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H I G H L I G H T S G R A P H I C A L  A B S T R A C T

• Experiments reveal the structure of wet 
particles with varying sizes.

• Packing structures show characteristics 
like agglomerates, clusters, and pores.

• Findings enable quantitative analysis of 
loosely packed multi-sized particles.

• Results aid in evaluating simulations of 
capillary/fluid forces in wet particles.

A R T I C L E  I N F O
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A B S T R A C T

The packing of multi-sized wet spheres is highly intricate, shaped by the interplay of interparticle forces induced 
by the presence of liquid. This study presents a comprehensive and quantitative analysis of the microscopic 
particle arrangement within a multi-sized wet sphere packing. To achieve this, a multi-sized wet sphere packing 
is obtained experimentally and is then characterized by various analytical techniques, in terms of coordination 
number (CN), pair correlation function (PCF), topological and metric properties of the Voronoi-Delaunay 
tessellation. Through CN and PCF analysis, distinctive packing features such as agglomerates and particle 
chains are identified and characterized. Furthermore, the application of the Voronoi and Delaunay tessellation 
techniques uncovers the existence of heterogeneous clusters of particles in contact and non-contact states. These 
tessellation methods also shed light on the distorted pore structure that emerges within the packing. The insights 
gained from this study may serve to enhance the assessment and development of innovative simulation methods 
where capillary and liquid-related forces acting on wet particles with a size distribution are considered.
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1. Introduction

The packing of multi-sized particles is a crucial operation in various 
industries including mineral, materials, pharmaceutical, and chemical 
sectors [1]. The packing structure plays a pivotal role in determining 
structural properties such as conductivity and permeability, which 
directly impact product quality and process performance [2,3]. 
Research in particle packing primarily involves characterizing micro
scopic structures and quantifying the relationship between particle size 
and structural properties, challenges that are difficult to address with 
theoretical models alone. To overcome these challenges, both experi
mental [4–6] and numerical approaches [7–9] have been widely adop
ted. Experimental methods, such as optical microscopy, enable direct 
observation of particle packing structures. On the other hand, numerical 
simulations, particularly through the discrete element method (DEM) in 
recent years [10], provide additional insights and serve as an effective 
alternative for studying the structural dynamics of particle packings.

To comprehend the behavior, properties, and performance of par
ticulate systems, it is necessary to quantify their microstructures. Over 
the years, several characterization methods have been proposed, 
including the coordination number (CN), pair correlation function 
(PCF), topological and metric properties of the Voronoi-Delaunay 
tessellation. CN, which represents the count of particles in close prox
imity to a specific particle, is often used as the first microscopic 
parameter for understanding the behavior and properties of particulate 
systems. It plays a significant role in analyzing the mechanical, thermal, 
and transport properties of such systems. Consequently, the coordina
tion number has been extensively explored through experimental 
studies [11–18], analytical modelling [19–22], and numerical simula
tions [23–32]. This has also been applied to its parallel concept, i.e. PCF, 
in the literature.

The packing structure can also be quantified in terms of metric and 
topological properties using the so-called Voronoi-Delaunay tessellation 
[33–36]. The Voronoi tessellation provides more information about the 
spatial arrangements of particles compared to the radial distribution 
function or coordination number. It is valuable for quantifying proper
ties related to particle connectivity, such as effective thermal conduc
tivity. On the other hand, the Delaunay tessellation is particularly useful 
for investigating properties related to pore connectivity and pore-scale 
transport phenomena.

In contrast to non-cohesive particulate systems, cohesive particle 
packing involves multiple interparticle forces in addition to the gravity. 
These forces include the so-called van der Waals forces for fine particles 
[37–42] and cohesive forces associated for wet particles due to the 
formation of liquid bridges [43–47]. The presence of these cohesive 
forces significantly alters the static and dynamic behavior of particles, 
making it a central focus for granular researchers over the years. Both 
experimental [48–53] and numerical [54–57] approaches have been 
used to investigate these phenomena. For example, Feng and Yu [48] 
examined the impact of liquid addition on the packing of mono-sized 
coarse spheres and identified particle size and surface tension as 
crucial factors in quantifying the relationship between porosity and 
liquid content. Similar findings were reported in the studies of Zou et al. 
[49,50] on binary and polydisperse wet particle systems. Yang et al. [9] 
used the Discrete Element Method (DEM) to investigate the effect of 
liquid addition on the packing of mono-sized spheres, explicitly 
considering the capillary forces and quantifying the relationship be
tween porosity and capillary force. Xu [51,52] analyzed the packing 
structure of narrowly sized wet sphere packings in terms of coordination 
number, radial distribution function, Voronoi tessellation, and Delaunay 
tessellation. Their analysis identified features such as large pores, 
aggregated particles, and chain-connected particles within the packing 
considered. Other researchers [58–60] have also contributed to the 
understanding of these phenomena using different approaches. How
ever, most of these studies on wet particle packings are primarily 
focused on mono-sized particles and the effects of interparticle forces 

