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Abstract
The high-tech industry continuously pushes the boundaries of controller performance to achieve faster
and more precise machines. Currently, linear control is the standard in the industry. These controllers
suffer from the waterbed effect and Bode’s phase/gain relation, which impose inherent limitations on
the precision and robustness of the system. Reset control is a popular strategy to get around these
limitations and improve performance. The damping in reset control systems is not only determined
by the phase margin of the system but is also dependent on the exact controller element sequence.
Currently, finding the optimal controller sequence is done through simulation of the step response.
However, this fails to provide insight into the underlying cause of the additional damping achieved by
specific controller configurations. This thesis proposes an analytical approach to analyze the damping
of the transient response reset control systems. The analytical analysis provides a better understand-
ing of sequence-dependent damping and assists in controller design. First, the analytical expressions
of the step response and states of the system are derived, which are used to define the system’s en-
ergy. The step response and energy equations are used to characterize the damping in a reset control
system. To show the value of the proposed method, the damping in a reset control system is assessed
as an illustrative example. It is found that when a lead is in front of a reset element, the reset controller
can provide more damping because it reduces the oscillatory content in the step response.

M. Vanderbroeck
Delft, December 8, 2022
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1
Introduction

1.1. Introduction
Motion control systems are essential in the current technology-driven society. Machines that can create
the desired motion are found in many industries. These devices range from simple assembly-line sys-
tems to the most advanced high-tech machines. The latter regards motion control systems, which are
required to operate at micro- and nanometer precision to obtain the small features in high-tech prod-
ucts. PID control is the most common control method to meet the set precision requirements. Through
the implementation of loop-shaping and feed-forward techniques, high bandwidth, high precision, and
robust motion control can be achieved. However, this linear control method has its limitations. Bode’s
Phase/Gain relationship and the waterbed effect impose limitations on every LTI controller [1, 2]. The
Phase/Gain relationship limits the level of robustness and precision that can be reached simultane-
ously. Moreover, the waterbed effect will impose a trade-off between the amount of noise attenuation
and disturbance rejection provided by linear control. The demands on controller performance in the
high-tech industry are approaching the limit of achievable linear controller performance. Therefore,
there is a need for other strategies to meet the demands of the industry.

Reset control is a popular strategy to get around the limitations of linear control. The technique
involves resetting one or multiple controller states when a specific condition is met. Reset control is
mainly popular due to its compatibility with the PID architecture and loop-shaping techniques. Often
reset elements replaces a linear lag element in a conventional LTI controller. The first application of
reset control was the introduction of a nonlinear integrator discovered by Clegg in [3]. This novel el-
ement reduced the phase lag of its linear counterpart significantly. Since then, many reset elements
and architectures have been introduced [4–9]. The main advantage of reset control is the ability to
reduce phase lag. In literature, it is shown that reset control can provide a significant improvement in
controller performance in the frequency domain and steady-state response [10–18].

Moreover, the transient performance can also be improved with the reduction and prevention of
overshoot [4, 16, 17, 19]. The overshoot reduction can partially be attributed to an increase in phase
margin. In [20], it is shown that also the controller configuration affects the transient response and
can be used to improve transient performance. Therefore, the transient performance is determined by
more than the first-order frequency response. In [7, 20], it is shown that placing a lead before a reset
element can provide additional damping to the system compared to other controller sequences. The
step response in these studies is found numerically to tune the control element sequence for transient
performance. However, the simulation cannot provide insight into the underlying cause of the damping
induced by the different controller configurations. When the damping in reset control systems could be
analyzed analytically, the source of the additional damping could be better understood and used to aid
in controller design for transient performance.
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2 1. Introduction

1.2. Thesis outline
This thesis aims to investigate how reset control dampens the transient response of a motion control
system apart from providing additional phase margin. First, a literature review is done on how the
transient performance can be improved with the implementation of reset control in Section 2. As a
result, the research goal and approach are formulated in Section 3. This research’s main contribution
is provided in a paper format in Section 4. Here, an analytical approach to the damping analysis in
reset control systems with mass plants is proposed. The value of the approach is shown by analyzing
the damping in a reset control system as an illustrative example. Here the influence of lead placement
on the damping of the step response is investigated. Conclusions of this work are stated in Section 5.
Finally, the recommendations for future research are given in Section 6. More details on this work can
be found in Appendix A-C.



2
Literature review:

Improving the Transient Performance of
Reset Control Systems

This section is dedicated to a literature review on improving the transient performance of reset control
systems. This review in paper format shows the different ways that reset control can influence the
transient response of a motion control system. The main goal of this review is to identify the problem
statement and research goals for this study. The problem statement and research goals resulting from
this review are stated in Section 3.

The review paper introduces reset control’s relevancy in general and transient performance in par-
ticular. Next, the review provides some preliminary knowledge. After that, the influence of reset control
on transient behavior is stated. The connection between transient and frequency response in reset con-
trol is discussed. After, the direct impact of the control parameters of reset controllers on the transient
performance is shown. Finally, the review is concluded, and the research gap is formulated.
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Literature Review:
Improving the Transient Performance of Reset Control Systems

Mees Vanderbroeck∗ Nima Karbasizadeh∗ S. Hassan HosseinNia∗

Abstract— The high-tech industry is always looking into
ways to improve the precision and speed of its products.
Linear controllers suffer from the fact that they are inherently
bounded by Bodes phase/gain relationship and the waterbed
effect. As a result, there is a limit on the amount of precision
and robustness that can be achieved. Nonlinear reset controllers
provide a method to omit this limitation and can further
improve controller performance compared to the industry
standard PID control systems. The relation between the
frequency and transient response is not as straightforward in
nonlinear control as in linear control. The damping in a reset
control system cannot be derived solely from the first-order
frequency response. Therefore, the transient response is hard
to predict and is often just simulated numerically. Which
makes tuning to improve transient response performance
hard. In this study, an overview is given of how reset control
can improve transient performance. Furthermore, this work
proposes to develop an analytical approach to analyze the
damping of the transient response in reset control systems.
An exact relation between the control parameters and the
transient response would allow for more systematic tuning
methods of reset systems to be developed.

Keywords: Non-linear control, Reset control (RC), Transient
response

I. INTRODUCTION

The high-tech industry continuously strives to enhance
controller performance in precision motion systems. By
increasing the precision and speed of these systems, product
quality and capacity can be increased. Moreover, product
dimensions can be decreased, which is especially relevant
for the semiconductor industry. Current computer chips
already contain features on the nanometer scale, so control
precision needs to be sufficient for the production of these
features. To increase speed and precision in the transient
part of the response, the aim is to decrease rise time,
overshoot and settling time.

Currently, linear PID control is the industry standard for
controlling precision motion systems. Due to the growing
demands on precision and speed, the industry is approaching
the performance limit of linear control. In linear control, the
phase and gain of the system are related to each other by
(1), called Bode’s Phase-Gain relation.

∠G(jω) ≃ n× 90° (1)

n represents the slope of the magnitude of G(jω). This
relation imposes a limitation on the achievable bandwidth

∗ Department of Precision and Microsystem Engineering, Delft Univer-
sity of Technology, Delft, The Netherlands

of the system when certain stability margins are required.
In other words, robustness, precision and speed can only be
improved simultaneously to a certain degree in linear systems
[1]. Moreover, linear controllers suffer from the waterbed
effect [2], which is imposed by Bode’s sensitivity integral
(2). This equation shows that the reduction in sensitivity at a
certain frequency necessarily causes an increase in sensitivity
at another frequency. This means that high-frequency noise
attenuation and low-frequency disturbance rejection cannot
be improved simultaneously.∫ ∞

0

ln |S(jω)|dω = 0 (2)

Both restrictions can be bypassed by implementing
nonlinear control. Reset control is one of the existing
nonlinear controller types that has been gaining popularity
in recent years. Compared to other nonlinear control
methods, the advantage of reset control is its compatibility
with PID control and loop shaping techniques. Reset
controllers contain elements that will (partially) reset
their states when a certain reset condition is met. Clegg
introduced the first reset element in [3]. He showed that
a resetting integrator could decrease phase lag compared
to a linear integrator of 52°. Many new reset elements
have since been introduced and implemented [4]–[9]. In
literature, it is shown that reset control can provide a
significant increase in control performance in the frequency
domain and steady-state performance [10]–[18]. The main
advantage of reset control is the reduction of phase lag or
even providing phase lead to a system.

The reduction of phase lag can be used to increase the
phase margin of reset control systems. The increase in
phase margin would largely determine the overshoot in a
linear system [2]. However, the connection between the
transient and frequency response is not as straightforward for
nonlinear control since higher-order harmonics are present.
Moreover, different controller sequences cause different
transient responses in reset control even when the phase
margin is kept constant [19]. For example, when a lead
element is used before the reset element, beneficial transient
behavior can be created compared to the lead element
after the reset. Clear guidelines on systematically tuning
reset controllers for improvements in transient performance
directly are scarce.

In this paper, an overview is given of the work that is done
on the influence of reset control on the transient response



of the system. Moreover, a research topic is proposed on
how to gain insight into the effect of control parameters and
sequences on the step response. By formulating an analytical
approach to analyze the damping in reset control systems,
more systematic tuning methods for transient performance
could be developed. The remainder of the paper is structured
as follows. In section II, the prior knowledge on reset control
and transient response are discussed. The (dis)advantages of
reset control on transient performance found in the literature
are stated in section III. In section IV, the relation between
reset systems’ frequency and transient response is explored.
The influence of reset control parameters on transient perfor-
mance is shown in section V. The review’s conclusion and
the research goal for the rest of the thesis are provided in
section VI.

II. PRELIMINARIES

A. Definition general reset controller
Reset systems can generally be written as (3).

ΣR :=

 ẋr = Arxr(t) +Bre(t), if e(t) ̸= 0
xr(t

+) = Aρxr(t), if e(t) = 0
u(t) = Crxr(t) +Dre(t)

(3)

Matrices Ar, Br, Cr, Dr describe the state-space repre-
sentation of the Base Linear System (BLS) of the reset
system. The BLS is equivalent to the reset system without
resetting action. Matrix Aρ determines the amount of reset
when the reset condition is met. For now, the most common
reset condition e(t) = 0 is considered. xr(t), e(t), and
u(t) describe the reset controller states, controller input, and
controller output, respectively.

B. Describing functions
Loop shaping techniques are the industry standard for

tuning controllers. This technique is based on the frequency
response of the system. Unfortunately, the frequency domain
behaviour of nonlinear control systems cannot be analysed
by conventional linear frequency response function (FRF)
analysis since the response to a sinusoidal input is not
sinusoidal for a reset element. Therefore, the frequency
response of reset systems needs to be analysed differently. In
literature, this is mostly done using Higher Order Sinusoidal
Input Describing Function (HOSIDF) analysis introduced by
[20]. In most cases, loop shaping method based on the first
harmonic is used to tune the controller in the frequency
domain. This could be problematic when the magnitude of
the higher-order harmonics is close to the magnitude of the
first harmonic since the first harmonic will not capture the
overall frequency domain behaviour well.

In [21], the HOSIDFs for a general reset controller are
obtained:

Gn(jω) = Cr(jωI −Ar)
−1(I + jΘρ(ω))Br +Dr n = 1

Cr(njωI −Ar)
−1(I + jΘρ(ω))Br odd n ≥ 2

0 even n ≥ 2
(4)

Where,

Θρ(ω) =
2ω2

π
∆(ω)(Γ(ω)− Λ−1)

Γ(ω) = ∆ρ(ω)
−1Aρ∆(ω)Λ(ω)−1

∆ρ(ω) = I +Aρe
Arπ
ω

∆(ω) = I + e
Arπ
ω

Λ(ω) = ω2I +Ar

(5)

C. Reset elements

1) Clegg integrator: The Clegg Integrator (CI) was the
first reset element introduced by [3]. A reduction of 52°
phase lag can be achieved by applying reset to a linear
integrator. The state-space representation of a CI can be
written to the form in (3), where:

Ar = 0, Br = 1, Cr = 1, Dr = 0, Aρ = 0 (6)

2) (Generalized) First/Second Order Reset Element:
As an extension of the CI, the First Order Reset Element
(FORE) was introduced by [4]. FORE essentially is a first-
order low-pass filter with resetting action. It provides more
design freedom by changing the filter’s corner frequency
ωr. The conventional FORE in [4] fully resets when the
reset condition is met. The generalized FORE (GFORE),
introduced in [20], also allows for a partial reset of the
FORE. The amount of reset is determined by the value of
γ. In a conventional FORE, γ is fixed to zero. Note that the
real corner frequency of the reset filter is not exactly equal
to ωr. For different values of γ, the real corner frequency
shifts. This could be accounted for, as done in [6]. The state-
space representation of GFORE can be written to the form
in (3), where:

Ar = −ωr, Br = ωr, Cr = 1, Dr = 0, Aρ = γ (7)

The reset equivalent of a second-order low-pass filter
is called a Second Order Reset Element (SORE) and was
introduced by [5]. The additional control parameter βr can
be used to change the damping of the element. As with
the FORE, the conventional SORE only regards full reset.
The generalized SORE (GSORE) also allows partial reset
determined by γ1 and γ2. Both parameters individually
determine the amount of reset of each separate controller
state. A state-space representation of GSORE can be written
to the form in (3), where:

Ar =

[
0 1

−ω2
r −2βrωr

]
, Br =

[
0
ω2
r

]
,

Cr =
[
1 0

]
, Dr = [0], Aρ =

[
γ1 0
0 γ2

] (8)

In contrast to linear control, the exact state-space repre-
sentation of a reset system does influence the output of the
system in nonlinear control [22]. In other words, the output
depends on the exact configuration of the control elements.
Therefore, the superposition principle does not apply [23].



Use the correct representation to describe the actual reset
control system.

Both GFORE and GSORE can also be described in
transfer function form:

GFORE(s) =
1

�����: γ
s/ωr + 1

(9)

GSORE(s) =
1

������������: γ1,γ2

(s/ωr)
2 + (2sβr/ωr) + 1

(10)

The arrow crossing the equation shows that the element is
a reset element.

