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ABSTRACT A novel scheme for disturbance observer is designed for an extended class of strict-feedback
nonlinear systems with possibly unbounded, non-smooth, and state-independent compounded disturbance.
To overcome these problems in disturbance observer design, the typical slide mode differentiators are
improved by introducing hyperbolic tangent function to make the signals smooth, and then the improved slide
mode differentiators are constructively used to estimate the errors of variables in the presence of disturbances.
The unbounded, non-smooth or state-independent disturbances are therefore able to be eliminated by using
the estimated variable errors. Thus, the bounded or differentiable conditions for disturbance observer design
are removed. Furthermore, the convergence of the new disturbance observer is rigorously proved based on
Lyapunov stability theorem, and the tracking error can be arbitrarily small. Finally, the simulation results are

given to validate the feasibility and superiority of the proposed approach.

INDEX TERMS Disturbance observer, dynamic surface control, sliding mode differentiator.

I. INTRODUCTION

As is well known, external disturbances, unmodeled dynam-
ics and system uncertainties exist in a wide range of real con-
trol processes, which may cause the performance degradation
and even the instability of the closed-loop control system.
Thus, it is challenging to investigate disturbance estimation
and rejection techniques in control systems societies [1]-[4].
Among numerous advanced disturbance estimations and
attenuation techniques, disturbance observer-based con-
trol schemes have been extensively studied over the past
years [5]-[8]. Since the promising properties of improving
the control performance, disturbance observers have been
widely used to estimate various disturbances and parametric
uncertainties for many practical control systems, such as
mechanical systems [9], optical disk drive systems [10], air
vehicle systems [11], and so on [12], [13]. More precisely,
under the assumption that the bounds of the disturbance
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were unknown positive constants, a robust adaptive control
scheme was presented by introducing a Nussbaum func-
tion in [14]. A disturbance observer-based dynamic sur-
face control (DSC) approach was studied for the mobile
wheeled inverted pendulum system with bounded lumped
disturbance vector in [15]. To achieve output tracking for
the saturated nonlinear systems with bounded external distur-
bance, a terminal sliding-mode-based disturbance observer
is investigated in [16]. In [17], a disturbance observer com-
bined with terminal sliding mode technique was proposed
for the uncertain structural systems, the convergence of dis-
turbance estimate error was guaranteed in finite time with
differentiable disturbance. In [18], a disturbance observer-
based robust backstepping control approach was developed
for spacecraft attitude control systems in the presence of
measurement uncertainties, while the time derivatives of the
measurement uncertainties were assumed to be bounded.
Furthermore, an output-feedback controller was designed
based on the composite state observer and disturbance
observer for nonlinear time-delay systems with input
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saturation, since the derivatives of the disturbances were
required to be bounded for the disturbance estimators in the
error dynamics [19]. The aforementioned control schemes
have shown prominent disturbance rejection capability by
introducing the designed disturbance observers. However,
it has to be mentioned that for all the aforementioned strate-
gies to work, the unknown disturbance is always assumed
to be bounded and differentiable [20]-[23], which is very
restrictive due to the fact that the compounded disturbances
are usually unbounded or differentiable. This is because
unmodeled dynamics, as same as some non-smooth nonlin-
earities such as dead zone and backlash, often occur in many
physical systems. To the best of the authors’ knowledge,
no such disturbance observer designs that can handle both
unbounded and non-differentiable compounded disturbances
have been reported, which require new techniques go beyond
the existing methods. This open issue is of great significance
both in applicability and theory research.

On the other hand, adaptive control with disturbance
observer has become an active area and attracted considerable
attention. Different adaptive design approaches of distur-
bance observers have been developed by introducing fuzzy
systems or neural networks (NNs) approximators [24]—-[26].
In [27], a fuzzy nonlinear disturbance observer was designed
based on the fuzzy approximation system in which the distur-
bance is observable. Similarly, combined with fuzzy approx-
imator, a disturbance observer-based adaptive fuzzy control
approach was investigated for a class of uncertain MIMO
mechanical systems subject to unknown input nonlinearities
in [28]. For nonlinear system with the states information
being unavailable for the controller design, a novel fuzzy con-
troller was presented by employing fuzzy logic systems (FLS)
to construct the composite updating law in [29], [30], thus the
adaptive compensation was given to minimize the effects of
dynamic uncertainties to the control system. Moreover, neural
networks as the universal approximator have been widely
employed in control design. For instance, by using the pow-
erful approximation ability of NNs, Chen et al. [31] studied
an adaptive neural control method based on a disturbance
observer for a class of MIMO nonlinear systems with control
input saturation. In [32], a constrained adaptive neural con-
troller was designed for the nonstrict-feedback system with
the disturbance observer. In view of the unknown function
term, the radial basis function neural networks (RBFNNs)
were utilized to approximate the compounded disturbances
in [33] and a nonlinear disturbance observer was proposed
for control law design in the backstepping process. However,
the performance of disturbance suppression is related to
the approximation accuracy of neural networks, and the
prior knowledge of the disturbance is required. For example,
a common disturbance observer design approach using FLSs
or NNs techniques is investigated under the condition that
the input variable information of the disturbance term is
known a priori. When the input variable information is
insufficient, the methods based on NNs and FLSs would
not work. It should be noted that this condition can be
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commonly seen since the unmodeled dynamics included in
the compounded disturbance may contain unknown variables.
Moreover, the effect of disturbance rejection will heavily
depend on the capability of the FL.Ss or NNs, which are not
always robust when faced with strong disturbance. Therefore,
it is urgent to propose a new method for disturbance estima-
tion and attenuation.