and liquid properties. Few studies have been given to the packing of 
multi-sized wet particles. Consequently, there is a scarcity of measurable 
and detailed structural information for multi-sized wet particles, making 
it challenging to provide an accurate microscopic description. While 
numerical methods have been used to obtain the loose packing structure 
of multi-sized cohesive particles, these approaches may not be widely 
applicable to wet particle systems. One of the difficulties here is the need 
for further validation through experimental investigation.

Therefore, this study aims to experimentally achieve the packing of 
multi-sized wet spheres and quantitatively characterize its microscopic 
structures. It provides a comprehensive set of data about such a packing 
using various methods, including the coordination number, pair corre
lation function, and topological and metric properties of the Voronoi- 
Delaunay tessellation. Through these approaches, distinct packing fea
tures, such as agglomerates and pores, can also be identified and 
analyzed. This study offers better understanding of the complex micro
structure of multi-sized wet packings and phenomena involving capil
lary and liquid forces in such systems.

2. Experimental method

The packing method used in this work is the same as that of our 
previous studies [51,52]. The experimental procedure for analyzing the 
packing of wet particles encompassed three primary stages: mixing, 
packing, and measurement. Initially, a predetermined quantity of liquid 
and particles was manually mixed to ensure even distribution of the 
liquid among the particles. Subsequently, this homogeneous particle- 
liquid mixture was gradually transferred into a pre-calibrated 
container using a funnel to create a packing. To determine the liquid 
content, the packing was first weighed after leveling off any excess 
particles. It was then weighed again following a drying process. The 
difference in weights, in conjunction with known densities of the par
ticles and liquid, facilitated the calculation of liquid content. This was 
quantified as a volume ratio percentage between the liquid and the 
particles. Another key parameter measured was the dry-based packing 
density, which is the ratio of the volume of particles to the volume of the 
container. The dry-based porosity ε, by definition, equals one minus the 
packing density. It is important to note that in this experiment, tapping 
or compaction methods were deliberately omitted to specifically focus 
on the influence of liquid-induced forces.

In this study, expanded polystyrene beads were chosen for their low 
specific density of 0.136 g/cm3, which aids in maximizing the impact of 
the capillary forces and enhancing measurement accuracy. The bead 
sizes were carefully selected to ensure a broad distribution, ranging from 
1.86 to 9.46 mm, with an average diameter of 3.61 mm. Their cumu
lative size distribution by particle number and by particle volume are 
shown in Fig. 1, respectively. Optical examinations confirmed that these 
beads exhibit high sphericity, with a sphericity value exceeding 0.97, 

Fig. 1. Size distribution of the expanded polystyrene beads used.
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indicating their near-perfect spherical shape. The experimental setup 
involved a container measuring 255 mm in diameter and 210 mm in 
height. After extensive testing, a dilute glue solution was selected as the 
liquid medium. Its specific density (0.995 g/cm3), viscosity (0.0061 kg/ 
(m⋅s)), and surface tension (0.0476 N/m). This particular solution was 
chosen because it could create a stable packing structure. The adhesive 
strength of the solution was sufficient to allow for the disassembly of the 
packing sample particle by particle, without altering the remaining 
structure. This characteristic was crucial for the accurate analysis of the 
packing behavior and the effects of capillary forces within the particle- 
liquid system.

The spatial coordinates of particles were precisely measured using a 
TM-500 digital microscope, complemented by a three-dimensional me
chanical stage from Mitutoyo Corporation. This setup offered a high 
degree of accuracy in the measurements, with a precision of ±0.05 mm 
in the vertical direction and ± 0.01 mm in the horizontal direction. To 
mitigate the impact of the wall effect, which can skew results due to the 
influence of container boundaries, a specific sampling strategy was 
employed. A representative sample was extracted from the central re
gion of the packing, ensuring a sufficient distance from the container’s 
top, bottom, and walls. This distance was maintained at approximately 
five times the mean diameter of the particles, effectively reducing 

boundary-related anomalies in the data. The selected sample comprised 
a total of 10,697 particles. The coordinates and size of each individual 
particle within this sample were meticulously measured and recorded. 
This data was then digitized and stored in a computer system. The 
comprehensive collection of this spatial information enabled the accu
rate reconstruction of the packing structure in a virtual environment, 
facilitating in-depth analysis and study of the packing dynamics and 
properties.