3) Constant in Gain Lead in Phase: The Constant in gain
Lead in phase (CgLp) element was introduced by [6]. Most
reset elements can provide a reduction of phase lag when
it replaces their linear counterpart. A CgLp element can
also provide phase lead to a system at an extensive range
of frequencies.

A CgLp element combines a reset lag filter R with a
linear lead filter L of equal order. The reset lag filter can
be a GFORE or GSORE. These filters can be described as
follows:

R(s) =
1

�������������: γ

(s/ωrα)
2 + (2sβr/ωrα) + 1

or
1

�����: γ

s/ωrα + 1

(11)
and

L(s) =
(s/ωr)

2 + (2sβr/ωr) + 1

(s/ωf )2 + (2s/ωf ) + 1
or

s/ωr + 1

s/ωf + 1
(12)

ωr and ωf are the lead filter’s corner frequency and
termination frequency, respectively. ωrα = ωr/α is the
corner frequency correction of the reset element to match
the corner frequency ωr of the lead filter. For frequencies
between ωr and ωf , the CgLp provide phase lead with unity
gain, as seen in Fig. 1. State-space matrices of a CgLp
element consisting of a GFORE are as follows:

Ar =

[
−ωrα 0
−ωf ωf

]
, Br =

[
ωrα

0

]
,

Cr =
[ωf

ωr
(1− ωf

ωr
)
]
, Dr = [0], Aρ =

[
γ 0
0 1

] (13)

Note that this state-space representation describes a CgLp
where the lead element is after the reset element. The
realization should be changed when the order is switched.

D. Transient response of a system

The transient response of a system is the first part of the
time response to a change to the equilibrium position. The
transient response is the temporary part of the time response
and will vanish over time. This paper will only regard the
system’s step response to determine the transient response
performance.

Fig. 1: Frequency response of a CgLp element [6].

Fig. 2: Step response with rise time, overshoot and settling
time definition.

To characterize the transient response performance, the
following metrics are considered (see also Fig. 2):

• Rise time, tr
The time it takes the signal to reach the new reference
value for the first time.

• Overshoot, Mp

The maximum amount the signal exceeds the reference
value

• Settling time, ts
The time it takes the signal to stay within a certain
error band with respect to the reference (often 2% of
reference value)

In control, the aim is to minimize rise time, overshoot and
settling time to improve controller performance.

III. TRANSIENT PERFORMANCE OF RESET CONTROL
SYSTEMS

A. Transient response benefiting from reset

In literature, the advantage of reset control for transient
performance is often shown through simulation or
experiments. The first paper to show the benefit was
[4], which used a FORE to decrease overshoot. In [17]
it is shown that a FORE can satisfy a certain set of rise
time and overshoot constraints for an integrator plant,
whereas a linear controller cannot satisfy both constraints
simultaneously. [16] shows a decrease in overshoot and
settling time for a FORE that is compared to its BLS,
see Fig. 3. In [10], the transient performance of a FORE



Fig. 3: Step response of linear and reset system [16].

Fig. 4: Control scheme CgLp with PID.

controlling a second-order plant is defined analytically.
From these equations [10] shows that the reset decreases
overshoot and settling time for equal rise time compared to
its BLS.

The improvement in transient performance can partially
be contributed to the additional phase compensation that
the nonlinear elements provide. However, this is not the
only cause of the performance improvement. To show
this consider a linear PID controller and a reset control
system containing a GFORE CgLp element (see (13))
and a PID in series, controlling a mass-spring-damper
system. The controller scheme of this reset system can be
seen in Fig. 4. Both controllers are tuned to have a phase
margin of approximately 40°. Tuning is done according to
the guidelines provided in [6]. The first-order frequency
response of both systems can be seen in Fig. 5.

If both controllers were linear, one would expect both
systems to result in a similar overshoot since the phase
margin is equal for both. However, in Fig. 6 is shown that
the reset system has considerably reduced overshoot. This
implies that the reduction in overshoot of a reset system is
not only caused by the reduction of phase lag since this was
kept constant in this example.

In [24], the same behaviour is observed. Here, reset
control is used to approximate complex-order control
(CLOC) (introduced in [9]). The performance of the CLOC
framework in [24] is experimentally verified by comparing
a linear PID to a PI-CgLp, a PID-CgLp and 2 CLOC

Fig. 5: First order open-loop frequency response of Linear
and Reset controller.

Fig. 6: Step response of CgLp+PID and PID control systems.

controllers, which are all designed to have the same phase
margin, like in Fig. 7. In Fig. 8, it is shown that all four
reset systems decrease the overshoot compared to the linear
PID controller, even when the phase margin is equal for all.
In short, different properties of reset controllers other than
phase margin should be considered to capture the transient
performance of the system fully.

B. Disadvantages of reset control for transient response

Higher-order harmonics in reset control systems can
deteriorate the performance in the frequency domain [6],
[25], [26]. Also, transient performance can suffer from
the introduction of higher-order harmonics. Limit cycles
are a common problem in reset systems. Limit cycles are
persistent oscillations in the time response of the system.
This undesired behaviour mostly occurs when model
uncertainties are present, shown in [27]. However, reset
systems without model uncertainties can also lead to limit
cycles. In [19], the occurrence of limit cycles is shown for
reset PI controlling a first-order plant. The step response
can be seen in Fig. 9. [28] and [29] provide methods to
analyse the presence, properties and stability of limit cycles.

Fortunately, there are multiple strategies to prevent the
generation of limit cycles. The higher-order harmonics can



Fig. 7: Frequency response of linear PID, PID-CgLp, PI-
CgLp and 2 CLOC, all tuned for the same phase margin
[24].

Fig. 8: Transient response of linear PID, PID-CgLp, PI-CgLp
and 2 CLOC, all tuned for the same phase margin [24].

be reduced in magnitude by decreasing the amount of nonlin-
earity in the system. Therefore, suppressing the limit cycles.
For example, [27] proposes using a PI+CI controller as a
possible solution.

IV. RELATION TRANSIENT AND FREQUENCY RESPONSE

Over time, different reset elements have been introduced,
which aim to increase the phase the reset controller provides
compared to its linear counterpart. Moreover, control
strategies are introduced that are aiming to suppress higher-
order harmonics at certain frequencies. These techniques
regard shaping filters on the reset line, adding filters in
front/after the reset element, changing the amount of reset
and changing the reset condition [1], [5]–[8], [30], [31].
This body of research can be used to tune reset controllers
for different applications in the frequency domain.

In linear control, one can estimate the transient
performance by looking at the system’s stability margins,
bandwidth and sensitivity. Unfortunately, a method for
predicting the transient performance of reset systems based
on the frequency response does not yet exist. To show this,
consider multiple PI-CgLp controllers retrieved from [19].
The controllers all consist of a GFORE reset element, a
PI lag element and a linear lead element. The sequence
of the elements is changed for each controller. One of the
controller schemes is shown in Fig. 10. The first-order

Fig. 9: Limit cycles in reset system without model uncer-
tainties [19].

Fig. 10: PI-CgLp control scheme with the sequence: Reset-
Lag-Lead.

frequency response of all controllers is equal, see Fig. 11.
Therefore, similar rise time, overshoot and settling time are
expected for all sequences in linear control.

However, the step responses in Fig. 12 show that
all sequences lead to a different transient performance.
Interestingly, the systems with the lead element in front of
the reset element show a significantly different response
than the other two configurations. In these configurations,
the reset instances depend on a linear combination of the
error and the derivative of the error. Therefore, resets can
happen even when the system’s output is not equal to
the reference. This leads to a less intuitive response, but
it could be beneficial when a no-overshoot response is

Fig. 11: First order frequency response of the system for
different PI-CgLp configurations [19].



Fig. 12: Step Response of system for different PI-CgLp
configurations [19].

Fig. 13: Continuous Reset architecture with lead element
L(s) = s/ωl+1

s/ωh+1 , before the reset element and lag element
R(s) = 1

s/ωl+1 [7].

desired. However, more insight is needed into when the
reset instances happen. In short, Fig. 12 shows that the
transient response of a reset system cannot be predicted
based only on the first-order frequency response.

Similarly, [7] can provide insight into the connection
between the sensitivity and the transient performance of
reset systems. In [7], an architecture called a Continuous
Reset (CR) element is introduced, which provides reset
elements with a continuous output signal. The control
scheme is shown in Fig. 13. The architecture’s performance
is illustrated by comparing a CgLp to a CR CgLp. It is
shown that when both controllers have the same phase
margin and peak of sensitivity, the CR CgLp leads to a
significantly lower overshoot, see Fig. 14. Therefore, the
transient performance is (also) not solely determined by the
peak of sensitivity.

Overall, the transient performance of reset systems is hard
to predict since it depends on many factors like phase margin,
controller sequence, bandwidth, sensitivity and higher-order
harmonics. To tune for frequency and transient performance

Fig. 14: Step response of similarly tuned CR CgLp and CgLp
controllers [7].

simultaneously, more insight is needed into the connec-
tion between the higher-order frequency response and the
transient response. Currently, direct tuning of the transient
response to improve performance has to be done. One can
tune the time domain response by looking into the influence
of reset control parameters on the transient performance.
Moreover, a link between frequency and transient response
could be constructed if the impact of the control parameters
is known on both.

V. INFLUENCE CONTROL PARAMETERS ON TRANSIENT
RESPONSE

The influence of different reset control parameters on the
transient response is needed to gain insight into the tuning
for transient performance. The following section gives an
example of how this is explored in literature.

In [7], the influence of ωl and γ is explored by simulating
the step response of a CR CgLp architecture controlling a
mass plant for a range of parameter values. In the CR CgLp
structure, the reset condition can be approximated by (14).

ė(t)/ωl + e(t) = 0 (14)

Therefore, ωl determines the coefficients of ė and e for
the reset condition. This is the same behaviour as in Fig. 12
when the lead element was placed in front of the reset
element. Higher values of ωl will favour reset based on e(t)
since less lead is provided. For sufficiently large ωl, the
system behaves like a regular CgLp element since the lead
provided is almost negligible. The effect of variations of γ
and ωl on the overshoot can be seen in Fig. 15. Here, ωc is
the intended bandwidth frequency of the system. Generally,
decreasing γ, thereby increasing phase margin, leads to an
almost linear decrease in overshoot. Decreasing ωl also
decreases overshoot, which is caused by the additional reset
instances the lead provides. A no-overshoot response can
be achieved when the right combination of γ and ωl are
selected.

However, decreasing ωl too much could lead to excessive
resetting action, negatively influencing settling time. In [7],
a second simulation establishes the relationship between
the control parameters and settling time. Fig. 16 shows that
the settling time can be minimized while having a zero
overshoot step response when ωl ∈ [0.3ωc, 0.6ωc] and phase
margin larger than 20°.

Based on these results, [7] provides rule of thumb values
for the CR CgLp control parameters for mass plants to
increase transient performance, see Table I. The method
establishing these rule-of-thumb parameters can also be
applied to mass-spring-damper plants and will result in
similar suggested parameter values. The results are verified
by implementing CR CgLp control in a precision motion
system. The resulting step responses for different values of
ωl can be seen in Fig. 17. For this application, ωl = 30Hz



Fig. 15: Overshoot of a CR CgLp architecture to a step input
for different γ and ωl values [7].

Fig. 16: Settling time of a CR CgLp architecture to a step
input for different γ and ωl values [7].

provides a no-overshoot response without deterioration of
the settling time. Moreover, an example of the settling time
suffering from the excessive reset action when ωl = 10Hz
can be seen.

These results show a simulation-based method for deter-
mining the influence of control parameters on the transient
performance of a reset control system. Similar studies can
be executed to find the influence of control parameters on
the transient performance of a particular system. However,
the simulations cannot provide insight into the exact relation

TABLE I: Rule of thumb values of control parameters CR
CgLp controlling a mass plant [7].

Parameter ωr PM ωl ωh ωf

Value [ωc, 1.5ωc] [15°, 25°] [0.3ωc, 0.6ωc] 20ωc 20ωc

Fig. 17: Step response of CR CgLp controlling a precision
motion system for different ωl values [7].

between the control parameters and transient performance.
An exact relation would provide a better understanding
of the mechanics behind the increase/decrease of transient
performance. This is especially relevant when a lead-reset
system is considered since the additional reset instances are
non-intuitive. Knowing how and when the controller will
reset, makes way for better tuning of those systems and
possibly the creation of improved reset control architectures
to benefit from the decreased overshoot the lead can provide.

VI. CONCLUSION AND RESEARCH GOAL

Reset control is a method to overcome the inherent
limitations of linear control. The phase margin of a system
can be increased through the reduction of phase lag the
reset provides. The transient performance benefits from the
additional phase margin in decreasing overshoot. However,
this is not the only way the transient performance can
be improved through the application of reset control. It
was shown that a reset controller could decrease overshoot
and settling time even when it is compared to a linear
system with an equal phase margin. Therefore, the transient
performance is not only dependent on the phase margin of
the system, and other reset characteristics are relevant.

Moreover, it was shown that the step response of a reset
system depends on the sequence of control blocks. Different
configurations of the same control elements cause different
transient behavior while having the same first-order DF.
Hence, the transient performance of a reset system cannot
be entirely attributed to the first-order frequency response of
the system. A clear and exact relation between the frequency
response and the transient performance of a reset system is
missing.

One can simultaneously increase steady-state and transient
performance in linear control by only tuning in the frequency
domain. Since the relation between frequency and time
response of reset systems is not fully defined yet, the time
and frequency domain tuning has to be done separately
to ensure both steady-state and transient performance is
sufficient.

