constant
value L, such as L = max(J). This strategy deceives the Expected Improvement criterion
from getting trapped in small regions.

The Kriging believer criterion can be slightly modified for the Co-Kriging multi-fidelity
analysis and the gathered knowledge in this a posteriori analysis, as its main aim is to
simulate how this model could have performed if these corrections had been applied in
the first place. For every new sample point, the expensive and cheap responses can be
approximated by the Kriging surrogates constructed by performing single fidelity Kriging
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Figure 6.16: Top: Kriging believer simulation for case A. Entire parameter space (left) and
detail of the minima vicinities (right). Kriging believer with Co-Kriging HI-
RANS ( ) and Kriging LES ( ) sampling strategies. Kriging LES ( ), Kriging
RANS ( ), Kriging HIRANS ( ), Co-Kriging RANS ( ) and Co-Kriging HI-
RANS ( ). Initial samples ( ) and additional samples ( ). Visual guide using
regressive Kriging LES surrogate with ne = 59 ( ).
Bottom: Objective function improvement per LES evaluation for Kriging be-
liever Co-Kriging HIRANS (left) and Kriging LES (right) sampling strate-
gies.Exploring ( ) and exploiting ( ) samples.

predictors for all the available LES and HIRANS samples, ne = 59. In this way, no
additional flow solutions are needed to be computed, and the method can roughly resemble
the conditions of the real parameter space.

As no HIRANS flow variables are computed, the non-locally injected values cannot be
directly updated. Instead, the values from the first iteration are used, ŝ2

non−local0 . In the
new location, xaddj , the domain between its left and right neighbours is split by it, and
the error is scaled by the new length of each left and right segment. This prevents the
solver from computing large errors in new locations close to a LES point.
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Figure 6.17: Top: Kriging believer simulation for case B. Entire parameter space (left) and
detail of the minima vicinities (right). Kriging believer with Co-Kriging HI-
RANS ( ) and Kriging LES ( ) sampling strategies. Kriging LES ( ), Kriging
RANS ( ), Kriging HIRANS ( ), Co-Kriging RANS ( ) and Co-Kriging HI-
RANS ( ). Initial samples ( ) and additional samples ( ). Visual guide using
regressive Kriging LES surrogate with ne = 59 ( ).
Bottom: Objective function improvement per LES evaluation for Kriging be-
liever Co-Kriging HIRANS (left) and Kriging LES (right) sampling strate-
gies.Exploring ( ) and exploiting ( ) samples.

The scaling factors from the left and right segments are defined as

ρL =
|xL − xaddj |
|xL − xR

, (6.8a)

ρR =
|xaddj − xR|
|xL − xR

. (6.8b)

Using these, the non-local component of the error is computed as

ŝ2
non−localj (x) =

{
ŝ2
non−localj−1

(x)ρ2
L if x ∈ [xL, xaddj ],

ŝ2
non−localj−1

(x)ρ2
R if x ∈ [xaddj , xR].

(6.9)
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Figure 6.18: L2 norms of surrogates with respect to Kriging LES surrogate with ne = 59 for
cases A (left) and B (right). Initial sampling plan ( ) and end of optimization
process ( ) values. The indices 1 and 2 are for Co-Kriging HIRANS and Kriging
LES sampling strategies, respectively.

The main drawback of this method is that the lack of updating of the error distribution
apart from the scaling could derive in non-realistic predicted errors as the routine pro-
gresses. Nevertheless, it allows for an estimation of how the real routine could respond.
The entire process is detailed in Algorithm 3.

The modified Kriging believer strategy has been tested for the two different cases, us-
ing the same ξEI parameters as in the Kriging LES and Co-Kriging HIRANS methods.
In case A, Figure 6.16 shows that, regardless of the bias given in the acquisition plan,
the corrections outperform the original Co-Kriging HIRANS framework at the end of
the process. The key difference is that, even in the exploitative samples, the Expected
Improvement decided to test longer departures from the previous point. This created a
more global search while constrained to the local minimum vicinities, sampling in similar
places than the Kriging LES and the Co-Kriging RANS, despite not finding the global
minimum, x1 ≈ 0.15

For case B, Figure 6.17, the corrected model achieved similar results, being able to find
the global minimum region in both acquisition plans. In this case, it was slightly slower
(1-2 iterations) in finding the best region with respect to Kriging LES. Moreover, Figure
6.18 shows that the quality of the surrogate model with respect to the underlying function
also increased when introducing this method, as the more global search in regions with
high gradients achieved a better mapping overall.

In all the configurations tested the model outperformed the original formulation, and while
these results should be prudently considered, they suggest that thoroughly studying ways
to inject more realistic error predictions in the surrogate model could potentially increase
the efficiency of this method.
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6.7 RANS/HIRANS with respect to LES along the param-
eter space

6.7.1 Local injection
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Figure 6.19: L2 ( ) and L∞ ( ) norms for different geometries of 〈Ux〉 ( ),
〈Uy〉 ( ), 〈u′u′〉 ( ), 〈v′v′〉, ( ), 〈w′w′〉 ( ) and 〈u′v′〉 ( ) of RANS (left) and
HIRANS with τLES injection (right).

In addition to the results of the different optimization methods, the total number of LES
samples computed for all the different parts of this project can be analysed as a whole in
a comparison with respect to RANS and HIRANS results. This allows to draw a similar
comparison as the one established in 5.2.2.

The norms of RANS and HIRANS methods with respect to their corresponding LES
simulations along the parameter space can be observed in Figure 6.19. As before, the
HIRANS model performed much better in the majority of the parameter space in almost
all the different norms considered with respect to the normal k−ω RANS. The effect was
more pronounced in the fluctuating components, with L2 norms which rarely surpassed
the 0.4 region for HIRANS, where the baseline RANS model exceeded this value for
several quantities and samples. In the L∞, a similar result was obtained. In the steepest
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Figure 6.20: Mean and standard deviation of flow variables norms with respect to LES values
for RANS ( ) and HIRANS ( ).

periodic hill geometries (x1 → 0), there was a notable reduction of the 〈u′u′〉 and 〈u′v′〉
norms, to around a fifth and a fourth of their original values, respectively.

Moreover, these results can be averaged over the parameter space, to obtain some statistics
of their distribution. This is shown in Figure 6.20. As visually captured before, the
greatest differences were obtained in the Reynolds stresses components. The most notable
reduction came from 〈u′u′〉, where not only the mean L2 norm was around a fifth of its
original value, but the standard deviation was also highly diminished. All the rest of
the turbulent stresses followed the same trend, which were also supported by their L∞

results.

With respect to the velocity components, the results were in general still positive in the
L2 case, but with smaller reductions than for the turbulent quantities. In the L∞ norm,
the HIRANS method yielded very slight reductions with respect to RANS.

