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Summary

Logical state preparation is a fundamental step in fault-tolerant quantum computing, and logical |0),
states are frequently needed throughout fault-tolerant circuits, for example at the start of computation,
during error correction, or as part of magic state distillation. It is therefore important that they can be
implemented efficiently. This thesis investigates infermediate verification (IV) as an alternative strategy,
where the verification step is placed partway through the preparation circuit rather than at the end.
We use the |0), state of the [[15, 1,3]] code as a case study, and construct IV circuits based on the
recursive structure of its encoding circuit. We prove that such circuits remain fault-tolerant for punctured
quantum Reed-Muller (PQRM) codes of the form PQRM(1, m—2,m) with m > 4 and d = 3, including
the [[15, 1, 3]] code as the special case m = 4.

We compare IV and final verification circuits under realistic noise models, evaluating their logical error
rate, acceptance probability, and expected runtime. Our results show that IV does not always improve
expected runtime, since the acceptance probability is already high in the relevant noise regime. How-
ever, IV could lead to reduced circuit depth after native gate compilation and scheduling. Hardware
experiments on the Quantinuum H1-1 trapped-ion quantum chip confirm that the logical error rate falls
below the physical error rate of this device, indicating that encoding already offers a practical benefit.
These findings highlight IV as a viable design element for logical state preparation, especially as a
design feature within circuit synthesis or reinforcement learning methods that aim to minimise depth
under hardware constraints.
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Introduction

Quantum error correction (QEC) is essential for executing reliable quantum algorithms on physical de-
vices. Physical qubits are inherently noisy, and without active error correction, quantum computations
become unreliable within tens or hundreds of operations. For example, the typical two-qubit gate er-
ror rate on the Quantinuum H1-1 quantum processor, used in this thesis, is approximately 1073 [1].
This implies that after roughly 103 operations, unencoded quantum results are no longer trustworthy.
Fault-tolerant quantum computing (FTQC) aims to suppress logical error rates below such physical
thresholds by encoding quantum information into stabilizer codes and executing fault-tolerant circuits.
A typical encoded computation begins by preparing a logical state, such as |0), or |+),, followed by
a sequence of fault-tolerant gates, stabilizer measurements, and logical readout. The preparation of
logical states is thus the first critical step in any encoded computation.

Several strategies for fault-tolerant logical state preparation have been developed. Deterministic meth-
ods implement preparation circuits that perform correction rather than postselection [2]. Non-deterministic
approaches include postselection and repeat-until-success (RUS), which rely on verification steps to
detect uncorrectable errors. If such an error is detected, the state is discarded and the procedure
is repeated. These approaches enable fault-tolerant preparation using minimal ancilla overhead and
moderate circuit depth, making them suitable for near-term platforms [3, 4]. However, their efficiency
depends strongly on the acceptance probability of the verification step. This probability can decrease
significantly with increasing code size, leading to large expected runtimes.

This thesis explores an alternative approach called intermediate verification (1V), in which the state is
verified partway through the preparation circuit rather than at the end. In contrast to postselection or final
verification, IV enables partial repetition: only the part of the circuit before the verification point needs
to be repeated upon failure. Although our results show that the acceptance probability is so low that
the partial repetition only marginally affects the effective runtime, the method introduces an additional
design degree of freedom. By placing the verification step earlier, one can explore circuit structures
that are not possible with final-only verification, potentially resulting in lower-depth implementations.
We investigate this idea through a case study: the preparation of the logical zero state |0), in the
[[15,1,3]] code. This code serves as a concrete example for analysing IV. First, its recursive struc-
ture allows its state preparation to be broken down into smaller verifiable subcircuits [5-7]. Second, it
supports universal fault-tolerant computation via transversal T gates and gauge fixing or H teleporta-
tion [8, 9], and its logical zero state preparation is a part of 15 to 1 magic state distillation [10]. Third,
its moderate size and distance make it a manageable candidate for formal analysis and hardware im-
plementation. Finally, it provides a concrete setting to demonstrate IV as a general concept.

The main research question addressed in this thesis is:

Can intermediate verification reduce the effective runtime of repeat until suc-
cess logical state preparation?

To answer this, we present a detailed analysis of |0), state preparation in the [[15,1, 3]] code using
circuits with intermediate and final verification. We compare several versions of these circuits under
a realistic noise model and evaluate their performance using three metrics: logical error probability,
acceptance probability, and expected runtime in circuit depth. In addition, we provide a formal proof
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2 1. Introduction

of the fault tolerance of the IV circuits for punctured quantum Reed-Muller (PQRM) codes, specifically
PQRM(1, m—2,m) with d = 3, and discuss the challenges of extending such proofs to larger sizes. In
particular, fault tolerance proofs for d > 3 can become difficult due to the number of multi-fault events
that must be shown to be correctable, which grows exponentially with d.

A key insight from this work is that IV does not necessarily reduce the runtime overhead of RUS circuits,
but can yield lower depth implementations due to the flexibility of placing the verification step earlier.
We also find that circuit optimization is only meaningful once native gate sets and hardware constraints
are taken into account (see Section 5.4). These findings have implications for the design of scalable,
hardware-aware fault-tolerant circuits.

This thesis is organized as follows. Chapter 2 introduces the notation used throughout the report.
Chapter 3 provides background on quantum error correction, stabilizer codes, and existing prepara-
tion methods. Chapter 4 describes the construction and analysis of IV circuits, including a formal fault
tolerance argument. Chapter 5 presents simulation, emulation, and hardware results comparing var-
ious preparation strategies. Chapter 6 discusses the broader implications, limitations, and potential
extensions of this work. Chapter 7 concludes.



Notation and Basic Definitions

Let F, denote the finite field with two elements, {0,1}, and let f € F} be a binary vector of length n.
The support of f is defined as

supp(f) :={ €{1,..,n}: f; =1},

and the Hamming weight of f is given by |f| := |supp(f)|, i.e., the number of ones in the vector.
We denote the all-zero vector in F} by 0, and the all-one vector by 1.

Let
0 1 0 —i 1 0
X._<1 0), Y-—(l- 0), Z._<0 _1>

be the single-qubit Pauli operators. For P € {X,Y, Z}, define the n-qubit Pauli string

n
P iffj=1
P(f) = (X) B, where By = 1=
) = Where [1 if f; = 0.

That is, P(f) acts as P on the qubits indexed by supp(f), and as the identity elsewhere. This notation
is used for uniform Pauli strings such as X(f), Z(f), or Y(f). General Pauli strings with mixed types,
such as XZZX, are written out explicitly where needed.

The weight of a Pauli operator refers to the number of qubits on which it acts non-trivially. For operators
of the form P(f), this equals the Hamming weight |f].






Theory

3.1. Error correction codes

3.1.1. Classical linear codes

Classical codes are used to construct Calderbank-Shor-Steane (CSS) codes, which is why it is impor-
tant to understand their theory. An [n, k] classical linear binary code C encodes k bits of information
into a codeword ¢ = ¢, ¢, ...c, € F}, the n-dimensional binary vector space in which vectors are rep-
resented by n-bit strings and addition corresponds to bitwise addition modulo 2. A k-bit message
x = x,x%, ... Xx € F¥ is mapped to its corresponding codeword via ¢ = Gx, where G € F}*¥ is the gener-
ator matrix of the code. The code is thus the image of G, i.e. C = im(G), which forms a k-dimensional
linear subspace of F%. Since G(x +x") = Gx + Gx', the code is closed under addition and hence called
a linear code [7].

A classical linear code is often described in terms of its parity check matrix H, an alternative but equiv-
alent formulation. The [n, k] code C is then defined as

C={c€eF}:Hc=0}

(n—=k)xn

where H € T, . Since dim(C) = dim(span(Gey, Gey, ..., Gey)) = k, it follows that dim(ker H) =
k, so rank(H) = n — k. Hence, the rows of the parity check matrix are linearly independent.

The syndrome of a vector x € F%} is given by s = Hx. If x € C, then Hx = 0. If the syndrome is
non-zero, this indicates that an error has occurred and changed a valid codeword.

The Hamming weight | x| of a vector x is the number of non-zero bits, i.e. the number of entries equal to
one. The Hamming distance d(cy, ¢,) between two codewords ¢4, ¢, € C is the weight of their difference:

d(cy,¢2) = |c1 + c2.
The distance of a code C is the minimum distance between any two distinct codewords:

d(C) = min, d(cy,c2). (3.1)

C1#Cy
Since C is linear, ¢; + ¢, € C, so this simplifies to

d(C) = min |c| (3.2)

c#0

A code that encodes k bits into n bits with distance d is denoted as an [n, k,d] code. The distance
determines the code’s error-correcting capability. Suppose d = 2t + 1 for some t € N, and a codeword
¢ € C is corrupted by an error e of weight |e| < t, resulting in a received vector y = ¢ + e. Given the
syndrome s = Hy = H(c + e) = He, the decoder finds a minimum-weight error e’ such that He' = s.
Then |e’| < |e| < t, so the residual error e + e’ has weight at most 2¢t. Since c +e + ¢’ € C and
d(c,c+e+e') <2t <d(C), it must follow that ¢ + e + e’ = c¢. The error is therefore corrected. The
same argument applies to quantum stabilizer codes [11].

Many quantum codes are examples of stabilizer codes. We now introduce the stabilizer formalism.
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6 3. Theory

3.1.2. Stabilizer codes
Stabilizer codes are defined by their stabilizer group S, which is an abelian subgroup of the n-qubit Pauli
group B, that does not contain the scalar —I. The group S is generated by n — k linearly independent
Pauli operators:

S =(Sq, ., Sp—k) € By, (3.3)

where (sq, ..., S, ) denotes the group generated by these elements, i.e., all finite products of the s; and
their scalar multiples.
The Pauli group B, is the n-fold tensor product of the single-qubit Pauli group P;, which is defined as

Py = {1, +il, £X, +iX, 1Y, +iY, +7, +iZ}. (3.4)
The code space is then defined as:

C={lY):syp)=Y),Vs €S} (3.5)

If dim(C) = 2%, then C has the basis |(0,..,0).),](0,..,1).),...|(1,..,1).), which are called the logical
states. Then the centralizer of the stabilizer group § in B, is defined as:

Cp,(S) ={P € Py : PS = SP,VS € 8} = (S1, e, Snies X1, o Xpgs L1, o L )- (3.6)

The operators X, .., Xy, Z4, .. Zi, are the logical operators of the code. For any i, € [k], where i # j:

Xi 11y o X1, 0y o i)Y = [ (X1, s Xi— 15 1y oo X3 ) 1) (3.7)
Xi |01 e X101y e X3 1) = [ (X1, w0 X1, 0, ooy X3 ) ) (3.8)
Zi |1y o X s o KLY = (X s Xi— 1y = o Xpe) 1) (3.9)
Zi (X1 e X1y =2 e X3 )Y = = | (X1 oo Xi1 F» oo Xi) L) (3.10)
X X; =1, (3.11)
XX = X;X; (3.12)
ZZ; =1, (3.13)
Z,Z; = Z;Z; (3.14)
X Z; = —Z;X; (3.15)
XiZj = Z;X; (3.16)

Binary check matrix Each stabilizer generator s € § can be written as a Pauli operator of the form

s=X®z(®,

where f, g € F}. This notation means that the operator acts with an X on qubit j if f; = 1, with a Z
if g; = 1, and with a Y if both f; = g; = 1. This binary symplectic representation captures only the
tensor structure of the Pauli operator and omits global phases such as +1 or +i. As a result, it cannot
distinguish between s and —s, even though these define different stabilizer groups (e.g., {+ZZ, +XX}
and {—ZZ, —XX} stabilize the states (|00) + |11))/v2 and (]01) — |10))/+/2, respectively). Throughout
this thesis, we consistently treat stabilizers up to global phase, following the standard convention in the
literature [12, Section 111.B].

Then, the stabilizer code can be compactly represented by a binary check matrix H €
rows are the concatenated vectors (f | g) for each generator [11].

F* 790%™ \whose

Logical states and state preparation. Let C < (C?)®" denote the code space stabilized by the
group S. If the code encodes k logical qubits, then dim € = 2¥, and there exists a logical basis

e i) = % € {0,133

consisting of simultaneous eigenstates of all stabilizers and of the logical operators Z;, fori = 1, ..., k.
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For example, in the case k = 1, the state |0,) € C is a +1 eigenstate of Z and all s € S, while |1,) is
a —1 eigenstate of Z. Similarly, |[+,) and |—,) are eigenstates of X. For k = 3, the state |(0,0,0),) is
stabilized by S and is a +1 eigenstate of each of the operators Z;, Z,, and Z5.

The first k qubits of the input product state encode the logical state ). The encoding circuit C then
maps the state

1 - ) @ 10)27 7 1 [y,

where the last n — k qubits are initialized in the |0) state. This convention, for example found in [13],
corresponds to preparing the last qubits as +1 eigenstates of the Z-type stabilizers.

In the encoding circuits studied in this thesis, however, the last n — k qubits are often initialized in either
|0) or |+) states, depending on the number of Z- and X-type stabilizers present. This choice reflects
the CSS code structure, where qubits associated with Z-stabilizers are initialized in |0), and those
associated with X-stabilizers in |[+). This ensures that each ancillary qubit starts as a +1 eigenstate
of the corresponding stabilizer type. These single-qubit stabilizers then get mapped, via the encoding
circuit, to the full stabilizer generators of the code.

Thus, the input to the encoding circuit is generally of the form

n-k
- 9) ® (X) 1)),
j=1

where each |¢;) is either |0) or |+), selected according to the corresponding stabilizer type.

Note that such product states are not necessarily simultaneous eigenstates of all stabilizer generators,
but they serve as convenient starting points for the encoding circuits and logical state preparations
presented throughout this work.

These input product states are then transformed into logical states using encoding circuits.

Such circuits implement logical state preparation. One straightforward method to construct an encoding
circuit for a stabilizer code is the Latin rectangle method, which uses the binary check matrix H of the
stabilizer group to determine a sequence of CNOT gates that maps a product state to a state stabilized
by § [14]. The required initialization of qubits in |0) or |+) is also determined by the structure of H,
though we will not go into detail here. In general, these circuits are not fault-tolerant. Fault-tolerant
constructions are discussed in Section 3.2.4.

Logical gates A physical unitary U induces a logical gate U on the code space if it maps the code
space to itself:
Uuc =¢,

where C = {|) € (C®)®" : s |y) = [yh), Vs € S} is the codespace stabilized by S. This ensures that U
maps valid encoded states to valid encoded states. The induced map on logical states is then called
U.
A sufficient (but not necessary) condition for U to induce a logical gate is that it preserves the stabilizer
group under conjugation:

usut =s.

However, this condition is too strict in general. For example, the transversal T gate on the [[15, 1, 3]]
code maps the stabilizer group § to a different group §’, but the codespace remains unchanged. That
is, the codespace stabilized by § is identical to that stabilized by §’, so U still defines a valid logical
operator.

In addition, we require that the logical operators transform correctly under conjugation. For example,
if UXUT =V, then

I
UXU =V,
and similarly for Z-type operators:

N
Uuzut=w = UZU =W.

This definition ensures that the action of U on logical information mirrors the action of U on physical
qubits. For further details, see [15]. .
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Error correction

Suppose there is some logical state 1) € C. Some error E € P, occurs and now the state is E [ip). If
E € S, there is no problem: E [{) = |[). If E € C(S)\ S, E [¢) = [’), where ¢’ # 1. As a result, the
encoded logical state differs from the original logical state. Since ') € C, s |') = [}, Vs € S, which
means that by measuring the eigenvalues of the stabilizers, it is not possible to know whether E € § or
E € C(S).

Suppose some error E € P, \ C(S) occurs and the state is now E [y) & C. Since the corrupted state
is no longer in the code space, its eigenvalues with respect to the stabilizer generators of § are not all
equal to 1. This set of eigenvalues is called the syndrome of the state, § € {—1,1}" . Measuring the
stabilizers yields a syndrome that indicates which stabilizers have been violated by an error. In other
words, the syndrome reveals the subset of stabilizers that no longer have eigenvalue +1 under the
current (possibly corrupted) state. This provides indirect information about the error without collapsing
the encoded quantum information. Suppose that error E’ # E has the same syndrome, and instead of
E, E' is used to correct the error, and the result is E'E [).