The specific tuning for transient performance can be
done by analyzing the influence of control parameters on
the transient response. A simulation-based study in [7]
showed how the CR CgLp architecture’s control parameters



influence a system’s transient response. From there, tuning
guidelines are formed for a CR CgLp element combined
with a linear PID, controlling a mass plant. Other systems
could be investigated similarly to create tuning guidelines.
However, this method of retrieving tuning guidelines relies
on simulating a large range of parameter values. Gaining
insight into the exact mechanics driving the transient
response is hard this way.

Lastly, it was shown that a lead filter before a reset
element in a CgLp changes the transient behavior by
making the reset instances dependent on both the error
and the derivative of the error. This structure shows
great potential to increase both transient and steady-state
performance. However, the lead can also cause excessive
reset action, negatively affecting settling time. More insight
is needed on how the lead-reset configurations improve the
step response to better design the amount of lead provided
and the control architecture.

In short, a systematic tuning method is needed to
improve the transient performance of a reset system. If
the transient response could be predicted based on the
frequency response and the controller configuration, it
could give way to new tuning and control strategies. More
performance could be extracted by gaining insight into
the dependence of damping on the exact controller sequence.

The goal of the thesis following this literature review is
to develop a method of analyzing damping in reset control
systems. This will be done by analytically solving the step
response of a reset control system. The analytical expression
provides a method of defining the damping of the transient
response. It could be seen how the damping is affected when
the controller sequence is changed.
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3
Objective

The literature review in Section 2 shows how reset control is currently used to improve the transient
performance of motion control systems. The study provides a platform to define the literature gap that
can be researched in the rest of this thesis.

3.1. Problem statement and research goal
The review has shown that reset control can be used beneficially to improve the transient response by
providing additional damping compared to linear control. The damping in linear control is dependent
on the phase margin and the controller sequence of the reset controller. Currently, the step response
is calculated numerically to tune the transient response. However, this does not provide insight into
how the damping is achieved. An analytical analysis of the transient response would provide a better
understanding of the root of the additional damping and assist in developing new tuning guidelines.
Therefore, the research goal is defined as follows:

Develop an analytical approach to analyze the damping of the transient response in reset control
systems.

3.2. Research approach
Section 4 aims to achieve the proposed research goal. This is done by taking the following steps:

• Solve the step response and the states of reset control systems with mass plants analytically.

• Use the analytical solution of the reset control system to define the damping of the step response
and use the definition to develop a method of analyzing the damping of a reset system.

• Validate the value of the method by analyzing the damping of a reset control system for different
control sequences.
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4
Damping Analysis of Transient

Response in Reset Control Systems: an
Analytical Approach

In this section, the main contribution of this thesis is provided in scientific paper form. First, the prob-
lems in analyzing the damping of reset systems are introduced. Secondly, background information is
provided. Then the analytic solution of the transient response of reset control systems with mass plants
is derived. Subsequently, two damping analysis methods are proposed using the analytical expres-
sions. To show the significance of the proposed methods, the damping of a reset controller is analyzed
for different controller sequences. Lastly, conclusions are presented and future work is proposed.

Note that the appendices being referenced in the paper are provided in the paper itself. Comple-
mentary to the content in the paper 3 appendices are provided at the end of this thesis. In Appendix
A, a list of symbols and their description can be found. In Appendix B the derived step response ex-
pression is validated by comparing it to a simulated version of a reset controller. Finally, in Appendix
C, Matlab functions are provided, which are created to aid in the calculation of the analytical response
of a reset control system.
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Damping Analysis of Transient Response in Reset Control Systems:
an Analytical Approach

Mees Vanderbroeck∗

Abstract— The high-tech industry continuously pushes
the boundaries of controller performance to achieve faster
and more precise machines. Currently, linear control is the
standard in the industry. These controllers suffer from the
waterbed effect and Bode’s phase/gain relation, which impose
inherent limitations on the precision and robustness of the
system. Reset control is a popular strategy to get around these
limitations and improve performance. The damping in reset
control systems is not only determined by the phase margin
of the system but is also dependent on the exact controller
element sequence. Currently, finding the optimal controller
sequence is done through simulation of the step response.
However, this fails to provide insight into the underlying
cause of the additional damping achieved by specific controller
configurations. This paper proposes an analytical approach
to analyze the damping of the transient response reset
control systems. The analytical analysis provides a better
understanding of sequence-dependent damping and assists
in controller design. First, the analytical expressions of the
step response and states of the system are derived, which are
used to define the system’s energy. The step response and
energy equations are used to characterize the damping in
a reset control system. To show the value of the proposed
method, the damping in a reset control system is assessed as
an illustrative example. It is found that when a lead is in
front of a reset element, the reset controller can provide more
damping because it reduces the oscillatory content in the step
response.

Keywords: Nonlinear control, Reset control (RC), Transient
response, Damping

I. INTRODUCTION

The high-tech industry continuously pushes the boundaries
of controller performance to achieve faster and more precise
machines. PID control is the current standard for controlling
precision motion systems. With the use of loop-shaping and
feed-forward techniques, high bandwidth, robust, and high
precision control can be achieved. However, linear control
suffers from the waterbed effect, and Bode’s phase/gain
relationship [1], [2]. These limit the level of robustness and
precision achieved within linear control. By breaking Bode’s
phase/gain relationship and omitting the waterbed effect,
higher bandwidth and precision can be achieved. Nonlinear
control can offer an opportunity to satisfy the industry’s
increasing demands on controller performance [3]–[6].

Reset control is a nonlinear control technique popularised
due to its compatibility with PID control and loop-shaping
techniques. Reset control involves resetting one or multiple
states of a controller when a reset condition is satisfied.

∗ Department of Precision and Microsystem Engineering, Delft Univer-
sity of Technology, Delft, The Netherlands

The first reset control element was a resetting integrator
introduced by Clegg [7]. This reset element could reduce
the phase lag of the linear integrator significantly. Since
then, many other reset elements have been introduced and
implemented [8]–[13]. In general, reset elements can reduce
the phase lag of a control system compared to its linear coun-
terpart without compromising other aspects of the controller.
In literature, it is shown that reset control can significantly
improve controller performance in the frequency domain and
steady-state response [14]–[22].

The advantages of reset controllers can also be seen
in improved transient performance with the reduction and
prevention of overshoot [8], [20], [21], [23]. In linear control
of motion systems, a reduction in overshoot can be attributed
to an increase in phase margin. However, [24] shows that the
sequence of the control elements can change the overshoot
of a reset control system (RCS) independent of the phase
margin. In [24] and [11], it is shown that placing a lead
before a reset element can reduce overshoot compared to
when the lead is after the reset element. Currently, the
step response is simulated to find the optimal controller
configuration for transient performance. However, this fails
to provide insight into the underlying cause of the extra
damping achieved by specific control element sequences.
Suppose the damping of the step response could be analyzed
analytically, independently of the phase margin. In that case,
the origin of the additional damping could be better under-
stood and used to improve the design of reset controllers to
enhance transient performance.

The contribution of this paper is to develop an analytical
approach to analyze the damping of the transient response
in reset control systems. This approach relies on deriving an
analytical expression of the step response and the system’s
states. With these expressions, the dependence of damping
on the controller sequence can be determined. To show the
merit of the damping analysis, the step response of a reset
controller is analyzed for different controller sequences as an
illustrative example. The rest of the paper will be structured
as follows. In Section II, background knowledge on reset
control is provided. Section III contains the analytical deriva-
tion of the step response, its derivatives, and the states of a
general reset control system. The damping analysis methods
of base linear stable reset control systems are proposed in
Section IV. Section V provides an illustrative example of the
proposed methods. Lastly, conclusions and future work are
discussed in section VI.



II. PRELIMINARIES

A. Definition general reset controller

Reset control systems can be written as (1).

ΣR :=

 ẋr = Arxr(t) +Bre(t), if e(t) ̸= 0
xr(t

+) = Aρxr(t), if e(t) = 0
u(t) = Crxr(t) +Dre(t)

(1)

Matrices Ar, Br, Cr, Dr describe the state-space repre-
sentation of the Base Linear System (BLS) of the reset
system. The BLS is equivalent to the reset system without
resetting action. Matrix Aρ determines the amount of reset
for each state when the reset condition is met. xr(t), e(t),
and u(t) describe the reset controller states, controller input,
and controller output, respectively.

B. Relevant reset elements

1) Clegg integrator: The Clegg Integrator (CI) was the
first reset element introduced in [7]. Based on describing
function analysis, a reduction of 52° phase lag can be
achieved by applying reset to a linear integrator. The state-
space representation of a CI can be written to the form in
(1), where:

Ar = 0, Br = 1, Cr = 1, Dr = 0, Aρ = 0 (2)

2) (Generalized) First/Second Order Reset Element:
As an extension of the CI, the First Order Reset Element
(FORE) was introduced in [8]. FORE is a first-order low-
pass filter with resetting action. It provides more design
freedom than the CI by changing the filter’s corner frequency
ωr. The conventional FORE in [8] fully resets when the
reset condition is met. The generalized FORE (GFORE),
introduced in [25], also allows for a partial reset of the
FORE. The amount of reset is defined as γ. Note that the
actual corner frequency of the reset filter is different from
ωr. The actual corner frequency shifts for different values
of γ. The frequency shift can be accounted for by using
ωrαs

= ωr/αs instead. Here αs is a correction factor whose
value depends on the amount of reset according to [10]. The
state-space representation of GFORE can be written to the
form in (1), where:

Ar = −ωr, Br = ωr, Cr = 1, Dr = 0, Aρ = γ (3)

The reset equivalent of a second-order low-pass filter is
called a Second Order Reset Element (SORE) and was
introduced in [9]. The additional control parameter βr can be
used to change the damping of the element. The generalized
SORE (GSORE) also allows partial reset determined by γ1
and γ2. Both parameters individually determine the amount
of reset of each separate controller state. A state-space
representation of GSORE can be written to the form in (1),
where:

Ar =

[
0 1

−ω2
r −2βrωr

]
, Br =

[
0
ω2
r

]
,

Cr =
[
1 0

]
, Dr = [0], Aρ =

[
γ1 0
0 γ2

] (4)

In contrast to linear control, the exact state-space repre-
sentation of a reset system does influence the output of the
system in nonlinear control [26]. In other words, the output
depends on the exact configuration of the control elements
because the superposition principle does not apply [27]. The
correct state-space representation should be used to describe
the actual reset control system.

Both GFORE and GSORE can be described in transfer
function form:

GFORE(s) =
1

�����: γ
s/ωr + 1

(5)

GSORE(s) =
1

������������: γ1,γ2

(s/ωr)
2 + (2sβr/ωr) + 1

(6)

The arrow crossing the equation shows that the element is
a reset element with γ1 and γ2 defining the amount of reset
of each state.

3) Constant in Gain Lead in Phase: The Constant in
gain Lead in phase (CgLp) element was introduced in [10].
The element can create phase lead while the gain remains
constant by using the difference in phase shift of a linear
and a reset element.

A CgLp element combines a reset lag filter R(s) with a
linear lead filter L(s) of equal order. The reset lag filter can
be a GFORE or GSORE. These filters can be described in
transfer function form:

R(s) =
1

������: γ

s/ωrαs
+ 1

or
1

�������������: γ

(s/ωrαs)
2 + (2sβr/ωrαs) + 1

(7)
and

L(s) =
s/ωr + 1

s/ωf + 1
or

(s/ωr)
2 + (2sβr/ωr) + 1

(s/ωf )2 + (2s/ωf ) + 1
(8)

ωr and ωf are the lead filter’s corner frequency and
termination frequency, respectively. ωrαs = ωr/αs is the
corner frequency correction of the reset element to match
the corner frequency ωr of the lead filter. For frequencies
between ωr and ωf , the CgLp provides phase lead with
unity gain, as seen in Fig. 1. State-space matrices of a CgLp
element consisting of a GFORE are as follows:

Ar =

[
−ωrαs

0
−ωf ωf

]
, Br =

[
ωrαs

0

]
,

Cr =
[ωf

ωr
(1− ωf

ωr
)
]
, Dr = [0], Aρ =

[
γ 0
0 1

] (9)

Note that this state-space representation describes a CgLp
where the lead element is after the reset element. The



Fig. 1: First-order describing function of a CgLp element
[10].

state-space realization should be changed when the order is
switched.

C. Describing functions

Loop shaping techniques are the industry standard for
tuning controllers. This technique is based on the frequency
response of the system. Unfortunately, the frequency re-
sponse of a nonlinear system cannot be captured entirely by
a single frequency domain function. The frequency response
function of nonlinear systems can be approximated with
the Describing Function (DF) [28]. The DF is primarily
used in the design of reset control systems. However, this
approximation only considers the first harmonic of the
Fourier series. Therefore, only considering the DF may be an
inaccurate approximation of the frequency domain response
of a nonlinear system. To consider the effect of higher-order
harmonics, the Higher Order Sinusoidal Input Describing
Functions (HOSIDFs) of the nonlinear system introduced in
[25] can be calculated. The HOSIDFs of a reset element
described in (1) can be found by using (10) introduced in
[29].

Gn(jω) = Cr(jωI −Ar)
−1(I + jΘρ(ω))Br +Dr n = 1

Cr(njωI −Ar)
−1(I + jΘρ(ω))Br odd n ≥ 2

0 even n ≥ 2
(10)

Where,

Θρ(ω) =
2ω2

π
∆(ω)(Γ(ω)− Λ−1)

Γ(ω) = ∆ρ(ω)
−1Aρ∆(ω)Λ(ω)−1

∆ρ(ω) = I +Aρe
Arπ
ω

∆(ω) = I + e
Arπ
ω

Λ(ω) = ω2I +Ar

(11)

In general, the loop-shaping of reset control systems is
based on the first-order DF. Furthermore, the system is
tuned to reduce the magnitude of the HOSIDFs to make

the approximation of the frequency response by DF as
representative as possible.

III. ANALYTICAL DERIVATION STEP RESPONSE OF
RESET CONTROL SYSTEM WITH MASS PLANTS

Consider the general Single-Input Single-Output (SISO)
reset control system with a mass plant P (s) = 1

ms2 in Fig. 2.
The closed-loop system consists of two linear controllers
C1(s) and C2(s). These are placed before and after the reset
control element ΣR. The shaping filter SF (s) output defines
the reset condition of ΣR.