These results show that the HIRANS model can be specially suitable for cases where
the turbulent quantities from RANS and LES are far away from each other, as it has
been able to consistently achieve accurate results over the different samples considered.
In the context of a design optimization process, utilizing values related with it, such as
the turbulent kinetic energy, this method could be an useful tool to increase the accuracy
of the simulations. Indeed, Figure 6.21 shows the improvement of the different parts of
the considered objective function prediction, both in the turbulent kinetic energy and
in the pressure losses. These conclusions are very positive, as it can be seen that for
objective functions, not only they became much closer, but their standard deviation
greatly diminished, providing both accuracy and consistency with respect to the LES
solution, a desired property in order to infer the shape of unknown regions of the parameter
space.

The latter reflection, combined with the better representation of the underlying “true”
function with respect to a single fidelity Kriging LES delved in 6.8, allows to prudently
infer that the HIRANS method could be seamlessly generalized for multi-parameter op-
timization. To start with, the formulation itself is independent of any parameter as-
sumption, as the injection of data is based on having neighbouring samples available.
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Figure 6.21: Mean and standard deviation of objective function variables norms with respect
to LES values for RANS ( ) and HIRANS ( ).

Moreover, achieving a more accurate initial surface response, which has been achieved
by the Co-Kriging HIRANS formulation, would be even more determinant in a multi-
dimensional parameter space, where the acquisition criterion would work with multiple
potential minima with different activity in each parameter in its objective function re-
sponse to its change. A limitation of the current framework could be attributed to the
necessary interpolation of τLES , which would oblige the initial sampling plan to either
use extrapolation of this quantity or evaluate all the corners in each dimension, which is
not often performed when popular methods such as a Latin Hypercube are used. This
could be overcome by utilizing RANS in the corners and introducing a correction in the
predicted error in those regions, similarly as in Section 6.6.

6.7.2 Non-local prediction accuracy

With the large database of LES samples available, the accuracy of HIRANS with respect
to the distance to neighbouring high fidelity samples to inject data from can also be
computed. This is performed using an average distance metric to the neighbouring sample
points, as

dneighbi =
1

2

(
|x1i − xL|+ |x1i − xR|

)
, (6.10)

where x1i is the position in the parameter space to sample, and xL and xR are the positions
of the left and right LES samples to use for the injection of Reynolds stresses. A value of
0 indicates local injection.

Using four of the interior initial LES samples, that is, ψ = {0.75, 1.0, 2.0, 3.0}, HIRANS
solutions have been calculated jumping one position left and right each time to choose
the high fidelity data from the available 59 LES simulations. That is, the first iteration
corresponds to the direct neighbours and the next one to the left and right samples of
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Figure 6.22: L2 ( ) norms non-dimensionalized with RANS values for increasing
distance to neighbouring LES samples of 〈Ux〉 ( ), 〈Uy〉 ( ), 〈u′u′〉 ( ), 〈v′v′〉,
( ), 〈w′w′〉 ( ) and 〈u′v′〉 ( ).
x1 = 0.75/3.75 (top-left), x1 = 1.0/3.75 (top-right),
x1 = 2.0/3.75 (bottom-left) and x1 = 3.0/3.75 (bottom-right).

these neighbours. The initial sample corresponding to ψ = 0.5 was not included due to
the small amount of left neighbours in the parameter space.

Figure 6.22 shows the results of applying the injection with progressively further LES
simulations. Even in the long distances tested in the available samples, which covered a
quarter in the parameter space in average for ψ = 2.0 (that is, the distance between left
and right neighbours were roughly separated by half of the parameter space), the Reynolds
stresses L2 norms outperformed the baseline RANS values. This became more evident
in the least steep configurations quantitatively. Furthermore, it should be noted that
for ψ = 1.0, the furthest left neighbour was the extreme sample, ψ = 0.25, with double
recirculating regions, which posed a challenge to the original periodic hill geometry.

With respect to the L∞ norms, illustrated in Figure 6.23, they also showed a positive
trend. In practically every single flow quantity and sample point, the HIRANS samples
with furthest LES points outperformed RANS in this metric. It was especially significant
in the steepest configurations for 〈u′u′〉, due to improvements in the fluctuating shear
layer (ψ = 0.75) and the vicinities of the windward hill crest (ψ = 1.0). The mean
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Figure 6.23: L∞ ( ) norms non-dimensionalized with RANS values for increasing
distance to neighbouring LES samples of 〈Ux〉 ( ), 〈Uy〉 ( ), 〈u′u′〉 ( ), 〈v′v′〉,
( ), 〈w′w′〉 ( ) and 〈u′v′〉 ( ).
x1 = 0.75/3.75 (top-left), x1 = 1.0/3.75 (top-right),
x1 = 2.0/3.75 (bottom-left) and x1 = 3.0/3.75 (bottom-right).

velocity components were quite irregular, as non-locally injected samples even improved
the local HIRANS results for the steeper geometries, slightly worsening them for the less
steep ones.

These results corroborate the conclusions from the rest of the document: HIRANS was
robust in the prediction of the turbulent stresses throughout the parameter space, with
local and non-local injection, despite the long distances tested in the parameter space, with
very different flow features. With respect to the velocity components, their improvement
with respect to RANS depended on the part of the parameter space considered. On
the steeper geometries, the average distance threshold to outperform RANS was around
dneighb ≈ (0.05, 0.12) in the L2 norms. In contrast, in the least steep configurations, no
threshold was found, consistently outperforming or being qualitatively similar to RANS.
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6.8 Summary

This chapter constitutes the piece which combines all the different parts of the HIRANS-
LES jigsaw in a global design optimization context.

To start with, single-fidelity Kriging for RANS, HIRANS and LES, in addition to Co-
Kriging with RANS and HIRANS in combination with LES, have been studied. Using as
a parameter space a scaled version of the hill width presented in Chapter 5, two different
cases were tested. The cases differed in the number of initial sample points and the
balance between the two variables of the objective function, the turbulent kinetic energy
k and the forcing term fp. The surrogates were constructed by a Maximum Likelihood
Estimation for the hyperparameters, with an Expected Improvement acquisition criterion.
The computational resources available at the time of the study also constrained the bias of
the EI towards exploitation of early samples in the Co-Kriging methods, with a maximum
number of additional points of 6 per case and method.

The results of the different tests were partially surprising. The method which provided
the best improvement of the objective function, validated with a LES evaluation for all the
methods, was Co-Kriging with RANS information in both cases. For case A, it explored
the region where the global minimum was located, which the rest of the methods did
not query. In case B, it was comparable to Kriging LES. The HIRANS models were able
to successfully exploit the objective function in the first iterations, but the single-fidelity
model stalled in a local region, while the multi-fidelity version was able to explore further.
Nevertheless, the results were far away from the best two methods. In addition, Kriging
with RANS was qualitatively not able to improve the initial minimum at all.

Two main coupled restrictions were delved in the Co-Kriging HIRANS method. Inherently
to this formulation, the surrogate could not quantify the true accuracy of the non-locally
injected cheap sample points. In addition, and particular to this objective function, as
τLES was injected using linear weightings, kHIRANS was constrained by a quasi-linear dis-
tribution in certain regions where high non-linearities exist. The result of this, combined
with the high number of cheap initial samples, nc ≈ 8ne samples, resulted in inordinately
low error bands, conducing to an overly exploitative model.

