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ABSTRACT

Numerical simulations of fast MSRs constitute a challenging task. In fact, classical codes
employed in reactor physics cannot be used, and new dedicated multi-physics tools must
be developed, to capture the unique features of these systems: the strong coupling be-
tween neutronics and thermal-hydraulics due to the use of a liquid fuel, the effects on re-
actor kinetics induced by the precursors drift, the internal heat generation, and the shape
of the core having no fuel pins as a repeated structure. In this work, we present a novel
multi-physics tool being developed at TU Delft. The coupling is realized between an
SN radiation transport code (PHANTOM-SN ) and a RANS solver (DGFlows). Both in-
house tools are based on a Discontinuous Galerkin Finite Element space discretization,
characterized by local conservation, high-order accuracy, and allowing for high geometric
flexibility. Implicit discretization in time is performed adopting Backward Differentiation
Formulae. Cross sections are computed on an element base, starting from the local av-
erage temperature and a set of libraries generated at reference temperatures with Monte
Carlo or deterministic codes. Comparison of the results obtained performing a suitable
numerical benchmark created at LPSC/CNRS/Grenoble with those available in literature
shows that the multi-physics tool is able to capture the unique phenomena characterizing
fast liquid-fueled systems.

KEYWORDS: Multi-physics, MSFR, Discontinuous Galerkin FEM, SN transport.

1. INTRODUCTION

Research on liquid-fueled reactors has regained momentum in the last decade, especially after the
Molten Salt Fast Reactor (MSFR) was included in the scope of Generation IV nuclear reactors [1].
Its characteristics make it a promising option, in terms of safety, reliability, and sustainability [2],
to help meet the world’s rising energy needs and, at the same time, to try to obtain the support
of public opinion always concerned about waste storage, proliferation, and safety. In Europe,
research efforts are currently coordinated by the H2020 SAMOFAR project (http://samofar.eu/),
whose main goal is to prove the innovative safety aspects of the MSFR design, during operational
and accidental transient scenarios, by advanced experimental and numerical techniques.

Simulating fast MSRs is a challenging task, as the employed multi-physics tools must be able to
capture the unique features of these systems, stemming from the use of a molten salt that is both



Figure 1: Layout of MSFR fuel circuit and draining system.

fuel and coolant: strong coupling between neutronics and thermal-hydraulics; internal heat genera-
tion in the fluid; and transport of delayed neutron precursors, which affects the multiplication factor
and reduces the margin to prompt criticality. Moreover, the traditional shape of the core with fuel
pins as a repeated structure is lost, replaced by complex geometries (see Figure 1, for a schematic
view of the MSFR toroidal fuel circuit). Classical codes used in reactor physics are, therefore,
unsuitable for simulating the MSFR behavior, and new dedicated tools must be developed (e.g.,
[3–6]).

In this work, we present a novel multi-physics tool being developed at Delft University of Technol-
ogy. The coupling is realized between a CFD code named DGFlows and a radiation transport code
named PHANTOM-SN . Both in-house tools are based on a Discontinuous Galerkin Finite Element
(DG-FEM) space discretization, which combines the advantages of local conservation, as in finite
volumes, with the high-order discretization and high geometric flexibility (thus easily handling
complex shapes as the MSFR core) of finite elements, guaranteeing high accuracy of simulations.
Details about the model equations as well as their space-time discretization and about the cou-
pling scheme are provided in Section 2. In Section 3, we compare the results obtained performing
a suitable numerical benchmark created at LPSC/CNRS/Grenoble with those available in litera-
ture, in order to assess the capabilities of the multi-physics tool to capture the unique phenomena
characterizing the MSFR.

