<]
TUDelft

Delft University of Technology

Lubrication theory for Bingham plastics

Lampaert, Stefan G.E.; van Ostayen, Ron A.J.

DOI
10.1016/j.triboint.2020.106160

Publication date
2020

Document Version
Final published version

Published in
Tribology International

Citation (APA)
Lampaert, S. G. E., & van Ostayen, R. A. J. (2020). Lubrication theory for Bingham plastics. Tribology
International, 147, Article 106160. https://doi.org/10.1016/j.triboint.2020.106160

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.


https://doi.org/10.1016/j.triboint.2020.106160
https://doi.org/10.1016/j.triboint.2020.106160

Tribology International 147 (2020) 106160

=

TRIBOLOGY
INTERNATIONAL

Contents lists available at ScienceDirect

Tribology International

journal homepage: http://www.elsevier.com/locate/triboint

ELSEVIER

Check for

Lubrication theory for Bingham plastics e

Stefan G.E. Lampaert ', Ron A.J. van Ostayen

Department of Precision and Microsystems Engineering, Delft University of Technology, Mekelweg 2, 2628 CD, Delft, the Netherlands

ARTICLE INFO ABSTRACT

Keywords:

Rheology

Smart fluids

Journal bearing
Non-Newtonian fluids

The rheological behavior of many lubricants used in hydrodynamic bearings can reasonably be modeled using
the Bingham plastic material model. This behavior is characterized by a strong discontinuity, from a pure solid
state to a viscous fluid state depending on the local shear stress.

In literature three methods have been presented to model a Bingham plastic lubricated film. A full CFD and
thus expensive, numerical simulation has been used. A general Reynolds equation based simulation has been
used, however with a less accurate numerical regularization of the material discontinuity. Or a general Reynolds
equation based simulation has been used, but with a severe reduction of the geometric complexity.

In this paper, an "exact’ thin film lubrication simulation for a Bingham plastic fluid is presented. The model is
said to be exact in the sense that it requires no additional approximations to those used in the derivation of the
general Reynolds equation, and requires no numerical regularization of the Bingham plastic fluid model and can
still be used on any lubricating film geometry. Simulations on both infinite and finite journal bearings shows that
the results of this new method are in good accordance with literature, demonstrating the validity of the method.

1. Introduction

The hydrodynamic bearing is a machine component used to transmit
a load between two parts of a mechanical system moving with respect to
each other. In this type of bearing a lubricating film separates the
moving surfaces. The fluid flow in this relatively thin lubricating film
can in general be modeled using full 3D fluid flow relations or prefer-
ably, by using a numerically much more efficient 2D thin film approach.
This thin film approach is based on a list of approximations first derived
by Reynolds (1886), with the main observations being that the flow is
dominated by viscosity and that the pressure in the film is constant in the
thickness direction of the film. These observations and approximations
result in the so-called general Reynolds equation, a 2D partial differ-
ential equation describing the pressure in the film [6].

In many bearing systems lubricants are used of which the rheological
behavior is reasonably modeled using the Bingham plastic material
model, which combines a solid behavior at shear stress values below a
critical yield stress, with a constant viscosity above that yield stress.
Some frequently used applications are, for example, the grease in roller
bearings or low speed journal bearings. Some less common applications
are, for example, magnetorheological and electrorheological bearing
systems. The rheological properties of these fluids are a function of the
magnetic and electric field. Using this property it is possible to realize an
active bearing by controlling the rheological properties of the lubricant
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[12,13,21,25]. Proper design of these bearing systems is only possible
when an efficient and accurate numerical simulation method is used to
predict the behavior of a certain design. The discontinuity in the vis-
cosity for the Bingham plastic fluid model caused by the yield stress has
been shown to be a major challenge here.

Wada et al. [23] was the first to present a significant lubrication
theory for Bingham plastics in 2D lubricating films. The major drawback
of this model is that it is an approximation in the sense that it requires
additional approximations to accommodate for the strong
non-linearities inherent in the Bingham material model. The theory was
validated for the case of a step bearing [22] and a journal bearing [24].
The method of Wada et al. was later implemented in Refs. [4,14]. In
Ref. [4] the calculations are limited to situations where no plug flow
occurs, significantly reducing the numerical complexity but also the
practical usefulness.

