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Field data of armour damage in mound breakwaters is scarce, and experimental testing methods usually neglect
the influence of pre-existing damage on subsequent damage increments. This study proposes a probabilistic
framework, based on a dataset of 44 cumulative damage experiments, to estimate long-term damage
progression in a full-scale, non-overtopped, cube-armoured mound breakwater located in the depth-induced
wave breaking zone. A Gaussian copula-based Bayesian network is constructed to model the multivariate
relationships between existing armour damage (S,), the increment of armour damage (4S,), the dimensionless
water depth at the toe of the structure (h,/H,,), wave steepness (H,,/L,), and the stability number (N,).
Each variable is modelled with a univariate parametric distribution, enabling inference of probabilities for
values not directly observed in the experimental dataset. Model validation includes testing the Gaussian copula
assumption, which is deemed a reasonable model, and assessing the defined graph with satisfactory results.
The model is conditionalized using a historical wave dataset to generate synthetic damage curves, which are
subsequently used to quantify a gamma process to model the survivability of the structure along its design
life. A case study of a hypothetical breakwater with D, =2 m close to the port of Tarragona (Spain) illustrates
the methodology. According to the results of the model, the probability of observing a dimensionless damage
S, > 5 corresponding to Initiation of Destruction after 10 years is 0.29. Overall, the obtained results are
deemed conservative; this could be caused by the use of data from 2D experiments which do not take into
account oblique wave attack. However, the approach is adaptable to other datasets with additional variables,
breakwaters in different conditions or with other configurations, and can also be used in combination with
simulations of synthetic wave data, making it relevant under changing climate conditions.

1. Introduction forces that displace individual armour units. A major challenge in

assessing the armour damage in mound breakwaters is the limited

Mound breakwaters play a critical role in protecting ports and
coastal zones from waves and storms. Therefore, they are pivotal for
the functioning of harbours and thereby the economic development
of coastal regions (Haralambides, 2017). These structures are contin-
ually subjected to harsh environmental conditions, which can become
increasingly extreme due to the effects of climate change (Vousdoukas
et al, 2018; IPCC, 2023). In addition, many existing breakwaters
are approaching or have surpassed their design life, raising concerns
about their future performance and structural integrity (Medina, 2024).
Therefore, further tools are needed to better assess the life cycle of these
structures under changing loading conditions.

Hydraulic stability of the armour layer of mound breakwaters is con-
sidered one of the main failure modes during their design phase (Bur-
charth and Liu, 1995). This failure mode is driven by wave-induced
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availability of reliable field data from port structures, particularly with
respect to long-term damage progression and breakwater failure (All-
sop et al., 2010). Recent advances in non-invasive and cost-effective
monitoring techniques, such as aerial imagery (Henriques et al., 2024),
LIDAR scanning (Puente et al., 2014), and automated visual inspection
with 3D RGB-D cameras (Musumeci et al., 2018), are promising for
improving data collection and monitoring of stability. However, it can
take decades to observe meaningful levels of degradation. Laboratory
experiments can overcome this limitation by enabling controlled test-
ing under accelerated conditions. Consequently, traditional design of
breakwaters has relied heavily on empirical or semi-empirical formu-
lations derived from small-scale physical model tests (e.g. Hudson,
1959; van der Meer, 1987; USACE, 2002; CIRIA/CUR/CETMEF, 2007).
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Specifically for double-layer randomly-placed cube-armours, recently
empirical investigations have been performed on low-crested struc-
tures (Yuksel et al., 2025), on structures with high-density cubes (Yuk-
sel et al., 2022) or berms in the front slope (Yuksel et al., 2020), and
in depth-limited breaking wave conditions for non-overtopped (Mares-
Nasarre et al., 2022) and overtopped structures (Mares-Nasarre et al.,
2021).

A limitation of physical experiments is that the number of possible
tests in an experimental campaign is finite, limiting the validity of the
results to the tested experimental ranges. In addition, Scaravaglione
et al. (2025b) pointed out that a significant uncertainty remains in
experimental results that may arise from variability in incident wave
conditions, structural characteristics (packing density or armour unit
placement, between others) and damage quantification methodologies,
as well as from scale effects when translating laboratory results to full-
scale conditions. Given the uncertainties inherent in wave loading and
structural response, probabilistic methods are increasingly introduced
to model wave-structure interactions (e.g. Castillo et al., 2012; Mares-
Nasarre et al.,, 2024b; Mares-Nasarre, 2025). These models allow to
incorporate the randomness and uncertainty directly into the design
processes.

Experiments on the hydraulic stability of the armour layer of mound
breakwaters are usually conducted by accumulating damage of experi-
ments with increasing wave heights (e.g. Mares-Nasarre et al., 2022;
Herrera et al.,, 2017) or by rebuilding the structure after each test
run (e.g. van Gent et al., 2003; Scaravaglione et al., 2025a). However,
as Martin-Hidalgo et al. (2014) and Marzeddu et al. (2020) pointed
out, damage evolution is also affected by the sequence of events in a
storm. That is, the damage that the structure already presents when
facing an incoming wave storm influences the damage that such a
storm will produce on the breakwater (Castillo et al., 2012; Lira-Loarca
et al., 2020). Thus, further research should address how laboratory data
obtained with the usual experimental methods can be used to assess the
long-term degradation of a full-scale breakwater over its lifetime.

Stochastic processes have been widely proposed to model infrastruc-
ture deterioration with the aim to support maintenance planning and
decision-making. Markov models are the most common due to their
assumption of independent increments and their simplicity (Norris,
1997). Markov processes can be either discrete-time (Markov chains) or
continuous-time (e.g. Gamma process) processes. Armour damage de-
terioration is a continuous process in time, monotonic and irreversible,
as the structure does not recover on its own after suffering damage. The
gamma process has been proposed to model such type of processes, for
instance for the erosive degradation of river groynes (Mares-Nasarre
et al.,, 2024a) or the reduction of height in dikes along their life-
time (van Noortwijk, 2009). It is a continuous stochastic process in time
with an infinite number of small, positive, monotonic jumps, making
it suitable to model continuous degradation with random fluctuations.
Other examples of its application are (cavitation) erosion (Chatenet
et al., 2021), concrete creep (Cinlar et al., 1977) or crack growth (Guida
and Penta, 2015).

Traditionally, these stochastic processes are quantified using multi-
ple historical records of the evolution of degradation. However, since
such data is scarce in mound breakwaters, it might be unavailable
or insufficient, and if sufficient, it may not be representative of the
future performance of the structure considering the current context of
potentially changing climatic loadings. Therefore, there is a need for
models that can generate historical damage records using laboratory
data and use these to quantify a stochastic process, thereby incor-
porating uncertainty in both the damage evolution process and the
influencing environmental factors. To the authors’ knowledge, there is
no such methodology for mound breakwaters in the scientific literature.

Bayesian Networks (BNs) have been widely used to model proba-
bilistic relationships and deterioration (e.g. Straub, 2009) in the field
of structural reliability. BNs are graphical models that represent con-
ditional dependencies among variables and can incorporate both ob-
served data and expert knowledge. Gaussian copula-based Bayesian
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Networks (GCBN) are continuous BNs that build the joint distribution
in bivariate pieces using Gaussian copulas, thus separating the marginal
distributions from their dependence structure (Hanea et al., 2006,
2015). The assumption of using Gaussian copulas is advantageous
since it allows modelling high-dimensional systems at relatively low
computational costs. Furthermore, once a GCBN is established, it is
possible to estimate the distribution of a set of variables given the
values of other variables are known through inference. Examples of
the application of GCBNs in Civil Engineering are the modelling of
the hydraulic boundary conditions during hurricane flood risk anal-
ysis in a coastal watershed (Sebastian et al., 2017), the characteri-
zation of the spatial variability of corrosion depths in ageing steel
bridges (Barros et al., 2024), the modelling of weigh-in-motion loads
in bridges (Mendoza-Lugo et al., 2022) and the estimation of the mean
overtopping discharge on mound breakwaters (Mares-Nasarre, 2025).