3. Results and discussion

3.1. General characterization

Fig. 2 illustrates the correlation between dry-based porosity and 
liquid content in the study. As mentioned before, dry-based porosity ε is 
defined as one minus the packing density, where packing density is the 
ratio of the volume of particles to the volume of the container. The 
observed trend in the figure reveals an initial increase in porosity, 
reaching a peak, followed by a plateau, before decreasing as the liquid 
content further increases. This pattern is consistent with the previous 
research conducted on glass beads [50]. A notable observation from the 
study is that the maximum porosity recorded is 0.54, which is signifi
cantly higher than the 0.31 value found under dry conditions. The use of 
low-density particles was a deliberate choice in this study to achieve a 
packing with high porosity, thereby facilitating more precise structural 
measurements. Given these findings, the study focused on examining the 
packing structure at a liquid content of 2.1 %. At this specific liquid 
content, the overall porosity was observed to be 0.51. This particular 
point was chosen for detailed analysis as it represents a significant state 
within the observed trend, where the packing structure is influenced 
notably by the liquid content, allowing for meaningful insights into the 
interplay between liquid content and packing porosity.

Fig. 3(a) presents a comprehensive view of the entire measured 
block, while Fig. 3(b) offers a more focused depiction, revealing the 
internal structure and detailed arrangement of the spherical segment 
extracted from the central region of the measured block. In this latter 
figure, lines are utilized to denote the contact points between particles, 
providing a clear visual representation of particle interconnectivity. 
Notably, a visual inspection of these figures indicates that the particle 
distribution within the packing is not entirely uniform. Instead, it ex
hibits a propensity to form specific structural features, deviating from a 

Fig. 2. The relationship between the porosity of the particle bed and 
liquid content.

Fig. 3. (a) Overall view of the measured sample; (b) spherical sample taken from the center of the measured block, sticks represent the contacts between particles of 
different diameters shown.
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homogenous spread.
For a clearer view, Fig. 4 presents the interior view and intricate 

structure of three sample layers extracted from the analyzed packing, 
with red sticks denoting connections between particles. Upon exami
nation, various packing characteristics emerge, such as sizable pores (A), 
particle agglomerates (B), and chain-like structures (C). The packing 
structure of multi-sized wet spheres is more complex compared to that of 
mono-sized wet spheres. Therefore, quantifying the structure is essen
tial, as described in the following sub-sections using different methods of 
characterization.

3.2. Coordination number

The structure of a wet packing can generally be described by its CN. 
However, defining CN in this context necessitates the introduction of a 
separation distance since particles are not necessarily in direct contact. 
This distance represents the minimum gap between particles to deter
mine whether they are in contact. Figs. 5(a) and 6(b) illustrate the ef
fects of separation distance on the mean CN and CN distribution for 
various particle sizes, respectively. It can be observed that larger parti
cles typically have higher mean CN values. As the chosen separation 
distance increases, the number of particle pairs considered to be in 
contact also rises for all particle sizes, with large particles being more 
affected due to their higher CN. The CN distribution peak for all particles 

shifts to higher values with increasing separation distance. The presence 
of larger particles contributes to a long tail at higher values in the dis
tributions. For all sized particles, there is an overall mean CN which, 
corresponding to Fig. 5(a), increases with the critical distance as shown 
in Fig. 6.

In order to facilitate a more detailed analysis, in the following, par
ticles are categorized into five types based on their volume. Table 1
presents the size range and mean size for each particle type. Different 
types of particles may contact with each other, giving the so called 

Fig. 4. Thin layer samples of 10 mm taken from the packing, where the red 
sticks represent the interparticle contacts, showing different structures such as 
sizable pores (A), particle cluster or agglomerate (B) and chain-like structure 
(C). (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.)

Fig. 5. (a) Mean CN of different particle size, and (b) CN frequency distribution for different separation distances.

Fig. 6. Overall mean CN as a function of separation distance.

Table 1 
Particle size ranges for each particle type.

Size (mm) From To Mean Volume fraction

Type 1 1.86 3.28 2.57 21.10 %
Type 2 3.28 5.71 4.50 20.68 %
Type 3 5.71 7.67 6.69 21.24 %
Type 4 7.67 8.56 8.12 20.88 %
Type 5 8.56 9.46 9.01 16.09 %

Table 2 
Partial mean CN of each type of particles.