In the work of Tichy [19] a standard lubrication model has been used
in combination with the Bingham plastic fluid model, however only
applied to 1D lubricating films. The downside of the method is that it is
only valid for 1D lubricating films which makes it only accurate when
applied to for example infinitely long journal bearings, or infinitely wide
slider bearings. The benefit is that the method can be said to be exact
since it does not use any additional approximations to accommodate for
the non-linearities due to the yield stress. The method of Tichy [19] was
later implemented in Refs. [7,20].
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The seminal work of Dorier and Tichy [5] presents a regularization
strategy for the lubrication theory for Bingham plastic fluids applicable
to a 2D lubricating film. The disadvantage of the method is that it ap-
proximates the Bingham plastic fluid model by using a model that is
similar to the Bingham-Papanastasiou model [15]. This approximation
converges to the conventional Bingham model for an increasing value of
the regularization parameter but simultaneously gets more computa-
tionally demanding. The advantage of the method is that it removes the
necessity of explicitly tracking the location of the plug in the film as is
the case in work of Tichy [19] and Wada et al. [23]. The method of
Dorrier and Tichy [5] was later implemented by for example Sharma and
Khatri [18], Jang and Khonsari [9] and Khlifi et al. [10].

The work of Gertzos et al. [8] presents a full CFD method to model
the behavior of a Bingham Plastic in a lubricating film. It uses the
Bingham-Papanastasiou model to approximate the Bingham behavior.
The drawback of this theory is that it can be said to be very computa-
tionally demanding since it desires the solution of all fluid flow variables
(velocity vector and pressure) on a full 3D domain and it includes a
regularization technique. The advantage of the method is that it is also
applicable when the thin film approximation is not valid. The method of
Gertzos et al. [8] was later implemented by Peng and Zhu [16,17]. In
which the authors furthermore extended the method with a cavitation
algorithm and a varying yield stress over the lubricating film.

The works of Bompos et al. [2,3] and Kim et al. [11] demonstratethe
use of a bi-viscous material model implemented in a CFD model to
mimic the behavior of the Bingham plastic material in a lubricating film.
This model uses an artificial and relatively high viscosity to model the
solid phase behavior and the physically accurate low viscosity to model
the fluid phase behavior.

In literature three methods to model a lubricating film with a Bing-
ham plastic fluid have been published. The first method is to use the full
3D flow relations to model the flow in the full 3D domain of the lubri-
cating filmThe second method is to use the approximated thin film
model presented by Wada et al. [23]. The third method is to use the
regularization technique used by Dorier and Tichy [5]. An additional
fourth method exists when modelling only a 1D lubricating film. The
work of Tichy [19] presents an exact lubrication theory that is appli-
cable to a 1D lubricating film. The overview demonstrates that all pre-
sented methods that are applicable to 2D lubricating films are either
computationally demanding or provide only an approximation to the
exact but strongly discontinuous Bingham behavior.

Therefore, this paper presents an exact lubrication theory for a
Bingham plastic fluid that is more computationally efficient. The theory
is said to be exact in the sense that it requires no additional approxi-
mations other than the ones already used in the derivation of the
generalized Reynolds equation [6]. Compared to other published
methods, the method is less computationally demanding due to the
lower number of degrees of freedom needed and absence of a regulari-
zation method. The method is tested against results presented in liter-
ature. Simulation results both for infinite and finite journal bearings are
obtained.

2. Method

The method description consists of two parts. In the first part the
lubrication theory for a Bingham plastic fluid is derived. In the second
part the numerical method used to solve the set of equations derived in
the first part is discussed. Data from literature (Wada et al. [24], Tichy
[19] and Gertzos et al. [8]) is used to compare the modelling results for
both finite and infinite journal bearings. The data was gathered from
these sources using a data extraction utility [1].

2.1. Lubrication theory for Bingham plastic fluids

2.1.1. Bingham material model
The flow of a Bingham plastic fluid is described using a model where
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the material behaves as a solid when the shear stress magnitude in the
material | 7’| is lower than a given yield stress 7y. The material behaves as
a liquid when the stress in the material is higher than that yield stress.
Eq. (1) presents the formula that describes the material behaviour for
this paper, it shows that the material is solid below the yield stress 7o and
flows above the yield stress.

