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Abstract

Recent progress on the representation theory of certain infinite dimensional gauge groups has raised an interest

in the strongly continuous unitary representations of the group G =V x H 4 e ®Hom(R*, £) x SL(2,C) x K
that satisfy a certain positive energy condition[JN], where K is a semisimple compact Lie group with Lie
algebra ¢.

An equivalent formulation of the positive energy condition is obtained, allowing for a geometrical interpre-
tation of this condition and which yields necessary conditions for satisfying this condition. By the theory
of the Mackey machine, the strongly continuous unitary representations of GG that are of positive energy are
classified by the corresponding stabilizers of the action of H on the dual group V. For the case of K = SU(2),
these are fully determined up to equivalence.

Finally, a method is developed that embeds homogeneous bundles as eigenspace subbundles of trivial bundles
that in particular applies to the bundles obtained through the representation theory of G. The eigenspace
subbundles thus obtained allow for a more detailed understanding of the induced representation and moreover
resemble various theories in particle physics.

ii



Preface

The subject of this master thesis has interested me from the start and in the past eight months, I have
found myself becoming ever more intrigued by it, while slowly attaining a more comprehensive grasp of its
underlying mathematical theory; a process which does not seem to end. I have definitely grown towards my
mathematical aspirations, for which I am particularly grateful to my advisor Bas Janssens, who has excel-
lently and patiently guided me through the process. Finally, my parents are deserving of gratitude and as
such I would like to thank them, for being great parents.

I hope the reader finds himself interested in some part of this thesis.

Milan Niestijl,
August 29, 2019.
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Chapter 1

Introduction

This thesis is concerned with the mathematical formulation of various theories of particle physics. A recent
result[JN] by B. Janssens and K.H. Neeb has made progress towards this goal, reducing the study of the
representation theory of an infinite-dimensional symmetry group to that of a much simpler to understand
group, for a subclass of representations that satisfy a so-called positive energy condition. The main purpose
of this thesis is to understand the strongly continuous unitary representations of this simpler group that
are of positive energy. A full understanding thereof could provide a significant stepping stone towards a
mathematical formulation of various theories in particle physics, including the standard model.

Motivation and historical perspective

The primary motivation of this thesis lies in the attempt of physicists and mathematicians to formulate
theories of particle physics in a mathematically rigorous way. Let us therefore consider a bit of the related
history leading up to the main goal of this thesis.

Now, the standard model of particle physics is a theory describing three out of four of the fundamental in-
teractions; electromagnetic, weak and strong interactions, thus leaving out gravity. In particular, the theory
is compatible with both the theory of quantum mechanics and special relativity. A mathematical treatment
of such a unification is often done using the language of Lie groups, which describe continuous symmetries,
and the unitary representations thereof in some Hilbert space.

On the one hand, quantum mechanics postulates that the state space of a quantum system is a projective
Hilbert space P(H) = H/C*I. Moreover, this state space comes with a symmetric map p : P(H) x P(H) —
[0, 1] whose value represents a transition probability. If 11, %s € H have unit norm, then p is defined by

([, [a]) = [(on, w2) .

The quantum automorphism group of such a system is defined as the set of topological automorphisms of
P(H) that preserve that map p, that is, that preserve the transition probabilities. Intuitively, these corre-
spond to the transformations that have no qualitative effect on the quantum system. A key result in the
history of quantum theory is Wigner’s theorem [Wig39], which states that every element in the group of
quantum automorphisms lifts to either a unitary or anti-unitary operator on the Hilbert space H and this
element is unique up to a phase factor (if dimH > 1).

On the other hand, special relativity asserts that neither the distance between two points in space nor the
time between two events is the same in all reference frames. That is, neither space nor time is separately
invariant under arbitrary changes of reference frames. Instead, the quantity that is invariant under such
changes of reference frames is the so-called space-time interval (As)?

(As)? = (AL — (Ax)® — (Ay)? - (A2)?, (L1)

where ¢ denotes the speed of light. This means that one should not consider space and time separately, but
instead should consider the quadratic space R* equipped with the Minkowski form 7 given by

n(z,y) = ToYo — T1y1 — T2Y2 — T3Y3 (1.2)

The set of linear transformations of R* that preserve 1 defines a Lie group O(1,3) called the Lorentz group.
Since there is no preferred choice of origin (this is reflected by the A’s in 1.1), any physical theory that is



compatible with special relativity should not have qualitatively different behaviour under transformations by
the inhomogeneous Lorentz group R* x O(1,3).

In particular, if we have any quantum system P(H) that is subject to the laws of special relativity, then
by Wigner’s theorem, there should be a projective unitary representation SO(1,3)? x R* — PU(H), where
S0(1,3)° denotes the connected component of SO(1,3). In 1939, Wigner classified such projective unitary
representations [Wig39] in terms of linear unitary representations of the group P=RixS L(2,C) and in 1948,
together with Bargmann, showed a strong connection of these representations with relativistic wave equa-
tions [BW48]. As an example, it was shown that the Dirac equation ifi Zi:o VeORY = mctp, which describes
massive spin—% particles, corresponds to an irreducible unitary representation of the group P. This means in

particular that the dynamical behaviour of such a particle is fully contained in the representation theory of P.

More generally, if such a quantum system is known to be invariant under transformations in some symmetry
group G, then in view of Wigner’s theorem, if G is connected, there must be a projective unitary representa-
tion G — PU(H) of G in H. Often, such symmetry groups are finite dimensional semi-simple Lie groups over
R or C. In that case, Bargmann’s theorem[Bar54], [HN91] implies that any continuous projective unitary
representation of G lifts to a strongly continuous unitary representation of its universal covering group G.
Conversely, any irreducible representations of the covering group descends to a projective representation of
the original group by Schur’s lemma. Thus, the study of continuous projective unitary representations of G
is reduced to the study of linear strongly continuous unitary representations of G.

The success of Wigner in relating the relativistic wave equations to the representation theory of the corre-
sponding symmetry group has led physicists to consider the unitary representations of the symmetry groups
corresponding to various interactions in order to obtain information about quantum systems subject to such
symmetries. For example, electromagnetism is known to contain U (1) symmetry, isospin is subject to SU(2)
symmetry whereas flavour possesses SU(3) symmetry. By choosing a symmetry group that includes multiple
of the above three, physicists have attempted to unify the various forces into a single and larger symmetry
group, yielding a single theory that encompasses each of the three forces above. There are many ways in
which this can be done, but the standard model is based on their product U(1) x SU(2) x SU(3).[BH09]

Now, these symmetries represent internal symmetries and are local, meaning that such symmetries may vary
(smoothly) at different positions in space-time. In order to make these theories compatible with special
relativity, one therefore has to consider a group that captures both the global symmetries of R* x SO(1,3)°
imposed by special relativity and the local symmetry K, for some simply connected semisimple compact Lie
group K (such as SU(2) and SU(3)).

Mathematically, this can be formulated in the language of principal fiber bundles. Explicitly, if P — R* is a
principal K-bundle over R*, then one considers the associated group bundle JC = P x 5q K over R* with typical
fiber K. Denote by I'.(K) the group of compactly supported sections of this bundle. Such a section assigns an
element in K to each point in the manifold M in a continuous manner. Now, given an action of R* x SO(1, 3)°
on R* and a lift of this action to K, one considers the symmetry group G = I'.(K) x (R* x SO(1, 3)).

The representation theory of such groups is in general not well understood, so to simplify matters a bit,
the Minkowski space R* can be replaced by its conformal compactification @ [FLV07, section 2]. With this
simplification, a recent result by B. Janssens and K.H. Neeb [JN] has reduced the study of a certain class
of projective representations of G satisfying a so-called positive energy condition to the study of strongly
continuous unitary representations of positive energy of the finite dimensional Lie group

R* @ (E®@R*) x SL(2,C) x K (1.3)
for some suitable action of SL(2,C) x K on R* @ (¢ ® R*), where £ denotes the Lie algebra of K.

Having in mind the success of the study of the unitary representation theory of SL(2,C) x R* and the various
symmetry groups U(1), SU(2) and SU(3) in relation to quantum systems subject to such symmetries, one is
motivated to similarly study the unitary representations of the group 1.3.

Now, Wigner’s classification of the strongly continuous unitary representations of R* x SL(2,C) has led
to a general theory of induced representations for locally compact groups, developed largely by Mackey
[Mac49, Mac52]. This theory considers the question of how the representation theory of a given group G is
related to that of its closed subgroups. This theory is particularly nice and well-developed in the case that



G is of the form G = N x H for some Abelian normal subgroup N. In this case, the strongly continuous
unitary representations of G are completely classified by those of the various stabilizers subgroups H,, of the
action of H on the dual N of N.

In particular the group 1.3 is of this form, so an obvious approach towards an understanding of the positive
energy representations of this group is to try and apply the theory of induced representations to this group.

Goal of the thesis
The main purpose of this thesis is to follow up on the following result of B. Janssens and K.H. Neeb[JN]:

Theorem 1. There exists some H in a maximal Abelian subalgebra b of € such that there is a bijective
correspondence between smooth projective positive energy representations of T'(Q, K)? x (R* x SO(1,3)°) and
strongly continuous unitary representations of

G=R'@ (toR*) xSL(2,C) x K, (1.4)
that are of positive energy with respect to the cone
C'={ve (H®v) : v >0 andn(v,v) >0} C R* @ (£ @ R*) (1.5)
and where the action of SL(2,C) x K on R* & (£ ® R*) is given on simple tensors by
(w, k) - v1 ® (X ®v2) = d(w)vr @ (Adp(X) ® d(w)va).

Here ¢ : SL(2,C) — SO(1,3)° denotes the covering homomorphism.

Main goal

To develop an understanding of the strongly continuous unitary representations of the group
G that are of positive energy with respect to the cone C’.

This problem is divided into three separate tasks:

1. To understand the meaning and implications of the condition of the positive energy re-
quirement.
In order to classify the representations of positive energy, a necessary first step is to determine which
strongly continuous unitary representation of G do or do not satisfy this condition.

2. To study the stabilizers of the action of SL(2,C) x K on R* @ (¢ ® R*) corresponding to
representations of positive energy.
By the theory of induced representations, the strongly continuous representations of G are completely
determined by the representation theory of these stabilizers. A first step is thus to determine all those
stabilizers that correspond to a positive energy representation. These will then classify the strongly
continuous unitary representations of GG that are of positive energy.

3. To understand the corresponding induced representations.
The induced representations are defined in abstract terms and therefore do not directly allow for a
detailed understanding or interpretation, which would require a more concrete realization of the induced
representations.



Structure of the thesis

With these tasks in mind, the thesis is structured as follows.

1. Part I, which consists of the first three chapters, introduces various preliminaries. Explicitly, chapter 2
introduces the language of fiber bundles, which plays a major role throughout the thesis. The second
chapter discusses the theory of induced representations, which is the central tool used to classify the
strongly continuous representations of G. Finally, the third chapter is concerned with Clifford algebras
and spin groups. These spin groups are the universal covering group of the connected component
SO(V,q)° of the group of isometries of some quadratic space (such as Minkowski space (R%, 7)), and
are constructed using Clifford algebras. The general construction of this covering homomorphism as
well as some explicit cases will be relevant in both chapter 5 and chapter 6.

2. Part II is concerned with solving the three tasks mentioned above. Chapter 5 is devoted to the first
two tasks; two understand the meaning of the positive energy condition and determine the stabilizers.
To do so, an equivalent formulation of the positive energy condition is developed that admits a clear
geometric interpretation and can be exploited to explore the implications of this condition. The second
task is considered for the case K = SU(2), yielding a full classification of the stabilizers corresponding
to positive energy. Chapter 6 is concerned with the third task; to understand to corresponding induced
representations. To do so, inspiration is taken from the early work of Wigner, who showed that rela-
tivistic wave equations can be obtained by realizing certain homogeneous bundles encountered through
the induced representations as eigenspace subbundles of a suitable trivial bundle. An explicit method
to realize such an embedding is first developed that applies in particular to the bundles obtained via
the representation theory of G.

3. Finally, Part III consists of a conclusion and discussion of the obtained results, as well as the appendix.
The latter includes in particular the historically important example of the unitary representations of
R* x SL(2,C), obtained using the theory of induced representations and their relation to relativistic
wave equations.
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Preliminaries



Chapter 2

Fiber Bundles

In this chapter, the notion of fiber bundles is introduced. These objects play an essential role in the theory
of induced representations, which is most conveniently expressed in the language of fiber bundles. A good
understanding of fiber bundles is therefore necessary to properly discuss induced representations. Moreover,
a certain type of fiber bundles called homogeneous vector bundles, are the main object of study in chapter 6.

Now, the idea of fiber bundles is to generalize the notion of a product of two manifolds such that the re-
sulting object is locally a product space, but globally may have a different topological structure. There are
many variations of the notion depending on what additional structure is imposed. The most general notion
is considered first, providing the general framework for various variations, after which several more specific
structures are considered. In chapter 4, chapter 5 and chapter 6, the most relevant classes of fiber bundles
will be principal fiber bundles and homogeneous vector bundles.

A brief overview of the theory is given, focusing mostly on the definitions and results needed in chapter 4
and chapter 6. For a more detailed exposure on the theory of fiber bundles, see [HH94]. All constructions are
considered here in the smooth category. Nonetheless, the theory is similarly defined for topological spaces
and manifolds.

2.1 General fiber bundles

To idea of a fiber bundle is that it is a smooth manifold that is locally a product, but globally may have a
different topological structure. The precise definition is given below.

Definition 2. A fiber bundle with typical fiber F' is a quadruple (E, M, 7, F'), where
— FE and M are smooth manifolds, known as the total space and base space,
— @ : E — M is a surjective submersion,
— F is a smooth manifold

such that for every m € M, there exists some open neighborhood U C M and a diffeomorphism
¢y : 7 H(U) — U x F for which the following diagram commutes:

T —>U><F
\lPrl'

For any = € M, its fiber 7= ({z}) is denoted E, or E(z). Since 7 is a surjective submersion, the fibers are
embedded submanifolds of E and are diffeomorphic to F' by the local triviality condition. We also say that
E 5 M is a bundle over M with typical fiber F.



Definition 3. A morphism between two fiber bundles F; — M; and Ey =2 M, is a pair (f, f) of smooth
maps f: By — FEs and f : M; — M> making the diagram below commute:

El%EQ

o

M1L>M2

This morphism is an isomorphism if both f and f are diffeomorphisms. If M = M; = M, it is usually
assumed that f = id, unless explicitly stated otherwise.

A fiber bundle that is isomorphic to a product of smooth manifolds M x F DUy M s called trivial. The last
condition of a fiber bundle then simply states that the bundle should be locally trivial. The maps ¢y are
called local trivializations.

Definition 4. A fiber bundle S =55 M is a subbundle of the vector bundle E ~Zs M if there exists a
bundle map f :.S — F that is also a smooth embedding.

Definition 5. A section of a fiber bundle E = M is a smooth map s : M — F that is a right-inverse to
the projection 7. That is, m o s = idy;. A local section is a section of the sub bundle 7=}(U) — U for
some open U C M. We denote the set of sections a fiber bundle E — M by I'(M; E) or by I'(E) if the base
manifold M is clear.

Remark.
— Observe that the requirement 7 o s = idj; is equivalent to s(z) € E, for every x € M.

— Notice also that if the fiber bundle is trivial, say E = M x F'. Then there is a one-to-one correspondence
between sections of the fiber bundle and smooth functions on M taking values in F:

I(E) = C™(M;F).

Therefore, the notion of sections can be regarded as a generalization of functions on a smooth manifold.

2.2 Vector bundles

A common example of fiber bundles are that of vector bundles, where the typical fiber is a (usually finite-
dimensional) vector space.

Definition 6. A vector bundle of rank k is a fiber bundle (E, M, 7, V'), where V is a vector space of
dimension k, with the additional requirements that

— every fiber F, is equipped with the structure of a real or complex vector space

— for every local trivialization ¢y : 7= (U) — U x V and z € U, the map v +— ¢ (z,v) is a linear
isomorphism V — 7= 1(U).

If each fiber is a Hilbert space and the map v — qbgl(x, v) is unitary, then (E, M, n,V) is called a Hilbert
bundle.

Definition 7. A morphism of vector bundles is a bundle map (f, f) from a vector bundle E; — M; to
another vector bundle Fy — Mj such that f, < flE, @) Er(z) = E2() is a linear map for every x € M.
For a morphism of Hilbert bundles, we require additionally that f, is isometric.

Definition 8. A vector bundle U — M is a vector subbundle of the vector bundle E —» M if there exists
a morphism of vector bundles f : U — FE such that both f is a smooth embedding.

As with any fiber bundle, we can again consider the sections of a vector bundle. Since each fiber is equipped
with the structure of a vector space sections can be added pointwise. Moreover, pointwise multiplication of
a section by a smooth function on M again yields a smooth section. That is, under the pointwise operations

[l

(s1+s2)(p) = s1(p) + s2(p)

I'(M; E) becomes a module over C*°(M). Moreover, given a morphism FE4 ERN E5 of bundles over M, we
obtain a map I'(Ey) — T'(Esy) given by s +— f o s. This defines a functor T' taking vector bundles over M to
modules over C*°(M).



Remark. Given a vector bundle E — M, the space of compactly supported sections will be denoted by T'.(F).

Proposition 9. Let f : E — F be an injective morphism of vector bundles over X. Then f is a smooth
embedding. If f is bijective then it is a diffeomorphism.

Proof. Assume first that f is bijective. Then its inverse exists, so it remains to show it is smooth. In local
coordinates f is given by (u,v) + (u, p(u)v) for some smooth p : U — GL(RF). Locally, the inverse of f
is then given by (u,v) — (p(u)~'v), which is smooth since A — A~! is smooth in GL(R¥). Thus f is a
diffeomorphism.

Assume next that f is injective. The previous argument now applies to the map E ER F(E), where F(FE) is
given the smooth structure of a submanifold of F. O

2.2.1 Operations

The vector space structure on each fiber of a vector bundle can be used to construct new vector bundles
from old ones, imitating similar constructions on vector spaces. As these constructions will be particularly
relevant in chapter 6, they are briefly discussed below.

Definition 10. A pre-vector bundle is a quadruple (E, w, X, B) consisting of the following data
— A set E,
— a smooth manifold X of dimension n, say.
— a surjective map E = X,
— a vector space structure on every fiber E, = 7~ ({x}),

— a set, called the pre-bundle atlas, {(Uy, o)}, where {Uy}q is an open covering of X such that each
U, is diffeomorphic to an open subset of R and ¢, : 7~ }(U,) — U, x R™ are bijective maps that
restrict to linear isomorphisms on the fibers and such that all transition functions U, NUg — GL(R"™)
of B are smooth.

Lemma 11. Suppose that we are given a pre-vector bundle (E,m,X,B). Then there is a unique smooth
structure on E for which B is a smooth atlas. With respect to this smooth structure, E = X becomes a
smooth vector bundle over X.

Proof. We endow each 7~ (U, ) with the unique topology making the local trivializations ¢, into homeomor-
phisms. Next, the total space F is given the final topology with respect to all the injections U, — FE, that
is, the finest topology for which all the injections U, — E are continuous. This makes E into a topological
manifold for which B is an atlas (after identifying U, with the open subset of R™ it is diffeomorphic to). Since
the transition functions are smooth, B defines a smooth atlas on E, which is contained in a unique maximal
smooth atlas B, making F into a smooth manifold. Equipped with this smooth structure, £ — M becomes

a smooth vector bundle.
O

This construction is usually applied in the case where a collection of vector spaces {E, }ren indexed by M

is given. The total space F, as a set, is then taken to be the disjoint union F 4 erM FE,andnm: EF— M
is the associated projection.

The previous lemma is applied to define various algebraic operations between vector bundles. Let F and F
be vector bundles over M of rank n and k, respectively. Let {(75"(Ua), da)}a and {(75"' (Ua), %a )} be local
trivializations of F and F.

Ezample (Tensor product of bundles).
As a concrete example, we define the tensor product £ ® F' as bundle over M. Let £ = [[ ., Bz ® F, and

let 7 : E — M be the associated projection. For each x € U,, the map E, ® F, BALLAGEN {z} x R" ® R¥

is a linear isomorphism. Thus for each o we have a bijection xo : 771 (Uy) — U, x R™ @ R* that restricts to
a linear isomorphism on each fiber. Moreover, choosing a basis for R” @ R? shows that the elements of the
matrix representing a transition function U, N Us — GL(R™ ® R¥) are polynomial functions of the matrix
elements of ¢ () and 1, (x), which are smooth functions on U, N Ug by assumption. Hence the transition
functions are smooth, so that (E, 7, M, B) is a pre-vector bundle, where B = {(Uq, Xa) }a-



One defines other algebraic operations in a similar fashion, defining the total space by applying the operations
fiber wise and constructing the local trivializations out the individual ones. An overview of various common
examples is given below.

— Dual E*
— Direct sum E & F,
— Tensor product E® F,

— Exterior powers \" E.

— Symmetric tensor products \/k E.

2.3 Principal fiber bundles

In the following, the notion of principal fiber bundles is considered. These are fiber bundles that locally look
like a product with some Lie group G and are equipped with a G-action that is locally simply multiplication
in G. These objects are one of the main ingredients for constructing the induced representations in chapter 4
and are strongly connected to representation theory, the reason being that any representation of G gives rise
to a vector bundle associated to the principal fiber bundle.

Definition 12. A principal fiber bundle is a fiber bundle (P, B, 7, G) such that
— The typical fiber G is a Lie group,
— the total space P is equipped with a smooth right G-action,

— The local trivializations ¢y : 7= 1(U) — U x G are G-equivariant, where G acts on U x G on the right
factor by right multiplication.

From the definition, it follows that the typical fiber of a principal G-bundle is diffeomorphic to the group
G and the action is locally just right-multiplication in G. In particular, the action of G preserves the fibers
of P so the projection 7 is G-equivariant. Notice that these observations imply that G acts freely and
transitively on each fiber. Together with the equivariance of 7, this implies that 7 factors through the a

bijection P/G = B:

P
/ ) \ﬂ/‘ (2.1)

P/G —* B

Definition 13. A morphism from a principal Gi-bundles P; — B to a principal G5 bundle P, — Bs is a
pair (0, \) consisting of a smooth map P; LN P, and a Lie group homomorphism G4 2 G5 such that

O(p-g) =0(p)-Mg)  Vpe P, geGh (2.2)
Such a morphism is an isomorphism if  is a diffeomorphism and A is an isomorphism of Lie groups.
Remark.

1. The condition (2.2) implies that § maps fibers to fibers and thus induces a map 0 Bi — Bs such that
(0,0) is a morphism of fiber bundles:
P1 L> P2

o

B:[LBQ

2. If Py and P» are principal G-bundle, we write simply 6 : P, — P, for the morphism (6, idq).

3. Since the action of G preserves the fibers of a principal G-bundle, a morphism between two principal
G-bundles P; and P is equivalently a smooth G-equivariant map P; — Ps.



Definition 14.

- A continuous mapping of locally compact Hausdorff spaces is proper if the preimage of any compact
set is compact.

- A smooth right action of a Lie group G on a manifold M is called proper if following map is proper:

MxG— Mx M, (m,g)— (m,m-g).

Lemma 15. Let P =5 B be a principal G-bundle. Then the G-action on P is proper.

Proof. Let K C P x P. To show its preimage under the map (p,g) — (p,p - g) is compact, we show it is
sequentially compact, which is equivalent to being compact for manifolds. Let {(p;, g;) }ien be a sequence in
P x G such that {p;,p; - ¢;} C K. After passing to a subsequence if necessary, we may assume that p; — p
and p; - g; — ¢ for some p,q € K. We need to show that {(p;, g;) }ien has a convergent subsequence. Since
pi — p, there exists a trivializing neighborhood U of p such that after discarding finitely many elements,
pi €U foralli € N. Let ¢ : 71 — U x G be a local trivialization. Write

(mi, i) = d(pi)

(m, z) = o(p)
(mv k) - ¢(Q)
Since p; — p and p; - g — ¢, we know that (m;,x;) — (m,z) and (m;, x; - g;) = (M, k).
Then g; = 2; *(x; - gi) — 2~ 'k and so (p;, g;) — (p,z~ k). O

Corollary 16. Let P 5 B be a principal G-bundle. There exists a unique smooth manifold structure on the
orbit space P/G making the projection P — P/G a surjective submersion. Moreover, the orbit space P/G is
diffeomorphic to B with respect to this smooth structure on P/G.

Proof. Since the G-action on P is proper and free, the quotient manifold theorem implies that there exists a
unique smooth structure on the orbit space P/G making the projection P 4, P/@ into a surjective submersion.
Since 7 and ¢ are both surjective submersions, it follows that both 7 and 7! are smooth. O

A converse of the previous corollary is given below, which completes a characterization of smooth principal
G-bundles.

Lemma 17. If G is a Lie group and P is a smooth manifold equipped with a right proper and free G-action,
then P — P/G is a principal G-bundle.

Proof. Since the action of G on P is proper and free, the quotient manifold theorem implies that there is a
unique smooth structure on P/G for which the canonical projection ¢ : P — P/G is a smooth submersion.
It remains to show the equivariant local triviality condition. Since q is a surjective submersion, there exists a
collection {(Uy, 84)} such that {U,} cover P/G and s : U, — q~(U,) are smooth local sections of P — P/G.
Define for every o the smooth map
ba :Us x G = ¢ 1 (Uy
Do, ) = so(u) - x

Notice that this map is surjective and G-equivariant by construction. It is injective since the action of G on
P preserves the fibers, so if s, (u1) - ©1 = 8q(u2) - 2, applying ¢ yields u; = uy. Since G acts freely on P,
also x1 = x5 follows. It remains to show the tangent mapping of ¢, is bijective, which would imply that ¢,

is a local diffeomorphism and therefore also a diffeomorphism, seeing as it is bijective. To do so, notice first
that by the G-equivariance of ¢, it suffices to show that d(¢q)(u,e) is bijective for all u € U,. As such, let

p = 8q(u). Let V,q 1 (Uy,) 2 ker dgq, be the vertical subspace of T,,¢q~!(U,) and define
Aff Y qu_l(Uu)v

d
AF© = | o)

Notice that %|t:0p -exp(t€) € V,q 1 (U,) for any £ € g because the action of G preserves the fibers of P.
Now, we can identify T(, ¢)(Ua X G) = T, U, x g. Then the tangent map of ¢, at (u,e) is given by

d¢(u,e) : T Uy X g— qu_l(Ua)
d¢(u,e) (Uv 5) = A;ﬁ&(f) + d(Sa)u(U),
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Now, the section s, determines a splitting of the exact sequence

0= Vog L (Ua) = Tpq (Us) 2225 T,U, — 0,

so that we obtain a direct sum decomposition of vector spaces:
Tpq  (Ua) =2 Vg Y (Us) @ (dsy)(TuU,).

Thus d¢yy,e) is bijective if and only if both A% : g — V7' (Us) and d(sa)u : TUs — (dsu)(TuUs) are
bijective. Notice that the latter is injective because dg, o ds,, = idr,, and surjective by construction. To
see that Af is bijective, observe first that the map 6, : G — ¢~ !(u) given by g — p- g is a diffeomorphism.
Indeed, it is constant rank because it is G-equivariant and it is clearly smooth and bijective. Thus it is a
diffeomorphism. Then for any z € V,q!(U,) there exists a smooth curve v(¢) in P satisfying v(0) = p
and 7/(0) = z that is completely contained in ¢~!(u) for some small enough interval containing 0. Using the
diffeomorphism 6 we obtain a smooth curve z(t) in G and the element £ = 4 ‘t:O x(t) € g satisfies A;f (&) = =.
Thus A# is surjective. Finally, to see A;f‘ is injective assume that A#(f) = %‘t:op -exp(t€) = 0. Then

p - exp(t€) is constant so in fact p - exp(t§) = p for all t. Since the action on P is free, this implies £ = 0.
O

Corollary 18. If G is a Lie group and H is a closed subgroup, then G — G/H is a principal H-bundle.

Proof. 1t is clear that H acts freely on G from the right. To show the claim, it remains to show that this
action is proper. We must show that the map

GxH—GxG, (x,h)— (z,zh)
is proper. Notice that this map is the following composition:

GxH—=GxG5%axa,

where ¢(z,y) = (x,zy). Observe that ¢ is smooth and has a smooth inverse given by (z,y) — (z, 2 1y). It
is therefore a diffeomorphism and in particular proper. The inclusion G x H — G x G is proper because
H x G is closed in G x G. The conclusion follows. O

2.3.1 Associated fiber bundles

As mentioned previously, an important property of principal G-bundles is their tight connections with vector
bundles via representations of G. Explicitly, suppose we are given a principal G-bundle P =5 B and a left
action o of G on some manifold F'. The idea of an associated bundle is to define a fiber bundle E with
typical fiber F' in a suitable way. We will be mainly concerned with the case where F' is a vector space and
the resulting associated bundle is a vector bundle.

To construct the fiber bundle, consider first the product bundle P x F over B. The manifold P x F' is
has a smooth right G' smooth given by (p, f)-g = (p-g,0(9) "' f). Notice that the typical fiber of this bun-
dle is G x F, so we may attempt to define a map that is locally the action o. First we need the following lemma.

Lemma 19. Suppose G acts properly and freely on P from the right and F is a manifold equipped with a
smooth left G-action o. Then G acts properly and freely on P x G from the right.

Proof. Let p € P, x € G and v € F. Suppose first that (p,v) -z = (p,v). Then in particular p -z = p so
x = e because G acts freely on P. Next, we must show that the map

a:PXFxG— (PxF)x(PxF) (2.3)
(p,v,x) = ((p,U), (p T, a(x_l)v))

is proper. As such, let K be a compact subset of (P x F) x (P x F). We will show a~!(K) is compact by
showing that its projection onto all separate factors is compact. Write

Ap = PI‘P(Oé_l(K)),
AF = PI‘F(Oé_l(K)),
Ag = Prg(ofl(K)).
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If all these projections are compact, then a~!(K) is compact, being a closed subset of the compact space
Ap x Ap x Ag. Notice first that the projection of a=!(K) onto P x G is compact because the action of G
on P is proper. This means in particular that Ag is compact. Then Ar C Ag - Br for some compact subset
Br C F. (In fact, Br can be taken to be the projection of K onto the first F'.) Since the group action on F
is continuous and both Ag and Bp are compact, A - Br is compact. Thus Ap is compact, being a closed
subset thereof. O

It follows by the previous lemma and the quotient manifold theorem that we can endow the orbit space

E =PxgF 4 (Px F)/G with a unique structure of a smooth manifold making the quotient map P x F B
a smooth submersion. Since the fibers of P are preserved by the G-action, the projection roPry : Px F — B
induces a smooth surjective map E ~2» B such that the following diagram commutes:

PxF -2, E
PrIJ/ J{WE . (25)
P—"+B
It turns out that E —2» B is a fiber bundle so that the above diagram defines a morphism of fiber bundles.

Lemma 20. Let P 5 B be a principal G-bundle and let o be a left action of G on some manifold F. Then
P xg F — B is a fiber bundle with typical fiber F and equation (2.5) defines a morphism of fiber bundles.

Proof. The local trivializations of F are defined such that the quotient map qg is locally just id x 0. Explicitly,
suppose that ¢, : 71 (U,) — U, x G is a local trivialization of the principal bundle P — B. Then the map

¢a Xidp idxo

Yo i1 HUg) x F 22 Uy x G F 2% Uy x F

is smooth and constant on G-orbits, where idp(v) = v for v € F. Indeed, suppose that ¢,(p) = (m,x),
then the map above is given by ¥, (p,v) = (m,o(z)v) and we have 1, (p- g,0(g) " v) = (m, o(z)v). Since qg
is a surjective submersion it follows that this map induces a unique smooth map ., : WEl(Ua) — Uy X F

such that 1y = ¥ o gi. Notice that Yoot (m,z),v]) = (m,o(z)v). The situation is summarized in the
following commutative diagram.

7 (Uy) x F -2 7.1 (Ua)
d>a><idl N % lwa : (2.6)
U, xGx F W Uy, x F

We proceed by showing that in fact 1, is a diffeomorphism, so that the vertical arrows in the above diagram
are local trivializations and ¢g is locally just id x o.

Define x,, to be the following composition of smooth maps:

é5 ' (1) xidp

Xo :Ua X F U, x F — 15 (Uy),

that is, xa(m,v) = [¢p;*(m,1),v]. Suppose again that ¢, (p) = (m,z). We compute

¢
(Xa 0%)([197 U]) = Xa(mva(x)v) = [(b_l(m 1) ( )U] = [¢;1(m7x),v] = [p,’l)],
(%o © Xa) (M, 0) = Ya([pg ' (m, 1),0]) = Ya(lg ' (m,2) - 27", 0]) = Ya(p, o(x) 0] = (m,0).

This shows that x, and v, are smooth inverses of each other, so indeed v, is a diffeomorphism. Next,
observe that 1, also define local trivializations of the bundle £ "2 B. This follows from equation (2.5). Let
T be the unique smooth map such that 7 = 7Tg 0 Y,:

ng(Ua)

e

Uy x F —— U,
TE

We need to show that mg is just projection onto the first coordinate. Now, in the local coordinates defined
above, (2.5) becomes the commutative diagram

idxo

Uy, xGx F —— Uy, xF

l TE

Uy xG — U,

12



where the arrows without label are the obvious projections. The assertion immediately follows.

Finally, observe that this also shows that the typical fiber of the constructed associated bundle £ — B is F’

and that 7g is a submersion (seeing as B x F' B is). We conclude that E ™2 F is indeed a fiber bundle
with typical fiber F. O

Lemma 21. Let P be a principal G-bundle and let o be a finite dimensional representation of G on H,.
Then E % P X g Ho s a vector bundle over B and (2.5) is a morphism of vector bundles. If H, is a Hilbert

space and o is a unitary representation, then P X Hy is a Hilbert bundle and (2.5) is a morphism of Hilbert
bundles.

Proof. For the first statement, the only thing that has not yet been shown is the fact that the local trivial-
izations 1), restrict to linear maps on the fibers. This follows immediately from the observation that each
o : T HUy) X F — Uy X Hy is linear on fibers. Recall that ¢ is locally just id x o, which is linear since o
is a representation. It is therefore clear that (2.5) is a morphism of vector bundles. Now, suppose that o is a

unitary representation. Then each fiber Ej is equipped with an inner product via ([p, v1], [p, v2]) B, 4 (v1,02) 0,
which is independent on the choice of p € P, since ¢ is unitary. Notice that with respect to this inner product
the local trivializations v, become unitary on fibers, since

<¢;1(b7 01)7¢;1(b» v2)>Eb = <[¢;1(b7 1),1}1], [¢;1(b, 1)7U2]>Eb = <”17v2>0~

Thus v, ! restricts to an isometric and thence unitary map on fibers. It is then also clear that is a morphism
of Hilbert bundles since qg is locally id x o, which is even unitary on fibers since o is. O

Lemma 22. For any fized principal G-bundle P over B, the associated bundle construction defines a functor
F = P xg — from the category of finite dimensional representations of G to vector bundles over B and from
the category of finite dimensional unitary representations of G to Hilbert bundles over B.