The system can mathematically be described by the system
of equations in (12)-(21). Here {Ac1 , Bc1 , Cc1 , Dc1} and
{Ac2p, Bc2p, Cc2p} are the minimal realizations of C1(s) and
C2(s)P (s) respectively. Likewise, {Ar, Br, Cr, Dr, Aρ} is
the minimal realization of the reset element ΣR as shown in
(1). xc1 ∈ Rn1 , xr ∈ Rnr , and xc2p ∈ Rn2 are the states
of the first linear controller, the reset element, and the linear
elements after the reset block. Aρ is the reset matrix of the
reset element. Finally, {Asf , Bsf , Csf , Dsf} is the minimal
realization of the shaping filter with state xsf ∈ Rnsf . In this
analysis, only physical systems are considered. Therefore, the
system can be assumed to be strictly proper, and output y(t)
only depends on states xc2p(t).



ẋc1(t) = Ac1xc1(t) +Bc1e(t) (12)
uc1(t) = Cc1xc1(t) +Dc1e(t) (13)
ẋsf (t) = Asfxsf (t) +Bsfuc1(t) (14)
usf (t) = Csfxsf (t) +Dsfuc1(t) (15)
ẋr(t) = Arxr(t) +Bruc1(t), usf (t) ̸= 0 (16)
xr(t

+) = Aρxr(t), usf (t) = 0 (17)
ur(t) = Crxr(t) +Druc1(t) (18)
ẋc2p(t) = Ac2pxc2p(t) +Bc2pur(t) (19)
y(t) = Cc2pxc2p(t) (20)
e(t) = r(t)− y(t) (21)

The closed-loop state-space representation of the complete
system can be written as follows:


ẋ(t) = Aclx(t) +Bclr(t), if usf (t) ̸= 0

x(t+) = Âρx(t), if usf (t) = 0
y(t) = Cclx(t)
usf (t) = Crlinex(t) +Drliner(t)

(22)

Where,



Fig. 2: General SISO reset control system with a mass plant.

x(t) =


xr
xc1
xsf
xc2p

 , x(t) ∈ Rn

Acl = Rn×n, Bcl = Rn

Ccl =
[
0n−n2 Cc2p

]
,

Âρ =

[
Aρ 0
0 I(n−nr)×(n−nr)

]

Crline =


0nr

DsfCc1

Csf

−DsfDc1Cc2p


T

,

Drline = DsfDc1

(23)

The entries of Acl and Bcl depend on the state-space
matrices of the individual control elements. The expressions
of the entries of Acl and Bcl can be found in Appendix A.

A. Energy and Power of mass plant

In motion control systems, damping can be defined as the
dissipation of the plant’s energy. As a result, oscillations are
suppressed, and the response is slowed. The energy of the
system in Fig. 2 only depends on the kinetic energy of the
plant since it controls a single mass plant.

E(t) =
1

2
mẏ(t)2 (24)

The only way the plant’s energy can change is when the
controller applies power to the plant since no other forces
are considered. The power delivered by the controller can be
described by:

P (t) =
d

dt
E(t) = mÿ(t)ẏ(t) (25)

When the controller applies negative power to the plant,
the sign of the acceleration and the velocity terms have to
be opposite. In short, the controller provides damping to the
system when the power is negative. Therefore, the damping
of a mass plant system can be analyzed by looking at the
acceleration and velocity response. When the acceleration
and velocity response could be described analytically, the
damping would also be described analytically.

B. Analytical derivation of solution of RCS with mass plants

In this section, the analytical expressions of the step
response and its derivatives are derived for the reset control
system in Fig. 2. It needs to be proven that the system
can be transformed into a zero-input/unforced system when

the reference is constant to find the expressions. Then the
solution of the step response of the reset control system can
be found by considering the homogeneous solution of the
base linear system to multiple linked initial value problems.
The initial state of the new initial value problem after any
reset is the last state just before the reset, which has been
reset. Furthermore, by decomposing the system matrix Acl,
the step response can be written as a linear combination of
sine, cosine, and exponential terms, which depend on the
eigenvalues and eigenvectors of the system matrix. Finally,
the step response expression can be differentiated to retrieve
an expression for the velocity and acceleration response.

This paper considers the damping of the transient response
of reset control systems. Therefore, a step input is considered
the system’s input for the remainder of this paper. This
section provides an analytical solution to the step response
of the reset control system. The solution can then be used to
analyze the damping of the step response.

First, let the set I of all reset instances be defined by (26).

I = {ti|usf (ti) = 0, ti = ⟨ti−1, ti+1⟩, i = 0, 1, 2, ...} (26)

Additionally, consider t0 = 0 as the step instance of the
reference. During and after the step instance, the reference
will be constant r(t) = r0, t ≥ t0. t0 is also the starting
point of the analysis. Since only physical systems with a
mass plant are considered, we can assume the following:

Assumption 1. C2P (s) contains at least one integrator.

This assumption leads to the following Lemma, as intro-
duced in [30].

Lemma 1. Consider the response of the closed-loop RCS
in (22) for a constant reference input r(t) = r0. Suppose
Assumption 1 holds. Then there exists a xc2p0 ∈ Rn2 for
which Ac2pxc2p0 = 0, and Cc2pxc2p0 = r0.

Proof: If C2P (s) contains an internal model of r(t) =
r0 there exits a xc2p0 ∈ Rn2 for which Ac2pxc2p0 = 0,
and Cc2pxc2p0 = r0. Therefore, such an xc2p0 exists when
C2P (s) contains at least one integrator since L{r0} = r0

s .

Now define system (27), which is a zero-input version of
system (22). In this system, the step height r0 is only found
in the system’s output y(t).




˙̂x = Aclx̂(t), if usf (t) ̸= 0

x̂(t+) = Âρx̂(t), if usf (t) = 0
y(t) = Cclx̂(t) + r0
usf (t) = Crlinex̂(t)

(27)

Then the existence of xc2p0 can be used to prove Lemma
2.

Lemma 2. Suppose Assumption 1 holds. Consider a constant
reference r(t) = r0. The system (22) and (27) are equivalent
under the state transformation x̂(t) = x(t)−x0, where x0 =[
0n−n2xc2p0

]T
.

Proof: First, substitute the state transformation back
into system (27):

ẋ− ẋ0 = Aclx(t)−Aclx0, ifusf (t) ̸= 0

x(t+)− x0 = Âρx(t)− Âρx0, ifusf (t) = 0
y(t) = Cclx(t)− Cclx0 + r0
usf (t) = Crlinex(t)− Crlinex0

(28)

Now use the fact that ẋ0 = 0, Âρx0 = x0, the element
expressions of Acl, Bcl, Ccl, Crline, and Drline which can be
found in (23) and Appendix A. Lastly, use Ac2pxc2p0 = 0
and Cc2pxc2p0 = r0 from Lemma 1, to find that (27) is
equivalent to (22).

A more detailed proof can be found in Appendix B.
Remark 1. Since C2P (s) contains at least one integrator, the
transformation state x0 can be written as follows:

x0 =
[
0n−n2 d1 d2 · · · dn2−1 1

]T
r0 (29)

Coefficients dj for j = 1, 2, · · · , n2 − 1 correspond to the
denominator coefficients in the form of C2P (s) in (30).

C2P (s) =
cn2−1s

n2−1 + · · ·+ c1s+ c0
sn2 + dn2−1sn2−1 + · · ·+ d1s

(30)

Remark 2. From (27) and (26) it can be concluded that
between reset instances ti and ti+1 the system behaves like
the BLS:

˙̂x(t) = Aclx̂(t), t ∈ ⟨ti, ti+1] (31)

Theorem 1. Consider the RCS in (22) and its transformed
equivalent in (27). Suppose Assumption 1 holds and r(t) =
r0. Then the system response can be expressed as:

x̂(t) = eAcl(t−ti)x̂(ti) = Φ(t− ti)x̂(ti), t ∈ ⟨ti, ti+1]
(32)

Here, Φ(t) is called the state-transition matrix.

Proof: Lemma 2 shows that the original system in (22)
is equivalent to the zero-input system shown in (27). The
solution of the base linear version of the zero-input system
is:

x̂ = eAcltx̂(0) (33)

Following Remark 2, the system behaves like the BLS
when t /∈ I . Therefore, the response between two reset
instances will be a linear initial value problem, where the
states at the last reset instance are the initial states, as
expressed in (32).

Assumption 2. Acl is diagonalizable with n distinct eigen-
values.

Lemma 3. Suppose Assumption 2 holds. Then the response
of the RCS depends on the eigenvalues and eigenvectors,
reset instances, and the states at those resets. The entries of
the transition matrix are:

Φkl(t− ti) =

n∑
j=1

akjbjle
λj(t−ti) (34)

in which akj = Vkj , bjl = (V −1)jl, λj = Λjj . Here V
contains the eigenvectors and Λ the eigenvalues of Acl.

Proof: If Acl is diagonalizable, it can be decomposed
in Acl = V ΛV −1. Therefore, the transition matrix can
expressed as Φ(t − ti) = V eAcl(t−ti)V −1. Which leads to
the expression in (34). Combining (32) and (34) shows the
dependence on the eigenvalues and eigenvectors of Acl, the
reset instances, and the states at the reset instances.

Lemma 4. Consider Assumption 2 holds. Moreover, consider
λh and λm to be a complex conjugate pair of eigenvalues
of Acl, such that λh = λm. Then,

akhbhl = akmbml = σkl,h + τkl,hi (35)

In which, σkl, h is the real part of akhbhl and akmbml.
Moreover, τkl,h is the imaginary part of akhbhl and akmbml.

Proof: System matrix Acl can be written as Acl =
V ΛV −1 since it is assumed to be diagonalizable in Assump-
tion 2. Acl is considered to be real in (23). Therefore, all
imaginary terms should cancel each other for Acl to be real:

ℑ(
n∑

j=1

akjbjlλj) = 0 (36)

Then, (35) needs to hold if λh and λm are a complex con-
jugate pair of eigenvalues. Hence, the claim is proven.

Lemma 5. Consider the RCS in (27) for a constant step
reference r0. Suppose Assumptions 1 and 2 hold. Then the
states of the RCS can be described by:

x̂k(t) =

n∑
l=1

Φkl(t− ti)x̂l(ti), t ∈ ⟨ti, ti+1] (37)

Where, the expression of state-transition matrix entry Φkl is:

Φkl(t− ti) =

npair∑
j=1

2eαj(t−ti)[σkl,j cos(βj(t− ti))

− τkl,j sin(βj(t− ti))]

+
n∑

q=nimag+1

akqbqle
λq(t−ti)

(38)

In which, λ2j−1 = λ2j = αj + βji, an(2j−1)b(2j−1)l =
an(2j)b(2j)l = σnl,j + τnl,ji, and ℑ(λq) = 0. Finally, npair
is the number of complex conjugate pairs of eigenvalues of
Acl such that nimag = 2npair and nreal = n− 2npair.



Proof: The eigenvalues of the closed-loop system ma-
trix Acl can either be real or be part of a complex conjugate
pair of eigenvalues. Consider the complex conjugate pair of
eigenvalues λh and λm, λh = λm = α+βi. Then the terms
in (34) that are linked to this pair of eigenvalues can be
expressed by (39) when Lemma 4 is applied.

akhbhle
λh(t−ti) + akmbmle

λm(t−ti)

=σkl,he
α(t−ti)(eβ(t−ti)i + e−β(t−ti)i)

+ τkl,he
α(t−ti)(eβ(t−ti)i − e−β(t−ti)i)

(39)

Now Euler’s formula is used to rewrite (39) to:

akhbhle
λh(t−ti) + akmbmle

λm(t−ti)

=2σkl,he
α(t−ti) cos (β(t− ti))

− 2τkl,he
α(t−ti) sin(β(t− ti))

(40)

The substitution of (40) into (34) for every complex conju-
gate pair of eigenvalues results in (38). Therefore, the states
of the RCS (27) can be described by (37).

Without loss of generality, the following assumption can
be made:

Assumption 3. The state-space representation of C2P (s) is
in observable canonical form, such that Ccl =

[
0n−1 1

]
.

Theorem 2. Consider the RCS in (27) for a constant step
reference r0. Suppose Assumptions 1-3 hold. Then the step
response of the system is defined as:

y(t) = r0 +
n∑

l=1

Φnl(t− ti)x̂l(ti), t ∈ ⟨ti, ti+1] (41)

The Φnl is the last row of the state-transition matrix.

Proof: Since Assumption 3 holds, the step response will
be the sum of step height r0 and the value of state x̂n(t).
Using Lemma 5 to rewrite x̂n(t) gives (41).

Corollary 1. Consider the RCS in (27) for a constant
step reference r0. Suppose Assumptions 1-3 hold. Then the
velocity response of the system is defined as:

ẏ(t) =
n∑

l=1

Φ̇nl(t− ti)x̂l(ti), t ∈ ⟨ti, ti+1] (42)

Where the time derivative of the state-transition matrix entry
Φ̇nl is:

Φ̇nl(t− ti) =

npair∑
j=1

2eαj(t−ti)

[
(αjσnl,j − βjτnl,j) cos(βj(t− ti))

− (βjσnl,j + αjτnl,j) sin(βj(t− ti))
]

+
n∑

q=nimag+1

λqanqbqle
λq(t−ti)

(43)

Proof: The derivative of the state-transition matrix
entries can be split into cosine, sine, and exponential terms.