A discussion over the trustworthiness of the LES results was given. Interpolating pre-
dictors were used throughout the document. Nonetheless, an estimation of the noise in
calculating J concluded that the global minimum found by Co-Kriging RANS at x1 ≈ 0.15
might be influenced by noise, as a regressive surrogate within the 3σ regions did greatly
diminish the magnitude of the peaks. A proposal for future research to incorporate noise
information was formulated, modifying the regularization parameter to be individual to
each sample, while combining it with the snapping technique of Talnikar et al. (2015a) to
resample LES for a longer period to reduce the uncertainty over the point.

The influence of different parameters corresponding to the HIRANS formulation and the
optimization side was also studied. Starting with the exploration-exploitation bias ξEI,
its optimum value was highly dependant of the objectives of the particular optimization
process. For a very low amount of additional samples, neadd ≈ 2 samples, a neutral
balance would result in an overly exploratory model. Conversely, an overly exploitative
value disproportionately promoted very small departures from existing samples, harming
the potential improvements in longer processes.
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With respect to the number of initial samples, 7 space-filling expensive points, biased
towards the steepest slopes region, were sufficient to provide a surrogate model which re-
sembled the main features of the underlying function. For the multi-fidelity methods, the
number of 48 interior cheap samples was considered excessive in terms of computational
efficiency, as a lower number, of around nc ≈ {3, 4}ne was sufficient to provide a similar
surrogate, with more realistic predicted errors.

In terms of the injection factors ξm, ξt, it was found that the closest results to the LES
values were obtained when they were set as high as possible. Using dynamic ξm, ξt far
away from LES locations would create a non-physical sawtooth shape.

The error correction using multi-level HIRANS was successful in its application, by in-
troducing information from locally and non-locally injected HIRANS samples in the LES
locations, computing a linear combination of them for the predicted error. Using a modi-
fied version of the Kriging believer technique, it was simulated and compared against the
rest of the methods, outperforming its non-corrected Co-Kriging HIRANS version in the
four computed configurations, and situated on par with the single-fidelity Kriging LES.

Using all the available high fidelity simulations, ne = 59 samples, norms of the flow and
objective function variables for RANS and HIRANS with respect to LES were computed,
with the latter method achieving much closer results. The improvements in the mean
velocity components were modest, while performing significantly better in the Reynolds
stresses. In terms of the L2 norms for J , HIRANS was around eight times closer to LES
than its original k−ω model, with much lower standard deviation as well, with maximum
deviations for J around four to ten times lower for cases A and B, respectively. The
non-local prediction capabilities showed that HIRANS was also able to reach a better
agreement to the LES results in the L2 norms for the Reynolds stresses in every case,
even with left and right neighbours were separated by a distance covering 50% of the pa-
rameter space. The mean velocity components were worsened significantly in the steeper
geometries, albeit they even improved with more distant LES neighbours in the less steep
ones.

Two main conclusions can be drawn. Starting with the quality of the predictor, the initial
response of J was improved with respect to Kriging LES and Co-Kriging RANS. The
HIRANS framework, only dependent of available neighbouring high-fidelity information,
could extend its capabilities to multi-parameter design optimization. In terms of the
objective function improvements, the uncorrected Co-Kriging HIRANS was already able
to successfully exploit local minima in one-two iterations, and a glimpse of its potential has
been given by the multi-level Kriging believer simulations. Nevertheless, a thorough study
still needs to be performed to improve the predicted error corrections of the surrogate,
which will be the next step in increasing the computational efficiency of the method.
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Chapter 7

Conclusions and recommendations

7.1 Conclusions

7.1.1 Local RANS corrections

Two different Hybrid Injected RANS models were formulated based on injecting non-
dimensional turbulent anisotropy bij and both isotropic and anisotropic components of
the Reynolds stress tensor τ from a higher fidelity source, such as LES or DNS. The
models acted in both the momentum and the production term of the k − ω equations.
For the periodic hill test case, an analysis of the eigenvalues of the anisotropy tensor
using a barycentric map showed that injecting bij resulted in a successful correction of
the turbulence anisotropy. Nonetheless, this was not translated to an improvement of the
mean velocity components, as the isotropic component k was not predicted accurately,
neither in the baseline RANS model or in the anisotropy-corrected HIRANS. Conversely,
using a model with the injection of both isotropic and anisotropic contributions from τLES
did achieve significantly closer results to the LES solution in the different flow variables,
stating the importance of the isotropic component for the periodic hill case.

Linking this to the research question:

How reliably and consistently does a hybrid RANS method match the local LES model in
the mean flow quantities?

The HIRANS model with τLES injection was successful in its corrections for the orig-
inal periodic hill geometry when data from Breuer et al. (2009) was injected, with a
virtually identical reattachment location to the LES solution and with the mean veloc-
ity components and turbulent stresses within ±5% and ±1% of the reference values when
non-dimensionalized with the bulk velocity Ub in the majority of the flowfield, respectively.

115



116 Conclusions and recommendations

What is the range in the parameter space (width of the periodic hill) where locally corrected
RANS methods still resemble the time-averaged LES dynamics?

LES cases corresponding to 59 variations of the periodic hill geometry were compared to
the primary and the new hybrid formulations. The HIRANS model successfully reduced
the RANS L2 norms with respect to LES in the Reynolds stresses to a third part of their
original values in average with significantly smaller standard deviations, especially for
〈u′u′〉. A modest improvement in the mean velocity components was also obtained. These
results were achieved with the added constraint of employing injected LES information
with significantly higher y+ values than the RANS solution. This resulted in smaller
improvements in the L∞ norms, which were located in certain cases in nodes close to the
highly accelerated part of the windward hill. In that region, the LES information had
been injected using a linear interpolation procedure from higher y+ values, y+

LES ∼ O(10),
y+
HIRANS ∼ O(1), not accordingly with the physical progression of the turbulent stresses

close to the wall.

The role of the ξt injection factor, present in the production term of the k−ω equations,
remains as a future research question. The results were found to be much less dependent
on it than on the momentum equation corrections. A value of ξt = 0.3 was chosen, without
a clear indication of performing significantly better than others overall. Regarding the
limit in the stability of the corrections, a factor of ξm = 0.8 for the momentum equation
was found to be sufficiently robust, without a single diverged case in the hundreds of
simulations performed in this study.

7.1.2 LES setup and analysis

Constructing a INCA LES setup with an adequate balance between accuracy and com-
putational resources available was a challenging part. Starting from the solver, several
preconditioning and Krylov subspace methods were tested to increase the speed of the
Poisson equation calculations. This resulted in the implementation of the Stone’s Strongly
Implicit Procedure as a preconditioner for a BiCGSTAB algorithm, which accelerated the
procedure around 5-6 times with respect to multigrid preconditioners.