The process of interpreting a measured syndrome and choosing a correction operator is performed by
a decoder, which typically selects an error of minimum weight consistent with the syndrome. For small
codes, this can be done using a lookup table that maps each syndrome to a corresponding correction
[16].

Note that the syndrome does not depend on the original state [y), as sE [¢) = +Es ) = + [¢). So
the syndrome depends solely on whether the error itself commutes or anticommutes with the stabilizer
generators. If E' and E have the same syndrome, E'E has syndrome § o § = 1, the all-ones vector.
Here (§¢5%); :=s;s;, i=1,..,n— k. This means that either:

1. E'E € 8,50 E'E [{) = |}, which means the correction was successful, The correction is consid-
ered successful if the combined operator E'E lies in the stabilizer group, i.e., E'E € §, in which
case the state is returned to the original code space without a logical error.

2. E'E € C(8)\ S, so E'E |y # |¢), which means the correction failed.

A single cycle of quantum error correction consists of measuring the stabilizer syndromes and applying
a correction based on the outcome. In general, syndrome extraction is repeated multiple times, since
the measurements themselves may be faulty. This repetition helps detect measurement errors before
a correction is applied. The required number of rounds typically increases with the code distance [17].

Distance The distance of the code is defined as
d= min |P|,
PEC(S\S

PokI
excluding P being proportional to the identity operators in C(S). Here, |P| denotes the number of qubits
on which P acts non-trivially.
Suppose that |E| < t, and d = 2t + 1, then if one finds the minimum weight E' € P, \ C(S), such that its
syndrome is equal to that of E, this means that |E'| < |E| < t and |E'E| < 2t. But the syndrome of E'E
is the all-ones vector, so E'E € C(S). Since |E'E| < d, this means E'E |y) = |1} and the correction is
successful.
Quantum error correction codes are described by [[n, k, d]], with the number of qubits n, the encoded
number of bits k and the distance d of the code [18].

Example: check matrix of the [[5,1,3]] code. The [[5,1,3]] code is the smallest quantum error-
correcting code that can correct an arbitrary single-qubit error. It has four stabilizer generators:

S, = XZZXI,
S, = 1XZZX,
Ss = XIXZZ,

S, = ZXIXZ,
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which correspond to the rows of the following 4 x 10 binary check matrix:

10 01 0 01100
(0 1 0 0 1 00 1 10
H_1010000011
01010 1 0001

Each row encodes a stabilizer s = X(f)Z(g) via the concatenated binary vector (f | g).

The code distance is d = 3, which is the minimum weight of any operator in C(§) \ S, i.e., a non-trivial
logical operator. Although the transversal operators X = X®5 and Z = Z®5 have weight 5, there exist
equivalent representatives of weight 3. For example:

X = XXIZI, 7 =ZXZII.

Both operators commute with all stabilizer generators and anticommute with each other. This confirms
that they act as logical Pauli operators on the encoded qubit [19].

Pauli propagation through CNOT gates

Errors may propagate through gates and increase in weight. In particular, Pauli errors propagate

through the CNOT gate according to the following rules.

Let X, and Z. denote Pauli operators acting on the control qubit, and X,, Z, those acting on the target.

Then:
cNoT (X, ® I,) CNOT = X, Q X,,
CNOT'(I. ® X,) CNOT = I, ® X,,
cNoT'(Z, ® I,)CNOT =2, ® I,,
CNOTY (I, ® Z,) CNOT = Z. ® Z,.

(3.17)

These identities show how X errors propagate forward (from control to target) and Z errors backward
(from target to control).

@ {Fg— —F & X<

rj
&

X]

Figure 3.1: Propagation of Pauli X and Z errors through a CNOT gate. (a) and (b): X error propagation. (c) and (d): Z error
propagation. Figure from [20].

These propagation rules are essential when analyzing encoding circuits built from layers of CNOT
gates, such as in QRM and PQRM codes. In the following sections, we use them to derive the structure
of stabilizers and logical operators.

CSS codes
A large class of stabilizer codes is the class of CSS codes. Given a classical binary code C < F%, its
dual code is defined as

Clt:={x€eF}:(x,c)y=0forallceC}
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where (-, -) denotes the standard inner product modulo 2. To construct a CSS code, one uses two
classical binary codes Cy and C, satisfying a dual inclusion condition: an [n, ky, dyx] code Cx and an
[n, k5, dz] code C;. A necessary condition for the CSS construction is

C3 S Cy (equivalently C¢ S Cy).

In this case, the quantum parity-check matrix H takes a simple block form:

Hy 0
i=(% 5
where Hy is the parity-check matrix of Cy and H;, of C;.
The orthogonality condition HyH] = 0 implies that all stabilizer generators commute, since each X-
type generator overlaps with each Z-type generator in an even number of positions. This condition is
equivalent to the dual inclusion C3 S Cy, since each row of Hy lies in C3 and each row of Hy in Cg;
orthogonality of these rows thus implies HyHY = 0 [21].

The dual distances of a CSS code quantify the weight of the smallest undetectable X- or Z-type logical
operator. They are respectively defined as

df := min wt(f), di:= min wt(f).
£i= min wi(), df = min wi(/)

These parameters satisfy df = dy and d} = d;, where dy := d(Cx) and d; := d(C;) denote the
classical distances of the constituent codes. The overall quantum code distance is then given by [21]

d := min(d}, d}),

which guarantees that all Pauli errors of weight at most

la-1

o=
are correctable.
The naming convention for d} and d3 can be confusing at first sight, as d; refers to X-type errors, and
d} to Z-type errors. This becomes clear by inspecting the stabilizer construction of CSS codes. The
X-type stabilizers have support vectors in the dual code Cg, and the Z-type stabilizers have support
vectors in C3.
An X-error is undetectable if it commutes with all Z-type stabilizers, which is the case when its support
vector lies in C,. However, such an error only acts non trivially on the code space if its support vector
does not lie in C§. The undetectable X-errors that are not stabilizers therefore have support vectors in
the set C; \ Ci, and their minimum weight is d}. The reasoning for Z-type errors is fully analogous:
non-trivial undetectable Z-errors have support vectors in Cy \ C#, and their minimum weight is d}.
To reason explicitly about the correctability of X- and Z-type errors, we define the parameters

dif —1 dif —1
tX’Z[Zz ] tZ::lXZ ] (3.18)

Here, the subscript refers to the type of Pauli error (i.e., X or Z), not to the stabilizer type as in df
and d}. These parameters are not standard in the literature, but will be used throughout this thesis to
indicate that all X- or Z-type errors of weight at most ty or t; are guaranteed to be correctable by the
code that is being discussed.

We now turn to a concrete instance of the CSS construction: classical Reed-Muller (RM) codes, and
the CSS codes that can be constructed with RM codes.

3.1.3. Reed-Muller codes (classical)

RM codes form a well-studied family of classical linear codes [22]. This section introduces their defini-
tion, parameters, and duality properties, with a focus on the identity RM(r,m)* = RM(m — r — 1,m),
which underlies the orthogonality conditions used in the CSS construction. We also define punctured
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RM codes and their even-weight subcodes, which will later be used to define stabilizer groups in punc-
tured quantum Reed—Muller codes. Finally, we describe the recursive encoding structure of RM codes
based on hypercube geometry, which will be used to construct encoding circuits in the quantum setting.

A classical RM code RM(r,m) is a binary linear code of length n = 2™, dimension k = Z;zo (’]") and
distance d = 2™, so itis a [Zm, Yico . Zm‘r] code.

A classical punctured Reed—Muller code RM"(r,m) is defined only for r < m, and is obtained by
removing the bit labelled by 00 ... 0, corresponding to the hypercube coordinate 00 ...0 € F}*, from each
codeword of RM(r,m). This bit corresponds to the last entry of the codeword under lexicographic
ordering of the hypercube coordinates from (1, ...,1) to (0, ...,0). This yields a code of length 2™ — 1
with parameters

lts even-weight subcode, denoted RM(r, m), consists of all codewords in RM"(r, m) with even Ham-
ming weight. It is defined as:

RM(r,m) :={c ERM"(r,m) : |c| =0 mod 2}. (3.19)

This even-weight subcode has parameters

r
2m—1, Z(T)—l, 2mr,

j=0

The dimension decreases by one because the all-ones vector is the only generator with odd weight,
and it is excluded from the even-weight subcode. The distance remains 2™, since this vector is also
the only one with a 1 at the punctured coordinate 00 ... 0, so all remaining codewords retain their weight.

Encoding of classical Reed-Muller codes.

Classical RM(r,m) codes can be defined via recursive encoding circuits, based on a hypercube ge-
ometry, or equivalently via an explicit generator matrix G = F®™ as we explain below. Here,

10
F = (1 1) (3.20)

is the generator matrix of RM(1,1). The full matrix G = F®™ generates the space RM(m, m).

Figure 3.2 shows a hypercube encoding circuit for n = 2™ bits with m = 3. The hypercube encoding
circuit prepares RM codewords using a recursive structure. To obtain the circuit for 2™ qubits, one
builds on the circuit for 2™~ by applying transversal CNOT gates between corresponding qubits in two
copies. The qubits are labelled by binary strings of length m, and CNOT gates connect qubits whose
labels differ in one bit. This structure mirrors the geometry of the m-dimensional hypercube and directly
leads to the encoding matrix F®™,

The inputs b, through b, represent the information bits of the RM(1, 3) code, which encodes four bits,
since its dimension k equals (7) + (%) = 4. The remaining bits are initialized to zero to ensure that the
output satisfies the parity constraints and lies in the code. This initialization structure also appears in
the quantum setting, where a similar labelling determines which qubits are fixed and which carry logical
information.
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Figure 3.2: Classical hypercube encoding circuit for RM(1, 3) with m = 3. Each column t corresponds to a layer of CNOT gates
between bit pairs whose binary labels differ at bit t. The four information bits b,, ..., b, correspond to labels of Hamming weight
< 1. The remaining bits are frozen to 0 to ensure the output lies in the code. The information bit labels are the 3-bit strings of
Hamming weight at most 1, corresponding to monomials of degree at most r = 1 [7].

The action of each CNOT layer in the encoding circuit can be described by a simple 2 x 2 matrix:

10
- 3)

which implements the classical transformation (a, b) = (a,a @ b) on two bits (a, b) € F3.
The full encoding circuit acts on 2™ bits and corresponds to the m-fold tensor product

F®m:=F®F®-~®F,

which results in a 2™ x 2™ binary matrix. This matrix acts on the input bit vector x € F2" by classical
matrix multiplication, producing the codeword Gx. The output is the bit string that results from propagat-
ing the input values through the recursive CNOT layers of the circuit. Each row of this matrix describes
how a particular monomial (labelled by a binary string of length m) is evaluated on all 2™ inputs in F3*.

For example, for m = 2, we have

F®? =

[N
o R o
_ oo
- o oo

Here, the rows and columns are indexed by binary strings 00, 01, 10, and 11 in lexicographic order.
Row x shows the evaluation of the monomial labelled by x on all possible inputs y.

Each row of Ggy(m, m) corresponds to a Boolean monomial in m variables. In each layer, the circuit
connects bits located at hypercube vertices that differ in one coordinate direction, reflecting the geom-
etry of FJ* and the recursive structure of F®™. Figure 3.3 shows Ggry(3,3), the generator matrix of
RM(3, 3) [6].

The code RM(r,m) is defined by selecting from Ggy(m, m) the rows labelled by Boolean monomials
of degree at most r. Each such row corresponds to the evaluation vector of a monomial: it lists the
values of that monomial on all 2™ input vectors in F}*, ordered from (1, ..., 1) to (0, ...,0). A monomial
of degree s < r evaluates to 1 on exactly 2™~° of these inputs, so its evaluation vector has Hamming
weight 2™m~S = 2MmT,

For instance, RM(1, 3) consists of the rows with labels 000, 001, 010, and 100, which are the bottom
three and the fifth-from-bottom row of Gry (3, 3), corresponding to the monomials 1, x;, x,, and xs.
These form a [8, 4, 4] linear code.
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Figure 3.3: Generator matrix Ggy(3,3) = F®3 with F = (} 9, where each row corresponds to a Boolean monomial over three
variables. Subcodes RM(r, 3) are formed by selecting rows with Hamming weight = 23~ [7].

Note that Ggy(m, m) is lower triangular with non-zero diagonal entries, so its rows are linearly inde-
pendent and form a valid generator set. Together, Figures 3.2 and 3.3 illustrate the recursive structure
of RM(1, 3).

The RM(r, m) codes, the punctured RM” (r, m) codes, and the even-weight subcodes RM(r, m) of the
punctured codes, will be used to construct CSS codes in Section 3.1.4.1. The punctured RM"(r,m)
codes are constructed by starting with a RM(r, m) with r < m, and then deleting the bottom bit of
Figure 3.2, or equivalently the rightmost column of Figure 3.3. All rows of Ggy (1, m) have even weight
whenr < m; forr = m, the top row is odd weight. When the rightmost column is deleted, only the weight
of the bottom row changes. This means that the even-weight subcode RM(r, m) of the punctured code
RM"(r,m) has the same codeword generators except for the last row [7].

The recursive structure of these classical codes forms the foundation for the encoding circuits of QRM
and PQRM codes, as we discuss next in the quantum setting.

3.1.4. Quantum Reed-Muller codes (QRM)

QRM codes are CSS codes constructed from classical RM codes via a pair of mutually orthogonal RM
codes. This section introduces the definition and parameters of QRM codes, and explains how the
classical duality RM(r,m)* = RM(m —r — 1, m) ensures commutation of the X- and Z-type stabilizers.
The encoding circuits for punctured QRM codes are derived from those of QRM codes by omitting one
qubit and its associated gates.

QRM codes are defined as CSS codes based on classical RM codes. We define

QRM(ry,17,m) := CSYRM(m — ry — 1,m), RM(m — r; — 1,m)),
subject to 0 < ry < m — 1, which enforces the orthogonality conditions
RM(rz,m) € RM(ry,m)* and RM(ry,m) € RM(rz, m)*,

or equivalently ry + r, < m — 1, ensuring that all X— and Z-stabilizers commute [5, §5.2].
These orthogonality conditions are satisfied due to the identity

RM(r,m)t = RM(m —r — 1,m),

which follows from the fact that codewords in RM(r, m) are evaluation vectors of Boolean monomials
(see Section 3.1.3). The product of two such monomials, of degrees r and m — r — 1, has degree at
most m — 1 and thus evaluates to 1 on an even number of inputs. Therefore, their inner product is zero,
and the corresponding codewords are orthogonal.

The code acts on n = 2™ qubits. The number of logical qubits equals the number of Boolean monomials
of degree i with ry < i < m — r;, namely:

m-rz—1

S

i=rx+1
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Each such monomial defines a function whose evaluation vector lies in the code space but is orthogonal
to all stabilizer generators.
The code has parameters

m-rz—1

Zm’ Z (7?)’ min(zrx+1’ Zrz+1)

i=rx+1

By removing one qubit, typically the one labelled 000, a punctured quantum Reed-Muller (PQRM) code
is obtained. This yields a code acting on 2™ — 1 qubits. However, puncturing breaks the commutation
relations between X- and Z-type stabilizers: the constant monomial corresponds to the all-ones vector,
which becomes odd-weight after puncturing. It defines Pauli operators X,; and Z,;; that anticommute
and cannot both be part of the stabilizer group.

To restore commutativity, we restrict the stabilizers to the even-weight subcodes of the punctured codes.
These subcodes are defined by removing the all-ones vector, which is the only odd-weight codeword
in RM" (r,m). This restriction ensures that all X- and Z-type stabilizers commute after puncturing, as
required in any CSS code construction.