2. DESCRIPTION OF THE MULTI-PHYSICS TOOL

2.1. Thermal-hydraulics: DGFlows Code

DGFlows solves the set of compressible Navier-Stokes equations, in the low-Mach limit approx-
imation. Turbulent flows are handled through Reynolds Averaged Navier-Stokes (RANS) models.
The model equations read (omitting dependencies for clarity)

∂ρh

∂t
+∇ · (uρh) = −∇ · q + Sh, (1)



∂ρu

∂t
+∇ · (uρu) = −∇p+∇ · τ + Su, (2)

∂ρ

∂t
+∇ · (uρ) = 0, (3)

where ρ is the density, u the velocity, p the pressure, and h the specific enthalpy. The heat flux q
and the Newtonian shear stress tensor τ are respectively defined as

q = −λeff∇T, (4)

τ = µeff

[
∇u + (∇u)T − 2

3
(∇ · u)I

]
, (5)

where I is the identity tensor, while µeff and λeff are the effective dynamic viscosity and heat
conductivity; they reduce to the molecular ones for laminar flows. DGFlows can handle material
properties fully-variable with temperature. Finally, Su and Sh are the sources of momentum and
energy (e.g., buoyancy, fission heat). In MSRs simulations, the Boussinesq approximation can
often be adopted for buoyancy, thus reducing Eq. (3) to the standard divergence-free constraint on
the velocity field for incompressible flows.

System (1)–(3) is closed with the standard RANS models k − ε or k − ω and with a set of proper
initial and boundary conditions. In this work, we consider flows bounded by adiabatic walls; when
laminar, they require the imposition of the following conditions (introducing n as the outward
normal to the boundary surface): no penetration (n · u = 0), no slip (u = uD), and no-heat-
flux (n · q = 0); when turbulent flows are simulated, the standard logarithmic wall-functions are
imposed.

2.1.1. Spatial discretization

Spatial discretization is performed using the Discontinuous Galerkin FEM approach, adopting a
hierarchical set of modal basis functions up to order P . The discretization closely follows what
described by Shahbazi et al. [7], so we report only the key ingredients here, omitting details.

Diffusive terms are discretized with the Symmetric Interior Penalty (SIP) method, which is con-
sistent and stable and leads to optimal space error convergence rates and compact stencils size.
Differently from [7], we solve for the set of conservative variables to fully exploit the local con-
servation of DG; consequently, we need to modify diffusion terms like (4) and (5), expressed in
terms of primitive variables, and to use a generalized form of the SIP method. For example, the
discretization of the viscous term in the momentum equation results into the following bilinear and
RHS operators:

bgSIP(m,v) =
∑
E∈Eh

∫
E

τ(m) : ∇v +
∑
F∈F i,D

h

∫
F

ηF JmK JvK +

−
∑
F∈F i,D

h

∫
F

nF · ({τ(m)} · JvK + {τ(v)} · JmK) ,
(6)

lgSIP(v) =
∑
F∈FD

h

(ηF uD · v − uD · τ(v) · nF ) . (7)



Here, Eh is the set of mesh elements, while F i
h and FD

h are the sets of internal and Dirichlet
boundary faces respectively; m is the mass flux, v the test function, while ηF is a sufficiently high
penalty parameter; J·K and {·} denote the jump and average operators, defined as JvK = v1 − v2

and {v} = 0.5(v1 + v2), where the subscripts indicate the values of the function on the two face
sides. Finally, nF is the face normal. The diffusion term in the enthalpy equation leads to a null
RHS term, given the (natural) no-heat-flux boundary condition applied at walls.

Convective terms are discretized with the Lax-Friedrichs numerical flux. Taking again the momen-
tum equation as example, we get the following trilinear form:

bLF(u∗,m,v) = −
∑
E∈Eh

∫
E

v · (u∗ · ∇) m +
∑
F∈F i

h

∫
F

JvK ·HLF (u∗,m) , (8)

where u∗ is the convective field and HLF the Lax-Friedrichs flux function:

HLF (u∗,m) =
α

2
JmK + nF · {u∗m} , (9)

where α is the local convection speed. No boundary terms are present, since we consider wall-
bounded flows.

2.1.2. Temporal discretization and solution of linear systems

The general transport equation for quantity ξ is discretized implicitly in time with Backward Dif-
ferentiation Formulae (BDF) of order M (with constant time step ∆t):

γ0
∆t
ξn+1 + A(u∗)ξn+1 =

M∑
j=1

γj
∆t
ξn+1−j + Sn+1

ξ . (10)

For M = 2, γ0 = 3/2, γ1 = −2, and γ2 = 1/2. Matrix A collects all contributions deriv-
ing from the discretization of diffusive and convective terms; the latter introduces non-linearities
that are solved with an M th-order extrapolation of the velocity field from the previous steps:
u∗ =

∑M
j=1 θju

n+1−j . For M = 2, θ1 = 2 and θ2 = −1.