This study aims to propose a probabilistic framework to generate
synthetic damage curves of mound breakwaters quantified with labo-
ratory data from cumulative damage experiments and that accounts for
the dependence between the existing damage of the structure at a given
time, the loading variables, and the produced increment of damage.
These synthetic curves are later used to quantify a gamma process to
assess the long-term survivability of the mound breakwater. To do so, a
Gaussian copula-based Bayesian Network (GCBN) is proposed to model
the joint distribution of the loading variables, the pre-existing damage
in the armour, and the increment of damage generated by the loading
variables. The GCBN allows for the generation of synthetic time series
of damage that are later used to quantify the gamma process. This
framework uses as input experimental data from physical model tests
of cumulative damage of non-overtopped cube-armoured breakwaters
in the depth-induced breaking zone reported in Mares-Nasarre et al.
(2022). Therefore, the proposed framework can be applied to similar
datasets in the literature (e.g. Herrera et al., 2017; Gémez-Martin and
Medina, 2014). This paper has the following structure. Section 2 de-
scribes the experimental data used to develop the probabilistic model.
Section 3 gives an overview of the proposed methodology. The model
is constructed and validated in Section 4 and its application is shown
using a case study of an idealized breakwater close to the port of
Tarragona in Section 5. The results are discussed and conclusions are
drawn in Section 6.

2. Dataset and selection of variables

This section describes the experimental data used to construct the
probabilistic framework to model armour damage evolution and defines
the explanatory variables used.

2.1. Description of experimental data

This research makes use of the physical model tests described
in Mares-Nasarre et al. (2022) which were conducted in the wave flume
of the Laboratory of Ports and Coasts at the Universitat Politécnica de
Valencia (LPC-UPV), measuring 30 m x 1.2 m x 1.2 m. Fig. 1 depicts
the longitudinal cross-section of the LPC-UPV wave flume.

Experiments were carried out to assess the armour damage evo-
lution of randomly-placed cube-armoured mound breakwaters. Fig. 2
shows the cross-section of the breakwater model. The model consists
of a core (D,5, = 0.68 cm), a filter layer (D,s, = 1.78 cm), a rock toe
berm (D,5, = 2.47 cm), and an armour layer comprising two layers of
randomly-placed cube armour units (D, = 3.97 cm) with an armour
slope of cota = 3/2 and an initial packing density of @, = 1.18. D,5,
is the nominal stone diameter or equivalent cube size, whilst D, is the
nominal diameter of the armour unit (D, = M /p where M is the mass
and p is the mass density of the rock).

Test series were conducted with different combinations of water
depth at the toe of the structure (h;) and wave steepness (s, =
H,o/L,, where H,, = 4(my)" is the spectral significant wave height,
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Fig. 1. Longitudinal cross-section of the wave flume (dimensions in metres), where m denotes the bottom slope.
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Fig. 2. Cross-section of the tested mound breakwater model (dimensions in centimetres), where D, and D,s, are the nominal diameter of the armour unit and

stones, respectively, and A, is the water depth at the toe of the structure.

my is the zeroth-order spectral moment, L, = ng2 /2x is the deep-
water wave length, g is the gravitational acceleration, and T, is the
peak wave period): 2 (m) = 0.2 with 50, = 0.02 & 0.05; h,(m) = 0.3
with sy, = 0.02, 0.03 & 0.05; and A (m) = 0.4 with 55, = 0.05. In
each series, tests were started with H,,, in the wave generation zone
of approximately 8 cm that generated no damage to the structure.
H,,, in the wave generation zone was increased in increments of 1 cm
between test runs. Tests were stopped when initiation of destruction
occurred or wave breaking took place in the wave generation zone.
Each test run consisted of 1000 random waves generated following a
JONSWAP spectrum (y = 3.3). After each test run, the armour damage
was quantified.

Thirteen wave gauges were placed at various positions along the
wave flume to measure the surface elevation, as shown in Fig. 1. S1-S4
were placed in the wave generation zone to separate incident and
reflected waves; S5-S12 were located near the model; and S13 was
placed behind the model to observe the water level at the rear side.
Since it is not possible to separate incident and reflected waves in
the depth-induced breaking zone, the SwanOne model was applied to
estimate wave characteristics (7, and H,,) at a distance of 3h, from
the structure, following recommendations by Herrera et al. (2017).

In Mares-Nasarre et al. (2022), the armour damage was quantified
using the dimensionless armour damage parameter (S,), as defined
by Broderick (1983):

Ae
Se=— (€)]
DnSO

where A, is the eroded area. A, was calculated using the Virtual
Net method proposed by Gémez-Martin and Medina (2006). In this
method, the upper layer is divided into strips of a constant width
and length. The damage in each strip (S;) is calculated and then S;
is integrated over the entire slope. The Virtual Net method accounts
for damage generated from both the extraction of armour units and
changes in the armour porosity such as Heterogeneous Packing (HeP).
HeP refers to the failure mode caused due to the packing density of the
armour layer being reduced near and above the mean water level and
increased below it (Gomez-Martin and Medina, 2014). This mechanism

is particularly relevant for cube armour units due to their preferred
face-to-face orientation (Mares-Nasarre et al., 2022). Photographs were
taken before and after each test run to document the damage.

In addition to the quantitative description of armour damage,
Mares-Nasarre et al. (2022) also characterized the damage qualitatively
following the four qualitative damage levels for double-layer mound
breakwaters defined in Losada et al. (1986) and Vidal et al. (1991),
being:

1. Initiation of Damage (IDa): a few armour units are removed
from the upper layer and holes of approximately the size of a
single armour unit become visible;

2. Initiation of Iribarren Damage (IIDa): a large area of the upper
layer is damaged and therefore units from the bottom layer start
to be lost;

3. Initiation of Destruction (IDe): the filter layers becomes visible
due to extraction of elements from the bottom layer;

4. Destruction (De): elements are removed from the filter layer.

Mares-Nasarre et al. (2022) quantified the corresponding levels of
damage for this dataset and found that S,(IDa) = 0.6, S,(IIDa) ~ 1.7
and S,(IDe) = 5. For further details on the validation of the wave
analysis and further information about the armour damage analysis,
the reader is referred to Mares-Nasarre et al. (2022).

2.2. Selection of (dimensionless) variables

A selection of variables to include in the probabilistic framework is
made, incorporating both the environmental conditions and properties
related to the structure. The objective is to construct a model that is
as simple as possible whilst accounting for the most relevant variables.
The considered variables are defined as:

+ Dimensionless armour damage at a given time, S, (-), defined
in Eq. (1). S, has been reported to influence the increment of
damage that the structure experiences due to a subsequent storm
in studies such as Castillo et al. (2012) or Lira-Loarca et al.
(2020).
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+ Increment of armour damage, AS, (-), defined as the difference
of S, between subsequent measurements, here representing the
effect of 1000 waves of a wave storm characterized by H,,, and
Tp.