The resulting PQRM code is defined as

PQRM(ry, 17, m) = CSS(RM(m —ry — 1,m)*, RM(m —r; — 1,m)*),
with stabilizer groups given by the duals:
Sy = (RM(m —1y — 1, m)"‘)l = W(TX, m), S;=RM@m-—-r;—1, m)"‘)l = W(rz,m),

where RM(r, m) denotes the even-weight subcode of RM*(r,m), as defined in Equation (3.19).
The resulting code has parameters

m-rz—1
m
m_1, 14+ Z i), min(2rx*1, 2rz+ty — 1|, (3.21)

i=rxy+1

as shown in [7].
For QRM codes, the minimum weight of undetectable Z- and X-errors are respectively

d; — er+1 d}' — 27‘2+1.
After puncturing, these quantities decrease by one:
df =2"xt1 -1, dy =2rz+1 — 1, (3.22)

These quantities will be used in Sections 4.4, 4.4.1, 4.7.1, and 4.8 to reason about error propagation
and correctability.

The properties of QRM and PQRM codes are further explained in Sections 3.1.4.1 and 3.1.5, respec-
tively.

Encoding and stabilizers of QRM codes

Quantum Reed—Muller codes are CSS codes as defined in Section 3.1.4. In this section, we describe
their circuit structure and stabilizer propagation in more detail. A QRM code is denoted QRM(ry, 17, m),
where ry,7; € Ny and m € N,. The X- and Z-type stabilizers are defined using classical Reed—
Muller codes RM (ry, m) and RM(r,, m), respectively. This yields a quantum CSS code with parameters
[[2™, k, d]], where k and d are determined by the dimensions and distances of the classical codes [5].
For further details on the CSS construction and the derivation of these parameters, see Section 3.1.4.

Encoding circuit and stabilizer structure

QRM codes admit a recursive encoding circuit derived from the structure of classical RM codes. Qubits
whose binary labels have Hamming weight < ry are initialized in |+), and those with weight > m — 1, in
|0). The remaining qubits, with Hamming weights between ry +1 and m —r, — 1, carry the logical input
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states |p;) fori =1, ..., k. The stabilizers of the resulting quantum state are derived by propagating the
single-qubit stabilizers through the circuit [7].

The set of X-stabilizers generated by the circuit corresponds to the classical code RM (ry, m), while the
Z-stabilizers correspond to RM(r,;, m). These codes satisfy the CSS orthogonality condition

RM(r;, m) € RM(ry, m)*

whenever ry + 1, < m — 1, which is equivalent to 7, < m — ry — 1, using the identity RM(ry, m)* =
RM(m — ry — 1,m). This inclusion implies that all X- and Z-type stabilizers commute, which should
always hold for a (in this case CSS) stabilizer code.

A more formal and geometric perspective on this stabilizer propagation can be found in [5], where the
code structure is described in terms of subcubes of the Boolean hypercube.

Deriving the stabilizers.

For an X-type stabilizer, the input |+) state is stabilized by X, which propagates as a row of F&™,
Therefore, the X-stabilizers at the output correspond to the rows of F®™ indexed by binary strings of
weight < ry, generating RM(ry, m).

The Z-type stabilizers propagate backwards through the encoding circuit and again form the code
RM(rz, m) at the output, consistent with the CSS construction.

This stabilizer propagation is illustrated in Figure 3.4, which shows a QRM encoding circuit for m = 3,
ry = 0, and r, = 1. Qubits with Hamming weight < ry are initialized in |+); those with weight > m — r,
in |0); and the remaining qubits carry the logical input state.

The figure shows how a Z-type stabilizer initially supported on one qubit (here: label 101) propagates
through three layers of CNOT gates to multiple output qubits. This demonstrates how single-qubit input
stabilizers become multiqubit stabilizers consistent with the generator matrix of RM(r;, m). A similar
mechanism applies for X-type stabilizers propagating from |+) inputs.

u o) —p—P—P 10000000
110 0) &P D 1 10000O00O00O0
101 10) Z{PZ Z o 101 00000
100 o) Z Z PH—2z 11110000
011 10) $H—4 10001000
010 o) ast 11001100
001 ps) —P Z- 101 01010
000 |+) z |'11111111]

Figure 3.4: Encoding circuit for the [[8,3,2]] code with m = 3, ry = 0, and r; = 1. Qubits of Hamming weight < ry (here
only 000) are initialized in |+); those with weight = m — r; in |0). The three qubits labelled 100, 010, and 001 carry the logical
input states |¢@,),|®,),|p3). The red Z operators illustrate the propagation of an initial Z,, stabilizer through the three layers
of the circuit: from 101 to 100 in layer 1, and then further to 001 and 000 in layer 3. On the right, the corresponding propagated
stabilizer is highlighted in the generator matrix of RM(3, 3). Figure adapted from [7].

3.1.5. Punctured QRM codes (PQRM)

Punctured quantum Reed—Muller (PQRM) codes are defined by puncturing a QRM code. This changes
the stabilizer structure and increases the number of logical qubits. To preserve commutation between X-
and Z-type stabilizers, the stabilizer generators are restricted to even-weight subcodes of the punctured
RM codes. The resulting codes retain the recursive encoding structure of QRM codes and will play
a central role in this thesis, in particular for encoding the [[15,1,3]] code and its generalizations to
PQRM(1,m—2,m).

We now describe how puncturing affects the stabilizer group and the number of logical qubits, and
illustrate the resulting encoding circuit with a concrete example.
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Stabilizer group. Before puncturing, the X and Z type stabilizers of a QRM code satisfy the CSS
orthogonality condition C; S Ci, which ensures that all stabilizer generators commute. After puncturing,
this property may be violated: in particular, the all-ones vector, corresponding to the constant monomial,
becomes odd weight and no longer orthogonal to itself. The Pauli operators associated with this vector,
X®m=1) gnd z®M-1) then fail to commute.

To restore commutativity, we restrict the stabilizer generators to the even weight subcodes W(r, m),
defined in Equation (3.19) as the set of codewords in RM"(r, m) with even Hamming weight. This
excludes the all-ones vector and ensures that the CSS orthogonality condition is satisfied even after
puncturing, so that the resulting stabilizer group defines a valid CSS code.

Logical state encoding The error propagation rules derived in Section 3.1.2.2 are used throughout
this paragraph to track stabilizers and logical operators.

In the special case where the punctured QRM code encodes a single logical qubit, that is when ry +
r; + 1 = m, one can prepare the logical |0,) state by reusing the QRM encoding circuit and omitting
the 000 qubit and its gates [7, Lemma 5]. In this thesis, we restrict to the case where PQRM (ry, 1, m)
encodes a single logical qubit. The literature on punctured quantum Reed—Muller codes with k > 1 is
limited, and such cases are not considered throughout this thesis.

The X-type stabilizers propagate as in the QRM case, except that the all-X stabilizer is no longer one
of the X-type stabilizer generators. The Z-type stabilizers are shortened versions of the original QRM
stabilizers, since the qubit labelled 000 has been removed. These operators form the punctured code
RM(r;, m)* and define the stabilizers of the prepared logical state |0; ), which include the logical oper-
ator Z = Z®" where n = 2™ — 1.

Figure 3.4 shows how a Z-type stabilizer, initialized as Z,,,, propagates through the QRM encoding
circuit and spreads to qubits 101, 100, 001, and 000. In the PQRM version of the code, however,
the qubit labelled 000 is removed. This results in a stabilizer with support on only three qubits: 101,
100, and 001. This operator has odd weight because it is the product of an even-weight stabilizer
(€ RM(r,,m)) and the logical operator Z = Z®".

1 o) —p—P—P 100000O0TO 0
110 |0) D — 11 000O0O00O0
101 |0y 2 P2 Z e Z 101 00000
100 |4) z - Z 11110000
011 0) B 1 0001000
010  |+) 11001100
001  |4) 7 1 0 10 010

11111111 ]

Figure 3.5: Encoding circuit for the logical |0,) state in PQRM(1, 1, 3) (i.e., the Steane code). This figure shows the same
stabilizer propagation as in Figure 3.4, but now in the PQRM setting with a fully frozen input and the 000 qubit removed. The
red arrows show how the initial stabilizer Z,,, propagates through the circuit to qubits 100, 001, and 000. Since the 000 qubit is
absent in the punctured code, the resulting operator acts only on three qubits. It has odd weight because it equals the product
of an even-weight Z-type stabilizer and the logical operator Z = Z®". On the right, the resulting stabilizer is highlighted as a
column in the generator matrix. Figure adapted from [7].

3.2. Fault-tolerant quantum circuits

A logical error occurs when faults accumulate that are not corrected by the code. To analyse under
which conditions this happens, quantum circuits are partitioned into extended rectangles (exRecs). An
exRec consists of a logical operation (such as a gate), together with the error correction steps that
precede and follow it. For two-qubit gates, the exRec includes both involved code blocks. An example
is shown in Figure 3.6.
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Figure 3.6: Structure of a fault-tolerant circuit with two code blocks. Each red box indicates an extended rectangle (exRec),
which includes a fault-tolerant logical operation (such as a state preparation, gate, or measurement) together with surrounding
error correction. Each unit must obey certain fault-tolerance properties to ensure that the overall circuit suppresses logical errors;
such properties are formalized in [23]. Figure based on [11].

The code distance d determines the number of faults that can be corrected:
‘o d—1
==
A fault-tolerant implementation guarantees that no logical error occurs as long as each exRec contains

at most t faults per code block [23].
In the low-error regime, the logical error probability per exRec scales as

P, ~ A pl/2, (3.23)

where p is the physical error probability and A reflects properties of the code and the circuit. This
scaling reflects that at least [d/2] faults are required to cause an uncorrectable error [10].
Fault-tolerant quantum computation requires [24]:

* Fault-tolerant state preparation, to initialize encoded states without uncorrectable errors (Sec-
tion 3.2.4)

* Fault-tolerant logical gates, such as transversal gates (Section 3.2.2)
* Fault-tolerant error correction, especially fault-tolerant syndrome measurement
* Fault-tolerant measurement of logical observables
In this report, we focus on the first two: state preparation and logical gate implementation.
3.2.1. Fault model
To analyse the performance and fault tolerance of quantum circuits, it is necessary to specify a noise
model. In this thesis, we use the circuit-level noise model, which captures errors at the gate level and

reflects realistic physical imperfections.
Under this model, the following fault processes are assumed to occur with probability p:

1. Single-qubit gate errors: After each single-qubit gate or during idling (i.e., when a qubit is not
involved in any operation while others are), any of X, Y, or Z occurs with probability p/3.

2. Two-qubit gate errors: After each two-qubit gate, any error in the set [, X, Y, z®? \ I ® I occurs
with equal probability p/15.

3. Reset errors: After reset, an ancilla qubit flips from |+) to |—) or from |0) to |1) with probability p.
4. Measurement errors: The sign of the measurement outcome is flipped with probability p.

This model follows the assumptions used in [25], with a generalization to all two-qubit gates.
In the remainder of this thesis, we focus on specific components such as fault-tolerant state preparation.
The relevant fault-tolerance conditions for these circuits are discussed in Section 3.2.4.
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3.2.2. Transversal logical gates

Transversal gates form an important class of fault-tolerant quantum operations. They are designed to
prevent the spread of errors within a code block. A common example is the transversal CNOT between
two code blocks of n qubits, which applies CNOT; between qubit i in code block A and qubit i in code
block B for all i € {1, ...,n}. In general, transversal operations avoid coupling multiple qubits within a
single code block, so that a single fault cannot propagate to multiple locations in that code block [11].

To define this class more precisely, one first introduces a transversal partition of the physical subsys-
tems. This is a partition of the qubits such that each part contains exactly one subsystem from each
code block. For instance, in a code block code of n qubits, part i might consist of the ith qubit from
each encoded block.

A transversal operator is then an operator that acts only within each part of such a partition. That is,
it applies a unitary to each part independently, without coupling qubits across parts. This ensures that
no fault in one part can spread to multiple subsystems within a code block, and the number of faults
required to cause a logical failure remains unchanged.

This notion of transversality is already more general than the simplest form, in which each subsystem
has size one and a transversal gate on two code blocks is a tensor product of two-qubit unitaries, each
acting on qubit i of one code block and qubit i of the other, for all i € [n]. Nevertheless, even under
this relaxed definition, the Eastin-Knill theorem [26] shows that no nontrivial quantum code admits a
universal set of transversal logical gates.

Even in classical coding theory, not all logical operations can be implemented transversally. For exam-
ple, the bitwise Toffoli operation maps codewords (c;, ¢,, ¢3) t0 (¢4, ¢5, €3 + ¢4 - ¢;), where ¢, - ¢, denotes
the bitwise product. For certain linear codes such as RM(1, 2), the result may lie outside the code
space. For instance, with ¢; = (1100), ¢, = (1010), and c; = (0000), one obtains

¢34 ¢1 - ¢ = (0000) + (1000) = (1000),

which is not a codeword in RM(1, 2).

This means that although many stabilizer codes admit transversal implementations of the Clifford group,
which is generated by the gates H, S, and CNOT, they cannot support transversal non-Clifford gates
such as the T gate, or conversely, support the T gate transversally but not all Clifford gates. Together
with the non-Clifford T gate, the Clifford group generates a universal gate set for quantum computa-
tion [11].

In QRM and PQRM codes, the set of transversal gates is determined by the algebraic structure of the
underlying Reed—Muller codes. All three codes used in this work are QRM or PQRM codes: the Steane
code is the [[7, 1, 3]] code, corresponding to PQRM(1, 1, 3); the [[8, 3, 2]] code is the QRM(0, 1, 3) code;
and the so-called tetrahedral code is the [[15, 1, 3]] code, corresponding to PQRM(1, 2, 4).

These structural properties determine which gates can be implemented transversally. The Steane code
admits transversal implementation of the full Clifford group [5, 7, 9]. The [[8, 3, 2]] code allows transver-
sal controlled-Z operations between any pair of logical qubits [5, 27]. The [[15, 1, 3]] code admits all
Clifford gates transversally except the Hadamard, and also supports a transversal implementation of
the T gate [5, 7, 9]. With the Hadamard gate added via gauge fixing, this code can implement the
universal gate set {T, CNOT, H} transversally, noting that S = T2.

3.2.3. Transversal gates in PQRM codes

The set of transversal logical gates in PQRM codes is determined by the code parameters (ry, r;, m).
Since these are CSS codes, the logical CNOT gate is always transversal. Other Clifford gates can be
implemented transversally only under specific additional conditions.

m-1 m-1

Clifford gates. The family of codes PQRM(T, T'm)’ defined for odd m > 1, admits transversal
implementation of the full Clifford group, including the Hadamard and S gates. These codes all encode
a single logical qubit (K = 1). The required condition is that the code has cy = c; and that all stabilizer
generators have weight divisible by four (the doubly-even property). The Steane code [[7,1, 3]] is an
example of this type, corresponding to PQRM(1, 1, 3).
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Rotations around the Z axis. For codes encoding a single logical qubit (K = 1), namely the PQRM (ry, m—
ry — 1,m) codes, transversal application of the gate

R, = diag(1,e2™/2"),

where v € Z.,,, on each physical qubit results in a diagonal logical operation equal to RY, provided that
ry < mT_l; see [28] for details.

In particular, R; = diag(1, e'™*) corresponds to the T gate, and transversal application of R; yields a
logical TT gate. The code [[15, 1, 3]], corresponding to PQRM(1, 2,4), satisfies ry = 1 < %, and thus
admits a transversal T gate.

These conditions explain the transversal gate sets observed in the codes discussed in Section 3.2.2.
In particular, they characterize when a PQRM code supports Clifford gates, non-Clifford gates such as
T, or both.

While no single code admits a universal set of transversal gates, different codes support different sub-
sets. By transitioning between such codes using code switching, code conversion, or gauge fixing, it
becomes possible to combine their gate sets into a fault-tolerant universal gate set. These approaches
have been explored in various forms, including code switching [29, 30], code conversion [31, 32], and
gauge fixing [9, 32]. Alternative strategies for implementing universal gates fault-tolerantly include
magic state distillation and lattice surgery [32].