-

. [Tl=70 4 17| > 7

[71= n (@]
0 if |7 <1

In Eq. (2) we introduce the proportionality between shear rate vector
and the shear stress vector which includes flow factor f and viscosity 7.
Eq. (3) describes this flow factor which for all values of the shear stress
and yield stress has a value between 0 and 1.

- 7
}":f; (2)
Tl-n B
f={ 17l - (3)
0 if |7|<7

2.1.2. Stress distribution
The theory considers only lubricating films and is valid for the ap-
proximations laid out in Ref. [6]. The Cauchy momentum equation is
thus reduced to the form presented in Eq. (4), where p stands for the
local film pressure and z presents the z-coordinate in the film (see also
Fig. 1).
07
o 4
PR Vp (€]
Integration of Eq. (4) over the film height results in Eq. (5) that de-
scribes the stress as a function of the film height and the stress 7. atz =

0. Fig. 1 provides a graphical presentation of the distribution of the x-
component of the stress across the film height.

T=:Vp+ 7. 6))

The magnitude of the shear stress vector is given by Eq. (6). Fig. 2
presents a graphical representation of the shear stress magnitude |7’|.
The blue part of the graph presents the amount of stress that causes flow
since this is the only part above the yield stress. The green part repre-
sents the part of the shear stress that does not cause flow since it is below
the yield stress. The red part represents the amount of additional shear
stress that would be required in order to cause flow.

|77 =2|Vp| +2:Vp- T + |7 ©

Top surface

Bottom surface

Fig. 1. x-component of the shear stress vector.
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Top surface

Zhottom

Bottom surface

Fig. 2. Magnitude of stress.

2.1.3. Plug analysis

Between the two surfaces part of the material behaves as a solid and
part as a fluid, depending on the shear stress distribution. Due to the
nature of this shear stress distribution there are two possible transition
points (Zpottom and 2iop) Where the lubricant changes from solid to fluid.
The lubricant behaves as a solid between these two transition points and
as a fluid outside these two transition points. In order to locate these
points, first the z-coordinate of the minimum shear stress z, and the
corresponding minimum stress value 7, are derived from Eq. (6) and
presented in respectively Eq. (7) and Eq. (8).

Vp- T
= — 2 @
[Vpl
2 2 v — \2
?m = ?C - % (8)
[Vpl
Rewriting Eq. (6) with the use of Eq. (7) and Eq. (8) leads to Eq. (9).
2 2

—
7

+(z- zm)z(Vpr ©)

—
:’Tm

Solving Eq. (9) for z when the stress is equal to the yield stress 7o,
leads to Eq. (10). The parameter A presents the distance from the point
of minimum stress z,,, to the point where the stress is equal to the yield
stress, see Fig. 2 for a graphical presentation of this.

7 — |7l
L) i [Tal<mw
A=|z—zn|= [Vp| (10)
0 if | Twl >10

Eq. (10) now finally leads to the location of the two transition points
Zpottom aNd Zop as given by (11) and (12) respectively. The locations of
these transition points describe the topology of the flow. The following
situations are possible:

Both values have the same value: No plug appears,

e Both values have different values and are inside the film: A plug is
floating in-between the two surfaces,

Both values have different values and one of the values is inside the
film: A plug is present and sticking to one of the surfaces,

Both values are outside and on the same side of the film: No plug
appears,

Both values are outside the film and on different sides of the film: The
material is completely solid in-between the two surfaces.

. (h h
Zbottom = MiN (E’ max( 5 Zm — A) ) an
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. (h h
Ziop = MiN (5’ max ( ~ 5 m + A) ) (12)

The max and min functions in Eq. (11) and Eq. (12) ensure that the
resulting value is between —£ and £, and therefore somewhere inside the
extent of the film.

2.1.4. Flow field

The lubricant velocity across the film height can be found by inte-
grating Eq. (2) over the height of the channel, resulting in Eq. (13). Fig. 3
gives a graphical presentation of a typical fluid profile. The green and
blue parts represent the lubricant above and below the plug where
viscous flow occurs, respectively. The red part represents the solid plug.

