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Lay Summary

Many processes in nature appear to have a clear direction in time. Heat
flows from hot to cold, gases spread out, and ordered systems tend to become
disordered. At the microscopic level, however, the rules governing the indiv
idual components are often much more symmetric: the reverse evolution is
not impossible. This raises a natural question: how can irreversible behavior
on a large scale arise from microscopic dynamics that do not clearly prefer
one direction of time?

This thesis studies this question using simple models of spins. A spin can
be thought of as a small object that can be in one of two states: up or down.
When many spins are considered together, their average orientation is called
the magnetization. The first model studied in this thesis consists of many
spins that flip independently and randomly in time. A single spin behaves
unpredictably, but when the number of spins is very large, the average mag-
netization follows a predictable relaxation towards equilibrium. In this way,
deterministic macroscopic behavior emerges from microscopic randomness.

The thesis then studies what happens when the system behaves against
this typical relaxation. Such rare fluctuations are possible: the magnetization
may temporarily move away from equilibrium instead of towards it. However,
these events become extremely unlikely as the number of spins increases.
Large deviation theory provides a mathematical framework to estimate how
unlikely these rare events are. It also describes the most likely path followed
by the system when such an unlikely fluctuation occurs.

Finally, the thesis discusses what changes when spins are no longer in-
dependent, but interact with their neighbors. In the Ising model, spins can
form large ordered regions, separated by boundaries called interfaces. Rare
transitions are then not simply caused by many independent spin flips, but
by collective mechanisms such as the formation and growth of a small region
of one phase inside another.

The main message of this thesis is that macroscopic irreversibility does
not mean that the reverse microscopic evolution is impossible. Rather, in
large systems, trajectories opposing relaxation are overwhelmingly unlikely.



Summary

This thesis investigates how irreversible macroscopic relaxation can arise from
microscopic spin dynamics, and how rare trajectories opposing this relaxation
can be described quantitatively. The main model is an independent spin-
flip system of N spins, each taking values in {—1,+1} and flipping in time
according to an independent Poisson process.

Although the microscopic dynamics are symmetric, the empirical magne-
tization becomes deterministic in the thermodynamic limit. By the Law of
Large Numbers, it converges to m(t) = e=**'m(0), which describes relaxation
towards equilibrium. Fluctuations around this trajectory are of order N—1/2
and converge to a Gaussian process, identifiable as an Ornstein—Uhlenbeck
process started from zero.

Rare fluctuations beyond this Gaussian regime are studied using large
deviation theory. Fixed-time large deviation principles are derived in both
quenched and annealed settings, showing that atypical magnetizations are
more costly when the microscopic initial configuration is fixed. The analysis
is then extended to full trajectories of the magnetization. The pathwise
large deviation principle leads to a Hamiltonian and Lagrangian formulation,
where rare trajectories are selected as minimizers of an action functional.
For prescribed initial and final magnetization, these optimal trajectories are
computed explicitly.

Finally, the thesis discusses how this picture changes in interacting sys-
tems, using the two-dimensional Ising model as an illustration. Interactions
introduce domains, interfaces and metastability, so rare macroscopic irre-
versibility is no longer produced by independent spin flips, but the geometry
of the spins also plays a fundamental role.

The main conclusion is that reversed microscopic trajectories are not
impossible. Precisely, trajectories opposing macroscopic relaxation become
exponentially unlikely in the system size, and large deviation theory pro-
vides a framework to quantify both their probability and their most likely
realization.
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Introduction

One of the central questions of statistical physics is how irreversible
macroscopic behavior emerges from reversible microscopic dynamics. Al-
though the microscopic dynamics has no preferred direction in time, observ-
ables such as entropy, energy, density, or magnetization often relax deter-
ministically towards equilibrium. Understanding how this transition from
microscopic reversible randomness to macroscopic irreversible determinism
arises is a fundamental problem that bridges between probability theory and
statistical mechanics.

In this thesis, we study this phenomenon in the context of a simple
stochastic spin-flip model. We consider a system of N independent spins
taking values in {—1, 41}, where each spin flips randomly in time according
to an independent Poisson process. Although the microscopic dynamics is
entirely stochastic and reversible between the two spin states, the macro-
scopic magnetization shows a deterministic relaxation towards equilibrium
in the limit N — oo.

The magnetization therefore provides a natural observable through which
different probabilistic regimes can be studied. At the macroscopic scale,
randomness averages out and the system converges to an irreversible deter-
ministic evolution described by the Law of Large Numbers. At the fluctua-
tion scale, deviations of order N~'/2 around the deterministic trajectory are
governed by a Central Limit Theorem and converge to a Gaussian process.
However, these results only describe typical behavior and Gaussian fluctu-
ations around equilibrium. They do not capture rare trajectories in which
the system temporarily evolves against this macroscopic tendency, produc-
ing entropy-decreasing fluctuations that become exponentially unlikely as
N — oo. Describing such events requires the framework of large deviation
theory.

Large deviations provide asymptotic estimates for exponentially unlikely
events and allow us to study not only the probability of atypical fluctuations,
but also the associated optimal trajectories. In the pathwise setting, proba-
bilities of atypical trajectories are described through a cost functional, which



resembles the action in classical mechanics. This naturally leads to a Hamil-
tonian formulation, again in close analogy with classical mechanics. Optimal
fluctuation trajectories then arise as minimizers of the corresponding cost
functional.

This thesis studies how the magnetization of a reversible independent spin-
flip system exhibits deterministic relaxation in the thermodynamic limit, and
how rare trajectories opposing this relaxation are quantified by large deviation
theory.

We begin by introducing the independent spin-flip model and studying
the macroscopic behavior of the magnetization. The deterministic limit is
derived through the Law of Large Numbers. Fluctuations around this limit
are then investigated via the Central Limit Theorem.

Next, we study rare events through large deviation theory. We derive
fixed-time large deviation principles for the magnetization, distinguishing
between the quenched setting, where the initial microscopic configuration
is fixed, and the annealed setting, where one additionally averages over the
initial fluctuation. The analysis is then extended to trajectories, and the
associated pathwise large deviation structure is derived. This leads to a
Hamiltonian formulation and to the study of optimal trajectories reaching
atypical magnetization values.

Finally, we extend the discussion to interacting systems. In particular,
we explore the emergence of irreversible behavior in the two-dimensional
Ising model at low temperature. Through numerical simulations, we observe
phenomena such as spontaneous symmetry breaking and metastability.

Although the independent spin-flip model is highly simplified, its ana-
lytical tractability makes it possible to study the emergence of macroscopic
relaxation from microscopic stochastic dynamics in detail. In particular, the
model allows explicit characterization of deterministic evolution and fluc-
tuations around equilibrium, as well as the computation of large deviation
probabilities of trajectories along which the entropy decreases.



Chapter 1

Macroscopic dynamics and
fluctuations

1.1 The independent spin-flip model

We consider N independent spins o(t) = (o1(t),...,on(t)) with values
+1. Each spin i follows a Poisson clock N;(t). A Poisson clock with rate A
is a random clock whose ringing times are described by a Poisson process.
If N;(t) ~ Pois(At) denotes the number of rings up to time ¢, then the clock
rings on average At times during a time interval of length ¢. In our model,
each spin flips whenever its clock rings, and different clocks are independent.
At time t, we denote the value of each spin by

oi(t) = 0:(0) - (=1)N®, (1.1)

In the following proposition we state and prove some statistical properties
of the spins, useful for the coming derivations.

Proposition 1.1. The probability distribution of each spin value o; at time
t is given by

1 + 6—2>\t 1 o 6—2)\t
Plof) =oi0)] = e, Plot)= (0] =+ —. (12)
Furthermore, given the initial configuration o(0), the expected value and vari-

ance of each spin o;(t) at time t are given by



Proof. At time t, 0;(t) = 0;(0) if the spin undergoes an even number of flips,
so if N;(t) is even. Therefore, the probability can be written as

Ploy(t) = 0:(0)] = > P[Ni(t) = 2K].
Since N;(t) ~ Pois(At), we obtain

iP[Ni(t) = 2k] = ie/\t M = e M cosh (\t) =

1+ e 2M
25 (2h)]

2

For o;(t) = —0;(0), we simply take the complementary probability.
Recalling equation (1.1), we know that E[o;(t) | o(0)] = ¢;(0)- E[(—1)Y:®)].
Using the probability mass function of the Poisson distribution, we get
At)F
Eloi(t) | o(0)] = 05(0) - > _(-1)" G_M%'
k=0 '
Note that > 72 (=At)*/k! = e= by the power series definition of the expo-
nential. Therefore (1.3) holds.
The variance is calculated as E[o2(t) | o(0)] — (E[o;(t) | ¢(0)])*. Using the
derived expected value, this becomes 1 —02(0) e where 02(0) = (+1)? =

7

1. [l

[e.e]

The model is thus described microscopically by the configuration of spins
o(t). The microscopic transition is symmetric: each spin flips from +1 to
—1 and vice versa with the same rate. In this sense the microscopic dynam-
ics does not impose a preferred spin direction, and is therefore reversible.
However, irreversibility emerges at the macroscopic scale, as discussed in the
coming sections. We first define the magnetization, i.e. the average value of
the spins, and determine, as above, its expectation and variance.

Definition 1.1. For the proposed model, we define the magnetization my
as

N
1
my(t) = N;ai(t). (1.5)
Furthermore, define m(0) such that limy_o mn(0) = m(0), assuming the

limit exists.

Proposition 1.2. Given the initial configuration o(0), the expected value
and variance of the magnetization my at time t are given by

Elmn(t) | 0(0)] = 7> my(0), (1.6)
Var[my(t) | o(0)] = %(1 — e, (1.7)



Proof. Using linearity of the expectation, and substituting (1.3) and the
definition of my(0), we have

Bl (t) | (0)] = 1 S Blon(t) [ 00)] = 1 D2 en(0)e > = ey (0),

Similarly, using independence of the spins and additivity of variance for in-
dependent random variables:

Varlma(6) | 7(0)] = 3 3 Varlos(t) [ o(0)] = (1 = =),

Unless stated otherwise, the initial configuration o(0) is regarded as de-
terministic, and all probabilities and expectations are taken only over the
Poisson clocks driving the spin flips. Thus the results below should be read
conditionally on the chosen initial configuration.

It is also possible to randomize the initial configuration. In that case,
its distribution must be specified separately. A simple choice is to take the
initial spins independently, with

Ploi(0) =+1] =p,  Ploi(0) = -1] =1—p, (1.8)

for some p € [0, 1]. The initial magnetization is then itself a random variable,
rather than a fixed number. Later, this distinction between fixing the initial
configuration and averaging over random initial data will reappear in the
comparison between quenched and annealed descriptions.

1.2 The spin-flip model as a Markov process

The spin-flip dynamics introduced above are an example of a continuous-
time Markov process. Before applying this formalism to the model, we briefly
recall the main ideas of this theory. The purpose is not to develop the general
theory of Markov processes, but to introduce the language of semigroups and
generators, which provides a compact way of describing stochastic dynamics
and will later be used to derive the large-deviation Hamiltonian.