Proof. suppose we are given two representations H,, , H,, of G and an intertwining map f € Homg(Hs,, Ho,)-
The composition
id
P xHg, i>P><’;‘-£¢,2—>P><G”ng

is smooth and constant on G-orbits. It therefore induces a unique smooth map F(f) : PxgHs, = P X¢ Hoe,
that is a morphism of fiber bundles over B. Explicitly, it is given by F(f)([p,v]) = [p, f(v)]. A direct

computation shows that in local coordinates, F/(f) is simply U, X He, M> Uq X He,. Indeed, writing 9y o

for the local trivializations of P x¢ H,, that were constructed above, we have

(¥2,0 © F(f) 0 91,0)(m,v) = Y2,a([¢a(m, 1), f(v)])
= w2,a o '(/}2_,;
= (m, f(v)).

It follows that F'(f) is linear on fibers so that it is a morphism of vector bundles.

If we consider instead the categories of unitary representations and Hilbert bundles, then an intertwining
map f of unitary representations is additionally required to be isometric. Since F(f) is locally id x f, it
follows that also F(f) is isometric on fibers and thence defines a morphism of Hilbert bundles.

Finally, this assignment of intertwining maps to morphisms of vector bundles over B is functorial. O

We mention here that the functor P x g — preserves direct sums and tensor products. The precise statements
are stated and proven in the next section, which discusses an equivariant setting. However, the result and
proofs given there remain valid in this more general setting upon slight modifications.
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2.3.2 Homogeneous Hilbert bundles

Finally, we consider the notion of a homogeneous Hilbert bundle, which is a Hilbert bundle equipped with
additional structure. Namely, both its total and base spaces should be equipped with structure-preserving
G-actions such that the projection map is equivariant. It is additionally required that the G acts transitively
on the base space, so that for any two fibers there exists a group element that identifies these fibers via the
group action. This type of equivariant bundles will play a prominent role in chapter 4 and chapter 6. In fact,
the group action of G on both the base and total space induces an action on the of sections of this bundle,
and it is this action that gives rise to the induced representation in chapter 4. As these objects will play a
major role throughout the thesis, they are discussed in a bit more detail.

Definition 23. Let G be a Lie group and E = M be a vector bundle. Assume further that both E and M
are equipped with smooth left G-actions a and . The vector bundle £ — M is called homogeneous for
G if the action of G on M is transitive and (a(g), 8(g)) is a isomorphism of vector bundles for every g € G.
That is, the following diagram commutes:

If E — M is a Hilbert bundle and a(g) is unitary for every g € G, then E — M is called a homogeneous
Hilbert bundle.

Notice that the diagram above is equivalent to the statement that the projection E = M is G-equivariant.

Definition 24. An morphism of homogeneous vector(Hilbert) bundles for G is a G-equivariant morphism
of vector(Hilbert) bundles. It is an isomorphism of it is an isomorphism of vector(Hilbert) bundles.

Suppose now that G is a Lie group and H is a closed subgroup. We have already seen that G — G/H is a
principal H-bundle. Now, left multiplication in G induces unique smooth left G actions on the coset space

G/H and on any associated vector bundle F La x g Mo such that 8(g)oq = lg0q and a(g)ogr = groly xid:

a—" ¢ GxH, 2% qxn,
ql lq ) qﬂl lQEJ
a/H 29\ q/u B9 7

It turns out that associated Hilbert bundles of this form are homogeneous, and conversely all homogeneous
vector bundles are of this form.

Lemma 25. Let G be a Lie group with closed subgroup H and let o be a unitary finite dimensional repre-
sentation of H on the Hilbert space H,. Then G xg H, — G/H is a homogeneous Hilbert bundle.

Proof. The left G-action on G/H is clearly transitive. Write E = G x g H,. Denote the left G-action on
E and B by a and 3, respectively. Fix g € G. Tt is clear that a(g) and 3(g) are diffeomorphisms of E and
G/H and that «(g) is linear on fibers. It follows by the commutativity of the diagram below that they even
define a morphism of vector bundles:

GX’HUMGX’HULE

Prll lPrl J{T"E 5

G—" g * .q/H

where {;G — G denotes left-multiplication by ¢ in G. Notice that the right-hand square is just (2.5). Indeed,
it follows that

mgoa(g)oqe =mgogqroly xid=gqol,oPr; = f(g) omg.
Since ¢ is surjective, this implies that 7 o a(g) = B(g) o mg. Now, a(g) is unitary on fibers because
a(g) o qgg = qg o ly x id maps any fiber {z} X H, above z € G unitarily to Ey, 5. Since ¢g is unitary as a
map {z} X Hy — Eyu, it follows that also a(g)|y, : Ex — Eg, must be unitary. O

Lemma 26. Let G be a Lie group with closed subgroup H and let o be a unitary finite dimensional rep-
resentation of H on the Hilbert space H,. Then G Xy — defines a functor from the category of unitary
representations of H to the category of G-homogeneous Hilbert bundles above G/H.
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Proof. In view of lemma 22, it remains to show that the map F(f) as in the proof of that lemma is in fact
G-equivariant. This is immediate from its definition. ]

Lemma 27. Let E — B be a homogeneous Hilbert bundle under the action of some Lie group G. Then for
any b € B we have an equivalence of homogeneous Hilbert bundles:

GXGbEbLE

| b

G/Gy, —2 B

Proof. To proof the claim, pick any b € B. One checks that the map ¢ : G/Gy — B, [g] — g-b is well-defined,
injective and smooth. Since G acts transitively on B, it is also surjective. The map is clearly G-equivariant and
since G acts transitively on itself, it follows that it has constant rank. Thus, ¢ is a diffeomorphism. Similarly,
the map @ : G X¢g, Ey = E,[g,v] — g - v is well defined and G-equivariant. Notice that ® is a smooth map
because the G-action on E is smooth and the map G x Ep, — E xqg, Ep is a surjective submersion. The
smooth maps ¢ and ® make the diagram above commute so that they do indeed define a bundle morphism.
Since @ is linear on fibers, it is even a morphism of vector bundles. Now, ® is surjective by homogeneity:
Eq = g- Ep and G acts transitively on B. Injectivity follows since g; - v1 = g2 - v2 <= g{lgl € Gy and
therefore
gr-v1=g2-v2 = [g1,01] = [92(g5 ' 91), v1] = [92, (92 " 91) - v1] = [92, v2].

It follows by proposition 9 that ® is a diffeomorphism. Finally, ® is isometric and thence unitary on fibers
by the following quick computation:

<(I>([97U1])7@([9702})>Eg-b = <g V1,9 UQ>E9.1) = <[g’1}1]7 [g,v2]>.

Notice that the last equality holds by the definition of the inner product on the fibers of G x ¢, H, and the
fact that the fibers of F are all unitarily equivalent to H,. O

Suppose G be a Lie group with closed subgroup H. Then G 4L a /H be the canonical map and let G x g H, be

a homogeneous vector bundle. We can equivalently consider F' as a right G space by defining v -z £ oz .
The following lemma establishes a connection between sections of the associated bundle G x ¢ H, and smooth
H-equivariant maps Homp (G, H,). The former admit a clear geometrical interpretation, but the latter can
easier to use in certain proofs.

Lemma 28. Let G be a Lie group with closed subgroup H. Let G 4, G/H be the canonical map. Let o be a
finite dimensional representation of H on H,. Then there is a G-equivariant linear bijection

T(G x g Ho) 2 Homp (G, Ho,),
where G acts on the two spaces according to
(9-5)(xH) £ g-s(g™"wH), s € TG xu Ho),
(9 H@) £ flg™ ), f € Homu (G, Hy).
Moreover, q(supp ®(s)) = supp(s).

Proof. Write E = G X g H,. The idea is to use the group action on E to translate all fibers to the fiber above
the identity coset, which is isomorphic to H, as a H-representation. Let ¢ : Ey — H, be a H-equivariant
linear isomorphism. Define the maps

¢ :T'(E) - Hompy (G, H,), U : Hompy (G, Hy,) — T'(E)
d

(®s)(z) = ¢(z™" - s(zH)), (Pf)(eH) =z ¢~ (f(z))

Notice that all the maps involved are smooth as a composition of smooth maps and v (f) is indeed well-defined
by the H-equivariance of ¢. Moreover, these two operations are each others inverse, thus showing bijectiviy.
Next, ® is indeed G-equivariant since

B(g-s)(x) = dp(z7 g s(g" aH)) = ¢((g7 x) ™" - (g™ 'aH)) = ¢(s) (9™ z) = (9 ¢(s)) ().

Finally, the last statement follows trivially since = € supp(®(s)) <= zH € supp(s). O
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Finally, the following lemma is concerned with the behaviour of homogeneous bundles under the bundle
operations defined in section 2.2.1 and will be heavily made use of in chapter 6.

Lemma 29. Let G be a Lie group with closed subgroup H. Suppose that F and {F;}¥., are finite dimensional
unitary representations of H. We have the following equivalences of G-homogeneous Hilbert bundles over

G/H:

Q
X
T
D
Ny
IR

N
DG xu Fi,
i=1

N
GXH®]:Z‘ = ®G><H]:i7
X 1:1
\/G*XH]:7

Q
X
=
<
K,.’
I

k
= /\G ><H]'—,
(G XH]:)*.

Q
QA x
é( T
N
R 1R

Where the inner products on @), Fi, \/k F, /\k]: and F* are defined by

(V@ @ v, Wy @ -+ @ wy) (vi, w)*,

[l
.EW

o
Il
—

(v V- - Vug,wy V-V wg) (vi,wi>k,

1
UEW

Q
Il
_

(vp Ao Avg,wy A Awg) (vi,wi)k,

1B

&
Il
_

{({(=0), (= w)) = (v, w).

Proof. Write ' = G x g @, F; and E; 4 G x g Fi. We proof the first equivalence, the others being completely
similar. Define the map

t:F>PE;,
t: [z, ®v) — (zH, ®;[z,v4)),

which is a well-defined, bijective G-equivariant morphism of vector bundles over G/H. By virtue of propo-
sition 9, it remains to show it is smooth and unitary on fibers, for which we consider local coordinates. Let
¢ : ¢ Y (U) = U x G be a local trivialization of G % G/H. The corresponding trivialization of a general
associated bundle G x ;7 Hy £ G/H is the inverse of U x Hy — p~ 1 (U), (u, 2) — [¢~(u, 1), z]. By construc-
tion, the local trivialization of a direct sum of vector bundles is locally just the direct sum of the individual
trivializations. Therefore, denoting by 1 and g the corresponding local trivializations of E' and F', we find

(Vg otop')(u,®w;) = (Ygot)o~ (u,1), B
= 1/}E(uv Dy [Qs_l(uv 1), Ui])
= (u7@ivi)'

Thus, ¢ is in local coordinates simply the identity, which is obviously smooth and unitary on fibers. O
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Chapter 3

Clifford Algebras, Spin Groups and
their Representations

In geometry, one may consider a vector space V together with a non-degenerate symmetric bilinear (or
quadratic) form ¢. In particular, Minkowski space (R?*,7) is of this form. Any vector space defines an exte-
rior algebra and this algebra is of importance in fields such as physics, differential geometry and representation
theory. However, it has no concern for the additional geometric data defined on a quadratic space; the bilinear
form q. The idea of a Clifford algebra is to deform the exterior algebra by altering its multiplication in such a
way that it encodes this geometric data in an algebraic structure and in a suitable manner. It is therefore no
surprise that Clifford algebras have found an important role in geometry and physics; in particular in special
relativity.

The Clifford algebra is constructed such that it gives a one-to-one correspondence between the automorphisms
of the Clifford algebra leaving V invariant and elements in the orthogonal group O(V, ¢). This correspondence
suggests that Clifford algebras might play a prominent role in the study of these orthogonal groups and this
is indeed the case. Of particular interest in this thesis is the fact that they can be used to construct the
universal covering group of Spin(V, ¢)° along with its covering homomorphism. The explicit construction of
this homomorphism will be relevant in section 4.5 and chapter 6.

This chapter is restricted to precisely those definitions and results that are needed in other chapters. Moreover,
most proofs are omitted for the sake of brevity. For a more detailed exhibition of these results, we refer to
[LM89], on which this exposition is based. The chapter starts out by defining the Clifford algebra and
examining some of its basic properties, after which the spin group Spin(V, ¢) is introduced. A main result of
the chapter is the fact that Spin(V, ¢)° is the universal covering group of SO(V, ¢)°, along with the construction
of the covering homomorphism. Next, the representation theory of a Clifford algebra and its spin group is
considered to a very brief extent. Finally, the isomorphisms Spin(3) & SU(2) and Spin(1, 3)? = SL(2,C) are
realized explicitly, which will be needed extensively in chapter 5 and chapter 6.
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3.1 Clifford algebra

As mentioned in the introduction, the idea of a Clifford algebra is to deform the exterior algebra by altering
its multiplication in such a way that it encodes this geometric data in an algebraic structure.

Before we dive into the definitions, we make a brief remark. Notice that the process of polarization yields
a bijective correspondence between non-degenerate quadratic forms and non-degenerate symmetric bilinear
forms on a real or complex vector space V. With this observation in mind, no distinction is made between
the two and we write ¢(v) for the quadratic form and ¢(v, w) for the corresponding bilinear form.

Definition 30.
A quadratic space (V, q) is a real or complex vector space V' together with a non-degenerate quadratic form
qonV.

A morphism between two quadratic spaces (V1,q1) = (Vz, ¢2) is a linear map A : V; — V5 such that \*ga = q1,
that is, g2(A(v)) = q1(v) Yo € V4.

Given an quadratic space (V,q), define its orthogonal group O(V,q) to be its group of automorphisms and
SO(V, q) to be the automorphisms of determinant one:

O(V,q) £ (A€ GL(V) : \q=q}
SO(V,q) £ O(V,q) N SL(V)

We define the Clifford algebra C1(V, ¢) up to isomorphism by the universal property we want it to satisfy. Its
existence and uniqueness are proven immediately after.

Definition 31. Let (V, ¢) be a quadratic space. Let C1(V, q) be an associative unital algebra and V' % CI(V, q)
be a linear map such that

1. (V) generates C1(V, q),
2. 1(v)?2 =qv) -1

and such that V' 5 CI(V, ¢) is universal with these properties, in the sense that for any other unital associative

algebra A together with a linear map V' ER A satisfying these properties, there exists a unique unital algebra

homomorphism CI(V q) ENy| making the diagram below commute.

Then CI(V, q) is called the Clifford algebra associated to (V,q).

Proposition 32. The Clifford algebra CI(V,q) as defined above exists and is unique up to isomorphism.
Moreover, the map V' 2 CI(V, q) is injective.

Proof. The proof given here is taken from [LM89, p. 8]. Let J be the two-sided ideal of the tensor algebra
T (V) generated by all elements of the form
v®v —q(v) - 1. Define CI(V, q) to be the quotient of the tensor algebra T (V') by J:

CUV,q) £ T(V)/T.

Let ¢ : V — CL(V, q) be the restriction of the canonical map T(V) — CL(V,q) to V = ®" V. By construction
C1(V, q) is a unital algebra generated by ¢(V') and subject to the relation ¢(v)? = q(v) - 1.

We show ¢ is injective. It suffices so to show V N7 = 0. By definition of 7, any element ¢ € 7 NV can be
written as a finite sum of the form ¢ = >, a;, ® (v; ® v; — q(v;)1) ® b; for some tensors a;,b; € T (V). We may
assume that all a;, b; are of pure degree. Let k = max; dega; + degb; < co. Then since ¢ € V', we find that

a; ®v; ®v; ®b; = 0.
dega;+degb;,=k
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Contracting with ¢ this implies in particular that also

deg a;+degb;=k

and therefore
Z az®(vl®vl—q(vl)1)®bz:0
dega;+degb;=k

Induction on k yields that ¢ = 0, so ¢ is injective.

Next, we show that C1(V,q) satisfies the required universal property. Let A be a unital associative algebra

and V L5 A be a linear map such that f(V) generates A and f(v)? = g(v)1. By the universal property
of the tensor algebra, the map f factors through the tensor algebra via a unique algebra homomorphism

TV) o A The properties mean precisely that this f(v ® v — q(v)1) = 0 for any v € V and therefore f
is trivial on the ideal J. This means that it factors through the quotient 7(V)/J = CI(V,q) via a unique
algebra homomorphism f : C1(V,q) — A. Thus we are done. O

Remark.

1. Notice that if ¢ = 0, the ideal J from the previous proof is generated by all elements of the form v ® v.
It follows that we have an algebra isomorphism CI1(V,0) = A(V).

2. By the above proposition, we may identify V' as a linear subspace of Cl(V, ¢). Therefore, the embedding
¢ is usually omitted and we simply write v-w for v, w € V instead of the more precise notation ¢(v)-¢(w).

3. Notice that the condition v? = ¢(v) may equivalently be given by v - w + w - v = 2¢(v,w) - 1 by means
of polarization.

Corollary 33. The assignment (V,q) — Cl(V,q) defines a functor from the category of quadratic spaces
to the category of unital associative algebras. In particular, the group of orthogonal transformations O(V,q)
extends to a group of automorphisms of the Clifford algebra.

Corollary 34. The automorphism o« of CIV,q) obtained by extending the map V — V,v — —v induces a
decomposition of the Clifford algebra into its eigenspaces:

ClV,q) = CP(V,q) ® CI'(V,q),
where CIF(V, q) 4 {t € CUV,q) : a(t) = (—1)*}.
Moreover, this decomposition defines a Zs-grading on the Clifford algebra.

Definition 35. The subspace C1°(V,q) is called the even part of C1(V, q) where C1*(V, q) is called the odd
part.

Finally, there are some close relations between a Clifford algebra and the exterior algebra. These results are
not needed in later chapters. Nonetheless, they show that the Clifford algebra is indeed an enhancement of
the exterior algebra determined by the form ¢. In view of clarity, we mention them without proof.

The natural filtration on the tensor algebra descends to a filtration {F"} on the Clifford algebra with the
property that F7 - F! C F"+!. This makes the Clifford algebra into a filtered algebra and we can define its
associated graded algebra by @rzo FrilFr

Proposition 36. For any quadratic form q, the associated graded algebra of CI(V,q) is naturally isomorphic
to A(V).

Proof. See [LM89, p. 10]. O
Proposition 37. There is a vector space isomorphism CUV,q) = A(V') that is compatible with the filtrations.
Proof. See [LM89, p. 10]. O
Corollary 38. The Clifford algebra Cl(V,q) has dimension 2", where n = dim V.
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3.2 Spin group

The Clifford algebra can be used to construct the universal covering group of SO(V,q)? and to construct
explicitly the universal covering homomorphism onto SO(V, q)°. Explicitly, the group of units of the Clifford
algebra acts on the Clifford algebra by the adjoint action. It turns out that restricting this action to a suitable
subgroup yields the covering homomorphism. The precise construction of this homomorphism, in particular
the fact that it acts on Cl(V, ¢) via the adjoint action, will be relevant in chapter 6.

Let C1*(V,q) be the multiplicative group of units of the Clifford algebra. This group acts on the Clifford
algebra via the adjoint representation

Ad: CI*(V,q) = GL(CL(V. q)),
Ady(z) = gt
Proposition 39. Let v € V be such that g(v) # 0. Then for all w € V, we have

q(v,w)

q(v)
In particular, Ad,(V) =V, Ad,q = q and thus Ad, € O(V,q).

—Ady(w) =w—2 v.

Proof. The proof makes use of the trivial observation that for ¢(v) # 0 the requirement v? = g(v)1 implies
that v=! = q(”v). Secondly, recall the equation vw + wv = 2¢(v, w)1. We compute

—Ady(w) = —vwv !t = — 220 = — (2q(v,w)] —wv) —~ = 1w — UG

q(v)

The last equation follows by expanding out the terms using bilinearity

onw ool )

Definition 40.

1. Let P(V,q) be the subgroup of C1*(V,q) generated by those v € V for which g(v) # 0.

2. Define the Pin group Pin(V,q) to be the subgroup of C1*(V,q) generated by all elements of v € V
with |¢(v)] = 1.

3. Define the Spin group by Spin(V, q) = Pin(V, ¢) N C1°(V, q).
Remark.
1. Proposition 39 implies that the adjoint action defines a homomorphism P(v, q) Ad, oV, q).

2. The right hand side of proposition 39 is just a reflection across the hyperplane {w € V : ¢g(v,w) = 0}.
The minus sign on the left-hand side implies that in general, Ad is not surjective onto O(V,q). For
example, if V' is the one-dimensional real line and v # 0, proposition 39 implies that —Ad,, is reflection

across the origin, so Ad, is just the identity. More generally, for odd dimensions of V', we find that
Ad, € SO(V,q).

To remedy the non-surjectivity mentioned in the preceding remark, it turns out that one should consider a
twisted adjoint representation instead. Define

Ad : CI*(V, q) — GL(CL(V, q)),
Adg(w) = a(@)e,

where « is the automorphism of Cl(V,¢) induced by the map v — —v. Then for v,w € V with ¢(v) # 0 we
have

A W) = w — Q(v7w)v
Ad, (w) 2
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Remark. Notice that Avdqg = Ady for ¢ € C1%(V, q). In particular, the twisted and non-twisted adjoint actions
coincide on Spin(V, q).

Suppose now that the vector space V is real. In that case we may find a basis of V' such that ¢(x) =
wi+- - +al -zl — - —axi,,. Wesay that ¢ has signature (r,s) and write Cl, s in place of C1(V,¢) and
O(r,s) = O(V,q). We come to the main result of this section.

Theorem 41. There are short exact sequences
) Ad
0 — Z — Spin, ;, — SO(r,s) — 1

0 — Z — Pin, Ad, O(r,s) — 1

for all (r,s). If (r,s) # (1,1), these coverings are connected over each component of O(r,s). Moreover, Ad
is the universal covering homomorphism when restricted to the identity components in the following spacial
cases, where r > 3:

0 49 50(r)° = 1

0 — Zy — Spin
0—7Zy— sz’ng,l Ad, SO(r,1)° — 1.

Proof. For the proof, see [CGLMO0S, p. 20]. O

3.3 Explicit isomorphisms in low dimensions

Some of these groups are known explicitly for small dimensions and the explicit isomorphisms and covering
homomorphisms will be needed in chapter 5 and chapter 6, so they are discussed here. In particular, the uni-
versal covering homomorphism SL(2,C) — SO(1,3)" is constructed, which also yields the universal covering
homomorphism SU(2) — SO(3).

Let us first consider the construction of the covering homomorphism ¢ : SL(2,C) — SO(1,3)°. Let C denote
the real four-dimensional space of 2 x 2 complex Hermitian matrices. Let 01,09 and o3 denote the Pauli

matrices
0 1 0 —2 1 0
g1 = (1 0) 09 = (Z 0) g3 — (0 1) (31)

and let og be the identity. Then og, 01,02 and o3 form a orthogonal basis of C' with respect to the inner
product (a,b) = tr(a*b) = tr(ab), so we can identify R* with C' using this choice of basis. We denote this
identification by A so that

A:R*>C
3
ASI'—)Z%%
i=0

Observe that
tr(A(x)) = 2z

. 3.2
det(A(w) = (e ) = o — 2% - a3 o3 .

There is a continuous representation of SL(2,C) in C given by
PY(m)€ = mém*, m € SL(2,C),& € C. (3.3)

Under the identification A described above we thus obtain a continuous representation ¢ = A~! o) o A of
SL(2,C) in R*. Notice that det(m) = 1 for m € SL(2,C) and therefore we have det(mém*) = det(€) for any
¢ € C. It follows that ¢ preserves the quadratic form induced by 7 so that ¢ maps into O(1,3). This yields
a continuous Lie group homomorphism ¢ : SL(2,C) — O(1, 3).

Lemma 42. The induced map on Lie algebras ¢, : sl(2,C) — so0(1, 3) is an isomorphism.
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Proof. First, we claim that ker ¢ = {—1,1}. Indeed, let m € SL(2,C). If ¢(m) = I, then m&m* = £ for every
¢ € C. Thus, taking & = I, it follows that m* = m~!. Therefore, m¢ = ém for every &, which implies that
m is a multiple of the identity. Since det(m) = 1, the claim follows. It follows that ¢ is locally injective and
¢, is injective. Since both sl(2,C) and so(1, 3) are six-dimensional[Var07, p. 333|, ¢. is an isomorphism. [

O

Corollary 43. The map ¢ : SL(2,C) — SO(1,3)° is the universal covering homomorphism.
In particular, SL(2,C) = Spin(1, 3)°

Proof. The previous lemma implies that ¢ maps surjectively onto SO(1,3)°, seeing as the latter is connected.
Any surjective Lie group homomorphism whose differential is an isomorphism is in fact a covering map. Since
SL(2,C) is simply connected, we are done. O

Lemma 44. Identify SO(1,2)° with the subgroup of SO(1,3)° leaving the point ea = (0,1,0,0) fized, then
#71(SO(1,2)%) = SL(2,R) and therefore SO(1,2)° = SL(2,R)/{+I}.

Proof. Indeed, observe that A(es) = —i ( 0 1) , so for m € SL(2,C), we have

-1 0

0 0 1 « (0 1
p(m) € SO(1,2)" <= m (_1 o)™ =121 o)
A direct computation shows that this happens if and only if m € SL(2,R). O

Remark.

— The previous lemma is not saying that SL(2,R) is the universal covering group of SO(1,2)°, which
would be false since SL(2,R) is not simply connected. Nonetheless, the result is useful when studying
the representation theory of SO(1,2)°. The lemma above is used in the classification of the strongly
continuous unitary representations of R* x SL(2,C), where the group SL(2,R) occurs as one of the
stabilizers of the action of SL(2,C) on R*. See also section 4.5.

Lemma 45. Embed R?® — R* via x — (0,2). Then ¢(SU(2)) = SO(3) and ¢~ 1(SO(3)) = SU(2).

SU(2) —2— S0(3)

| |

SL(2,C) —2— SO(1,3),

Proof. Indeed, suppose m € SL(2,C). Then by equation (3.2) ¢(m) is orthogonal on R? if and only if 1 (m)
preserves both det(-) and tr(-). Since det(m) = 1, ¥)(m) always preserves the determinant. If m is unitary,
then by the conjugation invariance of the trace it is clear that ¢(m) is orthogonal. Conversely, suppose that
1(m) is orthogonal so that it preserves tr(-). Then for every & € C' we have tr(§) = tr(m&m*) = tr(m*mg).
That is, (m*m,&)c = (I,£)¢ for every € € C. This implies m*m = I, so m* = m~! and m is unitary. O

Corollary 46. The restriction of ¢ to SU(2) is the the universal covering homomorphism onto SO(3).
Therefore Spin(3)° = SU(2).

Lemma 47. The representation of 1/)|SU(2) on C decomposes as RI @ su(2), where SU(2) acts trivially on
RI and via the adjoint representation Ad on su(2).

Proof. Notice first that ¥ (u)¢ = uéu~! for ¢ € C. Let S be the linear space generated by the Pauli matrices
{01,02,03}. Notice that S = {X € M3(C) : tr(X) =0, X* = X}. Now, any element u € SU(2) acts (via ¢))
trivially on the identity element and leaves S invariant. It follows that so that as a real SU(2) representation,
C decomposes as C 2 RI @ S, where SU(2) acts trivially on RI. Finally, it is trivial that S 2 su(2) as SU(2)
representations. O

Corollary 48. The adjoint representation of SU(2) on su(2) becomes the covering homomorphism under the
isomorphism su(2) = R3.

22



3.4 Representations

In this final section we discuss to small extent the representation theory of Clifford algebras and their spin
groups, mentioning only those results that are needed in chapter 6. Nonetheless, their representation theory
is understood in great detail and much more can be said than is done here. Moreover, as certain results are
quite standard they are given without proof. For a more detailed exposure, the interested reader may consult
[LM89, Chapter 1.5].

Now, any representation of the Clifford algebra p : Cl(V,q) — End(F) gives rise to a representation S :

Spin(V, q)° — GL(F) of the connected component Spin(V, ¢)° of the spin group by restriction S = p|spin(v,q)0'

From the previous section we know that the adjoint action of Spin(V,¢)? on CI(V,q) becomes the covering
homomorphism ¢ when restricted to V:

Spin(V, ¢)° —2— SO(V,q)

\ |

L(CI(V, q))

Therefore, the representation S of Spin(V, ¢q)? satisfies the following equivariance condition:
p(¢(w)v) = p(Ady (v)) = plwvw™) = S(w)p(v)S(w)™"  w e Spin(V,q), veV. (34)

It is this equivariance condition that plays an essential role in the representation theory of R* x SL(2,C),
as studied by Wigner[Wig39], see also section 8.3 for more details. In a related fashion, it will also play a
crucial role in chapter 6.

Definition 49. Given a representation p of C1(V, q), the representation S of Spin(V, q)° obtained by restric-
tion of p is called the spin representation associated to p.

In physics literature, representations of the Clifford algebra are often given in terms of the so-called gamma-
matrices or dirac-matrices, which are defined given a choice of basis for the vector space V. If {ex}}_, is a

basis of V, the gamma matrices are defined as g 4 p(ex) and satisfy

2 — 1
Tk a(ex) (3.5)
YeVr + ¥ =0

Conversely, any set of endomorphisms {7} satisfying equation (3.5) determines a representation of Cl(V q)

by defining p(e;) 4 v and extending it to Cl(V, ¢) using the universal property.

Finally, we consider the special case Cl; 3 and its unique irreducible representation p on C*LMS9, p. 32,
theorem 5.7]. Let S = p| SL(2,C) be the spin representation associated to p. We make a specific choice of
gamma matrices 7, that exhibits S in a particularly nice fashion. Let 01,09 and o3 be the Pauli-matrices
defined in equation (3.1) and let v, be the 4 x 4 matrices defined by

01 0 —o, B
'yo—<1 O)’ 'yr—(ar 0 ), r=1,2,3. (3.6)

A computation on the level of Lie algebras [Var07, p. 201] shows that with this choice of gamma matrices, S
is given by

S(w) = <(w0 3}) w e SL(2,C). (3.7)
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Chapter 4

Induced Representations

This chapter discusses the theory of induced representations, which was largely developed by Mackey [Mac49,
Mach2] and is concerned with the question of how the representation theory of a group G is connected to
that of its closed subgroups. In particular, it will provide the main tool that is used to study the irreducible
representations of the group R* @ (¢ ®@R*) x SL(2,C) x K, reducing the classification thereof to the represen-
tation theory of various subgroups. A similar approach was originally taken by Wigner in his classification
of the irreducible unitary representations of R* x SL(2, C)[Wig39].

A brief overview of the theory is given below.

Any unitary representation of G restricts to a unitary representation of a closed subgroup H. It is then a nat-
ural question to ask whether or not there is a procedure in the opposite direction, that is, a way to construct a
unitary representations of the larger group G from unitary representation of the smaller subgroup H. It turns
out that such as an induction is indeed possible and is constructed in a very geometrical manner. Explicitly,

one has a natural G-action on the continuous sections of a homogeneous bundle F LG x wHo — G/H.
Using an invariant measure on G/H, an inner product can be defined on the space of such sections which
can be used the extend the aforementioned action to a unitary representation.

After a moment of consideration, one observes that the induced representation comes with additional struc-
ture. Indeed, compactly supported sections can be multiplied pointwise by elements in Co(G/H), thus
obtaining a non-degenerate x-representation M of the C*-algebra Co(G/H) on the same space F. At the
same time, we have a natural action of G on Co(G/H) induced by the action of G on G/H. Moreover, M
is G-equivariant in the sense that m(z)M (¢)m(x)~t = M(z - ¢). such an equivariant pair (m, M) consisting
of a unitary representation of G and a non-degenerate x-representation of Co(G/H) is called a system of
imprimitivity for G based on G/H and defines a category, whose morphisms are isometric linear maps that
intertwine both the representations m and M.

It was proven by Mackey [Mac49, Mac58] that the induction procedure actually defines an equivalence of
categories. It follows that the induction process described above is really a two-fold process:
Unitary representations of H
J{induction
Systems of imprimitivity for G based on G/H -
lrestriction
Unitary representations of G
It therefore remains to determine which representations of G actually lift to a non-trivial system of imprim-

itivity based on some homogeneous space G/H for some closed subgroup H. For those that do are induced
from a representation of H.

One example in which this happens for all representations of G is if it is of the particular form G = N x H
for some Abelian group N, where the action of H on N is required to be sufficiently 'nice’. Moreover, the
closed subgroups from which the representations are induced are precisely the stabilizers G, of the action
of G on the dual group N. This means that in fact the whole representation theory of G is determined by
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the representation theory of these stabilizers, which, as it turns out, can be further reduced to the subgroup
G,NH. This method of classifying the unitary representations of a group IV x H is called the Mackey Machine.

In the following, the assumption is made that G/H has a G-invariant Radon measure, which allows for
significant simplifications. By corollary 146 and [Var07, p. 342, theorem 9.2], this assumption will suffice
for the purposes of this report. However, it is not needed for the theory of induced representations, which
extends more generally after suitable modifications. Once again we refer to [Fol95].

The exposition of this theory given below is based on [Fol95]. Some technical proofs are omitted for the sake
of brevity, which the interested reader may find in [Fol95]. Throughout this chapter, the following notation
is used. For any Lie group X, we denote by UR(X) the category of strongly continuous unitary representa-
tions of X. Let G be a fixed Lie group and let H be a closed subgroup and let G % G /H be the canonical
projection. Finally, let 0 : H — U(H,) be a unitary representation of H on a Hilbert space H, and let u be
an invariant measure on G/H.

4.1 Construction

We start with the construction of induced representations, treating two perspectives each starting its con-
struction on either side of the G-equivariant bijection I'(G x g Hy) & Homp (G, H, ). The first one, called the
induced picture, is based on H-equivariant maps. This perspective is more convenient for proofs and more-
over extends more directly to infinite dimensional representations of H. The second construction considers
instead sections of the associated bundle G x g H,. It therefore has a clear geometric interpretation, thence
its name the geometric picture. The two are equivalent if H, is finite dimensional. Seeing as the induced
picture applies applies more generally, henceforth we will make use of the induced picture.

Induced picture

As mentioned, this perspective starts its construction from H-equivariant maps G — H,. First, let us define
the space of continuous H-intertwining maps G — H,:

Cu(G,Ho) ={ f € C(G,Hy) : f(a€) =0(&)"" f(z) }.
Next, define
Fol {f € Cuy(G,Hs) : q(supp f) is compact }. (4.1)

Consider Fj as a representation of G under the left-regular action. We aim to define an invariant inner product
this space such that the left regular action becomes isometric and extends to a unitary representation on the
Hilbert space completion of Fy. The following result, taken from [Fol95, p. 152], describes the functions in
JFo in more detail.