Dimensionless water depth, h,/H,, (-). This random variable

has been reported as significant to quantify armour damage in

depth-limited conditions in studies such as Mares-Nasarre et al.

(2022). This ratio has also been used to indicate whether waves

are depth-limited (Ngrgaard et al., 2014).

Dimensionless wave steepness, s, = H,/Lo, (-). The steepness

influences the type of wave breaking on the structure slope and

can be found in different studies and empirical formulas to com-
pute armour damage (e.g. van der Meer, 1988; van Gent et al.,

2003; Sande et al., 2018).

Stability number, N, = H,,,/(4D,) (-), introduced by Hudson

(1959), where 4 = (p — p,)/p,, is the relative submerged mass

density of armour units, being p the mass density of the armour

units and p,, the mass density of the sea water. The stability
number is one of the most common descriptors of hydraulic
stability of the armour layer (e.g. Herrera et al.,, 2017; Mares-

Nasarre et al., 2021; Yuksel et al., 2025). This variable includes

the resistance of the armour elements to be displaced (Castillo

et al., 2012).

The following experimental ranges of these variables were recorded:
dimensionless water depth at the toe of the structure, 1.66 < h,/H,,, <
7.36; dimensionless wave steepness, 0.016 < H,,o/ L, < 0.046; stability
number, 1.08 < N < 3.64; dimensionless armour damage, 0.00 < S, <
9.31; and increment of dimensionless armour damage, —0.11 < AS, <
2.61. It should be noted that other relevant variables for hydraulic
stability are not included due to experimental constrains. For instance,
oblique wave attack with large incident angles significantly reduces the
loading on the structure (Galland, 1994), more gentle armour slopes
lead to more stable structures (Jumelet et al., 2024) or the presence of
a berm in the front slope reduces the loading in the upper part of the
slope (Yuksel et al., 2020).

3. Methodology

The following methodology is proposed to model armour damage
progression in mound breakwaters:

1. Univariate parametric distributions are used to model the se-
lected random variables, both related to the environmental con-
ditions and resistance of the breakwater (see Section 2.2). The
use of parametric distributions allows to infer values outside of
the experimental ranges of the laboratory data.

2. The dependence between the considered random variables (see
Section 2.2) is modelled using a Gaussian copula-based Bayesian
Network (GCBN).

3. The GCBN is conditionalized using real wave data from a lo-
cation of choice and a given D, to generate synthetic damage
curves.

4. The previously generated stochastic damage curves are used to
quantify a gamma process, which models the survivability of the
mound breakwater.

Fig. 3 shows these steps visually in a flow-chart. In the following
sections, the different steps that comprise the proposed methodology
are explained in further detail.

3.1. Bivariate copulas

Bivariate copulas are joint probability distribution functions that
model the dependence between random variables with uniform mar-
gins. Sklar (1959) proposed a theorem according to which any mul-
tivariate joint distribution can be described in terms of univariate
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marginal distributions and a copula:

Hy y(x,y) = C{Fx(x),Gy(»)} (2)

where Hy y(x, y) is the bivariate distribution with marginals Fy(x) and
Gy(y) in [0,1] and C{Fx(x),Gy(y)} is the copula in the unit square
I? = ([0,1]1 x [0, 1]) for all (x,y) € R.

Modelling joint distributions using copulas allows to independently
model the distribution of the marginals and the dependence between
them, providing more flexibility. A large variety of copula types is avail-
able in the literature (Genest and Favre, 2007). Fig. 4 displays 2000
samples of the most common copula types with Spearman rank corre-
lation coefficient r = 0.8. Some of these are symmetrical (e.g. Gaussian,
Frank, Student-t), whilst others display asymmetry (e.g. Clayton, Gum-
bel, Joe). Tail dependence refers to higher correlations in one of the
extremes and therefore asymmetry.

In this research, the Gaussian copula is assumed to model the
dependence between the random variables, which is defined as:

CXTY(u, v) =

where @,{...,...|p,} is the bi-variate cumulative distribution function
(CDF) of the normal distribution with Pearson’s correlation coefficient
Py @~ is the inverse standard normal distribution function.

Due to the Gaussian copula assumption, asymmetries in the de-
pendence between the random variables may not be captured. This
assumption will be validated following the procedure described in
Section 3.2.2.

Dy(@” (), @' (0)|p,) ©))

3.2. Gaussian copula-based Bayesian network (GCBN)

As previously mentioned, the dependence between random vari-
ables is modelled with a GCBN. This section introduces the theory
behind such models and describes the instruments used to validate
them.

3.2.1. Concept of Gaussian copula-based Bayesian networks

A GCBN is a graphical model composed of a Directed Acyclic Graph
(DAG) that describes the relationship between the random variables.
Within the DAG, each node corresponds to a single random variable
and each directed edge encodes a probabilistic dependence between
the variables. In a DAG, node i represents a random variable X; and
has parent nodes Pa(i) = iy, ...,i,;. Hence, the edges always have a
specified direction, from one node to another node. A DAG needs to
be acyclic, meaning that the nodes are connected in a way that they
never form a closed loop. In this study, GCBNs as defined by Hanea
et al. (2006, 2015) are used. Each node is quantified with a univariate
marginal distribution, which may be empirical or parametric, while
the dependencies are modelled using Gaussian copulas and quantified
using (un)conditional rank correlations. The first parent is associated
with the unconditional rank correlation while subsequent parents are
conditioned on previous parents. In this study, parametric distribution
functions are used to quantify the nodes (see Section 3.3)

Rank correlation describes the relationship between the ranks of
two random variables and can be quantified with the Spearman rank
correlation coefficient (Spearman, 1904), defined as:

o Cov(Ry, R)) @

OR,OR,

where Cou(R,, R,) is the covariance of the ranked variables R, and
R,, and og_ and og, are their standard deviations. The statistic r
ranges from —1 to +1, "with the magnitude reflecting the strength of the
monotonic association and the sign, the direction of such association.
When r = +1 the dependence is perfect positive monotonic and when
r = —1 the dependence is perfect negative monotonic. r can capture any
monotonic relationship and not only linear relationships, differently to
Pearson’s correlation coefficient.

Considering three variables X, X, and X;, there are different
ways in which they can be connected, which affects their dependence
structure:
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Fig. 3. Proposed methodology to model armour damage evolution of cube-armoured mound breakwaters.

(b) Frank copula

(c) Student-t copula

Fig. 4. 2000 samples of different copula types with r = 0.8: (a) Gaussian, (b) Frank, (c) Student-t (degrees of freedom v = 4), (d) Clayton, (e) Gumbel, and (f)

Joe.

* X, - X, - X;: X, influences X, and X, influences X;. This
implies that X is dependent on X3 (X, .L X3), but if the value of
X, is given, they become independent (X; 1 X3 | X).

* X, < X, > X3! X, influences both X and X;. This means that
X, and X; are conditionally independent given X, (X; 1 X; |
X,), but otherwise X t Xj;.

* X, - X, « X3 X; and X; influence X, and therefore X,
is independent of X; (X, 1 X3). If X, is given, they however
become dependent (X; L X5 | X,).

The dependence structure of a DAG can be described via a rank
correlation matrix, following the protocol outlined by Hanea et al.
(2006). This matrix, here referred to as Rpy, is composed of the
unconditional rank correlations among the nodes. To implement the
GCBN, the Python-based open-source toolbox PyBanshee is used (Koot
et al., 2023).