Z

: 1 [ 1
7:/ Ji?dz—i-Wa:— fzdzVp +— fdz T+, (13)

yex| nJ-np nJ-np
For convenience we define the flow factor integrals Eq. (14)

/2
F,= fFdz 14)
—h/2

such that the velocity difference between the two surfaces is described
using Eq. (15)
F 0—

F
Wy — Wy = —Vp+—7, (15)
n n

Now Eq. (16) describes the stress at z = 0.

— —
— Up — U,
T.=N——

F
c=1 -—Vp (16)

Fo Fo

Substituting Eq. (16) into Eq. (13) results in Eq. (18) which describes
the flow velocity across the height of the channel as a function of the
surface velocities.

D B AR O S = 1 7 Wy— W, Fieo
u=- frdz+uw,=— deZVerﬁ fdz 777717Vp
- 0

nJ np nJ no 12 Fo
[—s [7 F _ 17 1
+U,=-Vp f(sz>dz+ U, 17*/ fdz | +uy— fdz
n —h/2 Fo Fo J w2 bFo —h/2

a7

2.1.5. Flow rate
Integration of Eq. (13) across the height of the channel results in Eq.
(18) that describes the flow rate through the system.

h/2 1 n2 o oz 1 W2 oz
7:/ 7dz:7Vp/ / fzdzdz+f?c/ / fdzdz
—h/2 n —hj2 J—h/2 n —hj2 J—n/2

2
+ / @, dz 18)

/2

Using integration by parts to simplify this result leads to Eq. (19), in

Top surface

—Z:%

| Uy, —Uu

_ 1 [Zw
z=0 =
A Zbolmm

Bottom surface

Fig. 3. x-component of the velocity of the lubricant.
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which the flow rate is described as a function of the as yet unknown
minimal shear stress 7. In this step this derivation deviates from the
derivation of the general Reynolds equation in Ref. [6].

1 2 hf2 /2
7 =-Vpl|z / fzdz - fZdz
n J-np2 i —h/2
1 2 hf2 /2 19
7| |z / fdz| - / fzdz| + Wh
n —h/2 s —h/2

hF, hF, -
7**VP<F2*T>+ﬁTC<77F1>+ a]’l

More traditionally, by substituting Eq. (16) into Eq. (19), we obtain
Eq. (20), in which the flow rate is expressed using the surface velocities.

| W\ 1 Wy—u. F hF, -
= Vp|F—— ) +-(4—————— ——F A
q an( 27 +]1 n Fo FOVp 2 |+

1 WY\ 1 Wo—u, Wo—Ua P
:—HVp F,—— +E qh?ﬂyTFlf—Vp+ —IVp |+ Wk

1 F h Fl) <h F1>

F =L )Vpt (54— ) Wat (57

n( ’ Fo) P (2 Fo 2 F
(20)

Both Eq. (19) and Eq. (20) describe the flow rate through the system
and can as such be used to solve for the one remaining unknown, the film
pressure p, using the conservation of mass in Eq. (21). However, this
does require a solution for the flow factor integrals F,. This is described
in the next section.

V-gd=0 (21)

2.1.6. Flow factor integrals

Goal of this section is to get rid of the integral in the flow factor
integrals F, defined in Eq. (14). Eliminating these integrals removes the
necessity to do a numerical integration step as required for instance in
the regularization method used by Tichy [19]. To achieve this, Eq. (3)
and the results of Eq. (11) and Eq. (12) are substituted in Eq. (14)
resulting in Eq. (22).

*Zhottom ~h/2 bouom | ~h/2 1
F,,:/ z”der/ Z"dz—1o / e dz+/ —7"dz
~h/2 z -2 T 7

Ziop Ztop
h h _ h . h
= |:=<J n <7 §¢Zbonom) + =7n <Zt0pa§>:| — 79 |:§yl <7 §7Zb0tt0m> + u(’n (Ztop7§>:|

{

(22)
where:
_ b bn—l _ g+l
F ,,(a,b) = / 7" dZ:ﬁ (23)
and:

(Z+4zw)" dZ

. /b 7' dz B /bf m
|7 a - 2 2 2 a—zm ‘? |2 +ZZ|V ‘2
Tl + (z—zm)"|Vp m r
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or, after introducing the following notation short-cuts:

A:a—zm, B:b_zm-, a:‘?m‘w b:Zm-, c:\Vp\ (25)

this integral is equal to:

/ Z+b ( >bn k/ ” < )bn IsH
k
(26)

where the integrals Hy can be determined analytically:

Hy, -1 <asinh <C—B) — asinh <%> ) 27)
c a a
H, :Cl—z (\/a2 +(cBY —Ja +

1
H :—(B
272

(cA)? ) 28)

@+ (cB)’ —Ay/a® + (cA)? —azHo) (29

2.2. Numerical model

The system of differential equations that describes the behavior of a
Bingham plastic fluid in a lubrication film is solved using the commer-
cial finite element package COMSOL Multiphysics® 5.4.