Let © be a finite state space and let {X;,t > 0} be a continuous-time
stochastic process with values in 2. The process is called Markovian if,
conditionally on the present state, the future evolution is independent of the
past. Thus the present state contains all information relevant for the future
probabilistic evolution.



In a finite-state Markov jump process, the system remains in a given
state for a random time and then jumps to another state. These jumps are
described by transition rates. If the process is in state z, the rate c(x,y)
gives the instantaneous tendency to jump from z to y, for x # y. The total
rate of leaving the state x is therefore

c(x) =) clz,y).

y#z

Rather than describing the process only through the random variable X,
it is often useful to describe how it acts on observables. An observable is a
function f : 2 — R. For a Markov process, the associated semigroup S; is
defined by

Sef () = E[f(X2) [ Xo = 2] = Eo [f(X)],

where [E, denotes expectation in the process starting from Xy = x. Thus
Sif is again a function on the state space: it gives the expected value of the
observable f at time ¢, as a function of the initial state.

The Markov property is reflected in the semigroup identity: S;isf =
Si(Ssf) = Ss(Sif) for all t,s > 0. Indeed, evolving first for time s and then
for time ¢, or vice versa, is probabilistically equivalent to evolving for the
total time ¢ + s.

The infinitesimal behavior of the semigroup is described by its generator.
For a finite-state Markov process, the generator L is defined by

t—0

or, equivalently, pointwise by

Lf(x) =lim

t—0

E, [f(X0)] - /()
t

Hence, Lf represents the instantaneous expected rate of change of the ob-
servable f. In particular, the definition gives the small-time expansion

Sif(x) = f(x)+t- Lf(x)+ o(t), as t — 0.

This formula is often the most useful way to interpret the generator: it
describes the first-order change in the expected value of an observable over
a very short time interval.

For a jump process with transition rates c(z,y), the generator can be
written explicitly as

Lf(x) =Y clz,y) [fly) = f(2)]. (1.9)

s



Each term has a direct interpretation. If the process jumps from z to y, the
observable f changes by f(y)— f(z), and this possible change is weighted by
the rate c¢(x,y) at which the jump occurs.

Since the state space is finite, the generator can be regarded as a finite-
dimensional linear operator acting on functions f : 2 — R. In this setting,
the semigroup is formally given by the exponential of the generator,

St = GtL.

Equivalently, for each observable f, the function S;f solves the evolution
equation

d
Zpouf = LS f = SiLf.

This is the backward equation for the Markov semigroup. It shows that the

generator plays the same role for a Markov process as the derivative plays

for a deterministic flow: it determines the time evolution infinitesimally.
We now apply this framework to the independent spin-flip model. The

state space is
Qy = {—1,+1}".

For a configuration o € Qy, let o denote the configuration obtained by

flipping the i-th spin:
0_7% _ —0y, j = i?
j . .
0y, J 7é 2.

In the independent spin-flip model, each spin flips at rate A, independently
of all other spins. Therefore, from a configuration o, the only possible jumps

are 0 — o' fori =1,..., N, and each such jump occurs with rate \. Hence
the transition rates are c(o,c0) for i = 1,..., N, with no other possible
transitions.

It follows from equation (1.9) that, for every observable f : Qy — R,

Luf(@) =AY [f(e') = f(0)]. (1.10)

This is the generator of the microscopic spin process. It encodes the stochas-
tic dynamics in infinitesimal form: for each spin, one computes the change in
the observable, i.e. the magnetization, caused by flipping that spin, and then
sums these changes with weight A. In the following chapter, this generator
viewpoint will be used to pass from the microscopic dynamics to an effective
Markovian description of the magnetization. The generator can already be
used to identify the infinitesimal drift of the magnetization.

10



Proposition 1.3. Let my(o) be the magnetization observable. Then
Lympy(o) = =2 mpy(0).
Consequently, for the process started from o(0),
E, [my (o(t))] = e*my(0(0)).

Proof. 1f the i-th spin is flipped, then only one term in the sum defining the
magnetization changes. Hence

my(o') —my (o) = 1 (—o; —0;) = —2](\7;.

Applying the generator to the observable my, we obtain

Lymy(o) = )\Z [my(c’) —my(0)]

N/ 20 1<

Using the backward equation for the Markov semigroup, we have

d
Eo [my(o(t))] = E, [Lymy (o(1))].

Substituting the identity just proved gives

d

ZBa lm (0(1))] = —2XE, [m(o(1))).

Solving this differential equation, with the initial condition my (o(0)) yields
the result above. O

This proposition gives an infinitesimal interpretation of the exponential
decay derived earlier from the Poisson-clock representation. At finite N,
the magnetization is still a random jump process, not a deterministic dif-
ferentiable curve. The law of large numbers will show that, in the large-N
limit, the random jumps average out and the magnetization itself follows the
corresponding deterministic relaxation.

11



1.3 Boltzmann entropy of the magnetization

The magnetization is a macroscopic observable: it summarizes the state
of the system by a single number, but it does not determine the full micro-
scopic configuration. Many different spin configurations may have the same
magnetization. This observation is central to the statistical interpretation
of irreversibility. Even if the microscopic dynamics do not prefer one sign of
the spin over the other, some macroscopic values of the magnetization can
be realized by vastly more microscopic configurations than others.

To make this precise, consider the state space Qy = {—1,+1}" and the
magnetization my(o).

Definition 1.2. For a given value m € [—1, 1], the Boltzmann entropy as-
sociated with the macrostate my (o) = m is defined as the logarithm of the
number of microscopic configurations realizing this macrostate, normalized
by the system size:

1
Sy(m) = Nlog#{a € Qn :my(o) =m}.

Thus Sy(m) measures the number of microscopic realizations of the
macroscopic value m on the exponential scale. A macrostate with larger
entropy corresponds to a larger number of compatible microscopic configu-
rations.

Proposition 1.4. The Boltzmann entropy, in the limit N — oo, is given by

1+m 1+m 1—m 1—m
S(m) = — 5 log( 5 )— 5 log( 5 ) (1.11)

Proof. Let Ny and N_ be the number of +1 and —1 spins, respectively. Then
N, + N_ = N, while the magnetization is m = (N, — N_) /N. Solving these
two equations gives

N(1+m)

Ni=— - N_ =
+ 9 )

N(1—m)
—

Therefore, fixing the magnetization is equivalent to fixing the number of +1
spins. The number of configurations with magnetization m is obtained by
choosing which N, of the N spins are equal to +1. Hence

#{o € Qn :my(0) =m} = <]\]>[+) = (N(gm))-

12



Consequently,
1 N
Sn(m) = N log (N(12+m)>-
For large values of NV, we use Stirling’s approximation. Writing

o 1+m
p'_ 2 I

we compute

%log (]3;) = % [log N! —log(Np)! —log(N (1 —p))!]

= %[NlogN—N— Nplog(Np)+ Np
— N(1 = p)log(N(1 = p)) + N(1 = p)] + o(1).

The linear terms cancel, and so do the terms with log N. This yields

%bg (]]V;) = —plogp — (1 —p)log(1 —p) + o(1).

Therefore (1.11) holds. O

The quantity eV5(™ gives the approximate exponential number of con-
figurations with magnetization close to m. Macrostates with larger entropy
are therefore overwhelmingly more numerous at the microscopic level. In
particular, the entropy is maximal at m = 0, where the fractions of positive
and negative spins are equal. At this point, S(0) = log 2.

By contrast, at the extreme values m = 1 and m = —1, all spins must be
aligned. Each of these macrostates corresponds to exactly one microscopic
configuration, and hence S(1) = S(—1) = 0.

This provides the first hint of macroscopic irreversibility. The values
m = 41 are highly ordered macrostates, realized by very few microscopic
configurations. The value m = 0, on the other hand, is realized by the
largest number of configurations and is therefore overwhelmingly typical.
Thus, although the microscopic dynamics are symmetric under the exchange
of +1 and —1, the macroscopic state m = 0 is statistically distinguished by
its entropy.

1.4 Deterministic macroscopic evolution

The entropy calculation identifies m = 0 as the overwhelmingly typical
macrostate, but it does not yet describe the dynamics by which the system

13



approaches it. To understand the emergence of macroscopic relaxation, we
now study the time evolution of the magnetization under the spin-flip dynam-
ics. Through the law of large numbers we show that, although the individual
spins evolve randomly, their empirical average becomes deterministic in the
limit N — oo. In the following theorem, the initial configuration ¢(0) is
assumed to be deterministic.

Theorem 1.1. Assume that the limit m(0) exists such that, as N — oo,
my(0) — m(0). Then, for every fized t > 0, as N — oo,

mu(t) = e *Mm(0) =: m(t).

Proof. Let t > 0 be fixed. We write

ma(t) = P m(0) = + 3 (0u(0) ~ E [(0)[0(0)])

Conditionally on ¢(0), the random variables
Xi(t) == 0i(t) = Eloi(t) | o(0)]

are independent, uniformly bounded and have expectation zero. Therefore,
by the strong law of large numbers for independent bounded random vari-
ables,

as N — oo. Hence
my(t) — e my(0) — 0.

Furthermore, by assumption, we know
e Mmn(0) — e *Mm(0).
We can write the following triangle inequality:
[m (t) — e m(0)] < [mn(t) — e *mu (0)] + eMmn (0) — e7**m(0)].

As N — o0, since both terms on the right-hand side go to zero, we prove the
convergence of my(t). O

We have shown that, as the number of spins becomes very large, the
randomness of the microscopic flips is no longer visible at the macroscopic
level, and the system exhibits a relaxation towards equilibrium. Figure 1.1

14
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Figure 1.1: Sample trajectories of the magnetization my(t) for N = 300,
obtained from a stochastic simulation of the spin-flip dynamics (A = 1), to-
gether with the deterministic limit m(t). The trajectories concentrate around
the deterministic curve, illustrating Theorem 1.1.

illustrates several simulated trajectories of the magnetization process my(t)
for finite N, together with the deterministic limit m(t). We observe that,
although individual trajectories exhibit stochastic fluctuations, they remain
concentrated around the deterministic path, in agreement with the law of
large numbers.

Remark 1.1. In the theorem above, the initial configuration is deterministic,
and the assumption is that my(0) — m(0) as N — oo. As anticipated
before, one may also choose the initial configuration randomly. If the initial
configuration is chosen randomly, then this assumption must be checked.

A sufficient condition is that the initial spins are independent and identi-
cally distributed. For example, suppose that (¢(0),...,on5(0)) ~ u?, where
@ is a probability measure on {—1,+1} satisfying

p(+1)=p,  p(=1)=1-p

Then the law of large numbers gives



Independence of the initial spins, however, is not necessary. For example,
one may choose the initial configuration uniformly among all configurations
with a prescribed number N, of positive spins. Then the spins are dependent,
since fixing the total number of +1 spins couples their values. Nevertheless
my(0) = (2N, — N)/N is fixed by construction. If this quantity admits the
limit m(0), the same deterministic trajectory holds.