3.2.4. Fault-Tolerant State Preparation

The definitions discussed in this section apply to individual components in a fault-tolerant quantum
circuit, such as state preparation, logical gates, measurement, and error correction. In this thesis, we
focus specifically on logical state preparation.

There are multiple definitions of fault tolerance for state preparation circuits. A commonly used strict
definition requires that small-weight errors do not propagate uncontrollably through the circuit. For
example:

A state preparation circuit is strictly fault-tolerant if for all t < |d/2], any error of probability
order t propagates to an error of weight at most ¢.

[4]

Such definitions are related to the broader notion of t-fault tolerance, which appears in many founda-
tional works on fault-tolerant quantum computing. For instance, a fault-tolerant error correction protocol
is typically required to satisfy:

1. For an input codeword with error of weight s, if s, faults occur during the protocol with
s; + s, < t, ideally decoding the output state gives the same codeword as ideally decoding
the input state.

2. For s < t faults during the protocol, regardless of the input state, the output differs from
a codeword by at most weight-s error

[33].

Such conditions form the basis for many threshold theorems and full circuit-level fault tolerance; see
for example [34].

In contrast, a weaker and more practical definition considers a circuit fault-tolerant if the final error lies
within the correctable set of the code. For example:

All error events with probability p%, where a < (d + 1)/2, should be tolerable in the sense
that they are corrected after QEC cycles
[3].

In practice, this weaker definition is often more relevant, especially for circuits that include verification
or postselection.

In this thesis, we adopt the weaker definition: a state preparation is considered fault-tolerant if the
resulting logical state contains only correctable errors.
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3.2.5. Fault-tolerant State Preparation Circuits

Fault-tolerant logical state preparation is the first step of any fault-tolerant quantum computation. It
consists of constructing a logical state from physical qubits, while ensuring that the resulting state

. d+1 . . T .
remains correctable whenever a < - faults occur. Three main strategies can be distinguished:
repeat-until-success, postselection, and deterministic preparation with correction. In these strategies,
verification plays a central role.

Verification is implemented using auxiliary qubits, called flags or ancillas, next to the data qubits. CNOT
gates are applied between the data qubits and the flag qubits. If a fault occurs in the preparation circuit,
it may propagate to the flags and flip their measurement outcomes. Based on those outcomes, the
prepared state can be accepted or discarded, or a correction can be applied. Verification is thus part
of repeat-until-success, postselection and deterministic schemes, using a minimal number of ancilla
qubits and tailored to detect only the relevant uncorrectable errors.

An alternative to flagged state preparation is to repeatedly measure all stabilizers of the code until the
all-+1 syndrome is obtained. Forinstance, when preparing the logical |0, ) state of a [[n, k, d]] CSS code
for which |0)®" is an eigenstate of Z, one may simply measure the stabilizers and apply corrections,
and repeat this process until the measured syndrome is 1. This strategy is also fault-tolerant, but can be
unfavorable on hardware platforms where mid-circuit measurements are expensive or limited. See [35]
for a recent implementation using up to 41 repeated measurements on neutral atom hardware.

Several recent works propose automated methods to synthesize fault-tolerant preparation circuits.
These include reinforcement learning (RL) methods [3], methods based on satisfiability solving (SAT)
combined with heuristic methods [4], and (also using SAT techniques and heuristic methods) determin-
istic circuits with explicit correction operations [2]. These approaches support synthesis of preparation
circuits for both |0,) and |+, ) states. The RL method defines reward functions such as fidelity, energy
of the state in a Hamiltonian constructed using the logical operators of the target state, or distance
between the target state and the output state.

Two examples of such synthesized circuits are shown in Figures 3.7 and 3.8. Both circuits were gen-
erated using the same synthesis framework combining SAT solvers and heuristic methods. The circuit
in Figure 3.7 appears in [4], while the circuit in Figure 3.8 was generated independently using the MQT
Python package provided by the same authors. These circuits will be used again in the simulations in
Chapter 5.
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Figure 3.7: Fault-tolerant state preparation circuit for the |0), state in the [[15, 1, 3]] code, as shown in [4].
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package (same synthesis method as [4]).

Goto et al. [36]. Goto et al. propose an efficient method for preparing the logical |0;) state of the
Steane code, using only one flag qubit. This circuit is constructed manually. In our simulations in
Chapter 5, we use this circuit as a component of the full preparation routine that is compared to the
method described in Section 4.2. This circuit is illustrated in Figure 3.9.
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Figure 3.9: Fault-tolerant state preparation circuit for the |0;) state in the Steane code, from [36].

HeuBen et al. [37]. Heulen et al. construct a fault-tolerant preparation circuit for the Steane code
using two flag qubits: one connected to all qubits in the support of a logical operator, and one to its
complement. This arrangement enables detection of specific high-weight errors without full syndrome
extraction. Their circuit includes corrections conditioned on the flag qubits. Their circuit, shown in
Figure 3.10, includes corrections conditioned on the flag qubits.



22 3. Theory

X %

2% 2%

AT T A ¥

FaY Fa Y g Y

10) L

-

b A

O—D—@ 2 anen 1
i
i

B—4 B4 F R
_____________________ oo

Frac STABILIZER FEEDBACK

Figure 3.10: Deterministic fault-tolerant state preparation circuit for the |0, ) state in the Steane code using two flag qubits [37].

We adopt this mechanism partially in our own construction. Specifically, we use a modified version
of this verification subroutine for the Steane preparation that is embedded in the |0;) preparation for
the [[15, 1, 3]] code (see Section 4.2). The corresponding verification circuit is shown in Figure 4.11
in Section 4.5.1. The flag-based scheme aims to detect only the two relevant uncorrectable errors,
XyX,1 and XqX;5. These are detected using two flag qubits: one coupled to qubits 10,11, 13 and one to
9,12, 14,15. Both flags trigger if and only if one of these specific weight-2 errors occurs, although other
errors of weight > 2 may also trigger them (but those occur with lower probability). Unlike HeuRen’s
construction, our preparation follows a repeat-until-success strategy: the circuit is repeated until the
verification accepts.



Methods

4.1. Motivation for using the [[15, 1, 3]] code and logical |0;,) state

In this work, we focus on the preparation of the logical |0;) state in the [[15, 1, 3]] code, which serves
as a primary test case for evaluating IV. This choice is motivated by its role in universal fault-tolerant
quantum computing, as well as by its suitability as a minimal and practically relevant benchmark.

The [[15,1, 3]] code is a QRM code with distance 3. As shown by Kubica [9], the family of PQRM
codes of the form PQRM(1, m—2,m) enables universal quantum computation by combining transversal
implementation of the non-Clifford T gate with logical Hadamard gates implemented via gauge fixing.
This framework does not prescribe a specific initialization method, but for computation, initialisation of
logical states (often in |0,) or |+,)) is needed. Moreover, if Steane-style quantum error correction is
used, both types of ancilla states are required to extract Z- and X-syndromes fault-tolerantly.
Although gauge fixing offers a way to implement the logical Hadamard gate, it is not the only possibility.
Reliable preparation of both logical |0, ) and |+, ) states is important, and depending on the implemen-
tation, either can serve as the starting point. Various methods exist to prepare one from the other, such
as gauge fixing or gate teleportation, providing flexibility in fault-tolerant protocols.

In addition to its role in fault-tolerant computation, the |0;) state in the [[15,1, 3]] code appears in
magic state distillation protocols. In particular, the 15-to-1 scheme by Fowler et al. [10] uses logical
|0,) states as inputs. This is a variant of a 'standard’ distillation circuit based on the [[15, 1, 3]] code;
see for example Kubica’s PhD thesis [8], where different variants are discussed (see Figures 3.5 and
3.6). Notably, some variants prepare the logical |+,) state instead of the logical |0, ). It is worth noting

that when creating a Bell pair % between a physical qubit and an encoded [[15, 1, 3]] qubit, one
might alternatively prepare the physical qubit in the |0) state and the encoded qubit in the |+,) state,
then apply a CNOT with the encoded qubit as control. Moreover, in magic state distillation protocols
the ’qubits’ involved are often themselves encoded in an underlying base code, such as the surface
code, adding an additional layer of encoding.

Finally, the PQRM(1, m—2, m) codes allow transversal implementation of rotation gates

Ry, = diag(1,e2m/2™h),

enabling access to increasingly fine phase rotations as m grows. This property is of particular interest
in quantum algorithms that require small-angle gates.

While recent work has produced highly optimized circuits for preparing logical states in small-distance
codes [2—-4], these typically apply verification at the end of the circuit. The goal of this work is to demon-
strate that verification can also occur mid-circuit, by repeating only a smaller section of the preparation
circuit, thereby reducing overhead. If automated synthesis and RL methods could incorporate IV as an
option, they might discover circuits with shorter effective runtimes when including the cost of repetitions.
In the following section, we detail the construction of the logical |0,) state in the [[15, 1, 3]] code by
combining smaller code states via quasitransversal CNOT gates.

23
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4.2. Overview of the construction

The goal of this method is to fault-tolerantly prepare a logical |0, ) state in the [[15,1,3]] code. The
approach is based on combining encoded states in smaller quantum codes via a quasitransversal
CNOT. Specifically, we combine:

* a|(0,0,0);) state encoded in the [[8, 3, 2]] code,

* a |0,) state encoded in the [[7,1, 3]] Steane code,

to produce a state that is equivalent to the |0;) state of the [[15, 1, 3]] code. This construction exploits
the recursive structure of QRM codes and allows for fault-tolerant IV.

Definition: Quasitransversal CNOT. In this context, we define a quasitransversal CNOT as a layer
of parallel CNOT gates applied between two code blocks, where the gate structure closely resembles
a transversal operation but is not fully transversal. Specifically, a fully transversal CNOT between two
code blocks would apply a CNOT between every corresponding pair of qubits. In our construction,
however, the [[7, 1, 3]] (Steane) code acts as the control block, and only seven of the eight qubits in the
[[8,3,2]] code (the target block) participate in the operation. One qubit in the [[8, 3, 2]] block remains
untouched. This deviation from full transversality motivates the term “quasitransversal.”
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Figure 4.1: Circuit for fault-tolerant preparation of the logical |0, ) state in the [[15, 1, 3]] code. The lower-left block (blue) prepares
a |0,) state in the [[7, 1, 3]] (Steane) code, and the upper-left block (orange) prepares a |(0, 0,0);) state in the [[8, 3,2]] code.
The IV block (red) uses flag qubits (purple) to detect potentially uncorrectable X-errors. The final CNOT layer (green) completes
preparation of the logical |0} state in the [[15, 1, 3]] code.

This chapter first describes the construction of the logical |0;) state in the [[15,1, 3]] code from two
smaller QRM codes, and then analyses the fault tolerance of each component under a single-fault
assumption. Throughout, fault tolerance is understood relative to the [[15, 1, 3]] code: a preparation
step is considered fault-tolerant if any single fault occurring during its execution leads to an error that
is correctable by the [[15, 1, 3]] code.

4.2.1. Fault model and error types

Throughout this chapter, we assume a single fault model: at most one fault may occur during the entire
state preparation procedure. A fault is defined as a single physical error, either a single-qubit Pauli
error (e.g., from a faulty single-qubit gate or idle qubit), or a two-qubit Pauli error acting on both qubits
involved in a faulty two-qubit gate (typically a CNOT).
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At the moment of occurrence, such faults have support on at most two qubits, but they may propagate
through the circuit and result in higher-weight errors.

We restrict our analysis to X-type errors. Any Z-type error that is incorrectly corrected can at most result
in a logical Z operator being applied. Since the intended output state is |0, ), which is an eigenstate of
the logical Z; operator, such errors leave the state invariant and do not affect correctness.

These modelling choices, both the single fault assumption and the focus on X-type errors, follow from
the weaker and more practical definition of fault tolerance discussed in Section 3.2.4, and explicitly
stated in [3]:

“All error events with probability p%, where a < (d + 1)/2, should be tolerable in the sense
that they are corrected after QEC cycles.”

In our case, the code has distance d = 3, so this condition becomes a < 2. This means that any single
fault event (which has probability scaling with p) must be correctable, motivating our use of the single
fault assumption.

+ Section 4.2 introduces the [[8, 3, 2]], [[7, 1, 3]] (Steane), and [[15, 1, 3]] codes, and describes how
a quasitransversal CNOT between the two smaller codes produces a valid logical |0,) state in
the [[15, 1, 3]] code.

» Lemma 4.1 (Section 4.3) proves that the |(0,0,0);) state in the [[8, 3,2]] code can be prepared
fault-tolerantly, in the sense that any resulting error from a single fault is correctable by the
[[15,1,3]] code.

* Lemma 4.2 shows that the Steane |0,) state can be prepared fault-tolerantly with verification,
again under the single fault assumption and relative to the [[15, 1, 3]] code.

4.3. State preparation of the [[15, 1, 3]] code

The full preparation is summarized in Figure 4.1. It combines a |0, ) state in the [[7, 1, 3]] (Steane) code
and a |(0,0,0),) state in the [[8, 3,2]] code via a quasitransversal CNOT, resulting in the logical |0;)
state of the [[15, 1, 3]] code.

To verify that this construction produces the correct logical state, we analyse the stabilizers before and
after the CNOT. Specifically, we begin with the stabilizers of the |(0, 0,0),) state in the [[8, 3, 2]] code.

4.3.1. Stabilizers and logical operators of the [[8, 3,2]] code
The [[8, 3, 2]] code can be geometrically described as a cube, as shown in Figure 4.2.

Figure 4.2: The 8 qubits of the [[8, 3,2]] code and the cubic lattice used to define the stabilizers and logical operators. Figure
adapted from [27].

The generators of the Z-stabilizer group and the only X-stabilizer of the [[8, 3,2]] code are shown in
Figure 4.3.



26

4. Methods

ZpZeZeZoielalel

ZRZal21eE2Za1 &l

7

ZepleZeaIeZeleZal

(a) The generators of the Z-stabilizers of the [[8, 3, 2]] code.

ZRZeZeZeZe il

Y2XegXeX2XesXeXeX

(b) The only X-stabilizer of the
[[8,3,2]] code.

Figure 4.3: The generators of the stabilizers of the [[8, 3, 2]] code. Figure adapted from [27].

The logical operators of the [[8, 3, 2]] code are shown in Figure 4.4.
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Figure 4.4: The logical operators of the [[8, 3, 2]] code. Figure from [27].

So, the logical X operators are X;; = X;X,X3X,, X1, = X1X,X5X6, X3 = X1X3X5X; and the logical Z
OperatOFS are ZLl = 21Z5, ZLZ = le3, ZL3 = 21Z2.
The logical |(0, 0, 0), ) state is an eigenstate of the logical Z operators, which is why the quasitransversal
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CNOT maps the logical operators to either the Z; of the [[15, 1, 3]] code or one of its Z-type stabilizers.

4.3.2. Stabilizers and logical operators of the Steane code

The stabilizers of the Steane code can be represented on the cubic lattice if the eighth qubit is left out,
see Figure 4.5. The support of the generators of both the X-stabilizers and the Z-stabilizers is shown in
Figure 4.5. Usually, a Steane code is represented by a triangle, see Figure 4.6, which is what will also
be done in the rest of this paper. The representation on the cube is shown to explain a non-conventional
numbering of qubits, which will simplify the explanation of the [[15, 1, 3]] state preparation.

Figure 4.5: The generators of both the X-stabilizers and the Z-stabilizers act on the coloured faces of the cube. Figure adapted
from [27].

Using this numbering on the conventional representation of the Steane code, the result is shown in
Figure 4.6.

Figure 4.6: Both the X-type and Z-type generators of the stabilizer group are defined on the coloured faces that tile the triangle.
Figure adapted from [38].

Thus, the stabilizer group of the Steane code is § = (X1 X, X3 X4, X1 Xo X5 X6, X1 X3X5X7, 21257374, 21722576,
Z1Z3Z5Z,), and the logical operators are X; = X,X,Xs and Z, = Z,Z,Z¢. Since the logical |0;) is an
eigenstate of Z;, the quasitransversal CNOT maps Z; to either the Z; of the [[15, 1, 3]] code or one of
its Z-type stabilizers.