The study of spanwise extent, grid resolution and averaging time allowed to conclude that
the large flow structures present in the geometry required an extent of around 4.5 Lz to
be correctly represented, in accordance with the results from Fröhlich et al. (2005). A grid
with around 106 nodes was sufficient to present good agreement with PIV (Rapp, 2009)
and reference LES (Breuer et al., 2009) data. Furthermore, extending the simulation to a
minimum of 55 flow-through times for the averaging period was considered necessary to
compute reliable statistics, with 55 to 89 initial flow-through times for the development
of the solution. The final configuration resulted in similar differences with respect to PIV
in mean velocity components and turbulent stresses than the solution of Breuer et al.
(2009), with around 40% of its averaging time and 10% of its grid points. This allowed
to perform one LES simulation on the TU Delft HPC with a single node and 20 cores
within around 35 to 75 CPU hours, depending on the geometry considered.
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7.1.3 Non-locally injected HIRANS prediction

The prediction of flow quantities by using non-local LES information has demonstrated,
despite its limitations, to provide consistent results over the envelope of the parameter
space considered, the width of the hill ψ. The formulation was tested in the most limiting
cases in 5.3, where information from neighbouring LES cases had very different flow
features. Even in those configurations, the method succeeded to qualitatively improve the
turbulent stresses in a L2 metric. A study on the distance threshold to LES neighbours
to outperform RANS yielded an improvement of turbulent stresses in every single test
considered, even for LES samples separated by 50% of the parameter space. With respect
to the velocity components, their improvement with respect to RANS depended on the
part of the parameter space considered. On the steeper geometries, the average distance
threshold to a LES neighbour to outperform RANS was around dneighb ≈ (0.05, 0.12)
in the L2 norms. In contrast, in the less steep configurations, no threshold was found,
consistently outperforming or being qualitatively similar to RANS.

In the initial sampling plan with ne = 6 samples, the single fidelity Kriging HIRANS
predictor decreased the L2 norm of the objective function J with respect to the underlying
function to less than a third part of the Kriging RANS surrogate, allowing to successfully
exploit J from the first function evaluation. A remarkable property of the method was its
lack of significant noise along the parameter space for the initial sampling plans, setting
very smooth regression guides for the Co-Kriging surrogates.

In terms of the research question:

Which interpolation techniques provide a more robust set of tools within the computational
budget? How well can they resemble the higher fidelity features in the hybrid model within
the whole design envelope?

All the tested interpolation techniques to provide non-local predictions have a similar cost
in their application. Expectedly, interpolating LES information from only neighbouring
cases in the parameter space achieved better results, whilst using all the available cases
could produce non-physical flow features. Linear weightings were computed using Eu-
clidean distances in the hill width ψ parameter space, in the bottom wall geometry and
in Kriging surrogates of k and fp. Similar results were obtained with the parameter and
Kriging methods, being the former slightly superior. The main limitation was found to be
in the linear weightings procedure. Similar flow features, as the number of recirculating
regions, were concluded to be highly desirable in order to obtain accurate representations.

7.1.4 Kriging and Co-Kriging optimization

Combining information from RANS and LES in single and multi-fidelity design optimiza-
tion processes was the last step of this work. By using a scaled version of the hill width ψ
as a parameter, with a combination of turbulent mixing and total pressure losses as the
objective function J , five optimization methods for two different definitions of J were com-
puted. One of the main premises of the present document was confirmed: a single-fidelity
Kriging RANS surrogate was not able to qualitatively improve J , as it predicted a wrong
minimum location. Conversely, its multi-fidelity version achieved the best improvements
in both routines, partially based on a “lucky guess” which found the global minimum in
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one of the routines, and its overly exploratory properties. In average, the RANS addition
to the LES information was even slightly globally deceiving the multi-fidelity surrogate
with respect to Kriging LES in terms of the L2 norm with respect to the “true” under-
lying function. A regressing Kriging surrogate with ne = 59 samples showed that the
quantitative results might be significantly affected by noise in calculating J for the LES
simulations.

The single-fidelity Kriging HIRANS was successful exploiting J in 1-2 expensive function
evaluations, but it was not able to sufficiently explore outside a narrow region close to its
predicted minimum. Co-Kriging with HIRANS information reduced the initial L2 norm of
the surrogate by the regression of the cheap samples, but yielded less improvements of J .
This model was overly exploitative and was oblivious of the loss of HIRANS accuracy when
walking away from the locally injected LES samples vicinities, producing artificially low
predicted errors. A modified Kriging believer simulation was performed using a multi-level
HIRANS model with a combination of local and non-locally injected data. This corrected
model outperformed the original Co-Kriging HIRANS, both in terms of the surrogate
error and the J exploitation, sampling in similar locations as in the single-fidelity Kriging
LES method.

Answering the research questions:

What is the optimum amount of resources to be spent in higher and lower fidelity computa-
tions to outperform a single-fidelity method? How is this balance linked with the accuracy
of the corrections of the hybrid model?

The influence of initial expensive and cheap evaluations was discussed. A sufficiently
space-filling initial sampling plan for the expensive data was highly relevant in this test
case, with a minimum of 9 data points needed to represent the shape of J without failing
in the prediction of large valleys. In contrast, the value of nc = 48 + ne was excessive
in terms of computational efficiency. Lower values such as 24 and even 12 cheap points
for the initial sampling, ne = 6, resulted in very similar predicted responses ŷ. A value
of around nc = {2, 3}ne has been proposed, which could be augmented with increasing
expensive samples and hence, improved non-locally injected HIRANS predictions. The
balance is highly dependent on the local accuracy of the HIRANS evaluations. In case
that a large number of samples is computed in regions far away from LES locations, where
its accuracy is resented, it could deceive the predictor, both in terms of its response ŷ
and the non-realistic reduced predicted error. One of the core future lines of research that
would lead to an efficient balance of resources is the representation of the accuracy of the
non-local HIRANS predictions along the parameter space, to be used as an input for the
surrogate model.

Could this method be generalized to other problems, such as multi-parameter optimization
for the periodic hill test case?

The knowledge gathered in this document suggests that the answer to this question is
affirmative. The HIRANS formulation is not dependent on the dimension of the parameter
space, only requiring neighbouring high fidelity information to use as an input. If these
conditions are met, the formulation has shown to provide a more accurate initial response
of the underlying function than a single fidelity LES predictor. It is not exempt of
limitations, such as the need to sample each corner of the parameter space to provide
interpolation of quantities or using other methods to substitute the data in these locations.
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In an environment where more search directions exist, such as in a high-dimensional
parameter space, this initial accuracy improvement could be an even more relevant feature
of the model than in the tested case of this document.

Related to the last reflection, in many optimization problems there is a large number of
design parameters, but not such a considerable change in the flow dynamics as in the
scope of this document. In a case of an airfoil optimization, the location of separated
flow or a shockwave in transonic/supersonic cases may be the main flow topology change,
with a singular feature that varies in location and strength. Those situations could be
potential test cases for the HIRANS model, given its positive results when similar flow
features are used for interpolation. Also, it could be suitable for channel/constricted flows
design, given its good agreement with LES in the computation of turbulent kinetic energy
and total pressure losses.

7.1.5 Main research question

Does the combination of a hybrid LES-data-injected RANS solver with pure LES in a
Co-Kriging multi-fidelity global design optimization process outperform a single fidelity
method for a fixed computational budget in the context of turbulent incompressible fluid
flows for the specified periodic hill test cases?