Lemma 50. For o € C.(G,H,), define

j;(x):=tz;0(n)a(xn)dn-

Then fo € Fo and f4 is uniformly continuous on G.
Moreover, every element of Fy is of this form for some a € C.(G,H,).

Proof. We first show that every element of Fy is of this form. Let f € Fy. By lemma 143 there exists
Y € C.(G) such that Ay =1 on supp f, where A : C.(G) — C.(G/H) is the averaging map equation (8.2).
Let a =1 - f. Then

m:/wmwwwmm:/wmw@prwm:ﬂm
H H

Next, let a € C.(G,Hy). Then g(supp fo) C g(supp @) is compact and f, is H-equivariant by the trans-
lation invariance of the left-Haar measure. It remains to show f, is uniformly continuous. Let N be a
compact neighborhood of 1 in G and let K C G be a compact lift of supp f (using lemma 142). Define
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J = K 'N(suppa) N H, which is compact in H. Since « is continuous, there exists for any ¢ > 0 a
neighborhood N, such that ||a(z) — a(y)||, < € whenever zy~* € N.. The for x € K and 2y~! € N, we have

[falz) = fa(y)l = | /JU(??)(@(M?) — a(yn))dn < €[ J|.

This means that f, is uniformly continuous on K and hence on K H by H-equivariance. Since supp fo, = K H,
we are done. 0

For any two f,g € Fy the smooth map = — (f(z),g(z)) factors through G/H, since the action on H, is
unitary and functions in Fy are H-equivariant. Thus, we can define

(f.g) = /G @ g@)dnGa (4.2)

This is an inner product on Fy, and since p is invariant it is preserved by left translations. Let F, be the
Hilbert space completion of Fgy, that is,

.FD’ = fo(-7.> (4.3)

Lemma 51. Let G and F, be as above. The left translation operators L, extend to a strongly continuous
unitary representation on Fy.

Proof. Consider first fixed x € G. The translation-invariance of u implies immediately that || L, f|| = || f|| for
all f € Fy. By a standard approximation argument, it follows that L, extends to an isometric operator on
F,. Since L, is invertible (with inverse L,-1), it is unitary.

It remains to show the strong continuity. Now, any f € Fy is uniformly continuous so for any ¢ > 0 we
can find some open neighborhood N, of 1 such that zy~! € N, = | f(z) — f(y)|lo < e. By replacing
N, with N. N N1, we may assume that N, is symmetric (by the continuity of z — z~!, N1 is open).
For any g,z,y € G, we have (z71g)(y 1g)"! € N. <= a2y € N. «— a2y ! € N.. Therefore,
2yt e N, = |Lof(9) — Lyf(9)lo = If(z~29) = F(y~'9)lls < € and hence |, f — Ly f]| < e la(supp f)]-
This proves the asserted continuity for any f € Fy. As the operators L, are all bounded and strongly
continuous on Fy, the map is strongly continuous on all of F by a standard 3-e¢ argument and thus define a
unitary representation of G on F,.

O

Definition 52. The representation of G on F, obtained in the previous lemma is called the induced
representation, and is denoted ind% (o).

The Hilbert space F can actually be identified as the space L% (G, H,; ) of Ho-valued functions that are
measurable, square integrable and that satisfy f(z€) = o(¢71) f(z) p-almost everywhere[Bla61]. This result
will be of no consequence to us, so it is not discussed in detail.

Geometric picture

In the geometric picture, we assume that the H-representation H, is finite dimensional, and start instead
from sections of the associated bundle G x g H,. Other than that, we employ the same strategy.

Since H is a closed subgroup of the Lie group G, we know from corollary 18 that G % G /H is a principal H-

bundle. We can therefore construct the homogeneous Hilbert bundle G x gy H, — G/H. Write E LG x gHHs
and E =% G /H for the corresponding surjective submersion. The homogeneity implies that G acts on the
sections I'(E) of this bundle via

(9-5)(zH) < g-s(g~ wH).

Observe that g - s is indeed a section. Now, we can use the invariant measure on G/H to define an inner
product on T'(E):

(51, 82) & / (51(H), s5(2H)) .y dp(HT) (4.4)
G/H

let G, be the Hilbert space completion of compactly supported smooth sections with respect to this inner
product G, 4 FC(E)M). The following computation shows that this inner product is preserved by the action
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of G:

(g-s1,9-82) = /G/H<g-81(9‘196H),9-82(9‘1$H)>E1Hdu(xH)

—
—

0 / (g s1(H), g 52(cH)) g, dp(c )
G/H

—
-

S / (si(xH),s2(xH)) g, di(zH)
G/H
= (s1, 82).

Here, (1) follows by the invariance of the measure p and (2) by the homogeneity of the Hilbert bundle.

Define
F§e 4 {f € Homp (G, H,) : q(supp f) is compact } .

Remark.

— Notice that by lemma 28, F3° is precisely the image of I'.(F) under the map ® : T'(E) — Hompy (G, H,)
defined in lemma 28.

Lemma 53. The space T'.(E) of compactly supported smooth sections is dense in the space of compactly
supported continuous sections of E — G/H, where both spaces are endowed with the topology defined by
(4.4).

Proof. Tt is well-known that for an arbitrary open subset 2 C R™ and finite-dimensional Hilbert space H.,,
the space C°(Q, H,) is dense in C.(Q, H,) with respect to the sup-norm. Then for any Radon measure v on
Q we find that C2°(Q, H,) is also dense in C.(Q, H,) with respect to the norm inherited from L?(2;H,,v).
Indeed, for f € C.(Q2, H,) we can a compact set K C U such that supp f is properly contained in K and a se-
quence f, € C(9Q, H,) such that || f, — f|lcc = 0 and supp f, C K. Then ||fp,— f|lr2 < v(K)||fn— flloc = 0.

Now, using a partition of unity we can reduce to the case above. Explicitly, let s : G/H — E be an arbitrary
compactly supported continuous section of the bundle E — G/H. Since G/H is a smooth manifold and
s is compactly supported, we can find a finite open covering {U,}, of supp s and fiber-wise unitary local

trivializations WEI(UQ) LT U, X H, such that each U, is diffeomorphic to an open subset of R™. Let {14}
be a smooth partition of unity subordinate to the covering {U,}. Let so = 1)o - s so that s = > s, and
supp $o. C Us. By the local triviality, there exists f, € C.(Uy,Hs) such that ¢ o s, = (idy,, fo). Then

(na)

by the above argument, for fixed o we can find a sequence fg € C®(Uy, Hy) such that fén“) = fa

in L2(Uy; Hoypt) as ng — 00, Since ¢ is fiber-wise unitary this implies that s((x"“) — S, in G,, where

s = ¢=1o (idy, , ((yn”)). Because the covering {U,} is finite, we find
Zs&"“) — Zsa =sin G,.

O

Corollary 54. Let ® : I'(E) — Homy (G, H,) be the G-equivariant bijection described in lemma 28. Then
®|r (g extends to a unitary G-equivariant map ® : G5 — Fo.

Proof. Notice first that ® is isometric if Hompy (G, H,) is endowed with the norm defined by equation (4.2).
Indeed, we compute

2%, = [ o s(eH)|dutatt)
G/H

— [l stat), du(o)
G/H

— [ st du(o)
G/H

= [IsllZ,

By the previous lemma & extends to a unique linear map ¥ from the space of continuous compactly supported
sections of E — G/H into the closure of Hompy (G, H,) with respect to the norm (4.2). This extension is

27



given by the map that is defined precisely as in lemma 28, but for continuous instead of smooth maps. Using
the last statement of lemma 28, it is clear that the image of this map is precisely Fy. Extending further to
G, gives the result. O

Corollary 55. If H, is finite-dimensional, the unitary representations defined via the geometric and induced
picture are equivalent.

Corollary 56. Let G and E be as above. The G-action on I'.(E) extends to a strongly continuous unitary
representation of G on G,.

4.2 Properties

Next, let us consider some properties of the induction procedure. The first important observation is that it
is actually functorial:

Lemma 57. The assignment o — ind% (o) defines a functor inds, : UR(H) — UR(G).

Proof. Suppose that o1 and o, are two unitary representations of H. Write F,,, and F,, for the Hilbert
spaces on which indg(ak) act (k = 1,2) and write 4 and F¢ for the corresponding dense subspaces as in

(4.1). Then any isometric intertwining map T € Homy (o1, 0) induces an isometric map Fi —» F2 defined
by f — T o f. This map trivially intertwines the left-regular action and it is isometric with respect to the

inner products defined by (4.2) because T is isometric. It therefore extends to an isometric map F,, KN Foy-
It is clear that the assignment T +— T is functorial. O

Lemma 58. Let o be a unitary representation of H and m = indﬁ(o).
Then w(n)f(x) = o(x™Inx) f(x).

Proof. Consider the induced picture. We compute 7(n)f(z) = f(n~'z) = f(x(z " Inz)) = o(z"n"1z) f(x).
O

Lemma 59.

1. 01 Z 0y in UR(H) = ind% (1) = ind5(01) in UR(G)

2. If {o:}i are unitary representations of H, then indg (@, 0:) = @, (ind% (o)) in UR(G).
Proof.

1. We have already seen that ind$ : UR(H) — UR(G) is a functor and every functor preserves isomor-
phisms.

2. This follows from the observation that the map Hompy (G, @, Ho,) = @, Hompy (G, Hy,), f — (Priof);
is a G-equivariant isomorphism.

O

The next theorem shows that if G is compact, then indfl is right-adjoint to the restriction functor.

Theorem 60 (The Frobenius Reciprocity Theorem).
Let G be a compact Lie group and H a closed subgroup, ™ an irreducible unitary representation of G and o
an irreducible unitary representation of H. Then

Homg (w0, ind% (0)) = Homy (7| ,0)

Proof. A sketch of the proof is given. It is well-known that every irreducible representation of a compact
Lie group is finite-dimensional [Fol95, p. 126, Theorem 5.2]. As a consequence of this fact and theorem 145,
the Hilbert space F on which ind% (o) acts can be identified with the subspace L%(G, Hy) of L*(G, Hy)
consisting of those square-integrable functions f that satisfy f(x€) = o(¢71)f(z) for all z € G, £ € H.

Define a map

¢: Hr — Homp (G, H,)
bo(2) = m(z) 1w
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This map is G-equivariant, since

(g : ¢v)(x) = ﬂ-(g_lx)_lv = W(l’)_lﬂ'(g)’l} = ¢7r(g)v(x)'

Now, we have seen that any isometric T' € Hompg (7|, , o) induces a G-equivariant map

Hompy (G, Hy) Loz, Hompy (G, H,).

Define for each isometric T € Homp (7| H,) the map Ar as the following G-equivariant composition:

Ap : He LN Hompy (G, H,) Loz, Hompy (G, H,).
That is,
Ar(v)(zH) = Tr(z) to.

By the G-equivariance, it is clear that Ay € Homg(m,ind$ (o). Moreover, if Ay, = Ag,, then in particular
Ar, (v)(e) = Ar, (v)(e) for all v € H,, which just states that Tyv = Thv and thus T} = T». The assignment
T — Arp is therefore injective. It remains to show it is surjective. Let A € Homg(,ind$ (). Suppose for
a moment that every function in the range of A can be evaluated pointwise and let evy be evaluation at the
identity. Define T' = evj o A:

T Hy 2 Homp (G, Ho) <5 Hy.
Notice that evy is H equivariant, since
evi(Lof) = f(h71) = a(h) f(1) = a(h)evy f.
As A is G-equivariant by definition, it follows that T' € Homg (7|, ,H,). Finally, A = Ar since
(Apv)(x) = (evy 0A)(m(x) tv) = (evi oL A)v = (Av) ().

It therefore remains to prove that functions in the range of A can be evaluated pointwise. This is a consequence
of Peter-Weyl theorem, but we refer to [Fol95, p. 133, 160] for the details.

O
Theorem 61 (Induction in stages).
Let G be a Lie group. Suppose H is a closed subgroup of G and K is a closed subgroup of H.
Let o be a unitary representation of K. Then ind5 (o) = ind% (indi (o)) in UR(G).
Proof. The proof is due to Mackey and can be found in e.g. [Fol95, p. 166].
O

4.3 Systems of imprimitivity

In this section, the so-called systems of imprimitivity are introduced. To motivate their study and definition,
we first consider two different situations in which these objects naturally occur.

1. Firstly, let H be a closed subgroup of G and let ¢ be a finite dimensional unitary representation of H on
Ho. Let E = GxgH, and G = T'.(F) be the Hilbert space on which G acts according to the geometrical
picture. Notice that I'.(E) is closed under multiplications by elements in Cy(G/H). Moreover, the latter
space has a natural G-action induced by the left action of G on G/H. Write 7 = ind% (). The following
lemma shows that we obtain a non-degenerate *-representation of Co(G/H) on G that is compatible
with the various actions of G.

Lemma 62. The linear operators M(¢)s L ¢ s defined on T'.(E) extend to a linear operator on G
for any fized ¢ € Co(G/H). This defines a non-degenerate x-representation of Co(G/H) on G that is
G-equivariant in the following sense:

m(x)M(¢)m(x) " = M (L), (4.5)

where Ly¢(gH) = ¢p(x~'gH).
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Proof. Notice first that for fixed ¢ € Co(G/H) we have ||M(¢)s|| < ||#]|co||s]| for all s € T.(E), since
1M (9)s]|* = /G/H l6(xH) - s(2H) ||, , dp(@H) < [[lI2 5]

This means that M extends to a bounded linear operator on G. Next, we have M (¢) = M(¢)*, because

(0(xH) - s1(xH), s2(xH)) g, = (s1(xH), p(xH) - s3(xH)) B, s

for every xH € G/H and therefore (M (¢)s1,s2) = (s1,M(¢)s2). It is clear that M also respects
multiplication. We show M is non-degenerate. Suppose s € G is such that M(¢)s = 0 for every
¢ € Co(G/H). Then ¢(xH)s(zH) = 0 for every xH € G/H and ¢ € Cy(G/H). This implies s = 0.
Finally, we compute

(m(x)M(d)m(x) ™ s)(gH) = (M(¢)m(x)~'s) (@™ gH) = ¢(a~ gH) - s(gH) = M (L, ¢)s(gH).

O

Now, a completely similar construction also works if H, is infinite dimensional via the induced picture.
In this case, the x-representation Co(G/H) ELR L(F,) is given by M (@) f = (¢poq)- f for ¢ € Co(G/H),
where G % G /H is the quotient map. In this case, M satisfies the same equivariance condition (4.5).

2. Secondly, suppose that G = N x H, where N is a non-trivial closed Abelian normal subgroup of the Lie
group G. Let 7 be a unitary representation of G on H,. Then 7 restricts to a unitary representation
of N. Since NN is Abelian, we know from theorem 152 that there exists a unique H.-projection-valued
measure P on N such that

m(n) = /A (n,v)dP(v).

N

G acts on N by conjugation which induces a left action on N defined by

(n,x - v) < (7t n,v) = (a7 nz,v).

We know that 7 is a representation of G = N x H and so its restriction to N must be compatible with
the action of G on N, which imposes a compatibility condition on the spectral measure P. Indeed, for
every x € G, n € N we have:

rlanz—t) = /ﬁ (zna=, )P () = /]v (n, 2= 1) dP(v) = /A<n,1/>dP(x-1/)

N

= m(z)r(n)m(z7") = /A (n, v)m(a)dP(v)m(z) ™",

N
from which it follows that 7(z)dP(v)n(z)~! = dP(x - v) is satisfied.
Motivated by these two examples, we make the following more general definition

Definition 63. A system of imprimitivity for G based on S is an ordered triple ¥ = (r, S, P) consisting
of

1. a unitary representation m on H,
2. a topological space S equipped with a continuous left G-action.
3. a non-degenerate #-representation M of Cy(S) on H, that satisfies

m(@)M(¢)m(x)" = M(Ls).

Notice that instead of specifying the non-degenerate *-representation, on may equivalently specify a regular
‘H.-projection-valued measure P on S that satisfies

7(z)P(E)n(x)' = P(zE) x € G, E C S measurable .

The two formulations are related by the fact that any non-degenerate x-representation M of Cy(S) is given
by M(¢) = [, g ¢dP for some uniquely determined projection-valued measure P, see also corollary 153.
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Definition 64.

— We call a representation 7 imprimitive if it belongs to a non-trivial system of imprimitivity (r, S, M)
meaning that S is not a single point. Otherwise, it is called primitive.

— A system of imprimitivity (m, S, M) is called transitive if S is a homogeneous space, i.e., if S =G/H
for some closed subgroup H of G.

— A map T : Hn, — Ha, is said to intertwine two systems of imprimitivity ¥y = (71,5, M;) and
Yo = (ma, S, M) if it intertwines both the unitary representations 7; and 5 and the *-representations
M; and M. Denote by Homg (X1, 32) the set of intertwining maps X1 — Y. Similarly, we write
Homg (3, Y) by Homg ().

Definition 65. The transitive system of imprimitivity obtained by the inducing construction that is described
in lemma 62 is called the canonical system of imprimitivity associated to indg (o). The corresponding
spectral measure on G/H is P(E)s = xgs for E C G/H Borel-measurable. In the induced picture we have
instead M (¢)f = (¢ o q) f with spectral measure P(E)f = (xgoq)f.

Lemma 66. Let G be a Lie group with closed subgroup H. Let o1 and oy be two representations of H and
let 3y, = (ind% (or), G/H, My) be the canonical system of imprimitivity associated to ind%(oy) for k=1,2.
If T € Homy (o1, 03), then ind%(T) € Homg (1, 32).

Proof. We have already seen in lemma 57 that ind% (T) € Homg(ind% (a1),ind$ (03)), so it remains to show
it intertwines M; and Ms. It suffices to consider the dense subspaces 7 and F¢ defined by (4.1). Recall that
T : F& — F2 is simply given by T o —. Using the fact that T is linear, we have for any = € G, ¢ € Co(G/H)
and f € F3:

(TM(9)[)(x) = T(doq)(z) - f() = ($oa)(@) - (T o f)(x) = (Ma($)Tf)(w).
0

Now, we have a defined category with T'S OIfI with transitive systems of imprimitivity (=, G/H, M) as ob-

. dG
jects and intertwining maps as morphisms. In the preceding sections, a functor UR(H) N Olg was

constructed, which sends a unitary representation o of H to the canonical system of imprimitivity X associ-
ated to ind% (o) and intertwining maps T' € Homy (01, 03) to T € Homg (21, Bs).

The following two theorems state that this functor is an equivalence of categories, which further clarifies the
importance of the notion of a system of imprimitivity:

Unitary representations of H 2 Systems of imprimitivity for G based on G/H.

This result is really the crux of the matter. Nonetheless, for brevity and seeing as we will only need the result
and not so much the methods used to prove them, we give these results without proof. Still, the proofs are
interesting in their own right. The results are due to Mackey and can be found e.g. in [KT12, p. 125] and
[Fol95, p. 178].

Theorem 67.

Suppose H is a closed subgroup of G and that 01,09 are unitary representations of H.

Let Iy, = mdg(gk) and ¥y, = (I, G/H, M) be the associated system of imprimitivity, where k = 1,2.
Then the map T — T is a bijection from Hompg (o1,02) to Homg(X1,X2).

Theorem 68 (The Imprimitivity Theorem).

Let ¥ = (7, G/H, M) be a transitive system of imprimitivity on G.

There is a unitary representation o of H such that ¥ is equivalent to the system of imprimitivity associated
to z'ndg(a). Moreover, o is uniquely determined up to equivalence.

It follows that the induction process described above is really a two-fold process:

Unitary representations of H
linduction
Systems of imprimitivity for G based on G/H -
J{restriction

Unitary representations of G
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Therefore, if a representation of G lifts to a non-trivial system of imprimitivity for G based on some non-
trivial homogeneous space G/H, then it is the induction of a unitary representation of H. The question
remains for which representations of G such a lift is possible.

4.4 Mackey machine

The previous section has resulted in a sufficient condition for a representation of G to be completely de-
termined by its restriction to a non-trivial closed subgroup H. Namely, the representation should lift to
a non-trivial transitive system of imprimitivity for G. It turns out that for Lie groups of the special form
G = N x H for some Abelian N, the situation is particularly nice and such a lift is always possible. The
obtained method of studying the representation theory of groups of this form is called the Mackey machine,
and can be used to obtain a full classification of the representation theory of the group in terms of induced
representations. The aim of this section is three-fold:

1. Every irreducible unitary representation m of G = N x H is part of a transitive system of imprimitivity
for G based on some homogeneous space G/G,, where v € N and G, is its stabilizer. This means that
it is induced by a representation o of G,,.

2. The restriction of the representation o to N acts on H, simply according to the scalar action of the
character v and is unique up to equivalence.

3. The representations of GG, that restrict to the scalar action of v on N are up to equivalence uniquely
characterized by the representations of the so-called Little group H, = G, N H.

It follows in particular that the representation theory of G is fully determined by the representation theory of
the various stabilizers G,,, by inducing them up to G. The Mackey machine is the main tool used to classify
the irreducible representations of the group R* @ (¢ ® R*) x SL(2,C) x K in terms of the representation
theory of various closed subgroups of this group.

The proofs given here are based on [Fol95, p. 182-187].

0. Regularity of the group action on N.

Now, the Mackey machine applies only if the action of G on N satisfies a certain regularity condition. Before
discussing the three points above, let us first say a few words regarding this regularity. The relevant notion
is defined below.

Definition 69. Suppose G is a locally compact group acting on a locally compact space M. We say that
the orbit space is countably separated if there is a countable family {E;} of G-invariant Borel sets in M
such that each orbit in M is the intersection of all the F;’s that contain it.

The following lemma establishes an equivalent formulation and was proven by Glimm [Gli61, p. 124].

Lemma 70. Suppose that a locally compact group G acts on a locally compact topological space M and both
G and M are Hausdorff and second countable. Then the following are equivalent

1. For everym € M, the map G/Gp, — On, is a homeomorphism, where O,, = G-m is given the subspace
topology as a subspace of M.

2. The orbit space is countably separated.
Proof. For the proof, we refer to [Gli61, Theorem 1]. O

Notice that G = N x H is a Lie group (by assumption), which is in particular Hausdorff and second countable.
The following two lemmas show sufficient conditions for the orbit space to be countably separated that will
be enough for the purposes of this thesis.

Lemma 71. Suppose G is a linear algebraic group defined over R and let V' be an affine algebraic variety
defined over R. Let further m : G x V. — V be a real algebraic action defined by restriction to the real points
of an algebraic action over R. Then each orbit of 7 is locally closed and is an embedded submanifold of V.
In particular, the orbit space is countably separated.

Proof. See [FFBT98, p. 72, Corollary 4.9.3]. O
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Remark.

— Consider the setting of lemma 71 and assume further that V' is equipped with a non-degenerate G-
invariant bilinear form 3. Consider the action of G on V determined by (v,g - &) = (m(z~)v,£) and
identify V' 2V via

(v, w) = P, v,w e V.

Under this identification, the G-invariance of 5 implies that the action of G on V transfers simply to
the action m on V. The previous lemma now implies that the orbit space of V' is countably separated.

1. Every irreducible unitary representation is part of a transitive system of imprimitivity.

Assume that G contains a closed Abelian normal Lie subgroup N. Then G acts on N by conjugation, which
induces an action of G on its dual group N given by

(n,x-u)i@c—l,nx,V), zeGneN,veN.
Denote for each v € N the stabilizer of v by G, and the orbit by O, .

Suppose that 7 is a unitary representation of G. Notice that since N is Abelian, proposition 151 implies that
we may identify N with the spectrum Q(L!(G)) of L*(G). This is the main reason for transferring the action
of G on N over to N. Moreover, from theorem 152 we know that there is a projection-valued measure P on
N such that

w(n) = /(n,y>dP(u) n € N. (4.6)

We have already seen that (, N , P) is a system of imprimitivity, so remains to show it is in fact a transitive
system of imprimitivity. The strategy will be to show that P is supported on a single orbit, which by the
previous lemma is a homogeneous space O = G/G, for some v € O. Then (7,G/G,, P) is a transitive
system of imprimitivity.

First, observe that if 7 is irreducible, then P is ergodic in the sense of the lemma below.

Lemma 72. Let w be an irreducible representation of G. If E C N is a G-invariant Borel-set, then either
P(E)=0o0r P(E)=1.

Proof. Since (, N , P) is a system of imprimitivity and E is G-invariant, we have
n(x)P(E)n(z)~! = P(xz- F) = P(E).

This means that P(F) € Homg (7). By Schur’s lemma, it follows that P(E) is a multiple of the identity,
which implies the result since P(FE) is a projection. O

Proposition 73. Suppose that the orbit space of N under the action of G is countably separated. If 7 is
irreducible, then there is an orbit O in N such that P(O) = I.

Proof. Let {E;}en be a countable family of G-invariant Borel-measurable sets, so that for every orbit O C N ,
there is some J C N such that O = ;. ; E;. In particular, O is measurable and P(O) is a projection onto
the intersection of all the ranges P(E;), j € J. Notice that P(E;) = 0 or P(E;) = I for every j. If P(E;) =0
for some j € J, then P(O) = 0. Therefore, for every orbit O we either have P(O) = 0 or P(O) = I. If
P(0O) = 0 for every orbit, this means that for every orbit O there exists some E;, containing O on which P

is zero. Since N = UOeG\Kf E;,, this implies P(N) = 0, contradiction the fact the P(N) = I. O

Notice that P(N/O) = 0 since I = P(O) + P(N/O). Therefore, the orbit in the above proposition is also
unique. We have completed the first goal; that every irreducible unitary representation of G = N x H lifts
to a transitive system of imprimitivity for G based on some homogeneous space G/G,. By the imprimitivity
theorem 68, (7, G/G,, P) is unitarily equivalent to the canonical system of imprimitivity associated to indg (o)
for some unitary representation ¢ of H.
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2. o is unique up to equivalence and its restriction to N acts according to v.

Lemma 74. Let 7 = ind% (o) be an induced representation and (m,G /G, P) be the canonical system of
imprimitivity associated to w. Then w(n)f(z) = (n,z - v) f(x).

Proof. We consider the induced picture. By equation (4.6) we have
7= [ e n)dPeG,) = M)
G/G,

where ¢ € Cy(G/G)) is given by ¢ : G, — (n,zv). This follows by an application of the Borel-functional
calculus, which holds for bounded measurable functions, so in particular for ¢. Then

(m(n)f)(z) = (M(6)f)(z) = (n,2v) f(z) = (&™ nz,v) f(z) = (n,x - v) f(2).
O

Lemma 75. Let G be a Lie group with closed subgroup H. Suppose that o is a unitary representation of H
on some Hilbert space H,. Let Fy be defined by equation (4.3). The set {f(1) : f € Fo} is dense in H,.

Proof. The following proof is based on [Fol95, p. 158]. Let {U, }nen be a non-increasing sequence of open
sets such that U, | {1} as n — co. Using Tietze’s extension theorem, there exists a family {¢,, € C.(G)}nen
such that for all n € N it holds that supp ), is compact and contained in U, v, > 0 and fH U (n)dn = 1.
Notice that for any n, by lemma 50 the function

fu(z) = /Hwn(xn)O(n)vdn, reG

is in Fp. Moreover, by continuity of o, we can find for any € > 0 an open neighborhood N, of 1 in H such
that for any n € N, we have ||o(n)v — v|| < e. Since U, | {1} there exists N € N such that U,, C N, for all
n > N. Then for all n > N we have

(D) — v]ls < /U Pullomy — vllody < e /U n = e

O

Lemma 76. Suppose that (w,G/G,,P) is a transitive system of imprimitivity for some v € N with ©
irreducible. Then 7 s unitarily equivalent to indgu (o) for some irreducible representation o of G, that
satisfies o(n) = (n,v)I for alln € N.

Proof. We may assume that (7, G/G,,, M) is the canonical system of imprimitivity associated to indgu (o) for
some unitary representation o of G,,. Combining lemma 58 with the previous lemma, we have o(z~'nz) f(x) =
(7 Inx,v) f(z). In particular o(n)f(1) = (n,v)f(1). By lemma 75, {f(1)|f € Fo} is dense in H, and the
result follows. O

It turns out that we also have the following converse statement.

Lemma 77. R R

Suppose that the orbit space of N under the action of G is countably separated. Ifv € N and o is an irreducible
representation of G, such that o(n) = (n,v)I for all n € N, then indgu (o) is irreducible. Moreover, if
o’ is another such irreducible representation of G, such that mdg (o) = indgu (o) in UR(G), then o’ =
o in UR(G,).

Proof. Let ¥ = (7,G/G,, P) be the canonical system of imprimitivity associated to indgu (o). By the same
argument as in the proof of lemma 74, we know that w(n)f(x) = (n,z - v)f(z) = fG/G (n,z - v)dP(zG,).

It follows that P is the spectral measure for 7|, after identifying G/G, = O, — N. This implies both
statements of the lemma. Firstly, if 7' € Homg(7) then by theorem 152, T' also commutes with also P(FE)
for every Borel set E C N. This means that T € Homg (X)) by corollary 153. The converse is trivially true.
Thus, we have

Homg(7) = Homg () & Homg, (o),

using the fact that indgy : UR(G,) — TSOI(G) is an equivalence of categories for the latter equality. Since
o is irreducible, Schur’s lemma implies that Homg, (0) = CI. Thus also Homg(7) = CI, which means that
is irreducible. Secondly, it follows in similar fashion that an equivalence between the unitary representations
indgu (o) and indgu (¢0') actually defines an equivalence between their canonical systems of imprimitivity. The
uniqueness in theorem 68 now implies that o = ¢’ in UR(G,). O
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Thus, we have completed the second aim of this section; that the irreducible representations of G are up to
equivalence precisely given by representations of the stabilizer G, whose restriction to IV is just the scalar
action of v on N.

3. The representations of GG, that restrict to v on NV are determined by the Little group.

Now, let H, = G, N H = G,/N. This group is called the Little group associated to v. Observe that
G, = N x H,. The following proposition completes the classification.

Proposition 78. Let v € N. Then every unitary representation o of G, satisfying a(n) = (n,v)I is of the
form p(n,h) = (n,v)p(h) for some unitary representation p of H,. Moreover, o is irreducible if and only if
p 1s. Finally, writing vp for such representations, we have

vp1 2 vpy in UR(G,) <= p1 = ps in UR(H,).
Proof. If o is a representation of G, = N x H, on H, satisfying o(n) = (n,v)I, then we have
o(n,m) = o(n,1)a(0,h) = (n,v)p(h),

where p(h) = o(0,h) is a unitary representation of H,. Next, any subspace W C H, is o-invariant if and
only if it is p-invariant, since N just acts by scalars. This implies the statement on irreducibility. The last
statement follows similarly. O

In summary, we have obtained the following:

Theorem 79. Suppose G = N x H, where N is Abelian. Suppose further that the orbit space ofﬁ under
the action of G is countably separated. If v € N and p is an irreducible representation of H,, then indgy (vp)
is an irreducible representation of G and every irreducible representation of G is of this form. Moreover,

vp1 = vps m UR(GV) = p1 = p2 m UR(H,,)

We make a final remark concerning the bundles that occur when applying the Mackey machine that is
particularly relevant in chapter 6 and section 8.3.

Lemma 80. Let v € N and G, = N x H, be the corresponding stabilizer. Let o be any representation of
G, on H,. There is an isomorphism of H-homogeneous Hilbert bundles:

Hxy, Hy —2 G x¢q, H,

| |

H/H, —2 5 G/G,

Proof. The map ® is defined by ® : [v,h] — [v,(1,h)]. This is well-defined and smooth. It is directly
checked that this map is injective. To see surjectivity, notice that any element [v,(n,h)] € G xXg, Hs
has a representative of the form (v, (1,h)) for some appropriate v'. Next, ¢ : H/H, — G/G, is defined
by [k] — [(1,h)], which is also well-defined, smooth and bijective. Since it is H-equivariant and H acts
transitively on H/H,, it has constant rank and is thus a diffeomorphism. The diagram above commutes
and ® is H-equivariant and linear on fibers, so ® is a morphism of homogeneous Hilbert bundles for H. An

application of proposition 9 shows that it is a diffeomorphism, so we are done
O

Corollary 81. Consider the same setting as the previous lemma.

indd, (0)] = indff (0ly,)
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4.4.1 Regularity of the action of Spin(r,s)° x K on V& (£x V).

The main goal of this thesis is to study the representation theory of the group G = N x H LR (e
R*) x SL(2,C) x K for some compact semisimple Lie group K with real lie algebra ¢. The strategy to do
so is to apply the theory of the Mackey machine, so that every strongly continuous unitary representation of
the group G is obtained by inducing a suitable representation of a Little group up to G. Now, the Mackey
machine only applies if the orbit space of the action of SL(2,C) x K on the dual space N is countably
separated. The aim of this section is to address this matter and justify the use of the Mackey machine in
chapter 5 and chapter 6.

Now, in chapter 6 we will be concerned with a more general family of groups, namely groups of the form
NxH=V@({f®V)xSpin(r,s)° x K, (4.7)

where (V] ¢) is a real quadratic space of signature (r, s) and the action of H on V is given on simple tensors
by
(w, k) -v1 ® (X ®@vy) = p(w)vy; & (Adp X @ ¢(w)va), (4.8)

where ¢ : Spin(r,s)? — SO(r,s)" denotes the covering homomorphism. Thus, we consider groups of this
more general form (4.7). Notice that the non-degenerate bilinear form ¢ is Spin(r, s)°-invariant and because
K is semisimple and compact there exists a Ad-invariant inner product x on . It follows that the bilinear
form = q® (k ® q) on N is H-invariant and non-degenerate. Thus, we may use it to identify N = N via
the pairing

<U1 P t1,v9®P t2> — eiﬁ(v1$t17v2€9tz)

so that under this identification, the action of H on N transfers to the action (4.8) on N. We aim to apply
lemma 71 to the action (4.8) of H on N.

Observe that Spin(r,s)? acts on V via SO(r,s)". Now, SO(r,s) is a linear algebraic group defined over R
and V is vacuously an affine variety defined over R. Moreover, it is clear that the defining action of SO(r, s)
on V is also a morphism of algebraic varieties, meaning that it is defined by restriction of a polynomial map.
Thus, lemma 71 yields that the action of SO(r,s) on V is countably separated. However, we are interested
in the action of the connected component of the identity SO(r, s)°. It is not clear that this subgroup is also
a subvariety of SO(r, s) so that lemma 71 does not directly yield the required result. Instead we make use of
the following lemma.

Lemma 82. Suppose that G = H X Zs is a Lie group that acts smoothly on some vector space V.. Letv € V
and write OF and OF for the H- and G-orbit of v, respectively. Endow both OF and OF with the subspace
topology, as subspaces of V. If the orbit map G /G, — OF is a homeomorphism, then also the orbit map
H/H, — O is a homeomorphism.