1.5 Fluctuations around equilibrium

The law of large numbers explains the emergence of deterministic macro-
scopic behavior from reversible microscopic dynamics. However, it also sup-
presses the randomness that remains for large but finite systems. The vari-
ance obtained in equation (1.7) shows that the fluctuations of my/(t) around
its mean are of order N~1/2,

To quantify these fluctuations, we study the difference between the mag-
netization value at time ¢ and the deterministic value. Equivalently, we char-
acterize how far the magnetization is from the deterministic value at time t.
This is governed by the central limit theorem. Again, we consider a deter-
ministic initial configuration, assuming that m(0) exists. Note that, in this
setting, the spins evolve independently, but are not identically distributed,
as two spins 4, j with 0;(0) = +1 and 0,;(0) = —1 have different distributions.
However, since they are bounded, the central limit theorem still applies.

Theorem 1.2. Lett > 0 be fized. Define the scaled difference between my(t)
and e=*'my(0) as the random variable

Zn(t) = VN (my(t) — e P'my(0)) . (1.12)

Then, as N — oo, Zn converges in distribution to a normal distribution with
mean 0 and variance 1 — e~ In symbols,

Zn(t) B N (0,1—e ).

Proof. Let t > 0 be fixed. Conditionally on the initial configuration o(0),
define the random variables Y;(t) and the sum Zy(t) as follows:

Yi(t) = oy(t) — e 03(0), (1.13)
| N
In(t) = —=) Yi(t).
/v
Note that, by substitution, this definition is equivalent to equation (1.12).

16



Conditionally on ¢(0), the random variables Y;(¢) are independent. More-
over, recalling the expectation and variance from equations (1.3) and (1.4),
we have

E[Yi(t) | o(0)) = Efoi(t) | 7(0)] — ¢ *a3(0) =,
Var(Yi(t) | 0(0)) = Var(oy(t) | 0(0)) = 1 — e~ *.

Furthermore, the variables Y;(t) are uniformly bounded:
Yi)] < lou(t)] + e *¥]ou(0)] < 2.
Let
N
si=> Var(Yi(t) | o(0)) = N(1 — e ).
i=1

For every £ > 0, the condition |Y;(¢)| > esy is impossible for all sufficiently
large N, because |Y;(t)| < 2 while sy grows like v/N. Hence Lindeberg’s
condition[1, p. 137] is satisfied, and by the central limit theorem, as N — oo,

T 1, 0,

SN

Since sy = /N (1 — e=#M) this is equivalent to

N
\/Lﬁ 21@(7&) 2N (0,1 — ey,

By definition, the left-hand side equals Zy(t), therefore the theorem holds.
[

The fluctuations of the magnetization around its deterministic limit are
thus Gaussian, with mean 0 and variance 1 — e~#*. This variance increases
from 0 at ¢ = 0 to 1 in the stationary distribution, i.e. as t — oo.

To obtain a more complete description of the fluctuations, we extend the
analysis from a fixed time ¢ to the full time evolution, i.e. a domain [0, T7.
We have shown that the deviation from equilibrium at time ¢ is Gaussian.
To understand how these deviations evolve, we must keep track of their cor-
relations across time. We therefore consider the rescaled fluctuation process

En(t) = VN (mn(t) — e Xmy(0)),  t€[0,T7.

In the next theorem, we state that this process converges to a Gaussian
process £(t). For finite IV, the magnetization is piecewise constant: it remains

17



fixed between flips and changes only when one spin flip occurs. Thus its
paths are not continuous, but they are right-continuous and have left limits.
Therefore, the convergence of the fluctuation process is understood in the
path space D ([0,7]). This is the space of cadlag functions, i.e. functions
that are right-continuous and have left limits. We equip this space with the
Skorokhod topology, which is designed for convergence of paths with jumps:
two paths may be close if their jump times differ slightly, provided their
values are close after a small deformation of time. As before, the initial
configuration of the spins is deterministic.

Theorem 1.3. For any T > 0, as N — oo, {n converges in distribution to
¢ in D([0,T]), where £ is a centered Gaussian process with covariance, for
t,s €10, T], t > s, given by

]E[S(t)ﬁ(s)] _ e—2>\(t—s) _ 6_2)\(t+8).

Proof. In order to prove convergence in the path space D([0,77]), we com-
pute the covariance structure of £y, we apply the multivariate central limit
theorem, and we check tightness.

For t,s € [0,T], t > s, using the properties of the Poisson distribution,
we compute

Elo;(t)o;(s) | 0(0)] = E[(—1)NO=Nilo)] = =2A(=9),
Recalling equation (1.3), this yields
Covloi(t), o:(s) | o(0)] = e 2AE=5) _ = 2A(t+s),
Since the spins are independent, the covariance of £y is unchanged:
Cov[en(t), En(s) | 0(0)] = e”2A(E=9) — o= 2Mtts),

Now fix 0 <t¢; < --- < tg. Then
1N

En(tr), .- En(tr) = N Z(Yé(tl), L Yi(t)),

with Y; as defined in (1.13), and where the vectors (Y;(¢1),...,Y;(tx)) are
independent, uniformly bounded and with zero mean. By the multivariate
Lindeberg-Feller central limit theorem, as N — oo, we know that

(En(tr), .. Enltr)) 2 N(0,5),
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where X is the covariance matrix with entries

Eab — e*2)\|ta7tb| o 672/\(ta+tb).

[t remains to justify tightness in D([0, 7). We do not prove this technical
step in full, but appeal to the standard functional central limit theorem for
independent cadlag processes [2, ch. 7]. In the present setting the theorem
applies because, conditionally on the initial configuration,

E [(En(t) — &n(9))?] = Var(én(t) 4 Var(én(s)) — 2 Cov(En(t), En(s))
S OT('LL — S)

for some constant Cr > 0 independent of N.

Finally, we conclude that £y converges to & in distribution in the path
space D([0,77]), where £ is a centered Gaussian process with the covariance
derived above. O

This theorem characterizes the limiting fluctuation process mathemati-
cally, but it does not yet give much intuition for how the fluctuations evolve
in time.

Remark 1.2. The Gaussian process can be represented as the solution of a
stochastic differential equation known as the Ornstein—Uhlenbeck equation:

de(t) = —2XE() dt + 2V N dB,,

with initial condition £(0), and where B(t) is a standard Brownian motion.
Its explicit solution is

£(t) = e ME(0) + 2VA /0 t e 4B (u).

This representation separates the two mechanisms that determine the
limiting fluctuations. The first term, e 2*£(0), is the contribution of the
initial fluctuation. It is damped exponentially fast by the same relaxation
factor that appears in the law of large numbers. Thus, any initial deviation
from the deterministic trajectory is gradually forgotten. The integral term
represents the fluctuations created by the microscopic spin flips after time 0.
The factor e=2*¢=%) shows that a random perturbation produced at time u
still affects the system at time ¢, but its influence decays exponentially with
the time difference t — u. Recent noise therefore has a stronger effect than
noise generated far in the past.
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To check that this representation agrees with the covariance obtained in
the theorem, assume that £(0) = & ~ N (0,vp). For 0 < s < ¢, substituting
in the explicit solution gives

E[£(t)E(s)] = e~ %) Var[g,] +4)\/ o2\ (t—w) =2\ (5—) g,
0

_ U06_2>\(t+8) + 4)\6—2)\(15-1—5) /S €4>\u du
0

_ er—Z)\(t—i-s) + 6—2)\(t+s) (64)\3 . 1)
_ 6—2/\(t—s) + (UO o 1)6—2/\(t+s).

To obtain the same covariance as in the theorem, we must set vy = 0.
This means that &, is a degenerate Gaussian random variable centered at 0,
hence £(0) = 0. Indeed, as the initial spin configuration at time ¢t = 0 is
deterministic, there are no fluctuations.

Furthermore, observe that for vy = 1, we obtain a stationary process.
The covariance becomes e~ 2*t=%) and taking t = s gives variance 1. This
confirms the observation made after the central limit theorem, by taking the
limit t — oo.

1.6 Brief introduction to large deviations

The law of large numbers and the central limit theorem describe the typ-
ical behavior of the magnetization. The law of large numbers shows that
my(t) converges to the deterministic value m(t), while the central limit the-
orem describes fluctuations of order N=/2 around this value. However, these
results do not describe rare events in which the magnetization differs from
m(t) by an amount of order one. Such events are much less likely than
Gaussian fluctuations, and their probabilities typically decay exponentially
fast in the system size N. Large deviation theory provides the framework to
quantify this exponential decay [3, 4].

Definition 1.3. Let (Xy)n>1 be a sequence of random variables taking val-
ues in a topological space E. We say that (Xy)y>1 satisfies a large deviation
principle with speed N and rate function I : E — [0,00] if I is lower semi-
continuous and, for suitable sets A C F,

P[Xy € Al = exp (—N inﬁ](x)) .
TE
More precisely, for every closed set F' C FE,

1
limsupﬁlog]P’[XN € F| < —inf I(x),

N—oo zeF
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and for every open set G C F,

1
N S .
llNrrLlOIéf N logP [ Xy € G| > ;relgf(m)
The rate function I measures the exponential cost of observing a given value.
Points where I(x) = 0 correspond to typical values, while values with I(z) >
0 are exponentially unlikely as N — oo. Informally, we can write

P Xy ~ 2] < e M@,

This notation! means that the logarithm of the probability behaves asymp-
totically as —N1(x).

A standard way to obtain a large deviation principle is through the large
deviation free energy, defined as the limiting logarithmic moment generating
function. Suppose that the limit

.1 N6X
A(O) = ]\}g}noo N log I [¢™?*V]
exists for all # € R. Under suitable regularity assumptions, the Gartner-Ellis
theorem [3, Thm 2.3.6] states that X satisfies a large deviation principle
with rate function given by the Legendre transform of A:

I(x) = sup{fz — A(0)}.

0eR

Thus the free energy plays the role of a generating object from which the
exponential cost of rare values can be derived.

In the following section we apply this fixed-time large deviation framework
to the magnetization my(t).

1.7 Large deviations from the macrodynam-
ics

We first consider the quenched setting, which, as in most of the previous
results, takes a deterministic initial configuration ¢(0) and studies only the
randomness generated by the spin-flip dynamics. To better understand the
role of the initial condition, we also study the annealed setting, in which
the initial configuration is random, hence the spins at ¢ = 0 are identically
distributed and independent.

For clarity, the notation Xy a z is equivalent to | Xy — z| < & for some § > 0.
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1.7.1 Quenched setting

Throughout this subsection, probabilities are understood conditionally
on the deterministic initial configuration o(0).