The response to this question is currently negative if constrained to the raw results of the
tests performed. Co-Kriging HIRANS successfully found a new minimum in two expensive
function evaluations, but was outperformed by Kriging LES and Co-Kriging RANS in the
entire processes, albeit with different exploration-exploitation bias with respect to the
single-fidelity model.

A more refined analysis outlines that the multi-fidelity surrogate was able to give more
accurate initial response predictions, but failed in the characterization of the predicted
errors with respect to the true underlying function. The error correction with the Kriging
believer simulation showed that even a simple modification of the predicted mean square
error ŝ by a multi-level approach could put it on par, qualitatively, with the single-fidelity
surrogate, both in terms of results and computational efficiency. The current framework
certainly offers potential advantages, and future research in a better representation of the
trustworthiness of the predictions in different regions away from high fidelity locations
could be able to unlock them.
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7.2 Recommendations

7.2.1 Local RANS corrections

In terms of the HIRANS formulation, four main proposals can be formulated.

On the first place, the framework could be extended to modify additional terms of the clo-
sure equations for the turbulence model. Currently, only the production term is corrected,
using a hybrid tensor τ∗ which is scaled with the turbulent kinetic energy computed by
HIRANS. Formulations which uniquely depend on the LES information injected, or which
affect terms such as the diffusion or the dissipation rate could be tested, in order to pro-
vide a more accurate representation of the LES dynamics. Additionally, albeit k − ω
has been successful in its local corrections, alternative turbulence models could be tested,
such as Reynolds-stress models (Hallback et al., 1989), introducing the high-fidelity data
in the equations for the individual stress components.

A second consideration must be made in cases where, as the INCA tested cases, the LES
grid is coarser than HIRANS. Throughout this document, linear interpolation has been
used in this respect, but this condition clearly does not represent the reality close to
the walls, which increases the difficulty of providing an accurate representation of the
quantities in that region, such as the wall shear stress. A modification to the current
algorithm could be defined, where a wall function scaling would substitute the linear
interpolation based on the original information calculated in a fine LES grid or from
similar reference data. Dynamic injection levels close to the walls could also be attempted,
albeit the results from the present document in that respect predict difficulties in that
respect.

With respect to this, a study about the accuracy of the HIRANS solution with varying
high fidelity sources, such as DNS and LES or LES with different grids would serve as
a way to quantify the importance of the input data in the trustworthiness of the model.
This has been outlined in this study, as the correction using the information from Breuer
et al. (2009) achieved closer results to its source data than the one using the coarser INCA
grid.

Finally, the HIRANS model has been computed for cases ranging from massively sepa-
rated flows with counter-rotating structures to situations with very low values of turbulent
kinetic energy. Testing the formulation with alternative flow features and phenomena such
as laminar-turbulent transition and turbulence development (swept wings with crossflow
instabilities and vortex generators) or sharp gradients in flow quantities (transonic com-
pressible flows) would improve the knowledge about the boundaries in the applicability
of the formulation.
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7.2.2 HIRANS interpolation and prediction

In this respect, two main paths could be explored. The first one corresponds to a more so-
phisticated method to interpolate neighbouring cases with respect to the linear weightings
procedure presented in this document, such as basis function or Kriging formulations.

A second topic, especially relevant in multi-parameter optimization, would be related
to a suitable choice of neighbouring cases. Methods such as nonlinear manifold learn-
ing, Isomap (Tenenbaum et al., 2000; Franz et al., 2014) could be introduced, by the
computation of geodesic instead of Euclidean distances in the parameter space.

7.2.3 Kriging and Co-Kriging optimization

In the global design optimization side, there are three main aspects to be discussed.

The first one corresponds to the Co-Kriging framework. To correct the estimations for
the predicted mean squared error, approaches can be tested containing estimations of the
HIRANS model with non-local information, such as the multi-level formulation with two
HIRANS layers. This model could be updated every expensive iteration by the resampling
of the HIRANS data, if this one is significantly cheaper to compute than the expensive
one, or if it provides a key benefit to the quality of the surrogate. Besides, a model which
takes into account the uncertainty of the input data, such as the individual regularization
parameter per sample proposed in Appendix H, could provide a better balance between
interpolation and regression.

The methods in this document included a maximum number of acquired samples of
neadd = 6 samples. A longer process would answer the question of the advantages of the
HIRANS formulation once the distances between LES cases become smaller. The next
intuitive step would be to augment the parameter space to multiple dimensions. The
current periodic hill parametrization allows a total of 11 degrees of freedom. A test with
several dimensions would challenge the initial accuracy improvement of the Co-Kriging
HIRANS surrogate and its ability to exploit with a small number of samples.

Finally, an alternative way of introducing a large number of dimensions in the parameter
space would be an adjoint method. As exposed in Blonigan et al. (2016); Blonigan (2016),
LES simulations in complex turbulent flows can suffer from diverging sensitivities when
running the adjoint computations backwards in time. Instead of stabilizing the LES
computations, the adjoint sensitivities could be calculated in a cheaper HIRANS model,
either for initial search directions, using locally injected information, or globally, if the
non-locally injected model is sufficiently accurate. Furthermore, this information could
be combined with Gradient-Enhanced Kriging (Fischer and Grandhi, 2015) or any other
global optimization method.
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Appendix A

Injection factor sweep results

In this appendix, a full sweep of the injection factors ξm, ξt is calculated for different
variables, for the case of HIRANSb, that is, HIRANS with τLES injection. Figures A.1,
A.2, A.3 and A.4 portray this. The injection factor ξm seems to be a positive influence in
all the norms, excepting the L∞ for 〈Uy〉, while the effect of ξt depends on the variable
considered.
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Figure A.1: L2 (left) and L∞ (right) norms of τw for the bottom wall for HIRANS with
τLES injection. Contours linearly interpolated from 81 sample points (×).
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Figure A.2: L1 (top), L2 (center) and L∞ (bottom) norms of 〈Ux〉 (left) and 〈Uy〉 (right)
for HIRANS with τLES injection. Contours linearly interpolated from 81 sample
points (×).
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Figure A.3: L1 (top), L2 (center) and L∞ (bottom) norms of 〈u′u′〉 (left) and 〈v′v′〉 (right)
for HIRANS with τLES injection. Contours linearly interpolated from 81 sample
points (×).
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Figure A.4: L1 (top), L2 (center) and L∞ (bottom) norms of 〈w′w′〉 (left) and 〈u′v′〉
(right) for HIRANS with τLES injection. Contours linearly interpolated from
81 sample points (×).



Appendix B

Convergence and results for higher
HIRANS injection factors

The convergence and results of the HIRANS model with τLES injection from Breuer et al.
(2009) with higher injection factors than ξi = 0.8 are shown in this appendix.

In the course of this document, the ramping up of the ξm, ξt factors has been performed
using a value of t∗ = 5000 iterations, that is, the maximum values of these factors would
be achieved 5000 iterations before the simulation ended. If the method was not stable, it
would start to diverge after these iterations, creating non-physical values. Nevertheless,
it is also possible to not allow the solver any iterations at all, t∗ = 0 iterations, after the
maximum injection factors are reached. While this raises questions about the validity of
a solution which would diverge if run for a longer time, it also achieved better results
quantitatively with respect to the reference LES values.