The derivative of the cosine terms is:

d

dt

(
2σnl,je

αj(t−ti) cos (βj(t− ti))
)
=

2σnl,jαje
αj(t−ti) cos (βj(t− ti))

−2σnl,jβje
αj(t−ti) sin (βj(t− ti))

(44)

Similarly, the derivative of the sine terms is:

d

dt

(
−2τnl,je

αj(t−ti) sin (βj(t− ti))
)
=

−2τnl,jαje
αj(t−ti) sin (βj(t− ti))

−2τnl,jβje
αj(t−ti) cos (βj(t− ti))

(45)

Finally, the derivative of the terms corresponding to the real
eigenvalues:

d

dt

(
anqbqle

λq(t−ti)
)
= λqanqbqle

λq(t−ti) (46)

Combining the sinusoidal and exponential terms in (44)-(46)
yields the derivative of the state-transition entries in (43).

Corollary 2. Consider the RCS in (27) for a constant
step reference r0. Suppose Assumptions 1-3 hold. Then the
acceleration response of the system is defined as:

ÿ(t) =
n∑

l=1

Φ̈nl(t− ti)x̂l(ti), t ∈ ⟨ti, ti+1] (47)

Where the second time derivative of the state-transition
matrix entry Φ̈nl is:

Φ̈nl(t− ti) =

npair∑
j=1

2eαj(t−ti)

[
(α2

jσnl,j − 2αjβjτnl,j − β2
jσnl,j) cos(βj(t− ti))

− (α2
jτnl,j + 2αjβjσnl,j − β2

j τnl,j) sin(βj(t− ti))
]

+

n∑
q=nimag+1

λ2qanqbqle
λq(t−ti)

(48)

Proof: The second derivative of the state-transition
matrix entries can again be split into cosine, sine, and
exponential terms, similar to the proof of Corollary 1. The
derivative of the cosine terms in the entry of the velocity
state-transition matrix is:

d

dt

(
2(αjσnl,j − βjτnl,j)e

αj(t−ti) cos(βj(t− ti))
)
=

2αj(αjσnl,j − βjτnl,j)e
αj(t−ti) cos(βj(t− ti))

−2βj(αjσnl,j − βjτnl,j)e
αj(t−ti) sin(βj(t− ti))

(49)

Similarly, the derivative of the sine terms is:

d

dt

(
− 2(βjσnl,j + αjτnl,j)e

αj(t−ti) sin(βj(t− ti))
)
=

−2αj(βjσnl,j + αjτnl,j)e
αj(t−ti) sin(βj(t− ti))

−2βj(βjσnl,j + αjτnl,j)e
αj(t−ti) cos(βj(t− ti))

(50)



Finally, the derivative of the terms corresponding to the real
eigenvalues:

d

dt

(
λqanqbqle

λq(t−ti)
)
= λ2qanqbqle

λq(t−ti) (51)

Combining the sinusoidal and exponential terms in (49)-(51)
yields the second derivative of the state-transition entries in
(48).

Now (42) and (47) can be used to express the energy
and power of the plant analytically. The energy and power
expressions can be used to analyze the damping in the step
response for all reset control systems described by Fig. 2 as
long as Assumptions 1-3 are valid. Moreover, the analytical
expression of the step response itself can be used to see
the effect of different controllers on the damping of the
response.

IV. DAMPING ANALYSIS OF RESET CONTROL SYSTEMS
WITH STABLE BLS

In this section, the analytical expressions introduced in
Section III are used to analyze the damping of base linear
stable reset control systems in Fig. 2. For the BLS to be
stable, the eigenvalues of the system matrix Acl in (23) are
all required to have a negative real part. Therefore, αj < 0
and λRh < 0 for all positive integers j and h in (52).

λ =



α1 + β1i
α1 − β1i

...
αnpair + βnpair i
αnpair

− βnpair
i

λR1

...
λRnreal


(52)

Note that λRh is the q = h + nimag-th eigenvalue of
the system. Theorem 2 can be used to express the step
response of the RCS analytically in (53). Note that the
coefficients cyI(2k−1)

and cyI(2k)
correspond to the complex

conjugate eigenvalue pairs, and cyR
corresponds to the real

eigenvalues, respectively. Consider an exponential term to be
faster than another when its corresponding eigenvalues are
more negative.

y(t) =r0 +

npair∑
k=1

cyI(2k−1)
(ti)e

αk(t−ti) cos (βk(t− ti))

+cyI(2k)
(ti)e

αk(t−ti) sin (βk(t− ti))

+

nreal∑
h=1

cyRh
(ti)e

λRh(t−ti), t ∈ ⟨ti, ti+1]

(53)

Here, the coefficients cyI
and cyR

are defined by:

cyI(2k−1)
(ti) =

n∑
l=1

2σnl,kx̂l(ti) (54)

cyI(2k)
(ti) =

n∑
l=1

−2τnl,kx̂l(ti) (55)

cyRh
(ti) =

n∑
l=1

an(h+nimag)b(h+nimag)lx̂l(ti) (56)

The sine and cosine terms of each complex pair of
eigenvalues in (53) can be combined into a single (shifted)
sine term:

y(t) =r0 +

npair∑
k=1

cyI(2k−1)(2k)
(ti)e

αk(t−ti)

sin (βk(t− ti) + ψy(2k−1)(2k)(ti))

+

nreal∑
h=1

cyRh
(ti)e

λRh(t−ti), t ∈ ⟨ti, ti+1]

=r0 + yosci(t) + ybase(t), t ∈ ⟨ti, ti+1]

(57)

In which, cyI(2k−1)(2k)
(ti) =

√
cyI(2k−1)

(ti)2 + cyI(2k)
(ti)2

and ψ(2k−1)(2k)(ti) =
cyI(2k−1)

(ti)

cyI(2k)
(ti)

.
In short, the step response consists of a baseline response

ybase(t), which is a sum of exponentials belonging to the
real eigenvalues decaying to zero over time. The oscillatory
term yosci(t) adds an oscillation with decreasing amplitude
to the baseline response and is linked to the complex
eigenvalue pairs. Over time the total response will tend to
y(t) = r0 since both the oscillatory and baseline response
will asymptotically go to zero. The more negative the
eigenvalue, the faster the exponential term will decay. The
longer the time after the last reset, the more dominant the
slower exponents will be. Moreover, the coefficients control
the magnitude of the oscillatory and exponential terms.
The values of the coefficients only change during the reset
instances. How the coefficients change during the resets is
dependent on σnl,k, τnl,k, an(h+nimag)b(h+nimag)l, and the
state values at reset.

Similarly, the velocity and acceleration response can be
written in the same form as (57). The velocity response and
its coefficients are defined by:

ẏ(t) =

npair∑
k=1

cẏI(2k−1)(2k)
(ti)e

αk(t−ti)

sin (βk(t− ti) + ψẏ(2k−1)(2k)(ti))

+

nreal∑
h=1

cẏRh
(ti)e

λRh(t−ti), t ∈ ⟨ti, ti+1]

= ẏosci(t) + ẏbase(t)

(58)

In which,

cẏI(2k−1)(2k)
(ti) =

√
α2
j + β2

j cyI(2k−1)(2k)
(ti) (59)

ψẏI(2k−1)(2k)
(ti) = ψyI(2k−1)(2k)

(ti) + tan−1(
βj
αj

) (60)



cẏRh
(ti) = λRhcyRh

(ti) (61)

The acceleration response and its coefficients are described
by:

ÿ(t) =

npair∑
k=1

cÿI(2k−1)(2k)
(ti)e

αk(t−ti)

sin (βk(t− ti) + ψÿ(2k−1)(2k)(ti))

+

nreal∑
h=1

cÿRh
(ti)e

λRh(t−ti), t ∈ ⟨ti, ti+1]

= ÿosci(t) + ÿbase(t)

(62)

In which,

cÿI(2k−1)(2k)
(ti) = (α2

j + β2
j )cyI(2k−1)(2k)

(ti) (63)

ψÿI(2k−1)(2k)
(ti) = ψyI(2k−1)(2k)

(ti) + 2 tan−1(
βj
αj

) (64)

cÿRh
(ti) = λ2RhcyRh

(ti) (65)

The velocity and acceleration response coefficients depend
on the step response coefficients belonging to the same
eigenvalue. However, these coefficients are scaled differently
depending on the related eigenvalue.

The coefficients defined above characterize the step, ve-
locity, and acceleration response. By looking at the evolution
of the coefficients over time, the path of the step response
and the plant’s energy can be approximated by only taking
the dominant exponential terms into account. The dominant
exponential terms are the exponents of which the coefficients
are significantly larger in magnitude than the coefficients
of the other exponents. In the following sections, two ap-
proaches are introduced to analyze the damping of reset
systems with mass plants. First, the coefficients of the step
response itself are used to analyze damping. Subsequently,
the power and energy expressions are used to develop an
approach to determine the system’s damping. Both lead to
a similar analysis but achieve it with a slightly different
method.

A. Damping analysis: Step response

The damping of the step response can be analyzed directly
from the analytic expression of the step response. The
damping of a system is higher when overshoot is reduced
and the response reaches the reference slower. By increasing
the magnitude of decay rate αk and decreasing the magnitude
of cyI(2k−1)(2k)

(ti) in (57), the damping can be increased
since the magnitude of the oscillatory components is reduced.
Moreover, the coefficients cyRh

(ti) in (57) determine the time
it takes the baseline response to vanish. When the slower
exponential terms (smallest |λRh|) are dominant and have
negative coefficients, the baseline response will decay slowly
and from below zero. The slower the dominant exponential
terms are, the more damped the step response will be because
the system has more time to reduce the oscillations before
overshoot occurs. Note that the amount that the coefficients

can change between resets is bounded by the change of
the plant’s location since the plant location in (53) at reset
is defined by (66). Therefore, a dominant exponential term
will always be accompanied by another dominant exponential
term whose coefficient is of the opposite sign.

y(ti) = r0 +

npair∑
k=1

cyI(2k−1)
(ti) +

nreal∑
h=1

cyRh
(ti) (66)

The step response’s damping can be assessed by looking
at the coefficients’ evolution. One can use the following steps
as a guideline for analyzing the damping of the reset control
system.

1) Calculate the eigenvalues and eigenvectors of the sys-
tem matrix Acl.

2) Calculate the values of coefficients cyI(2k−1)(2k)
(ti) and

cyRh
(ti) for reset instances ti. Here h = 1, 2, ..., nreal

3) Identify the dominant exponential terms based on the
magnitude of the coefficients.

4) For the significant oscillatory coefficients: the quicker
the coefficient is reduced to zero, the quicker the
oscillations are removed from the response. The slower
oscillatory terms should be reduced faster to achieve
a damped response since their effect is the most
persistent.

5) For the baseline coefficients: consider only the dom-
inant baseline terms. If the coefficient of the slowest
dominant exponential term is negative, the response
will be better damped and will not likely overshoot. By
contrast, if the coefficient of the slowest exponential
term is positive, the response will be damped less.
Moreover, the slower the most dominant term, the more
the system is damped.

Note that the coefficients are only changed during reset
instances. With a shaping filter, the reset instances could
be designed so that the coefficients are updated beneficially.
Moreover, the evolution of the coefficients is dependent on
the eigenvectors of the system matrix. These determine the
weights of the states in the calculation of the coefficients
(54)-(56). By changing controller parameter values or con-
figuration, the eigenvectors could be designed to favor a
particular state in calculating the step response coefficient.
Lastly, the states can be designed to favorably influence
the coefficients by changing parameter values and controller
configuration.

B. Damping analysis: Energy and Power

As mentioned in Section III-A, the controller dampens
the system when it applies negative power to the plant. In
general, the controller should apply sufficient negative power
to the system to dissipate all energy exactly when it reaches
the reference to prevent overshoot.

For the controller to apply negative power, the acceleration
and velocity terms in (25) should have the opposite sign.
Therefore, negative acceleration is required to remove the
initial kinetic energy needed to move the plant toward the
reference in the step response.



In (62)-(65), the acceleration response and its coefficients
are defined. The coefficient of the oscillatory terms should be
reduced when damping is required. Otherwise, the power will
eventually become positive and add energy to the system.
Due to the exponential decay of the baseline response,
the coefficients of the slowest dominant exponential terms
should be negative to prevent the power from becoming
positive. The dominant exponential terms are those whose
coefficients have significant magnitude compared to the other
coefficients. In contrast to the step response, the acceleration
response is not necessarily continuous. Therefore, the accel-
eration (and power) can change instantaneously during reset.
Consequently, the coefficients change with it according to
(67). Therefore, the coefficient sum should be the opposite
sign of the velocity for the controller to apply damping after
reset.

ÿ(ti) =

npair∑
k=1

cÿI(2k−1)(2k)
(ti) sin (ψÿI(2k−1)(2k)

(ti))

+

nreal∑
h=1

cÿRh
(ti)

(67)

Note that cÿI(2k−1)(2k)
and cÿRh

are scaled versions of
cyI(2k−1)(2k)

and cyRh
. The coefficients are scaled by the

square of corresponding eigenvalues (63), (65). The accel-
eration coefficients of fast exponential terms will become
more dominant than the step coefficients since they are scaled
more.

By looking at the coefficients cÿ , one can analyze the
damping of the reset controller. The following steps can be
used as a guideline for analyzing the damping of the step
response in a reset control system:

1) Calculate the eigenvalues and eigenvectors of the sys-
tem matrix Acl.

2) Calculate the values of coefficients cÿI(2k−1)(2k)
(ti) and

cÿRh
(ti) for reset instances ti.

3) Identify the dominant exponential terms based on the
magnitude of the coefficients.

4) For the significant oscillatory coefficients: the quicker
the coefficients are reduced, the quicker the oscillations
are removed from the response. The presence of oscil-
lations in power will lead to the addition of energy at
some point, which causes a loss of damping.

5) For the baseline coefficients: consider only the domi-
nant baseline terms. If the sum of coefficients in (67)
is negative, the controller will dissipate energy directly
after the reset. Then the damping will be applied longer
if the coefficient of the slowest dominant exponential
term is negative. Therefore, the response will be more
damped and less likely to overshoot. By contrast, if
the coefficient of the slowest exponential term is pos-
itive, energy will be increased again, which decreases
the damping. Finally, the slower the most dominant
exponential term, the longer the controller provides
damping if the coefficient is negative.