Motivated by the above discussion, this paper first pro-
poses a novel disturbance observer which, to the best of
the authors’ knowledge, successfully deals with the typical
unbounded and non-smooth compounded disturbances.
Combined with the designed disturbance observers, an adap-
tive tracking control scheme is presented for a class of nonlin-
ear strict-feedback systems for the first time. The innovations
are summarized as follows.

1) Unlike most of the existing control schemes, the restric-
tive assumptions that the compounded disturbance
must be bounded, differentiable or slow time-varying
have been removed and replaced by a possibly
unbounded, non-differentiable and fast time-varying
disturbances. To the best of our knowledge, this is the
first work to design a disturbance observer relaxing all
above restrictions simultaneously.

2) By combining first order sliding mode differentiator
with improved DSC technique, the derivatives of the
non-disturbance term are constructed. In what follows,
anovel disturbance observer is designed, and the corre-
sponding robust compensator is considered in adaptive
control law in the meantime.

3) Considering that the prior knowledge of the com-
pounded disturbance cannot be obtained precisely
during the control design process, the stability and
robustness of the closed loop system can be enhanced
without involving FLSs or NNs approximators.
Furthermore, it is analytically proved that the tracking
error can be regulated to arbitrarily small in the absence
of a compact set definition.

The organization of this paper is as follows. The problem
description of the uncertain SISO strict-feedback nonlinear
system is addressed in Section II. The disturbance observers
and the corresponding adaptive controllers are designed by
employing sliding mode differentiators and improved DSC
techniques in Section III. In Section IV, the convergence
of the new disturbance observer is rigorously proved based
on Lyapunov stability theorem. Simulation examples are
performed to demonstrate the effectiveness of the designed
scheme in Section V. The concluding work is stated in
Section VI.

Il. PROBLEM DESCRIPTION AND PRELIMINARIES
Consider a class of nonlinear strict-feedback systems given
by

Xi = fi(xi) + gi(xi)xit1 + 8i(t)

Xn = fu(xX) + gn(u + 8n(1) ey

y=x
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where X; = [x1,x2,...,x]7 € Rlandx = [x1,x2,...,
xn]¥ € R" denote the state variables of the system, u € R
is system control input, y € R is system output. f;(x;) are
known differentiable system functions, g;(x;) represent the
known differentiable control-gain functions. Particularly,
the term 8;(t) = Afi(x;) + Agi(xX))xi+1 + d;(t)are the com-
pounded disturbance and continuous function, di(t), i =
1,2...,n are the external disturbance and system uncer-
tainties, Afj(x;(¢)) are the uncertain parts of system func-
tions f;(x;), and Ag;(x;) are the uncertain parts of control-gain
functionsg;(x;).

The control objective is to design an adaptive tracking
controller such that the system output y follows the desired
trajectory y4 and the resulting tracking error can converge to
a small neighborhood of the origin by appropriately choosing
design parameters.

Assumption 1 [34]: The desired trajectory y; is a suffi-
ciently smooth function of ¢, and y,4, y; and y4 are bounded,
that is, there exists a positive constant By such that 1y :=
{0a.3a.50) : 02)* + Ga)* + Fa)? < Bo}.

Assumption 2: For the known virtual control-gain functions
gi(x)), i = 1,2,---,n — 1, there exist unknown positive
constants g, and gy such that 0 < g, < gi(x;) < gm-

Remark 1: It is worth noting that, in most of the existing
control schemes, the disturbance term 8;(¢), i = 1,2,--- ,n
are assumed to satisfy [8;(t)] < & or |[§;(t)] < &} with
8y and &7 being unknown positive constants. However, the
disturbance may be possibly unbounded due to unmodeled
dynamic and system uncertainties, and it may also be difficult
to acquire prior knowledge of §;(¢) in practice. If taking no
account of these factors, the system performance will be
seriously degraded and even be unstable. Thus, the proposed
scheme aims to remove these restrictive assumptions and to
enlarge the application range of disturbance observer.