The lubricating film in a journal bearing with one axial supply line is
considered. The supply line is located at the top of the bearing (6= 0)
with a supply pressure equal to ambient pressure. The height of the film
is described by Eq. (30) where c is radial clearance, e the eccentricity and
6 the radial bearing position. The pressure is constrained at all four sides
to ambient pressure by using a Dirichlet boundary condition.

h=c(1+ e cos 0) (30)

The model uses a triangular mesh with a maximum element size of
5% of the bearing length. The elements use a Lagrange shape function
and are quadratic order for the PDE and quartic order for the weak
contribution.

Two solver strategies are tested within this work:

Strategy A uses Eq. (19) to solve the system as a partial differential
equation for the pressure p while implementing Eq. (15) as a weak
contribution to force the correct surface velocities.

Strategy B uses Eq. (20) to solve the system as a partial differential
equation for the pressure p. The values of Fy, F; and F, are updated every
iteration based on the current pressure distribution. The process can be
summarized with the following solver sequence:

. Initial guess: Fp = h, F; =0, F» = h3/12

. Calculate p

. Calculate Fy, Fy, F,

. Back to [1.], iterate, until convergence criteria are met

w N = O

Both solver strategies use a parametric solver to guarantee conver-
gence of the non-linear system. The solver starts with a zero yield stress
and iterates towards the desired yield stress. The step size is generated

(24)
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T=0
7 ;
----- Wada
61 |- --Gertzos i
— Present work
5r 2\ 1
ol e=0.70 / ]
Q 3l |
25 e=050 1
1 L 4
0
0 50 100 150

Bearing angle [deq]

Fig. 4. Pressure distribution for a Newtonian fluid in a finite journal bearing.

e=0.8
25 T T

201

P[]

0 50 100 150
Bearing angle [deq]

Fig. 5. Pressure distribution in an infinite journal bearing for a Newtonian fluid
and a Bingham plastic fluid.

T=0.4
7 ‘
----- Wada _
61 |- - -Gertzos e=0.71 i
— Present work FEIN
5 [ '/ ‘\‘ 7
/', k
4l e=060 / |
F3) e =050 " b
e=041 \Y
2F N b
e =0.30
1} e A\
O L 1 1
0 50 100 150

Bearing angle [deg]

Fig. 6. Pressure distribution for a finite journal bearing for the case.Tp = 0.4
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automatically by the software package. The solver is assumed to be
converged when a relative tolerance smaller than le-6 is achieved.
Computation is performed on an Intel Xeon CPU E5-1620 V3 @ 3.50
GHz with 32 GB of Ram.

3. Results

2.
Fig. 4 shows the normalized pressure distribution p* = ;‘%’ in a finite

journal bearing for a Newtonian fluid for different eccentricities e. The
figure shows the results published by Wada et al. [24], Gertzos et al. [8]
and the present work. Fig. 5 shows the pressure distribution in an
infinite journal bearing both for a Newtonian fluid and for a Bingham
plastic fluid, where the normalized yield stress is given by relation Ty =
%. The figure shows the results of Tichy [19] compared to the current
study.

Figs. 6 and 7 present the pressure distribution in a finite journal
bearing lubricated with a Bingham plastic for different values of T, and
different bearing eccentricities. The figure shows the work published by
Wada et al. [24], Gertzos et al. [8] and the present work of this paper.