Note that the coefficients cÿ could be designed similarly
to coefficients cy since they are proportional to each other.
However, the exact value of the eigenvalues is relevant for
tuning cÿ since coefficients of the faster exponential terms
will be scaled more.

In short, one can use the step response and power expres-
sions to analyze the damping in a reset control system with
stable BLS controlling a mass plant.

V. ILLUSTRATIVE EXAMPLE: DAMPING ANALYSIS OF
CGLP-PID

To illustrate the use of the damping analyses introduced in
Section IV, consider the CgLp-PID controlling a mass plant
in Fig. 3. [11] and [24] have shown the dependency of the
step response on the sequence of control elements. Moreover,
both [11], and [24] show that in a CgLp element, it could
be beneficial to use a Lead-Reset configuration compared to
a Reset-Lead configuration. The Lead-Reset sequence can
provide more damping to the system and reduce overshoot
for the same phase margin. The CgLp-PID damping analysis
provides insight into the additional damping attained by the
Lead-Reset configuration.

The Lead element of a conventional CgLp (see Section II)
is split into two separate lead elements in Fig. 3. By changing
the value of ωl, the lead strength can be changed before and
after the reset block. The lead after the reset element will
vanish when ωl is close to ωr, which results in a Lead-Reset
configuration. Similarly, the lead before the reset element
will disappear when ωl approaches ωf , which results in a
Reset-Lead configuration. Therefore, ωl can control the lead
placement in the CgLp element. In this example, the damping
of the step response is analyzed for different ωl values. Since
the first-order DF is independent of ωl, all the changes in
damping can be attributed to the lead placement because the
phase margin will be equal for all controllers.

The controller is tuned such that the BLS is stable and
has a small phase margin of 5° at a bandwidth frequency
of fc = 100Hz. Full reset (γ = 0) is chosen for simplicity.
The correction factor αs is taken to be 1.62 according to
[10]. The CgLp element is tuned to provide phase lead over
an extensive frequency range, such that the effect of the
location of the lead element is significant when sweeping
ωl over this range. Through the broadband phase lead
provided by the CgLp, the phase margin of the RCS is 55°.
Therefore, the RCS is expected to provide more damping
than the BLS. The controller and system parameters are
listed in Table I.

Consider the states of the system to be defined as follows:

x̂(t) =
[
x̂r x̂L1 x̂L2 x̂D x̂PIplant

]T
(68)

Here, x̂r is the state of the reset element. x̂L1, x̂L2, and x̂D
are the states of the lead elements before the reset element,
after the reset element, and in the PID. The combined PI
controller and mass plant states are x̂PIplant. Then the
system can be described by (69)-(72).



Fig. 3: Diagram of CgLp-PID controlling a mass plant.

TABLE I: Control and system parameters of CgLp-PID with
a mass plant.

Symbol Description Value
ωc Bandwidth frequency 100 Hz
ωr Corner frequency of lead filter in CgLp ωc/6
ωf Taming frequency of lead filter in CgLp 10ωc

αs Correction factor reset element 1.62
ωrαs Corner frequency of reset element ωr/αs

ωi Corner frequency of lag filter in PID ωc/10
ωd Corner frequency of lead filter in PID ωc/1.5
ωt Taming frequency of lead filter in PID 1.5ωc

Kp Proportional gain in PID 1432
m Mass of mass plant 5e-3 kg
r0 Step amplitude 1 µm
ωl Lead location parameter [ωr, ωf ]

Acl =

−ωrαs ωrαs 0 0 0 0 −ωrαs

ωf
ωl

0 −ωf 0 0 0 0 −ωf (1 −
ωf
ωl

)

ωl(1 − ωl
ωr

) 0 −ωl 0 0 0 0
ωlωt
ωr

(1 − ωt
ωd

) 0 ωt(1 − ωt
ωd

) −ωt 0 0 0

ωlωt
ωrωd

Kpωi
m

0
ωt
ωd

Kpωi
m

Kpωi
m

0 0 0

ωlωt
ωrωd

Kp
m

0
ωt
ωd

Kp
m

Kp
m

1 0 0

0 0 0 0 0 1 0


(69)

Ccl =
[
0 0 0 0 0 0 1

]
(70)

Crline =
[
0 1 0 0 0 0 −ωf

ωl

]
(71)

Âρ =

[
γ 0
0 I6×6

]
(72)

The eigenvalues of the system matrix of the CgLp-PID
are given by (73). Note that the first six eigenvalues are
independent of the location of the lead filter in the CgLp. As
intended, all eigenvalues have a negative real part, making
the BLS stable.

λ =



−29.8 + 492.4
−29.8− 492.4

−6350.1
−719.1
−98.8
−62.8
−ωl


(73)

With the use of (41), the step response can be determined
analytically for different lead location parameter values ωl.

Fig. 4: Step response of CgLp-PID with mass plant for
different ωl values.

Assume that the systems are entirely at rest when t = 0.

The initial state of the system will then be
ˆ

x(0) =

[
06×1

−r0

]
.

The step responses of the different controllers are shown in
Fig. 4. The percentage overshoot of the CgLp-PID compared
to the BLS as a function of ωl can be seen in Fig. 5.
The reset implementation decreases the system’s overshoot
through the extra phase margin. Additionally, the overshoot
is decreased further when more lead is placed before the reset
element, like in [11] and [24]. In a small frequency range
(ωl ∈ [ωr, 135]), the overshoot is prevented entirely. The
following sections analyze how the system provides more
damping for lower ωl values.

A. Damping analysis: step response

In this section, the step response damping analysis from
Section IV is used to see how the lead placement changes
the damping of the step response. The step response of the
CgLp-PID consists of one oscillatory term and five baseline
exponential terms (74)-(76).

y(t) = r0 + yosci(t) + ybase(t), t ∈ ⟨ti, ti+1] (74)

In which,

yosci(t) = cyI12
(ti)e

−29.8(t−ti)

sin(492.4(t− ti) + ψyI12
(ti)), t ∈ ⟨ti, ti+1]

(75)



Fig. 5: Percentage overshoot in step response of CgLp-PID
compared to BLS for different ωl values.

ybase(t) = cyR1
(ti)e

−6350.1(t−ti)

+ cyR2
(ti)e

−719.1(t−ti) + cyR3
(ti)e

−98.8(t−ti)

+ cyR4
(ti)e

−62.8(t−ti) + cyR5
(ti)e

−ωl(t−ti),

t ∈ ⟨ti, ti+1]

(76)

Firstly, the coefficient cyI12
and the decay rate α

determine the amplitude of the oscillatory content. Note
that the magnitude of α is low compared to the other
eigenvalues. Therefore, the reduction of cyI12

will be vital
for reducing the amplitude of the oscillations before it leads
to overshoot. In Fig. 6 can be seen that the coefficient is
reduced more and earlier in the response when more lead is
before the reset element. The earlier reduction can partially
be attributed to the earlier reset of these systems. However,
the oscillatory term is also reduced more in controllers with
lower ωl when the first reset happens simultaneously. In
Fig. 7, all systems have the same t1. Here, the reduction
of the oscillation coefficient is still greater for lower ωl. In
short, the more lead is placed before the reset element, the
more and faster the oscillatory content of the step response
is damped.

Secondly, the coefficients cyR
determine which

exponential terms are relevant for the baseline response.
From Fig. 8, it can be concluded that cyR2

, cyR3
, and cyR5

are the dominant exponential terms to approximate the
baseline response. The exponential term with coefficient
cyR1

becomes significant when ωl = 6283rad/s. However,
its effect on the step response will be little since the
corresponding eigenvalue λR1 is large compared to the
other dominant exponents. Therefore, the exponential term
with coefficient cyR1

will be neglected in this analysis.
Generally, the more lead is placed after the reset element,
the more dominant the faster exponents will be. Faster
dominant exponential terms cause the baseline response
to become faster, which limits the time the oscillatory
coefficient has to be decreased. Therefore, overshoot is
more likely and severe when more lead is after the reset

Fig. 6: Oscillatory coefficient evolution for different ωl.

Fig. 7: Oscillatory coefficient evolution for different ωl when
t1 is fixed.

element. Note that ωl determines the decay rate of the
exponential corresponding to λR5. Therefore, the baseline
response of the coefficients in Fig. 8d will be faster than in
Fig. 8c.

The step response of each system can be approximated
by ỹ(t) = yosci(t) + ỹbase(t). Here, ỹbase(t) is composed
of the dominant exponents in (77). The composition of the
approximated step response can be seen in Fig. 9. In short,
from the analysis of the step response coefficients can be
concluded that the step response is less damped the more
lead is after the reset element. The oscillation coefficient has
been reduced less when the baseline response approaches
zero, and a faster baseline response is caused by the faster
exponential terms being more dominant when ωl increases.
The maximal and root mean square (RMS) error values
ẽ(t) are given in Table II to show the accuracy of the
approximation. Here, the approximation error is given by
ẽ(t) = y(t)− ỹ(t).



(a) ωl = 105rad/s. (b) ωl = 291rad/s.

(c) ωl = 811rad/s. (d) ωl = 2258rad/s.

(e) ωl = 6283rad/s. (f) Legend.

Fig. 8: Baseline coefficients for different ωl values.

ỹbase(t) = cyR2
(ti)e

−719.1(t−ti) + cyR3
(ti)e

−98.8(t−ti)

+ cyR5
(ti)e

−ωl(t−ti), t ∈ ⟨ti, ti+1]
(77)

It can be concluded that the dominant exponential terms
can approximate the step response of this system well since
the RMS error value does not exceed 1% of the step height.
Note that the maximum error for the system where ωl =
ωf is more significant than in the other systems because
the baseline exponential term with coefficient cyR1

is not
considered in the approximation. Since this baseline term
decays fast, it only leads to significant errors during the
resets, as seen in Fig. 10. However, the approximation can
still be used to analyze the system’s damping since the RMS
error is less than 1%.

B. Damping analysis: energy and power

In this section, the energy and power damping analysis
method introduced in Section IV is used to analyze how the
lead placement changes the damping of the step response.
For the system to be adequately damped, all plant energy
should be dissipated when the reference is reached, as
mentioned in Section IV-B. The plant will overshoot when
insufficient energy is dissipated, which is defined mathemat-
ically in (78). Here, tE=0 is when all plant energy at the
first reset E(t1) is dissipated. ty=r0 is the instance when the

(a) ωl = 105rad/s. (b) ωl = 291rad/s.

(c) ωl = 811rad/s. (d) ωl = 2258rad/s.

(e) ωl = 6283rad/s.
(f) Legend.

Fig. 9: Approximation of the step response y(t) as the sum
of the oscillatory term yosci(t) and the dominant baseline
terms ybase(t).

Fig. 10: Approximation of the step response and the step
response of CgLp-PID with mass plant system for different
ωl.



TABLE II: Error of approximation of step response by using the oscillatory terms, and baseline terms corresponding to λR2,
λR3, and λR5.

Lead placement ωl = 105rad/s ωl = 291rad/s ωl = 811rad/s ωl = 2258rad/s ωl = 6283rad/s
ẽRMS [µm] 0.0014 0.0010 0.0009 0.0009 0.0066

max(|ẽ(t)|) [µm] 0.0114 0.0114 0.0114 0.0114 0.1060

output crosses the reference for the first time. To prevent
overshoot tE=0 should be equal to ty=r0 .

E(t1)−
∫ tE=0

t1

P (t)dt = 0 (78)

The reset instances are determined by the output of the
first lead filter since no shaping filter is applied. Earlier resets
could be advantageous to limit the plant energy at the first
reset instance. When ωl = ωf the resets will occur when
y(ti) = r0. The late reset will inherently result in overshoot
since the system contains a slowly decaying oscillatory term.
Therefore, implementing a shaping filter could be beneficial
to reset the controller earlier when ωl is close to ωf . When
more lead is in front of the reset element, earlier resets
are expected since the reset instances by approximation
depend on the linear combination of the output and velocity
response when ωf ≫ ωl [11]. Therefore, lower ωl could be
advantageous to limit the amount of plant energy in the first
reset instance when no shaping filter is present.

In line with Section IV-B, the acceleration coefficients
cÿ are determined to analyze the energy dissipation of
the controllers. The acceleration response of the CgLp-PID
consists of one oscillatory term and five exponential baseline
terms (79)-(81).

ÿ(t) = r0 + ÿosci(t) + ÿbase(t), t ∈ ⟨ti, ti+1] (79)

In which,

ÿosci(t) = cÿI12
(ti)e

−29.8(t−ti)

sin(492.4(t− ti) + ψÿI12
(ti)), t ∈ ⟨ti, ti+1]

(80)

ÿbase(t) = cÿR1
(ti)e

−6350.1(t−ti)

+ cÿR2
(ti)e

−719.1(t−ti) + cÿR3
(ti)e

−98.8(t−ti)

+ cÿR4
(ti)e

−62.8(t−ti) + cÿR5
(ti)e

−ωl(t−ti),

t ∈ ⟨ti, ti+1]

(81)

Firstly, the sum of the coefficients in (67) determines the
acceleration after reset. The sum for the different controllers
is provided in Fig. 11. The more lead is after the reset
element, the more acceleration changes during reset. In the
first reset, all the controllers provide negative acceleration.
Therefore, the controller instantaneously provides more
damping during the first reset when ωl is greater.

Moreover, the coefficient cÿI12
determines the amplitude

of the oscillations of the controller power. The evolution
of cÿI12

for different ωl can be seen in Fig. 12. The more
lead is before the reset element, the more the oscillations
are reduced. Note that the faster oscillation reduction can

Fig. 11: Acceleration after last reset for different ωl.

Fig. 12: Oscillatory coefficient value for different ωl.

be partially attributed to the earlier reset for lower ωl.
However, the oscillations are also reduced less when the
first reset is equal for all systems, as shown in Fig. 7
in the previous section. In general, when more lead is
after the reset element, oscillations in the power expression
could cause the energy to increase again and cause overshoot.