Figure B.1 illustrates this. For t∗ = 5000 iterations, the limiting injection factors were
already in the threshold of ξm, ξt ≈ (0.80, 0.85). In contrast, higher factors, such as
0.9 values, can be introduced if no additional iterations are allowed to the solver after
reaching the maximum injection values.

With respect to the results, Figure B.2 shows that this method outperformed the t∗ =
5000 iterations in all the norms, calculated using (3.19), considered. The values for
the turbulent stresses were greatly reduced, and the 〈Uy〉 also improved with respect to
the ξm, ξt = 0.8 case. In addition, Figure B.3 shows that the separation region was
better represented, while the top wall differences became larger. The k distribution was
almost identical to the LES solution. Nonetheless, the divergence in the mean velocity
components was evident from the {ξm, ξt} = {0.90} case.

Following these results, an upper threshold of 0.80 for the two factors was considered
a safe choice for the course of this document. It was successfully applied with t∗ =
5000 iterations without significantly diverging in any of the hundreds of HIRANS cases
computed.
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Figure B.1: Filtered residuals for t∗ = 5000 (left) and t∗ = 0 (right) iterations, for
ξm, ξt = 0.85 (top), ξm, ξt = 0.90 (centre) and ξm, ξt = 0.95 (bottom) of
〈p〉 ( ), 〈Ux〉 ( ), 〈Uy〉 ( ), k ( ) and
ω ( ).
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Figure B.2: L1 ( ), L2 ( ) (top) and L∞ ( ) (bottom) norms of
〈Ux〉 ( ), 〈Uy〉 ( ), 〈u′u′〉 ( ), 〈v′v′〉 ( ), 〈w′w′〉 ( ) and 〈u′v′〉 ( ) of HIRANS
with t∗ = 5000 (left) and t∗ = 0 (right).
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Figure B.3: Differences of HIRANS streamwise (top) and vertical (centre) mean velocity
components and turbulent kinetic energy (bottom) for
{ξm, ξt} = {0.80, 0.80}, t∗ = 5000 iterations (left) and
{ξm, ξt} = {0.90, 0.85}, t∗ = 0 iterations (right) with respect to the LES
solution.



Appendix C

Barycentric map for turbulence
anisotropy

C.1 Invariants and eigenvalues of the anisotropy tensor

The barycentric map was introduced in (Banerjee et al., 2007) as an alternative way of
visualising the anisotropy within the Reynolds stresses. This was motivated by the fact
the previous techniques, based on the invariants of this stress tensor, could be visually
misleading due to the non-linearity of its functional space.

Starting from the Reynolds stress tensor, the non-dimensional anisotropy tensor is defined
as

bij =
aij
2k

=
〈u′iu′j〉
〈u′lu′l〉

− 1

3
δij . (C.1)

Its three principal invariants are

I = bii, II = bijbji, III = bijbinbjn. (C.2)

The study of the functional space of the (II, III) invariants allows to understand the
dynamics of the turbulence anisotropy, as the invariant space is bounded. Based on
this, two different representations have been proposed in literature. The first one, from
(Lumley and Newman, 1977), is built with the following relations between II and III

II ≥ 3

2

(
4

3
|III|

)2/3

, II ≤ 2

9
+ 2III. (C.3)

The second one (Choi and Lumley, 2001) introduces the variables (ξ, η) as

ξ3 = III/2, η2 = −II/2. (C.4)
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Alternatively, a representation based on the eigenvalues of the anisotropy tensor, proposed
in (Lumley, 1979), can also be constructed, using

λ1 ≥ (3|λ2| − λ2)/2, λ1 ≤ 1/3− λ2. (C.5)

The representations based on the eigenvalues and the invariants have the functional rela-
tionship

II = 2(λ2
1 + λ1λ2 + λ2

2), III = −3λ1λ2(λ1 + λ2). (C.6)

One of the main advantages of this type of representations is that, are they are based on
invariants of the second order tensor, they do not depend on the frame of reference.

C.2 Barycentric map
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Figure C.1: Barycentric map for the anisotropy tensor.

From the previous relations, a barycentric map is defined using limiting (x, y) coordinates
for the different states of turbulence, as shown in Figure C.1. This map allows to easily
compare the anisotropy levels found on the RANS model with higher fidelity solutions,
such as the LES cases. Due to the linear eddy viscosity assumption, the RANS eigenvalues
of the anisotropy tensor are located in the line of plane strain, while this constraint is
not found in LES or DNS cases, allowing to understand the relationship between the
anisotropy correction and its effect on the rest of the parameters of the flowfield.

The linear functional space of the eigenvalues, in contrast with the non-linear space using
invariants, allows for an easy visual representation of the different states of turbulence,
which can be defined as:

Isotropic turbulence

No directional dependence appears, and thus, all eigenvalues of the anisotropy tensor are
null,

λ1 = 0, λ2 = 0. (C.7)
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Axisymmetric turbulence

Two fluctuating components have the same statistical quantities, thus the anisotropy
tensor has two multiple eigenvalues. Based on the traceless nature of this tensor, three
different situations can arise:

Axisymmetric contraction

The first and second eigenvalues are the same, so

λ2 0 0
0 λ2 0
0 0 −2λ2

 . (C.8)

Axisymmetric expansion

The second and third eigenvalues are the same,

−2λ2 0 0
0 λ2 0
0 0 λ2

 . (C.9)

Third case

The first and third eigenvalues are the same,

−λ2/2 0 0
0 λ2 0
0 0 −λ2/2

 . (C.10)

Two component turbulence

For this state, at least one zero eigenvalue has to appear in the Reynolds stress tensor.
The anisotropy tensor in canonical form has then to contain one eigenvalue equal to −1/3.
Because of the non-increasing-order condition, where λ1 ≤ λ2 ≤ λ3, only two solutions
are possible,

λ1 =
2

3
, λ2 = −2

3
, (C.11a)

λ1 =
1

3
− λ2. (C.11b)
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Plane-strain turbulence

In this case, it is the anisotropy tensor the one which must have at least one zero eigen-
value. Three different cases can be found,0 0 0

0 λ2 0
0 0 −λ2/2

 , λ1 = 0, λ2 = 0, (C.12a)

λ1 0 0
0 0 0
0 0 −λ1

 , 0 ≤ λ1 ≤
2

3
, λ2 = 0, (C.12b)

λ1 0 0
0 −λ1 0
0 0 0

 , λ1 = 0, λ2 = 0. (C.12c)

Where it is shown that the first and three cases correspond to the isotropic limiting
state of turbulence, and the line corresponding to the variation of λ1 of the second case
corresponds to the plane strain in the barycentric map.

One, two and three-component limiting states

The rank of the tensor bij represents the different limiting states of the turbulence. The
one, two and three-component limiting states of turbulence are found when one, two and
three eigenvalues of the Reynolds stress tensor are non-zero, respectively.