Fig. 8 and Fig. 9 present the plug configuration derived with the
method presented in this paper for a normalized yield stress of Tp = 0.8
and an eccentricity of e = 0.9 . The yellow surfaces present the top and
bottom bearing surfaces. The green surface presents the locations where
there is no plug present, the height of the surface represents the value of
Zm. The blue and red surfaces present the bottom (2pottom) and top (Ziop)
of the plug, respectively. The left side of Figs. 8 and 9 show that the plug
(enclosed by the red and blue surfaces) is partly attached to the bottom
bearing surface. At intermediate film heights the plug detaches from
both surfaces and floats freely between the surfaces, and attaches again
at small film heights. The plug is connected to the top surface when the
film height is at a minimum.

The models typically solves within a minute for one bearing
configuration. The solution process tends to be relatively slow for large
plug configurations and relatively quick for no or small plug configu-
rations. No significant difference between method A and method B
concerning speed or accuracy were found during this research.

4. Discussion

Fig. 4 shows that for a Newtonian fluid the method of Wada et al.
[23] corresponds exactly with the method presented in this work. This
good fit is expected since in this case the two methods use exactly the
same approximations; here the two methods are fundamentally the

T=0.8
7 . :
----- Wada e=0.71
6 |- - -Gertzos e |
51 — Present work ,‘” |
e =0.61 4
L i J
-):Z 4 // “\.
ol e=049 -
d \
2r e=0.41 ‘\
e=0.31 ' i A\
1 L K
0 L L L
0 50 100 150

Bearing angle [deg]

Fig. 7. Pressure distribution for a finite journal bearing for the case.Tp = 0.8
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top surface

no plug
plug top
bottom surface
plug bottom
Fig. 8. Plug configuration.

top surface

)

b4

floating plug
no plug
plug bottom
bottom surface

Fig. 9. Plug configuration side view.

same. The figure shows furthermore a slight offset between the method
of Gertzos et al. [8] and the method presented in this paper. This is
explained by the fact that a full 3D CFD simulation is compared with a
2D thin film approximation.

Fig. 5 shows that the method of Tichy [19] is in good accordance
with the method presented in this paper. Extracting the data from the
original journal paper caused a slight offset between the two lines. It
must be noted here that this analysis is only an infinite journal bearing
analysis. This means that the shape of the fluid profile is more basic and
there is no cross-coupling between the flow in x- and y-direction.

Figs. 6 and 7 show a good fit between the methods of Wada et al.
[24], Gertzos et al. [8] and the one presented in this paper. The minor
offset between the CFD analyses of Gertzos et al. [8] and the present
method is also there for the Bingham plastic fluid. Interesting to note is
that the pressure profile obtained using the present method always
seems to exceed the pressure profile compared to Ref. [8]. The difference
is again explained by the nature of the simulation, one is full turbulent
3D CFD while the other is a laminar thin film approximation.

The close fit between the method of Wada et al. [24] and the one
introduced in this paper is not there any more for a Bingham plastic
fluid. This can be explained by the additional approximations on the
fluid flow required for the derivation of the method of Wada et al. [24];
the two methods are therefore not fundamentally the same any more.
Since the method in the present work is based on only the classic thin
film approximations combined with the Bingham plastic fluid model, it
is considered to be the more exact method. All three lines are in good
accordance with the measurements performed in the work of Wada et al.
[24].

Figs. 8 and 9 demonstrate that the resulting pressure field and plug
configuration have a smooth and symmetrical solution. Note that cavi-
tation is not included in this model.

The computation power needed for the present method is compara-
ble to that of the method published by Wada et al. [23]. Both methods
are of a similar form and require a similar solver strategy. The present
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method is less computationally demanding than the method of Dorier
and Tichy [5] since it does not require an numerical integration step in
the solver sequence to get the proper viscous behavior. The present
method is also significantly less computationally demanding than the
method of Gertzos et al. [8] as this is a full 3D turbulent CFD calculation.
To the contrary, the method proposed in this paper uses the thin film
approximations and obtains a solution for a laminar pressure distribu-
tion in 2D, resulting in a huge reduction in degrees of freedom.

5. Conclusion

This paper presents an efficient numerical simulation method to
describe the pressure in a lubrication film for Bingham plastic fluids. The
derivation uses the ’exact’ Bingham plastic fluid rheology model in
combination with only the approximations required for the general
Reynolds equation. A further approximation of the Bingham model or
regularization method is not required. Also, the method is computa-
tionally efficient since no regularization technique is needed. The results
are shown to be in good agreement with literature.
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