Lemma 1 [35]: Hyperbolic tangent function tanh(-) will
be used in this paper, and it is well known that tanh(-) is
continuous and differentiable, and it fulfills that for any ¢ € R
and Vv > 0

0 < |g| — gtanh (g) <0.2785v

0 < gtanh (g) @

Lemma 2: The first order sliding mode differentiator [36]
is designed as

fo = Lo = —70lpo — F(0)]? sign(po — F()) + p1
p1 = —1ysign(p1 — o) 3)

where pg, p1 and o are the states of the system, 7p and 71
are the designed parameters of the first order sliding mode
differentiator, and f(¢) is a known function. Then, ¢y can
approximate the differential term f(¢) to any arbitrary accu-
racy if the initial deviations p9 — f(#p) and o — f (tg) are
bounded.
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Lemma 3: For any x € R, the following inequality holds

|x|% sign(x) — (x tanh (f)) ’ tanh <£>
w 2

where p is the designed parameter and y is a unknown
positive constant.
Proof: See the Appendix.

Remark 2: It has to be noticed that if a discontinuous
tracking differentiator is constructed through the first order
sliding mode differentiator in Lemma 2, as a consequence,
the resulted dynamic system is discontinuous owing to the
sign functions that are employed and certain issues on the
uniqueness and existence of the solution of the closed loop
system will raise. Such issues are very significant since they
affect the closed loop performance severely, thus Lemma 3 is
introduced by employing hyperbolic tangent function to
ensure the feasibility in backstepping process.

Lemma 4: Let 1 + B = «, y = B — a, where
o and B are the input and output of low pass filter respectively,
y denotes the filtering error. Then, the filtering error y can be
bounded and 8 can approximate « to any arbitrary accuracy if
217 =a?+ &0, where ¢gq is a positive constant and & is the
estimate of the differential term c.

Proof: See the Appendix.

=y @

Ill. ADAPTIVE TRACKING CONTROLLER DESIGN

In this section, backstepping technique is used to construct
an adaptive controller for nonlinear system (1). To facilitate
the readers’ comprehension, the general block diagram of the
proposed control scheme is given in Fig. 1.

Actual control

| X, X
|
e o T p
! law (36) e; law (14) e,
- D,

I
n |
Disturbance ! Disturbance
I €
Observer (58) } Observer (15)
|
I

Step 1

FIGURE 1. Block diagram of the proposed control scheme.

The design of adaptive control laws is based on the follow-
ing change of coordinates:
ATITN 203, n )

e =X — a1

where e is the tracking error and «;_ is the virtual control
input that will be designed later.

The recursive design procedure contains n steps. First,
at each step of the backstepping design, the intermediate
control «;_; is designed to make the corresponding sub-
system toward equilibrium position. And at the final step,
the stabilization of system (1) can be achieved with the actual
control input u# being designed.
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Step 1: To start, considering the following subsystem of (1)
and noting e] = x1 — Y4,

er =filxy) + g1(x1)x2 + 81 — ya (6)

where x; is regarded as a virtual control input.
Consider the following quadratic Lyapunov function
candidate:

Vo = 23 )
el = 261
The time derivative of V. along (6) is
Ver = e1lfi(x1) + g1(x1)x2 + 81 — yal ®)
Invoking (6), we obtain
81 = e1 — (fikx1) + g1(x)x2 — ya) )

Since e is unavailable, the following first order sliding
mode differentiator is adopted so as to produce an auxiliary
variable to estimate é;.

1
£1,0="C1,0=—¢1,0|p1,0 — e1(1)|? sign(p1,0 — e1(1)) + p1.1
p1,1=—¢1,15ign(p1,1 — &£1,0) (10)

where p10, p1.1 and {1 are the states of the system,
€1,0 and g11 are positive design constants.

Remark 3: In view of Eq. (6), it can be seen that there
need assumptions for the signal e [37], [38] and meanwhile,
derivative term e involves the disturbance term ;. We would
emphasize that if the disturbance term §; is unbounded,
the computation of the derivative term ¢; is therefore com-
plicated. To efficiently handle this problem, the first order
sliding mode differentiator according to Lemma 2 can be used
to approach the value of e; in disturbance observer design
to reduce the computational burden, and this method will
show capable of preserving the closed-loop system tracking
performance later.

According to Lemma 2, we have

|c10 —e1()| < vio (11)

where vy ¢ is a positive constant due to the approximation
property of the first order sliding mode differentiator.
Define

1
{10 =—€10 <(m,o — ¢1(1)) tanh (M)) ’

M“1,0

— t
h%e tanh <pl’0—el()> + )01,1 (]2)
1,0

where 2 1,0 is the estimate of the auxiliary variable ¢ .
According to Lemma 3 and replace x with p; o —ej (), then
using (10) and (12), one has

[e10 = 10| =7 (13)

where y) is a positive constant that can converge to arbitrarily
small by appropriately selecting design parameters.

Remark 4: Tt can be seen that an auxiliary variable ¢y o
is designed to estimate ¢; by a first order sliding mode
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differentiator and then, 21,0 can be regarded as the approx-
imator of é; similarly, which can be utilized to design the
disturbance observer with the help of (6) and the estima-
tion error can converge to arbitrarily small by appropriately
adjusting design parameters. Both variables have well esti-
mation performance for ¢; , but to avoid the discontinuity of
the sign functions, 21,0 is presented necessarily according to
Lemma 3 by employing hyperbolic tangent function to ensure
the feasibility in backstepping process.