Type 1 Type 2 Type 3 Type 4 Type 5

Type 1 1.79 0.70 0.41 0.30 0.28
Type 2 2.89 1.11 0.50 0.35 0.32
Type 3 5.08 1.50 0.55 0.36 0.35
Type 4 6.62 1.91 0.65 0.61 0.39
Type 5 8.19 2.21 0.82 0.51 0.28
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partial coordination numbers [1,16,17,19]. Table 2 then illustrates the 
partial mean CN associated with each type of contact. A notable pattern 
emerges in each row of Table 2: the values generally decrease from left 
to right. This indicates that particles are more likely to contact smaller 
particles than larger ones. A significant reduction in CNs is evident along 
the diagonal of the matrix, signifying a reduced tendency for particles of 
the same type to contact with each other as their size increases. This 
suggests that larger particles tend to be more dispersed within the 
packing. For smaller particle types, such as Types 1 and 2, the CNs 
typically increase when these particles interact with larger ones, as 
observed when moving rightward across a row. This trend implies that 
smaller particles are more likely to cluster around or interact more 
frequently with larger particles. Conversely, larger particles (Types 4 
and 5) show higher CNs across all particle types, highlighting their 
central role in the interaction dynamics of the particle system. They may 
act as focal points or hubs in the formation of agglomerates, as seen in 
Fig. 4.

The distributions of partial CNs, as illustrated in Fig. 7, reveal distinct 
patterns for small and large size particles. For the five types of particles, 
there are different types of contacts, giving different partial CN. In this 
context, the partial CN of Type A to Type B represents the average 
number of Type B particles surrounding a Type A particle. For particles 
of smaller sizes, there is a notable tendency for them to frequently 
contact each other, often establishing multiple contacts with particles of 
the same type. In contrast, larger particles, particularly Types 4 and 5, 
predominantly contact smaller particles. This difference in contact 
patterns suggests that while smaller particles tend to form clusters with 
each other, larger particles are more dispersed within the system. Larger 
particles require a higher critical volume fraction to make contact with 
each other. Conversely, smaller particles can form a connected network 
at a lower volume fraction. The introduction of liquid and the resulting 
capillary forces significantly affect the system’s dynamics. Smaller 
particles are more likely to adhere to larger particles rather than occu
pying the voids between them. These small particles also tend to 

Fig. 7. Partial CN distributions of different types of contacts for 5 types of particles.
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aggregate, forming larger clusters. The formation of these agglomerates, 
coupled with the capillary forces, contributes to the high porosity 
observed in the packing. Consequently, larger particles require an even 
higher critical volume fraction to bridge the gaps created by the small 
particles and the large voids. In the studied system, the volume fraction 
of large particles is insufficient to form a connected network. However, 
small particles demonstrate a high level of connectivity under the cur
rent conditions. For instance, over 50 % of Type 1 particles have a partial 
CN greater than one when interacting with particles of the same type 
(Type 1). These distributions well correspondnto the complex structure 
observed in Figs. 3 and 4.

In general, the CN results align well with those reported in the 
literature [17,61]. Geometrically, larger particles tend to have a higher 
mean partial CN due to their larger contact area, as illustrated in Fig. 5. 
Statistically, particles with a higher number fraction have a greater 
probability of forming contacts. Consequently, smaller particles, which 
have a high number fraction as shown in Fig. 1, significantly contribute 
to the CN of larger particles, particularly for interactions between Type 1 
particles and Type 4 or Type 5 particles, as depicted in Fig. 7. This trend 
would not change between dry and wet particle mixtures.

3.3. Pair correlation function

The concept of PCF has been widely used to describe the structure of 
particle systems. PCF is to some degree related to CN, considering the 
pairing between particles. Here, the non-normalized PCF is defined as: 

gi,j(r) =
Ni,j(r)
4πr2Δr

# (1) 

where gi, j(r) is the probability of finding a j-type particle center around 
an i-type particle in the distance between r and r + Δr. Δr is the calcu
lation step. Ni, j(r) is the average number of j-type particles around an i- 
type particle in the sphere shell between r and r + Δr and expressed as: 

Ni,j(r) =

∑Ni

i=1
nj(r)

Ni
#

(2) 

where Ni is the number of i-type particles calculated, and nj(r) is the 
number of j-type particles around an i-type particle in the sphere shell 
between r and r + Δr.