To solve the coupled momentum-continuity system (2)-(3), we choose the second-order time ac-
curate pressure correction scheme described by Van Kan [8]; the splitting of the equations is done
at an algebraic level, as explained in [7], to avoid the imposition of pressure boundary conditions.

In DGFlows, which is fully parallelized, we use METIS to partition the mesh [9] and the MPI-
based software library PETSc [10] to assemble and solve all linear systems. The pressure-Poisson
equation is solved with the conjugate gradient method and an additive Schwarz preconditioner,
with one block per process and an incomplete Cholesky factorization on each block; the other
equations are solved with the GMRES method and a block Jacobi preconditioner, with one block
per process and an incomplete LU factorization on each block.

2.2. Neutronics: PHANTOM-SN Code

PHANTOM-SN solves the multi-group Linear Boltzmann radiation transport equation (LBE),
steady-state or time-dependent. The code has extensive capabilities, such as both principal and



multi-modal calculations of various eigenvalue types (criticality and time eigenvalues) [11], both
regular and generalized perturbation analysis [12], and goal-oriented spatial refinement [13]. In
liquid-fueled systems, the precursors equations have to be solved for explicitly due to the transport
of fission products. Therefore, the model equations read (using standard notation and omitting
dependencies for clarity)

1

v

∂ϕg
∂t

+Ω ·∇ϕg+Σtϕg =
∑
g′

∫
4π

Σs,g′→g(Ω
′ ·Ω)ϕg′dΩ′+

(1− β)χpg
4π

∑
g

νΣfΦg+
χdg
4π

∑
g

λiCi,

(11)
∂Ci
∂t

+∇ · (uCi) + λiCi = ∇ · (Deff∇Ci) + βi
∑
g

νΣfΦg, (12)

with g and g′ spanning all the energy groups and i the families of delayed neutron precursors.
Deff is an effective diffusion coefficient which can be computed as Deff = (ν/Sc) + (νt/Sct),
where ν and νt are the molecular and turbulent kinematic viscosities, while Sc and Sct = 0.85 the
molecular and turbulent Schmidt numbers. Boundary conditions for the neutron flux equation are
standard reflective and void. For wall-bounded flows, in absence on any inflow, the only boundary
condition for Ci is no diffusive flux (n · ∇Ci = 0)

2.2.1. Spatial and temporal discretizations and solution of the linear systems

Discretization of Eq. (11) is done by the discrete ordinates method in angle and by the DG-FEM
in space. We refer to [14] for the standard approach. The diffusive and convective terms present
in Eq. (12) are discretized as described in Section 2.1.1. Both equations are implicitly discretized
in time adopting the BDF schemes described in Section 2.1.2. The resulting linear system can be
cast into the following block form:(

Aϕ Λ
F AC(u∗)

)(
ϕ
C

)n+1

=

(
bϕ
bC

)
, (13)

where Aϕ represents the discretization of the multi-group LBE, Λ the precursor decay in the LBE,
AC(u∗) the precursors convection, diffusion, and decay, and F is the precursor fission production
block. In PHANTOM-SN , the coupled system is solved by an asymmetric Krylov method (e.g.,
BiCGSTAB), with a physics-based preconditioning approach, where flux and precursor equations
are solved by a block Gauss-Seidel method. Precursors subsystems are solved with GMRES and
ILU preconditioner implemented in PETSc. The multi-group flux subsystem is solved with Gauss-
Seidel iterations (or a Krylov method with a Gauss-Seidel preconditioner), and the group fixed
source problems are solved with a Krylov method preconditioned with a directional sweep pro-
cedure; convergence of source iteration is enhanced by diffusion synthetic acceleration in highly
scattering media. We refer to [11] for more details about the solution of the multi-group problem.