Invoking (5), we obtain x, = ez + «.

Now, we construct a virtual control law o and the adapta-
tion function & 1 as follows

= g7 ) (—kier = fite) +5a = mDler)  (14)
81 = 1.0 — (fitx) + g1(xD)x2 — Ja) (15)

where 7,'1D1 + bl = 31, vy = bl — 31 and A is a design
constant. According to Lemma 4, we know that the filtering
error yj can be a positive constant by appropriately tuning the
design parameters 1.

Then, substituting (14) into (8) gives

Vel = g1(x1)ejer — kle% — klb%e% + 81eg (16)
In view of (6) and (15), one has
—Di + 81 = &1 — (fix1) + g1 ()2 — Ya)
- (421,0 = (i) + g1(x)x2 = ya) +Y1>
=& — {10 (17
With the aid of (11) and (13), it yields

‘—D] +31‘ = ‘él — 10 —)’1‘

IA

ler — 10| + }{1,0 - 21,0‘ +y1
vio+ iy =y (18)

IA

It further gives rise to

81— D} < |83 = D3| = [s1 = u o1 + D
82
=y RIBI+r) =392+ o (19)
which implies
82 .
?1 <3y 4+ D? (20)
Thus, we can rewrite (16) as
. . r2er 1
2 22 1%1
Ver < g1(x1)erex — kief — A Dje] + 5 o
*2 2 1
< gierer — (ki —3y?) d+ — @D
2M1
Let k1 = 341y, + k1o, where k19 > 0
) 1
Vel < g1(x1)erez — kioet + s— (22)

201
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As ey is presented in (21), therefore, the regulation of
ey will be investigated in the next step as follows.

Step i(2 < i < n — 1): A similar procedure is employed
recursively for each stepi(2 <i<n—1).

Noting ¢; = x; — «j—1, the dynamics of e;-subsystem can
be described as follows

ei = fi(xi) + gi(Xi)xiy1 + 8 — &ti—1 (23)
Consider the following quadratic Lyapunov function

candidate:

1
Vei = 56‘2

l

(24)
The time derivative of V,; along (23) is
Vei = eilfi(X) + gi(X)xi1 + 8 — &i—1] (25)

To estimate the differential term ¢;_1, an auxiliary vari-
able ®; ¢ is designed as

Ui—1,0=0ip0
=—0i0 |ﬁi—l,0_ai—l|% sign(Vi—1,0—ai—1)+0i-1,1
dic1,1 = —0i,15ign(i-1,1 — Oj0) (26)
where ¥,_1,0, i—1,1 and ©; o are the states of the system,
oi,0 and o; | are positive design constants.

By virtue of the approximation property of the first order
sliding mode differentiator, we arrive

|©i0 — dic1| < i (27)

where vj; | is a positive constant.
According to (26), the estimate of the differential term ¢;_;
is defined as follows:

1
2 Vi—1,0 — @i-1\ \ 2
Qi1 = —0i0 ((ﬁi—l,o — aj_1) tanh (M—
il

Pi1.0 — i
x tanh <M> + %11 (28)
Mi 1

Noting (26), (28) and Lemma 3, one reaches

Gio1 = ©i0| = 29)

where ¢; is a positive constant.
Therefore, the following inequality satisfies

|©i0 — dim1] +
Uil +Gi (30)

a1 — di—l‘ a1 — ®i,0‘

IA

IA

Invoking(23), we obtain
8i =& — (fi(x) + gi(xXi)xip1 — &i—1) (31)

Similar to Step 1, since ¢; is unavailable, the follow-
ing first order sliding mode differentiator is adopted as
follows:

1
£i0 = i0 = —€i0 |pio — ei(0)|? sign(pio0 — ei1)) + pi1
pin = —ei1sign(pi1 — &io) (32)

VOLUME 7, 2019

where p;0, pi;1 and ;o are the states of the system,
;0 and &; | are positive design constants.
According to Lemma 2, it holds that

|0 — eit)| < vio (33)

where vj; ¢ is any positive constant due to the approximation
property of the first order sliding mode differentiator.
Similarly, define functions ¢; o as follows

1
5i0 = —#i0 <(Pi,0 — ¢;(t)) tanh (M)) ?

i, 0

X tanh (pl’o—el()) +pi1 (34)
Mi,0

where 2,-,0 is the estimate of the auxiliary variable ; o.
According to (32), (34) and Lemma 3, it follows that

Gi,0 — &io

=vi (35)

where y; is a positive constant.
Then, we construct the virtual control law ¢; and the adap-
tation function §; as follows

o =g (%) (‘ki@i —fi®) + it — )\ibizei) (36)

b = o — (fiE) + giExies — dim1) (37)

where r,-D,-+f),- = S,-, Vi = b,- —S,- and A; is a design constant.
Noting that e; = x; — j—1, one has xj+1 = ej+1 + ;.
Substituting (36) into (25) and following a similar way as
Step 1 lead to