Finally, the coefficients cÿR
(ti) determine the baseline

acceleration response. The coefficients for the different
lead placements can be seen in Fig. 13. The significant
coefficients for the acceleration response are cÿR1

, cÿR2
, and

cÿR5
. Note that cÿR5

is only significant when ωl is large
and represents a fast exponential term. The more lead is
present before the reset element, the more dominant the



(a) ωl = 105rad/s. (b) ωl = 291rad/s.

(c) ωl = 811rad/s. (d) ωl = 2258rad/s.

(e) ωl = 6283rad/s. (f) Legend.

Fig. 13: Approximation of the step response y(t) as the sum
of the oscillatory term yosci(t) and the dominant baseline
terms ybase(t).

faster exponential terms will become, which suggests a fast
decay of power. Therefore, the higher ωl, the faster the
damping will vanish.

In short, the damping of the CgLp-PID controller is
expected to be instantaneously higher in the first reset for
higher ωl. However, the higher ωl, the faster the baseline
acceleration and power decay. Therefore, lead after reset
provides high but short damping. In contrast, lead before
reset provides low but sustained damping. Moreover, more
significant acceleration oscillations can cause overshoot due
to the power becoming positive. Combined with the earlier
reset, the step response will be damped more when ωl.

The plant energy and power for different ωl can be
seen in Fig. 14 and 15, which validates the conclusion of
the coefficient analysis. Especially the late first reset and
the oscillations in power cause the overshoot of the step
response. Enough energy is dissipated only when ωl is
sufficiently low (78).

Both step response and energy analysis show that the
oscillatory content is reduced the more lead is located
before the reset element. The decrease in oscillations can
be attributed to the reduction of the higher-order harmonics
in the open-loop frequency response of the system shown

Fig. 14: Plant energy of CgLp-PID with mass plant for
different ωl.

Fig. 15: Controller power of CgLp-PID with mass plant for
different ωl.

in Fig. 16. The third and fifth harmonics are reduced in
magnitude at oscillation frequency β = 492rad/s for lower
values of ωl, reducing the amplitude of the oscillations more
at that frequency. In general, the higher-order harmonics
should be reduced at oscillation frequencies in the response
(given by the imaginary part β of the complex eigenvalues)
for the response to be damped more.

In short, the step response and energy analysis show that
the system is more damped when more lead is located before
the reset element, similar to what was found in [11], [24].
Therefore, using a Lead-Reset configuration in a CgLp-
PID controller with a mass plant is beneficial to reduce
and prevent overshoot. At the same time, the settling time
remains approximately constant, as seen in Fig. 4. Note that
the rise time will be increased when more lead is placed
before the reset. When a maximum rise time is required,
placing more lead after the reset element could be beneficial.



Fig. 16: HOSIDFs of open-loop CgLp-PID with mass plant
system for different ωl.

VI. CONCLUSIONS AND FUTURE WORK

A reset control system’s response depends on the exact
controller configuration. The dependence on the controller
sequence changes the damping of the response without
influencing the first-order frequency response. Therefore,
the amount of damping in a reset control system cannot be
captured only regarding the phase margin. Currently, the
step response is calculated numerically to see the effect
of different controller element sequences on the transient
response. However, this does not provide insight into the
underlying cause of the additional damping. This paper
proposes an analytical approach to analyze the damping of
the transient response of reset control systems controlling a
mass plant. The approach provides a method to explore how
different controller configurations with the same control
elements change the damping of the step response.

First, the step response and its derivatives are derived for
reset control systems with mass plants. The analytical expres-
sions are used to analyze the damping of the step response
in reset control systems with stable base linear systems. By
reducing oscillatory terms and making slower exponential
terms more dominant, the damping of the step response can
be increased. Additionally, analyzing the controller’s energy
dissipation can provide insight into the damping of the step
response. By delivering sustained negative power, energy can
be dissipated such that overshoot is prevented. Similar to the
step response, oscillations should be reduced for the response
to be damped.

To show the value of the proposed methods, the damping
in a CgLp-PID controlling a mass plant is analyzed. It
was shown that the damping of the step response could be
increased by placing the CgLp lead element before the reset
element, reducing oscillations faster and making slower
exponential terms more dominant. The oscillation is reduced
more since the magnitude of the higher-order harmonics is
lower at the oscillation frequency.

To use the proposed damping analysis methods, the base
linear system should contain at least one integrator. When
mass-spring-damper plants are considered, the analytical
derivation should be altered, or an additional integrator
should be added. Moreover, the proposed energy analysis
assumes the plant to be a single mass. More work is needed
to extend this method to account for more complex plants.

Furthermore, this paper only provides insight into the un-
derlying mechanics of damping in reset control systems. The
CgLp-PID example shows that the reduction of higher-order
harmonics at the response oscillation frequency increases
damping. More work is to be done on how to design higher-
order harmonics to enhance transient performance. The tun-
ing of the reset instances, eigenvalues, and eigenvectors of
the system should be considered when developing novel
tuning guidelines.

Furthermore, more work is needed to be done to gain
insight into the dependence of damping on high-order har-
monics. The added damping through the reduction of higher-
order harmonics holds for the CgLp-PID example. A more
rigid theory is to be formulated, which would offer the
possibility to formulate new tuning guidelines for transient
performance in reset control.

Finally, the analytical expressions could provide a way
to develop a novel way of defining the stability of a reset
control system. Stability could be guaranteed if a specific
system decreases the overall system’s energy during reset
instances. This could especially be interesting if stable reset
systems with unstable BLS could be included since these are
excluded when the Hβ condition is used to asses stability
properties [20].

APPENDIX

A. Matrix entries system matrix RCS system

The entries of the system matrices Acl and Bcl can be
derived for the general RCS in Fig. 2 from (12)-(21).

Acl =


Acl11 Acl12 Acl13 Acl14

Acl21 Acl22 Acl23 Acl24

Acl31 Acl32 Acl33 Acl34

Acl41 Acl42 Acl43 Acl44

 ,

Bcl =


Bcl1

Bcl2

Bcl3

Bcl4


(82)

Where,

Acl11 = Ar (83)

Acl12 = BrCc1 (84)

Acl13 = 0nr×nsf (85)

Acl14 = −Dc1BrCc2p (86)



Acl21 = 0n1×nr (87)

Acl22 = Ac1 (88)

Acl23 = 0n1×nsf (89)

Acl24 = −Bc1Cc2p (90)

Acl31 = 0nsf×nr (91)

Acl32 = BsfCc1 (92)

Acl33 = Asf (93)

Acl34 = −Dc1BsfCc2p (94)

Acl41 = Bc2pCr (95)

Acl42 = DrBc2pCc1 (96)

Acl43 = 0n2×nsf (97)

Acl44 = Ac2p −Dc1DrBc2pCc2p (98)

Bcl1 = Dc1Br (99)

Bcl2 = Bc1 (100)

Bcl3 = Dc1Bsf (101)

Bcl4 = Dc1DrBc2p (102)

B. Proof transform equality

In this appendix the proof of Lemma 2 is showed with
intermediate steps

The Lemma states that systems (22) and (27) are equiv-
alent under state transformation x̂(t) = x(t) − x0 when
considering a constant reference for a system where C2P (s)
contains at least 1 integrator.

Here, x0 =
[
0n−n2 xc2p0

]T
. Substituting the state trans-

formation in the transformed system gives:
ẋ− ẋ0 = Aclx(t)−Aclx0, if usf (t) ̸= 0 (103)

x(t+)− x0 = Âρx(t)− Âρx0, if usf (t) = 0 (104)
y(t) = Cclx(t)− Cclx0 + r0 (105)
usf (t) = Crlinex(t)− Crlinex0 (106)

We rewrite each equation separately to find the system in
(22).

a) Equation (103): For the first equation, use the fact
that ẋ0 = 0 and that the expressions of the entries of Acl are
provided in Appendix A. Furthermore, use the equations in
Lemma 1. Then we can rewrite the first equation of system
(22) to:

ẋ = Aclx−Aclx0

= Aclx+


Dc1BrCc2p

Bc1Cc2p

Dc1BsfCc2p

−Ac2p +Dc1DrBc2pCc2p

xc2p0

= Aclx+


Dc1Br

Bc1

Dc1Bsf

Dc1DrBc2p

 r0
(107)

From Appendix A, the expression of Bcl can be retrieved:

Bcl =


Dc1Br

Bc1

Dc1Bsf

Dc1DrBc2p

 (108)

Therefore the first equation of systems (22) and (27) are
equivalent.

b) Equation (104): For equation (104) it is straight-
forward, that Âρx0 = 0. Therefore, the second equation of
systems (22) and (27) are equivalent.

c) Equation (104): For the third equation, use the
expression of Ccl in (23) and the equations in Lemma 1,
to find that:

y(t) = Cclx(t)− Cclx0 + r0

= Cclx(t)− Cc2pxc2p0 + r0

= Cclx(t)

(109)

Therefore, the third equation of systems (22) and (27) are
equivalent.

d) Equation (106): For the fourth equation, use the
expression of Crline and Drline in (23), and the equations
in Lemma 1, to find that:

usf (t) = Crlinex(t)− Crlinex0

= Crlinex(t) +DsfDc1Cc2pxc2p0

= Crlinex(t) +Drliner0

(110)

Therefore, all the equations of systems (22) and (27)
are equivalent. This proves that systems (22) and (27) are
equivalent under state transformation x̂(t) = x(t)− x0.
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5
Conclusions

The ever-increasing demands on controller performance currently force the high-tech industry to transi-
tion to nonlinear control. These controllers are not limited by the waterbed effect and Bode’s phase/gain
relation. Reset control is a widespread implementation of nonlinear control since it is compatible with
loop-shaping and PID control. The main advantage of reset control lies in the reduction of phase lag,
which can be used to increase damping. However, the damping in reset control systems also depends
on the controller configuration. For instance, additional damping can be realized by locating a lead
element before a reset element instead of after the reset in a CgLp. How the sequence of control
elements influences, a reset system’s transient response is not understood well. By developing an an-
alytical method for analyzing the damping of a reset system instead of a numerical one, the influence
of controller configuration on damping could be better understood and used to improve the transient
performance of reset control systems.

Therefore, this thesis aims to develop an analytical approach to analyze the damping of the transient
response in reset control systems with mass plants. The analytical step response was retrieved for
reset control systems with a mass plant. The derived step response expression is valid for systems
with at least one integrator, a diagonalizable system matrix, and all distinct eigenvalues. It can be used
to analyze the realization of damping in the transient response.

In Section 4, two methods to analyze damping are proposed. First, the amount of damping can
be determined by splitting the step response into oscillatory and exponential components and ana-
lyzing their corresponding coefficients. The faster the oscillatory step coefficients are reduced, the
more damped the system will be. Furthermore, the slower the dominant exponential terms in the step
response are, the slower and more damped the response will be.

Secondly, the amount of damping can be determined by analyzing the power and energy expres-
sions. The damping in reset control systems can be expressed as the dissipation of the plant’s energy.
The earlier the controller can dissipate the initial plant’s energy, the more damping the controller pro-
vides. If the controller can dissipate all energy before the reference is reached, overshoot can be
prevented. Energy is dissipated when a controller applies negative power to a mass plant. Initially,
the controller needs to decelerate the response to provide damping. One can analyze the damping by
evaluating the coefficients of the oscillatory and exponential components of the acceleration response.

Oscillations in acceleration and power can lead to an increase in energy, which removes some
damping provided earlier. Therefore, the faster the oscillatory acceleration coefficients are reduced,
the more damping is provided. Furthermore, the slower the dominant exponential terms with negative
coefficients of the acceleration response are, the longer damping will be provided.

These two approaches can be used to analyze the damping of the transient response in reset
control systems analytically. Thereby enabling a more detailed analysis of the damping of the step
response.

Finally, it was shown that the step response and power methods could approximate the amount
of damping in the step response for a CgLp-PID controller with a mass plant. The damping in this
controller can be optimized by placing the lead element before the reset in the CgLp. The increased
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damping is mainly caused by a more significant reduction of the oscillatory content in both step and
energy methods. The oscillation reduction depends on the magnitude of the higher-order harmonics
at the oscillation frequency. The more lead is before the reset element, the more the higher-order
harmonics and the oscillations are reduced.



6
Recommendations

The analytical approach developed in this thesis helps analyze the transient damping in reset control
systems. This section discusses the research and provides recommendations for future work.

Validity of analytical solution The analytical analysis of the step response proposed in this thesis
is only valid for reset control systems where the linear part of the system after the reset element con-
tains at least one integrator. For mass plants, this will generally be true. If more complex plants are
considered, an additional integrator could be necessary for the solution to hold. More work is needed
to change the analysis to account for systems without at least one integrator, like mass-spring-damper
systems.

Inclusion of other inputs A step is the only input considered in this thesis since the focus was on
the transient response of reset systems. More work is needed to solve reset systems with other input
functions analytically.

Tuning guidelines for transient performance This thesis proposes an approach to damping analy-
sis. However, guidelines on how to use the analysis to tune controllers are not included. More work is
needed to develop novel tuning guidelines for controller parameters, sequences, and reset instances
to improve the transient performance in reset systems.

Dependence of damping on frequency response The connection between the frequency response
and the damping of a reset system has yet to be fully understood. The phase margin primarily deter-
mines the damping. However, the higher-order harmonics also influence damping. For the CgLp-PID
system introduced in Section 4, it was shown that the reduction of the higher-order harmonics at a
specific oscillation frequency provides damping to the reset system. A more general and rigid theory
needs to be formulated on how the damping is related to the higher-order frequency response in reset
control systems.

Damping analysis of stable reset systems with unstable BLS The analytical solution of the reset
systems does not require the reset system to have a stable base linear system. However, the proposed
damping analysis methods require the BLS to be stable. The analytical expressions could be used to
develop an approach to analyze the damping in reset systems with unstable BLS.