Proposition 1.5. For fizedt > 0, in the quenched setting, the large deviation
free energy of my(t) exists and is given by

1

1 _
1+ m(O) Tm(o) log (COShe — e Mginh 9) )

AL (0) = — log (cosh 6 4+ e sinh ) +

where m(0) is the limit of my(0) for N — oo.

Proof. Recalling the probabilities from (1.2), we compute the moment gen-
erating function of o;(¢):

1 + e—2>\t 004(0) 1— 6—2)\1%

00’1'(?5) — (90'1'(0)
E[e } e 5 5

Note that, since 0;(0) = +1, we have e*%7:(®) = coshf + ¢;(0)sinh . Then
the moment generating function can be written as

E [eeai(t)} — cosh 6 + gi(())e’”‘t sinh 6.

We now compute the moment generating function of the magnetization, as
defined in (1.5), using the fact that each spin is independent:

N
H 690i (t)]
i=1

N N
= H]E [P D] = H (cosh @ + o;(0)e > sinh 6) .
i=1 ;

=1

E [eNGmN(t)} —F [eNQ.% Zﬁilai(t):| =FE

Taking the logarithm, we obtain the expression for A% :
X
AL (0) = I Z log (cosh 6 + 0;(0)e”*" sinh 6) .
i=1
It remains to take the limit N — co. Using the indicator functions

1+ 0,(0) 1—0;(0)
1, 00=1} = — 1, 0=-1) = —5
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we can split the sum in two terms as follows:

N
1 1 -
A?\,’t(e) =N Z ++Z(O) log (cosh 0 + e~ ginh 9)
i=1
N
L~ 1-ai(0) oni
+ = —log (cosh0 —e sinh 9) )

N i=1 2

Since the logarithmic factors do not depend on i, we rewrite,

1
AR (0) = +mTN(O) log (cosh @ 4+ e > sinh 6)
1— mN(O)
i 2

By assumption, my(0) — m(0). Hence, for every 6 € R, the free energy
A{(0) := limy_o A}, (0) exists and is given by the expression stated above.
[

log (cosh — e"*" sinh 6)) .

Theorem 1.4. For fized t > 0, the magnetization my(t) satisfies a Large
Dewviation Principle with speed N and rate function

I{(x) = Segulg{gl’ — A (0)}.

Equivalently,
P[my(t) =z | 0(0)] < e NF@),

Proof. Fixt > 0. By the previous proposition, the large deviation free energy
of my(t) is given by

A(0) = A}i_r}r;o%logE [eNOmv 0]
Note that since the spins take values in {—1, 1}, the random variables mx(t)
are uniformly bounded. Hence the moment generating functions are finite
for all § € R. Moreover, the function A is finite and differentiable on R.
Therefore, by the Gértner-Ellis theorem [3, Theorem 2.3.6], the sequence
(my(t))n>1 satisfies a Large Deviation Principle with speed N and rate func-
tion as

I{(x) = sup {0z — A{(0)}.

feR
That is, for suitable sets A C [—1,1],

T€EA

P[my(t) € A|o(0)] < exp (—N inf [tq(x)) :
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The rate function I}(x) quantifies the exponential cost of observing atyp-
ical magnetizations. Larger deviations from the deterministic trajectory cor-
respond to exponentially unlikely events.

To obtain more information about the rate function, we study the max-
imizer in the rate function I}!(x). Since A} is differentiable and convex, the
maximizer 0*(x) is characterized by the critical point equation

z = (M) (0" (x)).

An explicit expression for the optimizer and the corresponding rate function
is derived in Appendix A.

1.7.2 Annealed setting

In the quenched setting, probabilities are computed conditionally on the
initial configuration (0), so the large deviation behavior keeps memory of
the microscopic initial state. We now consider the annealed setting, in which
the initial spins are sampled independently with distribution given by

Ploi(0) = +1] =p,  Ploi(0) = -1] =1—p,

for some p € [0,1]. The probability measure therefore includes both the ran-
domness of the initial configuration and the subsequent spin-flip dynamics.
This additional averaging leads to a simpler and more explicit large deviation
functional.

Proposition 1.6. For fixedt > 0, in the annealed setting, the large deviation
free energy of my(t) exists and is given by

A" (0) := log (cosh @ + m(t) sinh 0) ,

where m(t) = e~ 2m(0), with m(0) = 2p — 1, indicates the deterministic
magnetization.

Proof. In the annealed setting, the initial magnetization is given by the law
of large numbers, since E [0;(0)] = 2p — 1 =: m(0). Recalling equation (1.2),
we obtain

1+ e—2>\t 1— 6—2)\15 1+ 6—2)\t m(o)
Ploi(t) =1 =p—— 4+ (1— - .
o) =1 =p (- :
Using the deterministic limit m(t) = e=* m(0), we get
1 t 1—mf(t
Ploi(t) = 1] = +Tm()’ Ploi(t) = —1] = ;n( )



Therefore,

1 t 1 —mf(t
_ m >60 + m )6_0 = cosh @ + m(t) sinh 6.

E[e'%i(t)]
2 2

Since the spins are independent, we have

N
E[eNemN(t)] =E [60 A ‘”(t)} = H E [60‘”(”} = (cosh 0 4+ m(t) sinh Q)N )

=1

Hence,
1
AP (0) = A}im i log E [N~ ()] = log (cosh  + m(t) sinh 0) .
—00

]

Theorem 1.5. For fized t > 0, the magnetization my(t) satisfies a Large
Deviation Principle with speed N and rate function

1) = sup{fr — A (6)).

0eR

Equivalently,

P[my(t) = 2] < e NE" @),

Proof. The proof is identical to that of Theorem 1.4. Indeed, the limiting
logarithmic moment generating function A" is finite and differentiable on R,
since the spins are bounded. The conclusion therefore follows directly from
the Gartner-Ellis theorem. O]

Proposition 1.7. For fized t > 0, the annealed rate function is given by
Ii™(z) = +oo for |z| > 1, and by

1+ 1+x 11—z 1—x
I'"(x) = 1 1 —_— 1.
) = o (s ) + g ow (1o ) for lel <

Proof. By the annealed Large Deviation Principle,

1) = sup {0 — A (6)}.

9eR
For |z| < 1, the maximizer 6*(z) satisfies * = (A%")" (§*). We compute

_ sinh@ +m(t)coshf  tanh6 + m(t)
~ coshf+m(t)sinhf 1+ m(t)tanh @’

(Af™)(0)
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Therefore,
tanh 6% + m(t)

YT m(t) tanh 6+

Solving for tanh %, we obtain

tanh 0% = oMy m(?) ,
1 —m(t)x

and hence

§*(z) = arctanh (%) .

Substituting this maximizer into the Legendre transform gives
I"(x) = 20" (z) — log (cosh 0" (x) + msinh 6" (x)) .

Using the identities

1 1 1
arctanh(z) = = log ( i Z) : coshf) = ——,
2 1=z V1 — tanh? 6
one obtains, after simplification, the desired expression. Finally, since my(t) €
[—1,1], values |z| > 1 are impossible, and therefore I"(z) = +oo for
|z| > 1. O

Remark 1.3. The annealed rate function can be recognized as the relative
entropy (Kullback-Leibler divergence) between two Bernoulli distributions
with parameters HT”” and HTm(t) Indeed, I{™(z) measures the exponential
cost of observing an empirical fraction of positive spins corresponding to
magnetization z, instead of the typical value m(t).

The minimum of the rate function is attained at x = m(t), where 1" (m(t))
takes value 0, reflecting that the typical macroscopic evolution carries no
large deviation cost. As x moves away from m(t), the rate function in-
creases, showing that atypical magnetizations become exponentially unlikely
as N — oo.

From a physical perspective, this entropy structure shows the loss of mi-
croscopic information in the annealed case: many microscopic spin config-
urations correspond to the same macroscopic magnetization, and the rate
function quantifies the entropic cost of an atypical macroscopic state.
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1.7.3 Comparison of the two regimes

We now compare the two cases. Since the quenched setting has a fixed
initial microscopic configuration, while the annealed setting benefits from the
randomness of the initial state, atypical magnetizations are expected to be
more costly in the quenched setting.

Remark 1.4. For every t > 0 and every = € [—1,1], the quenched rate
function is always larger than or equal to the annealed rate function:

Ii(x) = I (x).

Indeed, write

_ 1+m(0)
=—

A, = coshf + e M sinh 6,
A_ = coshf — e *sinh 6.

p

Then we have
A{(0) = plog Ay + (1 —p)log A_,

AF(6) = log (pA, + (1 - p)A_).

Since the logarithm is concave, Jensen’s inequality gives
plog Ay + (1 —p)logA_ <log(pA; + (1 —p)A_).
Taking Legendre transforms therefore yields

Ii(x) = glelﬂg{@x —A{(0)} = ggﬂg{@w —A(0)} = I ().

Finally, equality holds at the typical value x = m(t), where both rate
functions take value 0.

The inequality [/(x) > If™(x) shows that atypical magnetizations are
exponentially less likely in the quenched setting than in the annealed one.
In the annealed case, the randomness of the initial configuration contributes
to the fluctuation, increasing the number of microscopic configurations com-
patible with a given macroscopic deviation. By contrast, in the quenched
setting the initial configuration is fixed, so the deviation must be generated
entirely by the stochastic dynamics, leading to a higher large-deviation cost.

This difference becomes more pronounced for magnetizations far from
the typical trajectory m(t), where the system retains stronger memory of the
initial state. As illustrated in Figure 1.2, the two rate functions coincide at
the typical magnetization, where no large deviation occurs, and separate as
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Te(x)

the deviation from equilibrium increases. Furthermore, we also see that their
difference is zero at the deterministic value of the magnetization.

T T
- Quenched rate function — Difference quenched-annealed

Annealed rate function 051 — -~ Typical value m(t) = e~ m(0)
2.5 --- Typical value m(t) = e~%m(0) i

0.4
2.01

1.5 1

I8 (x) = 12"(x)

0.2 A
1.0 1

0.5 1 0.11

0.0 1 0.0 A

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
X X

Figure 1.2: Comparison of the annealed and quenched rate functions I;(z)
(left) and their difference Ij (z)—I7"(x) (right), for chosen m(0) = 0.9, ¢ = 0.5
and A = 0.1. The minimum occurs at the typical value m(t), where both
rate functions vanish. The quenched rate function is consistently larger, as
the additional constraint of the initial configuration increases the cost.

The results of this chapter describe three different scales of the same
macroscopic observable. At the scale of the law of large numbers, the mag-
netization converges to the deterministic relaxation m(t) = e=*'m(0). At
the scale of the central limit theorem, fluctuations around this relaxation are
Gaussian and of order N~™'/2. At the large-deviation scale, order-one devia-
tions from the typical magnetization become exponentially unlikely, with a
cost described by the fixed-time rate functions derived above.