Proof. Define the map ¢ : H/H,, — G/G, by ¢([h]) = [h, 1]. Notice that this map is smooth and well-defined.
To proof the claim, it suffices to show that ¢ is actually an embedding. We distinguish the two possible cases.

1. Suppose first that G, = H, x Zs. Then G/G, = (H X Zy)/(H, % Zs) = H/H,, where the latter
diffeomorphism is given by [h, 1] — [h]. Indeed, notice that any element in (H % Zs)/(H, %X Z3) admits
a unique representation of the form [h,1]. Moreover this map is of constant rank by H-equivariance
and since it is also bijective, it is a diffeomorphism. It follows that . : H/H, — G/G, = H/H, is just
the identity, which is clearly an diffeomorphism and in particular an embedding.

2. Suppose instead that G, = H, x {1}. In this case, G/G, = (H xZ3)/(H, x{1}) =2 H/H, x Za, where
the latter diffeomorphism is given by A : [h,n] — ([h],n). Indeed, this map is well-defined and bijective
because H, acts trivially on Zs. Now, let g, : H — H/H, and q; : H X Zo — (H x Z3)/(H, x {1})
be the quotient maps. Define further g2 = qp, xid : H x Zy — H/H, X Zy. Notice that A is a smooth
map making the diagram below commute:

H ~ ZQ
/ X . (4.9)
(H % Zy)/(Hy x {1}) A H/H, x Zy

Since both ¢; and ¢ are smooth submersions by corollary 18, it follows that both A and A~' are
smooth. We conclude that « : H/H, — G/G, = H/H, x Z is given by [h] — ([h], 1), which is clearly
an embedding.
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O

Corollary 83. Consider the setting of lemma 82 and consider the action of Spin(r,s)° on 1 given by

(v, - &) 4 (710, &), If SO(r,5) =2 SO(r, 5)° x Zy, then the orbit space of the action of Spin(r,s)° on Vs
countably separated.

Proof. Notice first that we may identify Vv using the Spin(r, s)-invariant quadratic form ¢ via the pairing

(v,w) = ela(vw)

Under this identification, the action of Spin(r, s)° on V transfers to the original action on V. By lemma 71,
the orbit space of the action of SO(r,s) on V is countably separated, which by lemma 70 is equivalent to
the statement that every orbit map of SO(r, s) is a homeomorphism. Then lemma 82 implies that also every
orbit map of SO(r, s)? is a homeomorphism, which completes the proof, again by lemma 70. O

Remark.

— It is known [Kna02, p. 73, proposition 1.124] that for every r,s > 0 the group SO(r,s) has two
connected components. The question therefore remains for which r, s > 0 the following exact sequence
splits:

1 — SO(r,5)° = SO(r,s) — Zy — 1.

— In the case we are mostly interested in, namely that of (r,s) = (1,3), this sequence is known to split
[Var07, p. 333, theorem 9.1].

Lemma 84. Suppose that K is a linear algebraic Lie group with real Lie algebra €. Then the adjoint action
of its Lie algebra € is an algebraic action defined over R.

Proof. Notice that the Lie algebra £ is vacuously an algebraic variety over R. Since K is a linear algebraic
group defined over R, the adjoint action on its Lie algebra consists of multiplication and inversion in GL(R™),
where n = dim €. Since GL(R"™) is an algebraic group, we are done. O

Remark. Observe that in particular SU(N) is a linear algebraic group defined over R.

Proposition 85. Suppose that K is a linear algebraic Lie group defined over R with real Lie algebra € and
assume that SO(r,s) = SO(r, s)° x Zy. Then the orbit space of the action of Spin(r,s)? x K on R1@ (E@ R?)
is countably separated.

Proof. Since K is a linear algebraic group defined over R, also Spin(r,s) x K is a linear algebraic group
defined over R. Now, R* @ (¢ ® R?) is vacuously an algebraic variety defined over R. Since both the action
of Spin(r,s) on R? and of K on £ are algebraic actions defined over R, the same holds for the action of
Spin(r,s) x K on R? @ £. Indeed, choosing a basis for R? x £ reveals that the components of this action
are given by the product of the corresponding components of the separate actions of Spin(r,s) on R? and
K on t. Therefore, lemma 71 implies that the orbit space under the action of Spin(r,s) x K is countably
separated. Furthermore, because Spin(r,s) = Spin(r,s)? x Zs, also the orbit space under the action of
Spin(r, 5)? x K is countably separated. Indeed, this follows by an application of lemma 82 after noting that
(Spin(r, s)°® x Zy) x K = (Spin(r, s)° x K) x Zy, where Zy acts trivially on K. O

Corollary 86. Suppose that K is a linear algebraic Lie group defined over R with real Lie algebra €. The
orbit space of the action of SL(2,C) x K on R* @ (¢ ® R*) is countably separated.
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4.5 Projective unitary representations of the Poincaré group

In this section, the Mackey machine is applied to the Poincaré group, leading to a full classification of
its continuous projective unitary representations in terms of the representation theory of the various Little
groups. The results of this section are based in [Fol95, p. 190]. The Poincaré group is defined by

P =R* % SO(1,3)° (4.10)

With the group law (by,T1) - (be,To) = (b1 + T1ba, T1T2). Now, Bargmann’s theorem[Bar54] implies that
any continuous projective unitary representation of P lifts to a strongly continuous unitary representation
of its universal covering group P. The study of the projective unitary representations of the Poincaré group
therefore leads us to study the strongly continuous irreducible unitary representations of its universal covering
group, which is P = R*x SL(2,C). By corollary 83, we know that the orbit space of the action of SL(2,C) on

R? is countably separated, so that the use of the Mackey machine is justified. In the following, we determine
the orbits and corresponding stabilizers of this action. Recall that any irreducible induced representation of
‘P corresponds to a spectral measure that is supported on one of these orbits. Moreover, if the representation
of the corresponding stabilizers is finite dimensional, then the induced representation is constructed out of
sections of homogeneous Hilbert bundles over the respective orbit.

Let SL(2,C) 2, SO(1,3)° be the covering homomorphism constructed in equation (3.3). Let 7 be the
Minkowski form and use it to identify R* with R* via the pairing

(z,p) = en(@.p)

By SL(2,C)-invariance of the Minkowski form 7, the action of SL(2,C) on R* transfers under this identifi-
cation to the action on R* given by w - p = ¢(w)p.

Let us first determine the of the action of SL(2,C) on R* explicitly. Notice that for every A € R, the level
sets

M)y = {pel@ : 1(p,p) :/\}

are invariant under the action of SL(2,C). For s € R* write s = (i) with ¢ € R and z € R3. Consider the
case when A > 0. Notice that
sEMy = t*—|z|> =\

M), is therefore a hyperboloid of two sheets (’)/\i7 where

sz{(i)GMA:it>0}.

Notice that these sheets are the connected components of My. Since SL(2,C) is connected any orbit must
also be connected and it follows that each of the sheets OF must be invariant under the action of SL(2,C).

Lemma 87. For A > 0, each of the sheets Of is an orbit of SL(2,C). For A < 0 the level set My is an
orbit.

Proof. We need to show that SL(2,C) acts transitively on each of these sheets. We consider first (9:\". To
prove the claim, we will show that for every point s € Oj\r, there exists Ay € SO(1,3)? such that A, maps
the point ey = (\[\, 0,0,0) to s. In that case, if s,z € (9;\", then z = A, A;'s and therefore the action of P
on Oj\' is transitive.

Notice first that by rescaling s if necessary, we may assume that A = 1. Moreover, because the action of
SO(3) C SO(1,3)% on S? is transitive, we may further assume that # = (z0,0,0), so t> — 23 = 1. Let y € R
be such that ¢ = cosh(y) and z¢ = sinh(y). Define

cosh(y) sinh(y) 0 0

A = sinh(y) cosh(y) 0 0
T 0 0 1 0
0 0 0 1

Then Ae; = s. Moreover, notice that A, preserves n and [0,7] — O(1,3),t +— A; defines a continuous path
connecting the identity and A.. Thus A, € SO(1,3)" and completing the proof of the claim for O .
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Next, observe that A, maps the point —e; to (— cosh(v), —sinh(y),0,0) € O7 and the point e to (sinh(y), cosh(v),0,0) €
M_1, so a similar arguments also prove the transitivity of the action on Oy for A > 0 and on M) for A < 0.

Finally, consider A = 0. Since the origin is an invariant element, {0} is a distinguished orbit. Moreover the
subsets OF are once again invariant. Observe that A, maps +(e; + e2) to #(cosh(y) + sinh(7), sinh(v) +
cosh(y)) € OOi, so once more a similar argument also proves transitivity of the action on O . O

We conclude that the orbits are M) for A < 0, (’)f\E for A > 0 and {0}. They are depicted in figure 4.1.

Orbits

v

Figure 4.1: Two-dimensional representation of the orbits of the action of P on R4,

Next, let us determine the stabilizers H, of the action of SL(2,C) on R* corresponding to the various orbits
O,.. Notice for any point v € R*, its stabilizer is simply the pre-image under ¢ of its stabilizer with respect
to the SO(1, 3)%-action.

— First, consider M) for A < 0. Take a = (0,+/|)],0,0). Choosing a basis for R* that containing a, one
finds that the stabilizer in SO(1,3) is given by SO(1,2)" < SO(1,3)°. From lemma 44 we know that
H, = ¢71(SO(172)0) = SL(27R)

— Next, consider (’)f with A > 0. Choose the point b = (:t/\%,O7 0,0). Then once again, after choosing an
appropriate basis one finds that the stabilizer of b in SO(1,3)? is SO(3) — SO(1,3)". By corollary 48,
it follows that H, = SU(2).

— The origin is an invariant element which means that Hy = SL(2,C).

— Finally, consider the light-like orbits O(jf. Consider the points ay = (£1,0,0,+1) € OSE and let
Fy = SL(2,C),. be the corresponding stabilizers. Let A : R* - C,z — Z?:o x;0; be as in the

construction of the covering homomorphism ¢. Notice that A(ay) = £2 <(1) 8) and therefore

1 0 » 1 0
weFi<:>¢(w)ai=ai(=>w<0 0)11} =<0 0)
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A computation shows that

Fi:Eg{(g Zal) : z,a € C, |z|:1}.

= a ) Notice that m, 1 - mi 4 - m;i = My ,2,. Thus if we identify z € U(1) with

0 27!
m,o and a € C with my 4, we find that Fy = C x, U(1) where C is considered as an Abelian group
under addition and o(z)a = z%2a. Now, let § : U(1) — SO(2) be an isomorphism. Then the mapping
(a,2) — (a,0(2%)) is a surjective homomorphism from C x, U(1) to R? x SO(2) with kernel {£1}.
Therefore, we find that

Write m, o, = (

H(E) 2 E/{+I} 2 C x, U1)/{£I} =ZR?* x SO(2) =: E(2).

We conclude that the irreducible strongly continuous unitary representations of P are precisely those of
SL(2,R),SU(2),SL(2,C) and E induced up to P according to the theory of the Mackey machine. Not all
of these are currently physically relevant. Wigner related the representations induced from SU(2) and E to
certain wave equations, see also section 8.3 for a detailed exhibition.
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Chapter 5

Positive Energy Representations

This chapter finally begins addressing the main goal of this thesis; to obtain an understanding of the strongly
continuous unitary representations of the group R* @ (¢ ® R*) x SL(2,C) x K that are of positive energy,
in a specific sense. Before diving into the details, let us recall briefly the motivation leading up to this problem.

The main historical motivation lies in the attempt of physicists and mathematicians to formulate theories
of particle physics in a mathematically rigorous way. Such theories should in particular be compatible with
both the theory of quantum mechanics and that of special relativity and the connection between these two
theories is mathematically found in representation theory.

Recall that the state space of a quantum system is a projective Hilbert space. If it is known that such
a quantum system exhibits an invariance with respect to some connected symmetry group, then Wigner’s
theorem [Wig39] states that there must exist a projective unitary representations of this group on the state
space of the quantum system.

In particular, there must be a projective unitary representation of the group R* x SO(1,3)? in the state space
of any quantum system that is consistent with the theory of special relativity. Moreover, various fundamental
interactions are known to exhibit further symmetries. In particular isospin exhibits SU(2) symmetry and
flavour is subject to SU(3) symmetry. These interactions are internal and the corresponding symmetries are
local, meaning that they may vary (smoothly) at different positions in space-time. On the other hand, the
symmetry of R* x SL(2,C) imposed by special relativity is global. A symmetry group capturing both these
local and global symmetries can mathematically be described in terms if fiber bundles.

Explicitly, let K be a simply connected semisimple compact Lie group with real Lie algebra €. If P — R* is a
principal K-bundle, then one considers the associated group bundle K = P x rq K over R* with typical fiber
K. Now, given the action of R* x SO(1,3)° on R* and a lift of this action to K, one considers the symmetry
group G = I'.(K) x (R*x.SO(1,3)?), where I'.(K) denotes the group compactly supported sections of K — R%.

The representation theory of such groups is in general not well understood, but a simplification is obtained
if the Minkowski space R* is be replaced by its conformal compactification @ [FLVO07, section 2]. With this
simplification, a recent result[JN] by B. Janssens and K.H. Neeb has reduced the study of a certain class of
projective representations of G satisfying a so-called positive energy condition to a much simpler problem.
The precise result is given below.

Theorem 88. There exists some H in a mazimal Abelian subalgebra t of € such that there is a bijective
correspondence between smooth projective positive energy representations of T'(Q, K)° x (R* x SO(1,3)°) and
strongly continuous unitary representations of

VxHLR @ (R x SL(2,C) x K,
that are of positive energy with respect to the cone
C'={ve (H®wv) : vy >0 and n(v,v) >0} CR* @ (ExRY) (5.1)
and where the action of SL(2,C) x K on R* @ (£ @ R*) is given on simple tensors by

(w, k) - 01 ® (X @ v3) = dp(w)vr & (Ady(X) @ d(w)vs).

42



Here ¢ : SL(2,C) — SO(1,3)° denotes the covering homomorphism.

This chapter is devoted to an understanding of the strongly continuous unitary representations of the Lie
group V' x H that are of positive energy at the cone (5.1).

This amounts firstly to an understanding of the positive energy condition, which is reformulated in a way
that allows for a geometric interpretation. This leads in to a detailed understanding of the condition.

Secondly, as the group V x H is of a form compatible with the Mackey machine, the strongly continuous
unitary representations of V' x H are determined by the representation theory of the various Little groups
H,. As such, the second half of the chapter is concerned with the classification of the various stabilizers H,
corresponding to representations of positive energy for the special case that K = SU(2). A full classification
of these stabilizers is obtained.

5.1 The positive energy condition

In the following, the the notion of a representation of positive energy is introduced. After stating the definition
given in [JN] its meaning and implications are examined in detail, yielding a further understanding of this
condition.

Definition 89. Suppose G = N x, H where N is Abelian. Let p : G — U(H) be a strongly continuous
unitary representation. Then

1. The representation p is said to be of positive energy at Z € Lie(N) if the spectrum of the infinitesimal
generator —i dp|p .,y (Z) 4 %’t:o p(exp(tZ), 1) is bounded from below.

2. The positive energy cone C C Lie(N) associated to p is the cone of elements in Lie(/N) at which p
is of positive energy.

Remark.

1. By the theory of the Mackey machine we know that if the orbit space of N under the action of H
is countably separated, then for every irreducible unitary representation p there exists some v € N
such that the spectral measure associated to p is supported on the orbit O, and moreover, there
is a representation of its stabilizer G, such that p = indgu (o). The Hilbert space F, on which
this space acts is defined according (4.3). Now, the Abelian part acts as a multiplication operator
p(n)f(z) = (n,z-v)f(x) for f € F,. Recall that v : N — U(1) is a Lie group homomorphism. Then
v, : Lie(N) — iR, and

—i dply) (2)f(2) = —i(z - v)(Z2)f(x),  Z€Lie(N), f € Fy, 2 €G.

2. If further N is a vector space equipped with a non-degenerate symmetric bilinear form 3 that is H-
invariant, we can identify N 2 N via the pairing (v, w) = e#(v:w) Under this identification, the action
of H on N 2 N becomes h -n = «a(h)n. Notice also that Lie(N) = N. We have

d

—i(z - V) (n)f(x) = —i%(tn,x ) fx) = —%eiw("aw-”)f(x) = B(n,z - v)f(x).

Therefore,

Spec(—i dp| 5 (n)) = B(n,O,).
In particular, we see that whether or not a representation is of positive energy at the point n only
depends on the orbit O, on which the spectral measure corresponding to p has its support.

In view of the second point in the previous remark, we make the following definition.

Definition 90. Suppose G = N x, H where N is a real vector space equipped with a non-degenerate
symmetric bilinear form that is H-invariant. Assume further that the orbit space of N is countably separated.
We say that the orbit O, C N is of positive energy at n € N if 8(n,0,) is bounded from below. A point
v € N is said to be of positive energy at n € N if O, is of positive energy at n € N.
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Proposition 91. Consider G = R* x SL(2,C), where R* is equipped with the Minkowski form 7. The orbits
in R* that are positive at all elements in the open cone

C={peR*: py>0 and n(p,p) > 0} (5.2)
are precisely the orbits that lie within the closure C of this cone.

Proof. Notice first that n(p, 0,) = n(é(w)p, p(w)0,) = n(é(w)p, 0,) for p € C, w € SL(2,C) and v € R*.
Therefore, n(p, O, ) is bounded from below if and only if (¢(w)p, O,) is bounded from below. We know from
section 4.5 that any point in C'is in the orbit of meg for some m > 0, so by the previous observation an orbit
O, is of positive energy at all points in C' if and only if 1(eg, O,) is bounded from below. As such, consider
the linear functional (e, —). The kernel of this map is Span{e;, es, e3}. Moreover, n(eg,ep) = 1 is positive
and therefore 7(pg, O,) is bounded from below if and only if Pry(O,) is bounded from below, where Prg is
the projection onto the first coordinate. The various orbits have been determined explicitly in section 4.5
and the conclusion follows. O

5.1.1 The positive energy condition for R* ¢ (£ @ R*) x SL(2,C) x K

Let us examine in detail what it means for a strongly continuous unitary representation of the group
R* @ (£ ®@ R*) x SL(2,C) x K to be of positive energy at the cone (5.1).

Let K be a simply connected compact Lie group with semisimple real Lie algebra €. Consider the group
R* @ (@ R*Y) x SL(2,C) x K, where SL(2,C) x K acts on R* @ (¢ ® R*) according to

(w, k) - (01 @ (X @ vp)) £

P(w)vy © (Adp X @ ¢p(w)v2).

Here, SL(2,C) 2, S0O(1,3)° denotes the covering homomorphism as in corollary 43. Assume further that
the corresponding orbit space is countably separated, so that the theory of the Mackey machine applies. In
view of corollary 86 this holds in particular if K = SU(N).

Now, we have already observed that in this case, the positive energy requirement is really a condition on the
orbits on which the projection-valued measure corresponding to some irreducible representation is supported.
Thus, we will be concerned with the orbits of positive energy, in the sense of definition 90.

Obtaining an equivalent formulation

First, an equivalent formulation is determined for an orbit to be of positive energy at the cone C’, which
gives this definition a more geometrical and intuitive interpretation. Eventually, this leads to the conclusion
that for points v = p+ A with p € 9C the condition forces A to be a rank-one operator of the form 7(p, )X
for some X € €. On the other hand if p is in the interior p € Cj, then the condition virtually imposes no
restriction on the possible stabilizers corresponding to orbits of positive energy.

Identify R*" = R* using 7, £* = £ using an Ad-invariant positive definite inner product s on ¢, which exists
because K is compact so that the Killing form is negative definite on t. Furthermore, identify £ @ R* =
R* ® ¢ = Hom(R*, ¢) according to equation (8.10). These identifications are discussed in more detail in
section 8.4. In particular, under these identifications the action of SL(2,C) x K transfers on Hom(R*,€) to
the action given by

(w,k) - A= Ady, 0 Ao p(w)™ !, (w,k) € SL(2,C) x K, A € Hom(R*,¢).
Thus, we are interested in the strongly continuous representations of the group
G =V xH=R*"¢Hom(R* ¢) x SL(2,C) x K (5.3)

Denote by (—)* : Hom(R* £) — Hom(¢, R*) the transpose obtained via the identifications R*" = R* and
£* = ¢£. Then according to lemma 163, the bilinear on Hom(IR*,€) corresponding under these identifications
to the bilinear form n®x on R*®¢ is given by 3(A, B) = tr(A*B) = tr(B*A). Finally, the cone (5.1) becomes

C"={ven(,v)H :velC}. (5.4)

Lemma 92. Let 3 be the bilinear form on Hom(R*,€) given by B(A, B) = tr(A*B). Fiz v € C and define
M, =n(-,v)H € Hom(R*,€) for some non-zero H € t. Then for any A € Hom(R*,¢), we have

B(M,, A) = k(Av, H).
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Proof. By lemma 160 we know that M} is the unique linear map € — R* satisfying x(M,p, X) = n(p, M} X)
for all p € R* and X € €. We compute that

K(Myp, X) = n(p,v)r(H, X) = n(p, s(X, H)v).

Therefore M} = k(-, H)v and hence M} Ap = k(Ap, H)v. Since n(v,v) # 0 and 7 is symmetric, we may extend
v to a n-orthogonal basis of R* and using this basis one finds that 3(M,, A) = tr(M*A) = k(Av, H). O

Lemma 93. Let v = p+ A € R* @ Hom(R*,€), H € t be non-zero and let v € C be arbitrary. Define
M, =n(-,v)H. Then O, is of positive energy at v ® M, if and only if n(v, Opya-x) is bounded from below
for every X in the adjoint orbit of H, where Opya«x is the orbit of p + A*X in R* under the action of
SL(2,C).

Proof. By definition, the orbit O, is of positive energy at v & M, if (n ® 8)(v & M,,O,) is bounded from
below. By the previous lemma 92, this is equivalent to

3K, >0 : v, ¢(w)p) + k(AdpAd(w) v, H) > —K, Yw € SL(2,C), k € K.
Write Op for the adjoint orbit of H in ¢. Fix w € SL(2,C). Then we have
(v, 6(w)p) + K(Ap(w)'v, Or)
(v, p(w)p) +n(d(w) " v, A*On)
(v, o(w)p) +1(v, $(w) A*Or)
(v, o(w)(p + A*On)).

g

n

<

Ui
n
n

Therefore, p+ A is of positive energy at v & M, if and only if 7(v, Opt 4+ x) is bounded from below for every
X € Oy. O

Corollary 94. Let v =p+ A € R* @ Hom(R*,£) and let H € t be non-zero. Then O, C R* @ Hom(R*, £) is
of positive energy at all points in the cone (5.4) if and only if p+ A*Oy C C, where Oy denotes the adjoint
orbit of H in &.

Proof. For fixed X € Op, we know from proposition 91 that n(v, Opta+x) is bounded from below at all
points v € C if and only if p + A*X € C. Therefore, v satisfies the positive energy condition at all points
v@® M, € C"” if and only if p+ A*Oy C C. O

Remark.

— Tt holds that (AdyAp(w)~1)* = ¢(w)A*Ad; ', see also section 8.4. Indeed, using lemma 160 we know
that A* is the unique linear map satisfying x(Ap, X) = n(p, A*X) for every p € R* and X € ¢. Thus,
using the invariance of  and x we compute that

R(AdrAg(w)~'p, X) = K(Ad(w) 'p, Ady ' X) = n(9(w)~'p, A'A X) = 1(p, ¢(w) A" Ady ' X).

The condition p + A*Oy C C can be visualized quite explicitly, as is shown in figure 5.1. The value of A*H
can be interpreted as a perturbation of p and the perturbation p + A*H is not allowed to go outside the
closed light-cone. Notice that in these images all A*Op has the shape of an ellipsoid, which is not the case
in general.
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Various Orbits

X x X

Figure 5.1: Two-dimensional representation of various orbits of p + A*H that satisfy the positive energy
condition at the cone (5.4).

Implications of the positive energy condition

Let us proceed with some further implications of the positive energy requirement. Notice first that the
following are equivalent:

p+A*(’)H gé,
— A*Og CC —p,
— A* convOy C C —p,

where conv S denotes the convex hull of S.

The Weyl group of the root system for t may be defined as the quotient W = N(t)/Z(t), where
Z(t)={ke K :Ady(H)=H, VHet},
Nt ={keK:Adg(H)Ct, VHet}.

The Weyl group acts on t via [k] - X = Adi(X). Moreover, the roots of t in £¢ are elements of it*. Because K

~

is compact we may identify it* = it = t using k. Thus, we will consider the roots of t as elements in t using
these identifications. The fact will also be needed that if £ is simple, then the Weyl-group acts irreducibly on
t, see also[Hum72, p. 53, 73]. In particular, this implies that the roots of t span t.

Lemma 95. Assume t is simple and let H € t be arbitrary. Then the center of mass of the Weyl-orbit
OW C tis zero. That is,

1
o Z Z=0.

Zeoy

Proof. Let Zy be the center of mass. Since every element of the Weyl-group maps O bijectively onto itself,
Zy is an W-invariant element. In particular, for every root H, the reflection s, across the hyper plane
ker k(H,,-) leaves Zj invariant. Then Z, L H,, for every root H,. Since the roots span t, this implies that
Zy = 0. O

Corollary 96. Assume that € is simple. The center of mass of any adjoint orbit Oy C € is zero. That is,

/ Ad(H)dp(k) =0,
K

where p is the normalized Haar-measure on K.
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Proof. Using the translation-invariance of the Haar-measure, we have

> / Ady Zdu(k 0W| / Ady > Zdp(k) =0.

Zeoy Zeoy

/ AdyHdul(k OW|

O

As a consequence, we obtain the following necessary condition for a point p + A € R* @ Hom(R*, £) to be of
positive energy at the cone (5.4).

Corollary 97. Assume € is simple. If p+A € R*® Hom(R*,€) is of positive energy at all points v M, € C”,
then p € C.

Proof. The center of mass of any adjoint orbit Oy is zero and therefore we must have 0 € conv Oy. From
corollary 94 we know that p + A is of positive energy at the cone € C” if and only if A* convOy C C — p.
Thus in particular we must have 0 € C' — p, or equivalently p € C. U

Lemma 98. Assume t is simple and let H € t. Then either H = 0 or the interior of conv Oy contains 0.

Proof. Notice first 0 € conv Oy because it is the center of mass of conv O, according to corollary 96.

Assume that H # 0. Observe that Span O is W-invariant. Since the Weyl group acts irreducibly
on t, it follows that Span OW = t. Because K is compact, every adjoint orbit intersects t in a Weyl-
orbit, see also[ABH"80, p. 74]. This implies that Span Oy = £ Indeed, any X € £ may be written as
X = ZZEOXIV czAdiZ € Span Og for some k € K.

It is well-known that a bounded closed convex set is the intersection of all the closed half-spaces containing
it [HULO1, p. 56]. It follows that if 0 is on the boundary of conv Oy, then there exists a non-zero linear
functional ¢ such that ¢(conv Op) > 0. Let V = (ker ¢)* and notice that V has codimension one. Let Py be
the k-orthogonal projection onto V' and let E € V be the unique element satisfying ¢(EF) > 0 and x(E, E) = 1
Notice that for any X € Op, it holds that ¢(X) = (X, E)¢(FE). Because ¢(conv Op) > 0, it follows that
for any X € Oy we have (X, E) > 0. Observe further that Span Py Oy = Py Span Oy = Pyt =V
and therefore there exists an element kg € K such that x(Adg,, E) > 0. By continuity, there is an open
neighborhood U C K of kg such that for all k € U it holds that x(AdgH, E) > 0. Then we have

/ (AR H, B)dpu(k) > / w(AdRH, B)du(k) > 0.
K U

Extending E to a basis of ¢, this implies that the center of mass of O is nonzero. In view of corollary 96,
we are done. O

Corollary 99. Suppose that £ is semisimple and that H € t is not contained in any proper ideal of €. Then
the interior of conv H contains 0.

Proof. Suppose t = D, £; decomposes ¢ into finitely many simple subalgebras and K = [[, K;, where K; is the
unique simply connected Lie group integrating €. Similarly, let ¢t = € ¢; be the corresponding decomposition
of t into maximal Abelian Lie subalgebras of ¢;. By assumption, the projection H; of H onto t; is non-zero
for every ¢. Now lemma 98 applies to each of the adjoint orbits of H; of the action of K; on &;, so that 0 is
contained in the interior convex hull of every adjoint orbit Og,. This implies the result. O

Remark.

— Observe that we may assume without loss of generality that each H is not contained in any proper
ideal of ¢ by considering the smallest ideal of ¢ containing H along with its unique integrating simply
connected Lie group. We make this assumption from now on.

Lemma 100. Let p € C be non-zero and let V = p be the orthogonal complement of Span{p} with respect
to the standard inner product on R*. Then for any v € V', at most one of p+v and p — v is contained in C.

Proof. Write p = (pt, ps) for p; € R and p, € R3. Let p’ be the element p’ = (p;, —p,). Observe that

n(p, ) IplI%,
{p,p") = n(p,p) = 0.
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Define A = Span{p’} C V and let B = {p,p'}* be the orthogonal complement of A in V. We obtain an
orthogonal decomposition V' = A @ B such that for any a € A, b € B we have n(a,a) = 0 and n(p,b) =
n(a,b) = 0. This latter observation holds in view of (5.5) because the codimension of both kern(p,-) and
kern(p’,-) is one. As a consequence, the equations

n(pa b) = ptbt - <p$7U£> = 0)
(p,b) = pibt + (Pzs vz) =0,
imply that p;b; = 0 and therefore b, = 0 for any b € B. This means that n(b,b) = —||b,||*> < 0. Finally, fix
n

v=a+be AP B. Then we compute

n(p+ (a+b),p+ (a+b)) =2n(p,a+b)+nla+ba+b)=2n(p,a)+n(b,b) =2n(p,a) — ||b?
n(p—(a+b),p+ (a+0b) =—2n(p,a+b)+nla+ba+b) =—2n(p,a) +n(b,b) = =2n(p,a) — [[b.||”

Thus at least one of these two must be negative, which completes the proof. O

Lemma 101. Suppose that p € OC. If p+ A is of positive energy at all points v ® M, € C”, then A is in
the orbit of n(p,)X for some X € ¢.

Proof. We have seen 0 is in the interior of conv O so conv O contains an open ball around the origin. This
ball is mapped by A* to some ellipsoid E centered at the origin. (This can be seen using e.g. the singular
value decomposition.) Let P+ be the orthogonal projection onto Span{p}*. Suppose v € E. Notice that
also —v € E. If PYv # 0, then by lemma 100 either p + P1v or p — P*v is not contained in C. It follows
that Im A* C Span{p} is necessary. This means that A* is a rank-one operator so there exists some X € ¢
such that A* = k(X,-)p and A = n(p,-)X is necessary. O

The condition above is not sufficient. Indeed, if A = n(p,-)H4 for some Hu € t, then A* = k(Ha,)p so
A*Op = k(Ha,Op)p. Therefore,

A*Og C 6—}7 — H(HA,OH) > —1. (5.6)

Thus, let us proceed to obtain a necessary and sufficient condition for points v = p + A with p € 9C on the
boundary of the light cone.

Definition 102. For any X € & let tx = {Y € £ : [X,Y] = 0} be the centralizer of X and let ¢¥ = [X,§]
be the image of ad(X).

Notice that £x and £X fit in an exact sequence:

ad(X) £X

0—>tx > ¢ — 0.

We need the following few lemmas, which are standard results in the theory of compact Lie algebras. The
proofs are taken from [ABH™80].

Lemma 103. For any X € &, the spaces tx and €% are perpendicular complements with respect to any
invariant inner product (-, ).

Proof. Notice that by definition of an invariant inner product, we have
(X, Z].6) = —(Z,[X,4]),

The inclusion (£¥)1 C £x follows immediately. Since kerad(X) = £y, the rank nullity theorem applied to
ad(X) states that dim(£x) + dim(£X) = dim(&). It follows that dim((£X)+) = dim(£x). Therefore, we must
have (¢¥)+ = €x. O

Lemma 104. The map f: Og — R, Z — k(Z,Ha) attains its minimum at the centralizer tp, .

Proof. Since K is compact, so is the adjoint orbit Og. It follows by continuity that f attains its minimum
at, say, Zo. Let X € € be arbitrary. Then the function t — f(Ad(exp’®(Zy))) has a minimum at ¢ = 0, hence

_ d t ad(X) _ d t ad(X) _
0= a1 (e (Zo)> = | e (Zo), Ha ) = #(IX, Zo], Ha) .
Therefore, x([€, Zo), Ha) = —r(Zy, —[Ha, €]) = 0. Thus, Zy € (£H4)+ =gy, . O
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Lemma 105. If H € t is a regular element, then ¢y = t.

Proof. Suppose that X € ¢ is such that [H, X] = 0. Then, in the complexification €c, we may decompose X
as X = Xo+ ) cr Xo with Xo € t+it and X, € £c,,. Then

0=[H,X]=> o(H)Xa.
aER

Since H is regular, X, = 0 for every root a. That is, X = Xy € t+it. Since X € £ we must have X € t. [

Corollary 106. Suppose that H € by is a reqular element.
The map f: O — R, Z +— k(Z, H) attains its minimum at the Weyl orbit OW .

Using these standard results, we can formulate for p € 9C' the following necessary and sufficient condition
on satisfying the positive energy condition at all elements in C’, so long as the element H € t defining the
positive energy condition is regular.

Corollary 107. Suppose that p € OC and let A =n(p,-)Ha be such that Ha € t is a regular element. Then
v = p+ A satisfies the positive energy condition at all elements in the cone C" if and only if k(Ha, OWy) < 1.

Proof. We have seen in equation (5.6) that p + A*Oy C C <= k(Ha,0y) > -1 <= k(Hs,0_g) < 1.
From corollary 106 we know that x(Ha,Op) achieves its minimum at the Weyl-orbit OW | or equivalently
k(Ha,0O_g) achieves its maximum at the Weyl-orbit O",. O

Remark.

— The requirement x(Ha,O") < 1 defines a system of linear inequalities; one for each point on the
Weyl-orbit of —H and therefore defines a polytope in t. A point p + A as in corollary 107 satisfies
the positive energy condition at the cone C” if and only if H4 is contained in the convex hull of this
polytope.

We have found that for p € 9C, the positive energy condition is very restrictive and enforces A to be a rank
one operator. On the other hand, if p € Cy in the open cone, the situation is quite the opposite.

Lemma 108. Suppose p € Cy. Then for any A € Hom(R* €), there exists some constant ¢ > 0 such that
the positive energy condition is satisfied by p+ ¢+ A at all elements in the cone C".