3.2.2. Validation of Gaussian copula-based Bayesian networks

The validation of GCBNs has two objectives: (1) verify the Gaus-
sian copula assumption, and (2) check whether the proposed DAG
sufficiently captures the dependencies between variables.

Gaussian copulas are among the simplest types of copula, making
GCBNs computationally efficient. However, they are unable to capture
tail dependence and thus this assumption must be validated. One
way to assess the Gaussian copula assumption is by fitting different
copula families to each pair of variables, with and without tail de-
pendence, and assessing the goodness of fit of those copulas to the
data by computing the Cramér-von-Mises (CvM) metric (Berg, 2009)
and Akaike Information Criterion (AIC) (Akaike, 1998). CvM metric
measures the distance between the empirical and the parametric copula
and is defined as:

n
Scomr =1 Q(C, ) = Colz, v))) ®)
i=1
where C,(y;,v;) is the empirical copula, Cy(u;,v;) is the parametric
copula and » is the sample size. Hence, lower values of S¢,,, indicate
a better fit.

AIC is defined as:

AIC =2k —2In(L) (6)
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where k is the number of estimated parameters in the model and L is
the maximized value of the likelihood function for the model. The AIC
introduces a penalty for the number of parameters, thereby favouring
models with lower complexity.

In this study, Gaussian, Frank, Clayton and Gumbel copulas are
fitted to each pair of variables using the available data and S,,, and
AIC are computed. Since Gaussian and Frank copulas are symmetric,
they should yield the lowest values of both S, and AIC if the data
indeed does not present significant tail dependence.

To validate the proposed DAG, Ry can be compared with both the
empirical rank correlation matrix derived from the observations (Rj)
and the matrix derived after transforming the data to standard normal
space (Ry). Comparing Rpy and Ry assesses how well the defined
DAG captures the dependencies present in the data. Ry represents a
saturated DAG, where all nodes are interconnected, which represents
the best possible model using GCBNs. However, a fully connected
DAG lacks interpretability and may be an ‘overfit’ to the data (Mares-
Nasarre, 2025), making it less attractive as a model. Comparing Rpy
and Ry indicates how far the proposed DAG is from the best possible
model. Furthermore, comparing R, and Ry tests whether the Gaussian
copula assumption adequately models the observed dependencies.

This comparison can be quantified by computing dissimilarity mea-
sures for Gaussian densities. Here, the dependence calibration or d-
calibration score (d,) based on the Hellinger distance defined in
Morales-Népoles et al. (2013a) is used. d, is defined for the case of
Gaussian copulas as:

d.=1—dy(N;,Ny) =1-+/1-n(N;, Ny (7a)
IR ['/4| Ry '/

n(Ny, Ny) = |1/2

(7b)
)%Rl +1R,

where n(N|, N,) is the Hellinger distance, and R; and R, are the rank
correlation matrices of the n-dimensional Gaussian copulas N; and
N,. A d, closer to 1 indicates a smaller ‘distance’ between the two
rank correlation matrices. According to studies such as (Mares-Nasarre,
2025) and Mendoza-Lugo et al. (2019), d. > 0.54 are considered
satisfactory.

For proofs regarding properties of d,, the reader is referred to Ron-
gen et al. (2025).

3.3. Univariate parametric distributions

Parametric distribution functions are used here to model each ran-
dom variable in order to allow inference out of the experimental
ranges. To this end, the following univariate marginal distributions are
fitted to each random variable using the experimental data: normal,
lognormal, exponential, gamma, beta, Rayleigh, uniform, generalized
extreme value, gumbel, left-tailed gumbel, generalized pareto, student
t, weibull, logistic, alpha, noncentral chi-squared and truncated normal
distributions.

The selection of the most appropriate parametric distribution is
based on AIC, the Kolmogorov-Smirnov (KS) test (Kolmogorov, 1933;
Smirnov, 1949), and visual inspection of the probability density func-
tion (PDF) and cumulative distribution function (CDF) of the random
variable.

The KS test is a formal hypothesis test that evaluates whether a
sample comes from a specified parametric distribution by measuring
the distance between the empirical distribution function of the sample
and the CDF of the parametric distribution. The null hypothesis of this
test states that the sample comes from the specified distribution. Thus,
if the p-value exceeds the significance level, here 0.05, it is deemed
reasonable to assume that the observations come from the specified
parametric distribution.

In addition to quantitative measures, visual inspection of the PDF
and CDF is conducted to assess the fit in the tails of the distribution,
which may not be fully captured by the aforementioned statistics.
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In summary, for each random variable, the distributions with a p-
value for the KS-test above the chosen significance level of 0.05 are
considered. Of these, the distributions with the lowest AIC and higher
p-value of the KS-test are selected and analysed visually to check the
behaviour in the tails.

3.4. Gamma process

A gamma process is a stochastic continuous-time process with inde-
pendent, non-negative increments which follow a gamma distribution.
They are useful to model systems in which measurements increase in
small increments monotonically over time and are, therefore, applica-
ble in condition- or time-based maintenance planning and optimiza-
tion (van Noortwijk, 2009). The PDF of a random variable X that
follows gamma distribution is defined as:

v—

Ga(x | v,u) = Lx 1exp{—ux}[om(x) 8)

I'(v)
where I'(a) = [,5z%"!e™%dz is the gamma function for a > 0; 14(x) = 1
for x € A and I4(x) =0 for x ¢ A. A gamma process {X(¢),t > 0} has
the following properties:

1. X(0) = 0 with probability one;
2. X(7)— X(@) ~ Ga(-|lv(t) — v(t),u) for all = > ¢ > 0;
3. X(¢) has independent increments.

v(f) > 0 is a non-decreasing, right-continuous, real valued shape
function with v(0) = 0 for + > 0; and u > 0 is the scale parameter.
To model the survivability of the breakwater, the CDF of the time to
failure is necessary. A system fails when the stress s is greater than the
resistance R(f) = r,— X (1), where r, is the initial resistance. Let y be the
damage level corresponding to failure, being defined as y = ry — 5. In
that case, the lifetime distribution of the time to failure can be defined
as:

« _ T, yu)
o O Ty

To quantify the gamma process, the Method of Moments is applied in
this study. It is assumed that the expected value of the deterioration
at time 7 is proportional to a power law, obtaining the following
expressions for the first and second moments:

o(t) _ et

EX@) = —= = ==, Var(X(1)) =

F@®) = PriX®) 2y} = ©)

o(t) _ et
) 1o
where b > 0, ¢ > 0 and u > 0. The most simple case is when the
deterioration is linear in time and » = 1. This is called a stationary
gamma process. If there is dependency between damage and the in-
crement of damage at the next time step, it cannot be assumed that
the gamma process is stationary and b # 1. Some examples of non-
stationary gamma processes with the corresponding b in literature are
creep (b = 0.125; Cinlar et al., 1977), scour-hole depth (b = 0.4; van
Noortwijk and Klatter, 1999), diffusion-controlled ageing (b = 0.5;
Ellingwood and Mori, 1993) and sulphate attack (b = 2; Ellingwood
and Mori, 1993).