4.3.3. Stabilizers and logical operators of the [[15, 1, 3]] code

The Z-type stabilizers of the [[15, 1, 3]] code are generated by the faces of the pyramid shown in Fig-
ure 4.7, and the X-type stabilizers are generated by its weight-8 cells. The logical operators can be
written as X, = X,;; and Z; = Z,;;, and their lowest-weight representatives have weight 7 and weight 3
respectively.
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Figure 4.7: The so-called "tetrahedral” code, i.e. the [[15, 1, 3]] code, visualized as a tetrahedron of 15 physical qubits. (a) The
faces (Z-type stabilizers) and cells (X-type stabilizers) of the tetrahedron define the code. The @ symbols mark the targets of
the quasitransversal CNOTs, and the connected black dots mark their controls. Each control-target pair is connected by a thick
black line. (b) The coloured faces represent the Z-type stabilizers; the coloured cells represent the X-type stabilizers. Any one
of these cells (the one shown is the top one) corresponds exactly to the stabilizer structure of the [[8, 3, 2]] code. Figure adapted
from [39].

Hence, the stabilizer group of the tetrahedral code is § = (X; X, X3 X, X5 X X7 Xg, X1 X2 X3 X4 XoX10X11X12,
X1 X2 X5 X XoX10X13X14) X1X3X5X7X9X11X13X15, Z12223Z, Z1Z3Z5Z¢, Z1232527, ZyZyZelyg, Z1Z3Z9Z 1y,
212329211, 21252213, ZoZ 10211212, ZoZ10Z13214, Z9Z11Z13Z15) and the logical |0, ) state is also stabilized
by the logical Z operator, which is equivalentto Z;, = Z,,Z12Z14.

4.3.4. Stabilizers before and after quasitransversal CNOT

To understand the effect of applying a quasitransversal CNOT on encoded states, we analyse the
stabilizers before and after the operation. Specifically, we start with qubits 1 through 8 initialized in a
[(0,0,0),) state encoded in the [[8, 3, 2]] code, and qubits 9 through 15 initialized in a |0, ) state encoded
in the Steane code ([[7, 1, 3]]).

The goal is to prepare a logical |0;) state in the [[15, 1, 3]] code, by applying a set of seven CNOT gates
between the Steane qubits and a subset of the [[8, 3, 2]] qubits. This operation is quasitransversal in
the sense that it consists of parallel CNOTs between matching qubit positions in two separate QRM
codes.

To verify that this indeed results in a logical |0;) state in the [[15,1,3]] code, we explicitly track the
stabilizers using the CNOT propagation rules from Equation (3.17).

Before applying the CNOTs, the joint state is stabilized by the direct product of the stabilizer groups of
the [[8, 3, 2]] and [[7, 1, 3]] codes. Table 4.1 lists these stabilizers and the logical Z operators.
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Table 4.1: Operators stabilizing |(0, 0, O)L)[[SM]] [0z |0L)[[7,1,3]]

Recall from Equation (3.17) the CNOT propagation rules for Pauli operators.
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When the quasitransversal CNOT,
CNOT = CNOTs, - CNOTyg5 - CNOTy1 5 - CNOTy54 - CNOT;55 - CNOTy46 - CNOTys5,

is applied, where each CNOT; ; denotes a CNOT gate with control on qubit i and target on qubit j, the
stabilizers of the resulting state are shown in Table 4.2.

Qubits 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Generators | X X X X X X X X 1 1 I 1 1 1T 1
ofstabilizer |z z z z 1 I 1 I Zz zZ Z zZ I I I
group Z z I 1 z z I 1 zZ zZ 1 1 2z Z 1
[[15,1,3]] z 1 z 1 z 1 z 1 z 1 zZ 1 2z 1 Z
sZ,, I z 1 z 1 z 1 z 1 z 1 2z 1 Z 1
Z z 1 1 1 1 I I zZ z 1 I 1 1 1
Z 1 z 1 1 1 1 1 z 1 Z 1 1 1 I
Generators | Z 1 1 1z 1 1 1 z 1 I 1 z I |
o 11111 1 11 z zZ Z Z 1 1 I
stabilizer 11111 1 11 zZ zZ 1 I Z Z 1
group 11111111 z 1 zZ I Z 1 Z
(115,1,3]] X X X x [ I I I X X X X I 1 I
' X x I I X x I I X x I I X X I
X I X I X I X1 X1 X I X 1 X
Z, I 1 1 I 1 I I I I z 1 Z 1 Z 1

Table 4.2: Operators stabilizing |OL)[[15'1’3]]. The stabilizer s that is multiplied by the logical Z; is s = Z,Z,Z¢Zg.

Gaussian elimination has not been applied to the parity check matrices that correspond to Table 4.1
and Table 4.2, because in their current form, it is easier to compare them to Figures 4.3, 4.4, 4.6 and
4.7.

4.4. State preparation of the [[8, 3, 2]] code

Figure 3.4 illustrates the stabilizer propagation mechanism in a QRM encoding circuit for the [[8, 3, 2]]
code, based on the hypercube construction. However, our implementation uses a different circuit,
derived directly from the stabilizers and logical operators of the |(0, 0,0),) state.

The state preparation of the |(0,0,0);) state of the [[8, 3,2]] code follows directly from its stabilizers
and the logical operators that stabilize the state. Recall that the stabilizer group of the cubic code is
S = (X1 X, X3 X4 Xs X X7 Xg, 21252324, 2127526, Z1Z3ZsZ7, 2122232475 26Z72s),
and the logical Z operators are Z,, = Z,Zs, Z;, = Z1Z3, and Z,; = Z,Z,. The state |(0,0,0);) is the
shared eigenstate of the stabilizers and the three logical Z operators.
Note that the group generated by
(X1X2X3X4X5X6XXg, 21222324, 21222526, 21232527, Z1ZoZsZsZsZeZeZg, ZaZs, ZrZs, Z1Zs)
is equivalent to
(X1X2X3X4X5X6XXg, 2122, 2323, Z3Za, ZaZs, ZsZe, ZoZ7, Z7Zg).
The shared eigenstate of the latter group is the 8-qubit Greenberger—Horne—Zeilinger (GHZ) state [40]:
|00000000) + |11111111).

Such a state can be straightforwardly encoded using the circuit shown in Figure 4.8.
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Figure 4.8: State preparation of the [[8, 3, 2]] code in the |(0, 0, 0);) state.

Recall that our analysis of fault tolerance is restricted to X-type errors and assumes at most one fault
during the full state preparation; see Subsection 4.2.1. The final state is a logical state of the [[15, 1, 3]]
code, which is a punctured quantum Reed—Muller code PQRM(ry, 1z, m) with r, = 2 and m = 4. As
established in Equation (3.22), the minimum weight of undetectable X-type errors is

df =2rz¥1 1 =7,

This means that the logical X operator X; = X_,; has weight 15 but can be reduced to weight 7 by
multiplication with X-type stabilizers. Hence, all X-type errors of weight at most 3 are correctable.
Under the single-fault model, any error of weight greater than 4 can always be multiplied with the
stabilizer X, X,X3X,X5XsX,Xg to yield an equivalent error of weight at most 3. The only dangerous
weight-4 X-error arises when the fourth CNOT (from qubit 5 to 8) fails and produces X on both control
and target. This propagates into the X; X, X;Xg error shown in Figure 4.9.

110) H— X —
A
210} P— X X—
A
310) P— X X X—
A
410) &
510) 4
510) Fan!
710) &
8|+) X X X X—

Figure 4.9: Propagation of a single fault in the [[8, 3, 2]] state preparation circuit. The blue X marks the initial error, while the
red X symbols show the propagated errors resulting from a faulty CNOT. Red arrows indicate the propagation paths through the
CNOT gates. The resulting X-type error is X, X, X3 Xg.

4.4.1. Fault tolerance of the state preparation of the [[8, 3, 2]] code

Figure 4.8 shows the preparation of the |(0, 0, 0); ) state in the [[8, 3, 2]] code. This state is then used as
the target in the quasitransversal CNOT of Figure 4.1, which completes the preparation of the logical
|0,) state in the [[15, 1, 3]] code.

Lemma 1. The circuit in Figure 4.8 (see also Figure 4.1) prepares the |(0,0,0),) state in the [[8, 3, 2]]
code fault-tolerantly, in the sense that any single fault occurring during the preparation results in an
X-error that is correctable by the [[15, 1, 3]] code.

We emphasize that no quantum error correction is applied between this preparation circuit and the
subsequent quasi-transversal CNOTs used to construct the final |0;) state in the [[15,1, 3]] code. A
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single fault in the [[8, 3, 2]] preparation may propagate to a higher-weight X-error in the final state, but
as we prove below, it always remains correctable by the [[15, 1, 3]] code.

Alternative approaches exist that prepare a |0,) state in the [[15, 1, 3]] code directly using fault-tolerant
flag-based circuits [2—4]. These methods typically perform verification at the end of the circuit, while
our approach places verification earlier in the preparation sequence, reducing the number of wasted
full-circuit attempts. See Section 3.2.5 for a detailed comparison.

Fault model and assumptions As discussed in Section 4.2.1, we assume a single-fault model in
which any error introduced by a fault has weight at most two at the moment of occurrence and may
propagate to a higher-weight X-error.

Although the total distance of the [[15, 1,3]] code is d = 3, its distance against X-type errors is d} = 7.
This means that all X errors of weight up to 3 are correctable.

Identification of the critical error. A fault-path analysis shows that a single fault during the [[8, 3, 2]]
preparation circuit may propagate to at most one dangerous X-error:

E = X1X2X3X8.

This error occurs on the qubits that encode the |(0, 0, 0);) state in the [[8, 3,2]] code. Since this code
block serves as the target in the quasi-transversal CNOT gates used to prepare the |0;) state in the
[[15,1,3]] code, X-errors on these qubits do not propagate through the CNOTs. Therefore, we can
analyse E directly as the effective X-error acting on the final encoded state in the [[15, 1, 3]] code.

All other propagated errors resulting from a single fault have weight at most 3 and are guaranteed to
be correctable by the [[15, 1, 3]] code. Figure 4.9 illustrates a fault and its propagation path that may
lead to the error E.

Proof of correctability We assume a minimum-weight decoder (e.g., a lookup table), which assigns
to each syndrome a correction operator E’ of minimum weight. We want to show that for the specific
error

E =X(f), withf=(1,1,1,0,0,0,0,1,0,0,0,0,0,0,0),
no correction E' = X(f") of weight < 4 can resultin alogical error, thatis, we cannothave E'E € C(S)\S.
Note that X = X_;; has weight 15, and every stabilizer SES has even weight. Therefore, Xs has weight
either 15 (if s = I) or 7 (if s # I), and we have |E'E| = |Xs| = 7.
Now observe that

|[E'E| < |E|+ |E'| =4+ |E'|.

Since |E'E| = 7 and |E| = 4, it follows that |E’| = 3. Suppose |E’| = 4. Then we compute:

|E'E]l = |f + f'| = If| + If'| = 2]supp(f) N supp(f)| = 8 — Z|supp(f) N supp(f)|.

This expression is even, but |E'E| = 7 is odd, a contradiction. Therefore, |E'| = 3, and f and f’ must
have disjoint support.

Letg = f + f', so that E'E = X(g) = Xs. The remainder of the proof proceeds by showing that this
leads to a contradiction with the structure of logical operators.
Recall that the X-type generators of the stabilizer group § are:
Sx1 = X1 X2 X3 X4 X5 X X7 Xg
Sx,2 = X1 X2 X3X4X9X10X11X12
Sx3 = X1X2X5X6X9X10X13X14
Sxa = X1X3X5X7X9X11X13X15
Let h', h?,h3, h* € F1° be the corresponding binary support vectors, where h} = 1 if qubit j is in the
support of s, ;, and 0 otherwise. Explicitly:
h'=(,1,1,1,1,1,1,1,0,0,0,0,0,0,0)
h% =(1,1,1,1,0,0,0,0,1,1,1,1,0,0,0)
h3 = (1,1,0,0,1,1,0,0,1,1,0,0,1,1,0)
h*=(1,0,1,0,1,0,1,0,1,0,1,0,1,0,1)
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Any X-type logical operator in C(S) \ § can be written as:

4
g=1 +Z cihi,
i=1

where ¢ € F3 \ {0}. The condition supp(f) S supp(g) then imposes the following constraints:

Jg1=fi=1=2ci+cy+c3+c, =0
gr=fr=1=>c+c;+c3=0
ga=fz=1=2c;+c;+c, =0
gg=fg=1=2¢=0

Solving this system gives ¢ = 0, contradicting the assumption that E'E is a logical operator. Hence, E
is correctly handled by the decoder. Thus, The circuit in Figure 4.8 prepares the |(0,0,0),) state in the
[[8, 3, 2]] code fault-tolerantly, in the sense that any single fault occurring during the preparation results
in an X-error that is correctable by the [[15, 1, 3]] code. O

Geometric intuition. The formal argument above can be complemented with an intuitive reasoning
based on the geometry of the [[15, 1, 3]] code.

Suppose a fault leads to the weight-4 error E = X;X,X;Xg, and the decoder mistakenly applies a
different correction E’ of weight up to 4 with the same syndrome. This is only problematic if E - E' is
logically non-trivial, i.e., a logical X operator.

Figure 4.10 shows the stabilizer cell structure of the [[15, 1, 3]] code. One representative of the logical X
operatoris X = Xy, which acts on all 15 qubits. Sin_ce E and E’ both have weight at most 4, their product
E - E' has weight at most 8. Therefore, if E - E' ~ X, the decoder must have selected a representative

of X with weight < 8. But X, has weight 15, so one must multiply it by at least one X-type stabilizer
(i.e., a cell) to reduce its weight.

We now ask whether there exists any stabilizer-equivalent logical X operator whose support contfins
all of qubits {1, 2, 3,8}. To construct such an operator, one may attempt to reduce the support of X by
multiplying it with cells:

Multiplying by the top cell (red) removes qubit 8, which is not allowed.

Multiplying by any single bottom cell removes qubit 2 or 3.

Multiplying by two bottom cells restores one but removes another.

Multiplying by all three bottom cells removes qubit 1.

Hence, there is no combination of cells one can multiply with X to obtain a logical X operator whose
support includes all of qubits 1, 2, 3, and 8. This implies that the error X, X,X;Xg cannot be logically
equivalent to any lower-weight error, and is therefore correctly handled by a minimum-weight decoder.
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Figure 4.10: Visualization of the stabilizer cell structure of the [[15, 1,3]] code. The four qubits highlighted in purple (1, 2, 3, 8)
represent the support of the error X, X, X5 Xg. The top cell (red) and three bottom cells (yellow, green, blue) correspond to the
X-type stabilizer generators. Any combination of these fails to yield a logical X operator that includes all four marked qubits.
Figure adapted from [39].

Generalization This reasoning generalizes: a weight-4 X-error E = X(f) results in a logical error
under minimum-weight decoding if and only if there exists ¢ € F3 \ {0} such that

vi e supp(f): ch} +ch? + c3hd +c,hf = 0.

In the case of f = (1,1,1,0,0,0,0, 1, ...), this does not hold. Therefore, the preparation is fault-tolerant
with respect to the [[15, 1, 3]] code.

4.5. State preparation of the [[7, 1, 3]] code

4.5.1. Fault tolerance of the state preparation of the [[7, 1, 3]] code

Lemma 2. The |0;) state in the [[7, 1, 3]] (Steane) code can be prepared fault-tolerantly, in the sense
that any single fault during preparation or verification results in an error that is correctable by the
[[15,1, 3]] code.

Fault model and assumptions As discussed in Section 4.2.1, we assume a single-fault model in
which any error introduced by a fault has weight at most two at the moment of occurrence and may
propagate to a higher-weight X-error. Only X-type errors are considered in this analysis, as logical Z
errors have no effect on the logical |0,) state.