Vei = gi(Xieieir1 — kie? + e; (&H - difl)
+ ei(=nDiej+8) (38)
In view of (23) and (37), it immediately gets
—Di+ 8 = & — (fi®) + gi(Fxitr1 — Giz1)
- (éi,o - (fi()_fi) + gi(Xi)xi1 — &i—1> +yi)
= & — i + @iy — Gim1 — i (39)
Utilizing (30), (33) and (35) gives

)—IA)[ + i

= |éi — Cio| + [0 — 51,0’ + |ai-1 — &5—1‘ + Vi
<vio+vitviit+si+yi=vy (40)

It further gives rise to

82— D? < (53 —D?| = |8 = Di| |s: + D
82
=y RBl+y) <3P+ @D
which suggests
82 .
5 =32+ D} (42)
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Thus, we can rewrite (38) as

Vei < gi®@eieir1 — kie? + (vin +ci)ei — Xib,ze,-z

rdZer 1
2 o
< gi(xeieir1 + (vi1 + i) leil — (ki - 3)»i)/i*2> el
1
_ 43
+ 7 43)

Letk; = 3)»5)/[“2 + kjo, where kjg > 0
. _ 1
Vei < gixeieir1 + (vin + i) leil — kioe? + T (44)
l
Step n: Noting e, = x, — on—1, the dynamics of
en-subsystem can be written as

én = fu(x) + gn()u + 8, — 1 45)
Similarly, consider the following quadratic Lyapunov func-
tion candidate:

1,

Ven = Ee" (46)

The time derivative of V,, along (45) is

Ven = enlfu(x) + gn(x)u + 8, — ctp—1] (47)

Similarly, utilizing the first order sliding mode differentia-
tor to estimate ¢;,_1.

Pn-1,0 = Opo = —0n0 |Pn1,0 — an—l|%
X sign(¥n—1,0 — du—1) + Fn—1,1

In1,1 = —0n,15ign(n—1,1 — Op0) (48)

where ¥,-1,0, ¥,—1,1 and ®, ¢ are the states of the system,

on,0 and 0,1 are positive design constants.
In view of (48) and Lemma 2, one has

|®n,0 - O.ln—1| < Up,1 (49)

where vy, 1 is any positive constant.
Similar to Step i, the estimate of the differential term ¢,
is defined as:

1
» Puo1,0 — 1\ )2
Op—1 = —0p0 <(19,,_1,0 — an_l) tanh (—

Mn,1
P10 — Op_
% tanh (L‘“) +Or (50)
Mn,1
Noting (48), (50) and Lemma 3, one gets
b1 — Ono| < G (51)

where ¢, is a positive constant.
Therefore, the following inequality satisfies

é‘n—l - ®n,0

&n—l - dn—l‘ = |®n,0 - C'Vn—l(l‘)| +
< Un1+Sn (52)

A

Invoking (45), we can get
8n = en — (fu(x) + gn(X)u — aty—1)

102460

Similar to Step 1, the first order sliding mode differentiator
is adopted as follows:

1
Pn,0 = En,0=—€n,0 |;On,0 - en(t)| 2 s5ign(pn,0 — en(t)) + pn,1
/jn,l = _5n,ISign(,0n,l - Cn,O) (53)

where pn 0, pn,1 and g, are the states of the system,
en,0 and &, 1 are positive design constants.
According to Lemma 2, one reaches

20,0 — en(®)] < Uno (54)

where v, ¢ is any positive constant.
Similarly, define functions &, ¢ as follows

1
{n0 = —€n0 ((pn,o — e,(t)) tanh <M)) ’

Mn,0

— 1
x tanh <p0—e()> +pn1 (35)
Mn,0

where fn,o is the estimate of the auxiliary variable ¢, o.
According to (53), (55) and Lemma 3, we can know that

= Vn (56)

é-n,O - {n,O

where y,, is a positive constant.
Then, we construct the actual control law u and the
adaptation function §, as follows

w= g, ) (—Kaen = s + &t — 2aDlen) (5T)

bn = 00 = () + gulu — &) (58)

A

where Tnﬁn + bn =6, Vn = b,, — 3,1 and A, is a design
constant.
Similarly, substituting (57) into (47) yields, it holds that

Ven =k +en(~2nD3en+80) + en (-1 =Gum1) - (59)
In view of (45) and (58), we arrive
—Dy 485 = én — (fax) + gn(X)u — 1)
= (600 = (A + guou = &ur ) + )
= én = {00+ Gt — Gt — Y (60)
Utilizing (52), (54) and (56) leads to

)_bn + 811 é‘n,O - En,O

= |en - {n,()} +
+ &n—l _dn—l + Yn

SU ot Vntuntt+Sntyn= )/n* (61)

It further gives rise to

82— D2 < |82 — D?| = |8, — Dyl 84 + D
52
< yr 218l +yy) <392+ > (62)
which indicates
5 W2 A2
5 <3y, +D, (63)
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Thus, we can rewrite (59) as

. 1
Ven < (Un,l + §n) len] — (kn - 3)%]/,;k )e + i (64)
Letk, = 3)»,,)/,:“2 + k0, where kg > 0
1
— 65
nOe + 2, (65)

The design process of adaptive tracking controller has been
completed.