However, the fixed-time large deviation principle only answers part of the
research question. It tells us how unlikely it is to observe an atypical magne-
tization at a prescribed time, but not how such a fluctuation is dynamically
realized. Different microscopic evolutions may lead to the same final value
of the magnetization. To identify the most likely macroscopic route to a
rare fluctuation, we must therefore pass from fixed-time large deviations to
a large deviation principle for entire trajectories.
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Chapter 2

Rare trajectories of the
magnetization

In this chapter, we study large deviations at the level of entire trajectories
of the magnetization process. This leads to a variational description in terms
of an action functional, analogous to the action in classical mechanics. The
corresponding Hamiltonian structure allows us to characterize the optimal
trajectories realizing rare macroscopic fluctuations [4].

2.1 Magnetization as a Markov process

We have already introduced the generator of the microscopic spin process.
Before formulating the pathwise Large Deviation Principle for the magneti-
zation, we first describe the Markov process relative to my.

Proposition 2.1. The magnetization process my(t) is a continuous-time
Markov jump process on

2 2
Ey=<-1,-14+—,....,1——,15%.
N { ) + N’ 9 N7 }
Furthermore, its generator Ly' acts on functions f : Ex — R as

1—m 1+m

Lafim) =N {f (m n %) - f(m)] avlim [f <m - %) - f(m)] .

Proof. Let f: En — R, and define a function F' on the microscopic config-
uration space by F(o) = f(my(c)). Using the microscopic generator from

'For clarity, the notation £ is used here for the generator of the magnetization Markov
process, to avoid confusion with the previously defined generator Ly of the spin process.
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equation (1.10), we obtain

N

LyF(o) =Y A[F(0') = F(0)],

=1

where ¢ denotes the configuration obtained from o by flipping the i-th spin.
If o; = —1, then flipping this spin increases the magnetization by 2/N, while
if o; = +1, it decreases the magnetization by 2/N. Therefore,

Hence
LuFlo) = AN |7 (m+ 5 ) = fm)| 4 AN |1 (= ) = )]
— i [f <m n %) - f(m)] pavin [f (m - %) - f(m)] .

Since the right-hand side depends on ¢ only through m = my(c), the mag-
netization process is a Markov process, with the given generator. O]

Remark 2.1. The fact that the magnetization itself is a Markov process is a
special feature of this model. Since the spins evolve independently, the jump
rates depend only on the current numbers of positive and negative spins,
which are completely determined by the magnetization.

In more general interacting spin systems, such as the Ising model with
nearest-neighbor interactions, the evolution of a given spin depends on the
local configuration of its neighbors [5]. In that case, two microscopic config-
urations with the same magnetization may evolve differently, and the mag-
netization alone is generally no longer a Markov process.

On the other hand, certain mean-field models still preserve this property.
For instance, in the Curie-Weiss model, the spin flips depend on the total
empirical magnetization. Then the induced dynamics of the magnetization
again form a closed Markov process, with different transition rates than the
ones above.
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2.2 From fixed-time to pathwise large devia-
tions

The fixed-time large deviation principle derived in the previous chapter
quantifies the probability of observing an atypical value of the magnetization
at a prescribed time. It gives an asymptotic estimate of the form

]P[XN =~ LE] = €7Nl(m).

To describe rare events dynamically, we need a large deviation principle on
path space [6]. Instead of assigning a cost only to a final value z, the pathwise
large deviation principle assigns a cost to an entire trajectory ¢ : [0,T] —
[—1, 1]. Informally, it has the form

P(my(:) = ¢(+)) < e~ Nlp,1)(0)

The functional Ijo 7y is called the action functional. It measures the exponen-
tial cost of observing the macroscopic path ¢. Typical trajectories have zero
cost, while atypical trajectories have positive cost.

For Markov jump processes, the action functional is obtained through a
Hamiltonian-Lagrangian structure. The starting point is the generator Ly
of the process for finite V.

Definition 2.1. For a test function ¢ : Exy — R, we define the nonlinear
generator of the magnetization

ieff\hp(m) Ly (eN9)(m).

Hyp(m) = N

The nonlinear generator in the limit N — oo gives a Hamiltonian H (m, p).
The variable m denotes the macroscopic state, while p is a conjugate variable.
The corresponding Lagrangian is then defined by the Legendre transform

L(m,v) = sup{pv — H(m,p)}.

peER

Here v represents the velocity of the macroscopic trajectory. The pathwise
rate functional is then given by

Tomy(6) = / L(6(t), d(1)) dt,

for sufficiently regular paths ¢.
This structure is analogous to the variational formulation of classical me-
chanics, where trajectories are selected by minimizing an action. In the
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present probabilistic setting, however, the action has a different interpreta-
tion: it measures the exponential cost of a fluctuation. Therefore, given an
initial magnetization m(0) = m, and a final value m(7") = z, the most likely
rare trajectory is expected to be the path minimizing I} 7y among all paths
connecting these endpoints.

2.3 Hamiltonian structure and large devia-
tions

We can now apply the structure explained above to the magnetization
process. Recalling the definition of the nonlinear generator Hy, we derive
the Hamiltonian.

Proposition 2.2. In our model, for smooth test functions p,
Hyp(m) = H(m,¢'(m))
as N — oo, where

1—m
2

14+m

H(m,p) = A (e* — 1)+ )\T(e_Qp —1). (2.1)

Proof. Substituting the generator of the magnetization process in the non-
linear generator definition gives

w152 o (3 s o1 3) )
g (s o))

Since ¢ is smooth, Taylor expansion around m yields

N (i () = olm) ) = 26/m) + O,

and v ((P (m - %) B go(m)) = —2¢'(m) + O(N7Y).

Therefore, as N — oo,

exp (N (gp (m + %) — ¢(m)>) — /(M)
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and

o (3o 3) )

Substituting these limits gives
1— / 1 ,
Hnp(m) — )\Tm (e%’ (m) _ 1) + A% (e‘w (m) _ 1> :

Writing p = ¢'(m), this is precisely the given Hamiltonian. ]

To describe the cost of trajectories directly in terms of the magnetization
m(t) and its velocity m(t), we introduce the associated Lagrangian, defined
as the Legendre transform of the Hamiltonian. An explicit expression of
the Lagrangian is derived in Appendix B. Recall that in Section 1.7, the
fixed-time rate function is derived from the Legendre transform of the large
deviation free energy. Similarly, in the following proposition, we compute
the pathwise rate functional from the Lagrangian.

Proposition 2.3. Under suitable regularity assumptions, the probability that
the magnetization trajectory my(t) remains close to a sufficiently reqular path
¢ :10,T] — [—1,1] behaves as

P(mn () = ¢()) < e Nomn(@),

where the rate functional is

Ior)(¢) = /0 L(g(t), d(t)) dt.

Proof. The rigorous derivation of Proposition 2.3 follows from the general
theory of large deviations for Markov processes developed by Feng and Kurtz
[6]. We restrict ourselves here to the formal structure of the resulting rate
functional. O

The rate functional g 71(¢) quantifies the exponential cost of observing a
trajectory ¢ of the magnetization process. Paths with smaller value of /iy 1y
are more likely to occur, while trajectories corresponding to large values
become exponentially unlikely as N — oo. We therefore expect that the
deterministic evolution, derived in Chapter 1, corresponds to the unique
trajectory with zero cost.

Proposition 2.4. For a given initial condition, the deterministic evolution
m = —2X\m, or, equivalently, m(t) = e=2m(0), is the unique trajectory with
zero rate functional.
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Proof. By definition of the Legendre transform, L(m,v) > pv — H(m, p) for
all p € R. Choosing p = 0 gives L(m,v) > —H(m,0) = 0, since H(m,0) = 0.
Equality holds precisely when v = d,H(m,0). Since

0, H(m, p) = M1 — m)e? — A(1+ m)e~,
we obtain 0,H (m,0) = —2Am. Therefore
L(m,—2Xm) =0,

and consequently the deterministic trajectory is the unique zero-cost path.

[]

Remark 2.2. The theory of pathwise large deviations naturally leads to a
structure formally analogous to classical mechanics, such as the concepts of
Hamiltonian and Lagrangian.

The variable m plays the role of a position coordinate, while the conjugate
variable p acts as a momentum. The rate functional I}y 11(¢) is analogous
to the classical action. Trajectories minimizing the rate functional satisfy
Hamilton equations associated with the Hamiltonian H(m,p). This is for-
mally the same variational structure that appears in classical mechanics,
where extremal trajectories arise from Hamilton’s principle [7].

Although the interpretation is probabilistic rather than mechanical, the
mathematical structure is the same [8].

2.4 Optimal trajectories

The pathwise Large Deviation Principle provides not only the probability
of observing atypical trajectories, but also a variational description of how
such fluctuations are dynamically realized. Since each trajectory is assigned
an exponential cost through the rate functional, rare events are expected to
occur through paths minimizing this cost. More precisely, given an initial
magnetization m(0) = mg and a final value m(7T) = z, we look for the path
¢ minimizing

Toy(6) = / L($(8), (1)) dt

among all sufficiently regular paths satisfying these boundary conditions.
The minimizers satisfy the Hamilton equations associated with the Hamil-
tonian H(m,p):
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For the spin-flip Hamiltonian this gives
m=A1-m)e —A(1+m)e ?,  p= Asinh(2p).

An explicit expression for the optimal trajectory is given in the following
proposition.

Proposition 2.5. Let m(0) = mg and m(T) = x. The trajectory minimizing

the pathwise rate functional is

mo sinh (2A\(T — t)) + x sinh(2\t)
sinh(2AT")

m(t) = : (2.2)

Proof. Optimal trajectories satisfy Hamilton’s equations, as stated above.
Differentiating the first equation for m gives

1 = —Ame? + 2\(1 — m)e*p — Mne ™ + 2\(1 +m)e *p
= —ri(e® + e ) +2Xp (1 — m)e* + (1 + m)e™ ).

After substituting the Hamilton equations for m and p and expanding the
two products, all terms cancel except the ones proportional to m. This
yields 7 = 4X\2m. Therefore the optimal trajectory satisfies the boundary
value problem

M = 4\’m, m(0) = my, m(T) = .
The general solution is
m(t) = Asinh(2\t) + B cosh(2At).
From m(0) = mg, we get B = my. Imposing m(7T) = z gives

g T Mo cosh(2AT)

sinh(2AT)
Hence h(2\T)
T — Mg COS )
m(t) = mg cosh(2Xt) + Shfh AT sinh(2At).
Using the identity sinh(a — b) = sinh(a) cosh(b) — cosh(a) sinh(b), this can be
rewritten as the desired expression. O]

To check whether this result is consistent, we set the endpoint to be
the typical value x = e 2" my. Then the optimal trajectory reduces to
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m(t) = e > my. Thus the deterministic relaxation is recovered as the zero-
cost optimal trajectory.

The explicit form of the optimal trajectories allows for a direct comparison
between the deterministic relaxation and the most likely paths associated
with atypical endpoints. Figure 2.1 shows several optimal trajectories for
different prescribed final magnetizations. The trajectories are qualitatively
described in the following remark.