2.3. Coupling Strategy and Cross Sections Treatment

Figure 2 displays the structure of the multi-physics code . In transient simulations, a loose-coupling
strategy is adopted, where PHANTOM-SN is called first and, after completion of a time-step,
DGFlows is called to handle the flow physics. Several data are exchanged between the codes,
once per time step: velocity and turbulent viscosity fields influence the precursors distribution, so



Figure 2: Structure of the multi-physics code.

they are exported from DGFlows to PHANTOM-SN ; fission power density is part of the energy
source in Eq. (1), so it follows the inverse route. DGFlows computes an average temperature on
each element and exports it to the routines in PHANTOM-SN devoted to the computation of cross
sections. Based on these temperatures, cross sections to be used in the LBE and in the precursors
equations are interpolated starting from a set of libraries at prescribed temperatures, generated by
Serpent or SCALE. In case only one library is prescribed, cross sections are corrected with density
and Doppler feedback, according to

Σr(T ) =

[
Σr(T0) + αr log

(
T

T0

)]
ρ(T )

ρref
, (14)

where T0 is the library reference temperature, which the Doppler coefficients αr are calculated at.
In steady-state simulations, the codes are iterated until sufficient convergence.

2.4. Meshes generation and handling

Both codes can handle structured or unstructured meshes with tetrahedra or hexahedra elements
(triangles or quadrangles in 2D), created with the open source tool Gmsh [15]. Starting from the
same “master” mesh, each code independently can perform a local, hierarchical refinement where
needed (e.g., near wall regions in DGFlows). This makes exchange of data easy through Galerkin
projection.

3. CODE VERIFICATION: THE CNRS BENCHMARK

Validation and verification of multi-physics codes for fast-spectrum MSRs is a challenging task,
given the lack of experimental data. Here, we present the results obtained performing the purpose-
made numerical benchmark developed at LPSC/CNRS/Grenoble [4,16]. Its goal is to test the
physics coupling capabilities of code systems, focusing on the specific features of the MSFR: fast
spectrum, strong density feedback, precursor drift. It adopts a step-by-step approach: (1) single
physics with only one-way coupling, (2) full coupling at steady-state, and (3) transient coupling, in
order to identify sources of discrepancy in the coupling of different physics. Sources of complexity
as 3D geometry, turbulent flow, and Doppler feedback are avoided.

Figure 3 depicts the domain of the problem: a 2 m x 2 m insulated cavity, surrounded by
vacuum, filled with molten salt at initial temperature of 900 K. A zero-velocity boundary condition



Figure 3: CNRS benchmark: 2 m x 2 m cavity domain. It is insulated, surrounded by
vacuum, and filled with molten salt at initial temperature of 900 K [4,16].

is imposed at all walls, except the lid, which moves at Ux (varying from 0 to 0.5 ms−1). Since all
walls are adiabatic, salt cooling is mimicked via an artificial heat sink Sh = h(T − Text), where
Text = 900 K and the volumetric heat transfer coefficient h is uniform and equal to 106 WK−1m−2.
Buoyancy effects are modeled through the Boussinesq approximation; all fluid properties are con-
stant in space and temperature independent. Neutron precursors are divided in 8 families, while
cross sections are provided for a 6-groups discretization; the latter are computed at the reference
temperature of 900 K and corrected only with the density feedback. Reactor power is normalized
to P , varying up to 1.0 GW (the steady-state steps are, in fact, criticality eigenvalue problems).
We refer to [4,16] for a complete description of the benchmark, as well as details regarding fuel
salt composition and thermophysical properties, cross-sections, and precursors fractions and decay
constants.

We discretized the domain into a 50x50 uniform structured mesh, without any local refinement,
approximating the velocity with polynomial order P= 2 and all other quantities with P= 1. These
options proved to ensure mesh-independent results. Since scattering cross sections were provided
up to order P3, we compared the results obtained with an S2 discretization, qualitatively close to
diffusion, and with a “full-transport” S6 one.