Ven =< (Un,l + §n) len| —

IV. STABILITY ANALYSIS
In this section, the main results will be stated and the conver-
gence of the disturbance observer will be proven.

Theorem 1: Consider the nonlinear system (1) under
Assumptions 1-2. The virtual control laws are constructed as
(14) and (36). The sliding mode disturbance observers with-
out any bounded conditions are designed according to (15),
(37) and (58). Based on the designed disturbance observers,
the actual control law is proposed as (57). The tracking error
e] = x1 —yg converges to a small neighborhood of the origin
by appropriately choosing designed parameters.

Proof: To analyze the stability of the closed-loop system,
we consider the following Lyapunov function candidate:

V=2 Ve (66)

It follows from (22), (44) and (65) that the time derivative
of V is:

n n
V<-— X:kioel2 + Z (vi,1 + si) leil
n—1

+ th(xl)e ei+1 + Z
<- Zkioe% + Z viz leil
i=1 =2

n—1 n
1
+ Zj gi(x)eeirt + ;j " (67)

where v;2 = v; 1 + 6.
In combination with Assumption 2 and the following

inequalities:
2 2
1 [ vise:
vialeil < —( n2 +c1) (68)
2 c1
1 2, 2
gi(xieieir) < EgM(e,- +eiy ) (69)

Then, we can rewrite (67) as

n n 1 U'22€2 n 1
Y o2 I I -
Vf—Zk,oei—l—ZZ( o +cl>+22ki
i=1 =2

n—1
1
+ 2 em(e +eiyy) (70)
i=1
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Noting that Z ng(e + el+1) < Z gme?, one further
i=1

has

V<—Zk10€ —I—Z 62+ZgMe

1 |
— — (71
+2n01+;2h (71)

where ¢y, v; 2 and gM are positive constants.

Setting kip = 2 - 2 1+ gy + ki1, with k;; being a positive
constant, then (71) can be expressed by

—Zk,le + VlC1+Z—

—C1V + G (72)

14

IA

IA

n
where C| = 2k;; and Cp = %”Cl + 2 %

Using (72), we can obtain

(V(0) = C3) e € 4+ 3
V() + C3 (73)

V()

=
=

According to (66) and (73), the following inequality holds:
lim lei] < V2C3 (74)
—00

It can be observed from the definition that C3 = C,/C;
can be adjusted to arbitrarily small by increasing ;.
Therefore, by appropriately online-tuning the design param-
eters, the tracking error e; converges to an arbitrarily small
neighborhood of the origin.

Remark 5: Specifically, two cases on the compounded
disturbance §;(x, t) (i.e. §;(x, t) is bounded and unbounded)
are considered: 1) As for the case of §;(x, #) being bounded,
one sees that V and the tracking error ¢;, i = 1,2, ..., n are
bounded from (73). So for e; = x; —y4 and y; being bounded,
x1 is certainly bounded. Taking (18) into account, the estimate
of the compounded disturbance Dy is bounded under this
case. Since « is a function of bounded signals x1, e, yg
and bl, the virtual control law «; is also bounded. Noting
X; = e; + «;_1, it can be seen that «;_| and state variables
xi,i = 2,3,...,n are bounded, and similarly, the actual
control law u is bounded. Therefore, all the signals of the
closed-loop system are bounded; 2) As for the case of §;(x, 1)
being unbounded, the estimates of §;(x, ), namely lA)i, are
unbounded according to (40), which results in that the virtual
control laws «; and the control input u# are unbounded since D;
are included in them as seen in (36) and (57). This means that
an unbounded control effort is required so as to circumvent
the influence brought by unbounded disturbances. However,
it should be pointed out that the boundedness of the tracking
error e and the tracking performance can be still guaranteed
in this case.

This completes the proof. |
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V. SIMULATION RESULTS
In this section, two simulation examples are given to demon-
strate the effectiveness of designed method.

Example 1: To illustrate the validity of the proposed con-
trol scheme, consider the following second-order nonlinear
system with disturbance and its derivative being unbounded
as follows:

X1 = xje 05 4 1+ 6_0'1"12)x2
Xy = —p1x1 — paxa — x; + qeos(wt) +u+8(x,1)  (75)
y=x1

where the compounded disturbance is given by §(x, t) = x% +
x1 + ¢ sin(¢). For the purpose of simulation, we suppose that
p1 = 0.3 4+ 0.2sin(10z), p» = 0.2 4+ 0.2cos(5t), go = 5 +
0.1 cos(?) and w = 0.5 + 0.1 sin(z). Let the desired trajectory
be yg = sin(0.5¢).