Since neither b, ¢ or u are known, the Method of Moments is
applied based on the simulated damage curves. For each time step
t, the mean u(r) and variance o%(t) of S, is computed. Using the
expressions in Eq. (10), Method of Moments estimators are derived as
u, = u@®)/c*@t) and ¢, = u()’/(c*(1)t*). Global estimates of u and ¢
are obtained by averaging over time. To select the most appropriate
value of the exponent b, a grid search is conducted over candidate
values; b = 0.8 — 3 in steps of 0.1 are considered. For each tested b, the
corresponding parameters u and ¢ are estimated and the fitted mean
and variance curves are compared with the empirical moments using
the mean squared error. The value of b minimizing this error is selected
as the best-fitting exponent together with the corresponding ¢ and u to
consequently calculate the probability that certain damage levels are
exceeded in a particular time period.
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Fig. 5. Experimental data transformed to standard normal space: (diagonals) histograms, and (off diagonals) scatter plots, where .S, is the dimensionless damage
parameter, 4S, is the increment of S, between two successive storms, h,/H,, is the dimensionless water depth at the toe, H,,/L,, is the deep water wave

steepness, and N, is the stability number.

4. Construction and validation of the model

In this section, the probabilistic model is constructed and validated.
To this end, the multivariate dependence between variables is modelled
with a GCBN and the resulting model is validated using the criteria
described in Section 3.2.2.

The construction of the model is based on the experimental data
described in Section 2. Only the test series that reach a significant
damage level are used for further analysis: 4,(m) = 0.3 with s9p = 0.02
reaches S, = 8.89, h,(m) = 0.3 with s,, = 0.03 reaches S, = 4.28, and
hy(m) = 0.4 with 5y, = 0.05 reaches .S, = 9.31. In the other three test
series, h,(m) = 0.2 with sgp = 0.02, hy(m) = 0.2 with s0p = 0.05, and
hy(m) = 0.3 with sy, = 0.05, only a minimal damage level is reached
(S, = 0.97,0.79 and 2.09 respectively) that can be attributed to the
settlement of the armour units. Since the objective is to model long-
term damage evolution, these become less relevant. This leads to a total
of 44 experiments for further analysis.

4.1. Probabilistic analysis of experimental data

This section explores the probabilistic association between the se-
lected variables in Section 2.2 in light of their physical relationships.
Scatter plots of the random variables in standard normal space are
displayed in Fig. 5.

Based on previous studies (Martin-Hidalgo et al., 2014; Marzeddu
et al., 2020), a positive correlation between .S, and AS, is expected.
In other words, when the armour layer is already eroded, particularly
when the filters become visible, the damage is expected to increase
more rapidly due to the reduced resistance of the underlying materials.
As shown in Fig. 5, the results indicate a positive dependence with
upper tail dependence. This implies that the association between large
values of AS, and S, is stronger than between low values of these
variables. This means than once the structure presents a significant
level of damage, deterioration occurs much faster.

A positive correlation is expected between S, and N, and 4S, and
N,. N, represents the ratio between the loading, H,,, and the resis-
tance, AD,,. Thus, the higher N, the greater the loading on the structure
and, consequently, the greater the expected damage. As shown in Fig.
5, a positive dependence with some degree of upper tail dependence
is observed. This indicates that deterioration tends to accelerate as
the damage level in the structure increases, with stronger association
occurring at higher values of the variables.

S, and h,/H,,, and AS, and h,/H,,, are negatively correlated as, in
general, higher H,,, leads to more damage. Finally, H,/L,, presents a
weak correlation with S, and 4S,, although it is quite correlated with
hg/H 0.

4.2. Construction of the model

First, the univariate parametric distributions are chosen for each
random variable in the GCBN. Table 1 shows the chosen distribu-
tions and fitted parameters. More information about the parametric
distributions can be found in Appendix A.

In order to define the DAG, the Spearman rank correlations, r,
and associated p-values are computed for all pairs of variables. The
empirical rank correlation matrix, including the p-values, collecting
these results is displayed in Appendix B. Pairs with a significant r
(p — value < 0.05) are connected in the DAG. Only the pairs S,
vs H,o/Lg, A4S, vs H,,/Ly, and N; vs H,,/Lg, do not present a
significant correlation. Arcs are added one by one from the largest
to the smallest |r| within those r found significant. After adding each
arc, d,(Rgy. Ry) is computed and the arc is adopted if it results in an
improvement Ad.(Rgy, Ry) > 0.01. The process is stopped when there
are no arcs left to add that lead to an improvement of d.(Rgy, Ry)-
The resulting DAG is shown in Fig. 6.
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Table 1
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Univariate marginal distribution of each random variable with its parameters.

Random variable

Parametric distribution

Parameters

Armour damage, S, (-)

Increment of armour damage 4S5, (-)
Dimensionless water depth, h,/H,, (-)
Dimensionless wave steepness, H,,/Lg, ()
Stability number, N, ()

Generalized Pareto
Generalized Pareto
Lognormal
Lognormal
Uniform

E=023, u=0,0=1.18
£=036, u=0, 0 =042

u =096, 6> =021
u=-3.66, 6> =0.11
a=1.08, b=3.64

Fig. 6. Proposed DAG of the GCBN with the rank correlations in the arcs where H,, /L, is the deep water wave steepness, h,/H,, is the dimensionless water
depth at the toe, N, is the stability number, .S, is the dimensionless damage parameter, and AS, is the increment of .S, between two successive storms.

4.3. Validation of the model

As described in Section 3.2.2, the Gaussian copula assumption is
verified by computing S, and AIC for each pair between the obser-
vations and the fitted Clayton, Frank, Gaussian, and Gumbel copulas.
Full results for S¢,,, and AIC are shown in Appendix C. The Gaussian
copula is selected as the best fit in 4 out of 10 pairs, and the Frank
copula in another 4 pairs. However, in the other 2 pairs, an asymmetric
copula (Gumbel) is selected as the best fit (S, vs AS, and A4S, vs
hy/H,). These two pairs display some degree of tail dependence which
is not well represented by a symmetric copula. Regarding the AIC,
either Gaussian or Frank perform the best in 7 out of 10 pairs (except in
S, vs 4S,, S, vs H /Ly, and AS, vs N,). Overall, since in the majority
of pairs (8 out of 10), a symmetric copula with no tail dependence
is a satisfactory model, the Gaussian copula assumption is considered
sufficient.

Furthermore, the rank correlation matrices displayed in Fig. 7 can
be compared as explained in Section 3.2.2. In general, the same patterns
are visible in the three matrices. The d-calibration score is computed for
each pair of matrices to determine the ‘distance’ between the matrices
with the following results: d.(Rg, Ry) = 0.76, d . (Ry, Rgy) = 0.71, and
d.(Rg, Rpy) = 0.56. This implies that the Gaussian copula assumption
is reasonable for the tested data (d.(Ry,Ry) = 0.76), the proposed
DAG is close to the best possible model (d.(Ry,Rgy) = 0.71), and
the DAG captures the majority of dependencies present in the data
(d.(Rg, Rgy) = 0.56). Further information about the results of the d,
score is provided in Appendix D.

5. Example of application

Once the GCBN is constructed and validated, it is conditionalized
with wave data from a chosen case study location to generate synthetic
damage curves and quantify a gamma process. This allows to make
the step from laboratory data to damage evolution estimations in real
conditions. Here, an example is given for an idealized breakwater close

to the port of Tarragona (Spain). Tarragona is located on the Costa
Dorada at the Mediterranean Sea. The wave datasets are obtained from
Puertos del Estado (Puertos del Estado, 2024), the authority responsible
for Spanish state-owned ports. Data from buoy 1712 (41.07° N, 1.19°
E) is used, which is part of the REDCOS dataset, which includes coastal
buoys of Puertos del Estado. These buoys are located near port facilities
and anchored at less than 100 m deep (Puertos del Estado, 2024). T,
and H,, are available at an hourly rate in the time period between
November 12, 1992 and June 11, 2025. No data is available for 0.89%
of the measurements in the data series due to sensor failures or data
transmission errors.