Preparation and verification strategy. The Steane |0,) state is prepared via a standard encoding
circuit, followed by a verification step that uses two flag qubits. If both flag measurements yield —1, the
prepared state is discarded and the procedure is restarted. The full circuit is shown in Figure 4.11.
This circuit design is based on the two-flag verification scheme used in deterministic fault-tolerant state
preparation by HeuRBen and Hilder [37], but here we omit the final correction step. Compared to single-
flag circuits such as those proposed by Zen et al. [3] and Goto [36], using two flag qubits has the
advantage of a higher acceptance rate: states that trigger a single flag due to a harmless weight-1
error on the flag qubit are still accepted, rather than unnecessarily discarded.

The unitary part of the Steane preparation circuit, including verification, has depth 7, which is the same
as the depth of the [[8, 3, 2]] preparation circuit. Although the final measurement of the flag qubits
requires additional time, this allows the two components to be prepared largely in parallel.
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[[7,1,3]] |0,) state Verification
preparation
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Figure 4.11: Circuit for preparing the |0, ) state in the [[7, 1, 3]] (Steane) code with verification using two flag qubits.

This verification step is motivated by the structure of the full logical state preparation. Specifically, the
Steane block acts as the control in a subsequent quasitransversal CNOT, applied between the Steane
block and a |(0,0,0);) state encoded in the [[8, 3,2]] code. Under this operation, any X-error on the
control propagates to the target: more precisely, X » X ® X under conjugation by CNOT. Thus, an
X-error of weight w on the Steane block becomes an X-error of weight 2w on the combined system.
Since the [[15, 1, 3]] code has d} = 7, all X-errors of weight up to 3 are correctable. Therefore, weight-1
X-errors are acceptable, as they propagate to weight 2. However, weight-2 X-errors become weight-4
errors and may be uncorrectable. It is therefore essential that the verification step detect and reject all
weight-2 X-errors.

Detection of weight-2 X-errors.

Proof. Under the single-fault model and circuit structure assumed here, there are exactly two weight-2
X-errors on the Steane block that may arise from a single fault and are not detected by the stabilizers of
the Steane code. After propagation through the quasitransversal CNOT, both of these errors become
uncorrectable by the [[15, 1, 3]] code under minimum-weight decoding.

The first such error is XqX, 4, which propagates to

X9X11 » X1X3X9X11.
Let X = X, denote the logical X operator of the [[15, 1, 3]] code, and recall the stabilizers
Sx2 = X1X2X3X4X9X10X11X12,  Sxa = X1X3X5X7X9X11X13X55.
Multiplying, we obtain
X1X3X9X14 X Sx2 * Sxa = XeXsX14)

which has lower weight and the same syndrome. Since the product of the two errors is a logical operator,
minimum-weight decoding may apply X¢XgX,4, resulting in a logical error.
The second possible weight-2 error is XqX;3, which propagates to X; X;XoX;3. Let

Sx,3 = X1X2X5X6XoX10X13X14-

Then
X1X5X9X13 - X - Sy 3 - Sxa = XaXgXq2.

Again, the decoder may apply this lower-weight correction, introducing a logical error.

These are the only two weight-2 X-errors that can result from a single fault in the circuit under the
adopted assumptions, and both are uncorrectable. The verification circuit is designed to reject precisely
these cases. In both Figure 4.12 and Figure 4.13, the fault paths leading to these errors activate both
flags, and the state is discarded.
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Figure 4.12: Single fault during Steane |0, ) preparation circuit. The blue X marks the initial fault, which occurs on qubit 11. This
fault propagates through subsequent CNOT gates, resulting in two red X errors on qubits 9 and 13. The red arrows indicate the
paths of propagation. The final error has weight 2 and is detected by both flag qubits, causing the state to be discarded.
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Figure 4.13: Another example of a single fault during Steane |0, ) preparation. The blue X marks the initial fault on qubit 13. This
error propagates through the circuit, leading to red X errors on qubits 9 and 14. The red arrows indicate the propagation paths
via CNOT gates. The resulting weight-2 X-error is detected by both flag qubits, and the faulty state is discarded.

Other faults. If a single fault occurs during the verification step itself, it can affect at most one qubit
in the data block or corrupt one of the flag measurements. In such cases, either the final error remains
correctable by the [[15, 1, 3]] code, or the state is falsely rejected. Neither scenario violates the adopted
definition of fault tolerance.

Conclusion. The verification circuit filters out all weight-2 X-errors that could arise from a single fault
and become uncorrectable after the quasitransversal CNOT. All remaining errors are of weight at most 1
and propagate to correctable errors. Therefore, the preparation of the Steane |0, ) state is fault-tolerant
relative to the [[15, 1, 3]] code. O

4.6. The fault-tolerant preparation of the logical |0;) state in the
[[15,1,3]] code

Lemma 3. Ifthe [[8,3,2]] and [[7,1, 3]] components are prepared fault-tolerantly as described in Lem-
mas 1 and 2, and a single fault occurs anywhere during these preparations or in the CNOT layer, then
the final output of the circuit in Figure 4.1 is a correctable error on the logical |0,) state of the [[15, 1, 3]]
code.
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Setup. Let the input be a |(0,0,0);) state in the [[8,3,2]] code (prepared as in Lemma 1) and a
verified |0,) state in the [[7,1, 3]] (Steane) code (prepared as in Lemma 2). The Steane code acts
as the control in a quasitransversal CNOT operation applied across corresponding qubits in the two
codes. The combined system is then in the [[15, 1, 3]] code space.

Correctness. Assume that the input states lie in the code spaces of the [[8, 3, 2]] and [[7, 1, 3]] codes,
and are stabilized by their respective stabilizer groups and logical Z operators. Then, as shown in
Section 4.3.4, the output state is stabilized by the [[15, 1, 3]] stabilizer group and its logical Z operator.
Hence, the construction correctly prepares logical |0L)[[15’1_3]].

Fault tolerance. Case analysis. We now consider all possible locations where a single fault may
occur:

Case 1: Fault in the [[8, 3, 2]] preparation.
This case is covered by Lemma 1. The worst-case propagated error is a weight-4 X-error that remains
correctable by the [[15, 1, 3]] code.

Case 2: Fault in the [[7, 1, 3]] preparation.

If the fault occurs during the Steane encoding circuit and the verification has passed, then the resulting
error has weight at most 1. As shown in Lemma 2, such an error will propagate to an error of weight
at most 2 after the quasitransversal CNOT, which is still within the correctable range of the [[15, 1, 3]]
code.

Case 3: Fault in the flag qubit interaction.
A fault may occur in the flag circuit, either introducing a data error or corrupting one of the flags.
Lemma 2 guarantees that all such cases either trigger rejection or result in a correctable error.

Case 4: Fault during measurement of the flag qubits.

Measurement faults may lead to false positives (rejection of a valid state) or false negatives (accep-
tance with a weight-1 error). Since the accepted state still only has weight at most 1 on the Steane
block, this propagates to at most weight 2, which is still correctable by the [[15, 1, 3]] code.

Case 5: Fault during the quasitransversal CNOT.

Each CNOT gate acts between a single pair of qubits. A fault in such a gate can lead to an X-error
on either qubit, or both. This results in an error of weight at most 2 on the combined system. Since
d} =7, all X-errors of weight up to 3 are correctable by the [[15, 1,3]] code.

Conclusion. In all single-fault scenarios, the resulting error is guaranteed to be correctable by the
[[15,1,3]] code. Therefore, the full preparation procedure, including the quasitransversal CNOT, is
fault-tolerant under the adopted model. O

Visual summary. The full construction is shown in Figure 4.1, with the [[7, 1, 3]] preparation (blue),
verification step (red), and final CNOT layer (green).

4.7. General fault tolerance for PQRM withd =3 andn =1

The family of punctured quantum Reed-Muller codes with parameters [[2™ — 1, 1, 3]] can be identified
with a subclass of (m—1)-dimensional colour codes, as shown in Appendix B of [9]. In particular, the
[[7,1,3]] and [[15, 1, 3]] codes correspond to the cases m = 3 and m = 4, respectively. This connection
motivates our focus on these codes for recursive constructions with IV.

Moreover, increasing m in PQRM(1, m—2,m) allows transversal implementation of diagonal gates
Rp-q1 = diag(l,ez”i/zm_l), which enables smaller-angle phase rotations in fault-tolerant quantum cir-
cuits (see Section 3.2.3).

The fault-tolerant preparation scheme studied in this section is depicted in Figure 4.14. Throughout this
section, we assume m > 4. This restriction arises from the structure of our construction: we consider
circuits in which a distance-3 code with r, = 1 is prepared first, and then used as part of a larger
state via a quasitransversal CNOT layer. Since the smallest such code is the [[7, 1, 3]] Steane code
(corresponding to m = 3), the resulting output code necessarily has m = 4.
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Since all codes under consideration have distance d = 3, they must be able to correct any single fault.
We therefore analyse whether any single fault in the preparation circuit can lead to a logical error.

In the following subsection, we treat all possible locations of a single fault and show that none of them
lead to an uncorrectable error.

4.7.1. Fault tolerance of intermediate verification for PQRM code with, = 1

Quasitransversal
CNOT to finish
PQRM(1,m — 2,m)

Preparation of GHZ state preparation
110) ST—19
2 10) P
2m=1 —210) S
2m~1 —110) P P
2m74)
2m-1 4 110y —
: — PQRM(1,m — 3,m — 1) |0,)
2m —1|+) —

Figure 4.14: Circuit representation of state preparation for PQRM(1, m—2, m), for general m = 4. The upper red box prepares a
GHZ state on the first 2~1 qubits. The lower-left block prepares a |0, ) state in PQRM(1, m—3, m—1), e.g. the [[15, 1, 3]] code
for m = 4. The final layer (green) applies a quasitransversal CNOT to complete the preparation. This construction generalizes
the scheme from Figure 4.1, which used the Steane code (PQRM(1, 1,3)) and the [[15, 1, 3]] code (PQRM(1, 2,4)) as base
cases.

We now analyse the fault tolerance of the circuit in Figure 4.14.
Depending on the location of the single fault, we distinguish the following cases:

» Case 1: The fault occurs during the preparation of the GHZ state in the top half.

» Case 2: The fault occurs during the preparation of the PQRM(1, m—3, m—1) block.

» Case 3: The fault occurs during the final quasitransversal CNOT layer.

We now analyse each case in turn.

Case 1: Fault in GHZ preparation (top half)

Lemmad. Letm =>4, andletf = e; +e, +:-+eym-2_1 +e,m-1 € FY be the support vector of an X-type
error arising from a single fault in the GHZ preparation of the top half of the PQRM(1, m—2,m) code.
The propagation of such an error is shown in Figure 4.15. Let E = X(f). Then there does not exist any
X-type Pauli error E' = X(f") with |f'| < |f| such that E'E is equivalent to the logical operator X,y up
to multiplication by X -type stabilizers.
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Figure 4.15: Visualization of how an X-type error on qubit 2~ (blue) propagates through the GHZ state in the first stage of the
circuit. The red arrows indicate propagation through CNOTs from control to target, resulting in an error E = X; -+ Xom-2_; X,m-1
of weight 2™~2. This error is shown to be correctable under minimum-weight decoding in Lemma 4.

Proof. We first describe the structure of the X-type stabilizers. The n = 2™ — 1 qubits are labelled
by the binary vectors v; = bin(2™ — i) for i = 1,...,n, with the most significant bit first. The X-type
stabilizer generators are hy, ..., h,, € F3, defined by:

hye (D) = v,

i.e., hy is the k-th coordinate function. The logical operator X,;; corresponds to the all-ones vector
1 e F}.
Suppose for contradiction that there exists ¢ = (cy, ..., ¢;y) € FJ* such that

m
supp(f) € supp| 1+ z Crhy
k=1

Then for all i € supp(f),

m

Z cehy (i) = 0.

k=1

We now use m carefully chosen qubits in supp(f) to show that ¢ = 0:
(1) Qubit 2™~ 1: its binary label is (1,0, ...,0), so hy(i) = 1 and hi (i) = 0fork > 1= ¢, = 0.
(2) Qubits 2% + 1 for k = 0,...,m—3: each has a single zero at position m — k, s0 h,,_, (i) = 0, and
h;(i) = 1for j # m — k. This gives:
Z C]' =0.

jEm—k

(3) Qubit 1: binary label is (1,1,...,1) = Y-, ¢, = 0.
Together, these m linearly independent equations imply ¢ = 0.
Thus, ¥, cxhy = 0, and

Xan - HX(hk)C" = Xai-
k

Now suppose, for contradiction, that a minimum weight decoder interprets E = X(f) as leading to a
logical fault X,;;. Then there exists an X-type Pauli error E' = X(f') with |f’| < |f]| such that:

E'E=X(fOX(f) =X + ') ~ Xan-
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This implies f' = 1 + f, so:
FI=1f+1z 1= |fl=@"-1)-2"7?=3-2""2 1,

But |f| =2™72,s0 |f’| > |f], contradicting the assumption of minimum-weight decoding.
Therefore, such E’ cannot exist, and E will be correctly decoded. O

Case 2: Fault in intermediate PQRM(1, m—3,m—1) block

So far, we have considered faults arising in the top half of the circuit. For completeness, we now
examine the case where a fault occurs during the preparation of the PQRM (1, m—3,m—1) block. We
show that if such an error is correctable at that stage, it remains correctable after propagation through
the quasitransversal CNOTs.
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Figure 4.16: Visualization of an X-type error E (blue) occurring during the preparation of a PQRM(1, m—3, m—1) state. The error
propagates through the quasitransversal CNOTs into a symmetric error E @ I ® E, shown in red. Lemma 5 proves that such
errors remain correctable in the larger PQRM(1, m—2, m) code.

This is illustrated in Figure 4.16.

We now analyse whether a single fault during the preparation of the logical zero state |0;) of the
PQRM(1, m—2,m) code can result in an uncorrectable X-type error. To this end, we assume that the
preparation of the lower-level code PQRM(1, m—3, m—1) involved at most one fault. We then examine
which error E this could have caused on the lower block and whether the resulting propagated error
remains correctable in PQRM (1, m—2, m).

There are three relevant types of single-fault-induced errors to consider, each leading to a different
propagated error in PQRM(1, m—2,m):

1. Aresidual error from the preparation of the Steane state (QRM(1, 1, 3)), which has weight exactly
1 after verification. This error propagates through m—3 transversal CNOT layers, resulting in an
error of weight exactly 2™m~3,

2. Asingle-qubit fault occurring during one of the transversal CNOT layers used to prepare PQRM(1, m—3, m—1).
This can propagate through up to m—3 layers, resulting in an error of weight at most 2™~3 on the
final code.

3. Afault during the GHZ preparation in the upper part of a subcode PQRM(1,m' — 2, m"), for some
m' < m—1. Such a fault may have weight up to 2™ 2 at that level. After propagation through the
remaining m — m’ transversal CNOT layers, it results in an error of weight up to 22,

Since the code PQRM(1,m—2,m) has d} = 2™~1 — 1 (see Equation (3.22)), it can correct all X-type
errors of weight at most 2™~2 — 1. This implies that the third case may exceed the correctable weight
and must therefore be analysed explicitly. This is the purpose of the following lemma.
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Lemma 5. Let E be a correctable X-type error in PQRM(1, m—3,m—1). Then the propagated error
EE=EQIQE
is correctable in PQRM(1, m—2,m).