Remark 6: Differently from the state-of-the-art, it can be
seen that the compounded disturbance &(x, ) grows with
time ¢, so it can be easily verified that the compounded
disturbance 4(x, ¢) is not bounded by upper and lower bounds,
and moreover, its derivative is also unbounded. This spe-
cific example breaks the conventional bound assumptions
and makes the control design extremely challenging, so in
authors’ opinion, the existing works cannot be applied. To
overcome this difficulty, we firstly propose a disturbance
observer design method without bounded assumptions, which
basically distinguishes our work from all available methods.

In accordance with Theorem 1, the adaptive tracking con-
troller is proposed as (57) and the disturbance observers are
given as (15) and (58). For the compounded disturbance
8(x, t), the design parameters are set as: 1,0 = 10, &1,1 = 1,
n1,0 = 0.1, 000 = 30,001 = 1, uz;1 = 0.5; 20 = 20,
€21 = 1, ua,0 = 0.1. The other design parameters are taken
asky = 6, .1 = 1land k, = 4, A, = 1. Let the initial
conditions for [x(0), x2(0)]7 = [0, 017, p1.1(0) = p2.1(0) =
91.1(0) = 0, £1.0(0) = 2.0(0) = &;(0) = 0. The simulation
results are shown as Figs. 2-6.

It can be obviously observed from Fig. 2 that the system
output y can follow the desired trajectory y; and fairly good
tracking performance is obtained. Fig. 3 shows the tracking

Ya, Y

5 10 15 20 25 30
Time(sec)

FIGURE 2. System output y and desired trajectory y4.
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0.1

-0.1

0 5 10 15 20 25 30
Time(sec)

FIGURE 3. Tracking error e.

error e converges to an allowable range. The response curve
of the system state x, is depicted in Fig. 4. And the control
input u is shown in Fig. 5 Specially, it can be seen from
Fig. 6 that the disturbance observer D can approach the
growing compounded disturbance ¢ effectively. It should be
noted that excellent tracking performance has been achieved
even though the compounded disturbance is unbounded by
utilizing the first order sliding mode differentiator in our
paper, which enhances the robustness and reliability of the
system drastically.

) 5 10 15 20 25 30
Time(sec)

FIGURE 4. System state x,.

3% 5 10 15 20 25 30
Time(sec)

FIGURE 5. Control input u.

Remark 7: In most existing traditional disturbance observer
design approaches, to the best of authors’ knowledge, the
disturbance observer is always designed using a constant.
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30

=
D

20¢

5, D
o

-20[

30 5 10 15 20 25 30
Time(sec)

FIGURE 6. Compounded disturbance 5 and its estimate D.

It is very restrictive arising from the fact that the bound for
disturbance may not exist with the system state and time
in practice, implies that the effect of disturbance cannot be
assumed to be bounded before obtaining stability. Thanks to
the slide mode differentiators and hyperbolic tangent func-
tion, the error dynamics in our paper have a clear advantage
over it in standard disturbance observer-based design, even
under the case that the disturbance is unbounded and non-
smooth. It is noticed that the proposed disturbance observer
can come across these difficulties for the reason that the
restrictive assumptions on the disturbance terms are removed.
Therefore, compared with conventional disturbance observer
designs, our scheme has more relaxed condition and a wider
range of application.

Example 2: To further verify the effectiveness of the
proposed scheme, consider the following tracking control
problem for a pole-balancing of an inverted pendulum [39].
The system is represented by

)'61 =X
i mlx% sinx] cosx; — (M + m)g sinx
T T i cos?xy — 4/31(M + m) 76)
— oS X
+ml cos2x; —4/31(M + m)u 8. 1)
y=x

where x| represents the angle 6 (in radians) of the pendulum
from the vertical, M is the mass of the cart and m is the mass
of the pole, g is gravitational constant, [ is the half length of
the pole, u means force applied to the cart and §(x, ¢) is the
compounded disturbance.

The parameters employed in this simulation are given as
follows: M = 1 Kg,m = 0.1 Kg,l = 0.5m, g = 9.8 m/s%.
The disturbance term §(xp, t) is a dead-zone model in the
presence of non-smooth nonlinearity, which can be given as
follows

—0.3)?
10Cxy — 0.3) + % x> 03
s, ) =140, 03 <x <03
0.3)?
10(x2 4+ 0.3) 4 w, xp < —0.3

(77)
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It can be seen that the compounded disturbance §(x», t) is
not partial differentiable with respect to x» as non-smooth
nonlinearity is present in it. Furthermore, we assume the
desired trajectory y; = 0.5(sin(¢) + sin(0.57)).

In this simulation, the designed parameters are taken as
10 = 10,611 = 1, w0 = ;000 = 10,0201 = 1,
M2.1 = 0.1; &0 = 10, &1 = 1, H2,0 = 0.1 and k; = 4,
M = 1; kh = 4, Ay = 1. Set the initial conditions
as [01(0). 20" = 02, 0", p1a(0) = p21(0) =
91,1(0) = 0 and ¢1,0(0) = £,00) = @ (0) = 0. The
simulation results are shown in Figs. 7-10.

5 10 15 20 25 30 35 40

Time(sec)

FIGURE 7. System output y and desired trajectory y4.