In order to calculate h,/H,q, H,o/Lo, and Ny, it is assumed that
h, = 13 m, p = 2300 kg/m?, p,, = 1025 kg/m®, and D, = 2 m. The
following dimensionless ranges are obtained: 3.20 < h,/H,,, < 108.33,
0.00012 < H,/Ly, <0.11, and 0.05 < N, < 1.63.

The mean wave period T,, in the dataset ranges between 1.80 s and
10.51 s with 70% of the observations lying between 3.16 s and 4.95
s. Therefore, if outliers are ignored, the expected number of waves in
one hour in the 70% confidence interval would be between 727.27
and 1139.24. That is approximately the same as the 1000 waves that
are simulated in the laboratory test series. Therefore, the laboratory
wave storms characterized by H,,, and T, are interpreted as equivalent
to a one-hour sea state from the field data with the same defining
parameters.

Assuming an initial damage level at the beginning of measurements
(November 12, 1992) of zero, S, =0, and using the values of h /H,,,,
H,,/Lg, and N, computed for the first hour of field data, the GCBN
is conditionalized to estimate the increment of damage AS, through
inference. It should be noted that the GCBN is a probabilistic model
and, thus, it estimates the distribution of 4S, given the value of the
conditioning random variables, here h,/H,, H,o/L¢y N, and S,.
Therefore, here a random sample from the conditional distribution of
AS, is used. The obtained AS, represents the increment of damage after
the first hour. Then, A4S, is added to the previous existing damage level
S, (for the first time step, it is .S, = 0), and the process is repeated to



P. Andrés-Worz et al.

(a) Empirical rank correlations (Rg)

(b) Normal rank correlations (Ry)
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(c) GCBN rank correlations (Rgy)
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Fig. 7. Rank correlation matrices: (a) empirical rank correlations (Rj), (b) normal rank correlations (Ry), and (c) rank correlations of the proposed GCBN (R, ).
S, is the dimensionless damage parameter, AS, is the increment of .S, between two successive storms, h,/H,,, is the dimensionless water depth at the toe, H,,/L,,

is the deep water wave steepness, and N, is the stability number.
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Fig. 8. Long-term damage progression of a hypothetical breakwater: (a) 200 synthetic damage curves, and (b) gamma process to model the survivability of the

structure. .S, is the dimensionless damage parameter.

generate damage progression curves over the approximately 33 years
of wave data. Following this process, a total of 200 synthetic damage
progression curves (see Fig. 8(a)) are generated. From the laboratory
data, it is observed that when h,/H,, > 7.36 and N, < 1.078 no
damage is generated, as it corresponds to very small wave heights.
Hence, in these cases, a damage increment of zero is assigned. Fig. 8(a)
also presents the 5th, 50th and 95th percentiles of the 200 generated
damage curves, showing that uncertainty increases over time: the 90%
confidence interval (difference between the 5th and 95th percentiles)
becomes progressively wider as the damage level grows.

The synthetic damage curves are finally used to quantify a gamma
process. Since there is a dependency between S, and 4S, (r = 0.67), it
is not reasonable to assume a stationary gamma process with b = 1.
Instead, as described in Section 3.4, different values of b are tested
(b=0.8—-3 in steps of 0.1) and, for each b, ¢ and u are fitted using the
Method of Moments. The combination with the lowest mean squared
error is selected: b = 14, ¢ = 0.61, and u« = 3.46. In Fig. 8(b),
the results of the gamma process are plotted for three damage levels
corresponding to the initiation of damage (S,(I Da) = 0.6), initiation
of Iribarren damage (S,(IIDa) = 1.7) and initiation of destruction
(S,(IDe) =5), as defined by Mares-Nasarre et al. (2022). The plot can

be used to determine the probability that certain damage levels are
exceeded within a specified time period. For example, after 10 years
the probability that the initiation of destruction is reached is 0.29.
The goodness-of-fit of the gamma process is assessed in Appendix E by
computing the coefficient of determination for the mean and variance.

6. Discussion and conclusion

This paper presents a probabilistic framework that combines a
Gaussian copula-based Bayesian network with a gamma process to gen-
erate synthetic damage curves and quantify the evolution of long-term
damage in mound breakwaters. In this paper, the application of the
model is shown with a case study of an idealized breakwater close to
the port of Tarragona. The GCBN is constructed from experimental data
of non-overtopped cube-armoured breakwaters with an armour slope of
cota = 3/2 located in the depth-induced wave breaking zone (Mares-
Nasarre et al., 2022) and includes as significant variables S,, AS,,
hy/H,0, H,o/Lo, and N. There are two main assumptions to validate
when using a GCBN: (1) the use of the Gaussian copula to model the
dependence between the pairs of variables, and (2) the defined DAG
(see Fig. 6). The use of the Gaussian copula is first assessed using the
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Cramér-von-Mises test; 80% of the variable pairs do not present signif-
icant tail dependence. Also, this assumption is validated by evaluating
whether the proposed model sufficiently captures the dependencies
in the data via the d-calibration score; d.(Rp, Ry) = 0.76 indicates
a satisfactory performance. Therefore, based on the available data,
the use of Gaussian copulas to model the dependence between vari-
ables was considered reasonable. For applications in other conditions
(e.g. other armour units, armour slopes, or overtopped structures), the
GCBN must be revalidated with comparable experimental datasets (e.g.
Mares-Nasarre et al., 2021; Gémez-Martin and Medina, 2014). In that
case, the assumption of using a Gaussian copula to model the bivariate
dependence between variables should be revisited. Gaussian copulas
are symmetric and, thus, cannot account for asymmetries in the de-
pendence structure. For instance, if a Gaussian copula was applied to
model the dependence between S, and A4S, in a dataset where strong
upper tail dependence is observed in the data, the correlation between
large values of S, and A4S, would be underestimated leading to lower
generated values of 4S, in the damage curves being thus in the unsafe
side. Should the Gaussian copula prove inadequate, the GCBN could be
replaced by a vine copula, which offers greater flexibility by allowing
different types of copulas for each pair of variables (e.g. Paprotny et al.,
2024).

In order to validate the constructed DAG, d.(Ry, Rgy) = 0.71, and
d.(Rg,Rgy) = 0.56 are computed, indicating that the defined DAG
reasonably approximates a saturated DAG (best possible model) and the
data, respectively. Similarly, the dependence between pairs of variables
would need to be reassessed and the DAG should be adjusted if neces-
sary. Moreover, it should be noted that the experimental dataset used in
this study did not include the influence of berms, and different armour
layers and slopes. If the influence of such variables wants to be included
in the methodology for design purposes, the GCBN can be modified to
include them using an adequate experimental dataset or through expert
elicitation (Rongen et al., 2025; Rongen and Morales-Napoles, 2024).