Stability analysis Finally, the analytical solution of the step response could provide a novel way to
define the stability of reset control systems. If convergence of the step response is proven, stability
can be determined from the analytical solution. Especially the analysis of the system’s behavior during
resets is of interest. Furthermore, note that the analytical derivation of the step response does not
require the system to be BLS stable. It could be particularly interesting if stable reset systems with
unstable BLS could be included in a stability analysis since the 𝐻𝛽 stability condition cannot be used
to prove the stability of these systems [16].
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A
List of symbols

Table A.1 provides a list of relevant symbols and a description. The presented symbols are introduced
in this work. The more common symbols are not included in this list.

Table A.1: List of symbols.

Symbol Description
𝐶1 Linear controller before the reset element.
𝐶2 Linear controller after the reset element.
𝐶2𝑃 Linear controller after the reset element combined with the plant.
𝑛 Total number of states of the reset control system.
𝑛1 Number of states of 𝐿𝐶1.
𝑛2 Number of states of 𝐿𝐶2𝑃.
𝑛𝑝𝑎𝑖𝑟 Number of complex eigenvalue pairs of system matrix 𝐴𝑐𝑙.
𝑛𝑟𝑒𝑎𝑙 Number of real eigenvalues of system matrix 𝐴𝑐𝑙.
Φ State transition matrix.
𝛼𝑗 Real part of the 𝑗-th complex eigenvalue pair of the system matrix 𝐴𝑐𝑙.
𝛽𝑗 Imaginary part of the 𝑗-th complex eigenvalue pair of the system matrix 𝐴𝑐𝑙.
𝑎𝑘𝑞 𝑘, 𝑞-th element of 𝑉 containing the eigenvalues of the system matrix 𝐴𝑐𝑙.
𝑏𝑞𝑙

𝑞, 𝑙-th element of the inverse of 𝑉 containing the eigenvalues
of the system matrix 𝐴𝑐𝑙.

𝜎𝑘𝑙,𝑗
Real part of 𝑎𝑘𝑗𝑏𝑗𝑙 which is related to the 𝑗-th complex eigenvalue pair

of the system matrix 𝐴𝑐𝑙.
𝜏𝑘𝑙,𝑗

Imaginary part of 𝑎𝑘𝑗𝑏𝑗𝑙 which is related to the 𝑗-th complex eigenvalue pair
of the system matrix 𝐴𝑐𝑙.

𝑐𝑦𝐼
Coefficients of the step response attributed to the complex eigenvalue pairs

of the system matrix 𝐴𝑐𝑙.
𝑐𝑦𝐼(2𝑘−1)(2𝑘)

Coefficient of the oscillatory component of the step response attributed to
complex eigenvalue pair 𝑘.

𝜓 Phase shift of sine term through the combination
of sine and cosine terms in the step response.

𝑐𝑦𝑅
Coefficients of the step response attributed to the real eigenvalues

of the system matrix.

𝜔𝑙
Lead location parameter in CgLp-PID. Determines how much lead is

before/after the reset element.

39





B
Validation of analytic step response

derivation
In this appendix, the analytic step response found in 4 is validated by comparing the response to a
simulated version of the same system. Consider a PI-CgLp controller, controlling a mass plant. In this
controller, the derivative part of a conventional PID is replaced by a CgLp-element using a GFORE
and a 1𝑠𝑡 order lead element as introduced by [6]. The order of application of the control elements
influences the response of the system [20]. In this example, the configuration given in Figure B.1 is
considered. Here, the Lead element is in front the reset element. The PI controller and plant are after
the reset element. Call this system the Lead-Reset-Lag (LRL) configuration.

Figure B.1: Lead-Reset-Lag configuration of PI-CgLp & mass plant.

The behavior of the controller and plant for a constant reference input can be described analytically
as introduced in Section 4. Then, the system can be described mathematically by B.1-B.6.

{
̇𝑥̂ = 𝐴𝑐𝑙𝑥̂(𝑡), if 𝐶𝑟𝑙𝑖𝑛𝑒𝑥̂(𝑡) ≠ 0
𝑥̂(𝑡+) = 𝐴̂𝜌𝑥̂(𝑡), if 𝐶𝑟𝑙𝑖𝑛𝑒𝑥̂(𝑡) = 0
𝑦(𝑡) = 𝐶𝑐𝑙𝑥̂(𝑡) + 𝑟0

(B.1)

In which,

𝐴𝑐𝑙 =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

−𝜔𝑟𝛼 𝜔𝑟𝛼 0 0 −𝜔𝑟𝛼
𝜔𝑡
𝜔𝑑

0 −𝜔𝑡 0 0 −𝜔𝑡(1 −
𝜔𝑡
𝜔𝑑
)

𝑘𝑝𝜔𝑖
𝑚 0 0 0 0
𝑘𝑝
𝑚 0 1 0 0
0 0 0 1 0

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(B.2)

𝐶𝑐𝑙 = [0 0 0 0 1] (B.3)
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42 B. Validation of analytic step response derivation

𝐶𝑟𝑙𝑖𝑛𝑒 = [0 1 0 0 − 𝜔𝑡
𝜔𝑑 ] (B.4)

𝑥̂(𝑡) = [𝑥̂𝑟 𝑥̂𝐿𝑒𝑎𝑑 𝑥̂𝑃𝐼𝑝𝑙𝑎𝑛𝑡]
𝑇

(B.5)

𝐴̂𝜌 = [
𝛾 0
0 𝐼4×4] (B.6)

The state 𝑥̂(𝑡) is the result of state transformation 𝑥̂(𝑡) = 𝑥(𝑡)−𝑥0. Here, 𝑥(𝑡) contains the original
states of the system and 𝑥0 is given by B.7.

𝑥0 = [0 0 0 0 𝑟0]
𝑇

(B.7)

The bandwidth 𝜔𝑐 is chosen to be at 100 Hz. The rest of the controller is tuned according to the
guidelines in [6]. The controller and plant parameters can be found in Table B.1.

Table B.1: Controller parameters PI-CgLp.

Symbol Value
𝜔𝑐 100 Hz
𝜔𝑖 𝜔𝑐/10
𝜔𝑑 𝜔𝑐/4
𝜔𝑡 6𝜔𝑐
𝛾 0
𝜔𝑟𝛼 𝜔𝑑/1.62
𝐾𝑝 2.2e6
m 5

For these parameters, the eigenvalues of systemmatrix 𝐴𝑐𝑙 consist of 1 pair of complex eigenvalues
and 3 real eigenvalues, see B.8

𝜆 =
⎡
⎢
⎢
⎢
⎣

𝛼 + 𝛽𝑖
𝛼 − 𝛽𝑖
−3838.2
−149.9
−62.5

⎤
⎥
⎥
⎥
⎦

, 𝛼 = 91.9, 𝛽 = 526.1 (B.8)

Note that the BLS of this system is unstable since 2 eigenvalues have a positive real part. 𝐴𝑐𝑙
has five distinct non-zero eigenvalues, 𝐴𝑐𝑙 will be diagonalizable. Moreover, the system in Figure B.1
contains three integrators after the reset element and can be written in observable canonical form.
Therefore, the analytic step response can be found using the derivation in Section 4. The analytic
expression of the step response can be seen in B.9-B.29.

𝑦𝐿𝑅𝐿(𝑡) = 1 +
5

∑
𝑙=1
Φ(𝑡 − 𝑡𝑖)𝑥̂𝑙 , 𝑡 ∈ ⟨𝑡𝑖 , 𝑡𝑖+1] (B.9)

In which,

Φ5𝑙(𝑡 − 𝑡𝑖) = 2𝑒91.9(𝑡−𝑡𝑖)[𝜎5𝑙 cos(526.1(𝑡 − 𝑡𝑖)) − 𝜏5𝑙 sin(526.1(𝑡 − 𝑡𝑖))]
+ 𝑎53𝑏3𝑙𝑒−3838.2(𝑡−𝑡𝑖) + 𝑎54𝑏4𝑙𝑒−149.9(𝑡−𝑡𝑖) + 𝑎55𝑏5𝑙𝑒−62.5(𝑡−𝑡𝑖)

(B.10)

𝜎5𝑙 = [−0.0171 −0.6545 −1.53𝑒 − 6 0.0002 0.4689] (B.11)

𝜏5𝑙 = [−0.0053 −0.3023 −6.01𝑒 − 7 −0.0009 0.0132] (B.12)
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𝑎53𝑏3𝑙 = [−0.0007 0.0005 1.17𝑒 − 9 −4.48𝑒 − 6 0.0172] (B.13)

𝑎54𝑏4𝑙 = [0.0349 1.3032 1.77𝑒 − 6 −0.0003 0.0399] (B.14)

𝑎55𝑏5𝑙 = [0.0001 0.0053 1.29𝑒 − 6 −0.0001 0.0050] (B.15)

To verify the validity of the analytic step response derivation, it is compared to a simulation of the
step response of the same PI-CgLp system. The simulation is done with the use of Simulink. The
original system is assumed to be initially at rest: 𝑥(0) = 0. Therefore, the initial state vector of the
transformed system will be:

𝑥̂(0) = 𝑥(0) − 𝑥0 = [0 0 0 0 −𝑟0]
𝑇

(B.16)

For this example, consider 𝑟0 = 1. In Figure B.2, both the simulation and the analytical version of
the step response can be seen. As both simulation and analytical responses overlap, one can assume
that the analytical expressions correctly describe this system.

Figure B.2: Analytical and simulated step response of PI-CgLp in Lead-Reset-Lag configuration.

Moreover, consider the PI-CgLp system where the reset and lead element have been switched
compared to Figure B.1. The new configuration can be seen in Figure B.3. This system is called the
Reset-Lead-Lag (RLL) configuration.

Figure B.3: Reset-Lead-Lag configuration of PI-CgLp & mass plant.
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Similar to the LRL configuration, the RLL configuration can be described as a closed-loop system
in B.1. The system matrices and vectors are provided in B.17-B.22

𝐴𝑐𝑙 =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

−𝜔𝑟𝛼 0 0 0 −𝜔𝑟𝛼
𝜔𝑡(1 −

𝜔𝑡
𝜔𝑑
) −𝜔𝑡 0 0 0

𝑘𝑝𝜔𝑖𝜔𝑡
𝑚𝜔𝑑

𝑘𝑝𝜔𝑖
𝑚 0 0 0

𝑘𝑝𝜔𝑡
𝑚𝜔𝑑

𝑘𝑝
𝑚 1 0 0

0 0 0 1 0

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(B.17)

𝐶𝑐𝑙 = [0 0 0 0 1] (B.18)

𝐶𝑟𝑙𝑖𝑛𝑒 = [0 0 0 0 1] (B.19)

𝑥̂(𝑡) = [𝑥̂𝑟 𝑥̂𝐿𝑒𝑎𝑑 𝑥̂𝑃𝐼𝑝𝑙𝑎𝑛𝑡]
𝑇

(B.20)

𝐴̂𝜌 = [
𝛾 0
0 𝐼4×4] (B.21)

𝑥0 = [0 0 0 0 𝑟0]
𝑇

(B.22)

This controller has the same control parameters as the LRL configuration. The eigenvalues for
both configurations are exactly the same. Therefore, the step response of the RLL PI-CgLp can be
analytically described by B.23-??.

𝑦𝑅𝐿𝐿(𝑡) = 1 +
5

∑
𝑙=1
Φ(𝑡 − 𝑡𝑖)𝑥̂𝑙 , 𝑡 ∈ ⟨𝑡𝑖 , 𝑡𝑖+1] (B.23)

In which,

Φ5𝑙(𝑡 − 𝑡𝑖) = 2𝑒91.9(𝑡−𝑡𝑖)[𝜎5𝑙 cos(526.1(𝑡 − 𝑡𝑖)) − 𝜏5𝑙 sin(526.1(𝑡 − 𝑡𝑖))]
+ 𝑎53𝑏3𝑙𝑒−3838.2(𝑡−𝑡𝑖) + 𝑎54𝑏4𝑙𝑒−149.9(𝑡−𝑡𝑖) + 𝑎55𝑏5𝑙𝑒−62.5(𝑡−𝑡𝑖)

(B.24)

𝜎5𝑙 = [−0.3728 −4.1𝑒 − 10 1.48𝑒 − 8 0.0001 0.0178] (B.25)

𝜏5𝑙 = [−2.5568 −10.0𝑒 − 11 −2.25𝑒 − 7 −1.29𝑒 − 5 0.0618] (B.26)

𝑎53𝑏3𝑙 = [0.6806 −1.71𝑒 − 11 6.56𝑒 − 8 −0.0003 0.9662] (B.27)

𝑎54𝑏4𝑙 = [0.0617 4.90𝑒 − 10 −7.35𝑒 − 8 1.10𝑒 − 5 −0.0017] (B.28)

𝑎55𝑏5𝑙 = [0.0032 3.47𝑒 − 10 −2.17𝑒 − 8 1.36𝑒 − 6 −0.0001] (B.29)

In Figure B.4, both the step response of the LRL and RLL PI-CgLp’s are graphed. They are com-
pared to the simulated step response of the systems. The simulated and analytical step response do
overlap for both cases. Which shows the validity of the analytical expression of the step response
found in Section 4.
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Figure B.4: Analytical and simulated step response of PI-CgLp in LRL and RLL configuration.





C
Matlab files

In this appendix, the most relevant matlab functions are provided:

• Step_Reset_Analytic_TFBased.m calculates the response of a reset control system to a step
input based on the analytical expressions found in Section 4. Here the system needs to be
provided to the function by entering the control elements separately.

• Step_Reset_Analytic_paramBased.m calculates the response of a reset control system to a step
input based on the analytical expressions found in Section 4. Here the response parameters are
provided to the function.

• integration_analyticStep.m calculates the response of a reset control system to a step input.

• state_function.m calculates the state values 𝑥(𝑡) based on the eigenvalues and vectors of 𝐴𝑐𝑙.
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C.1. Step_Reset_Analytic_TFBased.m
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C.3. integration_analyticStep.m
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