In the current system, for each type of particles, there is a mean PCF 
g1, g2, … g5, irrespective of the types of particles in pair. For each type of 
particle pair, there is also a partial PCF, g11, g12, … g55, respectively, 
representing the contributions of different types of pairs. Fig. 8 presents 
the partial PCFs of different particle types. The distance r is expressed in 
dimensionless mean diameter for all particles, done by dividing a par
ticle size considered. As shown in the figure, for each particle type, the 

PCF exhibits strong peaks at the beginning of the curves, indicating the 
formation of agglomerates where Type 1 particles surround each parti
cle type. The position of these peaks shifts to the right as particle size 
increases, reflecting the larger distances associated with larger particle 
sizes. Due to the higher ratio of capillary force to gravity for smaller 
particles, these particles are more likely to come into contact with 
others. This tendency leads to peak positions that approximately 
correspond to the sum of the mean radius of two particles: the radius of 
the given particle type and the mean radius of Type 1 particles.

The PCF between different types of particles is used to examine the 
detailed packing structure, as shown in Fig. 9. All partial PCFs exhibit a 
pronounced first peak, except for the Type 5-Type 5 partial PCF. Some 
partial PCFs also display a significant second peak, while others fluc
tuate after the first peak. These complex patterns arise from the intricate 
packing structure of wet, multi-sized particles. As noted earlier, the 
packing consists of various sizes of agglomerates and voids, with the 
agglomerates formed by particles of different sizes. For smaller particles, 
particularly Type 1 particles, there is a connected network, as discussed 
in the CN section. The small peaks at r = 1.43 (5.16 mm) likely result 
from three particles aligned or nearly aligned. This three-particle 
alignment may also contribute to the second peaks observed in Type 
1-Type 3 partial PCF and Type 1-Type 4 partial PCF. In these cases, a 
larger particle (Type 3 or Type 4) typically occupies one end of the 
chain. The absence of a strong peak in the Type 5-Type 5 partial PCF 
suggests that large particles are well-separated by other particle types 
and voids.

The PCFs of multi-sized particle mixtures are much more compli
cated than mono-sized particles, as reported by Yang et al. [9]. Such 
complication is inherited for wet particle packing. However, as shown in 
Fig. 4, the present packing includes complicated packing structures, 
such as compact cluster same as dry packing, loose structure with big 
voids, and small one between, due to different connections between 
clusters, and loose structures. Hence, the PCF shows an even more 
complicated and anisotropic structure as discussed above.

3.4. Voronoi tessellation

The Voronoi tessellation method was employed on 4081 core parti
cles within the observed wet packing, effectively eliminating the influ
ence of peripheral particles, as depicted in Fig. 10. The right portion of 
the figure showcases a representative schematic of characteristic Vor
onoi cells corresponding to different particle categories. A comprehen
sive analysis of both topological and metric properties is performed 
using the so-called radical tessellation [35,62]. Topological attributes 
include the number of faces f and edges e for each polyhedron, while 
metric properties encompass the area A and perimeter L of individual 
polyhedron faces and the perimeter P, area S, volume V, and sphericity ψ 
of each Voronoi polyhedron.

The number of faces per polyhedron is a critical local structural 
property. Unlike CN, two particles are considered neighbors if they share 
a radical face, even if they are not in contact. This concept is especially 
relevant when examining a structural property that relies heavily on the 
connectivity among particles in a packed bed, e.g., the thermal con
ductivity or radiation of a particle bed [3,63]. Fig. 11(a) displays the 
distribution of the number of faces for Voronoi polyhedra for all parti
cles, with Fig. 11(b) illustrating the relationship between the mean 
particle size and number of faces. As depicted, the relationship is nearly 
linear, with the number of polyhedral faces increasing with particle size. 
The distribution reveals a peak around 12, which is slightly lower than 
that of uniform wet or fine spheres [34,52]. This could result from the 
polyhedra of the large number of small particles. Additional minor peaks 
are present in the distribution’s long tail, contributed by larger particles. 
Fig. 11(c) presents the partial distributions for various particle types. For 
small particles, in addition to the peak around 12, there is a short tail 
suggesting the presence of small agglomerates of different distorted 
shapes. In the case of large particles (e.g., Types 4 and 5), the 

Fig. 8. PCF of different types of particles as a function of distance.
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distribution curves become less smooth, indicating that these particles 
are well-separated and surrounded by many smaller particles of 
different types.