Proof. Let Hy be the parity-check matrix of size (m—1) X n, where n = 2™~! — 1, defining the X-type
stabilizers of PQRM(1, m—3,m—1), and let

o HX 0 HX
Hy = ( 1 1 0 )
be the m x n' check matrix for PQRM(1, m—2,m), where n’ = 2™ — 1. This construction reflects the

recursive structure of the underlying classical Reed—Muller codes, as described in Section 3.1.3.1. The
X-type stabilizers of the larger code are generated by

s,’u- =5, @IQsy; fori=1,..,m=1, sy, =X; o QX1 QL

Assume for contradiction that E' = E @ I @ E is not correctable. Then there exists a logical operator
X1og @nd a stabilizer S such that

supp(E’) € supp(Xiog - 5)-
Any such stabilizer S has the form

m-—1

Cm
=] [6u ®1® 5% (X1, 0 ® Xpia @™,
i=1

for some ¢ € F}*. Since E’ is symmetric under exchange of the first and third block, and the operator
(X1,..n ® Xpy1 ® 1) breaks this symmetry, we must have c,,, = 0.
It follows that
m-—1
supp(E) € supp( Xy, _» 1_[ S

i=1

We distinguish two cases:

Case 1: wt(E) < 2™ 3—-1. Thenwt(E') = 2-wt(E) < 2™~2 -2, which is strictly below the correction
threshold ty = 2™~2 — 1. Hence E’ is correctable.

Case 2: wt(E) > 2™3 — 1. The decoder would apply the correction

m-1

which has weight strictly less than wt(E). This results in a residual error equal to the logical operator
X1,..n, 80 the correction introduces a logical error. This contradicts the assumption that E is correctable.

Conclusion. In both cases, we reach a contradiction with the assumption that E’ is not correctable.
Therefore, E' must be correctable in PQRM(1, m—2, m). O

Case 3: Fault during final quasitransversal CNOT layer

Finally, consider a fault that occurs during the application of the quasitransversal CNOT layer. Such a
fault affects at most two qubits: one in the control block and one in the target block. Since we consider
preparation circuits based on PQRM(1, m—2,m) codes with m > 4, these codes have d} = 221 -1 >
7, and are therefore capable of correcting all X-type errors of weight up to 3. It follows that any such
fault during the final CNOT layer is correctable.
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Conclusion. Allthree types of single faults lead to X-type errors that remain correctable under minimum-
weight decoding, due to the symmetric structure and the distance d} = 2™~ — 1 of the final code. This
confirms the fault tolerance of the preparation circuit for PQRM(1, m—2,m).

4.8. Fault propagation under quasitransversal CNOTs

QRM codes have recursive encoding circuits: larger codes are built from smaller codes by applying
quasitransversal CNOT gates between encoded blocks. For example, to prepare the logical (0,0, 0);
state in the [[8, 3, 2]] code, one can first prepare two blocks encoded in the PQRM(0, 0, 2) code (i.e.,
[[4,2,2]]) in the logical (0,0), state, followed by a layer of CNOTs applied transversally between cor-
responding qubits of the two blocks.

Figure 4.17 shows such a construction: the first [[4, 2, 2]] state is prepared and verified (with a flag),
and is then coupled to a second freshly initialized block via quasitransversal CNOTs. This completes
preparation of the [[8, 3, 2]]-encoded |000), state.

[4,2,2]] state preparation

Intermediate verification
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Figure 4.17: State preparation via IV and quasitransversal CNOT.

Although this example involves the preparation of a multiqubit logical state (k = 3), the same underlying
structure, combining smaller encoded blocks via quasitransversal CNOTSs, can also be used in recursive
constructions of codes that encode a single logical qubit. This is particularly relevant for PQRM codes,
which are defined to have k = 1 by choosing parameters ,,7, = 1 such that ., + , + 1 = m, see
Eq. 3.21.

Figure 4.18 shows such a construction step. A PQRM(r, 1, m)-encoded |0, ) state is prepared from:

« ablock of k = (mr'l) logical qubits in the state [0)®¥, encoded using QRM (r,—1,7,—1, m—1),
» and a single |0);, state encoded in PQRM(r,,—1,m—1).

To ensure that undetectable X-type errors have higher minimum weight than undetectable Z-type errors,
we impose the condition r,, < r, — 1, which implies r, = 2. Under this assumption, and using Eq. 3.22,
the code PQRM(r, 1, m) satisfies dj > dy.
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This separation is crucial for fault-tolerant state preparation, since X-type faults may propagate and
grow across blocks under quasitransversal CNOTs. A higher minimum weight for undetectable X-type
errors ensures that such faults remain correctable in the output code.

This recursive structure increases the d; at each step: the lower left code has d}f = 2z — 1, and the
output code achieves d}r' = 2"z*1 — 1. However, as we discuss in the next subsection, the CNOT layer
may spread errors across blocks, which imposes constraints on the fault tolerance of the recursive
scheme in Figure 4.18.

110y — $
S QRM(r,—1, r,—1, m—1) &
2m—1 |+} —
2m141 10) — —
: — PQRM(ry, 1.—1, m—1) — Intermediate Verification
2Mm—1 |+) — —

Figure 4.18: Recursive construction of a PQRM(ry, r,, m)-encoded |0, ) state, under the assumption r,, 7, 2 1and r, +71, +1 =
m. The top block prepares k = (";‘1) logical qubits in the state |0)?k using a QRM(r,—1,71,—1,m—1) code. The bottom block

prepares a single logical |0); in PQRM(ry, 7,—1,m—1) with d} = 2"z — 1, and applies an IV. A quasitransversal CNOT layer
then combines the two into a PQRM(ry, 1, m)-encoded state with d}’ﬁnal =27z%1 — 1,

Fault growth and correctability after coupling
Suppose each input block is a code with minimum weight d; for undetectable X-type errors. Then each
block can correct up to
di —1
w5

faults of this type. Any X-error of weight up to ty will go undetected by the IV step, since it is within the
correctable range of the block.

Such a fault, however, may grow during the subsequent coupling: if the error occurs before the qua-
sitransversal CNOT layer, it may spread across multiple blocks and become an X-error of weight up to
2ty in the output code.

To ensure fault tolerance, the output code must be able to correct such propagated errors. Ifits minimum
weight for undetectable X-type errors is dj ;.;, then this requires

d}-,ﬁnal -1
2

> 2ty.

This condition implies that the output code must have strictly higher d} than the input blocks:
A7 finat > dz-

This inequality is necessary to compensate for potential fault growth after IV. In practice, some higher-
weight errors may still be correctable depending on their stabilizer syndrome, but the bound above
ensures fault tolerance under worst-case propagation and greatly simplifies the analysis by avoiding
case-by-case considerations.

The challenge for higher d

We consider the construction shown in Figure 4.18, where a |0, ) state is prepared from smaller QRM
and PQRM blocks via IV and a quasitransversal CNOT layer. For simplicity, we assume k = 1, so that
a single logical qubit is encoded.
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In this setup:

« The control block is a QRM code with parameters [2™71, k, 27%].

« The target block is a PQRM code with parameters [2™~1 — 1,1,27x+1 — 1].

« The output code is a PQRM code with parameters [2™ — 1,1, 2"x+1 — 1].
We assume throughout that ry = 1 and r; — 1 = 1y, which implies d} = d. Let

df =2mx*1—1, d} =2"2-1, and d} i, =272 - 1.
Then the distance of the output code is
d = min(d} ,d}) = d},

and the corresponding number of faults that should be correctable for fault tolerance is

< d—1
a = 2 .
Since we want to analyse the worst case, we assume equality in the above equation. We define the
number of correctable X errors before and after the quasitransversal layer as

dy -1 = d;,final -1
2 ’ 2

ty =

x = J=2tx+1

As discussed in Section 3.2.4, a state preparation circuit is fault-tolerant if every configuration of « faults
leads to a correctable final error. We now analyse whether this still holds when only IV is used.

1]0) —
] ) ) ) o
ety QRM(r — L7z — Lm — 1) [0®%), —
am=1|4) —] Weight 2t, + 2a — 2 error
r |
2m—t 1 1]0) —— \SingLe fault I ] —
! —— PQRM(re. 1z — 1.m — 1) |0), —— Intermediate Verification — Weight ¢, propagated error — « — 1 faults
1 |+) — — - -

Figure 4.19: Fault propagation scenario in the preparation of a |0, ) state in a PQRM (7, rz, m) code. A single fault occurs in the
control block (a PQRM(ry, 7z — 1,m — 1) code) and propagates during the preparation of the larger code via quasitransversal
CNOTs. After IV, a — 1 additional faults occur in the control block. Each of these propagates an X error into the target block,
resulting in a total X error of weight 2ty + 2a — 2 at the output.

We illustrate this with the fault-propagation scenario shown in Figure 4.19, which serves as the basis
for the analysis below. We analyse whether fault tolerance still holds when only IV is used.
We consider the following critical scenario:

» One fault occurs early in the control block, before the quasitransversal CNOTSs. In principle, this
may propagate to an X-error in the target block with weight greater than ty.

* However, such high-weight errors are rejected by IV. We thus consider the case where the prop-
agated error has weight at most ty and is accepted.

« After verification, « — 1 additional faults occur in the control block.

» Each such fault introduces an X error in control and a propagated X error in the target block.
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The resulting X-error at the end of the preparation consists of:
ty (control)+ ty (propagated)+ (a—1) (control)+ (a—1) (propagated),

yielding a total of
2ty + 2(a — 1) = 2ty + 2a — 2.

This must be compared to the X-error threshold ty = 2ty + 1. Comparing both expressions shows that
2ty +20—-2>2txy+1 © a>1

Thus, for all @ > 1, the resulting error weight may exceed the correctability guarantee, regardless of
the value of ty.

Therefore, for a > 1, the output error weight may exceed the correctability guarantee. Although such
final errors may still be correctable, this is not ensured by the code distances alone. Analysing cor-
rectability in all such cases becomes computationally expensive due to the large number of possible
fault combinations.

This analysis generalizes the setting of Section 4.7.1tory = 1 and r; — 1 = ry. While it does not
establish that IV is insufficient for « > 1 or equivalently d > 3, it shows that further investigation is
needed to determine whether additional final verification is required. Such a classification would rely
on explicit enumeration or simulation of final errors and lies beyond the scope of this thesis.

In addition, it would be worthwhile to explore how the balance between intermediate and final verification
affects practical performance metrics. For example, different strategies may vary in their impact on the
logical error probability, the time until IV is performed, or the total number of required measurements.
Understanding these trade-offs is essential for the design of efficient verification schemes in realistic
fault-tolerant quantum architectures.



Results

We compare four fault-tolerant state preparation circuits for the [[15, 1, 3]] code. All prepare the logical
zero state |0),, and each includes a single verification step: either intermediate or final. The circuits
are:

+ IV with 2 ancillas: The proposed method from Section 4.2, show in Figure 4.1, using the Steane
subcircuit from Section 4.5.1.

» IV with 1 ancilla: A variant of the above using the Steane subcircuit from [36], shown in Fig-
ure 3.9. The Goto-based circuit requires one fewer measurement and has a total depth of 5,
compared to depth 6 for the author’s own version, even when one of the flags and its associated
CNOT gates are omitted from the author’s own circuit.

+ Final verification (Peham): A 1-ancilla circuit from [4], shown in Figure 3.7.

+ Final verification (Munich): A 2-ancilla circuit generated with the same tool as Peham, but not
published in their paper. Shown in Figure 3.8.

The Python code used to simulate the circuits, compile them for the hardware, execute them on the
device, and generate the figures and results in this chapter is available at:

https://github.com/sbirkenhager/master thesis

The 1-ancilla IV and Peham circuits were selected for hardware implementation as they are the shortest
compiled circuits for intermediate and final verification, respectively (see Section 5.4).

We evaluate the circuits using three metrics: the logical error probability pio4, the acceptance probability
Pace, and the expected runtime in circuit depth. All simulations use a circuit-level noise model and error
proability p specified in Section 3.2.1, and are run using Stim. Emulator and hardware runs were
performed on Quantinuum’s H1-1 system. The emulator uses the same native gate set and constraints
as the hardware, with realistic noise including leakage, crosstalk, and dephasing due to transport and
idling. Quantum error correction is only meaningful when pj,g < p, so we restrict attention to that regime
in Sections 5.2 and 5.3.

5.1. Logical error probability

Figure 5.1 shows p)o4 as a function of p on a log-log scale. Each simulation point is based on 108 runs.
A dashed line proportional to p? is included to reflect the quadratic relation predicted by Eq. (3.23) in
Section 3.2.

A run is counted as a logical error when the minimum-weight Pauli correction inferred from the mea-
sured syndrome predicts a different outcome of the Z measurement than the actual outcome.

Among the four circuits tested, the final verification circuits show better logical performance than the
IV circuits for p = 0.0006. In that range, the error bars remain small enough that the differences are
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Logical error probability after [[15,1,3]] state preparation with different circuits

Logical error probability pjog

Two ancilla circuit (emulator)
Peham circuit (emulator)
One ancilla circuit (emulator)
Munich circuit (emulator)
Peham circuit (hardware)
One ancilla circuit (hardware)

P=P

Plog = p*

Intermediate verification circuit with two ancillas
—— Peham circuit
—}— Intermediate verification circuit with one ancilla
——  Munich Toolkit circuit

10° .
107" 107 107

Physical error rate p

eommEO

Figure 5.1: Logical error probability pjoq after |0), state preparation in the [[15, 1, 3]] code, plotted against the physical error rate
p on a log-log scale. Each curve represents simulation data under circuit-level noise in Stim. Circular markers show hardware
results from Quantinuum’s H1-1 system; square markers indicate emulator values using typical operation-dependent error rates.
These markers are plotted at p ~ 1.25-1073, corresponding to the typical 2-qubit gate error reported in the hardware data sheet.
The dashed black line shows the expected scaling pjog x p? based on Equation (3.23), while the dashed blue line denotes the
threshold poy = p. Final verification circuits achieve lower pjoq than IV circuits, due to improved flagging of multi-fault events
that potentially cause uncorrectable errors.

statistically significant. This behaviour can be attributed to the placement of the verification step: both
intermediate and final verification circuits are designed to detect all problematic single faults, but not all
problematic multi-fault events are guaranteed to be flagged. It is plausible that IV, by checking earlier
in the circuit, is less likely to detect certain multi-fault configurations than final verification. As a result,
a larger fraction of such events may be accepted, which leads to a higher logical error rate.

Emulator and hardware data points are shown at p = 1.25 - 1073, corresponding to the typical two-
qubit gate error in the Quantinuum H1-1 data sheet [1]. While state preparation and measurement
errors are even higher in the data sheet (e.g. 2 - 1073), they do not contribute equally to propagation.
State preparation errors can affect subsequent gates, but measurement errors occur last and cannot
propagate. The choice p = 1.25 - 1073 thus reflects a physically relevant estimate for logic-affecting
noise.

The horizontal error bars are computed as a root-mean-square weighted average:

» N1q p%q + N2q p%q + Nigie pi2d|e + (Nmeas + Nprep) pgpm
ircuit,eff =
ciroute N1q + N2q + Nidle + Nmeas + Nprep

Here p1q, 2g, Pidie, @Nd pspm are the typical or maximal physical error rates. We chose the RMS form
rather than a linear average because pjo4 scales quadratically in the physical error rate in the low-noise
regime. Larger physical error probabilities contribute more strongly to logical failure, and the RMS
average better reflects this behaviour.

Emulator results are based on 4 - 10* shots per circuit, hardware on 10*. The hardware results are
broadly consistent with the simulation data. The emulator data points, however, lie systematically
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below both the simulation and hardware values. This difference may be due to the emulator’s use of
typical per-gate error values and detailed noise modelling. In particular, the emulator employs distinct
fault probabilities per gate type, many of which are lower than the typical or maximal values reported in
the Quantinuum H1-1 hardware data sheet. For example, the emulator sets the two-qubit gate error to
p, = 8.8-10* and the single-qubit gate error to p; = 2.1-10~>, while the corresponding typical hardware
values are 1-1072 and 3-107>, respectively, with even higher maximal values. This discrepancy in error
modelling likely contributes to the lower p;oq and higher p,.; values observed in emulator runs. The
difference between hardware and emulator may also reflect the fact that the hardware was operating
closer to its maximal error rates at the time of execution.