Proof. Since p € Cy, there exists an open ball B,.(0) around the origin such that B,.(0) C C — p. Notice that
Oy is bounded since K is compact and A* is a bounded operator. It follows that there is some ball Bg(0)
around the origin in R* such that A*Oy C Br(0). Then

T T r —
— A =—=-A"0Oyg € =Br(0)=B,(0) CC -
(5 A) = ¥ A0 € £ Ba(0) = B,(0) ST~

and therefore the positive energy condition is satisfied for p + & - A. O

Remark. Notice that the stabilizers of ¢- A and A are the same. It follows that for p € C the positive energy
condition does not impose a restriction on the stabilizers.
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5.2 Stabilizers of the action of SL(2,C)xSU(2) on R*@Hom(R*, su(2))

Consider the group (5.3) for the special case that K = SU(2). By the theory of the Mackey machine, the
representation theory of V' x H is completely classified by the representation theory of the various Little
groups H,,, which are the stabilizers of the action of H on V' = V. As such, the first step in an understanding
of the full representation theory of V' x H is to determine these stabilizers. The following is concerned with
the classification of these stabilizers, up to equivalence, corresponding to orbits of positive energy. A full
classification is obtained. First, let us make precise what is meant by equivalent stabilizers.

Definition 109. Let G be a Lie group. We call two closed subgroups H; and Hy equivalent if there

exists a Lie group isomorphism G 2 G that restricts to an isomorphism H; — Hy;. We say that A defines
an equivalence between H; and Ho.

Remark.

1. Notice that an equivalence between two closed subgroups H; and Hj of G in the sense of definition 109
also defines an isomorphism (A, Al ) of principal bundles from G'— G/H; to G — G/Ha .

2. In particular, this implies that for any unitary representation o of Ho on H,, we obtain also a unitary
representation o o | g, of Hi on the same space. Moreover, because A is G-equivariant we obtain an
isomorphism of homogeneous Hilbert bundles from G x g, H, = G/H; to G x g, H, — G/H> given
by [z,v] = [A(z),v]. Therefore the corresponding induced representations are also equivalent.

3. If two closed subgroups of G are conjugate, then they are equivalent. In particular, the stabilizers of
different points in the same orbits of a smooth G-action are always equivalent. However, points in
different orbits can also be equivalent.

Now, we have seen that the positive energy condition imposes very strong restrictions on elements v = p+ A
for p in the light-cone p € 9C, forcing A to be rank-one, which makes a computation of the stabilizer much
simpler. On the other hand, for p of positive mass p € Cy, it does not impose any restriction on the cor-
responding isomorphism classes of stabilizers, but the action can be restricted to a unitary action which
simplifies the computation of stabilizers, in particular allowing us to make use of lemma 159. This dichotomy
is therefore very useful when classifying the isomorphism classes of stabilizers corresponding the orbits of
positive energy.

Explicitly, for p € Cy and after restricting the action to SU(2) x SU(2), we can either restrict the action
further to SU(2) x U (1) or reduce the problem to a classification up to equivalence of the stabilizers of End(R?)
under the action of SU(2) x SU(2). The latter can be done explicitly, which is mainly a consequence of the
fact that rotations, their invariant subspaces and (complex) eigenvectors are well-understood. The relevant
results on this matter are described in section 8.5.
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5.2.1 Points p € 9C' on the boundary of the light cone

Assume that p € 9C and v = p+ A € R* @ Hom(R*, su(2)) satisfies the positive energy condition at the cone
C’ (5.1) so that A = n(p,-)X for some X € su(2). In view of the results of section 4.5 we may assume that
p=(1,0,0,1) by acting with SL(2,C) appropriately.

Lemma 110. Consider the action of SL(2,C) x SU(2) on R* @ su(2) defined by (w,k) -p@ X = ¢p(w)p @
Ady(X). Lett =p® X be a simple tensor. Then the stabilizer of t is the product SL(2,C), x SU(2)x.

Proof. Notice that ¢ is stabilized by (w, k) if and only if ¢(w)p = A\p, Adx(X) = pX and A - pu = 1 for some
A € R. Now, since the adjoint action Ad is orthogonal with respect to the Killing form, we find that
u = £1 is necessary. Every element in the restricted Lorentz group SO(1,3)° preserves the direction of time
so only A = p =1 is possible. O

Now, recall from section 4.5 that

SL(Q,(C)p:E:{(S Z) : z,a € C, |z|:1}.

Therefore, by lemma 110 the stabilizer of v = p + n(p, )X is simply given by
G,=F x Kx.
Remark.
— There are only two possibilities for the stabilizer SU(2) x. Indeed, we have seen in corollary 48 that the

)
adjoint map becomes the covering homomorphism SU(2) — SO(3) under the identification su(2) = R3.

)
Thus, we must either have SU(2)x “Z’ U(1) or SU(2)x = SU(2). It follows that the stabilizers of v
are up to equivalence given by E x U(1) and E x SU(2).

5.2.2 Points p € () in the interior of the light cone

Let v = p+ A € R* ® Hom(R*, 5u(2)). For p € Cy we can assume that p = meg for some m > 0 and from
section 4.5 we know that SL(2,C), = SU(2). Thus, we may restrict the action further to SU(2) x SU(2)
and the stabilizer of v in SL(2,C) x SU(2) is the stabilizer of A in SU(2) x SU(2).

Now, we know from lemma 47 that if we embed R < R* via 2 + (0, ), then the restriction of the covering
homomorphism SL(2,C) — SO(1,3)° to SU(2) is precisely the covering homomorphism SU (2) 2, SO(3) and
so the action of SU(2) on R* given by ) 210 #. On the other hand, recall from corollary 48 that su(2) = R3

and under this isomorphism, the adjoint action becomes the covering homomorphism SU(2) 2, SO(3). Thus,
we are concerned with the action of G = SU(2) x SU(2) on Hom(R*,R?) given by

(u1,uz) - A= ¢(uz)o Aol p(uy)t, uy, ug € SU(2).

Observe that Hom(R* R?) decomposes as a SU(2) x SU(2)-representation into two irreducible components
according to
Hom(R* R?) 2 R ® R* @ End(R?) = R* @ End(R?),

where the left factor SU(2) acts trivially on R? and the right factor SU(2) acts on R? via the covering map
¢. Indeed, the intertwining map is given by

(a Ao) — Q@Ao.

It follows in particular that given an element A = a ® Ay € R? @ End(R?), its stabilizer is G4 = G, N Ga,.
Now this decomposition allows us to distinguish two cases.

1. If a = 0 we obtain G4 = G 4, so the problem is reduced to finding the stabilizers of elements in End(R?),
which can be done because the invariant subspaces of rotations are well-understood. The strategy in
this case is to restrict the action further to stabilizers of AT Ay and AgAZ to simplify the computations.

2. If a # 0, then SU(2), = U,(1) =2 U(1) covers the rotations about a.
We find that G4 C G, = SU(2) x Uy(1). We may thus restrict the action further to G, and the
stabilizer G 4 can be determined directly.
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— Case a =0.

Let us first determine the stabilizers in G = SU(2) x SU(2) of elements of the form A = (0, Ap) for some
Ap € End(R3). In this case, the stabilizer of A equals that of Ag. Notice that SU(2) x SU(2) acts on End(R?)

via

(u1,u9) - A = ¢(ug) o Aop(u)™t, u, uz € SU(2).

Observe that ¢ is orthogonal on R3. In view of lemma 159 it follows that G4, C G AT 4, N Ga, AT SO that we
may restrict the action further to this latter subgroup to simplify the computations, where SU(2) acts on
the symmetric matrices End(R3),, via u- M = ¢(u) o M o ¢(u)~t. As such, let us first consider the possible
stabilizers in SU(2) of AT A (and thus also of AgAT).

Denote by U, (1) C SU(2) the subgroup of SU(2) covering all rotations about a € S2. Similarly, denote by
Ut(1) the subgroup of SU(2) covering all rotations R, () for some v € Span{a}*+ C R®. From lemma 169

we know in that
0
Ue, (1) = {(S Z) Lz € U(l)},

U§3(1):{(2 8) :uEU(l)}.

Lemma 111. There is an isomorphism of groups
U(1) %y Zy — Ue, (1) U UL, (1),
is an isomorphism of groups, where y([n])z = (=17

Proof. Notice first that the set on the right is indeed closed under the group operations and that its subgroup
Ue, (1) is normal. Tt is moreover clear that any element on the right-hand side admits a unique decomposition

0 zJ\1 O
Finally, a direct computation shows the correct action of Zs on U(1). O

n
of the form (Z 0) (0 1) , so that the group on the right is indeed a semi-direct product U(1) x Zs.

Remark.
— From now on, we will write U(1) x, Zs for the subgroup U, (1) U U/, (1) of SU(2).
Lemma 112. Consider the action of SU(2) on the symmetric linear maps End(R3),, given by
u- M = ¢(u) o Mo p(u) .

Let M € End(R3)s,. Then the stabilizer SU(2) s is in the sense of definition 109 equivalent to one of the
following subgroups:

SU(2),
U(l) Ny ZQ,
QSa

where Qg = {:l:]7:|20'1,:|20'2,:|20'3}.

Proof. A rotation R € SO(3) stabilizers M if and only if [M, R] = 0, which by lemma 157 is equivalent to the
statement that R leaves all the eigenspaces of M invariant. The invariant subspaces of rotations are known
precisely, see also corollary 168. This allows us to determine all rotations that stabilize M.

Let u € SU(2) be arbitrary and write ¢(u) = R € SO(3). The identity element is always in the stabilizer
so we assume that u # I and thus R # I. By acting with SU(2), we may assume that the {e1,eq0,e3}
are eigenvectors of M, which affects the stabilizer SU(2)y only by a conjugation. Let A1, A2, A3 be the
eigenvalues of M.

— CasE I A1 7£ A 7é )\3.
By corollary 168, the only rotations that preserve all three one-dimensional eigenspaces are I and R., (7)
for k = 1,2,3. By lemma 169, the elements of SU(2) covering these rotations are ¢~!(I) = &I and
¢~ (R, (7)) = 0y, which form a subgroup of SU(2) is isomorphic to quaternion group Qs.
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— CASE II: A\ = Ao 75 A3.
In this case, a rotation is covered by an element in the stabilizer of M if and only if it preserves both

the one- and two-dimensional eigenspaces V), = Span{ez} and W < Span{ez}*. Using corollary 168,
we find that the only possible such rotations are R.,(0) for some 6 € [0,27) or R, (7) with w € W.

Now the stabilizer SU(2)ys is generated by the elements covering these rotations, which we know from
lemma 169 to be U(1) X Zs.

— CASE III: A\ =Xy = )\3.
In this case the corresponding eigenspace is all of R which is trivially kept invariant by R. Thus in
this case stabilizer of M is all of SU(2).

O

Remark.

— Given a subgroup H of SU(2), We will denote any subgroup of G = SU(2) x SU(2) of the form
{(u,£u) : we H} by H xg Zy. This is justified by lemma 113.

— Similarly, we write (U(1) x U(1)) %, Z2 for the subgroup of SU(2) x SU(2) on the right-hand side of
lemma 114

Lemma 113. If H is a group, define G = {(h,+h) : h € H}. Then we have an isomorphism of groups
HxpgZsy =G,
where B([n])h = (—1)"h.
Proof. The isomorphism is given by (h, [n]) — (h, (—=1)"h). O
Lemma 114. There is an isomorphism of groups
(UQ) x U(1) %7 Zy — Uey (1) x Uey (1) U U, (1) x U, (1),
where T([n])(z1, 22) = (zi(fl)n),zé(fl)n)).

Proof. The proof is completely similar to that of lemma 111. O

Theorem 115. Let G = SU(2) x SU(2) and consider its action on End(R3) given by
(w1, uz) - Ao = d(uz) 0 Ag 0 d(ur) ™.

Then for any Ag € End(R?), its stabilizer G, is in the sense of definition 109 equivalent to one of the
following subgroups:

SU(2) x SU(2),
(U(1) x U(1)) x5 Zo,
(U(L) Xy Z2) ¥ La,
Qg X ZLs,

where Qs = {+I,+01, 09, to3} C SU(2) and Zo = {£I} C SU(2).

Proof. Let (e;)3_; be an orthonormal basis of R3. According to the singular value decomposition, there exists
ug, u1 € SU(2) such that
Ao = ¢(ug) 0 X o p(ur) ™",

where the matrix of ¥ with respect to the basis (e;)3_; is given by diag(oy, oa,03). Thus, by acting with
SU(2) x SU(2) if necessary we may assume that with respect to the standard basis (e;)3_; of R3, Ay is given
by

AO =)= diag(al, g2, 0'3),
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affecting the stabilizer of A only by a conjugation. Then the matrix of both AT Ay and AgA¥ is the diagonal
matrix diag(A1, A2, A3), where Ay = o2. In particular, their stabilizers in SU(2) are the same. Moreover,

notice that the permutation matrix

P =

o = O
= O O

1
0
0
is in SO(3) and the matrix of PXP~! is given by diag(cs,01,02). Thus, by conjugating with P we may fur-

ther permute the singular values in this cyclic fashion, which affects the stabilizer of A only by a conjugation.

Because the stabilizer of A must be contained in F' = SU(2) 47 4, X SU(2) 4, a7, We restrict the action of G
on Hom(R*, R?) further to F. The strategy is to determine the stabilizer A according to lemma 159:

Gr={ (x,y) € F : ¢(y) o Aoly, = Aood(a)ly, Vk}, (5.7)

where all eigenspaces Vj, of Al Ay are considered that correspond to a non-zero singular value oy. Seeing as
we have assumed Ag = X, this simplifies to

Gr={(z,y) €F : o)l = o(2)ly, Vk}. (5.8)

Now, the stabilizers of SU(2) s 4, and SU(2) 4,47 have already been determined in the section above. They
are given by lemma 112. From section 8.4 we know that for elements in F' the subspaces U, and V,, spanned by
the corresponding singular vectors are reducing subspaces for the action of F. Denote V = ker Ay~ = Im(Ay).

— CASE I: A rank 1.
We may assume that o1 = 0o = 0 and o3 # 0. In this case, SU(2)ar4 = SU2)qar = U(1) Xy Zo,
V = Span{es}. According to lemma 169, the rotations covered by this subgroup are R, () and R, ()
for some w € Span{ey, es}. Now, we need to determine all (x,y) € F such that ¢(y)es = ¢(x)es. Notice
that R.,(f)es = e3 for all § and R, (7)es = —es for all w € Span{ey, e2}. We thus find that

Ga=(U(1) xU)) xr Zs.
— CASE II: A rank 2.
We distinguish the cases when the two non-zero singular values are distinct and when they are not.

— CASE A: O?é/\lz/\g and A3 = 0.
Then V = Span{e;, ez} and we once again have SU(2)gr4 = SU(2)q4ar = U(1) X Zy. Notice
that

va(ﬂ')|vz sz(ﬂ-)‘v > v = Fvg v, v €V,
R63(91)|V = R€3(92)‘V <~ 01 = 0s.

It follows that ¢(x)|,, = #(y)|y if and only if z = £y. Thus,
GA = (U(l) M Zg) b e} ZQ.
— CASE B: )\1,)\2 # 0, )\3 =0 and )\ 7é Aa.
Now V = Span{es, ez} and SU(2) g1 4 = SU(2) gar = {£I} U {Fioy}i_, = Qs. For (z,y) € F
we again have ¢(x)|,, = ¢(y)| if and only if z = +y and thus
GA = Qg Xpg ZQ.

— CaAsE III: A rank 3.
A computation completely similar to the previous two yields
AL # A #F A3 = Ga = Qg xp Lo,
A1 = Ao # A3 — G = (U(l) NWZQ) X g ZQ,
)\1 = )\2 = )\3 — GA = SU(Q) X g ZQ.
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— Case a # 0.

Next, we proceed with the case that A = (a Ap) for some non-zero a € R? and some 4, € End(R?). In this
case, the stabilizer SU(2), = U, (1) = U(1) covers the rotations about a. Therefore,

Ga=GaNGa, CGy=SU2) x Ug(1)

so we may restrict the action further to G,. The various possible stabilizers of Ay in G, can be determined
directly, which leads to the following theorem.

Theorem 116. Let G = SU(2) x SU(2) and consider its action on Hom(R* R3) given by
(ur,2) - A = d(uz) 0 Ao (18 pur) ).

Then for any A € End(R3) of the form A = (a,Ao) for some Ay € End(R3) and non-zero a € R3, its
stabilizer G 4 is in the sense of definition 109 equivalent to one of the following subgroups.

SU(2) x U(1),

U(1) x U(1),
U(1) x {1},

{(2,2%) €U, (1) xUQ1) },
{2 ev,)xu) },

ZQ X {1}
where Zo = {£I} C SU(2).

Proof. By first acting with the right factor SU(2), we may assume that a = e3. Since the stabilizer of A must
in particular stabilize a, we may restrict the action of G to G, = SU(2) x U(1), where embed U(1) < SU(2)

iz (7 0
via z 0 =)
It remains to determine which elements in G, also stabilize Ay € End(R?). Notice that
End(R?) 2 R® @ R3

is an equivalence of G4-representations, where R?*" = R? using the standard inner product on R® and where
G, acts on a simple tensor x ® y according to

(u,2) - pu)z @ $(2)y.

Moreover, because U (1) leaves both the subspace Span{es} and its orthogonal complement invariant, R® @ R?
decomposes as a G,-representation into two irreducible components:

R?®R3 =~ (R*®@R?) @ (R*®R) = (R* ® R?) ¢ R3.
Moreover, R? 2 C as a U(1)-representation and therefore we obtain another equivalence of G,-representations:
RP@R*>R*®C=C.
Thus, we consider the action of G, on C* @ R3 given by
(,2) - (v,9) = (z6(w)v, p(wp),  (,2) € Gar  (v,p) € C* DR,

It remains to determine the stabilizer in G, of a general element (v,p) € C3 @ R3.
Write H = G, = SU(2) x U(1). Observe that H(, ) = H, N Hy. Thus, let us determine both H, and H,
separately. Fix (v,p) € C3 @& R3. Notice that H, = SU(2), x U(1) so that there are two possibilities:

p=0 = H,=SU(2) xU(1),
p#£0 = H,=U,(1) x U(L).

On the other hand, an element (u,z) € H stabilizes v € C3 if and only if ¢(u)v = zv. Corollary 172 now
yields the various possibilities. Suppose that b € R? and that w is a fixed eigenvector of the rotations covered
by Uy(1). Define the homomorphism A, : Up(1) — U(1) by the equation:

P(u)w = Ay (w)w, u € Up(1).
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Using corollary 172, we find that we have the following possibilities:
v=0 = H,=SU(2) xU(1),
vER? = H,=U,(1) x {1},
v1lT = H,= { (1, Mo (w) € Up(1) x U(1)) } b € Span{v, v},
ve R v f T = H, =17y x {1}.
Now, notice that Uy (1) is conjugate to U, (1) and A, is conjugation invariant. We know from corollary 167 and

lemma 169 that ¢(z)e3 = z2e3 for z € U(1). Therefore if b € Span{v, 7}, then { (u, Ay (u) € Uy(1) x U(1) }
is conjugate to one of

{ (2.2%) € Ue( 1)},

{2 eu,0 }

Notice further that if b ¢ Span{es}, then U, (1) N Uy(1) = {£I}. Taking all possible intersections H, N H,
now yields the result.
O

In summary, we have proven the following.

Theorem 117. Let G = SL(2,C) x SU(2) and consider its action on R* ® Hom(R* R?) given by

(w,u) -p &A= p(w)p® (d(u) o Ao (1@ d(w)™)).

Suppose v =p D A € R* @ Hom(R*,R?) satisfies the positive energy condition in the sense of definition 90 at
the cone C" given by equation (5.4). Write A= (a Ag) for some a € R and Ay € End(R?).

Then p € C. Moreover, if p € OC, then A =n(p,-)X for some X € su(2) and the stabilizer G, is equivalent,
in the sense of definition 109, to one of the following subgroups:
E xU(1),
E x SU(2).
If pe Cy and a = 0 then G, is equivalent to one of the following subgroups:
SU(2) x SU(2),
(UQ) x U(1)) %7 Zs,
(U(1) Xy Zg) 3 Zo,
Qs X Lo,
If p € Cy and, a # 0 then G, is equivalent to one of the following subgroups:
SU(2) x U(1),
U1) xU(l),
U(1) x {1},
{ (2,2%) € U, (1) x U(1) |2

{2 ev,)xv0) },
ZQ X {1}
where Zo = {£I} C SU(2) and Qs = {£I,+01,t0q,+0o3} C SU(2).

Recall that according to the theory of the Mackey machine, the representation theory of the group V x H
(5.3) for the case K = SU(2) is completely determined by that of the various stabilizers H, of the action of
HonV = ‘7, meaning that every irreducible strongly continuous unitary representation of V' x H is obtained
by inducing irreducible representations from the stabilizers H, up to the full group V x H. Theorem 117
completes a full classification, up to equivalence, of the stabilizers that correspond to representations of
V % H that are of positive energy at the cone C” (5.4) and therefore of the positive energy representations
of V x H. Moreover, the representation theory of the various stabilizers is completely known so that in
fact theorem 117 completely solves the problem of classifying all irreducible strongly continuous unitary
representations of V' x H that are of positive energy at the cone C” for the special case of K = SU(2).
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Chapter 6

Homogeneous Bundles as Embedded
Subbundles of Trivial Bundles

The homogeneous bundles that arise when constructing induced representations are defined in abstract fashion
and are thus not easy to understand in more detail. When considering the representation theory of R* x
SL(2,C), Wigner showed[ BW48] that the obtained bundles could be realized as subbundles of trivial bundles
over R%, see also the appendix section 8.3 for a detailed exhibition. The fibers of these bundles are described
by certain eigenvalue equations that exposed the fact that the Fourier transform (in an appropriate sense) of
sections of these bundles satisfy particular wave equations. An example of an equation that can be realized
in this way is the famous Dirac equation, which describes relativistic spin % massive particles:

4
ithkﬁkw = mcy. (6.1)
k=0

Embedding the bundle in a trivial bundle has played an important role in the understanding these homoge-
neous bundles, and therefore also of the unitary representations of R* x SL(2,C). Nonetheless, despite the
success in physics of the theory developed by Mackey and Wigner, it does not directly provide a method to
embed other homogeneous bundles in trivial bundles. In fact, the method uses a priori the physical knowledge
that solutions of the Dirac equation should define a representation of the group R* x SL(2,C) to explicitly
construct a homogeneous Hilbert bundle. One then proceeds to show that this bundle is equivalent to one of
the bundles of the form SL(2,C) x sy (2) Ho-

One could try to understand the unitary positive energy representations of the group
V@ (E®V) xSpin(r,s)? x K

of positive energy in analogous fashion to Wigner’s analysis for case of R* x SL(2,C). This could potentially
yield a description or differential equation of relativistic particles that takes into account notions such as
electric charge or color charge. As a stepping stone towards such a similar analysis, a more direct method is
developed that realizes homogeneous bundles as eigenspace subbundles of trivial bundles.

In more detail, using the examples obtained via representations of R* x SL(2,C) as guidance, the observation
is made that in a particular equivariant setting, homogeneous bundles can be realized as embedded eigenspace
subbundles of trivial bundles. Several examples are given of bundles that can be embedded in trivial bundles
using this technique, including bundles encountered when applying the Mackey machine to representations
of V x Spin(r,s)° and € xpq K for some semisimple Lie group K with Lie algebra €. Finally, the bundles are
considered that are encountered via the unitary representations of V @ (£ ® V') x Spin(r, s)? x K.
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6.1 Homogeneous bundles as eigenspace subbundles

6.1.1 First observations

Using as guidance the results obtained by Wigner on the representation theory of R* x SL(2,C) and its
relation to wave equations, which are described in section 8.3, let us make some observations that provide
further understanding on how one could try to realize homogeneous bundles as eigenspace subbundles.

Denote by ¢ : SL(2,C) — SO(3,1)° the covering homomorphism described in equation (3.3) and let 7 denote
the Minkowski bilinear form, as usual. Consider the homogeneous Hilbert bundle bundle

E=SL(2,C) X 5U(2) C? =0,

for some m > 0, where
Om ={p €R* : n(p,p) =m?, po >0}

is an orbit of the action of SL(2,C) on R%. Let us first briefly describe the result obtained in section 8.3. Let
{7~} be the Dirac matrices defined by equation (3.6). Recall that these matrices define a representation p of
the Clifford algebra C1(R%,7) and the restriction of this representation to SL(2,C) defines a representation
S of SL(2,C) on the same space that satisfies the equivariance condition (6.2):

p(d(w)p) = S(w)p(p)S(w)~". (6.2)

We know from section 8.3 that there exists an isomorphism of SL(2,C)-homogeneous Hilbert bundles over
O

3
SL(2,C) x gy (2) cz 2 {(p, v) € O x CH - Zpk’YkU = mv }
k=0

= {(p,v) € Op x C* = p(p)v=mv },

where the latter is endowed with the SL(2,C) action given by w - (p,v) = (¢(w)p,S(w)v) and with the
smoothly varying SL(2,C)-invariant hermitian bilinear form given by

v m” v, v). (6.3)
This form defines a positive definite inner product on the fibers of {(p7v) € Op x C* 2 p(p)v =mu }, see
also section 8.3 for more details.
Now, observe the following:

1. The equivariance condition (3.4) implies that if ® maps the fiber above some py onto an eigenspace
of p(po), then in fact ® maps the fiber above any p € O,, onto the eigenspace of p(p) with the same
eigenvalue.

2. The restriction of the action of SL(2,C) to SL(2,C), = SU(2) on an arbitrary fiber E, is equivalent
to the representation o of SU(2) on C2. By the equivariance of ®, the same is true for the action
of SL(2,C), on ®(E),. This means that we have SU(2)-equivariant maps C* & E, = ®(E), — C*.
Thus, the representation of SU(2) on C* contains o as a subrepresentation.

3. In fact, suppose that G is a Lie group with closed subgroup H and let o be a finite dimensional
representation of H on H,. If we have any homogeneous vector bundle £ = G xg H, — G/H and an
injective G-equivariant morphism of vector bundles

U:GxyHo— G/H x Fs

for some finite dimensional representation § of G on Fy, then there must be an injective H-equivariant
map 6 : H, — Fs5. That is, §|, must contain o as a subrepresentation.
Indeed, the representation of H on any fiber E, g is equivalent to o, so there are H-equivariant maps

Ho = By & V(E)uy — {zH} X Fs.

It can therefore be concluded that for the existence of such a G-equivariant injective morphism of vector

bundles E - G /H X Fs, it is a necessary condition that ¢ contains o as subrepresentation.

o8



6.1.2 Construction

Having in mind the last few observations in the previous section, we proceed with the converse, namely a
construction of an isomorphism between a homogeneous vector bundles and an eigenspace subbundle of a
trivial bundle, that works in a specific equivariant setting.

Suppose that G is a Lie group G with a closed subgroup H so that quotient space G/H is a smooth manifold
and G — G/H is a principal H-bundle. Let o be a finite dimensional unitary representation of H on H, and
let E =G xg H, be the associated Hilbert bundle over G/H.

Suppose that we are given a finite dimensional representation § of G on Fs and an injective H-equivariant
linear map
0 : Hy — Fs. Then the following bundle map is well defined

&:E < G/H x F
[, 2] — (xH,6(x)0(2))

Moreover, this map is smooth and injective and linear on fibers. Injectivity and linearity are clear. To see
that it is smooth notice first that the map (x,z) — 6(z)0(z), G x H, — Fs is smooth, being the following

composition of smooth mappings:

G x Hy L o Fs S Fs.

It follows that ¢ : G x Hoe — G/H x F5,(x,z) — (xH,d(z)0(z)) is smooth. Since the quotient mapping
q: G x Hy — E is a smooth submersion (see section 2.3.1), it follows that ® is smooth.

Lemma 118. The smooth map ® : E — G/H X Fj is a smooth embedding.

Proof. Since @ is an injective and smooth morphism of vector bundles, proposition 9 yields the result imme-
diately. O

We endow G/H x Fs with a G-action given by
g9 (xH,v) = (gzH,(g)v).
Corollary 119. The map ® is a morphism of G-homogeneous vector bundles.
Proof. Tt remains only to show ® is G-equivariant. As such, let z,g € G and z € ‘H,. We compute
O([gx, 2]) = (gzH,0(g2)0(2)) = g - (xH,5(x)0(2)) = g - ([z, 2]).
O

Next, we use this bundle morphism to transfer the inner product on the fibers of F to a smoothly varying
G-invariant positive definite inner product on the image ®(E) C G/H x Fs. Notice that ® is an isomorphism
of G-homogeneous vector bundles £ — ®(E), so by pulling back along ®~! we obtain a smoothly varying
inner product on ®(F). Explicitly, define

(@([z, 21]), ([, 22))) @) = ([ 21, [, 22]) By = (21, 22) 11 (6.4)

Corollary 120. With respect to the inner product (6.4) on the fibers of ®(E), the map ® is an injective
morphism of G-homogeneous Hilbert bundles. In particular E is equivalent to ®(E) as Hilbert bundles.

Remark.

1. If it so happens that Fjy is itself equipped with an inner product, the restriction of this inner product
to ®(F) in general does not equal the inner product defined by equation (6.4).

2. This is true, however, if the inner product on Fs is G-invariant and coincides with (6.4) on any fiber
of ®(E). In fact, it is enough to have a G-invariant bilinear form on Fj that agrees with (6.4) on any
fiber of ®(FE), as is the case for the form (6.3).

3. Suppose that a G-invariant bilinear form restricts to an inner product on 8(H,) and 6 : H, — 0(H,)
is isometric. Then the inner product on Fs automatically coincides with (6.4) on the fiber above the
identity ®(E)y, so by G-invariance the restriction of the bilinear form on F5 to ®(E) agrees with (6.4)
everywhere.
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Endow End(F5) with a G-action given by
d .
g-T=6(g)oTod(g)~ " (6.5)

Lemma 121. Suppose that p : G/H — End(Fs) is a G-equivariant map and that 0(H,) is an eigenspace of
p(H) corresponding to some eigenvalue . Then

O(E)={(zH,v) € G/H x Fs : p(zH)v=Av }.

Proof. The last assumption implies that the fiber ®(E)y above the identity coset is precisely the eigenspace
of p(H). The G-equivariance of p allows us to translate this eigenvalue equation to all other fibers. Explicitly,
let © € G. We show that ®(FE),p is precisely the eigenspace of p(zH) corresponding to the eigenvalue \. As
such, let v = 6(z)0(z) € ®(E),u. Then we indeed have

pleH)v = §(x)p(H)d(z) v = M.

To show the converse, notice that by homogeneity of G X g H,, any fiber ®(F), g is of the same dimension
as ®(F)y. Now, using the G-equivariance of p and the fact that conjugating by (x) preserves the dimension
of eigenspaces, it follows by reasons of dimensionality that ®(E),y is precisely the eigenspace of p(xH)
corresponding to eigenvalue \. O

We summarize the result in a theorem.

Theorem 122. Suppose H is closed subgroup of a Lie group G. Let § be a finite dimensional representation
of G on Fs and suppose that we are given a G-equivariant map p : G/H — End(Fs). If an eigenspace
Ha of p(H) with eigenvalue X is invariant under the H-representation d|,, then there is an equivalence of
homogeneous vector bundles over G/H given by

GxgHyx=2{(xH,v) e G/H X Fs : p(eH)v=Xv },
where G/H x Fy is equipped with the G-action given by g - (xH,v) = (gzH, §(g)v).
If Hy is a Hilbert space and the action of H on Hy is unitary with respect to this Hilbert space structure,

then the above is an equivalence of homogeneous Hilbert bundles, where the fiber of the bundle on the right
are endowed with the inner product given by equation (6.4).

Remark.

— Consider once more the bundle SL(2,C) x gy (2) C%? — O,,. Recall from section 4.5 that SU(2) is the
stabilizer SL(2,C),, of the point pg = meg. Let p : Cl(1,3) — End(C?*) be the representation of
the Clifford algebra defined by the gamma matrices equation (3.6). Equation (6.2) states that p is
SL(2,C)-equivariant. Now, p(pg) = m~y, has two two-dimensional eigenspaces Vi, of eigenvalues +m

given by Vi, = ::v : v € C? 5. Moreover, the restriction of the SL(2,C)-representation S to
SU(2) is given by
u 0
S(u) = <0 u> , u€SU(2).

In particular, both eigenspaces Vi, are SU(2)-invariant so that C* decomposes as SU (2)-representation
into two the two irreducible components

C* 2V, ® Vo

The SU(2)-representation on both V,,, and V_,, is equivalent to the fundamental representation o of
SU(2) on C?. Theorem 122 now implies that we have equivalences of homogeneous Hilbert bundles

SL(2,C) Xsu(2) C? {(p,v) € O x C* : p(p)v = mw }
o~ {(p,v) €0, xC*: p(p)v = —mv }

— In the upcoming sections, we will see that there is a natural way to apply theorem 122 to bundles that
are encountered via the Mackey machine in the representation theory of the groups V' x Spin(r, s) for
some quadratic space (V, q) of signature (r, s), € xpq K for some semisimple compact Lie group K with
Lie algebra ¢ and finally V & (¢ ® V') x Spin(r, s) x K. In particular, theorem 122 can be applied to
the bundles that occur in the representation theory of R* @ (E® R*) x SL(2,C) x K, which is the main
group of interest in this thesis.
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6.1.3 Operations

When considering the category of unitary representations of a fixed group G, there are multiple ways to form
a new representations from a given set of representations. In section 2.2.1 it was established that the functor
G x g — from finite dimensional unitary representations of H to homogeneous Hilbert bundles over G/H is
compatible with various such operations. In this section we consider how a homogeneous bundle, obtained
via one of the operations of vector bundles described in section 2.2.1, can be realized as a subbundle of a
trivial bundle if the individual bundles are & priori known to be subbundles of trivial bundles.

The following lemma is a main tool to complete the aim of this section, which then follows by an application
of lemma 29.

Lemma 123. Let V,V; be a vector spaces. Let p € End(V),{p; € End(V;))}X, be finitely many operators
on these spaces and let Ey, Ex, CV be the eigenspaces of these operators corresponding to some eigenvalues
A, A € C. Then the following are linearly isomorphic

®E,\i%{te®v;:p§t:/\it Vi}, (6.6)
. ,
NEx={te AN(V): p't=X Vi}, (6.7)

N
VE ={tesSN(V):pt=X Vi}. (6.8)

where AN (V) and SN (V) denote the subspaces of VEN consisting of the alternating and symmetric tensors
of order N and where

pi=1@ - 1@pel---®1, (i factor),
=10 --12p1---®1, (it factor).
Moreover, of p is a normal operator, then the algebraic dual space EX is linearly isomorphic to { £ € V* 1 p*§ = A }.

Proof. For the latter two equations, notice that we can make the following identifications:

N

N\ Ex = AN (Ey) = AN(V),
N

\/ Ex = SV (Ey) = SN(V).