4 = = deterministic e=%Atmy
optimal, x =0.80

= optimal, x =0.20

4 = optimal, x =-0.40

= = deterministic e~?'mq
optimal, x =0.80

- optimal, x =0.20

= optimal, x = —0.40

0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5

Figure 2.1: Optimal trajectories of the magnetization for different prescribed
endpoints z at time 7' = 3, with A = 1, compared with the deterministic
relaxation m(t) = e ?'mg. Left: starting from mo = 0.8, the trajectories
initially follow the deterministic decay toward equilibrium before deviating
to reach the prescribed endpoint. Right: starting from equilibrium (mgy = 0),
the optimal trajectories remain close to zero for most of the interval and only
deviate significantly near the final time.

Remark 2.3. The optimal trajectories initially remain close to the determin-
istic relaxation and only deviate significantly when necessary to reach the
chosen endpoint. This reflects the dissipative nature of the dynamics: main-
taining an atypical magnetization over a long time carries a larger cost than
producing the fluctuation near the final time.

In particular, when the system starts close to equilibrium, as in the right
plot of Figure 2.1, the optimal trajectories remain near equilibrium for most
of the interval before deviating near the final time. If the chosen T is large
enough, for any starting value my, all optimal trajectories first converge to
the deterministic evolution.
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2.5 Gaussian structure of the optimal trajec-
tories

The explicit form of the optimal trajectories suggests a connection with
Gaussian relaxation processes. To clarify this structure, we compare the spin-
flip model with the Ornstein—Uhlenbeck process, whose optimal fluctuation
trajectories satisfy the same second-order equation [9, 10]. This reveals that,
although the Hamiltonian in our spin-flip model is nonlinear, the minimizing
trajectories coincide with those of a Gaussian process.

Definition 2.2. The Ornstein—Uhlenbeck process is the stochastic process
X (t) satisfying the stochastic differential equation

dX(t) = —kX(t) dt + odW (L), (2.3)

where £ > 0 is the relaxation rate, ¢ > 0 determines the strength of the
noise, and W (t) is a standard Brownian motion.

The deterministic drift term —xX () drives the process exponentially
toward equilibrium, while the stochastic term odW (t) produces Gaussian
fluctuations around this relaxation. We now repeat the derivation of the
optimal trajectory for this process.

Proposition 2.6. For the Ornstein—Uhlenbeck process, the optimal trajectory
connecting ©(0) = xy to (1) = xr satisfies

i = K’z
Therefore it is given by

e Tosinh(k(T —t)) + zpsinh(kt)
(1) = sinh(kT)

Proof. The generator of the Ornstein—Uhlenbeck process is
2
L:—m@+%@.

Applying L to e/ gives
el = N el QfeNf: (Nf”—l—N2(f’)2) e,

Hence . ) )
e ML) = f + T+
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Taking the limit N — oo, we obtain the Hamiltonian

0.2

H(z,p) = —kap + 5 p".

Hamilton’s equations are
i = 0,H(z,p) = —kx + 0”p, p=—0.H(x,p) = kp.
Differentiating the first equation and substituting p = kp gives
&= —ki+ o’kp = —K(—kx + 0°p) + 0’kp = K.
Therefore the optimal trajectories satisfy
i = K, z(0) = o, z(T) = xr.
Solving this boundary value problem yields

zosinh(k(T — t)) + @7 sinh(kt)

() = sinh(kT)

O

Remark 2.4. The optimal trajectories of the Ornstein—Uhlenbeck process
have the same form as the ones obtained in equation (2.2) for the spin-
flip model. Indeed, the spin-flip trajectories satisfy m = 4\?m, while the
Ornstein—Uhlenbeck trajectories satisfy # = x2x. Thus, the two boundary
value problems coincide for k = 2)\. Equivalently, the expressions for the
optimal trajectory coincide.

This coincidence should not be interpreted as saying that the spin-flip
large deviation principle is Gaussian. The Ornstein—Uhlenbeck Hamiltonian
is quadratic, whereas the spin-flip Hamiltonian is non-quadratic. The agree-
ment occurs at the level of the minimizing trajectories, not at the level of
the full rate functional.

The Ornstein—Uhlenbeck process already appeared in the fluctuation the-
ory developed in section 1.5. There, after centering around the deterministic
magnetization and rescaling by v/N, the fluctuation process converged to an
Ornstein—Uhlenbeck process.

This comparison shows that the same structure also emerges at the level
of optimal large-deviation trajectories. Thus the Ornstein—Uhlenbeck pro-
cess plays a double role in the spin-flip model: it describes both the typical
Gaussian fluctuations around equilibrium and the geometry of the optimal
trajectories realizing rare fluctuations.
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We conclude that rare macroscopic fluctuations are not realized through
arbitrary stochastic evolutions, but through highly structured optimal trajec-
tories determined by a variational principle. Although the underlying spin
dynamics are random and microscopically reversible, the Large Deviation
Principle selects specific trajectories which correspond to atypical macro-
scopic behavior.
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Chapter 3

Beyond the independent
spin-flip model

In the previous chapters, the independent spin-flip model provided a set-
ting in which the emergence of macroscopic irreversibility could be studied
explicitly. Because the spins evolve independently, the empirical magnetiza-
tion forms a closed Markov process. This allowed us to derive its determin-
istic relaxation, describe its Gaussian fluctuations, and formulate a pathwise
Large Deviation Principle in terms of a one-dimensional Hamiltonian and
Lagrangian.

This tractability, however, is also a limitation of the model. The indepen-
dent spin-flip system contains no spatial structure, no energetic interaction
between neighboring spins, and no mechanism for the formation of domains
or interfaces. Rare trajectories of the magnetization can therefore be under-
stood as atypical outcomes of many independent local spin flips. In more
realistic interacting systems, this picture is no longer sufficient.

The purpose of this chapter is to examine what changes when interactions
are introduced. We use the two-dimensional Ising model as a qualitative
extension of the independent spin-flip model. The aim is not to develop a
full pathwise large deviation theory for the Ising model, but to identify the
new mechanisms that appear once spins influence one another.

3.1 From independent spins to interacting sys-
tems
The analysis in the previous chapters relied on a special property of the

independent spin-flip model: the empirical magnetization is itself a closed
Markov process. Indeed, once the value of my(t) is known, the number of
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positive and negative spins is determined, and therefore the rates at which
the magnetization jumps upward or downward are also determined. This
closure allowed us to pass from the microscopic spin dynamics to an effective
one-dimensional Markov process for my(t).

This property is no longer available in general interacting spin systems.
When the flip rate of a spin depends on its neighbors, the future evolution
is not determined by the magnetization alone. Two microscopic configura-
tions may have the same magnetization but very different spatial structures.
For instance, one configuration may consist of a nearly random mixture of
positive and negative spins, while another may contain two large ordered
domains separated by a short interface. Although these configurations have
the same value of my, they have different energies and different numbers
of energetically favorable spin flips. Their subsequent evolution is therefore
different.

The introduction of interactions therefore changes the mechanism behind
both deterministic relaxation and fluctuations. In the independent model,
relaxation towards equilibrium is essentially homogeneous: it results from
the averaging of many independent spin flips, and rare deviations can be
interpreted as atypical collective outcomes of these independent local events.
In an interacting model, by contrast, relaxation may proceed through the
formation, growth, and motion of spatial structures such as domains and
interfaces. Domains are spatial regions in which many neighboring spins
are aligned in the same direction, forming locally ordered 41 or —1 phases.
Interfaces are the boundaries between such domains, where neighboring spins
of opposite sign meet. Rare trajectories may then require the creation of
energetically costly geometric objects, rather than only an atypical number
of spin flips.

3.2 The two-dimensional Ising model with Glauber-
type dynamics

To illustrate the effect of interactions, we consider the two-dimensional
ferromagnetic Ising model on a square lattice [11]. Each lattice site i carries
a spin g; € —1, 41, and neighboring spins interact through the Hamiltonian

H(o)=~JY oi0;~hY o,
(:4) i

where J > 0 is the ferromagnetic coupling strength, h is an external mag-
netic field, and (7, j) denotes nearest-neighbor pairs. The first term favors
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alignment of neighboring spins, while the second term favors alignment with
the external field.

The dynamics considered here are of Glauber type [12]. This means
that the system evolves by single-spin flips: at each update, one spin is
selected and may be flipped according to a probability depending on the
corresponding change in energy. In contrast with conservative dynamics,
such as Kawasaki dynamics, the total magnetization is not preserved. This
makes Glauber dynamics a natural interacting analogue of the independent
spin-flip model studied in the previous chapters.

If the spin at site ¢ is flipped, the resulting configuration is denoted by
o', and the corresponding energy difference is

AH;(o) = H(¢") — H(o).

For the Ising Hamiltonian above, this energy difference is determined only
by the spin o;, its nearest neighbors, and the external field. Explicitly,

AH;(0) = 20; <J > o+ h) ,

j~i

where the sum is over the nearest neighbors of . Thus the flip probability
is no longer independent of the surrounding configuration: a spin aligned
with most of its neighbors is less likely to flip at low temperature than a spin
located near an interface.

In the simulations below, Glauber-type dynamics is implemented using
the Metropolis acceptance rule [13]. At each attempted update, a lattice site
is chosen uniformly at random. If flipping the spin lowers the energy, the flip
is accepted. If it increases the energy by AH; > 0, the flip is accepted with
probability e #2# where 3 = 1/T is the inverse temperature. Equivalently,
the acceptance probability is

P, [0; = —0;] = min{1, e P2}, (3.1)

This dynamics is reversible with respect to the Gibbs distribution associated
with the Ising Hamiltonian.

The simulations were performed on a square lattice of size L x L with
periodic boundary conditions. Periodic boundary conditions reduce bound-
ary effects by identifying opposite edges of the lattice, so that each spin has
four nearest neighbors. One unit of simulation time is taken to be one Monte
Carlo sweep, consisting of L? attempted single-spin updates. During the
simulation, both the magnetization my (o) and the energy per spin H(o)/N
are recorded.

The numerical procedure can be summarized as follows:
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1. Initialize an L x L spin configuration.

2. Choose a lattice site ¢ uniformly at random.

3. Compute the energy difference AH; = H(o") — H(o).

4. Accept the flip if AH; < 0.

5. If AH; > 0, accept the flip with probability e #2:

6. Repeat this procedure L? times for one Monte Carlo sweep.

7. Record the magnetization and energy, and continue for the desired
number of sweeps.

The purpose of these simulations is not to perform a systematic numer-
ical study of the Ising model, but to illustrate the qualitative mechanisms
introduced by interactions. In particular, they show how relaxation and rare
transitions are shaped by spatial structures such as domains and interfaces,
which are clearly absent from the independent spin-flip model.

3.3 Domain formation and collective relax-
ation

We first consider the Ising model with zero external field, h = 0, starting
from a disordered initial configuration in which the spins are chosen inde-
pendently with equal probability of being 41 or —1. This initial state has
magnetization close to zero, but it is not an equilibrium configuration at
low temperature. Indeed, below the critical temperature, the ferromagnetic
interaction favors ordered phases in which most spins are aligned.