A key strength of the proposed methodology is its adaptability to
site-specific conditions. It can be applied using existing wave data, as
demonstrated in this study, or using simulated wave data, for example,
taking into account possible future scenarios, such as increased storm
frequency or intensity due to climate change (e.g. Lucio et al., 2024).
Consequently, the proposed framework is relevant both in the design
phase of breakwaters to incorporate the performance along the design
life of the structure, and support decision-making and cost estimations
under different climate scenarios, and in later stages, for instance,
for maintenance planning once the structure is operational. In this
study, the application of the methodology was illustrated by calculating
the exceedance probabilities for the three qualitative damage levels:
initiation of damage (S,(IDa) = 0.6), initiation of Iribarren damage
(S,(IIDa) = 1.7) and initiation of destruction (S,(IDe) = 5). How-
ever, it should be noted that these definitions are case-specific (e.g.
Herrera et al., 2017), and the methodology can be applied with any
quantitative damage level. From the laboratory data, it was observed
that when h,/H,, > 7.36 and N; < 1.078 no damage was generated
due to the limited wave heights. Therefore, when generating the syn-
thetic damage curves A4S, = 0 was assigned for the simulations with
hy/H,, > 736 and N, < 1.078. This assumption should also be revisited
when using a different experimental dataset to apply the proposed
methodology. Moreover, here, 200 synthetic curves were generated
and used to quantify the gamma process. Actual applications of the
proposed methodology may include a convergence test to determine
the optimal number of simulations to quantify the parameters of the
gamma process.

The literature on long-term damage evolution in mound break-
waters is scarce, limiting the possibilities for direct validation of the
case study results against field data or studies in literature. Within
the existing studies, Lira-Loarca et al. (2020) simulated storm events
using statistical techniques for its application in the damage evolution
of maritime structures. The authors exemplified the methodology with
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an idealized rock-armoured breakwater with D,s, = 1.16 m and armour
slope cota = 2 at the coast of Motril (Granada, Spain), whose cumu-
lative damage was estimated using the empirical equation proposed
in Melby and Kobayashi (1999). Lira-Loarca et al. (2020) estimated that
the probability of an admissible failure (defined as .S, = 6 in Lira-Loarca
et al., 2020) within the first seven years was 0.6. In this research, the
probability of observing S, > 6 after the first 7 years is 0.0018. The
differences between those two values can be explained by a series of
factors, which include: (1) the differences in the armour element of
the two cases of study, (2) the differences in the method to compute
damage, and (3) the differences in the wave climate. First, Lira-Loarca
et al. (2020) used a rock-armoured mound breakwater with D,s, =
1.16 m in contrast with the case study used here which employs a
cube-armoured mound breakwater with D, = 2 m. As highlighted in
previous literature (USACE, 1984; Mares-Nasarre et al., 2022), double-
layer randomly-placed cube armours are more stable than double-layer
randomly-placed rock-armours. For instance, USACE (1984) recom-
mended the use of Hudson (1959)’s formula with stability coefficients
Kp = 6.5 and 2.0 for double-layer randomly-placed cube armours and
double-layer randomly-placed rock armours, respectively. Moreover,
larger D, leads to a higher weight of the elements in the armour and,
thus, higher resistance of the armour layer to wave attack (e.g. van
Gent et al., 2003; Mares-Nasarre et al., 2022). Second, Lira-Loarca et al.
(2020) used Melby and Kobayashi (1999)’s formula to compute the
damage. The experimental methodology used in Melby and Kobayashi
(1999) to derive the damage formula presents relevant differences
when compared with the experiments performed in Mares-Nasarre
et al. (2022), such as the used wave spectrum and the length of the
test series. Melby and Kobayashi (1999) used a TMA spectrum and
measured damage after each 30 min, while Mares-Nasarre et al. (2022)
used a JONSWAP spectrum (y = 3.3) with test series of 1000 waves
and, thus, variable test duration as function of the tested wave period.
Finally, wave conditions are different as the locations of the case study
are different; Lira-Loarca et al. (2020) locates the case study in the
South of the Mediterranean sea (Motril, Spain), while the present study
uses wave data from the North of the Mediterranean sea (Tarragona,
Spain).

Nonetheless, considering the design life of most mound breakwa-
ters (typically 50 years; Puertos del Estado, 2012), the current model
produces conservative estimations of the damage evolution. This can
partially be attributed to the exclusion of oblique wave attack from
the analysis. Several studies have demonstrated that oblique waves
result in significantly lower loadings in the structures compared to
perpendicular wave attack, particularly at larger incidence angles (e.g.
Galland, 1994; van Gent, 2014; Wolters and van Gent, 2011). This
reduces the required armour size and results in lower damage levels.
As an example, at the case study location, wave approach angles span
nearly 90° (see Fig. 9). Hence, independently of the orientation of
a breakwater, there will always be oblique wave attack to a certain
extent. Most laboratory experiments, in contrast, are performed in
wave flumes with perpendicular wave attack. Consequently, if damage
data for oblique wave attack becomes available, the model could be
recalibrated by adding wave angle incidence as a variable to the GCBN,
thereby providing less conservative estimations of damage evolution.

The insights provided by the proposed methodology on the surviv-
ability of mound breakwaters can be useful to assess the behaviour of
the structures along their life span during the design phase, as well
as optimize maintenance inspections and scheduling (Golestani et al.,
2023). For example, port authorities can determine tolerable damage
levels for their breakwaters and use the probabilities that these levels
are exceeded to determine the frequency of maintenance actions.
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Fig. 9. Directional wave rose close to the port of Tarragona, where H,,, is the
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Qualitative damage level of Destruction
(Losada et al., 1986; Vidal et al., 1991)
Cumulative distribution function
Cramér—von Mises

Directed Acyclic Graph

Gaussian Copula-based Bayesian Networks
(Hanea et al., 2006, 2015)
Heterogeneous Packing defined in
Gomez-Martin and Medina (2014)
Qualitative damage level of Initiation of
damage (Losada et al., 1986; Vidal et al.,
1991)

Qualitative damage level of Initiation of
Iribarren damage (Losada et al., 1986;
Vidal et al., 1991)

Kolmogorov-Smirnov

Probability density function

Universitat Politécnica de Valéncia

Slope angle of the mound breakwater
Peak enhancement factor of JONSWAP
spectrum

Gamma function for a > 0; I,(x) =1 for
xeAand I,(x)=0forx ¢ A

Relative submerged mass density of the
armour unit

Increment of S, between two test runs
Hellinger distance for n-dimensional
Gaussian copulas N; and N, computed
between their rank correlation matrices R,
and R,

Location parameter of a parametric
distribution function

Mean of S, at time ¢

Shape parameter of a parametric
distribution function

Mass density of the armour unit
Pearson’s correlation coefficient

Mass density of sea water
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c (=)

(=)
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o' ()
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@, ()
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c()
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C,,(M,-, U,‘) (@)
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vay(u, v) (—)

Cou(R,, R)) =
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Fx(x) ()
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Gy(») )
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hy (m)
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No= 38O
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ro ]
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R (5)
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s ()
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Scale parameter of a parametric
distribution function

Variance of S, at time ¢

Standard deviation of the rank variables
Ry and R,, respectively

Inverse of the standard normal distribution
function

Bivariate standard normal cumulative
distribution function

Packing density of the armour layer
Parameters of uniform distribution
function

Eroded area in the cross section

Akaike Information Criterion

Power in v(¢)

Coefficient in v(?)