After making this observation, the proof for first the three equations is completely similar, so only the first
one is proven. Moreover, we consider for simplicity only the case N = 2. The argument extends without
problems to the general case.

Let first t € Ey, ® Ey, be a simple tensor, say v = v1 ® va. Then

p%t = pl(’Ul) ® vy = ANV ® V3 = A\it.
The same computation also shows p3t = A\ot. By linearity pit = \;t follows also for general tensors.
Conversely, suppose that t € V; ® V5 is some arbitrary tensor satisfying pit = M for i = 1,2. Let {fx} be basis

of V5. Taking a basis expansion in the second component, we may write t = >, v, ® fi for some sequence
(vg) € V1. We have

0=pit—M\t= Z(Pl(vk) — M%) ® [
e

Since {fi} is a basis for V4, this implies p;1(vg) = \jvg for all k and thus ¢ € Ey, ® V5. A similar argument
shows t € By, ® E,.

Finally, for the last statement observe that p is diagonalizable because it is normal. Thus, we may decompose
V' into its eigenspaces V = @# Vi Let v €V, and £ € V*. Then it holds that

(pv,€) = 1(0,€) = A(v,€) <> u=2Aor (v, =0.

The conclusion follows.
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Lemma 124. Suppose § is a continuous representation of a Lie group G on F. Consider the representations
of G on /\N.F and \/N]-' given by

g-vl/\~--/\vNi(?(g)vl/\---/\(S(g)vN,

g-vl\/---\/vNg(S(g)vl\/---\/(S(g)vN

If we endow AN (F) and SN(F) with the G-action 6®V, then the linear isomorphisms /\N]: ELN AN(F)

and \/N F 22 SN(F) induced by the symmetrization and skew-symmetrization maps are G-equivariant.

If moreover F is a finite dimensional Hilbert space, § is unitary and the various spaces are equipped with the
following inner products:

e

«
Il
-

(M® - ®uN, 11 @ - Qun) (vi, wi) F,

(v A~ Aoy, v A Aun) (vi, w;) F,

e

©
Il
=

(vi, wi) F.

<
<

z
[l

—=

<U1V"'VUN7U1\/"'

.
Il
i

Then the maps Alt and Sym are unitary.

Proof. Notice that the inverses of the linear isomorphisms Alt and Sym are simply given by

N N
AN(F) > N\ F, SN(F) =\ F,
V1 Q- Q@UN = v A~ AUy, V1R Qunr—v1 V- Voun.

In both cases, it is clear that these maps are equivalences of G-representations and moreover are isometric
with respect to the inner products as defined above, in the case that F is a Hilbert space. O

Proposition 125. Let G be a Lie group with closed subgroup H. Let H and {H;}X, be (unitary) finite
dimensional representations of H and let §,0; be (unitary) finite dimensional representations of G on F and
Fi. Let p and p; be maps

p:G/H — End(F),
pi : G/H — End(F;).

and assume they are G-equivariant, where End(F) and End(F;) are equipped with the G action as in equa-
tion (6.5). Suppose further that we have the following equivalences of homogeneous vector/Hilbert bundles:

GxgH={(xH,v) e G/HxF : p(zH)v=Xv }, reC
GxgH; 2{(zH,v;) € G/H x F; : pi(xH)v; = \v; }, A €C,

where the right-hand side is equipped with o left G action as in theorem 122. Then we have the following
equivalences of vector/Hilbert bundles:

N N
Gxn@PH = { (H,v) € G/H x P Fi : pi(aH)vi = Niv; Vi=1,--- ,N},
i=1

=1
N

N

GXH®Hig{(l‘H,t)EG/HX®]:iIp;:(Z‘H)t:/\it Vi:l,"',N},
=1 i=1
N .

GXH/\H%{(xH,t)eG/HxAN(}');pl(xH)t:M vl':l,...’]\[},

N
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where

pizH)=1® - 1@p(rH)@1--- @1, (it factor),
PlleH)=1® - 1@pH) @1---®1, (i factor)

and where the spaces on the right are equipped with the following G-actions:

N
g- (l’H, U) = (nga 697,67,(9)7)1)7 S @'FH
i=1
N
g- (@H,t) = (g2H,6,(9) @ --- @ 5n (9)), te @ Fi
i=1
g (zH,t) = (gzH,56(g)®Nt), te AN(F) or t € SV(F).

Moreover, if p(xH) is a normal operator for every tH € G/H, then the following is an isomorphism of
vector/Hilbert bundles:

GxyH = {(xH,€) € G/H x F* : p(xH)*¢ =\ }, (6.9)
where the bundle on the right is equipped with the G-action given by g - (xH, &) = (g9zH, Y (g)§).

Proof. It is immediate from lemma 29 and lemma 123 that the above are isomorphisms of vector/Hilbert
bundles and moreover the first two are G-equivariant and unitary on fibers in case of Hilbert bundles.
By lemma 124 also the vector bundle isomorphisms regarding symmetric and exterior powers two are G-
equivariant and unitary on fibers in the case of Hilbert bundles.

To be a bit more concrete, let us show the case of G x g /\N H in detail. Write
EBL {(zxH,v) € G/H x F : p(aH)v =X } 2 G xg H.

There is a G-equivariant injective morphism of Hilbert bundles E — G/H x F and therefore also /\N E <
G/H x N\~ F. Moreover, G/H x NN F = G/H x AN(F) as Hilbert bundles over G/H. By lemma 124 this
latter equivalence is G-equivariant so that E is isomorphic as a Hilbert bundle to the image of the composition
ANYE < G/H x NN F = G/H x AN(F). This image is computed fiber-wise in lemma 123. The conclusion
follows.

O

Remark.

— Consider the setting as in proposition 125. Identify F =2 CV for some N € N. We may identify
CV with the dual space (CV)* using the linear isomorphism v + (—,%). Under these identifications,
equation (6.9) becomes

GxpgH 2{(zH,v) € G/HxCN : p(zH)'v=D>Iv}. (6.10)
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6.2 Bundles arising via V x Spin(r, s)°

The example SL(2,C) X gy (2) C? discussed in section 6.1.2 makes use of the fact that a representation p of
the Clifford algebra CI1(R* 1) on some vector space satisfies the equivariance condition (3.4) and the fact
that this representation is reducible to an eigenspace of p(H ). This construction can be extended to bundles
encountered in the representation theory of V' x Spin(r, s)? via the Mackey machine, for some finite dimen-
sional real quadratic space (V,q) of signature (r,s). We assume further that SO(r,s) = SO(r,s)? x Zs so
that according to corollary 83 the orbit space of Vis countably separated and so the theory of the Mackey
machine does indeed apply.

Write G = Spin(r, s)°. We can use the quadratic form ¢ to identify V with its dual V*. Under this identifi-
cation, the action of G on V* is simply given by w - v = ¢(w)v, where ¢ : Spin(r, s) — SO(r, s) denotes the
covering homomorphism defined in theorem 41. Let a be any point in the orbit O and let G, C G be the
corresponding stabilizer subgroup. Identify G/G, = O, via [w] — w - a. We consider homogeneous Hilbert
bundles of the form G x¢_, H,, where o is a finite dimensional representation of G, on H,.

Notice that O C V < Cl(r,s). So any finite dimensional representation p of the Clifford algebra on some
vector space F allows us to interpret elements of V' as operators on this space. Moreover, if we restrict
this representation to G we obtain a representation S 4 ple of the latter group satisfying the required
equivariance condition (3.4). The following shows that for any finite dimensional representation p of Cl(r, s),
we obtain a representation of GG, satisfying the necessary conditions of theorem 122.

Lemma 126. Let p: Clr,s) — End(F) be a representation of Cl(r,s) and set S = plg, ;. s0- Let @ €V
be arbitrary. Then S|q_ leaves all eigenspaces of p(a) invariant.

Proof. This follows by the Spin(r, s)° by equivariance of p. Indeed, we have for k € G:
p(a) = p(d(k)a) = S(k)p(a)S(k)™H  weGa (6.11)

And therefore p(«) intertwines the representation S|, . O

Lemma 127. For any finite dimensional representation p of Cl(r,s) on some vector space F and for any
a € V satisfying q(a) # 0, there is an eigenspace of p(a) with eigenvalue a square root of q(«) that is
invariant under the G -representation p|g .

Proof. Notice that any orbit O is contained in a level set O C ¢~ ({\}) for some A € C. Since v* = ¢(v)I in
Cl(r, s) we have for any v € O : p(v)? = q(v)I = M. Tt follows that p(v) is diagonalizable and the spectrum
of p(v) is contained in {#m} where m := /X is any choice of a (complex) square root of . (Diagonalizability
of p(v) follows since the minimal polynomial of p(v) divides 22 — X\ = (x — m)(z + m) and hence must be a
product of distinct linear factors). The corresponding eigenspaces are invariant with respect to the action of
the stabilizer subgroup G, by lemma 126. Therefore, F decomposes as G,-representation as F = F,,, & F _p,-
We obtain by restriction a non-trivial G,-representation on at least one of the eigenspaces Fip,. O

Proposition 128. Suppose p is a finite dimensional representation of Cl(r,s) on some vector space F and
set S = p‘Spin('r,s)U' Let a« € V. Suppose that Ex C F is a non-trivial eigenspace of p(a). In view of
lemma 126, we may consider E\ as a G,-representation by restricting S to G,. There is an equivalence of
homogeneous vector bundles

Spin(r,s)° xq, Ex = { (v,€) € Oy X F 1 p(v)€ = X }, (6.12)

where Spin(r, s)° acts on the bundle on the right according to w - (v,&) = (¢(w)v, S(w)E). If F is a Hilbert
space and the action of G, on E\ is unitary, then this is an equivalence of homogeneous Hilbert bundles,
where the fibers of the bundle on the right are endowed with the inner product given by equation (6.4).

Proof. The map p : Cl(r, s) — End(F) is Spin(r, s)’-equivariant, so theorem 122 yields the result immediately.
O

Remark.

— The Clifford algebra Cl(r, s) has either one or two inequivalent irreducible representations [LM89, p.
32, theorem 5.7]. In the case of CI(1,3), there is a single irreducible representation, which acts on C*
and is determined by the gamma matrices given in equation (3.6).

— Notice that in general, the representation of G, on F) as in proposition 128 is not irreducible.
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6.3 Bundles arising via £ xaq K

There is another family of homogeneous vector bundles for which theorem 122 applies, namely those encoun-
tered via the representation theory of € xaq K for a semisimple compact Lie group K with real Lie algebra
£. These bundles are of independent interest; in particular they are relevant when considering the repre-
sentation theory corresponding to the symmetry groups SU(2) and SU(3) related to the weak and strong
interactions in particle physics. However, they also provide a useful stepping stone towards understanding
bundles obtained via the representation theory of V & (£® V') x Spin(r,s)? x K.

The idea is that the Killing form allows us to identify the dual space £ of £ with €. Then for any representa-
tion of K, elements ¢ can be interpreted as operators on the same space using the infinitesimal representation
and this satisfies the equivariance required to apply theorem 122.

Explicitly, let a € € be any point and let K, be the stabilizer of a under the adjoint action Ad of K on &.
Identify K/K, and O, via [k] — Ady(a). We are interested in homogeneous Hilbert bundles over O, of the
form K xg, H,, where o is a finite dimensional representation of K, on H,, with the aim of realizing such
bundles as eigenspace subbundles of trivial bundles using theorem 122. As such, let § be a finite dimensional
representation of K on some vector space Fys.

Since K is compact and semisimple, the Killing form defines an Ad-invariant inner product on ¢, allows us
to identify =g >~ ¢ Under these identifications, the action of K on the dual space ¥ transfers simply to
the adjoint action on €. Moreover, O C ¥ so we can interpret elements in the orbit as operators on Fj using

the infinitesimal representation

5. (X)L 4

o d(exp(tX))v.

t=0

Then 6, satisfies the required K-equivariance, because

% §(kexp(ta)k™ v = 4

5(k)d.()d(k) 1o = dt

d(exp(tAdi()))v = 6. (Adg(a))v. (6.13)

t=0

t=0

If an eigenspace V) of d.(«) is Ky-invariant under the representation §| &, then theorem 122 implies that
there is an equivalence of homogeneous Hilbert bundles:

Ou XK, HUE{(X,U)EOQXV 2 0.(X)v = } (6.14)

Remark.

— From lemma 84 we know that if K is a linear algebraic group defined over R, then the adjoint action on
its Lie algebra is an algebraic action defined over R. Thus, lemma 71 implies that the orbit space of € is
countably separated. It follows that the strongly continuous representations of £ x5q K are completely
classified by that of the various stabilizers K, via the induction procedure described in section 4.4.
Observe that in particular SU(N) is a linear algebraic group defined over R.

— Consider now the special case in which K = SU(N) for some N, a case which is of particular importance
in gauge theories. The Lie algebra su(N) consists of skew-Hermitian matrices with trace zero. In
particular, all elements in su(N) are diagonalizable so that lemma 157 implies that stabilizer of « are
precisely those elements in SU(N) that leave every eigenspace of « invariant.

— In particular, suppose that ¢ is the defining representation of SU(N) on CV so that 6,(X) = X. Then,
seeing as any X € su(NN) is diagonalizable, C decomposes as a G,-representation according to

CN ~ @E)\,
A

where FE) is the eigenspace of a corresponding to the eigenvalue A. By theorem 122, this implies that
for any such E) we have an isomorphism of homogeneous Hilbert bundles

K xg, Ex2{(X,0) € 0u xCN : Xv=Xv},

where the bundle on the right is equipped with the SU(N)-action given by u- (X,v) = (Ad, X, uv) and
its fibers are endowed with the inner product inherited from CV.
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6.3.1 Adjoint orbits

The bundles discussed in section 6.3 are bundles over adjoint orbits of K on £. A detailed understanding of
these bundles requires in particular further understanding of these adjoint orbits. It turns out that they can
be classified by elements in a positive Weyl-chamber and that they are an algebraic variety. This means in
particular that sections of bundles over the orbits satisfy p(X)s(X) = 0 for some polynomials p € S(¢*). If
we can take a Fourier transform, in an appropriate sense, this would mean that the sections satisfy D,s =0
for some differential operators D,. This section is merely a collection of relevant results. We thus mention
them without proof, giving references instead.

Theorem 129. Let Y € t and fix a maximal Abelian subalgebra t. Let Oy be the adjoint orbit of Y in €.
That is, Oy = Ad(G)Y . Then the intersection Oy Nt is an orbit of the Weyl group.

Proof. A proof can be found in [ABH*80, p. 74] O

Since the Weyl group acts transitively on the set of Weyl-chambers [Hum?72, p.51], it follows that every Weyl-
orbit intersects the closure C of a fixed Weyl-chamber in some point. By theorem 129 the same holds for a
general adjoint orbit Oy, which means that these orbits are classified by points in C. Orbits that intersect
C in its interior are called non-degenerate or generic, whereas ones that intersect C' on the boundary are
called degenerate. See also figure 6.1, below.

generic orbit positive degenerate orbit
Weyl
chamber

Figure 6.1: Root diagram for SU(3) and illustration of degenerate and generic orbits. The black dots indicate
the Weyl orbit of 19. Reprinted from [BHOS8, p. 4].

Because K is compact, the adjoint orbits are an algebraic subvariety of £ [Crol7, corollary 5.5]. This variety
can be made explicit using the invariant polynomials S(€*)%. Notice first that by K-invariance, any p €
S(#*)K is constant on the adjoint orbits. We begin with a definition.

Definition 130. A polynomial function of the form 2 ~ tr(w(x)*) for some irreducible finite dimensional
representation 7 of £ and some integer k is called a trace polynomial.

Theorem 131. The map
v SE)E = SHM)Y,
v:ipr ply

is an algebra isomorphism. Moreover, S(¢*)X is generated by dim b algebraically independent trace polyno-
mials (and the unit).

Proof. A proof of the statement that v is an algebra isomorphism and S(£*)¥ is generated by trace polynomi-
als can be found in [Hum?72, p. 127-128]. Because W is a finite reflection group, a theorem by Chevalley[Che55]
implies that the h-algebra S(h)*)" is generated by dim b algebraically independent homogeneous polynomials,
which completes the proof. O

Lemma 132. Let Hy, Hy € § lie in distinct Weyl-orbits.
Then there exists py, € S(h*)W such that py(Hi1) # pn(Haz).

Proof. For a proof of this statement, see [Hum?72, p. 131]. O

The previous two lemmas imply that the trace polynomials separate the adjoint orbits of ¢ and it follows
immediately that
Op={Xet:pX)=pH) Vp e S(E)K 1.
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6.4 Concrete examples

6.4.1 su(2) xaq SU(2)

In this section, we apply the techniques developed in the previous sections to the homogeneous bundles
encountered when applying the Mackey machine to su(2) xaq SU(2), where su(2) is equipped with the
Killing form «. Before starting, we make a the observation this case falls under both the settings considered
in section 6.2 and section 6.3.

Lemma 133. There is an isomorphism of Lie algebras
su(2) = R3,
where R? is considered as a Lie algebra equipped with the cross product x as Lie bracket.

Proof. The identification is given by

su(2) —» R?
3 3
Vp = Zxkiok — kaek =z,
k=1 k=1
where {0;} are the Pauli matrices described in equation (3.1). O

Now, recall from corollary 48 that Spin(3) = SU(2) and that covering homomorphism ¢ extends to the
adjoint action on CI(R?). Therefore, the previous lemma implies that there is an isomorphism of groups

R? x4 SU(2) = su(2) xaq SU(2).

Notice that the standard inner product on R? is invariant under the cross-product (in the sense that
(r x y,2) + (y,z x z) = 0) and R3 is simple, so that the standard inner product must be a multiple of the

Killing form on R3. Identify R3 with R according to

<x7p> - ei<$’p>m3 .
Under this identification and by the invariance of the inner product, SU(2) acts on R3 by u-x = ¢(u)x.

The line spanned by e3 is a maximal Abelian subalgebra (as is any other one-dimensional subspace of R3). A
positive Weyl chamber is C' = R>¢ and the points in C' parametrize the adjoint orbits. The origin corresponds
to the only degenerate case and non-zero multiples elements represent non-degenerate orbits.

Since SO(3) acts by rotations, we know that the orbits are just spheres mS? for some m > 0. We can obtain
the same result using the procedure described in section 6.3.1. Indeed, consider the defining representation of
su(2) on C? and let X = Zi:l Triok be an element in su(2), then tr(X) = 0 and tr(X?) = —2(z3 + 23 + 22)
so that the orbits are described by level sets of the invariant polynomial 22 + 23 + z3.

Now, fix the point a = (0,0,m) € C. By the last remark in section 6.3, the stabilizer of « are those elements
of SU(2) that leave invariant all the eigenspaces of imos. Thus, the stabilizer is the one-dimensional torus

U(1) < SU(2), where the latter embedding is given by z — (g 2)
The induced representations are constructed using associated homogeneous Hilbert bundles of the form

SU2) xp1) H = O,

for some finite dimensional representation of U(1) on H. Recall that the irreducible representations of U(1)
are all one-dimensional and are given by o, : z +— 2™ with n € Z.

In case of the trivial representation o, the above bundle becomes trivial
SU(2) xp) Co = SU(2)/U(1) x Co = OF, x Co,

so the corresponding induced representation is the left regular representation on L?(S?, Cy).
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Next, for any n € N we have o, = 07" and o_,, & ¢®]. Therefore lemma 29 implies that for any n € N:

SU(2) xy(1y Cn = (SU(2) xya) C1)®",
SU(Q) XU(1) (C,n = (SU(Q) XU(1) (C,l)®".

By 125 it suffices to consider to the bundles SU(2) xy 1) C1 and SU(2) xy1) C_1. Now, consider the the
defining representation § of SU(2) on C? so that 0, (X) = X for X € su(2). Its restriction to U(1) decomposes
as U(1)-representation according to

Co=CipC_;.

Moreover, these invariant subspaces are precisely the eigenspaces of a corresponding to the eigenvalues +im.
We find that we have equivalences of homogeneous Hilbert bundles:

SU(2) xpa)y C1 = { (X,v) € Oq x C* : Xv=imv },
SU(2) xpay) Co1 2 { (X,v) € 0f x C* 1 Xv=—imv },

where both these bundles are equipped with the SU(2)-action given by u - (X,v) = Ad,(X,uv). Notice
further that the inner product on these bundles inherited from C? is SU(2)-invariant and coincides with the
inner product induced from SU(2) xy(1) C1 on the fiber above «, because 6 is isometric. Therefore, the two
are equal on every fiber. Moreover, under the identification su(2) = R3 above, these become

3
SU(2) xyy Cy = { (X,v) € Oy x C? : Zpkakv = muv },

k=1

3
SU(2) xy1) Coy = { (X,v) € O, x C* : Zpkakv = mv }
k=1

Now, using 125 we find that there are equivalences of homogeneous Hilbert bundles:
3
SU(2) xy(1) Cp =2 {(p,t) €0, x C2" . > projt=mt, v=1,-- n} :
k=1

3
SU(2) xy) Cop = { (p,t) € Oy, % c2®m . ZkaZt: —-mt, v=1---,n },
k=1

where 0 =1® - - ®1®0, 1®---® 1.

Finally, notice that the U(1)-representation C_; is equivalent to the dual representation C_; = Cf. Thus,
we may as well have applied equation (6.10) to find

SU2) xpay) Co1 2 { (X,v) €04 x C* : X'v=imw },

where the bundle on the right is now equipped with the SU(2)-action u - (X, v) = (Ad,(X),@w).
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6.4.2 5u(3) X Ad SU(3)

Next, we consider the case where K = SU(3) and ¢ = su(3). Notice that the complexification of su(3) is
5((3,C). The adjoint action of SU(3) on su(3) uniquely extends to an action on sl((3,C). Since su(3) is
invariant under the adjoint action of SU(3) on sl(3,C), we can perform the computations in sl(3,C) and
consider the SU(3)-orbits in sl(3, C) that lie within su(3). A maximal Abelian subalgebra it of su(3) is given

by the span of iH; and iHs, where
(o3 O (0 0
Hl_(o 0)’ H2_<0 03>'

Define the Cartan subalgebra b of g 4 5[(3,C) by h = t@it. It is clear that the orbits that lie in su(3) are
precisely classified by elements of it. Let T = exp(it) = U(1) x U(1) = T? be a maximal torus.

We use the inner product defined by (X,Y) = tr(X*Y) to identify g and g*. Notice firstly that this is indeed
a multiple of the Killing form and secondly that when restricted to h, this inner product coincides with the

one obtained by identifying b < C3.

Now, g has two positive simple roots

Oé(Hg) = —1, ﬁ(Hl) = 2.

Under the identification h = h*, these correspond to « = H; and § = Hj. The fundamental weights are
given by

2 1

p=gHy+ S Hy (p1, Hi) =1 {2, H) = 0,
1 2

pe = S Hy + S Hy (1, Ha) =0 (2, Hy) = L.

It follows that the fundamental Weyl chamber is C' = iR, y; + iR jus. For general pu € C, write

w= 3iap + 3ibus
= (2& + b)ZHl + (a + 2b)ZH2
=i diag(2a + b,b — a,—(2b+ a))

for some a,b > 0.

Let us now give an explicit description of the adjoint orbits in su(3). From theorem 131 we know that S(€*)%&
is generated by two algebraically independent trace polynomials. Notice further that all elements in su(3)
have trace zero. Therefore, these generators can not be of degree one. Consider the defining representation
of su(3) on C3. Let
T U v
X=\|-u 1y w , u,v,w €€ C, r,y eR
v w —ilzx+y)

be a generic element of su(3). Then we compute

tr(X?) = —2p2(X)
tI‘(X3) = 3Zp3(X)7

where

p2(X) = [ul® + o + [w]* + (z +y)*,
p3(X) = 2%y + 1%z — (2 + y)(Jvf* - [u?) — 2Im(uvw).

So py and p3 are the generators of S(£*)% and the orbit corresponding to y is given explicitly by
Op={Xet:pX)=d+q, pX)=dctadg}, (6.15)

where ¢; = 2a + b and ¢ = a + 2b.
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Next, let us proceed with realizing the homogeneous Hilbert bundles obtained via the Mackey machine as
eigenspace subbundles of trivial bundles.

We consider first a non-degenerate orbit, which means that a,b > 0. Notice that the stabilizer K, is precisely
the subspace of SU(3) for which all eigenspaces of u are reducing subspaces. That is, K, = T? = U(1) x U(1),
which is considered as subgroup of SU(3) via (z1,22) — 21 ® 22 ® Z123.

In view of lemma 154, the irreducible representations of U(1) x U(1) are given by C, ., 2 ¢, ®C,, for
n,m € Z, where C; denotes the irreducible representation z ~ 2z of U(1). Notice that C; = C_,, and
(Ca,b ® (Cc,d = Ca+c,b+d~

First, let us consider the trivial representation. We have
SU(?)) XK“ (C()yo = O# X C()yo.
Consider next the case |n| + |m| > 0. By lemma 29 we have

SU(3) XKu (Cn)m = SU(3) xKu ((Cn,O ® Co,m)
= (SU(3) Xk, Csgnn,0)®" @ (SU(3) xk, Cosgnm)®™
In view of proposition 125 it suffices to consider the bundles SU(3) xk, C1,0 and SU(3) xk, Co,1. Now, let

§ be the defining representation of SU(3) on C? so that §,(X) = X for X € su(3). The restriction of the
defining representation to K, decomposes into irreducible K,-representations as follows:

C3 = CiodCoiaCq 1.

These invariant subspaces are precisely the eigenspaces of p corresponding to the eigenvalues i(2a+b),i(b—a)
and —(2b + a). By theorem 122 we obtain the following equivalences of homogeneous Hilbert bundles:

SU(3) xk, Cro = {(X,v) €0, xC* : Xv=1i(2a+b)v},
SU(3) xk, Con = {(X,v) €0, xC* : Xv=1i(b—a)v}.

Using equation (6.10), we also obtain

SU(3) xk, Co10 2 {(X,v) €0, xC* : X'v=1i(2a+b)v},
SU(3) xk, Co,—1 =2 {(X,v) € 0, x C* : X'v=1i(b—a)v},

where the bundles on the right are equipped with the SU(3)-action given by u - (X,v) = (Ad,(X), uv).

An application of proposition 125 yields the general case C,, ,,, with |n| + |m| > 0. As an example, consider
the case where n < 0 and m > 0. Using proposition 125 we find that there is an equivalence of homogeneous
Hilbert bundles

SU(3) xk, cnm{(x q) € O, x C3EOHm) . (XO\Wg—i(2a+b)g v=1,---,n
, (6.16)
XYq=1i(b—a)q V—n—|—1,~~,n—|—m}

where XV =1®--- 1@ X®1---®1 with X at the v-th location and where the bundle on the right is equipped
with the SU(3)-action given by u - (X, q) = (Ad,(X), (@®" @ u®™)q.

Next, consider the degenerate case. Suppose that b = 0, so p = idiag(2a, —a, —a). The stabilizer of
u is precisely the subspace of SU(3) for which all eigenspaces of p are reducing subspaces. That is,
K, =S(U(1) x U(2)). Similarly, if a = 0, then p = idiag(b, b, —2b) so K, = S(U(2) x U(1)).

Return to the case where b =0, a > 0 and thus K, = S(U(1) x U(2)).

Observe first that U(2) = S(U(1) x U(2)) = K,, via the isomorphism u +— det(u)~! & u and secondly that
U(2) =U(1) x SU(2)/{£(I,I)}. It follows that the irreducible representations of K, are precisely the irre-
ducible representations of U(1) x SU(2) that are trivial on (-1, —1I).

Denote \/™ C? the m*™ symmetric power of C2. It is known that SU(2) acts irreducibly on \/™ C? for every
m € N and all irreducible unitary representations of SU(2) are obtained in this manner, see also section 8.2.
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Denote by o, the irreducible representation of SU(2) on \/" C?. By lemma 154, the irreducible unitary
representations of K, are precisely the representations 7, ., of U(1) x SU(2) acting on W,, ,, = C,, @ \/"" C?

and W, o 4 C,, that are trivial on (—1,—I). Now, for s @ vy - - - vy, € Wy, p, we have
Tnm (=1, =1)(s @v¥™) = (=1)"s ® (—v1) -+ (—v) = (=1)"T"s @ v™.

Therefore, the representations of K, are precisely m, ,, where n € Z and m > 0 are such that n +m is even.
Notice that the inner product on W, ,, for m > 0 is defined by

(z1 ®v1- Vm, 22 @ Wy - Hvszz
Consider n +m even and m > 0. By lemma 29 we have
SU(3) xx, (Cp ® \/<c2 (SU(3) xxk, Cn) @ (SU(3) xk, \/ C?)

> (SU(3) Xk, Csgnn)®" ® \7(SU(3) xx, C?)

In view of proposition 125 it suffices to consider the bundles SU(3) x g, C; and SU(3) x i, C*. Now, consider
the defining representation d of SU(3) on C? so that 6,(X) = X. Its restriction to K,, decomposes as C; & C?,
where U(1) x SU(2) acts on C! via U(1) and SU(2) acts trivially and vice-versa for the action of U(1) x SU(2)
on C2. Moreover, C; is precisely the eigenspace of u = idiag(2a, —a, —a) corresponding to the eigenvalue
i2a and C? is the eigenspace of u corresponding to eigenvalue —ia. By theorem 122 we obtain the following
equivalences:

SU(3) xk, C1 2 {(X,v) €0, x C* : Xv = 2iav},
SU(3) Xk, C* = {(X,v) €0, xC* : Xv=—iav}.

An application of 125 now yields the general case. For n +m even and n,m > 0 we have

SU(3) xk, an_{(X q) €O, XC3®n®Sm((C3)’ XYq=1i2aq v=1,---,n

XYq=—iaq v=n+1,--- ,n—l—m},

where the action of SU(3) on this bundle is given by u - (X,t) = Ad,(X),u®"t. If on the other hand n < 0,
we obtain

SU(3) Xk, Whm = {(X,q) €O, x C3%" @ S™(CP) : (X)W q=1i2at v=1,---,n
X"q = —iat u=n+1,~--,n—|—m},

where now SU (3) acts according to u- (X, q) = (Ad,(X), (@®" @u®™)q). Finally, For m = 0 and 0 # n even,
we have
SU(3) xk, Co =0, x Cy
SU@3) xk, C, = {(X,v) € O, xC?: XYy =2iav v=1,--- n},
SU(3) xk, Cop 2 {(X,v) €0, xC* : (X")"v=2iav v=1,---,n},

with the appropriate SU(3)-action on these bundles.

Choosing a basis reveals more explicitly what differential equations the Fourier transform of sections of these
bundles would satisfy, assuming that the Fourier transform can indeed be suitably defined. Consider for
example the degenerate case with n,m > 0 and n + m even. Let {Ey}_, be a basis of su(3) (such as the
Gell-Mann matrices) and identify su(3) = R® using this choice of basis. Then we obtain

8
SU(3)><KHWn,mE{( q) €0, xC" @ 8™C%) : Y prEYg=i2aq v=1,
k=1

8
ZpkEZq:_Zaq V:n+1a"'an+m}'
k=1
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6.5 Bundles arising via V @ (£® V) x Spin(r, s)? x K

In this final section, we consider the embedding of the homogeneous bundles that occur in representations of
the group G =V @£ ® V x Spin(r, s) x K in eigenspace subbundles of trivial bundles. The main motivation
for doing so is to pursue an analysis of the representation theory of G in analogous fashion to Wigner’s anal-
ysis of the representation theory of R* x SL(2,C), where differential equations describing certain relativistic
particles are recovered by embedding the corresponding bundles in eigenspace subbundles of trivial bundles.
It turns out that the method developed in theorem 122 can be successfully applied to associated bundles over
arbitrary orbits in V' @ Hom(V, ¢) for an appropriate representation of the stabilizer.

We assume that the orbit space of V @ (£® V) under the action of Spin(r, s)® x K is countably separated.
In particular, this is true for the case where K = SU(N) and (V, q) is the Minkowski space (R*, 7).

From section 8.4 we know that under the identifications V* = V using n and ¢t @ V = ¢ ® V* = Hom(V, ¢),
the action on V @ Hom(V, £) becomes

(w,k) - p® A= (w)p+ Ady o Ao g(w) ™" (6.17)

As in chapter 5, we use the bilinear form ¢ on V and an Ad-invariant inner product x on € to identify
V* 2V and £ = ¢. Denote by (—)* : Hom(V, ¥) — Hom(#, V') the transpose map under these identifications.
See also section 8.4 for more details on these identifications. In particular, from section 8.4 we know that

(Ady Ag(w)~1)* = p(w)A*Ad; .

In this setting, there are two natural ways in which the requirements of theorem 122 can be satisfied. That
is, in which there exist a representation of G on some vector space F and a way to interpret elements in
V @ Hom(V,¥) as operators F in an equivariant manner such that the eigenspaces of these operators are
invariant under the restricted action of the stabilizer. The idea is to consider representations of G on which
either Spin(r, s)° or K acts trivially and to define equivariant projections of V & Hom(R*%, £) into either V or &.
In section 6.2 and section 6.3 we have already encountered suitable ways to interpret elements in these latter
two spaces as operators acting on the vector space of some Spin(r, s) or K-representation, so by composition
we obtain an equivariant map V @ Hom(V,¢) — End(F).

Lemma 134. Let v = po + Ag € Hom(V,t) be arbitrary.

1. O, is a fiber bundle over the Spin(r, s)°-orbit O, , where the projection map is Spin(r, s)°-equivariant
and given by
£:0, = Oy, E:pDA—p. (6.18)

2. Write Xo = Aopo. Then O, is a fiber bundle over the adjoint orbit Ox,, where the projection map is
K -equivariant and given by
x:0, = Ox,, X:pDA— Ap. (6.19)

3. Write pa = A§Aopo. Then O, is a fiber bundle over the Spin(r,s)?-orbit O,,, where the projection
map is Spin(r, s)°-equivariant and given by

Y0, = Op,, Y:pdA— A*Ap. (6.20)

Proof.

1. Notice first that there are diffeomorphisms O, = G/G, and O,, = G/Gy,, so by corollary 18 G is
a principal fiber bundle over both these orbits. In particular the quotient maps ¢, : G — G/G, and
gp : G = G/Gp, are smooth submersion and locally trivial. Since G, C Gp,, the quotient ¢, factors

through a map G/G, ENYE: /Gp,- This map is clearly surjective and its differential df is a surjective
bundle map because dg, = df o dg, is surjective. Therefore f is a smooth submersion. Finally, f is
locally trivial. To see why, notice that g, is locally the projection U x G,, — U and g, is in these
local coordinates given by the projection U x G, — U X G, /G,. The result follows from ¢, = foq,.
Finally, notice that under the isomorphisms O, = G/G, and O, = G/G,,, the map O, — O, is given
byg-p® A g-pfor g € G. It is in particular clear that this map is equivariant.
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2. We employ a completely similar argument. Notice that Ox, = K/Kx, = G/Gx,, where Spin(r,s)°
acts trivially on €. Moreover, if (w, k) € G, then ¢(w)p = p and Ady o Ao ¢p(w)~! = A. Thus,

AdpX = AdpAp = Adp Ag(w) ' p(w)p = Ap(w)p = Ap = X.