The qualitative behavior depends strongly on the temperature. For the
two-dimensional Ising model on the square lattice, the critical temperature
is given by Onsager’s exact solution [14],

2.J
T, = .
kglog(l+ v/2)

In the units used in the simulations, we set J = kg = 1, and therefore
T. ~ 2.27. We compare a low-temperature evolution with 7" < T, to a
high-temperature evolution with 7" > T..

At low temperature, neighboring spins tend to align and the system pro-
gressively develops ordered regions, the domains. The boundaries between

(3.2)
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domains are the interfaces. Interfaces contain neighboring spins of oppo-
site sign and therefore contribute positively to the energy. As the dynamics
evolves, the system lowers its energy by reducing the total length of these
interfaces. This produces a coarsening process in which small domains dis-
appear and larger domains grow.

This mechanism is fundamentally different from the relaxation observed
in the independent spin-flip model. In the independent model, each spin
evolves without regard to its neighbors, and the deterministic relaxation of
the magnetization results from averaging many independent random flips. In
the interacting Ising model, by contrast, the evolution is spatially organized.
A spin located inside a large aligned domain is unlikely to flip at low tem-
perature, because doing so would create several disagreeing neighbor pairs.
A spin near an interface, however, may flip more easily if this shortens the
boundary between domains. Relaxation is therefore driven not only by the
number of positive and negative spins, but also by their spatial arrangement.

This collective mechanism is visible in Figure 3.1. Starting from a dis-
ordered configuration, the low-temperature dynamics produces increasingly
large domains. The system does not relax through independent local fluctu-
ations distributed uniformly across the lattice, but through the motion and
elimination of interfaces. At high temperature, thermal fluctuations domi-
nate over the aligning interaction, and stable macroscopic domains do not
form. The system remains disordered on large scales, and the magnetization
fluctuates around zero.

t=150000 t=300000 t=500000
- = . — -

Figure 3.1: Time evolution of the two-dimensional Ising model starting from
a disordered initial configuration. Top: low-temperature dynamics, where
ferromagnetic interactions dominate thermal fluctuations and large ordered
domains progressively emerge. Bottom: high-temperature dynamics, where
thermal fluctuations prevent long-range ordering and the system remains
macroscopically disordered.
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Magnetization my(t)

The same distinction appears in the macroscopic observables shown in
Figure 3.2. At low temperature, the energy per spin decreases as neigh-
boring spins become increasingly aligned and the total interface length is
reduced. The magnetization moves away from its initially small value as one
of the two ordered phases becomes dominant. Since A = 0, the Hamiltonian
is symmetric under the global transformation o; — —o;. The choice of a
positive or negative final magnetization is therefore not imposed by an ex-
ternal field, but selected dynamically from the initial fluctuations. This is an
example of spontaneous symmetry breaking.
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Figure 3.2: Macroscopic magnetization and energy per spin during the low-
temperature evolution of the Ising model. The system progressively relaxes
towards an ordered magnetized phase. As neighboring spins align and do-
mains form, the system evolves towards lower-energy configurations.

It is an important point that the relaxation is no longer described by a
closed deterministic equation for the magnetization alone. The magnetiza-
tion records the average spin, but it does not record the amount of interface
or the geometry of the domains. Two configurations may have the same mag-
netization and very different energies, depending on whether the spins are
randomly mixed or organized into large domains. Interactions therefore turn
macroscopic relaxation into a collective spatial process. This is precisely the
feature that is absent in the independent spin-flip model and that becomes
essential when studying rare trajectories in interacting systems.

3.4 Metastability as rare trajectories

The previous sections show that interactions make relaxation a collec-
tive spatial process. This becomes especially important when studying rare
transitions. In the independent spin-flip model, an atypical trajectory of the
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magnetization is produced by an unlikely collective outcome of many inde-
pendent spin flips. In the interacting Ising model, rare transitions are instead
shaped by the formation and growth of spatial structures. Metastability pro-
vides a clear example of this difference.

Metastability occurs when the system remains for a long time in a state
that is locally stable but not globally stable [15]. In the Ising model, this
can be observed at low temperature in the presence of a small external field.
Suppose, for instance, that h > 0, so that the positively magnetized phase
is energetically favored. If the system is initialized close to the negatively
magnetized phase, then it is not at equilibrium. Nevertheless, at low tem-
perature it may remain trapped near this negatively magnetized state for a
long time. The reason is that leaving this state requires a sufficiently large
collective fluctuation.

The transition does not occur by spins flipping independently and uni-
formly throughout the lattice. Instead, small droplets of the stable phase
appear due to thermal fluctuations. We call droplet a small connected region
of spins belonging to one phase inside the opposite phase. Most of these
droplets disappear quickly: if a droplet is too small, the energetic cost of
creating its boundary is larger than the energetic gain obtained by align-
ing its spins with the external field. Only when a droplet exceeds a critical
size does it become favorable for it to grow. After such a critical droplet has
formed, the stable phase expands rapidly and the system undergoes a sudden
macroscopic transition.

From the large-deviation perspective, the formation of this critical droplet
is the rare event that enables the transition. The system does not need to
create the final stable phase all at once. Instead, it must first overcome
an energetic barrier by producing a spatial fluctuation of the right size and
shape. Once this barrier has been crossed, the subsequent growth of the
stable phase is comparatively likely and proceeds through interface motion.

The metastable transition is illustrated in Figure 3.3. The system is
initialized close to the negatively magnetized phase while the external field
favors positive magnetization. For a long time, the system remains near the
metastable state. During this period, small positive droplets may appear and
disappear. Eventually, a sufficiently large droplet forms. Once this happens,
the positively magnetized phase invades the system and the magnetization
changes rapidly. The observed trajectory therefore consists of a long waiting
time followed by a sudden transition.

46



0.25 A

0.00 A

—0.25 A

Magnetization m(t)

—0.50 1

—0.75 A

—1.00 A

0 500 1000 1500 2000 2500 3000
Monte Carlo sweep

Figure 3.3: Metastable transition in the low-temperature Ising model under
a weak external field favoring positive magnetization. The system is initial-
ized close to the negatively magnetized phase and once a sufficiently large
critical droplet is formed, the positively magnetized phase rapidly invades
the system, leading to a sudden macroscopic transition.

In the independent spin-flip model, rare trajectories are costly because
many independent random events must collectively produce an atypical mag-
netization. In the interacting Ising model, rare trajectories are costly because
the system must create spatial structures that overcome interface and energy
barriers. Thus metastability shows that, in interacting systems, large devi-
ations are not only about how far the magnetization moves away from its
typical value, but also about the geometric mechanism through which this
movement is realized.

3.5 Consequences for the thesis question

The interacting Ising model is an example that the large-deviation pic-
ture developed for the independent spin-flip model captures only part of the
general mechanism behind rare macroscopic trajectories. In the independent
model, the empirical magnetization is a sufficient macroscopic variable: its
evolution is Markovian, its deterministic relaxation can be derived explicitly,
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and rare trajectories can be described through a one-dimensional Hamilto-
nian and Lagrangian structure.

Once interactions are introduced, this simplification is no longer available.
The magnetization remains an important observable, but it does not contain
enough information to determine the future evolution of the system. Spatial
organization becomes relevant. Domains, interfaces, and droplets affect both
the energetic cost and the dynamical realization of a fluctuation.

This suggests that, for interacting systems, a more complete large-deviation
description should involve richer macroscopic variables than the total mag-
netization. Possible choices include empirical density profiles, which record
how the spin distribution varies in space, or variables describing the geome-
try of interfaces between phases. In metastable regimes, one may also need
to describe the formation and growth of critical droplets, since these objects
determine the transition from a metastable phase to the stable one.

A natural direction for further study would therefore be to replace the
scalar magnetization my(t) by a spatially resolved observable. For example,
instead of recording only the average spin over the whole lattice, one could
study an empirical magnetization profile that assigns a local average magne-
tization to each region of space. Such a description would retain information
about domains and interfaces, and could provide a more suitable framework
for pathwise large deviations in interacting systems.

Another possible direction is the study of metastable transition times.
In the independent spin-flip model, rare trajectories are described through
an action cost for paths of the magnetization. In the low-temperature Ising
model, the relevant rare event is the formation of a critical droplet. A quan-
titative theory would aim to estimate the exponential scale of the expected
transition time and to characterize the most likely transition mechanism.
This would connect the pathwise large-deviation viewpoint of Chapter 2 with
the theory of metastability in interacting particle systems.

The main lesson is that the independent spin-flip model is not merely a
toy model, but an exactly solvable reference case. It shows how macroscopic
irreversibility and rare trajectories can be quantified. The interacting Ising
model then reveals what must be added in more realistic systems. Thus, while
the reverse microscopic evolutions remain possible, the way in which they
become exponentially unlikely depends strongly on the microscopic structure
of the model.
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Conclusion

The aim of this thesis was to understand how irreversible macroscopic re-
laxation can arise from microscopic spin dynamics, and how rare trajectories
opposing this relaxation can be described quantitatively. The independent
spin-flip model provided a tractable setting in which this question could be
answered explicitly.

The first main result is that the magnetization becomes deterministic
in the thermodynamic limit. Although each spin evolves randomly and re-
versibly, the magnetization converges to the trajectory

m(t) = e”*'m(0),

which relaxes irreversibly towards equilibrium. This shows how a preferred
macroscopic direction in time can arise from symmetric microscopic dynam-
ics: the randomness of individual flips averages out, while the overwhelm-
ing number of microscopic configurations near zero magnetization drives the
macroscopic relaxation. Around this deterministic limit, fluctuations of or-
der N=/2 converge to a Gaussian process, which can be identified with an
Ornstein—Uhlenbeck process started from zero. Thus, the typical behavior
of the system is described by deterministic relaxation, with Gaussian fluctu-
ations around it.

Large deviation theory then gives a description of fluctuations beyond
the Gaussian regime. Order-one deviations of the magnetization from its
deterministic value occur with probabilities that are exponentially small in
N, and the corresponding exponential cost is described by a rate function.
A distinction appears between the quenched and annealed settings. In the
quenched setting, the initial microscopic configuration is fixed, so an atypical
magnetization at a later time must be produced entirely by the stochastic
dynamics. In the annealed setting, the initial value of each spin is Bernoulli
distributed, giving the system an additional source of fluctuation. This leads
to the inequality

19(5) > I (),

with equality at the typical value x = m(t). The comparison shows that
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rare macroscopic fluctuations retain information about how the microscopic
initial condition is treated.