Fig. 12 presents the results for the number of edges per polyhedron 
face. As can be observed from Fig. 12(a), the distribution of edge 
numbers for all particles peaks at around 5, and Fig. 12(b) demonstrates 
that the edge number marginally increases with particle diameter. 
Fig. 12(c) reveals that the distributions for different particle types 
exhibit a similar pattern; the distribution shifts slightly to the right as 
particle size increases. According to Yang et al. [34], the average edge 
number e and face number f for a Voronoi tessellation conform to e =

6 − 12/f in a random packing, which suggests that the edge number 
changes far less significantly with increasing face number. Conse
quently, the most probable values for edge numbers are 4, 5, and 6, 
accounting for the peak in the distribution of edge numbers for particles 
of all sizes. These results are consistent with other multi-sized packing 
systems [35,36], indicating that the key feature of edge numbers may 

generally be valid for all multi-sized systems.
The metric properties of the radical polyhedra are also examined, 

including face-related attributes such as relative face perimeter L* and 
face area A*, displayed in Figs. 11 and 12, respectively. Here, relative 
property X* is defined as: X* = X/〈X〉. Fig. 13(a) illustrates the distri
bution of the face perimeter for all particles, while the distributions of 
the face perimeter for different particle types are given in Fig. 11(c). The 
distribution indicates that as particle size increases, the likelihood of 
faces having infinitesimally small perimeters decreases, and the overall 
distribution shifts rightwards, suggesting an increase in the polyhedral 
face perimeters.

Concerning the distribution of the face area, Fig. 14(a) exhibits one 
major peak in the distributions. This peak emerges near zero due to the 
physical constraint dictating that a face must exceed a certain minimum 
value, as two proximate particles cannot overlap [34]. The partial dis
tributions in Fig. 14(c) shift towards the right as particle size increases, 
indicating a general enlargement in the polyhedral face. This is also 

Fig. 9. Partial PCFs of different particle types.
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depicted in terms of the relationship between the overall mean face 
perimeter/area and particle diameter in Figs. 13(b) and 14(b). The 
variation in the face perimeter and area with particle size can provide 
insights into the configuration of particle agglomerates. For large par
ticles, the distribution of both the face perimeter and face area exhibits 
only a slight rightward shift. This indicates that a large particle is pre
dominantly surrounded by small-size particles. In other words, large 
particles are typically located at the center of agglomerates.

Figs. 15, 16, and 17 show cell-related properties, including the 
relative cell perimeter P*, surface area S*, and volume of a Voronoi 
polyhedron V*, respectively. These are the metric properties of the 
Voronoi tessellation. The overall distributions of these properties are 
depicted in Figs. 15(a), 16(a), and 17(a). Each distribution features a 
prominent peak associated with the Voronoi cells of small particles, 
followed by a long tail corresponding to the cells of larger particles. 
Figs. 15(b), 16(b), and 17(b) demonstrate that the average values of cell 
perimeter, surface area, and volume increase in proportion to particle 
size. This trend is further corroborated by the partial distributions for 

different particle types, as shown in Figs. 15(c), 16(c), and 17(c). These 
observations align with the geometric principle that a polyhedron must 
be adequately sized to encase a particle of a specific size. Consequently, 
the peaks in these distributions, which are organized in ascending order 
of their values, correspond to particle components ranging from small to 
large sizes.

The shape of the Voronoi polyhedra is also examined in terms of 
sphericity ψ , which is defined as the ratio of the surface area of a sphere 
to that of a polyhedron of the same volume [33]. A higher sphericity 
implies a more spherical polyhedron. Fig. 18(a) shows that the distri
bution of overall sphericity has a major peak near 0.8, which is lower 
than 0.87 for uniform wet particles [52] and 0.9 for uniform fine par
ticles [34]. The presence of the capillary effect combined with fewer 

Fig. 10. Voronoi tessellation of the multi-sized wet particle packing (top) and 
the resulting typical Voronoi polyhedra for different types of particles (bottom).

Fig. 11. (a) Distribution of the number of faces f for the Voronoi polyhedra for 
all particles; (b) relationship between the mean number of faces <f > and 
particle diameter; and (c) distribution of the number of faces f for the Voronoi 
polyhedra among different particle types.

Fig. 12. (a) Distribution of the number of edges per face e for the Voronoi 
polyhedra for all particles; (b) relationship between the mean number of faces 
<e > and particle diameter; (c) distribution of the number of edges per face e 
for the Voronoi polyhedra among different particle types.