Therefore, G, C Gx,. Using the same argument as in the first point, we obtain a locally trivial smooth
submersion O, — Ox, given by g -v — ¢ - X. Unraveling the definitions with g = (w, k) € G, this
means

d(w)p © Ady, 0 Ao p(w) ™! = Ady(Ap) = (Ady o Ao p(w) ) ((w)p).
3. Similarly, notice that O,, = G/G,,. This implies G, C G,,, because if (w, k) € G, then
d(w)pa = p(w)A* Ap = (AdRAp(w) ™ 1)* (Adp Ad(w) N p(w)p = A*Ad(w)p = A*Ap = pa.

Thus we obtain a locally trivial smooth submersion O, — O,,, given by g-v + g-p4. Unraveling the
definitions, we similarly find that this map is given by p ® A — A* Ap.

O

Corollary 135. Let v = pg & Ag, Xo = Agpo, &, x and ¢ be as in lemma 134. Let E — O, be a vector
bundle. Then any section s € T'(O,, E) satisfies the following three equations, where uy = p+ A € O, is
arbitrary:

(g0 &)(n)s(p)
(g o) (n)s(p)

(P o x)(p)s(p)

q(po)s(p),
q(pa)s(p),
P(Xo)s(p), VP eSE)E.

V)

Remark.

— If we assume that a suitable Fourier transform can be defined on the space of sections I'(O,, E), then
each of the equations in corollary 135 would yield a partial differential equation satisfied by the Fourier
transform f of such a section f. For example, if we consider the case of Minkowski space (V, q) = (R*, n),

ot o ot o N

then the first equation would correspond to (5= — 7.2 — 597 @)]?: 7(po, po) f-

Proposition 136. Consider a finite dimensional representation p : ClV,q) — End(F) of the Clifford
algebra CUV,q) and set S = p|5pm(r,s)0 be its restriction to the connected component of the spin group.

Let v = py + Ag € V@ Hom(R* €). Let c¢1,c2 € R be arbitrary. Suppose that Ey is an eigenspace of

c1p(po) + c2p(AfAopo) with eigenvalue X. Then there is an equivalence of homogeneous vector bundles over
O,:
Gxg, Ex2{(p®A,v) € Oy xF : c1p(p)v + cap(A*Ap)v = Iv }, (6.21)

where Gy, acts on Ey via (w, k) -v = S(w)v and where the bundle on the right is equipped with the G-action
given by
(w, k) (p® A,v) = ($(w)p ® Ady, 0 Ao ¢(w) ™, S(w)v).

Proof. Let £,1 be defined by (6.18) and (6.20). We have already seen in equation (3.4) that the assignment
V 2 End(F) is equivariant with respect to the action of Spin(r, 5):

p(¢(w)p) = S(w)p(p)S(w)~".
Since both ¢ and 1 are Spin(r, s)-equivariant maps, it follows that the map
0:0, = GL(F), O=c1-(po&)+ca-(por))

is G-equivariant, where K acts trivially on the latter space. Furthermore, we have seen in the proof of
lemma 134 that G, C Gp, N Gp,, where pa = A5Aopo. It follows that for any g € G, we have

0(v) =0(g-v) = S(w)0(v)S(w) ™"

and therefore S|, leaves the Ey invariant. Thus, if we consider the representation § of G on F on which
Spin(r, 5)? acts via S and K acts trivially, then |, leaves the eigenspace Ej of (6)(v) invariant. The result
now follows by theorem 122. O

73



Corollary 137. Consider the setting of proposition 136 and let £,1 be as in (6.18) and (6.20). Define
0=c1-&+co-. Write

E! g{(]9691471)) € 0, X F : c1p(p)v+ cap(A*Ap)v = M },
o { (p,v) € Opuy x F : p(p)v=2v }.

Then (0 x id,0) is a surjective morphism of G-homogeneous Hilbert bundles (E1,0,) — (E2,Og(,)), where
K acts trivially on E? and Oywy, and Spin(r, 5)Y acts on Ey by w - (p,v) = (¢p(w)p, S(w)v).

Remark.
— The attentive reader may recognize that E; is precisely the pullback bundle of Es by 6.
— Any section s € I'(O,, Ey) satisfies p(p)s(u) = As(p) for all p € 67 1({p}).

— Suppose in particular that V' = R"3 and consider the point ¥ = mey ® Ay with m > 0. Let p :
Cl1(1,3) — End(C*) be the representation defined by equation (3.6) and write S = Plsrizc)-
Notice that p(meg) = m~y has two non-trivial two-dimensional eigenspaces E,, with eigenvalues +m.
Then proposition 136 yields that

G x¢g, Exm = { (p® A,v) €O, x C* : p(p)v:imv},

which recovers the eigenvalue equation corresponding to the Dirac equation for spin %—particles. How-
ever, we obtain more information, namely the orbit of v in R* @ Hom(R*, €). In view of corollary 135,
this corresponds to a set of equations satisfied by sections of homogeneous bundles over O,,.

Now, an application of 125 yields

N
GxGV\/Eim%’{(pGBA,t) €0, xSN(CY : p*(p)t =+mt, Yv=1,---,N},

where p¥ =1® ---® p® 1---® 1. This similarly recovers the Dirac equation corresponding to higher
spin, with the information of the orbit of Ajg.

— Consider the same setting as in the previous point. Notice that for any p € Oy, , the eigenspaces of p(p)
are two-dimensional. Taking ¢y = 0 in proposition 136 can thus never directly apply to homogeneous
bundles over O, of the form G x¢g, C. Yet, we have seen in theorem 117 that many of the stabilizers
G, have one-dimensional irreducible representations. Taking cs # 0 may resolve the matter. To see
why, consider

d . 1 0
F=donren=, _;)-

In view of equation (3.7), I' commutes with S(w) for every w € SL(2,C). Suppose that p4 = eg — e3.
A direct computation shows that I' commutes with p(p4) = 70 — 73. By equivariance of p, it leaves
the eigenspaces of p(p) invariant for all p € O,,. Now, p(p4) has a single two-dimensional eigenspace
FEy with eigenvalue zero that is spanned by e; and e;. The eigenspaces of I' decompose Fy further
according to Fy = Ear @ E; where yv = +v on Egt and because I' intertwines S, the stabilizer G,
leaves both subspaces EOi invariant. Recalling from the proof of lemma 134 that G, C G,,, we find
using proposition 136 and lemma 27 that

Gxa, By 2{(p®Av) €0, xC*: p(A*Ap)v =0, Tv==v}. (6.22)

Notice that because I' anti-commutes with every ~; it does not leave the eigenspaces of p(p) invariant
whenever 7(p,p) # 0. Therefore, a similar idea works only if ¢1,co € R can be chosen such that
n@(v),0(v)) =0, where 0 =c¢; - E+co-9: O, - V.
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Proposition 138. Let v = py + Ag € V & Hom(V,¥) be arbitrary. Suppose that 7 : K — F is a finite
dimensional representation of K and let Spin(r,s)® act trivially on this space. Then for any eigenvalue X of
7« (Aopo) with eigenspace Ey, there is an equivalence of homogeneous vector bundles

Gxg, Ex2{(p®Av) €O, xF : m(Ap)v=2Xv}, (6.23)

where G, acts on Ey according to (w, k) - v = w(k)v and where the bundle on the right is equipped with the
G-action given by

(w, k) - (p® A, 0) = ($(w)p ® Ady 0 Ao (w) ™ m(k)v).

Proof. Let x be as in (6.19). We have already seen in equation (6.13) that 7, is K-equivariant. In view of
lemma 134 the map 7, o x is G-equivariant. It follows that the eigenspaces of (7, o x)(v) are invariant under
the action of the stabilizer. Explicitly, we have for any g = (w, k) € G,:

m(k)(me 0 x) (W) (k) ™ = m(x(g - v)) = (T 0 X) ().

Thus, we obtain a non-trivial G,-representation on each of the eigenspaces E) of (m, o x)(v). The result now
follows by an application of theorem 122. O

Corollary 139. Consider the setting of proposition 138, let x be as in lemma 134 and let Xy = Agpg. Write
Eli{(p@A,v)G(’)l,x}': T (Ap)v = M }, (6.24)
E*L{(X,0) €Ox, xF : m(X)v=Xv}. (6.25)

Then (x x id, x) is a surjective morphism of G-homogeneous Hilbert bundles (E1,0,) — (E2,0x,), where
Spin(r, s)° acts trivially on E* and Ox,, and K acts on Es by k- (X,v) = (Adi(X), 7(k)v).

Remark.

— Consider K = SU(N) and its defining representation 7 on C¥. Then any element X = Ap in the Lie
algebra su(V) is diagonalizable. The proof of proposition 138 shows that every eigenspace E) of X is
G, -invariant and therefore, C"V decomposes as a G,-representation according to

CcN = (P E,.
A

Now, proposition 138 applies to each of the G, -representations E.

— Corollary 139 states the sense in which all eigenvalue equations encountered in section 6.3 are contained
in the representation theory of G. Indeed, any section s € I'(O,,, E') satisfies the equation 7, (X )s(u) =
As(p) for all u € x~1(X) in the fiber of X € Ox,. In particular, this applies to the case where K =
SU(N) and = is the defining representation on C™. Now, all of the eigenvalue equations encountered in
section 6.4.1 and section 6.4.2 were obtained by restricting the defining representation to the eigenspaces
of some X € su(N), N = 2,3 and applying various bundle operations. Therefore all these equations
are contained in the representation theory of V@ €® V x Spin(r, s)? x K, in the sense described above.
However, we obtain additionally the information of the orbit O, the associated bundle G x¢g, H is
defined over.

— For massive points and K = SU(2), the values of Ap have a direct relationship with the stabilizers
obtained in theorem 117 and the method that was used to prove this result.

Indeed, suppose that V' = R!3 and consider the point v = py & Ay € V +Hom(V, ) with py = myeq for
some m, > 0. Write Ag = (X B) for some X € t and B € Hom(R?,£). Then Agpy is simply given by
Aopo = mpX. Now, for K = SU(2) there are two possibilities. If X = 0, then Agpy = 0 has only one
eigenspace, namely all of C? and Ap = 0 for every p ® A € O,. If on the other hand X # 0, then X
has two one-dimensional eigenspaces C_ and C4 corresponding to some eigenvalues +mg # 0. Notice
that this is precisely the distinction @ = 0 or a # 0 made in section 5.2. In both cases, proposition 138
immediately yields isomorphisms of homogeneous vector bundles:

X=0= Gxg C*=20, xC? (6.26)

X#0 = Gxg, Co2{(paAnv) €0, xC?: (Ap)v = tmymsv }. (6.27)

— On the one hand, proposition 136 realizes bundles G x ¢, H* as eigenspace subbundles of trivial bundles,
where G, N K acts trivially. On the other hand, proposition 138 does the opposite; it considers bundles

G x g, HE where G, NSpin(r, s)° acts trivially. Proposition 125 can be applied to obtain similar results
for representations of G, where both G,, N Spin(r, s)° and G, N K act non-trivially.
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6.5.1 The case of K = SU(2)

In the following, an example is considered of how the results of the previous section may be applied to study

the representation theory of G =V x H LRt Hom(R*, su(2)) x SL(2,C) x SU(2). By corollary 86 we
know that the orbit space of the action of H on V is countably separated. Thus, according to the theory of
the Mackey machine, the irreducible representations of G are classified by that of the various stabilizers of
the action of H on V. As in the previous section, we identify R*" 22 R* using 7 and su(2)* = su(2) using k.
Denote by (—)* : Hom(R*, £) — Hom(¢, R*) the corresponding transpose map. We may use the G-invariant
bilinear form S(zx @ A,p ® B) = n(x,p) + tr(A*B) to identify V 2~V via the pairing

(r@A,p® B) 4 if(z®Ap®B)
Under these identifications, the action of H on 7 transfers to the action
(w, k) -p® A= p(w)p+ Ady, 0 Ao (w) .

In section 5.2, the stabilizers of this action where determined up to equivalence. They are given by theo-
rem 117.

Identify su(2) = R? using the Pauli matrices as in lemma 133 and consider a basis of R* in which 7 corresponds
to the matrix D = diag(1, —1,—1,—1). Let us consider a non-trivial example corresponding to the case a # 0
in the proof of theorem 117 whose stabilizer is a product of compact subgroups, namely consider the case
that H, = U(1) x U(1), where U(1) embeds in SU(2) and SL(2,C) via z — z @ Z. In view of the proof of
theorem 117, the corresponding element in R* @ Hom(R*, £) is v = meo + Ao, where

00 0 O
Ao=10 0 0 O
r 0 0 s

for some r,s # 0. Now, by lemma 154, the irreducible representations of H, = U(1) x U(1) are given by
C, ® C,, with n,m € Z. We consider the representations C+ ® Cy and Cy ® C, noticing that the general
case follows by means of suitable bundle operations using proposition 125.

First, let us consider the representations of H, where K acts trivially. Consider the representation

p : CI(1,3) — End(C?) defined by the Dirac matrices 7, which are given in equation (3.6) and set
S = p SL(2,0)- We aim to choose the constant cq,co € R in proposition 136 appropriately, following the
last remark succeeding corollary 137.

From lemma 160 we know that A* is the unique map satisfying x(Ap,z) = n(p, A*z) for all p € R* and
x € R3. In our choice of basis, this becomes p? ATx = p? DA*z, where (—)T denotes the usual transpose of
vectors and matrices. Thus DA* = AT so that the matrix of A* is given by DAT | seeing as D=1 = D.

Using the preceding observation, one computes that A§Agpo is given by r?m - eq —rsm - e3. Let &, be as in
lemma 134 and define 6 : O, — R* by 6 = r(s — r) - £ + 1. In that case, it holds that 6(v) = mrs(ey — e3).
We have seen in the last remark succeeding corollary 137 that the element I' = ivygy17y27y3 intertwines the
SL(2,C)-representation S and leaves the eigenspace of vy — 3 corresponding to eigenvalue 0 invariant. This
eigenspace is spanned by e; and es. In view of equation (3.7) we find that the action U(1) C SL(2,C) on
Span{e; } and Span{es} is equivalent to C_; and Cy, respectively. Thus using proposition 136 and lemma 27,
we find:

Gxg, (C11®Co)={ (pdAv) €0, x C*:r(s—r)p(p)v+ p(A*Ap)v =0, Tw=Fv I8
On the other hand, because Agpy = mres equation (6.26) implies that

Gxg, (Co®@Cy1) = { (p®Av) €O, xC?: (Ap)v=Emr-v}.
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Chapter 7

Discussion and Conclusion

Following recent developments by B. Janssens and K.H. Neeb [JN], the strongly continuous unitary repre-
sentations of groups of the form G' = R* @ Hom(R*,£) x SL(2,C) x K were studied that satisfy a certain
positive energy condition.

For an element p+ A € R* ®Hom(R%, £), the of positive energy requirement was found to be equivalent to the
condition that A* maps the adjoint orbit of H into the closed future-pointing light cone: A*Qy C C. This
equivalent formulation could be used to obtain the result that p € C is a necessary requirement for satisfying
the positive energy condition and that for p € dC in the future-pointing light cone, it is even necessary that
A is a rank-one operator of the form A = n(p,-)X for some X € ¢t

By the theory of the Mackey machine, the irreducible strongly continuous representations of G that satisfy
the positive energy condition are classified by the corresponding stabilizers of the action of SL(2,C) x K on
R* @ Hom(R*, £). These stabilizers were completely determined up to equivalence for the case of K = SU(2).
The result is given in theorem 117. Now, the representation theory of these stabilizers is completely un-
derstood, so that a full classification of the strongly continuous representations of G satisfying the positive
energy condition is obtained.

The condition A*Op C C admits a physical interpretation. Namely, the projection of a point p € C to the
time-axis is usually interpreted as its total energy, whereas the value of n(p, p) is interpreted as its mass. It
is therefore tempting to interpret these values similarly for the perturbed point p + A*H. In this case, the
positive energy condition states precisely that the point p + A*H can not have negative mass nor can it be
in the orbit of point with negative total energy.

In order to understand to induced representations of positive energy in more detail, a method was developed
that embeds homogeneous bundles as eigenspace subbundles of trivial bundles that in particular applies to
the bundles obtained in the representation theory of R*® (¢@R*) x SL(2,C) x K. The eigenspace subbundles
thus obtained recover in particular the Dirac equation as well as various eigenvalue equations corresponding
to the intrinsic symmetries imposed by K.

Moreover, these eigenspace subbundles resemble various theories in particle physics. For example, elements
X € su(N) in the adjoint representation of SU(N) are commonly considered to act on vectors in a repre-
sentation of SU(N) via the infinitesimal representation, examples being pions and gluons. Such an interplay
between the SU(N), its adjoint representation on su(N) and the actions of these two on some vector space
is precisely how the eigenspace subbundles are obtained. Moreover, degenerate orbits in the adjoint repre-
sentation su(3) of SU(3) may be connected to the phenomenon known to physicists as symmetry breaking.

In the case of K = SU(2), a clear connection was found between the obtained eigenvalue subbundles and

the method that was used to determine the stabilizers in theorem 117. Namely, the distinction made in the
proof corresponds precisely to whether or not the value of Ap in su(2) is zero.
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Future Research

The results obtained in this thesis leave a number of open ends and possible directions for future research.

Firstly, in order to allow for a clear physical interpretation of the obtained eigenspace subbundles, it would
be beneficial to show that the sections of these bundles can be interpreted as tempered distributions whose
Fourier transform satisfy corresponding wave equations. This would complete the analogy to Wigner’s anal-
ysis of the representation theory of R* x SL(2,C)[BW48].

Secondly, now that the strongly continuous unitary representations satisfying the positive energy condition
of the group G = R*@® Hom(R*, &) x SL(2,C) x K have completely been classified for the case of K = SU(2),
it remains to apply the results of section 6.5 to realize the corresponding homogeneous bundles as eigenspace
subbundles. If we assume that a suitable Fourier transform can be defined on the space of sections of these
bundles, this would yield various differential equations that correspond to irreducible representations and
these could possibly be related to elementary particles.

It would be interesting to study the case of K = SU(3) in a similar fashion, namely by determining the
stabilizers corresponding to positive energy representations and realizing the resulting homogeneous bundles
as eigenspace subbundles using section 6.5. Because SU(3) is related to the symmetry group of the strong
interaction, this case is of particular physical interest and could provide a further understanding of elementary
particles.

Now, in order to determine these stabilizers, it is noteworthy to mention that the main idea of the proof of
theorem 117 can be done more generally; namely to recursively restrict the action of SL(2,C) x K to smaller
subgroups, decompose R* @ Hom(R*, ®¢) into irreducible representations of the restricted group and consider
the various cases in this decomposition. There is good hope that such an approach works more generally
because the adjoint action of SU(N) on su(N) takes values in SO(su(N), ), which are simply higher-
dimensional rotations. In particular, the invariant subspaces of such transformations are well-understood so
that the stabilizers of AA* € End(¢) can be determined.

Furthermore, as physicists are often interested in invariant quantities that distinguish or characterize various
particles, it is of interest to determine the center of the universal enveloping algebra of R*®(EQR*) xi51(2, C)DE.
Such elements will act by scalars on any representation of the corresponding Lie algebra.

Finally, besides the physical relevance of the results obtained in this thesis, the method for embedding homo-
geneous bundles in trivial bundles could possibly be applied more generally and could therefore shed light on
the representation theory of other groups, as well as on homogeneous bundles obtained through other means
than representation theory.
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Chapter 8

Appendix

8.1 Analysis on locally compact groups

This section consists of various results on locally compact groups that are needed throughout the text.
Explicitly, two matters are addressed:

1. the construction of the induced representation given in section 4.1 makes the assumption that of the
existence of an invariant measure on a quotient space G/H for some closed subgroup H of G. The first
section gives some relevant results justifying this assumption.

2. Secondly, the Mackey machine heavily makes use of spectral theory for representations of an Abelian
locally compact group. Specifically relevant is the fact that such a representation corresponds to
a spectral measure on its dual group. This spectral measure plays an essential role in the Mackey
machine. The second section is devoted to a summary of the relevant results.

The results in this section, including the proofs, are taken from [Fol95].

8.1.1 Invariant measures on homogeneous spaces

Let G be a locally compact group and let A\ be a left Haar measure. This section is concerned with the
existence of a G-invariant measure on homogeneous spaces G/H.

We first introduce the so called modular function A, which measures the extent to which the left Haar mea-
sure fails to be right-invariant.

Define for every € G a new left Haar measure A\, by \.(F) = A(Ez). Since the left Haar measure on G
is unique up to a positive constant, we obtain for every x € G a number A(x) > 0 such that A\, = A(z)A.
Moreover, this number A(z) does not depend on the original choice of A, since

(cA)z = cAy = cA(z)A = A(x)(cA).

This yields a function A : G — Ry called the modular function of G, where Ry denotes the multiplicative
group of positive real numbers. Notice that A is both a left and right Haar measure if and only if A = 1. In
this case, G is called unimodular.

Proposition 140. The map A : G — Ry is a continuous homomorphism. Moreover, for any f € L*(G),

/Ryfd)\: A(y‘l)/fdk. (8.1)

Proof. 1t is trivially verified that Az, = (X\;), which implies that A(zy)A = A(y)A(x)\ = A(z)A(y)A.
The equality 8.1 is clear on simple functions since A(Ey~1) = A(y~')A(E). The general case follows by
approximation. Continuity of A follows since for any fixed f € L'(g), the map g — [ R,fd) is continuous

and by 8.1 we have
fdx
Ag) = fi

" [ Ryfd\’

which is continuous in g. O
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The following proposition gives some classes of unimodular locally compact groups.
Proposition 141. Let G be a locally compact group and let A denote its modular function.
1. If K is any compact subgroup of G then Al =1.
2. If G is compact, then G is unimodular.
3. If G/|G, G] is compact, then G is unimodular
4. If G is a connected semi-simple Lie group, then G is unimodular.

Proof.

1. Since A is continuous, A(K) must be compact and since A is a homomorphism, it is a subgroup of Ry.
The only compact subgroup of R is {1}, so that A|, = 1.

2. This is immediate from the previous assertion.

3. Since R, is Abelian, we have A([z,y]) = [A(x), A(y)] = 1. It follows that A factors trough G/[G,G].
The conclusion now follows from the first assertion.

4. For a semi-simple Lie algebra g it holds that [g, g] = g. But [g, g] is the Lie algebra of [G, G]. Since G
is connected, it follows that [G,G] = G. Then G/[G, G] = {1}, which is clearly compact.

O

Now, consider a locally compact group G with closed subgroup H. Let G ENYE /H be the quotient map. It
will be of particular interest to know when the quotient space G/H possesses a G-invariant Radon measure.
This question is addressed in the following.

Let £ be a left Haar measure of H and denote by Ag and Apy the modular functions of G and H, respectively.
To define a G-invariant measure on G/H, the idea is to construct a surjective map C.(G) 4, C.(G/H) and

attempt to define
Afds = [ f,
G/H G

which would define a G-invariant linear functional on C.(G/H) and thence a G-invariant Radon measure
on G/H. Of course, one still needs to address to question of whether or not such an integral is actually
well-defined, as well as define such a surjective map A.

Define the following map, which we call the averaging map:

A Cy(G) = Co(G/H)

ommmiéﬂm%. (8.2)

Notice that the resulting map is indeed well-defined by the left invariance if £&. Moreover, it satisfies

A((¢oq)-f)=0¢-Af
for every ¢ € C.(G/H) and f € C.(G).

Lemma 142 (Lifting compact sets).
Let E C G/H be compact. Then there exists a compact set K C G such that q(K) = KH = E.

Proof. Let V' be an open neighborhood of 1 with compact closure. Since g is an open map, {g(zV)}.eg is an
open cover of E so by compactness there exists a finite sub cover {z;V}7_,. Take K = ¢~ (E)ﬂU?:1 z;V. O
Lemma 143. If E C G/H is compact, then there exists f > 0 in C.(G) such that Af =1 on E.

Proof. Let F' D E be compact in G/H and let K C G be a compact lift of F'. Let ¢ € C.(G/H) be such that
¢ >0, supp¢ C E and ¢|p = 1. (Such a function exists e.g. by Tietze’s extension theorem.) Let g € C.(G)
be such that g > 0 on K. Take

_ %oq

f_Agoq
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Lemma 144 (Surjectivity of A).
Let ¢ € C.(G/H). Then there exists f € C.(G) such that ¢ = Af and q(supp f) = supp ¢. Moreover, if
¢ >0 we can take f > 0.

Proof. Let g > 0 in C.(G) be such that Ag = 1 on supp¢. Let f = (¢poq)-g. Then Af = ¢. The other
properties are obvious. O

Finally, the main result of this section can be stated, which comes with a sort of Fubini theorem:

Theorem 145. Suppose G is a locally compact group and H is a closed subgroup. There is a G-invariant
Radon measure p on G/H if and only if Ac|y = Ag. In this case, p is unique up to a constant factor and
if this factor is suitably chosen, we have

[ A= | raaa= [ y | redsdutat). (8.3)
Proof.

A proof can be found in [Fol95, p. 57]. O

Corollary 146.
Let G be a locally compact group and H a closed subgroup of G.
Then G/H has a G-invariant Radon measure of one of the following is satisfied

1. H is compact,

2. G is a Lie group and both G and H are semisimple and connected.
Proof. Both assertions follow by proposition 141

1. If H is compact, then both Ag|,; =1 and Ay = 1.

2. If G is a semisimple Lie group, then since H is closed, it is a semisimple Lie group of its own right. By
assumption they are both connected, so proposition 141 yields Ag =1 and Ay = 1.

O

8.1.2 The group algebra

This section is mainly concerned with the results needed in the Mackey machine (section 4.4). Particularly
important is the result that any representation of such a group corresponds to a unique projection-valued
measure on the dual group G. The group algebra L!(G) associated to a locally compact group is first intro-
duced. This algebra has very strong connections with the original group G, but being a Banach-*-algebra
has more structure and is thus easier to handle. In particular, the Gelfand representation is available and
the image of non-degenerate x-representation of L!(G) yields a C*-subalgebra of £(H), so that the spectral
theorem is available.

A proof of the results mentioned here can be found e.g. in [Fol95]. We assume that G is o-compact, which is
in particular true if G is connected. In this case, the Haar measure of G is o-finite and L!(G)* = L°°(G) holds.

Let G be a locally compact group, let A denote its left Haar measure and A the modular function. Write
dz for d\(z). Then L'(G) is a Banach *-algebra with an approximation of the identity with the operations
[Fol95, p.49-54]

(f * 9)(x) = /G Fw)gly a)dy
£*(2) = A FE D).

This algebra is called the group algebra of G. The theory of unitary representation G is strongly related
to non-degenerate *-representations of its group algebra L'(G). Indeed, suppose that 7 is a unitary repre-
sentation of G on H,. Define for f € L'(G) the operator «(f) on H, by

ﬂ(f):/cf(x)w(m)dx,

where the integral is to be interpreted in the weak sense, i.e, (7(f)u,v) = [ f(z)(m(z)u,v)dz. Notice that
[ (fu, v)| < |If|[1]lullllv]| so w(f) is a bounded linear operator on H, with norm [|7(f)|| < ||f]]1-

82



Theorem 147. Let 7 be a unitary representation of G. Then ® : f — w(f) defines a non-degenerate
x-representation of L*(G) on H,

Proof. Tt is clear that @ is linear. It is a a routine calculation to show @ is an *-homomorphism L'(G) —
L(H,), making use of Fubini-Tonelli and the substitution rule dA\(z=1) = A(z~!)d\(z). To see it is non-
degenerate, we show that for any u # 0 there exits some f € L!'(G) such that 7(f)u # 0. Fix u # 0. Since

7 is (strongly) continuous and G is locally compact, we can find a compact neighborhood V of 1 € G such
that ||7(z)u — f|| < ||lul|. taking f = |V|~ 1y we find |7 (f)u — u|| < |Jul| so in particular w(f)u # 0. O

Lemma 148. The assignment F : w(x) — w(f) defines a functor from the category of unitary representation
of G to the that of non-degenerate x-representations of L*(G).

Moreover, this functor is fully faithful. That is, for any two unitary representations m,mo € UR(G) there is
a bijection between the Hom sets:

HomG(ﬂ'l,’iTg) = HOTTLLI(G) (F(ﬂ'l), F(’]TQ))

Proof. 1t is clear that any linear map intertwining two unitary representations w1, m of G also intertwines
the representations F'(m;) and F(ms). Therefore F is indeed a faithful functor. It remains to show it is full.
Suppose 7; acts on H; and T € Homg (7, m). Notice that

/ f(@) (T (x)u,v)de = / f(x)(ma(x)Tu,v)dz VfeLNG), wu,v€H,
G G

= (Tmy (x)u,v) = (ma(x)Tu, v), Ve e G, wu,ve€H;
— Ty (x) = mo(2)T, Vo € G.
O

The following theorem shows that this functor is essentially surjective on objects and therefore establishes

an equivalence of categories between unitary representations of G and non-degenerate x-representations of
LY(G).
Theorem 149. Suppose 7 is a non-degenerate x-representation of L'(G) on the Hilbert space H,. Then w

arises from a unique unitary representation of G on H.

Proof. A proof can be found in [Fol95, p. 74, Theorem 3.11]. O

Definition 150. Denote by G the dual space, that is, the set of equivalence classes of irreducible unitary
representations of G.

— Suppose that G is Abelian. By Schur’s lemma, all irreducible representations of G are one-dimensional.
Thus, if 7 is any irreducible representation of G, we may take H, = C and 7 (x)(z) = £{(x)z for some
character £, that is, a continuous group homomorphism £ : G — U(1). Therefore, we may identify G
with the set of characters of G. We use the notation {(x) = (z,&). Now, by theorem 147 any character

¢ € G determines a non-degenerate *-representation of LY(G) on B(C) = C:
&) = [ @8 (5.4

— It turns out that every element in the spectrum of L!(G) arises in this manner so that Q(L!(G)) = G.
This fact is essential in the theory of the Mackey machine described in section 4.4.

Proposition 151. G can be identified with the spectrum of L'(G) wvia 8.4. That is, 8.4 determines a
multiplicative functional on LY(G) and every multiplicative functional of L*(G) is of the form 8.4.

Proof. Notice that this is not an application of 149, since elements in the spectrum of L' (&) are not necessarily
«-homomorphisms. The proof given here is taken from [Fol95, p. 88].

Now, let 7 : L'(G) — C be a non-trivial algebra homomorphism. Since L!(G)* = L°°(G), there exists some
¢ € L>=(G) such that 7(f) = [, ¢fdx. Let f € L'(G) be such that 7(f) # 0. Then for any g € L*(G) we
have

(f) / o()g(w)dy = 7(f)(g) = tau(f * g)
- / / () f(xy~V)g(y)dyda
Z/T(Lyf)g(y)dy-
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Since this holds for all g we obtain ¢(y) = T(TL(})f ) almost everywhere. By replacing ¢ by this expression if

necessary, we may assume equality holds everywhere. Then ¢ is continuous and 7(f) = f fodx so it remains
to show it is a character. Notice that

P(y)7(f) = T(Lay f) = T(La Ly f) = d(x)o(y)7(f).

Thus ¢ is multiplicative. Since ¢ is bounded, this implies that |¢(z)| = 1. O

Remark. Notice that G is an Abelian group under pointwise multiplication. If we endow G with the weak-%-
topology then it is compact by the Banach Alaoglu theorem, being a closed subset of the unit ball in L!(G)*.
Thus, G is a locally compact Abelian group.

Now, the non-degenerate *-representations of an Abelian Banach-*-algebra are very well understood, because
they are decomposed by a regular spectral measure on its spectrum. This spectral measure simultaneously
decomposes unitary representation of GG, which one may expect given the equivalence of categories. The
general idea followed by the precise statements are given below. For more details, see [Fol95, p. 26].

Assume for simplicity that A is unital, an assumption that is not necessary but simplifies matters. Suppose
that we are given a #-representation ¢ : A — L(#). the idea is to obtain a spectral measure on B and pull
this back to A using ¢.

Let B = ¢(A). Then B is a C*-subalgebra of £(7). The Gelfand representation [Mur90, p. 15] b — b
realizes B as the continuous functions on its spectrum: B = C(Q(B)). This can be used to construct a

functional calculus on the bounded measurable functions B(2(B)) — B that sends b+ b. Applying this
functional calculus to indicator functions on the spectrum yields a projection valued measure P on (B) that

satisfies b = fQ(B) bdP for any b € B. Now, ¢ induces an injective continuous map Q(B) LN Q(A). This map

can be used to pull the projection-valued measure P back to a projection-valued measure P4 on §2(.A) via
Py =P o ¢*. Moreover, it then holds that ¢(a) = [, 4) adPa.

In particular, given a non-degenerate *-representation of L!(G) there exists a unique regular projection-valued
measure P on the spectrum Q(L*(G)) = G such that

w(f) = /G £(1)AP(©). f € L'(Q).

Where £(f) is given by 8.4. Now, the following theorem asserts that this projection-valued measure simulta-
neously decomposes the corresponding unitary representation 7w of G:

Theorem 152. Let m be a unitary representation of the locally compact Abelian group G. There is a unique
reqular H,-projection-valued measure P on G such that

m(z) = /é<x,f>dp<s> ved,
w(f) = /éé(f)dP(£)= /G /G (.6 f(x)dedP(€) [ € L'(G)

Moreover, an operator T € B(H,) belongs to the commutant Hom(w) of w if and only if T commutes with
P(E) for every Borel set E C G.

Corollary 153. Let S be a locally compact Hausdorff space and let ¢ be a non-degenerate x-representation
on H. There is a unique regular projection-valued measure P on S such that ¢(f) = fS fdPfor all f € Cy(S).
A linear operator T € L(H) belongs to the commutant Hom(¢) if and only if T commutes with P(E) for
every Borel set E.
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8.2 Some facts from representation theory of Lie groups.

Irreducible representations of a product of compact Lie groups

Lemma 154. Suppose G1,Gs are two compact Lie groups. Then any irreducible representation of G =
G1 X G4 can be written as p1 ® p2 for some irreducible representations p1, p2 of G1 and Gs, respectively.

Proof. Suppose that 7 is a representation of G; X Gy on V. The embeddings G; — G; x G2 induce
representations of G; and Gy on V that intertwine each others action. Now, V' decomposes into irreducible
G, representations V' = @, Vi and by Schur’s lemma, G2 acts by a scalar on each component V. This
implies that the action of G5 on each V) takes values in CI so that the action is irreducible. It follows that
72 P 71y, @ m2l¢; is a decomposition into irreducible representations of Gy x G'2. Thus, if 7 is irreducible,
this direct sum decomposition contains only one term, proving the claim. O

Representations of SU(2)

We first describe the irreducible representations of SU(2). These are well-known, see e.g. [Hal03].