Parametric bivariate copula

Empirical bivariate copula

Moment estimator of ¢

Bivariate copula of random variables X
and Y

Covariance of the ranked variables R, and
Ry

d-calibration score computed between the
n-dimensional Gaussian copulas N| and N,
defined by Morales-Napoles et al. (2013a)
Nominal diameter of the armour unit
Nominal stone diameter

Fitted/predicted values in coefficient of
determination

Marginal distribution of random variable X
Gravitational acceleration

Marginal distribution of random variable Y
PDF of the Gamma distribution function
Null hypothesis

Alternative hypothesis

Spectral significant wave height, where m,
is zeroth-order spectral moment

Water depth at the toe of the structure
Bivariate joint distribution of the random
variables X and Y

Number of estimated parameters in the
model

Stability coefficient in Hudson formula
(Hudson, 1959)

Maximized value of the likelihood function
for the model

Deep-water wave length computed with T,
Mass of the armour unit

Sample size

Stability number

Parent nodes of random variable X;
Spearman’s rank correlation coefficient
Initial resistance of the system
Coefficient of determination

Resistance of the system

Rank correlation matrix derived from the
GCBN following the protocol in Hanea

et al. (2006, 2015)

Empirical rank correlation matrix derived
from observations

Rank correlation matrix computed after
transforming the data to standard normal
space

Stress of the system
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Wave steepness
Cramér-von-Mises statistic

S()p = HmO/LOp (_)
Scom =

n Z?:l((cn(”i’ U,‘) -
Cy(w;,v))?) ()

S, = D’;e =) Dimensionless damage as defined by
130 Broderick (1983)

S; () Damage in each strip following the Virtual
Net method by Gémez-Martin and Medina
(2006)

t (s) Time instant

T,, (s) Temporal mean wave period

T, (s) Peak wave period

u (=) Scale parameter of the Gamma process

u, = pu(t) /o) () Moment estimator for u

u(®) (<) Shape function of the Gamma process

X ) Damage of the system at time ¢

X; ) Random variable i

y () Damage level corresponding to failure

y= 5 Yy Mean of observed data

y; () Values of the dataset used to compute the

coefficient of determination
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Appendix A. Univariate parametric distributions

In this Appendix, information about the univariate parametric dis-
tributions chosen to model each variable will be provided. Each plot
in this Appendix shows the probability density function on the left and
the survival function on the right. The survival function is equivalent
to 1 — F(x) where F(x) is the cumulative distribution function. The
survival function represents the probability that the random variable
X is greater than x; P[X > x].

The generalized pareto distribution (GPD) is described by the pa-
rameters ¢ € (—oo, 0) (shape), y € (—o0, ) (location) and ¢ € (0, )
(scale). The PDF of a variable X with a GPD (X ~ GPD(¢, u,0)) is:

fepno ) = l(l + M)_(H—l//’E> (A1)
(o2 o
The CDF of X ~ GPD(¢, u, o) is given by:
1= (14 S5280)-1/8 for £ £0
Fepo ()= u (A2)
1—exp(—T) for =0

where the support of X is dependent on the sign of & x > u when
£>0,and y < x < pu—o/E when & < 0. Fig. A.1 shows the empirical
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and parametric distributions of S, ~ GPD(¢ = 0.23, y = 0,0 = 1.18) and
Fig. A.2 of AS, ~ GPD(& =036, 4 = 0,0 = 0.42).

A variable X has a lognormal distribution if its natural logarithm
has a normal distribution with mean u and variance o2 (InX ~
N (u,062)). The PDF of X ~ Lognormal(u, c2) is defined as:

1 (Inx — p)?
exp(— Py

xo\/2x

The CDF of the lognormal distribution X ~ Lognormal(u,c?) is:

Sfup2(x) = ) (A.3)

A4

Fp(x) = @(h”‘T")
where @ is the CDF of the standard normal distributions N'(0, 1). Fig.
A.3 shows the empirical and parametric distribution of h,/H,, ~
Lognormal(u = 096,62 = 021) and Fig. A.4 of H,o/Lopy ~
Lognormal(u = —3.66,6% = 0.11).

The continuous uniform distribution is defined by the parameters a,
and b,, where —o0 < g, < b, < 0, and a, and b, are the minimum and
maximum values respectively. The PDF of a random variable X with a
uniform distribution (X ~ U(a,,b,)) is:

bl for a, <x <b,,
Jap) ) =9 " (A.5)
0 for x <a, or x > b,.
The CDF of X ~ U(a, b) is:
0 for x < a,,
F(awbu)(x) = ﬁ for a, <x <b,, (A.6)
1 for x > b,.

Fig. A.5 shows the empirical and parametric distribution of N, ~
U(a, = 1.08,b, = 3.64).

Appendix B. Empirical rank correlations and p-values

Fig. B.1 shows the empirical rank correlations observed in the labo-
ratory data as well as the corresponding p-values. The null hypothesis
(H,) corresponds to no correlation existing between the variables,
whilst the alternative hypothesis (H,) states that there is correlation.
Hence, considering a significance level of a = 0.05, any p — value < 0.05
justifies rejecting H,, and suggests that significant correlation exists.

Appendix C. Validation of the Gaussian copula assumption

Fig. C.1 shows the results of the Cramér—von-Mises statistic and Fig.
C.2 the results of the AIC for the four tested copula types (Clayton,
Frank, Gaussian and Gumbel) for all the pairs of variables.

Appendix D. D-calibration scores

To assess the significance of the d-calibration scores computed in
Section 4.3, a hypothesis test as described in Morales-Napoles et al.
(2013b) or Mendoza-Lugo et al. (2019) is conducted. To this end,
distributions are generated by repeatedly sampling multivariate normal
data using either Ry or Rpy and computing the pairwise d, scores.
The observed scores computed in Section 4.3 are compared against the
simulated distributions, giving an indication of the significance of the
scores.

Fig. D.1(a) shows that d,(Rg, Ry) is within the 90% confidence
interval of the normal distribution d.(Ry, Ry) when drawing 85 sam-
ples of the normal distribution and performing 500 iterations. This
corroborates the assumption of using a Gaussian copula in the Bayesian
network model. Fig. D.1(b) shows that d.(Ry, Rgy) is within the 90%
confidence interval of the distribution d,(Rpy, Rzy) When drawing 60
samples and performing 500 iterations. This indicates that the DAG is
satisfactory, given the assumption of using Gaussian copulas.
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Fig. A.1. Empirical and parametric distribution of the dimensionless damage parameter, .S,: (a) probability density function, and (b) survival function.
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probability density function, and (b) survival function.

Appendix E. Goodness-of-fit of gamma process

The goodness-of-fit of the fitted gamma process (b = 1.4, ¢ = 0.61
and u = 3.46) can be validated both visually and quantitatively. Fig.
E.1(a) plots the target mean against the predicted mean from the fitted
gamma process and Fig. E.1(b) does the same thing for the variance. If
the gamma process is a good fit, points will lie close to the line y = x,
which represents the ideal fit. The fit can also be assessed quantitatively
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by computing the coefficient of determination (0 < R?> < 1) for the
mean and variance, which is defined as:

R=1- Zi(}’i - fi)2
X —9)?

(E.1)

where y; are the n values of the studied dataset, f; are the associated
fitted/predicted values, and j = % Y, ¥; is the mean of the observed
data. Values of R? closer to 1 indicate a better fit since the modelled and
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Fig. A.3. Empirical and parametric distribution of the dimensionless water depth, h,/H,,: (a) probability density function, and (b) survival function.
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Fig. A.4. Empirical and parametric distribution of the deep wave steepness, H,,/L,: (a) probability density function, and (b) survival function.
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observed values are ‘closer’. R? is computed separately for the mean
and variance: R> = 0.95 for the mean and R? = 0.87 for the variance.
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