Fig. 13. (a) Distribution of the relative face perimeter L* for the Voronoi 
polyhedra for all particles; (b) relationship between the mean relative perimeter 
<L* > and particle diameter; (c) distribution of the relative face perimeter L* for 
the Voronoi polyhedra among different particle types.
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surrounding particles can result in structures with reduced sphericity. As 
shown in Fig. 18(b), the sphericity of the polyhedra increases as the 
particle size enlarges. The sphericity distributions for polyhedra of 
different particle types are given in Fig. 18(c). As observed, the distri
bution becomes taller and narrower as particle size increases, suggesting 
that the polyhedra of larger particles are not only more spherical but 
also exhibit less shape deviation compared to smaller particles. This 
typically occurs when a large particle is surrounded by numerous small 
particles, resulting in Voronoi polyhedra with small yet numerous faces 
enveloping the large particle. Within the packing, the influence of the 
capillary effect is more pronounced for smaller particles. Additionally, 
these smaller particles are surrounded by fewer neighbors, contributing 

to their decreased sphericity.

3.5. Delaunay tessellation

Delaunay tessellation and Voronoi tessellation are dual structures in 
computational geometry, closely related through their geometric and 
mathematical properties. Each vertex of the Voronoi diagram corre
sponds to a circumcenter of a Delaunay triangle; and each edge of the 
Voronoi diagram is perpendicular to and bisects an edge of the Delaunay 
triangulation. Delaunay tessellation is widely used to characterized the 
pore structure within particle packing [64,65].

The Delaunay cell encapsulates the structure of tetrahedra, each 

Fig. 14. (a) Distribution of the relative face area A* for the Voronoi polyhedra 
for all particles; (b) relationship between the mean relative face area < A* >

and particle diameter; (c) distribution of the relative face area A* for the Vor
onoi polyhedra among different particle types.

Fig. 15. (a) Distribution of the relative cell perimeter P* for the Voronoi 
polyhedra for all particles; (b) relationship between the mean relative cell 
perimeter <P* > and particle diameter; (c) distribution of the relative cell 
perimeter P* for the Voronoi polyhedra among different particle types.

Fig. 16. (a) Distribution of the relative surface area S* for the Voronoi poly
hedra for all particles; (b) relationship between the mean relative surface area 
< S* > and particle diameter; (c) distribution of the relative surface area S* for 
the Voronoi polyhedra among different particle types.

Fig. 17. (a) Distribution of the relative volume V* for the Voronoi polyhedra for 
all particles; (b) relationship between the mean relative volume < V* > and 
particle diameter; and (c) distribution of the relative volume V* for the Voronoi 
polyhedra among different particle types.
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composed of four particles. The volume of a pore refers to the void space 
within a Delaunay cell, and its characteristics can be assessed based on 
its geometric properties, such as size and shape. The Delaunay tessel
lation was executed for the 4081 particles located at the center of the 
measured wet packing, as depicted in Fig. 19. In this study, we 
concentrate on the size and shape of the Delaunay cells and pores, as 
well as their correlation. Here, the size of Delaunay cells/pores, denoted 
as d*, is characterized by their equivalent volume diameter, which is 
expressed as: d* =

̅̅̅̅̅̅̅̅̅̅̅
6V/π3

√
, V is the volume of cell/pore. The shape is 

represented in terms of sphericity of each cell/pore, which is defined in a 
manner analogous to that used for Voronoi polyhedra.

Fig. 20(a) presents the size distribution of the Delaunay cells, indi
cating that the packing possesses a somewhat asymmetric distribution 
with a pronounced peak around 2.8 mm, approximating the mean size of 
type 1 particles. The relatively broad distribution suggests that the 
Delaunay cells are considerably distorted due to the size distribution of 
particles. Fig. 20(b) depicts the distribution of cell sphericity. The dis
tribution for this packing has a strong peak at ψ = 0.6, accompanied by a 
long tail at lower sphericity values. Given that a regular tetrahedron has 
a sphericity of 0.67, this suggests that most of the cells are slightly dis
torted near-regular tetrahedra, presumably formed by many small par
ticles of varying sizes. The long tail at lower sphericity represents 
distorted cells, aligning with the findings from Fig. 20(a).

According to the present approach, each Delaunay cell, as a tetra
hedral subunit, can be characterized by two independent parameters: 
size and sphericity. The correlation between them is shown in Fig. 20(c). 
Although a basic trend that larger cells tend to have higher sphericity 

Fig. 18. (a) Distribution of the sphericity ψ for the Voronoi polyhedra for all 
particles; (b) relationship between the mean sphericity <ψ > and particle 
diameter; (c) Distribution of the sphericity ψ for the Voronoi polyhedra among 
different particle types.

Fig. 19. Delaunay tessellation applied to the packing (left) and an illustration of the pore structure (right).