For n € N, let P,(C?) denote the space of homogeneous complex-valued polynomials of degree n. Then the
left regular representation o, of SU(2) on P, (C?) given by (o, (u)p)(z) = p(u~1z) is an irreducible represen-
tation. Moreover, these are all inequivalent and exhaust all up to equivalence all finite dimensional irreducible
representations of SU(2). Notice that SU(2) is compact and therefore its representations are unitarizable by
averaging the action over the whole group.

Lemma 155. The representation o, on P,(C?) is equivalent to the representation &, on \/" C?, where the
action o, is given by &, (u)vy - v, = (uvy) - - - (uvse).

Proof. The claim is trivial for n = 1. Assume n > 1. A basis for the n'" symmetric power \/" C? is given by
{ei, ---€;, i1 <---in}. Notice such a basis element only depends on the number of occurrences of each i
in iq,---i,. Therefore, this basis can be equivalently be written as {e{'e}" : p; + ps = n}. Define the map

©:\/C* — P,(C?)
Dt el?) s ot al?

It is clear that this is a linear bijection. However, this map is not SU(2)-equivariant. Let u € SU(2). We
have

@((uel)pl (u€2)p2) = (I) ((u1161 —+ U21€2)p1 (’LL12€1 + U22€2)p2)
= (une1 + u2122)P* (u1221 + ugow2)P?

= D (e} ) (u'a)

Thus, pre-composing ® with the linear automorphism of \/" C? given by vy ---v, + 1---7, yields an
SU (2)-equivariant isomorphism \/" C* — P, (C¥). O

Representations of the group C x, U(1)

The group G ic Xg U(1) is of the form suitable for the Mackey machine. Therefore, all irreducible unitary
representations of G can be obtained by inducing representations of the stabilizer of the action of U(1) on C
up to G. Notice that the inner product Re(b*a) on C is invariant under the action of U(1). Therefore, the
pairing

(a,b) — eiRe(b*a)
identifies C with C and under this identification, the action of U(1) on C is becomes just z - b = z2b. The
orbits in C under this action are {0} and p- U(1) for p > 0. The corresponding stability subgroups are U(1)

and {£1}, respectively. Thus, the irreducible unitary representations of G are those of U(1) and {£1} lifted
up to G.

Since U(1) is Abelian, its irreducible representations are its one-dimensional characters. They are given by

z+— 2" n € Z. Finally, {£1} has only two representations, namely the trivial one and the one which sends
+1 to itself.
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8.3 Relation between projective representations of the Poincare
group and wave equations

There is a strong connection between the projective unitary representations of the Poincaré group

P =R* x SO(1,3)? and some early results in the theory of relativistic quantum mechanics, which was first
discovered by Wigner[Wig39, BW48]. A detailed exhibition of these results is given in this section, which is
mainly based on [Var07, p.356-362 ].

It is well-known that the solution spaces of certain partial differential equations that occur in physics, such
as the Maxwell or Dirac equations, are invariant under transformation by the Poincaré group. Moreover,
quantum mechanics tells us that the state space of a particle subject to such an equation is a projective
Hilbert space. In view of Wigners theorem|[Wig39], there must be a projective unitary representation of the
Poincaré group on this state space, so that we should be able to give a physical interpretation of some of
the obtained representations. Now, Bargmann’s theorem|[Bar54] implies that any continuous projective uni-
tary representation of P lifts to a strongly continuous unitary representation of its universal covering group
P =R* x SL(2,C) and thus we are led to consider the representation theory of P.

It is shown in corollary 83 that the orbit space of R under the action of SL(2,C) is countably separated.
As a consequence, the theory of the Mackey machine applies (section 4.4) so that the irreducible strongly
continuous unitary representations of P are obtained by inducing a suitable representation up to P from one
stabilizers of the action of SL(2,C) on R*. In section 4.5, the various stabilizers and orbits are determined.
Recall further from section 4.1 that for finite dimensional unitary representations of such stabilizers, the
induced representations are obtained as section of a homogeneous Hilbert bundle. In order to relate such
induced representations to wave equations, these homogeneous bundles are realized as eigenvalue subbundles
that correspond to these equations.

By lemma 27, we know that every Hilbert bundle F — B that is homogeneous with respect to the action of
some group G is equivalent to G x¢, Ep, — G/Gy, for any b € B. Therefore, the strategy in the succeeding
is as follows: First, with the help of physical knowledge we obtain explicitly a Hilbert bundle £ — B that
is homogeneous with respect to a suitable P-action. If it is shown that the stabilizer P, at any point b
is isomorphic to a certain Little group H of interest and the the representation of P on Ej is equivalent

to a representation o of H, then it follows that E = G x5 H, and the induced representation indf (o) is
constructed out of the sections of this bundle.

Before we begin, a b/r\ief remark on how t/h\ese Hilbert bundles might be obtained. The various orbits of the
action of (2,C) on R* are subspaces of R4, which is physically interpreted as the momentum space. The
differential equations are to be satisfied in the position-domain and so, via the Fourier transform we obtain a
corresponding equation in the momentum-domain. Now, the idea is to consider a bundle such that sections
of this bundle correspond to solutions to this latter equation. The Fourier transform of these sections, in the
sense of tempered distributions then satisfies the corresponding differential equation. The following result
makes the connection precise, the proof of which can be found in [Var07]:

Lemma 156. Denote by ay the invariant measure on (’);\r, A > 0. Let s > 0 and suppose that f is a

complex-valued measurable function on R4 such that

/+ £ ()|Ppg *dax(p) < o0,

OA
Then the distribution
700 [ @)oo, o€ CED

is well-defined, tempered and its Fourier transform T; satisfies the wave equation:

(O+m?)Ty =0
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Representations corresponding to (’);\r

We consider the representations corresponding to the orbits Oj\' and the Little group SU(2). Physically,
these orbits correspond to particles with half-integer spin and mass m = A2,

We start describing the Hilbert bundle corresponding to the defining representation o7 of SU(2), which
corresponds to spin 3 L particles and mass m. These are known to satisfy the Dirac wave equation of the

electron, which is given by Zr o aa ® = m®, where {7, } are the Dirac matrices defined by equation (3.6).

Because the orbits O+ C N and N is interpreted as momentum space, we are motivated to take the Fourier
transform of this equatlon and define the corresponding bundle by

3
B:,r{% = { (p,v) € Of xC*| Zpk’ykv = mu } (8.5)
k=0
T B:,rl’% =0, (p,v)—p. (8.6)

Now, the Dirac matrices {vx} satisfy (3.5) and thus define a representation p : CI(R*, 1) — C* of the Clifford
1

algebra of (R*,n) in C* such that p(ex) = vx. In terms of this representation, the bundle B2

as

can be written

Bi* = { (p,v) € OF xC* | p(p)v = mv }.

The restriction of the representation to the connected component of the identity of the spin group defines a
representation S of SL(2,C) on the same space that satisfies that equivariance condition (3.4)

Notice that as a consequence of this equivariance, the fibers above all points are of the same dimension and
equal the dimension of the eigenspace of p(p) corresponding to the eigenvalue m. Above the point (m, 0,0, 0),
this is precisely the eigenspace of g corresponding to the eigenvalue 1, which is the two-dimensional subspace
spanned by eg + es and e; + e3.

1
Next, let us define an action of SL(2,C) on B:{Z such that the bundle projection 7 is equivariant. Notice
1 1
that by the above equivariance, if (p,v) € Bih?, then (p(w)p, S(w)v) € By? for any w € SL(2,C) so that
1
we can endow By’ ? with the smooth SL(2,C)-action given by (w,b) - (p,v) 4 (¢(w)p, S(w)v). This makes

1
the bundle B2 SL(2,C)-homogeneous. Indeed, the action of SL(2,C) on the orbit O is transitive and it
is clear that the map (p,v) — ¢ (p,v) is a linear isomorphism from the fiber above p to the fiber above g - p.

We proceed by defining a family of inner products on the fibers of the bundle B;{% such that the ac-
tion G becomes unitary on fibers, making the bundle into a homogeneous Hilbert bundle. A computa-
tion based on equation (3.6) and equation (3.7) shows that S(w)*voS(w) = 79, thus the representation S
leaves the Hermitian bilinear form v + m~!(yov,v) invariant. This form is seen to be positive definite on
all fibers by noting that g is self-adjoint and - is skew-hermitian for £k = 1,2,3. Therefore, the equa-
tion Zi:o P {7V, v) = m{v,v) decomposes into its real and imaginary part, from which it follows that

1
Zizlpkhkv,v) = 0. Thus po(Yov,v) = m(v,v) and m~ {yov,v) = py ' {v,v) for all v € Bif(p), which
shows the assertion. This also shows that the form is equivalently given by v — py '(v,v). By the invariance

1
of this form, the action of SL(2,C) on Bh? is unitary on fibers so we do indeed obtain a homogeneous
Hilbert bundle.

It remains to check that the representation of any stabilizer subgroup SL(2,C), on the fiber above p is
equivalent to the fundamental representation o1 of SU(2).

Consider the point p = (m,0,0,0). We have already seen in section 4.5 that the fiber above p is the eigenspace
of o corresponding to eigenvalue one, which is the subspace of vectors in C* of the form (z, z) for some z € C2.
Moreover, we know from section 4.5 that SU(2) is the stabilizer of p. From equation (3.7), it follows directly
that the representation of SU(2) on E, is given by u - (2,2) = (uz,uz), which is unitarily equivalent to the
representation o;.

1 ~
In view of lemma 27 and lemma 80, it can be concluded that the bundles B,Jf{ > and P X5y (2) C? are isomor-

phic as Hilbert bundles and thus, the representation indEU(Q) (01) is constructed out of the sections of the
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bundle B,7? |

Next, we consider o, for n > 1. We know from lemma 155 that this representation acts on the n*® symmetric
power \/" C2. Define the following bundle using the symmetric product of bundles

n
+,5 d +,3
By* =\/By?

with the natural projection 7,,. If we identify \/" C? with the subspace S™(C?) of c2en consisting of symmetric
tensors, the fiber B:{E(p) is precisely the subspace of symmetric tensors satisfying

3

Zprv;’t:mt, v=12,...,n (8.7)
r=0

where v/ =1®---®7, ®1---® 1. Indeed, it is clear that any symmetric tensor in the fiber satisfies these
equations. Conversely, if a symmetric tensor satisfies all these equations, then expanding the tensor out in
bases in all except the v'" factor shows that this factor is in the eigenspace of p(p) with eigenvalue m. Since
v is arbitrary, it follows that ¢ € Bh? (p). Now, the fiber Bh® (p) is equipped with the inner product given
by

(V1 @+, V] @~ @) :p&”H(vi,vZ{)” i, v € B % (p). (8.8)
i=1

Define S, (w) < S(w)®™. Then S, leaves the space of symmetric tensors invariant and so SL(2,C) acts on

Bh? by (w,b) - (p,v1 ®---Qvy) = (Pp(w)p, Sp(w)vy @ - - @vy,). This action projects to a transitive action of
SL(2,C) on OA+ and S, leaves the positive definite inner product defined above invariant, making the bundle
into a homogeneous Hilbert bundle.

It remains to show that the representation of any stabilizer subgroup SL(2,C), on the fiber above p is
equivalent to the representation o, of SU(2). We have for any p € Oj\r the following equivalence of unitary
SU (2)-representations.

Bi¥(p)=\/ Bt (p) = \/ C.

In view of lemma 155 and by lemma 27, we conclude that we have an equivalence of homogeneous Hilbert
bundles

Bi® = SL(2,C) xsu() \/ C2.

n

Observe that by lemma 156, the Fourier transform of the sections of the bundle B are tempered distri-
butions, and they satisfy the equation

3

0
Ziwﬁax O=m®, v=12---,n.
r=0 r

Representations corresponding to (’)5r

We consider the representations corresponding to the orbits OO+ and the Little group E(2). We only consider
the representations z — 2™ of U(1) induced up to F(2), as the others are not of much physical interest.

1
Consider the representations z — z*!. The corresponding Hilbert bundles can be obtained from B2 by

taking the limit m | 0. Explicitly, consider the bundle
3
By = {(p7v) € O(;L x C* Zpr'yrv = 0}
r=0
with the projection map my : By’ — Oar . This bundle is a homogeneous vector bundle with respect to the

SL(2,C) action given by w-(p,v) = (¢(m)p, S(w)v). That is, SL(2,C) acts transitively on OF , the projection
map is equivariant and the map Lp) — T Y(g-p) is a linear isomorphism.
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1
Using elementary linear algebra, one finds that for any m > 0, the fiber B,—;’E(p(m)) above the point p(™ =

(V14 m?2,0,0,1) is spanned by the vectors

o1 1
o] ):*m61+7(1+\/1+m2)e3

2 2

m 1 1
vé )25(1+m)62+§me4

which converge in R* x C* to e3 and ey respectively under the limit m | 0. These span the fiber Bar "(po) at
Po = (17 07 07 1)

By homogeneity, it follows that for any point (p,v) € Ba“, there exists a sequence of points (p(m), v(m)) € B,t’é
such that (p™), (™) = (p,v) in R* x C* as m | 0. A consequence of this fact is that the Hermitian form
v = py (v, v) is S(w)-invariant for every w € SL(2,C) and positive definite on each fiber. Indeed, we know

1
that these statements holds true for on B:;’Q for any m > 0 and therefore, by continuity, also for B, .

1
Now, the same argument can be used to exhibit Bar  as the limit of the bundles B2 as m 1 0. One observes
that

d . 1 0
I'=ivm727s = (0 1) .

Since I' anti-commutes with all «,., one finds that it transforms B:,r,’% to B:,% for any m > 0. Thus, in
the limit it leaves the fibers invariant. Moreover, since I' commutes with S(w) for every w € SL(2,C), the
eigenspaces coincide. This means that the representation of the stability group F(2) at any point p € (’)8‘ in
the fiber above p can be reduced by the eigenspaces of I'. Therefore, we define

B;’i% 4 {(p,v) € By" : Tv = Fv}

By the preceding discussion, E(2) leaves BO+ +3 both invariant. It remains to show that the representation
of any stabilizer subgroup SL(2,C), on the fiber above p is equivalent to the representation z — 2% To do
so, consider the point pg = (1,0,0,1). Recall that the fiber B (po) is spanned by ey and ez, and E(2) acts
on this fiber by m, 4 — S(m,q). A computation based on equation (3.7) shows that

S(m..q)(caen + czez) = (2 eaen + zezes).

Thus, since eq, es span the eigenspace of I' corresponding to the eigenvalue +1 and es3, e4 that corresponding
1

to the eigenvalue —1, it follows directly that the representation of E(2) on B, -2 (po) is my q = 21, which

is equivalent to the representation z + z*1 of U(1) on C.

Next, we consider the representations z + 2%" n € N. We proceed as in the case of m > 0. Define the
bundle

4 + 5

®---® By (n factors)
3

{(p,t)EOS‘XC‘lQ@n: (prﬁ,’)t(), t==t, v=1,2--- ,n}
r=0

Where I'V = iv§~{v5~5. Now, SL(2,C) acts on B +3 by w- (p,t) = (¢(w)p, Sp(w)t) and each fiber is given
the inner product defined by

1
+ 5

++3
BO BO

n
— +,+2
(11 @ vy, V] @+ @), :pO”H@i,vg)” v;,V; € By % (p). (8.9)
i=1
making BS_ %2 into a Homogeneous Hilbert bundle. The action of E(2) on Ba_ *2 g equivalent to the
representation z — 2! @ -+ @ z*! on C®”, which is equivalent to the representation z=" on C.
Observe that by lemma 156, the Fourier transform of sections of the bundle B:,r{j[7 are tempered distributions
and they satisfy the following equations, which are related to Majorana fermions.

3
0
> i 5 —® =0,
— " Oxy

VA A AED = —B, v=1,2,--- ,n.
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8.4 External tensor product of group actions

In order to understand It is beneficial to reformulate theorem 88 in a more familiar setting. As such, an
understanding of an external tensor product of group actions is first developed in a general setting. Now, in
section 5.2 a setting is encountered similar to that of theorem 88, in which all actions considered are in fact
unitary. This case is a bit simpler to understand, so that it also provides a decent stepping stone towards
the case in which only an invariant non-degenerate bilinear form is available; as is the case for the action of
SL(2,C) on Minkowski space (R*, 7).

Suppose that G = G; X Gs is a Lie group and G; has a smooth representation m; on V; for i = 1,2. Let us
consider the action 7 =7 ® T3 of G on V = V; ® V5 defined on simple tensors by

d
7(g) - v1 ® v = m1(g1)v1 ® T2(g2)va.

Assume that we are given a G-invariant inner product x on V; and a G-invariant non-degenerate symmetric
bilinear form 7 on V5. Notice that we have the following vector spaces are linearly isomorphic:

Vi@ Vo2V @ Vs = Hom(Va, V1),
where the isomorphism is given on simple tensors by

®: V1 @ Vo — Hom(Vs, V1),

u®v = n(-,v)u. (8.10)
Under these isomorphisms and using the invariance of 7, the G action on Hom(V3, V1) becomes
7(2)T = 71 (21) o T o ma(x0) 1, T € Hom(Vz2, V1). (8.11)
Therefore, x € G stabilizes T € Hom(V2, V1) if and only if
Tomy(xe) =m(x1) 0T (8.12)

That is, if we define the representations of G

p1: G — GL(W), p2: G — GL(Vz)

p1(w1,m2) = m1(71) p2(T1,72) = ma(T2),

then (8.12) states precisely that the stabilizer Gt of T in G is the largest subgroup H of G for which T
intertwines the representations pi|, and pa|, of H.

In case of unitary actions

Consider the special case in which the bilinear form 7 on V5 is actually a positive definite inner product.
Because k and n are G1- and Gae-invariant, respectively, this means that G; and G2 act by unitary trans-
formations. In this case, the action of G on Hom(V5, V1) is in particular compatible with the singular value
decomposition, which means that a lot of information of the G action is contained in the separate actions of
G1 and G2 on End(V;) and End(V2).

Explicitly, let T' € Hom(Vs, V1) be an arbitrary linear map and let T = UXV™ be its singular value decom-
position. Recall that the non-zero elements of ¥ are precisely the positive square roots of the eigenvalues of
both T*T and TT*. Let S = {0k} denote the distinct non-zero singular values and let Uy and V) be the
subspaces spanned by the corresponding left- and right-singular vectors. The singular value decomposition
tells us that T is a linear isomorphism between the subspaces Vj, and Uy for every o € S.

Now, since Gy and G5 act on V; and V, by unitary transformations, the action of G on Hom(V5, V) simply
changes the unitary matrices U and V in the singular value decomposition, thus leaving the singular values
invariant. Recall that the singular values are the eigenvalues of T*T and TT*. We can make the assignments
T +— T*T and T — TT* equivariant if we endow End(V})s, and End(V3)s, with the G; and Go actions,
respectively, given by:

(El'A:’iTl(iCl)A’iTl(xl)_l, AGEHd(Vl), 1 GGl,

To - B = my(x) B ()1, B € End(Vs), x2 € Gs.
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Notice in particular that

$1A:A < Wl(xl)A:Am(xl), AEEI’ld(Vl), T 6(;17
.Z‘QA:A < TF2($2)A:A7T2($2), BGEnd(Vg), 9 € Gs.

Lemma 157. Suppose that X,Y € End(V') for some finite dimensional vector space V.. Assume further that
X is diagonalizable and Y is bijective. Then [X,Y] = 0 if and only if Y leaves every eigenspace Vy of X
nvariant.

Proof. If [X,Y] = 0 and Xv = M, then XYv = AYv, so Y : V\ — V). Conversely, if T leaves every
eigenspace V) of X invariant, then X and Y commute on all eigenspaces V) of X. These span V since X is
diagonalizable so X and Y commute everywhere. O

Definition 158. Let H be a Hilbert space, and let A € £(#) be a bounded linear operator on . A subspace
M is called reducing for A if both M and M~ are A-invariant subspaces.

Remark.
— If M is a reducing subspace for A € L(H) as in the definition above, then A = A|,, & Al,,..

— A subspace M is reducing for A € L(H) if and only if it is invariant for both A and A*, where A*
denotes the Hermitian adjoint of A. In particular, if A is invertible and M is A-invariant, then we have
AM = M and therefore A='M = A=Y AM = M so that M is also A~ '-invariant. Thus, if A is unitary
then M is reducing for A if and only if M is A-invariant.

— Lemma lemma 157 above implies that

x1 € (G1)rr+ <= mi(x1) leaves all eigenspaces of TT™ invariant,

29 € (Ga)+7 <= ma(x2) leaves all eigenspaces of T*T invariant.
Seeing as both m; and w9 act by unitary transformations, by the above observation this is equivalent to

x1 € (G1)rr~ <= all eigenspaces of TT* are reducing for 7 (z1),

x9 € (Go)«7 <= all eigenspaces of T*T are reducing for ma(z2).

Lemma 159. Let T and {Vi}s,es be as above. Then
GT = { (xl,xz) e (Gl)TT* X (GQ)T*T : 7T1($1) [¢) T|Vk = TO7T2($2)|Vk Vak es } . (813)

Moreover, for every x = (x1,22) € Gr, the subspaces Uy and Vi are reducing for mi(x2) and ma(x2),
respectively.

Proof. Notice first that Gp C (G1)rr+ X (G2)r+7r because the assignments T +— TT* and T — T*T are
G and Ge-equivariant, respectively. The last statement is clear from the observations above and implies in

particular that ker T = (D, cg Vk)L is |, -invariant. The equation (8.13) is now just a restatement of
(8.12), noting that the latter is always satisfied for elements in ker T'. O

Remark. Notice that in the lemma above, only the eigenspaces Vj, are considered that correspond to non-zero
singular values.

The observations above give a more detailed understanding of the stabilizer of T" in G. Indeed, it is the largest
subgroup H of G for which the representation pi1|y of H on Im(T") decomposes as Im(T') = P, .5 Uy, the
representation ps|, of H on ker(T)* decomposes as ker(T)* = @ Vi and T defines an equivalence
between these two H-representations.

oK€ES

The general case

Now, 7 is generally not a positive definite inner product and in general there is no way to reconstruct
T € Hom(V3, Vi) from an eigen-decomposition of T*T and TT*. Nonetheless, we pursue an analysis inspired
by previous setting. In the following, we will be using 7 and & to identify V4 and Vs with their algebraic dual
spaces, so let us first convince ourselves of the various basic properties of such identifications.
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Lemma 160. Let VW be two arbitrary vector spaces. Suppose that k and 7 are non-degenerate bilinear
forms on 'V and W, respectively. Denote by ¥, : V* =V and ¥, : W* — W the isomorphisms they induce.
Define

by 2 Hom(W,V) — Hom(V,W), Aws ¥, 0A* oW !

Then ¢, (A) is the unique linear map that satisfies k(Aw,v) = n(w, ¢y, (A)v) for allv eV and W € W.

Proof. Fixing v € V, it is immediate from the non-degeneracy of n that there can be at most one linear map

satisfying the above equation. Finally, ¢(A) satisfies this equation by the following quick computation
1(w, ¢y, (A)v) = (T3 0 ¢y o (A)v) (w)
(A% 0 ¥ M0) (w)
Kk(Aw, v)

O

Now, let us return to the original setting. That is, consider the action of G = G1 X G5 on Hom(V5, V1) defined
by 8.11 and assume that we are given a G-invariant inner product x on V; and a G-invariant non-degenerate
symmetric symmetric bilinear form 7 on V5.

We identify V5* = V; using n and V" = Vi using k. For A € Hom(V,, Vi), let us write A* = ¢, .(A4) €
Hom(Vy, Va) for its dual under these identifications. Similarly, using the same notation as in lemma 160,
write

R* — ¢K7I€(R)7 R e End(V1>7
S* = ¢y (S), S € End(V).

Remark.

— Notice that if A, R, S are as above, then

Cbn,n(R 0AoS)= qj)n,n(s) © ¢K,U(A> © ¢K,I€(R)7

which justifies the notation (RAS)* = S*A*R*. The situation is depicted in the commutative diagram
below.

R A* S*
Vi Vi Vo Va

v ;QJ/ J/‘I’ K J/‘IJ n J/‘IJ n
* * *

Ly A v Sy

In the following it is shown that the orbits of T' € Hom(V2, V1) can be categorized by the eigenvalues of T*T
and TT™*.

Lemma 161. Let T € Hom(Va, Vi), The eigenvalues of the linear maps (x-T)*(x-T) and (z-T)(x-T)* are
the same for all x € G, counting multiplicities. That is, they are constant on G-orbits.

Proof. By the invariance of 7, we have 1(ma(x2)v, w) = n(v, ma(x2) "tw) for v, w € V3 and therefore ma(z2)* =
ma(x2) L. Using this fact we find that

((E . T)*(IE . T) = ’/TQ(.’EQ)T*T’ITQ((EQ)_:L
(x-T)(z-T) =m(x))TT*my (x) "

Since conjugation by invertible linear maps preserves the eigenvalues, the result follows. O
Lemma 162. The non-zero eigenvalues of T*T and TT* coincide, counting multiplicities.

Proof. Observe first that if v is an eigenvector of T*T with eigenvalue A # 0, then T'v # 0 is an eigenvector
of TT* with eigenvalue A. Interchanging the roles of 7" and 7™ shows that 7" maps the eigenspace V) of
T*T into the eigenspace Wy of TT* and T* maps in the converse direction. It remains to show that the
restrictions of T" and T™ to these eigenspaces V), and W) are injective, so that the eigenspaces have the same
dimension. This follows from the definition of the eigenspaces. If T*Tv = Av with v # 0, then in particular
Tv # 0, so T is injective on V). Similarly, T is injective on W). It follows that 7" and T™* are bijections
between the eigenspaces V) and Wi. O
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Notice that V; ® V5 is equipped naturally with the bilinear form 17 ® . The following lemma determines the
corresponding bilinear form 8 on Hom(V5, V) under the isomorphism @ : Vi ® Vo — Hom(V3, V1) defined in
(8.10). Denote for a bilinear map « on V4 ® Va2 the corresponding bilinear map on Hom(Vs, V1) by

P, (a)(A,B) = a(® '(4),® ' (B)),  A,B e Hom(Vs, V1)
Lemma 163. Define 4 D, (n® k). Then B(A, B) = tr(A*B).
Proof. We show that an identity holds between the two on simple tensors, which by linearity shows the
claim. Suppose t = u ® x. Then T := ®(t) = n(-,z)u and T* = k(u,-)x. Thus, T*T = n(-, z)x(u,u)x and
TT* = n(z, z)k(u, - )u. Choosing any orthogonal basis of V; containing u, we find immediately that

toe(TT*) = tr(T7T) = n(x, 2)k(u,u) = (N k) (T @ u, z ® u).

The identity now follows on simple tensors by an application of the polarization identity. O
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8.5 Some relevant facts on rotations

In the proof of theorem 117, some facts regarding rotations are needed. These are collected in this section.
Write R, (0) € SO(3) for the counter clock-wise rotation about = # 0 of angle 6.

Lemma 164. Let v,w € S?. Suppose that R € SO(3) is such that Rv = w. Then
Ry(0) =RoR,(A)oR™!

Proof. Choosing an orthogonal basis (z,y,v) of R? of positive orientation so that R, (#) is given by

cosf) —sinf O
sinf cosf O
0 0 1

A direct computation shows that this is also the matrix representation of R o R,(f) o R~ with respect to
the basis (Rz, Ry, w). Since (Rz, Ry, w) is again of positive orientation, this is also the matrix of R, (6) with
respect to this basis and so we are done. O

Corollary 165. Let R € SO(3) be arbitrary. Then there exists a rotation Ry € SO(3) such that
R = RyoR.,(0)oRy" for some angle 6 € [0, 27).

Proof. SO(3) acts transitively on S2. Now apply lemma 164. O

Remark. By lemma 47, this corollary implies that the adjoint representation of SU(2) on its Lie algebra su(2)
is surjective onto SO(su(2), x).

Lemma 166. Let R = R.,(0) € SO(3) be a rotation about ez with angle 0 and let z = €. Then its

complezification of R has eigenvalues z* for k = —1,0,1. The corresponding eigenvectors are
i —1i
qo = €3, a=|1 g1=|1
0 0
Proof. One checks directly that Res = e3 and Rqy; = e*9q4 . O

Combining the previous lemma with corollary 165 reveals some relevant facts:
Corollary 167.
1. the eigenvalues of R,(0) are 1 and ™ for any v € S2.

2. For a rotation R the two (possibly complex) eigenvectors vi,v_1 other than its axzis of rotation are
related by v1 = v_q.

3. The only invariant elements in R3 of a non-trivial rotation are those in its axis of rotation.
Proof.
1. This is immediate from lemma 166 and corollary 165.

2. Notice that g7 = ¢_1. Any rotation is conjugate to R.,(6) by corollary 165 so that its eigenvalues are
of the form Rgqy for some rotation R. Then Rq; = Rq;1 = Rq_;.

3. By the above lemma, there is a single one-dimensional real eigenspace with eigenvalue 1 unless R is
trivial.

O

Corollary 168. Let R = R,(6) € SO(3) be a non-trivial rotation about a of angle 6 € [0,27). The following
hold:

1. The subspaces Span{a} and Span{a}* of R? are R-invariant.

2. If 0 € {0,7} then every one-dimensional subspace of R® contained in Span{a}* is R-invariant. Every
two-dimensional subspace of R containing Span{a} is R-invariant.

Moreover, these exhaust all invariant subspaces.
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Proof. Notice first that by corollary 165, we may assume that a = e3. Let us consider first the one-dimensional
invariant subspaces. Consider the basis {gx};__, of C* as in lemma 166, and let v = Y, cxqi, € R® be non-
zero. Notice that v € R3 = ¢ = c_; and & = cyg. Now, suppose that Rv = pv for some p € C. Since
Rq;, = #*q;;, where z = ew, this implies that Z/lcz_1 2Pepu, = W Z;lg=_1 cxvy or equivalently zFe;, = w for all
k for which ¢; # 0. Notice that since ¢; = ¢_1 we have ¢; # 0 <= c¢_; # 0. Moreover, since R is non-trivial
we can not have ¢ # 0 for all k. This leaves two cases

1. If ¢g # 0, then ¢_; = ¢; = 0 and thus v € Span{a}.

2. If ¢y = 0, then v € Span{a}* since both ¢; and c¢_; are non-zero. In this case we require 27! = z, i.e.,

22 = 1. This implies that z = e!*™ for some k € Z so that 6 € {0,7}.

This completes the statements regarding one-dimensional subspaces. Those regarding two-dimensional sub-
spaces can be reduced to the first case by the observation that since R is orthogonal, the orthogonal comple-
ment of an R-invariant subspace is again R-invariant. 0

The following few lemmas are concerned with elements in SU(2) covering certain specific rotations.

Lemma 169. Let ¢ : SU(2) — SO(3) be the covering homomorphism as in corollary 48. Then

1. ¢7 (Re, (7)) = {Fow},

5. 1o = Ro®er, then o (Ru(m) =% (% F):

(&

Proof. Recall from corollary 48 under the linear isomorphism R® — su(2) given by z;e; — x;i0;, ¢ becomes
the adjoint representation Ad of SU(2) in su(2) and moreover that ¢ is a double covering.

1. It suffices to check that both the elements £y act map to R, (7). Under the isomorphism R? — su(2)
above, this amounts to checking that Ad(c;)o; = o; and Ad(o;)0; = —o; for j # 4. This follows
immediately from the equations

opn=1, Vk=1,23,
JiO'j+0'jO'i:O, Z;é‘]

Q
2. This follows from the fact that if z = ( 02 29> then
2

O 0 > = cos(f)o1 — sin(f)o2,

—ie"

Ad,(03) = ( Se g )zsin(&)al-i-cos(ﬁ)ag.

€

3. Notice that by lemma 164, R,(7) = Re,(0)Re, (7)Rey(7) ™!, By the first point we know that {£o;}
covers R, (m) and by the second point we know that z covers R, (6). It follows that +Ad,(o7) covers

0 eiO

R, (m), where z is as above. We have already seen that Ad, (o) = =it 0 ) and we are done.

Remark.

1. If ¢(u)v = w, then ¢~ (R (0)) = uep (R, (0))u=?

2. The rotations about some fixed axis a € S? are covered by a subgroup conjugate to U(1). We denote
this subgroup by U, (1) and simply write U(1) if a = es.

3. In fact, the stabilizer of the action of SU(2) on S? via ¢ is U(1), so that S? = SU(2)/U(1) and by
corollary 18, SU(2) — S? is a principal U(1)-bundle, called the Hopf-fibration.
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4. We know from lemma 169 that the elements of the form <2 u> covers the rotations of the form R, ()

0
for some v € Span{e; }*.

Lemma 170. Let q; and q_1 be as in lemma 166. Let ¢ € C3 be non-zero and such that ¢ L G and q L es.
Then q is a complex multiple of either q1 or q_1.

Proof. The condition ¢ | e implies that ¢ = (21, 22, 0) for some 21, 2o € C. Now, ¢ L g states that 22423 =0
and therefore zo = +izy. Thus ¢ = (21, +i21,0) = 21 - (1, %4, 0). O

Corollary 171. Let g € C3 be non-zero and such that ¢ 1 . Let a € Span{q,q}*.
Then q is an eigenvector of ¢(u) for any u € U, (1).

Proof. There exists some rotation R such that Res = a. Notice that the complexification of a rotation is
unitary. This means that R~!q satisfies the requirements of lemma 170 so that R~'q is an eigenvector of
¢(u) for any u € Ug,(1). Then by lemma 164 ¢ is an eigenvector of ¢(u) for any u € U,(1). O

Corollary 172. Let g € C? be non-zero, u € SU(2) and s € U(1). The following hold.
1. If g € R3, then ¢(u)q = q if and only if u € Uy(1).
2. If ¢ L. g, then q is an eigenvector of ¢(u) if and only if u € U,(1), where a € Span{q,q}~.
3. If g ¢ R3 and q [ q, then q is an eigenvector of ¢(u) if and only if p(u) = I.
Proof.
1. This is immediate from corollary 168.

2. By corollary 171 it remains to show the ’only if’ direction. As such, suppose that ¢ is an eigenvector
of ¢(u). The condition ¢ L g, implies in particular that ¢ ¢ R and so by corollary 168, ¢ and g
must be eigenvectors corresponding to the conjugate eigenvalues. This implies that u € U, (1), where
a € Span{q,q}*+ C R3.

3. By corollary 168 Any eigenvector of a non-trivial rotation ¢(u) not in its axis of rotation must be part
of a conjugate pair of eigenvectors.

O
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