We present the results obtained for Step 1.5 of the benchmark: the fully-coupled, steady-state
solution is sought for P = 1 GW and Ux = 0, thus testing the code’s capabilities to reproduce
the effects of the natural convection induced by fission source. Figure 4 shows the velocity and
temperature fields obtained, together with the distributions of precursors belonging to a long-lived
and a short-lived family. They are in very good agreement with those reported in [4]. Table
1 reports the reactivity change with respect to the isothermal, static case for different values of
P . As expected, higher power levels correspond to higher values of ∆ρ, due to the increased
maximum temperature in the system; in fact, higher temperatures enhance salt expansion and
buoyancy, whose effect is to drive neutron precursors from the cavity center to regions of lower
neutron importance. Agreement with the values reported in [4] is good: for the maximum power
case, a maximum difference of 57.1 pcm is denoted for the S2 discretization and of 80.7 pcm for
the S6 one. In relative terms, the maximum mismatch is of 6.5% for the S2 discretization and of
8.4% for the S6 one (P = 0.4 GW case). This discrepancy is considered satisfactory taken into
account the differences in neutronics models (Transient Fission Matrix approach in [4]) and in



Figure 4: CNRS benchmark: fields obtained in Step 1.5 for S2 (top) and S6 (bottom)
discretizations. From left to right: velocity magnitude with streamlines (seeds sampled

uniformly along the AA’ line), temperature, short-lived and long-lived precursors.

Table 1: CNRS benchmark: Comparison of ∆ρ obtained in the steady-state coupled step.

ρ− ρstat (pcm)

Codes Power (GW)
0.2 0.4 0.6 0.8 1.0

TUD-S2 -263.7 -498.1 -731.1 -967.2 -1208.5
TUD-S6 -258.0 -487.8 -716.3 -947.9 -1184.4

CNRS-TFM [4] -278.3 -533.1 -780.7 -1024.3 -1265.2

Figure 5: CNRS benchmark: Comparison of Bode diagrams obtained in the transient
coupled step.



cross sections correction approaches (point-wise in [4]).

Finally, we show the results obtained for Step 2 of the benchmark, which tests the code’s capa-
bilities to capture the system response, in terms of gain and phase shift, to (small) perturbations
in the entire frequency space. Starting from the fully coupled stationary solution at P = 1 GW
and Ux = 1 ms−1, the volumetric heat transfer coefficient h is varied according to a sine wave of
frequency f ∈ [0.0125, 0.025, 0.05, 0.1, 0.2, 0.4, 0.8] Hz; the perturbation in the salt cooling leads
to a sinusoidal power trend induced by the negative density feedback coefficient. Figure 5 shows
the Bode diagrams of power gain and phase-shift we obtained, evaluated when the system reached
an asymptotic, periodic response after each perturbation. We chose the BDF2 scheme for temporal
discretization and a time step equal to 1/200 of the h-wave period. As expected, at low frequen-
cies, precursors can find an equilibrium at each instant, so the power follows the extracted one
(gain ≈ 1 and minimal phase-shift). At high frequencies, on the contrary, fast neutrons govern the
kinetics (due to the long precursors half-lives), but they cannot sustain the chain reaction, so there
is a reduction in the system response amplitude and the phase shift gets close to −90◦. Our results
are in excellent agreement with those reported in [4] (for different frequencies), with differences
limited to 5% for the gain and 4% for the phase-shifts.

4. CONCLUSIONS

This paper has presented a novel multi-physics code for liquid fueled fast reactors being developed
at TU Delft. A loose-coupling is realized between an SN radiation transport code and a RANS
solver. Both tools are based on the Discontinuous Galerkin FEM for space discretization, whose
advantages guarantee high accuracy of simulations, and implicit BDF time discretization.

In the absence of more realistic experimental data, the multi-physics tool was benchmarked against
a suitable numerical problem created at LPSC/CNRS/Grenoble. Excellent agreement is found
with results present in literature. Differences are limited to a few percent maximum, and are
mainly due to the different approach we adopt for correcting cross sections with the temperature.
In conclusion, the benchmark proved that the multi-physics tool is able to reproduce accurately
both the stationary and dynamic behavior of fast liquid fuel systems, with all their unique physics
phenomena. Therefore, the code can be used to simulate transient scenarios in the MSFR, to assess
the safety of the current design. For this purpose, the benefits of a more tight coupling between the
codes will be investigated.
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[4] A. Laureau. Développement de modèles neutroniques pour le couplage thermohydraulique
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[11] J. Kópházi and D. Lathouwers. “Three-dimensional transport calculation of multiple alpha
modes in subcritical systems.” Annals of Nuclear Energy, volume 50, pp. 167–174 (2012).
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