0.15

0.1r

-0.15

-0.2
0

5 10 15 20 25 30 35 40
Time(sec)

FIGURE 8. Tracking error e.

5 10 15 20 25 30 35 40
Time(sec)

FIGURE 9. Control input u.

To show the good compensation effect of the disturbance
observers on the dynamic response, the output response
curves are depicted in Fig. 7 and it can be observed clearly
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08 5 10 15 20 25 30 35 40
Time(sec)

FIGURE 10. System state x,.

that system output y can converge rapidly to the desired
trajectory y4. The tracking error is acceptable from Fig. 8.
And it can be seen from Fig. 9 and Fig. 10 that the control
input # and system state x, are bounded. The simulation
results of physical system model indicate that the proposed
controller based on disturbance observer can achieve excel-
lent tracking performance even though the compounded dis-
turbance is non-differentiable. Particularly, the input variable
information of the compounded disturbance is not mentioned
in the controller design, thus the prior knowledge of the
compounded disturbance can be unknown, which has wide
application prospects in practical control systems.

VI. CONCLUSION

A novel adaptive tracking control scheme based on dis-
turbance observer has been proposed for a class of
strict-feedback nonlinear systems under loose distur-
bance constraint conditions. Compared with the existing
approaches, the restrictive assumptions that the compounded
disturbance must be bounded, differentiable or slow time-
varying are relaxed by only assuming that the disturbance
functions are continuous. Without NNs or FLSs techniques,
the sliding mode differentiator and the backstepping method
have been utilized to estimate the compounded disturbance
and design adaptive control laws in proposed control scheme.
Moreover, the influences of unknown disturbance and sys-
tem uncertainties are eliminated without knowing any prior
knowledge of the compounded disturbance.

APPENDIX

Proof of Lemma 3: To obtain the conclusion, two cases are
discussed as follows:

1
Case 1: For any x € R, |x|% + (xtanh (%))2 > 1

1
|x|% — <xtanh <£>>2
m
1 1
|x|% — (xtanh (2))2' . I)CI% + <xtanh (%))2
x| — x tanh (f)' (78)
m

=<
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According to Lemma 1, one has
%

IxI% — (x tanh <£)>

I
Consider the property of the sign function, we know that
1
1 X\\?% .
|x|2 sign(x) — (x tanh <—)) sign(x)
"
1

i (2)

<0.2785u (80)

< |x| — x tanh <f> <0.2785u
m

(79)

1

(x tanh <£>>2 sign(x)
n
X 2 . x
— (x tanh <—)) sign <—)‘ =0 (81)
w w

Noting that p is an unknown positive constant, it holds that
! !
(x tanh <£>> sign <£> - <x tanh (£)> tanh <£>
% % W %

1
2

< <x tanh (i)) sign <£> — tanh <£>‘ (82)

w W %

When x > 0,

sign <£) — tanh <£> ‘
w w

' O/ _ o= (x/1)

1= /1) o=/
2e— /1)

= - —(x/p)
T et/ + e~ &/ =e (83)

When x < 0,

X X
sign (—) — tanh (—)‘
w w

’ e/ _ o= (x/1)

=|-1- /1) f g~ /1)
2e/1) /an)
= oI g = ¢ (84)

In view that the difference between the sign function and
the hyperbolic tangent function shows exponential growth,
one reaches

(o () ) e () )
< <xtanh (%))2 () =y 85

where y* is a positive constant.
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Therefore, we can obtain that

1 \\? X
|x|2 sign(x) — (x tanh <—)) tanh (—)
w w
1 %
< ||x|2 sign(x) — (x tanh <i>> sign(x)

x j
+ (x tanh (—)) sign(x)
"

<02785u+y* =y (86)
1
Case 2: For any x € R, |x|% + (x tanh ﬁ ‘)2 <1
It is easy to know that|x| < 1,and then we further have

%2 sign(x) - (x tanh <£)) " tanh (i) =y @7
n n

This completes the proof. |
Proof of Lemma 4: By noting that 18 + 8 = « and
y=p—a,onehas g = -2

Choose the following quadratic function as

1,
Vi = — 88
F=3Y (83)
The time derivative of Vr is
2
. . y . y .
VFzyyzy(—;—a)z—?—ya (89)

Applying a first order sliding mode differentiator in
Lemma 2 yields to get «, it follows that

¢ (90)

)a—a

where ¢ is a positive constant.
Choose % = a? + g9 where gy > 0 being the designed
parameter, and then we can obtain

2
— 57 —yd = (@ + )’ —ya
T
1 2 ~ .
< g ey - M Iyl — ya
1 2
= 4 oy + leyl 9n
Substituting (91) into (89) yields, it holds that
2
) 1
A
< (0~ 2 P 2t aE?
ST TS Y Ty TR
<-aVr+a (92)

where c; =2¢9 — 1 + % and ¢p = ‘l‘ + %52.
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Therefore, we can know that the filtering error y can be
regulated to arbitrarily small by appropriately online-tuning
the design parameters.

This completes the proof. ]
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