Appendix D

Periodic hill parametrization for
different geometries

In this appendix, the whole system for the parametrization of the periodic hill geometry
is shown. Following Almeida et al. (1993) for the hill shape, and Mellen et al. (2000) for
the distance between hills, the geometry for any generic configuration, if the hill height
is h = 28, can be defined as

y(x) =



min(28, α01 + α02x+ α03x
2 + α04x

3) if x ≥ 0 and x < 9,

α11 + α12x+ α13x
2 + α14x

3 if x ≥ 9 and x < 14,

α21 + α22x+ α23x
2 + α24x

3 if x ≥ 14 and x < 20,

α31 + α32x+ α33x
2 + α34x

3 if x ≥ 20 and x < 30,

α41 + α42x+ α43x
2 + α44x

3 if x ≥ 30 and x < 40,

max(0, α51 + α52x+ α53x
2 + α54x

3) if x ≥ 40 and x < 54.

(D.1)

The values for the default configuration can be found in table D.1.

Point xi yi

x0 0 28
x1 9 27
x2 14 24
x3 20 19
x4 30 11
x5 40 4
x6 54 0

Table D.1: Default values for the reference periodic hill geometry.
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To find the coefficients, a linear system is defined, applying continuity of the different
segments, as long as tangency and curvature continuity. This allows to construct a matrix
A and a right hand side for the αi variables, as

A
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. (D.3)

The first 12 rows correspond to the continuity condition. Rows 13-17 are related to the
continuity of the first derivative between two segments. Rows 18-22 are second derivative
continuity and finally, rows 23-24 are f ′(x0) = 0 and f ′(x6) = 0, respectively, being f ′(xi)
the first derivative of y(x) at the point xi. Finally, it must be remarked that the values
in these calculations are normalised by y/h.
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Appendix E

SIP formulation

A popular way of computing the solution of a sparse linear system Ax = b is to apply
LU factorization, with L being lower-triangular and U upper triangular. The system is
solved as Ly = b, Ux = y. A disadvantage of this method for sparse systems is that L and
U may suffer from fill-in diagonals, which can severely penalise the memory requirements
to solve the system. One alternative is to perform an incomplete factorization such that
A ≈ LU , where the L and U matrices have the same sparsity pattern as the original
matrix A, eliminating the fill-in bands. It can be generalised to the ILU(k) method,
where the sparsity patterns of L and U are not the ones from A, but from Ak+1 instead.
This matrix M = LU , which does not yield by itself as the exact solution of the original
system, can be introduced as a preconditioner in an iterative method such as a Krylov
subspace solver, using the decomposition

A = M −N, (E.1)

where N is typically small.

In Ferziger and Peric (2012), it is stated that this incomplete LU factorization used for
certain problems may suffer from rather slow convergence. To overcome this, the strongly
implicit procedure (SIP) was designed specifically for systems that are discretisations of
partial differential equations. The derivation of the method is given for a 2D problem
in orthogonal grids, with a matrix A composed of 5 non-zero diagonals, which can be
extended to 3D problems. The LU factorization of the matrix A for this case results in
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where the subindices N, S, E, W, NW, SE indicate north, south, east, west, north-west
and south-east nodes, respectively. It can be observed that at least two extra non-zero
diagonals are obtained after performing the product LU . If these two diagonals, as in ILU
(and also in SIP), are set to zero for the matrix M , then N must have at least non-zero
elements in those two diagonals, where the rest of the diagonals of M are equated to the
corresponding diagonals of A. This choice is the one of ILU(0).

Instead, N can be allowed to have non-zero elements if all the seven non-zero diagonals
of LU . Using a vector φ at a row P ,

(Mφ)P = MPφP +MSφS +MNφN +MEφE +MWφW

+MNWφNW +MSEφSE ,
(E.3)

the two last terms are the ones corresponding to the extra filling.

If the matrix N needs to contain the two extra diagonals of M , and the rest of the elements
are desired to be chosen such as Nφ ≈ 0,

NPφP +NNφN +NSφS +NEφE +NWφW +NNWφNW +NSEφSE ≈ 0, (E.4)

then the two extra terms need to nearly cancel the contribution of the remaining 5. That
is, E.4 can be written as

MNW (φNW − φ∗NW ) +MSE(φSE − φ∗SE) ≈ 0. (E.5)

In this equation, φ∗NW and φ∗SE are approximations of φNW and φSE .

The idea proposed by Stone is based on the idea that the solution is expected to be smooth,
being based on the approximation of an elliptic partial equation. With this, φ∗NW and
φ∗SE can be set using the values of φ at nodes which correspond to the diagonals of A.
The proposed approximation was

φ∗NW ≈ α(φW + φN − φP ), (E.6a)

φ∗SE ≈ α(φS + φE − φP ). (E.6b)

If the factor α = 1, the interpolation is second-order accurate, but not stable, as Stone’s
work stated that stability requires α < 1. In the present document, this method was used
for preconditioning the system using α = 0.92, solved with BiCGStab.



Appendix F

Additional LES cases

In this appendix, line plots at different x/h stations can be found for different INCA,
RANS and HIRANS cases.

F.1 Extended D, RANS and HIRANS cases

This first section highlights the differences between the two LES cases used for injecting
data in the original periodic hill geometry, ψ = 1.0, and the RANS and HIRANS cases.
Figure F.1 shows that, for both INCA and Breuer et al. (2009) LES data, the HIRANS
case achieves a much better agreement with the injected case than the regular k−ω model.
The corrections on the bottom wall seem satisfactory, while the top wall values are more
problematic in the streamwise component. With respect to the turbulent stresses, Figure
F.2, they are greatly improved, providing a similar shape with respect to the LES and
PIV solutions, while being slightly underpredicted in general in magnitude.
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Figure F.1: Mean velocity components at different x/h stations for
Breuer et al. (2009) LES ( ), Rapp (2009) PIV ( ),
Extended D ( ), RANS ( ), HIRANS with τLES injection from
Breuer et al. (2009) ( ) and INCA ( ) cases.
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Figure F.2: Turbulent stresses at different x/h stations for
Breuer et al. (2009) LES ( ), Rapp (2009) PIV ( ),
Extended D ( ), RANS ( ), HIRANS with τLES injection from
Breuer et al. (2009) ( ) and INCA ( ) cases.
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F.2 Baseline, Extended A and B cases

This section includes the Extended A and B cases in the comparison, analysing the effect
of a delayed start of the averaging period of 55 flow-through times, averaging over 33
flow-through times (Extended A) and a delayed and extended averaging period of 55
flow-through times.
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Figure F.3: Mean velocity components at different x/h stations for
Breuer et al. (2009) LES ( ), Rapp (2009) PIV ( ),
INCA baseline ( ), Extended A ( ) and Extended B ( )
cases.
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Figure F.4: Turbulent stresses at different x/h stations for
Breuer et al. (2009) LES ( ), Rapp (2009) PIV ( ),
INCA baseline ( ), Extended A ( ) and Extended B ( )
cases.