The fixed-time large deviation principle describes the cost of ending at
an atypical magnetization, but not the way in which such a fluctuation is
reached. The pathwise large deviation principle fills this gap by assigning
an action cost to entire magnetization trajectories. In this formulation, the
limiting nonlinear generator gives rise to a Hamiltonian, while the associ-
ated Lagrangian defines the rate functional. Rare trajectories are therefore
selected by a variational principle: among all paths connecting prescribed
endpoints, the most likely one minimizes this action. For the considered
model, these optimal trajectories can be computed explicitly and satisfy the
same second-order equation as the optimal paths of an Ornstein—Uhlenbeck
process with relaxation rate 2. This agreement should not be interpreted as
saying that the full spin-flip large deviation principle is Gaussian. It shows
that the geometry of the minimizing trajectories has a Gaussian relaxation
structure, even though the full Hamiltonian remains non-quadratic.

The final chapter shows why the independent model should be viewed
as a tractable starting point rather than a complete picture of macroscopic
irreversibility. In the two-dimensional Ising model, interactions introduce
spatial correlations, domains and energy barriers. As a result, relaxation is
no longer a homogeneous averaging process, and rare macroscopic transitions
are no longer realized by independent local flips. In interacting systems, the
relevant large-deviation cost cannot be captured by the final magnetization
alone, but must also depend on the spatial organization of the spins.

Taken together, these results show that macroscopic irreversibility does
not arise because the microscopic reverse trajectories are impossible. They
remain possible, but their probability becomes exponentially small in the
system size. Large deviation theory makes this statement quantitative: it
identifies both the exponential cost of rare entropy-decreasing fluctuations
and the most likely trajectories through which such fluctuations occur.

A limitation of the present analysis is that the pathwise large deviation
structure was derived explicitly only for the independent spin-flip model,
where the magnetization is itself a Markov process. In interacting systems
such as the Ising model, the magnetization alone does not generally contain
enough information to determine the future evolution. A natural contin-
uation would therefore be to study large deviations for richer macroscopic
variables, such as empirical density profiles or interfaces, which can capture
the spatial mechanisms responsible for metastable transitions.

Thus, large deviation theory does not contradict microscopic reversibility.
Instead, it explains how irreversible macroscopic behavior emerges statisti-
cally: trajectories opposing relaxation remain possible, but their probability
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is exponentially suppressed, and their most likely realization is shaped by
the microscopic structure of the model.
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Appendix A
Explicit expression of the
quenched rate function

In this appendix, we derive an explicit expression for the quenched rate
function I}'(x) introduced in Section 1.7.1. To reduce notation, we neglect the
superscript ¢ in the quenched rate function and moment generating function.

The rate function is defined through the Legendre transform

Ii(x) = sup{fz — Ay(0)},

6eR
where

m(0)

1 1—
= +—m(0) log (Cosh 6 + e 2 sinh 0) —|—T

Au(b) = =

log (COSh 6 — e 2 sinh 9) )
The maximizer 6*(z) is determined by the critical point equation x =

Aj(6). Introducing u = tanh 6, this equation can be rewritten as

(1 —e M)y + e Mm(0)(1 — u?)
1 — 42 )

Tr =

This leads to the quadratic equation

(e — e m(0)) v* + (1 — e ™) u+ (e7*Mm(0) — z) = 0.
Solving for u, and selecting the branch such that v*(z) = 0 when x = m(t) =
e~ 2A'm(0), we obtain

2 (z — e"*Mm(0))

u*(x) = .
(2) 1— e—4M 4 \/(1 — e P02 1 4o (1(0)2 + 22) — de M (1 + e P )m(0)z

The rate function is then given by

1 +m(0)
2

1—m(0)
2

1
Li(z)==x arctanh(u*)+§ log(1—(u*)?) log(14+e~My*)— log(1—e~2My*)

)

o4



which yields the explicit expression, with the notation mg for m(0):

2 (z — e >Mmy) )

I;(x) = x arctanh Y — i3 5 =T —
1—e +\/(1fe )2 + 4e (mg + 22) — 4e (I+e Ymox

2
1 2 (z — 672>‘tm0)
+ =log| 1— >
2 1 — e—4rt ¢ \/(1 _ 6—4At)2 I 44t (mo i $2) _ 46—2,\15(1 4 e—4>‘t)m0x

2 (2 — e~Mmo) )

L+mo —2xt
N log| 1+e At N2 IN (172 1 2 Y; IbY;
2 L —e 4 4 /(1 — e~ )2 4 4= (m2 + 22) — de=2M (1 + e~ P)mgx

tmmo, (o 2 (@ — &)
- ogll—e .
2 1— e 4 /(T — e D02 1 de= N (m2 + 22) — de~ 2V (1 + e M )mox

Although this expression is fully explicit, its complexity limits a direct
interpretation. The implicit formulation via the Legendre transform is often
more suitable for analytical purposes, while the explicit form can be useful

for numerical evaluation.
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Appendix B
Explicit expression of the
Lagrangian

In this appendix, we derive the corresponding explicit expression for
L(m,v), as defined in Section 2.3.

Let 1 1+
—m m
L A L

“ 5 2

Then the Hamiltonian can be written as
H(m,p) = a(e® —1) +ble”* —1).

To compute the Legendre transform, we maximize pv — H (m, p) with respect
to p. The maximizer satisfies v = 0,H (m, p). Since

O H(m, p) = 2ae* — 2be ",
the optimal value p* is determined by
v =2ae® — 2be ",

Introducing y = €2, we obtain the quadratic equation

2b
v=2ay — — = 2ay’—vy—2b=0.
Y

Since y > 0, the relevant solution is
v+ Vo2 + 16ab
4a '

Substituting the values of a and b, we have

16ab = 4)\*(1 — m?),
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and therefore

c v+ 4N (1 —m?)

2p
‘ oA (1 — m)
Hence
2L AN (] — 2
p*zllog v+ /02 +4X2(1 — m2) .
2 2A(1 —m)

We now evaluate the Legendre transform at this maximizer. Let

D(m,v) = /v2 4+ 4X2(1 — m2).

Using the relation v = 2ae®” — 2be™2"", one obtains

ae?’ = L(m,v), b2 — M
4 4
Therefore,
* * D
H(m,p*) = ae® +be ™ —a—b= (7;’”) -\
Consequently,

L(m,v) =p*v — H(m,p"),

which gives

v v+ /024 4N (1 — m2) 1~ 5 5
L(m,v)—§log< N —m) —5\/1) +4X2(1 —m?) + \.

Although this expression is explicit, it is not particularly transparent.
For this reason, the main text works mostly with the Hamiltonian and the
Legendre-transform definition of the Lagrangian. The explicit form above is
useful mainly when one wants to evaluate the pathwise cost Ijr(¢) directly.
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Appendix C
Spin-flip dynamics in an
external field

In the independent spin-flip model studied throughout the thesis, positive
and negative magnetizations are dynamically equivalent. The deterministic
relaxation is symmetric around zero magnetization, and rare fluctuations
towards positive and negative values carry the same large-deviation cost.
We now briefly discuss a simple extension in which this symmetry is broken
through the introduction of an external magnetic field.

The purpose of this appendix is to illustrate how a preferred macroscopic
direction modifies both the deterministic relaxation and the geometry of rare
fluctuations.

Each spin 0;(t) € {—1,41} evolves as an independent continuous-time
Markov process with transition rates

co(—=1,+1) = xe’",  c(+1,-1) = Ae

where A > 0 is the flip rate parameter, 5 > 0 is the inverse temperature,
and h € R denotes the external magnetic field. For h = 0, the symmetric
spin-flip model studied in this thesis is recovered.

Proposition C.1. [In the presence of an external field, the magnetization
process my(t) is a continuous-time Markov jump process on

2 2
En=<-1,-14—,...,1——.1,.
N { ) _'_Na 9 Na}

Its generator L% acts on functions f : Exy — R as
1-— 2
10w = 2N 7 (2 = )

+ Ae—ﬁhNHTm [f <m — %) — f(m)] .
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Proof. A flip from —1 to +1 increases the magnetization by 2/N, while a
flip from +1 to —1 decreases it by 2/N. If the magnetization equals m, then
the fractions of negative and positive spins are (1 — m)/2 and (1 + m)/2,
respectively. The corresponding jump rates are therefore

2 1—
m—m+ ¥ at rate )\eﬁhNTm,

and 2 14
m— m — N at rate )\e_ﬁhNTm.

Substituting these jumps into the generator yields the stated expression. [

Using the nonlinear generator
1 — m
[Hygl(m) = 55" L (™) (m),
one obtains the limiting Hamiltonian.

Proposition C.2. The limiting Hamiltonian associated with the magneti-
zation Process is

1—m 1+m

H" (m, p) = Ae™" .

(e — 1) + Ae PP (e —1).

Proof. Substituting the generator into the nonlinear-generator definition gives

velm) = 2L fexp (3 (6 (m+ 2 ) — 0w} ) - 1]
e (o (e 2) )]

Since ¢ is smooth,

¥ (8 (mo+ ) = om)) =26 m) + O
V(o (m= %) - o)) = —20m) + 0N,
Taking the limit N — oo yields
H'(m,p) = A L @ 1) e T e ),

where p = ¢'(m). O
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The deterministic macroscopic evolution is recovered through
m = 0,H"(m,0),

which gives
m = A’ (1 —m) — Ae™P"(1 4+ m).

Equivalently,
m(t) = —2A cosh(Bh) (m(t) — tanh(Sh)) .

Hence the magnetization no longer relaxes towards 0, but towards the

shifted equilibrium
my, = tanh(SGh).

The corresponding Hamilton equations are

= AP (1 —m)e? — Xe P (1 +m)e 2,
p = Asinh(2p) cosh(5h) — A cosh(2p) sinh(SBh).
As in the symmetric case, the optimal trajectories can be obtained ex-

plicitly from these equations. Their qualitative behavior is illustrated in
Figure C.1.

mo=0.8 me=0

m(t)

0.41

0.2

0.0 A

—-0.24

—0.44

] » | = = deterministic relaxation, ms = tanh(gh)
~— optimal, x = 0.80
= optimal, x =0.20
4 = optimal, x=-0.40

0.6

= = deterministic relaxation, m, = tanh(gh)

~— optimal, x = 0.80
= optimal, x =0.20
- optimal, x=-0.40

®

0.0 05 1.0

Figure C.1: Optimal trajectories of the magnetization under an external
field, for different endpoints x at time 7' = 3, with A = 1. The deterministic
evolution now relaxes towards the shifted equilibrium magnetization m, =
tanh(Bh). Trajectories ending at magnetizations opposed to the field require
increasingly large deviations from the deterministic relaxation.



As a consequence of the external field, large fluctuations aligned with the
field are naturally facilitated by the dynamics, whereas fluctuations against
the field must overcome the deterministic drift towards the preferred equilib-
rium. The large-deviation structure therefore becomes asymmetric, reflecting
how symmetry breaking modifies the geometry of rare fluctuations.

Although the qualitative structure of the optimal trajectories remains
close to the symmetric case, the external field provides a simple example in
which the macroscopic relaxation is no longer only entropically driven, but
also biased by an energetic preference favoring one orientation of the system.
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