Fig. 20. (a) Distribution of Delaunay cell size dc
*; (b) Distribution of cell sphericity ψc; (c) Correlation between Delaunay cell size and shape.
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can be observed, the correlation between cell size and cell sphericity is 
quite scattered. This is because in a wet multi-sized system, the cohesive 
force plays an important role, more Delaunay cells are formed by 
“untouching” particles and become more irregular.

In a Delaunay cell, the region not occupied by particles is termed as 
‘pore space.’ The distribution of both pore size and sphericity are pre
sented in Fig. 21(a) and (b), respectively. The pore size distribution 
exhibits a peak at approximately 2 mm, which is around 70 % of the 
peak size of the cells. This indicates that the majority of the pores are 
relatively large in comparison to the cells they reside in, pointing to a 
loosely packed structure in the packing. Similarly, the distribution of 
pore sphericity mirrors the trend observed in cell sphericity, with a peak 
near 0.65, slightly exceeding the peak of cell sphericity. The presence of 
a long tail at lower sphericity values suggests that distorted pores 
frequently occur alongside distorted cells. The local void ratio is char
acterized by the porosity of a pore, which is defined as the ratio between 
pore volume and Delaunay cell volume. Fig. 21(c) gives the distribution 
of pore porosity within the packing. The distribution exhibits a plateau 
ranging from 0.32 to 0.47, indicating the non-uniformity and irregu
larity of the pore structures. Additionally, it can be observed that the 
distribution gradually decreases towards 0 as porosity approaches 1. 
This indicates the presence of a small number of distorted pores, where 
the particles within a cell are positioned far apart, resulting in a porosity 
close to 1. Similarly, Fig. 21(d) illustrates the correlation between pore 
size and porosity. While it is generally more likely for larger pore to have 
a larger void ratio, there is a considerable number of small cells that 
exhibit relatively high void ratios, which should be related to small 
particles near a pore structure.

The results further reveal the complex internal structure of the 
packing. Due to the combined effects of liquid-induced cohesive forces 

and the multi-sized distribution of particles, various shapes of void 
spaces emerge, influenced by packing features such as agglomerates and 
chain-like particles. As a result, the packing exhibits a complicated pore 
structure. In fact, as mentioned above, all the analysis in this study just 
presents some quantitative results of a complicated packing of multi- 
sized particles under strong cohesive forces, as qualitatively depicted 
in Figs. 3 and 4.

4. Conclusion

A detailed experimental analysis of the packing structure of multi- 
sized spheres with liquid addition has been studied, revealing intricate 
microstructural characteristics influenced by the capillary and inter
particle forces. Utilizing analytical techniques such as CN analysis, PCF 
analysis, the Voronoi and Delaunay tessellation, key features such as 
agglomerates, particle chains, and heterogeneous clusters of particles in 
both contact and non-contact states are identified and quantified. The 
following conclusions can be drawn from the present study: 

1) Liquid addition significantly impacts the packing structure, resulting 
in higher porosity compared to dry conditions. CN analysis revealed 
that larger particles tend to have higher mean CN values, while 
smaller particles frequently form clusters around larger particles, 
enhancing overall connectivity within the packing. PCF analysis 
further corroborated these findings, showing prominent peaks cor
responding to average distances between different particle types and 
highlighting the complex interplay between particle size and liquid 
content or cohesive force.

2) Voronoi tessellation revealed that the topological properties such as 
polyhedral faces and cell structures are significantly influenced by 

Fig. 21. Distribution of: (a) pore size dp
*, (b) pore sphericity ψp and (c) pore porosity ε; (d) correlation between pore size and pore porosity.
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particle size, with larger particles typically surrounded by numerous 
smaller particles. The metric properties of the Voronoi cells, such as 
face perimeter, area, and volume, provide insights into the spatial 
arrangement and connectivity of particles, emphasizing the role of 
capillary forces in shaping the packing structure.

3) Delaunay tessellation offered a complementary perspective, focusing 
on tetrahedral subunits and pore structures. The correlation between 
Delaunay cell size and sphericity indicated a trend towards more 
regular, near-spherical shapes for larger cells. The pore size distri
bution suggested a loosely packed structure with substantial void 
spaces. The analysis of pore porosity highlighted the non-uniformity 
and irregularity of the pore structures, as well as the complexity 
introduced by the multi-sized particle distribution and liquid- 
induced cohesive forces.

This study enhances our understanding of the packing dynamics of 
multi-sized wet spheres, providing valuable insights for the develop
ment of improved simulation methods that consider capillary and other 
liquid-related forces. The data are useful for testing the applicability of 
computer simulation when applied to liquid-related cohesive particles. 
They are available to interested researchers.
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