156 Additional LES cases

F.3 Extended B, C and D cases

The final section includes the effect of furthering delayed start of the averaging period,
89 flow-through times, averaging over 33 flow-through times (Extended C) and a delayed
start and extended averaging period of 89 and 55 flow-through times, respectively.
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Figure F.5: Mean velocity components at different x/h stations for
Breuer et al. (2009) LES ( ), Rapp (2009) PIV ( ),
INCA Extended B ( ), Extended C ( ) and Extended D (
) cases.
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Figure F.6: Turbulent stresses at different x/h stations for
Breuer et al. (2009) LES ( ), Rapp (2009) PIV ( ),
INCA Extended B ( ), Extended C ( ) and Extended D (
) cases.
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Appendix G

Kriging/Co-Kriging setup parameters

G.1 Bounds for hyperparameters

The bounds for the hyperparameters have been tested, to aim to keep them as wide as
possible while not inordinately increasing the cost of the Maximum Likelihood Estimation
procedure, which was run for 1000 iterations in the majority of the simulations, and
reduced to 100 for the most expensive ones and the additional tests performed in Chapter
6. The bounds were specified as

Kriging:

{
θ = [−3.0, 1.0],

p = [1.5, 2.0].
(G.1a)

Co-Kriging:



θc = [−3.0, 2.0],

θd = [−1.0, 1.0],

pc = [1.0, 2.0],

pd = [1.8, 2.0],

ρ = [−5.0, 5.0].

(G.1b)
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G.2 Exploration-exploitation bias ξEI per iteration

Similarly as the hyperparameter estimation, the Expected Improvement criterion was run
for 5000 samples within the parameter space for the main routines in the first iterations,
and reduced to 500 samples in later stages due to its increasing computational cost.

Acquisition strategies for neadd = 1

Method Routine ξEI Explore/Exploit

Kriging LES A 0.01 Explore
Kriging LES B 0.01 Explore

Kriging RANS A -0.1 Exploit
Kriging RANS B -0.5 Exploit

Kriging HIRANS A -0.1 Exploit
Kriging HIRANS B -0.5 Exploit

Co-Kriging RANS A -0.1 Exploit
Co-Kriging RANS B -0.5 Exploit

Co-Kriging HIRANS A -0.1 Exploit
Co-Kriging HIRANS B -0.5 Exploit

Table G.1: Acquisition strategies and ξEI values of for the first additionally acquired samples.

Acquisition strategies for neadd = 2

Method Routine ξEI Explore/Exploit

Kriging LES A 0.01 Explore
Kriging LES B 0.01 Explore

Kriging HIRANS A -0.2 Exploit
Kriging HIRANS B -0.5 Exploit

Co-Kriging RANS A -0.2 Exploit
Co-Kriging RANS B -0.5 Exploit

Co-Kriging HIRANS A -0.2 Exploit
Co-Kriging HIRANS B -0.5 Exploit

Table G.2: Acquisition strategies and ξEI values of for the second additionally acquired sam-
ples.



G.2 Exploration-exploitation bias ξEI per iteration 161

Acquisition strategies for neadd = 3

Method Routine ξEI Explore/Exploit

Kriging LES A 0.01 Explore
Kriging LES B 0.01 Explore

Kriging HIRANS A -0.2 Exploit
Kriging HIRANS B -0.5 Exploit

Co-Kriging RANS A -0.1 Explore
Co-Kriging RANS B -0.25 Explore

Co-Kriging HIRANS A -0.1 Explore
Co-Kriging HIRANS B -0.25 Explore

Table G.3: Acquisition strategies and ξEI values of for the third additionally acquired sam-
ples.

Acquisition strategies for neadd = 4

Method Routine ξEI Explore/Exploit

Kriging LES A -0.1 Exploit
Kriging LES B -0.5 Exploit

Co-Kriging RANS A -0.2 Exploit
Co-Kriging RANS B -0.5 Exploit

Co-Kriging HIRANS A -0.2 Exploit
Co-Kriging HIRANS B -0.5 Exploit

Table G.4: Acquisition strategies and ξEI values of for the fourth additionally acquired sam-
ples.
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Acquisition strategies for neadd = 5

Method Routine ξEI Explore/Exploit

Kriging LES A 0.0 Explore
Kriging LES B 0.0 Explore

Co-Kriging RANS A 0.0 Explore
Co-Kriging RANS B 0.0 Explore

Co-Kriging HIRANS A 0.0 Explore
Co-Kriging HIRANS B 0.0 Explore

Table G.5: Acquisition strategies and ξEI values of for the fifth additionally acquired samples.

Acquisition strategies for neadd = 6

Method Routine ξEI Explore/Exploit

Kriging LES A -0.1 Exploit
Kriging LES B -0.5 Exploit

Co-Kriging RANS A 0.0 Explore
Co-Kriging RANS B 0.0 Explore

Co-Kriging HIRANS A 0.0 Explore
Co-Kriging HIRANS B 0.0 Explore

Table G.6: Acquisition strategies and ξEI values of for the sixth additionally acquired sam-
ples.



Appendix H

Snapping integration in
Kriging/Co-Kriging predictor

Snapping Talnikar et al. (2015a) allows to give the Expected Criterion a third option
apart from exploration and exploitation, which is to recompute an existing sample for a
longer averaging period to reduce its uncertainties. This technique could be integrated
in the Kriging predictor in different ways. A proposal for future research is given by
the modification of the regularization parameter λ. Recalling the Gram matrix equation,
2.4.1,

w = (Ψ + λI)−1y, (H.1)

with the weightings w, Ψ contains the correlation matrix of the different existing samples,
λ is a scalar and y yields the existing responses.

A simple correction of this model could be given by actuating over the regression close
to the existing points, by making the parameter λ a vector, λ = λ(x), dependent on the
individual uncertainty of each sample point. This uncertainty could be calculated by com-
puting each individual estimation of the different variables used in the objective function
J by the subdomain branching method, and then applying linear weightings based on the
resultant statistical distribution over the parameter space. A simple estimation could be
given, parting the particular choice of J of this document using error propagation of the
individual components,

σ2
Jaux = α2σ2

k + β2σf2p , (H.2a)

σ2
J = J2

[(
σJaux
J

)2
+
(σJaux
JBSL

)2
]
. (H.2b)

This estimated variance would then be introduced in the calculation of the regularization
parameter as

λ(x) = λmax
σ2
J(x)

σ2
Jmax

, (H.3)
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where λmax would be set as the maximum regression allowed in the routine. This idea
can be linked with the formulation present in Sasena (2002), where λ is not a scalar, but
instead a vector with an entry per dimension of the parameter space, allowing different
noise levels per design parameter. In the proposed formulation of this document, this idea
would be extended to noise levels per individual sample, with a straightforward application
for multi-dimensional optimization.

Another alternative, which is outlined in Forrester et al. (2008), is to include λ as a hyper-
parameter to be determined by MLE. This has the advantage of providing a data-driven
approach over the smoothness of the surrogate, with the drawbacks of being oblivious of
the true uncertainty of a specific point and its neighbours and the increased cost of the
MLE process.