Our values for the Peham final verification circuit can also be compared to the simulation results in
Figure 9 of [4]. Their curve also shows pjoq ~ p?, but the absolute values are lower: Plog < 1078 at
p = 10"* and pog = 4-107% at p = 107 Our corresponding values are approximately 10~¢ and
8-1073. In addition, the Peham curve reports pjoq ~ 5-107° at p ~ 1.25-1073, which is consistent with
the error bars of our emulator data points, but not with those of our circuit-level simulations or hardware
runs. The discrepancy likely results from their assumption pige = p/100, while we assume pjge = p-
The Quantinuum data sheet suggests that pige =~ p2q/6 [1], so the effective idle error rate likely lies
between p and p/100.

5.2. Acceptance probability

Figure 5.2 shows the acceptance probability p,.. for each circuit. Arun is accepted if no flag is triggered;
for 2-ancilla circuits, rejection occurs only when both flags are triggered.

Acceptance rate for [[15,1,3]] state preparation circuits
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Figure 5.2: Acceptance probability p,. as a function of the physical error rate p for different [[15, 1, 3]] state preparation circuits.
In circuits with one ancilla qubit, a run is accepted if the flag does not trigger. In circuits with two ancillas, a run is accepted unless
both flags are triggered. IV circuits show higher p,. than final verification circuits, as errors occurring after the verification point
do not affect acceptance. Two-ancilla circuits further improve acceptance by reducing false rejections. Circular markers denote
hardware results; square markers show emulator values using typical operation-dependent error rates. All markers are plotted
atp ~ 1.25- 1073, reflecting the typical 2-qubit gate error reported in the Quantinuum H1-1 data sheet.
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Circuits with 2 ancillas achieve consistently higher acceptance probabilities than their 1-ancilla coun-
terparts. With two flags, a rejection only occurs when both flags flip, which reduces false rejections
due to non-problematic faults or multi-fault events that do not trigger both flags. Within each ancilla
configuration, circuits with IV have higher p,; than those with final verification. In intermediate circuits,
errors occurring after the verification step do not lead to rejection.

As in Section 5.1, emulator and hardware data points are shown at p = 1073. Hardware results fall
within the error bars of the simulator. Emulator values lie systematically above both the simulated and
hardware values. This difference may be due to the use of typical error values and gate-specific noise in
the emulator. The difference between hardware and emulator could mean the hardware was operating
at physical error rates closer to the maximal values in the data sheet at the time of execution.

These acceptance probabilities can also be compared to those reported in Figure 9 of [4]. In both cases,
Pacc = 1asp - 0. Atp = 1072, [4] report p,ec = 0.8, whereas we find p,.. =~ 0.78. At the intermediate
value p =~ 1.25- 1073, the resolution of Figure 9 in [4] makes it difficult to extract precise values for p,e.
The reported value appears to agree well with our data across simulation, emulator, and hardware. As
before, differences at higher noise levels may be explained by their use of p,y. = p/100, while we use
Pidle = P-

In addition, the emulator’s acceptance probabilities are systematically higher than those from circuit-
level simulations and hardware. This may again be attributed to the emulator’s use of per-gate error
rates, which are generally lower than the typical or maximal values reported in the hardware data sheet.
For instance, the emulator sets p, = 8.8-10™* and p; = 2.1- 107>, whereas the data sheet lists typical
values of 1- 1073 and 3 - 1075, respectively. Such differences in error assumptions likely reduce the
total number of faults during circuit execution, increasing pacc-

5.3. Runtime

Figure 5.3 shows the expected runtime, expressed in circuit depth, based solely on simulation data.
For IV, we compute

1
runtime = (1 - ) - Dy + Diotals

Pacc

where Dy is the depth up to the verification point. For final verification circuits, we use runtime =
Diotal/Pace-

At small p, where p,.. = 1, the Peham circuit has the lowest runtime due to its minimal depth. In this
regime, repetition has little effect. At larger p, the 2-ancilla IV circuit becomes most efficient because
of its higher acceptance rate and partial repetition strategy. The Munich and 1-ancilla IV circuits follow.
Peham has the highest runtime due to its low p,; and full-circuit repetition.

However, this performance advantage for IV circuits occurs in the regime where p,g > p, indicated by
the dashed lines. Since quantum error correction is only meaningful when poq < p, this regime is not
practically relevant. In the regime where p,,g < p, the Peham circuit remains the most runtime-efficient
option.

These runtimes are based exclusively on abstract circuit depth, where abstract depth refers to the
idealised circuit depth before native gate decomposition or hardware-specific scheduling. Although
the emulator incorporates such hardware-specific details, the depths of those recompiled circuits were
deliberately not used here. Including them would place all runtimes in a completely different range (e.g.
depth 12—14 for optimized circuits versus depth 24—29 for unoptimized ones), and would obscure the
comparison between different circuits.

5.4. Native gate depth and scheduling

Table 5.1 shows the compiled native depths for each circuit under the Quantinuum gate set, with a
constraint of at most five parallel operations. We report both the total depth D and the depth D\, up to
the verification point, where applicable. Two versions are shown:

* Unoptimized: compiled with optimization level = 0 and compiler options no-opt, no-
reduce, no-gir-convert, and tket-opt-level = False.

* Optimized: compiled with optimization level = 2 and default options.
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Runtime in layers of CNOTs for [[15,1,3]] state preparation
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Figure 5.3: Expected runtime in layers of CNOT gates for different [[15, 1,3]] state preparation circuits, as a function of the
L ) D)y + Diotal, @ccounting for partial repetition up to the

physical error rate p. For IV circuits, runtime is computedas t = (1 — 5
acc

verification point. For final verification circuits, full repetition is required, with t = Dig5/Dacc- The curves shown are based on
simulation data under a circuit level noise model. No hardware specific constraints or native gate decomposition are included.

Circuit Dy (unopt.) D (unopt.) Dy (opt.) D (opt.)
1 ancilla IV 21 25 9 12
2 ancilla IV 24 28 11 14
Munich (2 anc) - 29 - 14
Peham (1 anc) - 24 - 13

Table 5.1: Native gate depth before and after optimization.

These depth values were not used in the runtime estimates of Section 5.3, which are based on depth
prior to native gate compilation. Rather, this table illustrates how relative circuit depths can shift once
hardware constraints are applied. For instance, the optimized 1-ancilla IV circuit becomes shorter than
the optimized Peham circuit, reversing their order from the unoptimized case. These results highlight
that runtime comparisons are incomplete without explicit consideration of compilation and hardware
scheduling.

The hardware and emulator data points in Sections 5.1 and 5.2 are based on the unoptimized circuits,
to allow a consistent comparison with simulation results that do not include gate-level optimizations or
platform-specific constraints.






Discussion

6.1. Summary of Findings

IV was proposed to avoid full-circuit repeats in repeat-until-success schemes for logical state prepara-
tion, by detecting uncorrectable faults early in the circuit before additional qubits and gates are applied.
We introduced a logical state preparation strategy based on this principle. While this approach does not
necessarily reduce the expected runtime compared to final verification, it can lead to shorter compiled
circuit depth after native gate translation and hardware scheduling. Notably, the 1-ancilla IV circuit
becomes shorter than the Peham circuit after optimisation (Table 5.1), even though it is initially deeper.
This suggests that IV can yield favourable depth characteristics and that compilation to the native gate
set should precede circuit optimisation.

Hardware and emulator results at p ~ 1.25-1073 confirm that Piog < p for all tested circuits (Figure 5.1),
demonstrating that error suppression is achievable even with code distance d = 3, and even with only
20 physical qubits (and in our case 16 or 17).

Although the emulator systematically underestimates pj,g and overestimates the acceptance proba-
bility pacc (Figure 5.2), the relative performance of the circuits remains consistent across simulation,
emulation, and hardware.

Among all circuits, those using two ancilla qubits achieve the highest p,.., regardless of verification
point. Fixing the ancilla count, IV circuits yield slightly higher p,.. than final verification circuits. How-
ever, as seen in Figure 5.3, the acceptance probability is high enough that the effective depth is close
to the full circuit depth. In this regime, IV becomes attractive primarily due to its potentially lower depth.

6.2. Interpretation and Implications

The results highlight several practical implications of using IV for logical state preparation. One of the
main benefits is a potential reduction in total circuit depth after native gate compilation and scheduling.
Since circuit depth directly impacts resource usage, it is relevant for systems with limited coherence
times, hardware-imposed restrictions on parallelism, and other practical constraints. Reducing circuit
depth thus contributes to general resource efficiency across a range of architectures.

The results in Table 5.1 show that IV can lead to shorter optimised depth, but not always. In particular,
the 2-ancilla IV and Munich circuits have equal depth after optimisation. Moreover, Figure 5.1 shows
that IV tends to result in slightly higher p,o4 than final verification. This reflects the fact that some multi-
fault configurations occurring after the intermediate check may not be detected and can propagate to
the output. These trade-offs imply that IV is not universally advantageous, and should be assessed in
context.

For larger codes, the relative difference between partial and full repetition becomes more relevant: the
total depth increases with m, while the intermediate verification point remains fixed after the Steane
encoding (see Section 4.7.1). This makes full-circuit rejection increasingly costly, and may enhance
the runtime benefit of IV.

Figure 5.3 presents expected runtimes based on acceptance probabilities and abstract circuit depth.
However, this model does not account for hardware-specific factors such as gate duration, transport

51



52 6. Discussion

delays, or limited parallelism. Consequently, the compiled and scheduled depth, as reported in Ta-
ble 5.1, may be a more reliable metric when evaluating circuits for near-term hardware. Circuit designs
should therefore be assessed after mapping to the target gate set, not before. This distinction is often
missing in existing synthesis methods such as [4], although frameworks like [3] do allow for optimisation
after recompiling in the native gate set.

This distinction is critical: as the 1-ancilla IV circuit becomes shallower than Peham only after native
compilation, it shows that abstract depth is not predictive of final circuit depth.

6.3. Limitations

This study focuses exclusively on the preparation of the |0), state in the [[15, 1, 3]] code. This state can
be used for various components of encoded computation in the [[15, 1, 3]] code, such as initialisation
and Steane error correction (if Steane-type error correction is used) [9]. It is also used as an input in
the 15-to-1 magic state distillation protocol [10]. The method presented here is specific to |0),, and the
preparation of other logical basis states, such as |+),, was not analysed.

All simulations were performed under a symmetric depolarising noise model with pige = p. This model
does not capture important features of realistic hardware, such as leakage, crosstalk, asymmetric gate
noise, or dephasing due to transport. In addition, a single physical error rate p was used for all oper-
ations, whereas in practice error rates vary significantly between gate types. The Quantinuum H1-1
datasheet suggests that pige ~ p2q/6, While [4] uses the more optimistic assumption p;ye = p/100.
Furthermore, the analysis is limited to distance-three codes. It remains to be seen whether IV provides
similar benefits for larger codes, both in terms of circuit depth and logical error probability.

6.4. Comparison with prior work

IV circuits are non-deterministic: acceptance depends on the absence of triggered flags. In contrast,
deterministic schemes such as [2] avoid rejection at the cost of increased circuit size or correction
steps. However, as shown in Figure 5.3, p, is already high for all circuits, so the effective runtime is
largely determined by circuit depth. In this regime, determinism offers little advantage.

Figures 5.1 and 5.2 enable direct comparison to [4], whose results are slightly more favourable. At
p = 1072, they report pjog = 4 - 1073 and p,c ~ 0.8, compared to our values of 8 - 1073 and 0.78. This
is likely due to their more optimistic assumption pige = p/100, while we use pigye = p. The Quantinuum
datasheet suggests an intermediate value, pige = p2q/6-

Their simulations agree well with our emulator results, but lie below hardware values for p;oq. Notably,
atp ~ 1.25- 1073, our simulations match hardware results more closely than the emulator or [4], albeit
for a single value of p.

6.5. Generalisations and Future Work

The formal analysis in Section 4.7.1 shows that IV can be applied fault-tolerantly to PQRM(1, m—2,m)
codes, where verification occurs early in the recursive structure. These generalisations rely on the
fact that the code distance d remains constant throughout the construction, while the Z-distance in
the upper half of the circuit, denoted d}, increases with m. As discussed in Section 4.8, this implies
that the number of X faults that remain correctable after verification and final encoding also increases.
This observation motivates further exploration of recursive constructions in which one of the input codes
already has the same distance as the output code, including constructions such as doubled CSS codes
[31, 41]. In such cases, existing verification schemes for the constituent code, designed to detect up
to a = |(d — 1)/2] faults, may be reused as intermediate checks. Their role then shifts from final to IV,
while preserving their original detection properties.

Beyond analysis, future work should investigate whether the advantages of IV persist for codes with
d > 3, and whether similar depth reductions occur after native gate compilation. As discussed in
Section 4.8, there exist fault configurations that propagate to errors with weight well above the weight
for guaranteed correction. When multiple faults are allowed, this makes manual fault tolerance proofs
increasingly difficult. A numerical approach is therefore recommended.

Another promising direction is the integration of IV into circuit synthesis workflows. Current synthesis
tools [3, 4] typically treat verification as a fixed final step. Allowing verification to occur earlier in the
circuit could enlarge the space of admissible circuits, at the cost of increased optimisation complexity.
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This may be especially useful for synthesising low-depth circuits for near-term hardware implementa-
tions.

6.6. User Experience with the Quantinuum H1-1

To complement simulation and emulation, two circuits were executed on Quantinuum’s H1-1 trapped-
ion processor: the 1-ancilla IV circuit and the Peham final verification circuit. Access was granted via the
Nexus portal under a promotional agreement, which allowed for easy circuit submission, visualisation,
and result download. Execution runtimes were not reported automatically and had to be requested
separately.

Hardware usage was limited to 10,000 Hardware Quantum Credits (HQC) in total, with a cap of 2,000
HQC per job and 10,000 shots per circuit. A representative run of both circuits used 1,866 HQC.
These limits did not constrain the experiments but required some planning. Queue times increased
with successive submissions, reflecting the platform’s dynamic priority model.

All circuits were compiled using tket, with barriers inserted to preserve intermediate measurements.
Each was run with 10,000 shots. Results were consistent with emulator predictions using the same
native gate set and scheduling constraints, though the emulator systematically underestimated p;,4 and
overestimated p,.c. This is likely due to its use of gate error rates below those reported in the hardware
datasheet.

These experiments emphasised the importance of compiling to the native gate set and accounting for
limited parallelism, both of which significantly affect total circuit depth. While small-scale PQRM (1, m—2,m)
circuits are feasible on current hardware, scaling is difficult: even on Quantinuum’s newer 56-qubit H2
device [42], only m = 4 and m = 5 are possible. Preparing m = 6 would already require 63 qubits.






Conclusion

This thesis explored whether intermediate verification (V) can reduce the effective runtime of repeat-
until-success logical state preparation. Using the [[15, 1, 3]] code as a test case, we developed and
compared several fault-tolerant preparation circuits, with and without IV. While IV circuits do not con-
sistently outperform final verification circuits in terms of runtime, they introduce an additional degree of
freedom in circuit design.

We observed that IV circuits can yield shorter compiled depth after native gate translation and schedul-
ing, even when their abstract depth is higher. In our experiments, the 1-ancilla IV circuit became
shallower than the Peham circuit only after hardware-aware compilation. This highlights that circuit
efficiency should be evaluated after native gate mapping rather than in terms of uncompiled abstract
depth.

We also showed that IV circuits can be made fault-tolerant for PQRM (1, m—2, m) codes with m > 4 and
distance d = 3, and successfully executed such a circuit on Quantinuum hardware. Hardware results
confirmed that pjoq < p holds at physical error rates around 1.25 - 1073, indicating that encoding does
offer an advantage for current hardware error rates.

While IV circuits exhibit slightly higher p,o4 than final verification circuits, they also achieve higher ac-
ceptance probabilities. In the relevant noise regime, the acceptance probability is sufficiently high that
partial repetition offers little runtime advantage. This trade-off may become more relevant for larger
codes, where acceptance decreases and the difference in depth between partial and full repetition
grows.

In summary, IV is a viable strategy for logical state preparation. It can be included in synthesis or
learning-based methods to broaden the design space of fault-tolerant circuits. These results further em-
phasize that runtime comparisons should be made only after native gate compilation, under hardware-
specific constraints.
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